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ABSTRACT. We give sufficient conditions for a metric space to
bilipschitz embed in L;. In particular, if X is a length space
and there is a Lipschitz map v : X — R such that for every
interval I C R, the connected components of u~!(I) have diam-
eter < const -diam([l), then X admits a bilipschitz embedding in
L;. As a corollary, the Laakso examples [Laa00] bilipschitz em-
bed in L, though they do not embed in any any Banach space
with the Radon-Nikodym property (e.g. the space ¢; of summable
sequences).

The spaces appearing the statement of the bilipschitz embed-
ding theorem have an alternate characterization as inverse limits
of systems of metric graphs satisfying certain additional conditions.
This representation, which may be of independent interest, is the
initial part of the proof of the bilipschitz embedding theorem. The
rest of the proof uses the combinatorial structure of the inverse
system of graphs and a diffusion construction, to produce the em-
bedding in L.
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1. INTRODUCTION

Overview. This paper is part of a series [CK06d, [CK06d, [CK06al,
ICKO08, [CK09, [CKN09, [CKD] which examines the relations between dif-
ferentiability properties and bilipschitz embeddability in Banach spaces.
We introduce a new notion of dimension — Lipschitz dimension — and
show that spaces of Lipschitz dimension < k£ admit a representation
as a certain kind of inverse limit. We then use this characterization
to show that spaces of Lipschitz dimension < 1 bilipschitz embed in
Ly. This embedding result applies to several known families of spaces,
illustrating the sharpness of earlier nonembedding theorems.

Metric spaces sitting over R. We begin with a special case of our
main embedding theorem.

Theorem 1.1. Let X be a length space. Suppose u : X — R is a
Lipschitz map, and there is a C' € (0,00) such that for every interval
I C R, each connected component of u=*(I) has diameter at most C -
diam(I). Then X admits a bilipschitz embedding f : X — Li(Z, ),
for some measure space (Z, ).

We illustrate Theorem with two simple examples:

Example 1.2 (Lang-Plaut [LP01], cf. Laakso [Laa00]). We construct
a sequence of graphs {X;};>o where X; has a path metric so that every
edge has length 47". Let Xy be the unit interval [0,1]. For ¢ > 0,
inductively construct a X; from X;_; by replacing each edge of X; ;
with a copy of the graph I in Figure [1] rescaled by the factor 4=(-1).
The graphs X;, X», and X3 are shown. The sequence {X;} naturally
forms an inverse system,

Ti— i
Xo & o X
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where the projection map m;_; : X; — X;_1 collapses the copies of I’
to intervals. The inverse limit X, has a metric d, given by

(13) oo, 2') = I dy, (m5°(2), 73°(2))

s g

where 7° : X — X, denotes the canonical projection. (Note that
the sequence of metric spaces {X;};>o Gromov-Hausdorff converges to
(Xoo,doo).) It is not hard to verify directly that 75° : (Xoo,doo) —
[0, 1] satisfies the hypotheses of Theorem [1.1} this also follows from the
results in Section Bl

r
X, X : X3
FIGURE 1.

Example 1.4. Construct an inverse system
Xo &0 xS

inductively as follows. Let X, = [0,1]. For ¢ > 0, inductively define
X/, to be the result of trisecting all edges in X;_;, and let N C X,
be new vertices added in trisection. Now form X; by taking two copies
of X!, and gluing them together along N. More formally,

X; = (Xz{—l X {07 1})/ ~5
where (v,0) ~ (v,1) for all v € N. The map m_1 : X; — X, 1 is
induced by the collapsing map X/ ; x {0,1} > (z,j) — = € X; ;.
Metrizing the inverse limit X, as in Example [1.2] the canonical pro-
jection Xoo — Xy ~ [0,1] — R satisfies the assumptions of Theorem

L1l

The inverse limit X, in Example [1.4]is actually bilipschitz homeo-
morphic to one of the Ahlfors regular Laakso spaces from [Laa00], see
Section [I0] of the present paper. Thus Theorem [L.1] implies that this
Laakso space bilipschitz embeds in L; (this special case was announced
in [CK06c]). Laakso showed that X, carries a doubling measure which
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satisfies a Poincaré inequality, and using this, the nonembedding result
of [CKO8] implies that X, does not bilipschitz embed in any Banach
space which satisfies the Radon-Nikodym property. Therefore we have:

Corollary 1.5. There is a compact Ahlfors regular (in particular dou-
bling) metric measure space satisfying a Poincaré inequality, which
bilipschitz embeds in Ly, but not in any Banach space with the Radon-
Nikodym property (such as (7).

To our knowledge, this is the first example of a doubling space which
bilipschitz embeds in L; but not in /4.

We can extend Theorem [1.1] by dropping the length space condition,
and replacing connected components with a metrically based variant.

Definition 1.6. Let Z be a metric space and § € (0,00). A d-path
(or d-chain) in Z is a finite sequence of points zp,...,z; C Z such
that d(z;_1,2;) < ¢ for all i € {1,...,k}. The property of belonging
to a d-path defines an equivalence relation on Z, whose cosets are the
d-components of Z.

Our main embedding result is:

Theorem 1.7. Let X be a metric space. Suppose there is a 1-Lipschitz
map u : X — R and a constant C' € (0, 00) such that for every interval
I C R, the diam(I)-components of uw='(I) have diameter at most C -
diam(7I). Then X admits a bilipschitz embedding f : X — L.

Inverse systems of directed metric graphs, and multi-scale fac-
torization. Our approach to proving Theorem is to first show that
any map u : X — R satisfying the hypothesis of theorem can be fac-
tored into an infinite sequence of maps, i.e. it gives rise to a certain
kind of inverse system where X reappears (up to bilipschitz equiva-
lence) as the inverse limit. Strictly speaking this result has nothing to
do with embedding, and can be viewed as a kind of multi-scale version
of monotone-light factorization ([?, ?]) in the metric space category.

We work with a special class of inverse systems of graphs:

Definition 1.8 (Admissible inverse systems). An inverse system in-
dexed by the integers

M_i—1

T4 T T— i
e X71H<_1X0<W_0<_1Xzé,

is admissible if for some integer m > 2 the following conditions hold:
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(1) X; is a nonempty directed graph for every i € Z.

(2) For every i € Z, if X! denotes the directed graph obtained by
subdividing each edge of X; into m edges, then m; induces a
map m; : X;11 — X/ which is simplicial, an isomorphism on
every edge, and direction preserving.

(3) For every i,j € Z, and every z € X;, @' € Xj, there is a
k < min(i, j) such that = and 2’ project to the same connected
component of Xj.

Note that the X;’s need not be connected or have finite valence, and
they may contain isolated vertices.

We endow each X; with a (generalized) path metric d; : X; x X; —
0, 0o], where each edge is linearly isometric to the interval [0, m™] C R.
Since we do not require the X;’s to be connected, we have d;(z, ') = oo
when x, 2’ lie in different connected components of X;. It follows from
Definition that the projection maps «/ : (Xj,d;) — (X;,d;) are
1-Lipschitz.

Examples|l.2land |l.4] provide admissible inverse systems in a straight-
forward way: for ¢ < 0 one simply takes X; to be a copy of R with the
standard subdivision into intervals of length m~%, and the projection
map 7; : X;11 — X; to be the identity map. Of course this modification
does not affect the inverse limit.

Let X be the inverse limit of the system { X}, and let 7 : X; — X,
¢ Xoo — X, denote the canonical projections for ¢ < j € Z. We
will often omit the superscripts and subscripts when there is no risk of
confusion; thus we often denote the map 7} : X; — X; simply by ;.

We now equip the inverse limit X,, with a metric d.; unlike in the
earlier examples, this is not defined as a limit of pseudo-metrics d; om®.

Definition 1.9. Let do : Xo X Xoo — [0,00) be the supremal pseudo-
distance on X, such that for every ¢ € Z and every vertex v € X;,
if

St(v, X;) = U{e | e is an edge of X;, v € e}

is the closed star of v in X, then the inverse image of St(v, X;) under

the projection map X, — Xj has diameter at most 2m™". Henceforth,
unless otherwise indicated, distances in X, will refer to d..

In fact d is a metric, and for any distinct points z,2’ € X, the

distance du(z, 2') is comparable to m ™", where 7 is the maximal integer
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such that {7§°(z), 7°(2")} is contained in the star of some vertex v €
X;; see Section 2l In Examples and the metric d, is comparable
to the metric d, defined using the path metrics in (1.3)); see Section .

Admissible inverse systems give rise to spaces satisfying the hypothe-
ses of Theorem

Theorem 1.10. Let {X;} be an admissible inverse system. Then there
15 a 1-Lipschitz map ¢ : Xoo — R which is canonical up to post-
composition with a translation, which satisfies the assumptions of The-

orem [1.7

The converse is also true:

Theorem 1.11. Let X be a metric space. Suppose u : X — R s
a 1-Lipschitz map, and there is a constant C' € [1,00) such that for
every interval I C R, the inverse image u=*(I) C X has diam(I)-
components of diameter at most C' - diam([). Then for any m > 2
there is an admissible inverse system {X;} and a compatible system of
maps f; : X — X, such that:

o The induced map fro : X — (Xoo,dso) is L' = L'(C,m)-
bilipschitz.

e u = ¢o f, where ¢ : Xoo —> R 1is the 1-Lipschitz map of
Theorem [1.10.

Theorem [I.1] is a corollary of Theorem cifu: X — Ris as in
Theorem , then for any interval [a,a 4+ r] C R, an r-component of
f~Y(Ja, a+r]) will be contained in a connected component of f~*([a —
r,a + 2r]) (since X is a length space), and therefore has diameter <

3C diam([).

Remark 1.12. Theorem [I.1T]implies that Examples[I.2] and [I.4] can be
represented up to bilipschitz homeomorphism as inverse limits of many
different admissible inverse systems, since the integer m may be chosen
freely.

Remark 1.13. Although it is not used elsewhere in the paper, in Section
we prove a result in the spirit of Theorem for maps u : X —
Y, where Y is a general metric space equipped with a sequence of
coverings.

Analogy with light mappings in the topological category. We
would like to point out that Theorems are analogous to

certain results for topological spaces.
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Recall that a continuous map f : X — Y is light (respectively dis-
crete, monotone) if the point inverses {f~*(y)},ey are totally discon-
nected (respectively discrete, connected). If X is a compact metrizable
space, then X has topological dimension < n if and only if there is a
light map X — R"; one implication comes from the fact that closed
light maps do not decrease topological dimension [?, Theorem 1.12.4],
and the other follows from a Baire category argument.

One may consider versions of light mappings in the Lipschitz cat-
egory. One possibility is the notion appearing the Theorems [I.7] and
11k

Definition 1.14. A Lipschitz map f : X — Y between metric spaces
is Lipschitz light if there is a C' € (0, 00) such that for every bounded
subset W C Y, the diam(W)-components of f~*(W) have diameter
< C - diam(W).

The analog with the topological case then leads to:

Definition 1.15. A metric space X has Lipschitz dimension < n
iff there is a Lipschitz light map from X — R" where R™ has the usual
metric.

With this definition, Theorems and become results about
metric spaces of Lipschitz dimension < 1.

To carry the topological analogy further, we note that if f: X — Y
is a light map between metric spaces and X is compact, then [?, 7],
in a variation on monotone-light factorization, showed that there is an
inverse system

Y +— Xy +— . — X +— ...
and a compatible family of mappings {gx : X — X} such that:
e The projections X <— X, are discrete.
e g, gives a factorization of f:
Ve X . — X, & X

e The point inverses of g; have diameter < A, where A, — 0 as
k — oo.

e {g} induces a homeomorphism g, : X — X, where X, is
the inverse limit X of the system {Xj}.

Making allowances for the difference between the Lipschitz and topo-
logical categories, this compares well with Theorem [I.11]
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Embeddability and nonembeddability of inverse limits in Ba-
nach spaces. Theorem reduces the proof of Theorem (and
also Theorem to:

Theorem 1.16. Let { X, };cz be an admissible inverse system, and m be
the parameter in Definition[1.8 There is a constant L = L(m) € (0,1)
and a 1-Lipschitz map f : Xo — Ly such that for all x,y € X,

1f (@) = F)lley > L7 dos(,y) -

In a forthcoming paper [CKal, we show that if one imposes additional
conditions on an admissible inverse system {X;}, the inverse limit X
will carry a doubling measure p which satisfies a Poincaré inequality,
such that for p a.e. x € X, the tangent space T, X, (in the sense
of [?]) is 1-dimensional. The results apply to Examples and [1.4]
Moreover, in these two examples — and typically for the spaces studied
in [CKa|] — the Gromov-Hausdorff tangent cones at almost every point
will not be bilipschitz homeomorphic to R. The non-embedding result
of [CKO§] then implies that such spaces do not bilipschitz embed in
Banach spaces which satisfy the Radon-Nikodym property. Combining
this with Theorem [1.16], we therefore obtain a large class of examples
of doubling spaces which embed in L, but not in any Banach space
satisfying the Radon-Nikodym property, cf. Corollary [1.5]

Monotone geodesics. Suppose {X;}icz is an admissible inverse sys-
tem, and ¢ : X, — R is as in Theorem [1.10, Then ¢ picks out a
distinguished class of paths, namely the paths v : I — X, such that
the composition ¢ o~ : I — R is a homeomorphism onto its image, i.e.
¢pov: I — Ris amonotone. (This is equivalent to saying that the
projection m; oy : I — X, is either direction preserving or direction
reversing, with respect to the direction on X;.) It is not difficult to
see that such a path v is a geodesic in X; see Section [2 We call the
image of such a path v a monotone geodesic segment (respectively
monotone ray, monotone geodesic ) if the image poy(I) C Ris a
segment (respectively is a ray, is all of R). Monotone geodesics and re-
lated structures play an important role in the proof of Theorem[I.16] In
fact, the proof of Theorem produces an embedding f : X, — L
with the additional property that it maps monotone geodesic segments
in X, isometrically to geodesic segments in L.

Now suppose u : X — R is as in Theorem As above, one obtains
a distinguished family of paths v : I — X, those for which uovy : I — R
is a homeomorphism onto its image. From the assumptions on wu, it is



INVERSE LIMITS AND BILIPSCHITZ EMBEDDINGS IN L; 9

easy to see that u induces a bilipschitz homeomorphism from the image
v(I) C X to the image (uov)(I) C R, so () is a bilipschitz embedded
path. We call the images of such paths monotone, although they
need not be geodesics. If f, : X — X is a homeomorphism provided
by Theorem then f,, maps monotone paths in X to monotone
segments/rays/geodesics in X, because ¢ o fo, = u. Therefore, by
combining Theorems and [I.16], it follows that the embedding in
Theorem can be chosen to map monotone paths in X to geodesics
n Ll.

Discussion of the proof of Theorem [1.16| Before entering into
the construction, we recall some observations from [CK06b, [CK06al,
CK09] which motivate the setup, and also indicate the delicacy of the
embedding problem.

Let {X,}icz be an admissible inverse system.

Suppose f : Xo — Ly is an L-bilipschitz embedding, and that X
satisfies a Poincaré inequality with respect to a doubling measure p (e.g.
Examples and . Then there is a version of Kirchheim’s metric
diffferentiation theorem [Kir94], which implies that for almost every
p € X, if one rescales the map f and passes to a limit, one obtains an
L-bilipschitz embedding f., : Z — Li, where Z is a Gromov-Hausdorff

tangent space of X, such that ( foo)‘,y : v — Ly is a constant speed

geodesic for every v C Z which arises as a limit of (a sequence of
rescaled) monotone geodesics in X,,. When X, is self-similar, as in
Examples[I.2|and [I.4] then Z contains copies of X, and one concludes
that X itself has an L-bilipschitz embedding X, — L; which restricts
to a constant speed geodesic embedding on each monotone geodesic
v C Xoo. In view of this, and the fact that any bilipschitz embedding
is constrained to have this behavior infinitesimally, our construction
has been chosen so as to automatically satisfy the constraint, i.e. it
generates maps which restrict to isometric embeddings on monotone
geodesics.

By [Ass80, [DLI7, [CK06al, producing a bilipschitz embedding f :
Xo — Ly is equivalent to showing that distance function d is com-
parable to a cut metric dyx, i.e. a distance function dy on X, which
is a superposition of elementary cut metrics. Informally speaking this
means that

dgz/ dp dS(E) .
2Xoo
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7 Y(E) N St(v, Xi4)

Some children of F

FIGURE 2.

where Y is a cut measure on the subsets of X, and dg is the elementary
cut (pseudo)metric associated with a subset £ C Xo.:

dg(z1,72) = [xB(T1) — XE(72)].

If f: Xs — Lj restricts to an isometric embedding f|7 :y — Ly for

every monotone geodesic v C X, then one finds (informally speaking)
that the cut measure X is supported on subsets £ C X, with the
property that for every monotone geodesic v C X, the characteristic
function xg restricts to a monotone function on ~, or equivalently, that
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the the intersections £ N~ and (X \ E) N~ are both connected. We
call such subsets monotone.

For simplicity we restrict the rest of our discussion to the case when
Xo ~ R. The reader may find it helpful to keep Example in mind
(modified with X; ~ R for i < 0 as indicated earlier).

Motivated by the above observations, the approach taken in the pa-
per is to obtain the cut metric dyx, as a limit of a sequence of cut metrics
{dsy }iz0, where X} is a cut measure on X; supported on monotone sub-
sets. For technical reasons, we choose ¥, so that every monotone subset
E in the support of ¥} is a subcomplex of X/ (see Definition [1.§)), and
E' is precisely the set of points x € X; such that there is a monotone
geodesic ¢ : [0,1] — X; where 7} o ¢ is increasing, ¢(0) = z, and ¢(1)
lies in the boundary of E; thus one may think of F as the set of points
“lying to the left” of the boundary OF.

We construct the sequence {3} inductively as follows. The cut mea-
sure 3 is the atomic measure which assigns mass - to each monotone
subset of the form (—oo,v], where v is vertex of X ~ R. Inductively
we construct Xi, ; from 3} by a diffusion process. For every monotone
set £ C X; in the support of X!, we take the Xi-measure living on FE,
and redistribute it over a family of monotone sets E' C X1, called the
children of E. The children of £ C X; are monotone sets ' C X,
obtained from the inverse image 7; '(F) by modifying the boundary
locally: for each vertex v of X;,; lying in the boundary of 7; '(E), we
move the boundary within the open star of v. An example of this local
modification procedure is depicted in Figure 2, where m = 4.

The remainder of the proof involves a series of estimates on the cut
measures Y} and cut metrics dsy, which are proved by induction on
i using the form of the diffusion process, see Section [7] One shows
that the sequence of pseudo-metrics {p; = dsy o 7°} on X, converges
geometrically to a distance function which will be the cut metric dy, for
a cut measure Y on X,,. To prove that dy is comparable to d.,, the
idea is to show (by induction) that the cut metric dy; resolves pairs of

points x1, x5 € X; whose separation is > C'm ™.

Organization of the paper. In Section [2] we collect notation and
establish some basic properties of admissible inverse systems. Theo-
rem [1.10] is proved in Section [2.3] Section [3| considers a special class
of admissible inverse systems which come with natural metrics, e.g.

Examples [[.4] In Section [4 we prove Theorem [I.11] Sections
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give the proof of Theorem [I.16] A special case of Theorem [I.16] is in-
troduced in Section 5] In Section [6] we begin the proof of the special
case by developing the structure of slices and associated slice measures,
which are closely related to the monotone sets in the above discussion
of the proof of Theorem Section [7] obtains estimates on the slice
measures which are needed for the embedding theorem. Section |8 com-
pletes the proof of Theorem [1.16|in the special case introduced in Sec-
tion [5} Section [ completes the proof in the general case. Section
shows that the space in Example is bilipschitz homeomorphic to a
Laakso space from [Laa00]. In Section [11| we consider a generalization
of Theorem [L.11)to maps u : X — Y, where Y is a general metric space
equipped with a sequence of coverings.

We refer the reader to the beginnings of the individual sections for
more detailed descriptions of their contents.

Acknowledgements. We would like to thank the anonymous referee
for corrections and a careful reading of the paper.

2. NOTATION AND PRELIMINARIES

In this section {X;};cz will be an admissible inverse system, and m
will be the parameter appearing in Definition [I.8] As in the introduc-
tion, we will suppress superscripts and subscripts on projection maps
when the domain/target is clear from the context.

Remark 2.1. Given an admissible inverse system {X;};cz with m = 2,
we can produce a new admissible system {Y;};cz with m = 4 by letting
Y; = Xo;. The map of inverse systems { f; : ¥; = Xy; }iez is an isometric
isomorphism of graphs for each ¢, and induces an isometry Y,, — X.
Using this observation, the proof of our theorems in the m = 2 case
readily reduces to the case when m = 4.

Standing assumption. For technical convenience, in the remainder of
the paper we make the standing assumption that m > 3; by the above
remark there is no loss of generality in doing so. This assumption first
becomes relevant in Lemma 2.7]

2.1. Subdivisions, stars, and trimmed stars. Let Z be a graph.
Let Z® denote the k-fold iterated subdivision of Z, where each itera-
tion subdivides every edge into m subedges, and let 7/ = Z(1.
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If v is a vertex of a graph G, then St(v,G) and St°(v, G) denote the
closed and open stars of v, respectively. Thus St(v, G) is the union of
the edges emanating from v, and St°(v, G) is the union of {v} with the
interiors of the edges emanating from v.

Definition 2.2. Let Z be a graph, and v € Z be a vertex. The
trimmed star of v in Z is the union of the edges of Z’ which lie in
the open star St°(v, Z), or alternately, the union of the edge paths in
7' starting at v, with (m — 1) edges. We denote the trimmed star by
TSt(v, Z). We will only use this when Z = X; or Z = X! below.

Note that if v is a vertex of X;, then TSt(v, X;) is also the closed
ball B(v, = - m~%) C X, with respect to the path metric d;.

2.2. Basic properties of admissible inverse systems and the
distance function d... Let {X;}iez be an admissible inverse system
with inverse limit X. For every i, we let V; be the vertex set of X,
and V; be the vertex set of X/. For all j > i, let 7/ : X; — X, be the
composition 7;_; o ... om. Then 7/ : X; — XU " is simplicial and
restricts to an isomorphism on each edge. It is also 1-Lipschitz with
respect to the respective path metrics d; and d;.

Lemma 2.3. For every x,x’ € X, there exist i € Z, v € V; such that
z, 2’ € (7)1 (St(v, X;)).

Proof. By (3) of Definition there is a j € Z such that m;(x), m;(2’)
are contained in the same connected component of X;. If v C Xj is
a path from m;(z) to m;(2") with d;-length N, then for all i < j, the
projection 7/ (v) is a path in Xl-(j ~ with d;-length < N. Therefore if
N < m~" then 7/ (v) will be contained in St(v, X;) for some i € V;. O

Suppose dis a pseudo-distance on X, with the property that
diamd((ﬂé-’o)_l(St(v,Xj)) < 2m™

for all j € Z, v € V. Then for every z,2’ € X, we have cZ(:c,x’) <
2m~", where i € Z is as in Lemma 2.3l Tt follows that the supremum

ds of all such pseudo-distance functions takes finite values, i.e. is a
well-defined pseudo-distance function.
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Lemma 2.4 (Alternate definition of dy.). Suppose z,2' € X.,. Then
doo (2, ') is the infimum of the sums > ,_, 2m ™" such that there exists
a finite sequence

T=2x0,...,0p =0 € Xq
where {5 (x-1), T (wx)} is contained in the closed star St(v, X, ) for
some vertex v of X, , for every k € {1,...,n}.

k’

Proof. Let do(z,2') € [0,00] be the infimum appearing in the state-
ment of the lemma. By Lemma the infimum will be taken over
a nonempty set of sequences, and so ds(z,2') € [0,00). It follows
that d is a well-defined pseudo-distance satisfying the condition that
diam;_((79°)~*(St(v, X;)) < 2m™" for every v € Vj, i € Z. Therefore
doo < d, from the definition of d.,. On the other hand the definition
of d and the triangle inequality imply deo < do. 0

Lemma 2.5. Suppose z,2" € X .
(1) If doo(x,2") < m™ for some j € Z, then 7j(x),7;(z') belong to
St(v, X;) for some v € V.

(2) If v € Xoo and r < @m‘j for some j >0, then m;(B(x,7))
is contained in the trimmed star TSt(v, X;) for some v € V.

Proof. (1). Pick € > 0. Since dyo(x,2') < m™, there is a sequence
T =19Yy,...,yp =& € X, where for £ € {1,...,k}, the points y,_1,ys
lie in Wi_él(St(vg,Xie)), ve € V;,, and

e

ZZm_” <m7J+e.
¢

Taking ¢ < m™, we may assume that i, > j for all £ € {1,...,k}.
Since m;, (Ye—1), mi,(ye) € St(ve, X;,), there is a path from m;,(y,—1) to
i, (ye) in X;, of d;,-length < 2m~". Since W;é D (X, diy,) = (X, d;) is
1-Lipschitz for all j > i,, we get that there is an path from m;(x) to
7;(2') in X; with d;-length at most

z:Qm_i‘Z <m™ +e.
¢
As € is arbitrary, 7;(z) and 7;(2) lie in St(v, X;) for some j € V;.
(2). The proof is similar to (1). O

Corollary 2.6. d., is a distance function on Xo.
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Proof. Suppose z,7" € Xo, dog(x,2') = 0, and i € Z. By Lemma ,

for all j > i the set {n3°(x), 73°(2')} is contained in the star of some

vertex v € Vj. Since 7/ : (X;,d;) — (X, d;) is 1-Lipschitz, it follows
that {75°(z), 72°(2') } is contained in a set of d;-diameter < 2m™7. Since

Jj is arbitrary, this means that 7{°(z) = 72°(2'). O

The following is a sharper statement:

Lemma 2.7. Suppose x1,x5 € X, are distinct points. Let j be the
minimum of the indices k € Z such that {m(x1), 7 (x2)} is not con-
tained in the trimmed star TSt(v, Xg) for any v € Vi. Then

—9 o .
(2.8) Mmﬁ < doo (21, 5) < 2m~ U7
m

Recall that m > 3 by our standing assumption after Remark [2.1]

Proof. The first inequality follows immediately from Lemma [2.5| By
the choice of j, there is a vertex v € V;_; such that

{mj—1(21), mj—1(22)} C TSt(v, Xj1) C St(v, X;-1),
S0 doo (11, 75) < 2m~U~Y by Definition
O

2.3. A canonical map from the inverse limit to R. The next
theorem contains Theorem [L.10l

Theorem 2.9. Suppose {X;} is an admissible inverse system.

(1) There is a compatible system of direction preserving maps ¢; :
X; — R, such that for every i, the restriction of ¢; to any
edge e C X; is a linear map onto a segment of length m~=. In
particular, ¢; is 1-Lipschitz with respect to d;.

(2) The system of maps {¢; : X; — R} is unique up to post-
composition with translation.

(3)If ¢ : (Xeo,dso) — R is the map induced by {¢;}, then ¢
is 1-Lipschitz, and for every interval I C R, the diam([)-
components of ¢~ *(I) have diameter at most 8m - diam([).

Proof. (1). Let X_, denote the direct limit of the system {X;}, i.e.
X_ o is the disjoint union Ll;c7z X; modulo the equivalence relation that
X; 2 2 ~ 2 € X; if and only if there is an ¢ < min(¢, j) such that
mi(x) = 7 (2'). For every i € Z there is a canonical projection map
T Xi = X



16 JEFF CHEEGER AND BRUCE KLEINER

If k € Z, then for all i < k let X" denote the (k —i)-fold iterated

subdivision of Xj;, as in Section Thus 77 : X](kfj) — X(k’i) is
simplicial for all ¢ < j < k&, and restrlcts to a direction-preserving

isomorphism on each edge of X . Therefore the direct hmlt X o
inherits a directed graph structure, which we denote X (k= , and for
all i < k, the projection map 7° __ : x* X(_oo ) ig snnphcial, and

)

a directed isomorphism on each edge of kaii). Condition (3) of the

k—o00)

definition of admissible systems implies that X (_OO is connected.

Note also that for all £ < [, the graph X(_l;fo) is canonically iso-

morphic to (X %_>

X(kfoo)

—00

)=%) " In particular, if v,v’ are distinct vertices of

, then their combinatorial distance in X(_lc;oo) is at least m!=*;

morever every vertex of X''-> which is not a vertex of X*_° must
have valence 2, since it corresponds to an interior point of an edge
of XE’;OO). It follows that X(_Z;JOO) can contain at most one vertex v
which has valence # 2, since the combinatorial distance between any
two such vertices is at least m!~%, for all k¥ < I. Thus X(,l;ooo) is either
isomorphic to R with the standard subdivision, or to the union of a
single vertex v with a (possibly empty) collection of standard rays, each
of which is direction-preserving isomorphic to either (—oo, 0] or [0, c0)
with the standard subdivision. In either case, there is clearly a direc-

tion preserving simplicial map xU OO) — R which is an isomorphism

on each edge of XEIOO ), Precomposmg this with the projection maps
Xoo — X — X _ gives the desired maps ¢;.

(2). Any such system {¢; : X; — R} inducesamap ¢_, : X_o — R,
which for all £ € Z restricts to a direction preserving isomorphism on
every edge of X(_’“o;w). From the description of ng;oo), the map ¢_o

is unique up to post-composition with a translation.

(3). If x,2’ € Xo and {m(z),m(2")} C St(v, X;) for some i € Z,
v € V;, then by (1) {¢(x),d(x’)} is contained in the union of two
intervals of length m™" in R, and therefore d(¢(x), #(2')) < 2m™". By
the definition of du, this implies that d(¢(z), ¢(2)) < dug(x,2') for all
x, ' € X, i.e. ¢ is 1-Lipschitz.

From the construction of the map X_,, — R, there exists a sequence
{Y; }iez of subdivisions of R, such that Y;;; = Y( ) ,and ¢; 0 X; - R ~
Y; is simplicial and restricts to an isomorphism on every edge of Xj.
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Now suppose I C R is an interval, and choose i € Z such that
diam(I) € [m7<41+1), m—). Then there is a vertex v € Y; such that
I C St(v,Y;) and dist(I,R \ St(v,Y;)) > diam([I). Pick z,2’ € ¢~ (1)
which lie in the same diam(I)-component of ¢~ (I) C X, so there is
a diam(/)-path * = zg,...,2x = 2’ in X. For each ¢ € {1,... k}
and every € > 0, there is a path 7, in X; which joins m;(z,_1) to m;(xy)
such that length(¢; o v,) < diam(/) + €. When € is sufficiently small
we get v, C ¢; *(St°(v, Y;)) because ¢; o v, has endpoints in I. There-
fore m;(z), m(2') lie in the same path component of ¢;'(St°(v,Y;)),
which implies that they lie in St(0, X;) for some vertex v € V;. Hence
doo (T, 2') < 2m~" < 8m - diam ().

4

2.4. Directed paths, a partial ordering, and monotone paths.
Suppose {X;} is an admissible system, and {¢; : X; — R} is a system
of maps as in Theorem

Definition 2.10. A directed path in X, is a path v : I — X, which
is locally injective, and direction preserving (w.r.t. the usual direction
on I). A directed path in X, is a path v : I — X, such that
miovy: I — X; is directed for all © € Z.

If v : I — X, is a directed path in X}, then ¢;07 is a directed path in
R, and hence it is embedded, and has the same length as . Therefore
Xo and the X;’s do not contain directed loops. Furthermore, it follows
that Wf o7 is a d;-geodesic in X; for all ¢+ < 7.

Definition 2.11 (Partial order). We define a binary relation on X,
for i € Z U {oo} by declaring that = < y if there is a (possibly trivial)
directed path from x to y. This defines a partial order on X; since X;
contains no directed loops. As usual, * < y means that * < y and

Since the projections Wﬁ : X; — X, are direction-preserving, they are
order preserving for all ¢ < j, as is the projection map 7° : X, — Xj.

Lemma 2.12. Suppose v : I — X, is a continuous map. The follow-
ing are equivalent:

(1) v is a directed geodesic, i.e. length(y) = d(v(0),v(1)).
(2) ~v is a directed path.
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(8) mi o~y is a directed path for all i.
(4) o~y :[0,1] — R is a directed path.

Proof. (1) = (2) = (3) = (4) is clear.

(4) = (3) follows from the fact that ¢; : X; — R restricts to a
direction preserving isomorphism on every edge of Xj.

(3) = (1). For all i € Z, let 7; C X; be the union of the edges
whose interiors intersect the image of m; 0oy. Then ~; is a directed edge
path in X;, and hence ¢; 0~; is a directed edge path in R with the same
number of edges. Therefore 7; has < 2+m*(d(¢(7(0)), #(7(1)))) edges.
Since the vertices of v; belong to the image of m; : X, — X, by the
definition of du, we have du.(v(0),v(1)) < 4m =" + d(é(7(0)), p(v(1))).

Since 7 is arbitrary we get doo(7(0),7(1)) < d(¢(7(0)), #(v(1))), and
Theorem [2.9(3) gives equality. This holds for all subpaths of v as well,

so v is a geodesic. 0

Definition 2.13. A monotone geodesic segment in X; is the
image of a directed isometric embedding v : [a,b] — X;; a mono-
tone geodesic in X; is the image of a directed isometric embedding
R — (X;,d;). A monotone geodesic segment in X, is (the image
of) a path v : I — X, satisfying any of the conditions of Lemma .
A monotone geodesic is (the image of) a directed isometric embed-
ding R — X, or equivalently, a geodesic v C X, which projects
isometrically under ¢ : X, — R onto R.

Monotone geodesics lead to monotone sets:

Definition 2.14. A subset £ C X;, i € Z U {o0}, is monotone if
the characteristic function yg restricts to a monotone function on any
monotone geodesic v C X; (i.e. yN E and v\ E are both connected
subsets of ).

3. INVERSE SYSTEMS OF GRAPHS WITH PATH METRICS

For some admissible inverse systems, such as Examples [I.2] [[.4] the
path metrics d; induce a length structure on the inverse limit which is
comparable to d,. We discuss this special class here, comparing the
length metric with the metric d,, defined earlier.

In this section we assume that {X;} is an admissible inverse system
satisfying two additional conditions:

(3.1) 7 © X;41 — X! is an open map for all i € Z.
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There is a 8 € N such that for every i € Z,v € V;,
(3.2) w,w' € 7; '(v), there is an edge path in X;,; with at

most # edges, which joins w and w’.

Both conditions obviously hold in Examples [1.2] [I.4]

Lemma 3.3 (Path lifting). Suppose 0 < i < j, ¢ : [a,b] — X; is a
path, and v € (7!)7'(c(a)). Then there is a path ¢ : [a,b] — X; such
that

e Cis a lift of c: ﬂzOé:C.
e ¢(a) =v.

Proof. This follows from a continuity argument.

Assume j = i+1, and let I C [a, b] be a maximal subinterval of [a, b]
containing a, such that the restriction of ¢ to I has a lift ¢ as in the
statement of the lemma.

First suppose I = [a, §) for some 6 € (a,b). Note that 7; ' (B(c(d), 7))
is a disjoint union of open subsets of X, i, whose diameter tends to
zero as 7 — 0. It follows that ¢(¢) has a limit as ¢ — §, so ¢ may be

extended to the closed interval [a, d], which contradicts the maximality
of 1.

Next assume that I = [a, 0] for some § € [a,b). If ¢(J) is not a vertex
of X!, then 7; is a local homeomorphism near ¢(d), so we may extend
¢ to a strictly larger interval I’ O I, contradicting the maximality of I.
If ¢(0) is a vertex of X/, for each edge e of X| emanating from ¢(d) we
may choose a lift é of e starting at ¢(d), by condition above. This
defines a lift

St°(c(d), X)) — St°(¢(0), Xiv1)
which we may use to extend ¢, which is a contradiction. Therefore

I =la,b].
U
Lemma 3.4.
(1) X; is connected for all i.

(2) Wf : X = X, and m° 1 Xoo — X, are surjective for all i < j.

Proof. (1). By Lemma and condition (3.2)), if z1,xs € X; lie in the

same connected component of X;, then any ) € 7; ' (zy), 2} € 7, ' (22)
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lie in the same connected component of X;,;. Iterating this, we get
that (m))~'(z1) U (7])}(z2) C X; is contained in a single component
of X;. Now for every j € Z, 21,22 € Xj, by Definition (3) there is
an ¢ < j such that x; = m;(Z1), xo = m;(Z2) lie in the same connected

component of X;; therefore 21,25 lie in the same component of Xj.

(2). m; : X;11 — X, is open by condition (3.1]), X; is connected by (1),
and X, is nonempty by Definition (1). Therefore m; : X;11 — X;
is surjective. It follows that 7° : X, — X is surjective as well. U

Note that m; : (Xi41,dit1) — (X, d;) is a 1-Lipschitz map by Defi-
nition [L.§(2).

Lemma 3.5.

(1) Foralli € Z, and every x1, x5 € X;, o, 2% € X1y with m(z),) =
T, we have

di1 (2, 2h) < di(w1, 32) +2m ™" + 6 - m~ G

(2) If i < j, then for every xy,x9 € X;, o}, 2 € X, with m;(x}) =
T, we have

(3.6)  dj(a),2h) < di(z1,22) + (2m + 6) - <M> .

m—1

Proof. (1). Let v : I — X; be a path of length at most d;(x1, z2) +m™
which joins x; to xo, and then continues to some vertex vy € V;. By
Lemma there is a lift v/ : I — X,y starting at x}, and clearly
length(y') = length(v). Since 2/, has distance < m~ from ; *(vy), (1)
follows from condition ((3.2)).

(2). This follows by iterating (1). O

As a consequence of Lemma , the sequence of (pseudo)distance
functions {d; o7 : X x X — [0,00)};>0 converges geometrically to
a distance function d, on X.,. Since 7° is surjective for all 7 > 0, the
lemma also implies that {7{° : (X, doo) = (X, d;) }i>0 18 a sequence of
Gromov-Hausdorff approximations, so (Xj,d;) converges to (X, do)
in the Gromov-Hausdorff topology.

Lemma 3.7.

(1) doo < do, with equality on montone geodesic segments.
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(2) doo < (1+ 220 .

Proof. (1). Suppose z,2' € X and for some i € Z, v : [ — X;

is a geodesic from m;(z) to m;(2’). Then the image of 7 is contained
doo (z,2")

in a chain of at most 2 + T

Definition (1.9 implies

stars in X;. Since 7y° is surjective,

doo(2,2") < doo(x,2') +2m 7" .
Thus de < deo.

Suppose x, ' € X, are joined by a directed path v : I — X. Then
by Theorem [2.9] the composition ¢;om;0v : I — R has the same length
as m; o~y for all 7, hence ¢ oy : I — R has the same length as m; oy for
all 2. Therefore

doo(z,2') < lim length(m; o v) = length(¢ o )
1—00
=d(6(7(0)), 6(7(1))) < dos(, ),
where the last equality follows from Theorem [2.9(3), ¢ is 1-Lipschitz.

(2). If z,2" € Xo and {m(z),m(2")} C St(v, X;) for some i € Z,
v € V;, then d;(m;(z), m(2")) < 2m™" and so

(2m + 0)m™"

doo /<2 —1
(x,2") <2m™" + 1

=2m™" (1 + M)

2(m —1)
by Lemma It follows from Lemma [2.4] that

2 6 -
M) d

do < (1 .
—( T om )

O

Corollary 3.8. If ¢ : Xoo — R is the map from Theorem then
¢ : (Xeo,doo) — R satisfies the hypotheses of Theorem [1.1]

Proof. This follows from the previous Lemma and Theorem [2.9(3). O
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4. REALIZING METRIC SPACES AS LIMITS OF ADMISSIBLE INVERSE
SYSTEMS

In this section, we characterize metric spaces which are bilipschitz
homeomorphic to inverse limits of admissible inverse systems, proving

Theorem [LL111

Suppose a metric space Z is bilipschitz equivalent to the inverse limit
of an admissible inverse system. Evidently, if X, is such an inverse
limit, ¢ : X, — R is as in Theorem 2.9 and F : 7 — X, is a
bilipschitz homeomorphism with respect to d., then the composition
u= ¢oF :Z — R has the property that for every interval I C R,
the diam(I)-components of u~1(I) have diameter at most comparable
to diam(I), (see Theorem [2.9). In other words a necessary condition
for a space to be bilipschitz homeomorphic to an inverse limit is the
existence of a map satisfying the hypotheses of Theorem[I.11] Theorem
says that the existence of such a map is sufficient.

We now prove Theorem [1.11]

Fix m € N, m > 2, and let © : X — R be as in the statement of the
theorem.

Let {Y;}iez be a sequence of subdivisions of R, where:

e Y] is a subdivision of R into intervals of length m~ for all i € Z.
e Y, is a subdivision of Y; for all i € Z.

We define a simplicial graph X; as follows. The vertex set of X; is
the collection of pairs (v, U) where v is a vertex of ¥; and U is a m ™"~
component of ! (St(v,Y;)). Two distinct vertices (vy,Uy), (va, Us) €
X; span an edge iff Uy NUy # (); note that this can only happen if vy, vo

are distinct adjacent vertices of Y;.

We have a projection map ¢; : X; — Y; which sends each vertex
(v,U) of X; to v €Y}, and is a linear isomorphism on each edge of X;.
If (0, U) is a vertex of Xy, there will be a vertex (v, U) of X; such that
U C U and St(9, Y;41) C St(v,Y;); there are at most two such vertices,
and they will span an edge in X;. Therefore we obtain a well-defined
projection map 7; : X;y1 — X, such that ¢; o m; = ¢;11, and which
induces a simplicial map 7; : X;11 — X.

We define f; : X — X as follows. Suppose z € X and u(z) € R~ Y,
belongs to the edge e = 703 = St(v1, ¥;) NSt(ve,Y;). Then 2z belongs to
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an m~‘-component of u~!(St(v;,Y;)) for j € {1,2}, and therefore these
two components span an edge é of X; which is mapped isomorphically
to e by ¢;. We define f;(z) to be ¢;'(u(z)) Né. The sequence {fi}icz
is clearly compatible, so we have a well-defined map fo : X — X.

Now suppose 21,2, € X and for some i € Z we have m~ () <
d(z1,22) < m~". Then {u(z1),u(z2)} C St(v,Y;) for some vertex v € Y},
and z1, 2o lie in the same m™" component of u~!(St(v,Y;)). Therefore
{fi(z1), fi(22)} is contained in St(v, X;) for some vertex v of X;. It
follows that deo(foo(21), foo(22)) < 2m™ < 2md(2y, 22), from the defi-
nition of dy. Thus fs is 2m-Lipschitz.

On the other hand, if 21, 2o € X and m~) < do (foo(21), foo(22)) <
m~", then by Lemma [2.5(1), we have {fi(z1), fi(22))} C St(9, X;). By
the construction of f;, this means that {z1, 2o} lie in an m~‘-component
of u™1(St(v,Y;)) for v = ¢;(0) € Y;. By our assumption on u, this gives
d(z1,22) < m™". Thus f, is L’-bilipschitz, where L' depends only on
C and m.

5. A SPECIAL CASE OF THEOREM [L. 16
Let {X;} be an admissible inverse system as in Definition [1.§|

Assumption 5.1. We will temporarily assume that:

(1) m; is finite-to-one for all i € 7Z.
(2) X; ~R and 7; : Xip1 — X! is an isomorphism for all i < 0.
(3) For every i € 7Z, every vertex v € V; has neighbors vy € V;

with v_ < v < vy. Fquivalently, X; is a union of (complete)
monotone geodesics (see Definition .

In particular, (1) and (2) imply that X; has finite valence for all 1.

This extra assumption will be removed in Section [9] in order to com-
plete the proof in the general case. We remark that it is possible to
adapt all the material to the general setting, but this would impose a
technical burden that is largely avoidable. Furthermore, Assumption
effectively covers many cases of interest, such as Examples and
L4
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6. SLICES AND THE ASSOCIATED MEASURES

Rather than working directly with monotone subsets as described
in the introduction, we instead work with subsets which we call slices,
which are sets of vertices which arise naturally as the boundaries of
monotone subsets. A slice in S C X; gives rise to a family of slices in
X1 — its children — by performing local modifications to the inverse
image 7; '(S) C X;;1. The children of S carry a natural probability
measure which treats disjoint local modifications as independent. This
section develops the properties of slices and their children, and then
introduces a family of measures {3;};cz on slices.

Let {X;} be an admissible inverse system satisfying Assumption [5.1]

6.1. Slices and their descendents. We recall from Section 2.4] that
X; carries a partial order <, see Definition [2.11]

Definition 6.1. A partial slice in X/ is a finite subset S C V/
which intersects each monotone geodesic v C X; at most once; this
is equivalent to saying that no two elements of S are comparable: if
v,v" € S and v X v/, then v = v’. A slice in X! is a partial slice which
intersects each monotone geodesic precisely once. We denote the set of
slices in X/ and partial slices in X/ by Slice; and PSlice] respectively.

The vertex set V; is countable, in view of Assumption Every
partial slice is finite, so this implies that the collection of partial slices is
countable. When i < 0, X! is a copy of R with a standard subdivision,
so the slices in X/ are just singletons {v}, where v € V.

Note that we cannot have w < z < w' for z € X;, S € Slice}, and
w,w’ € S, because then w, w’ would be comparable. Therefore we use
the notation x < S if there is a w € S such that z < w. The relations
x> S, x =95, and x = S are defined similarly.

Aslice S € Slice, separates (respectively weakly separates) r,, 1z, €
X;ifry <8 < a9 or 19 < S < 27 (respectively ;7 < S < x5 or
T j S j 1’1).

If S € Slice;, v € X; \ S, then we define

< if v=<S
- if v>=2S5

(6.2) Side(v, S) = {

Slices give rise to monotone sets:
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Lemma 6.3. If S € Slice}, define Sx = {r € X; | z < S} and
S. ={zx € X;|x>=S}. Then S< and S- are both monotone sets with
boundary S.

Proof. Since the complement S of S< is the same as S, = {z € X |
x > S}, the monotonicity of S< follows immediately from the definition
of slices. Similarly for S. O

Given a vertex v € V;, we can associate a collection of partial slices
in X/
Definition 6.4. If v € V,, a child of v is a maximal partial slice
S’ € PSlice, which is contained in the trimmed star TSt(v, X;), see

Figure . In other words, S" C TSt(v, X;) and precisely one of the
following holds:

(1) 5" = {v}.

(2) For every vertex w € St(v, X;) with v < w, S’ intersects the
edge vw in precisely one point, which is an interior point.

(3) For every vertex w € St(v, X;) with w < v, S’ intersects the
edge vw in precisely one point, which is an interior point.

We denote the collection of children of v by Ch(v), and refer to the
children in the above cases as children of type (1), (2), or (3)
respectively.

Note that if S € PSlice, and vy, v, € Vi, are distinct vertices lying
in 7, 1(S), then their trimmed stars are disjoint.

Definition 6.5. If S € PSlice] is a partial slice, a child of S is a
subset S’ C V7, obtained by replacing each vertex v € m; '(S) C Viys
with one of its children, so that S’ is a subset of V;' ;. More formally,
S’ belongs to the image of the “union map”

H Ch(v) — Vi
veﬂfl(S)

which sends [], (S,) to U, S,. We use Ch(S) C PSlice;, to denote the
children of S € PSlice,.

Lemma 6.6. If S is a partial slice, so is each of its children. Moreover,
if S € Slice, is a slice, so is S'.

Proof. Suppose S’ is a child of the partial slice S € PSlice}, and v C
X;41 is a monotone geodesic. Then 7' projects isomorphically to a
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Some children of v

FIGURE 3.

monotone geodesic v C X;, so m; 1(S) N~ contains at most one vertex
v € Vi ;1. From the definition of children, it follows that 4'N.S’ contains
at most one point. If S is a slice, then 4/ N 7; '(S) contains precisely
one vertex v € V/,,, and therefore S’ contains a child of {v}, which
will intersect 4/ in precisely one point.

O

Definition 6.7. If S € PSlice, and j > 4, then a partial slice S’ €
PSlice] is a descendent of S in X7 if there exist S = S;, Sij1,...,5; =
S" such that for all k € {i +1,...,7}, Sk € PSlice;, and S}, is a child
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of S,_1; in other words, S’ is an iterated child of S. We denote the
collection of such descendents by Desc(S, X7).

Lemma 6.8. For alli < j, if S" € PSlice; s a descendent of S €
PSlice!, then m;(S") C Uyes St°(w, X!).

Proof. Suppose S = S;,...,S; = S, where Sy € PSlice), and Siy1 is a
child of S for all : < k < j. Then

7k (Sk+1) C g (Uweﬂgl(sk) TSt(w,X,’Hl)) :

[terating this yields the lemma. O

6.2. A measure on slices. We now define a measure on Slice, for each
17, by an iterated diffusion construction. To do this, we first associate
with each vertex v € V; a probability measure on its children Ch(v) C
PSlice!.

Definition 6.9. If v € V}, let wcy(,) be the probability measure on
Ch(v) which:

e Assigns measure = to the child {v} € Ch(v) of type (1).

e Uniformly distributes measure % . (mm—_l) among the children of
type (2). Equivalently, for each vertex v € V; adjacent to v with
v < 0, we take the uniform measure on the (m — 1) vertices in
V! which are interior points of the edge v, take the product of

these measures as ¥ ranges over

{veV,|veStvX;), v<uv}

and then multiply the result by 1 - @

1. (m—1)
2 m

e Uniformly distributes measure
type (3).

among the children of

Note that if v* € V; belongs to the trimmed star of v, then the wcpy)
measure of the children of v which contain v’ is

(6.10) (S eChw)|of sy —dm /=0
. w v v v — .
hiv) = if v #w

Using the measures wcy(,) we define a measure on the children of a
slice:
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Definition 6.11. If S € Slice,, we define a probability measure Kg on
Ch(S) as follows. We take the product measure ], c.-1.g) Wonw) on

[Toer s) Ch(v), and push it forward under the union map

H Ch(v) — Slice} 4 .
)

v

In probabilistic language, for each v € 7, 1(8), we independently choose
a child of v according to the distribution wcy(y, and then take the
union of the resulting children. Note that this is well-defined because
the inverse image of any slice is nonempty.

. . / . .
Now given a measure v on Slice;, we diffuse it to a measure v/ on
. ! .

Slice; | ;:

(6.12) V=Y Ksu(S).

SeSlice
If we view the collection {Ks}gcgiice; as defining a kernel
K; : Slice] x Slice;, ; — [0, 1]

by the formula K;(S,S") = Kg(S5’), then the associated diffusion oper-
ator K; is given by

(6.13) Ki(w)(S)= > K(S .8Ww(S).

SeSlice)

When ¢ < 0, then this sum will be finite for any measure v since
K(S,S") # 0 for only finitely many S.

Lemma 6.14. When ¢ > 0, the sum will be finite provided v is sup-
ported on the descendents of slices in X|.

Proof. For a given S’ € Slice;,,, the summand K (S, S")v(S) is nonzero
only if S is a descendent of a slice {v} € V§ and S’ is a child of S.
By Lemma this means that mo(S") C St°(v, X{)), so there are only
finitely many possibilities for such S. U

Definition 6.15. For i < 0, let X, be the measure on Slice; which
assigns measure m~(*1) to each slice in Slice; = V/. For i > 0 we
define a measure 3} on Slice; inductively by ¥} = K; 1(3;_;). This is
well-defined by Lemma [6.14]
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For every S € Slice, and every j > 4, we may also obtain a well-
defined probability measure on Slice;- which is supported on the de-
scendents of S, by the formula

(6.16) Kj 10...0Kds),

where dg is a Dirac mass on S. Using this probability measure, we may
speak of the measure of descendents of S € Slice;».

7. ESTIMATES ON THE FAMILY OF MEASURES {X!};cz

In this section we will prove (mostly by induction arguments) several
estimates on the slice/cut measures {3} and cut metrics {dx;} that
will be needed in Section [

We first observe that the slices passing through a vertex v € V; have
measure m~F1);

Lemma 7.1. For alli € Z, and every v € V/, the ¥}-measure of the
collection of slices containing v is precisely m~+1):

SH({(S € Slice] | v € §}) = m+)

Proof. When i < 0 this reduces to the definition of ¥}. So pick ¢ > 0,
v € V/ and assume inductively that the lemma is true for ¢ — 1.

Case 1. v € V;. In this case, if a slice S € Slice; ; has a child
S’ € Slice containing v, then m;_;(v) € S. By Definition [6.9] for such
an S, the fraction of its children containing v is precisely --. Therefore
by the induction hypothesis we have

1 .
YIS |ve S} = — > ({S € Slice,_, | mi_1(v) € §}) = m ¢+,

Case 2. v € V;. Then v belongs to a unique edge wiw; C X;, where
wy,wy € V;. In this case, a slice S € Slice;_; has a child S" € Slice;]
containing v if and only if S contains m;_1(w;) or m;_1(ws). Since these
possibilities are mutally exclusive (from the definition of slice), and

each contributes a measure 2m =" by the induction hypothesis and
Definition the lemma follows. O

Recall that by Lemma for every S € Slice] the subset S« = {z €
X; | z < S} is a monotone subset of X;.
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Definition 7.2. Viewing ¥ as a cut measure on X; via the identifica-
tion S «— Sx, we let dy; denote the corresponding cut metric on Xj;.
Equivalently, for x1,zs € X,

dz' 331,1752 E ds< 51717-752 (S)
SESllce

where

ds_ (1, 72) =[xs.(v1) — X5 (72)]

1 if 285 <xz9 or 235 <1
0 otherwise

Lemma 7.3. If 2,24 € X1, and m(z)) = x; € X;, then

(7.4) |d2;+1(1’/1, xh) — dsy (1, 72)| < 40+

Proof. For j € {1,2} let S; be the collection of slices S € Slice; which
have a child S" € Slicej,; such that Side(x;,S) # Side(a},S") (see
for the definition of Side(v,S)). From the definition of children,
it follows that if S € S}, then z; lies in TSt(v, X]) for some v € S.
Thus, if wiw; is an edge of X/ containing x;, then S; C {S € Slice; |
SN {wl,wg} # (}. By Lemma [7.1 . we have Y/(S;) < 2m~+1. Now
by the definition of the cut metrics, we get

|d2;+1(£ﬂ/1, Th) — dz; (1, m0)| < Z;(Sl US,) < 4+
O

Lemma 7.5 (Persistence of sides).  Suppose z € X;, S € Slice,
and © & Upes St°(v, X]). Then for every j > i, every ' € X; with
mi(2') = x, and for every descendent S' € Slice; of S, we have

t' & Uyesr St°(v, Xj) and  Side(z’,S’) = Side(z, S) .
Proof. First suppose j = i + 1. Then z ¢ Uper=1(5) St°(v, Xi41) be-

cause m; : X;41 — X/ is a simplicial mapping. Clearly this implies
Side(2’, S") = Side(2’, 7r; 1(S)) = Side(x, S).

The 7 > 7+ 1 case now follows by induction.
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Lemma 7.6 (Persistence of separation).  There is a constant A =
A(m) € (0,1) with the following property. Suppose j > i, x1,x9 € X,
2y, 2h € X, and m;(2)) = x1, mi(ah) = zo. Suppose in addition that

e S € Slice] is a slice which weakly separates x1 and x4 (see Sec-

tion .

® To é U’UES StO(U,XZ{).

Then the measure of the collection of descendents S' € Desc(S, X})
which separate x| and !, is at least A; here we refer to the probability

measure on Desc(S, X;) that was defined in equation .

Proof. Since S weakly separates x; and xs but x5 ¢ S, without loss of
generality we may assume that r1 < S < x9, since the case 1o < S < 14
is similar.

If 21 & Upes St°(v, X[), then by Lemma , for all S” € Desc(S, X7)

we have ] < 5" < 7, so we are done in this case.

Therefore we assume that there exist v € S and v’ € 7; '(v) such that
x1 € St°(v, X)), 2} € St(v', Xip1), and o) < v'. If " € Slice],, is a child
of S containing a child of v" of type (2), then &} ¢ Uyes St°(w, X/ ,);
moreover the collection of such slices S’ form a fraction at least % L m—l
of the children of S. Therefore we are done when j =i+ 1; if j > i+ 2,
then we may apply Lemma to each such slice S’, we conclude that
for every S” € Desc(S", X}), we have x} < " < x3. Thus we may take

A= % . mT_l This proves the lemma. O

Lemma 7.7. Suppose x1,x9 € X;, j > i, of, 25 € X;, m(x)) = x1,
mi(2h) = xo, and {xq,x2} is not contained in the trimmed star of any
vertez v € V;. Then dsy (a,5) > Am~=0+2) where A is the constant

from Lemma 7.6,

Proof. Choose vy € V; such that z; € TSt(vy, X;).

Observe that of the children W of vy, a measure at least ﬁ lie
weakly on each side of x; and satisfy zy ¢ U,ew St°(v, X]), in view of

our assumption on z; and xo, i.e.

wCh(vl) ({W S Ch(vl) | W j T1, T2 ¢ UUEW StO(U,X,Z)}) Z

Wengwy) (W € Ch(vy) | W = 21, 29 ¢ Upew St°(v, X;)}) >
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Suppose S € Slice; , and v; € m; (S). Then each child S’ €
Slice! of S contains some child of v;, and Side(xs, S’) is independent
of this choice, because xs lies outside TSt(vq, X;). Furthermore, if
Ty € St(vy, X;) for some vy € (V; N (S5)) \ {v1}, then S’ contains a
child of vy, and a fraction at least - of this set of children W € Ch(v,)
satisfies xy ¢ Uyew St°(v, X/). Thus a fraction at least 55 of the
children of S satisfy the assumptions of Lemma [7.6]

Since the set of S € Slice, ; with v; € m; % (S) has X/ ,-measure

m~" by Lemma by the preceding reasoning, we conclude that
dsy (7, 73) > Am~0+2), O

Lemma 7.8. Supposei,j € Z, i < j, x1,22 € Xj, e is an edge of X;,
and m;(z1), m(x2) € €. Then

(79) dg; (ZEl, Ig) S m_i

We remind the reader that we are suppressing superscripts when the
domain is clear from the context; thus 7;(z1) in the above context really
refers to the image of #; under the projection map =7 : X; — X;, and

when i = j, we have m;(z1) = 7/ (z1) = 7l (x1) = 1.

Proof. Let vy, vy be the endpoints of e, where v; < vo. We may assume
without loss of generality that m;(x;) < m;(x2).

By Definition the distance dg;_ (71, 22) is the X-measure of the
set

Y:{SESliceH T1 XS <1y or my XS <m}

If S € Slice, and SNe = ), then S does not weakly separate
mi(z1), mi(x2), so by Lemma , no descendent S’ € Desc(S, X}) can
weakly separate ¥1 and g, i.e. Y M Desc(S, X}) = 0. For v € V/ let

Slice;(v) = {S € Slice] | v € S}

and let X! Slice}(v) be the restriction of 3! to Slice}(v). Thus, using
the diffusion operators K from ((6.12)), the above observation implies
that

SHY) =K 0...0 K(S)(Y)
= > Kjyo...0 K] Slice)(v))(Y)

veenV/
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(7.10)

< (m— Dm0 4 Z Kj_jo...0 K3 Slice;(v))(Y),

ve{vi,va}

because the mass of ¥ L_ Slice}(v) is m~(*Y by Lemma [7.1} The re-
mainder of the proof is devoting to showing that the total contribution
from the summation over v € {vy, v} in (7.10)) is at most m~(+Y.

In the borderline case i = j, equation ([7.10]) reduces to
SiY) = ) (S Slicej(v)(Y),

veeNnVy/

and the contribution to the sum from the v = vy is zero, since no slice
S € Slice}(vy) can satisfy x; < S < x9. Therefore we are done in this
case, and we will henceforth assume ¢ < j.

Suppose 7;(z1) ¢ St°(vy, X[). If S € Slice;(v1), then no descendent
S’ € Desc(S, X7) can weakly separate x1, ro by Lemma . Therefore

Kj_jo...0 KX Slice)(v1))(Y) =0,

so we are done in this case. Hence we may assume that m;(x1) €
St°(v1, X!), and by similar reasoning, that m;(zs) € St°(ve, X[). This
implies by Lemma that if v; € S € Slice; and S € Desc(S, X7)
then S < zy; similarly, if v, € S € Slice; and S € Desc(S, X}), then
r < S/.

By ([7.10]), the lemma will follow if we prove the following two claims:
Claim 1. Kj_j0...0 K;(S;L_ Slice}(v))(Y) < 2(m= 0D 4=+,
Claim 2. Kj_y0...0 K;(Z{L_ Slice}(v2))(Y) < (m~ D — =G+,

Proof of Claim 1. For each i < k < j, let wj, be the unique vertex
in V/ such that m(z1) € St°(wy, X},) and wj, < m,(xq1). Likewise, let
wy, be the unique vertex in Vj such that mi(x;) € St°(wg, Xx) and
wg = mg(z1). Thus wj, € St°(wy, Xi). Let kg be the maximum of the
integers k € [i,j] such that m;(w}) = vy for all i < k < k. It follows
that wy, = wy, for all i < k < ky.

For i < k < j, let Ay be the collection of slices S € Slice) which
contain wy, and let By be the collection of slices S € Slice; which
contain a child of wy, of type (3). We now define a sequence of measures
{a }i<k<k, inductively as follows. Let a; be the restriction of X! to
{S € Slice} | v; € S}. For k < ko, we define a1 to the restriction
of Koy to Slice;CJrl \By+1, where K} is the diffusion operator (6.12)).
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Since by Lemma the set of descendents Desc(By, X}) is disjoint
from Y, it follows that

(7.11) K jo...0K;(3iL_Slice;(vy))Y = (Kj_j0... Kpag) Y

for all k < k.
Note that by the definition of the diffusion operator Kj_; we have

(7.12) an(Ap) 2% a1 (A )

(m—1)
2

(7.13) (Kp-10k-1)(Bg) > g1 (Ag-1)

3

for all i < k < ko. This yields ax(A4;) > m~* D for all 1 < k < k.
Hence for all ¢ < k < kg we get

ag(Slice}) = ay_1(Slice),_;) — (Kp_10—1)(By)
(m —1) —k

< ay_1(Slice, - .
< ay—1(Slice;,_;) o m

and so
) -1 .
kg (Slicezo) Smf(erl) _ % . (m*(1+1) + .+ mflm)
1

) 1
2=+ 1 —(ko+1)
2m + 2m .

This gives Claim 1 when ko = j, by (7.11)).

We now assume that ko < j. Then wg,y1 < wj, ;. By Lemma|[7.5]
every descendent S’ € Slice; of a slice S € Ay 41 U By, 41 will satisfy
S’ < xy,s0 5" ¢ Y. Therefore if we define ay, 11 to be the restriction
of Kyyou, to Slicey 1 \(Agg1 U Brg1), then

Kj—l ©0...0 KZ(E; L Shce;(vl))(Y) == Kj—l ©...0 Kk0+1(()ék0+1)(Y) .

Also, as in ([7.12)—(7.13)), we get

1 m—1
Kkoako (Ako+1 U Bko+1) > (E + ( 9 > 07 (Ako)
S(L i (m—1) (ot D)
—\m 2m
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Therefore

Kj—l ©...0 Kko-i-l(ako-f—l)(y) < ako-i-l(Slice;co-&-l)

= akO(ShCG;O) - Kk’oako (Ako+1 = Bko+1)

1 1 1 (m—1)
ety L ket (L, M)
< 2m + 2m - + o

1 - 1
< Zpp—G+1) _ 2 —(ko+1)
< 2m 2m

so Claim 1 holds.

Proof of Claim 2. The proof is similar to that of Claim 1, except that
one replaces vy with vy, and reverses the orderings. However, in the
case when kg = j, one simply notes that any slice S’ € Ay, = A;
satisfies z7 < 8, 9 X 5, 80 S ¢ Y. Therefore we may remove the
measure contributed by Ay, from our estimate, making it smaller by

mf(j+l) .

0

Corollary 7.14. Suppose 1,j € Z, i < j, 1,22 € X;, v € V;, and
{x1, 29} C (7)) 71(St(v, X;)). Then

(7.15) dsy (w1,22) < 2m~".

Proof. First suppose there is an € X such that 7l (x) = v. Then

) m*(k0+1)

{7} (x), 7} (x1)} lies in an edge of X;, so by Lemmae have dy (7, 21) <

m~", and similarly dss (x,22) < m™". Therefore (7.15) holds.

In general, construct a new admissible inverse system {Y}} satisfying
Assumption by letting Y} be the disjoint union of X with a copy of
R when 7 < k < 7, and Y, = X} otherwise. Then extend the projection
map 7; : Xy — X tom; 0 Yy — Y = X, by mapping Vi1 1\ X;11 ~ R
to a monotone geodesic containing v. Then for ¢ < k < j extend
¢ X — Xj tomy o Yo — Y, by mapping Y1 \ X;41 ~ R
isomorphically to Y; \ X; >~ R. Then there is a system of measures
{¥4y} for the inverse system {Y}, and it follows that the associated
cut metric d’g,‘ is the same for pairs x1, 29 C X; C Yj. Since v belongs

J

to the image of 7! : Y; — Y;, we have dgg(xl,xg) = d’g;(xl,@) <
2m™". O
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8. PROOF OF THEOREM [[.16] UNDER ASSUMPTION [5.1]

We will define a sequence {p; : Xoo X Xoo — [0,00)} of pseudo-
distances on X, such that p; is induced by a map X, — Ly, and p;
converges uniformly to some py, : Xo X Xoo — [0,00). By a standard
argument, this yields an isometric embedding (Xo, poo) — L1. (The
theory of ultralimits [?, ?] implies the metric space (Xoo, poo) iSOmet-
rically embeds in an ultralimit V' of L, spaces; by Kakutani’s theorem
[?] the space V' is isometric to an L; space, and so ps, isometrically em-
beds in L;.) To complete the proof, it suffices to verify that p., has the
properties asserted by the theorem. (Alternately, one may construct a
cut measure Y., on X, as weak limit, and use the corresponding cut
metric to provide the embedding to L;.)

Let p; = (7$°)*dyx; be the pullback of dy; to Xo.. By Lemma we
have |piy1 — pi| < 4m~0+1 5o the sequence {p;} converges uniformly
to a pseudo-distance poo : Xoo X Xoo — [0,00).

Lemma 8.1.

(1) prol,2") < oo, 2.
(2) poo(m,2') > 525 - doo(, 7).
(3) poo(x,7") = doo(,2') if x,2' lie on a monotone geodesic.

Proof. (1). Suppose z,2’ € X, and for some i € Z the projections
{mi(z), m(«")} are contained in St(v, X;). By Corollary we have
poo(z,2') < 2m~™". Now (1) follows from the definition of d, see
Lemma 2.4

(2). Suppose x # ', and let 7 € Z be the minimum of the indices
k € Z such that m(z), 7, (2") are not contained in the trimmed star of

any vertex v € X. Then dy(z,2') < 2m~U~Y by Lemma , while
Poolx, ') > Am~U*2) by Lemma [7.7, Thus

A
/000(357:[/) = 2_7713 ) d00<w7$,) :

(3). If z,2" € X lie on a monotone geodesic v, then v will project
homeomorphically under 7; to a monotone geodesic m;(7y), which con-
tains at least dy (w1, 72)m ) — 2 vertices of V/. By Lemma we
have p;(z1,72) > doo(21, 22) — 2m~0FY. Since i was arbitrary we get
Poo(T,0") = dog (1, 2'). O

This completes the proof of Theorem [1.16| under Assumption [5.1}
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9. THE PROOF OF THEOREM [1.16|, GENERAL CASE

We recall the three conditions from Assumption [5.1}

(1) m; is finite-to-one for all i € Z.
(2) X; ~Rand 7; : X;41 — X! is an isomorphism for all ¢ < 0.
(3) For every i € Z, every vertex v € V; has neighbors v € V; with

v_ < v < vy. Equivalently, X; is a union of monotone geodesics
(see Definition [2.13)).

In this section these three conditions will be removed in turn.

9.1. Removing the finiteness assumption. We now assume that
{X;} is an admissible inverse system satisfying conditions (2) and (3)
of Assumption [5.1] but not necessarily the finiteness condition (1).

To prove Theorem |[1.16| without the finiteness assumption, we observe
that the construction of the distance function p, : X X Xoo — R can
be reduced to the case already treated, in the sense that for any two
points x1,z9 € X, we can apply the construction of the cut metrics
to finite valence subsystems, and the resulting distance p..(x1,z2) is
independent of the choice of subsystem. The proof is then completed
by invoking the main result of [BDCKG66]. We now give the details.

Definition 9.1. A finite subsystem of the inverse system {X;} is a
collection of subcomplexes {Y; C X;}i_ , for some i > 0, such that

mj(Y;11) C Y for all j < 4, and {Y]},<; satisfies Assumption for
indices < 7. In other words:

(1) m; is finite-to-one for all j < i.
(2) Y; =R and m; : Y1 — Y] is an isomorphism for all j < 0.
(3) Y; is a union of (complete) monotone geodesics for all j < i.

Suppose ¢ > 0 and V is a finite subset of V/ C X;. Then there
exists a finite subsystem {Yj}é‘:—oo such that Y; contains V. One may
be obtain such a system by letting Y; be a finite union of monotone
geodesics in X; which contains V', and taking Y; = 7}(Y;) for j < .
The inductive construction of the slice measures in the finite valence
case may be applied to the finite subsystem {Y}}, to obtain a sequence
of slice measures which we denote by Egy, to emphasize the potential

dependence on Y.
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Lemma 9.2. Supposei >0,V C V/ is a finite subset, and let {Y;};<i,
and {Z;}<i, be finite subsystems of {X;}, where i < min(iy,iz) and
V.cYinZ,. IfXy, ¥, denote the respective slice measures, then

Yiy({S €Slicejy | SDV}) =% ,({S € Slice; , | SDVY),

i.e. the slice measure does not depend on the choice of subsystem con-
taining V.

Proof. 1f i < 0 then Y; = Z; and X}y = ¥, by construction. So
assume that ¢ > 0, and that the lemma holds for all finite subsets of
VI for all i < i.

Suppose S’ € Slice]y is a child of S € Slice;_; y, and V C §'. Then
for every v € V, either

(a) v € V;, in which case m;_1(v) € S, or

(b) v € V/\'V;, in which case v is an interior point of some edge
uruz of Y; C X;, and S contains precisely one of the points m;_q(uy),
7TZ'_1(U2).

For a given set V' C V/, we may obtain a finite collection of finite
subsets Vi,..., Vi C V7, by taking the union over v € V of either
{m;i_1(v)} in case (a) or one of the singletons {m;_1(u1)}, {mi_1(u2)}
in case (b). By the above observation, the slices S € Slice;_; y with

children containing V" are the slices which contain precisely one of the
sets Vi,..., Vi, C V/ . By the definition of X}y given by (6.12):

Ly ({S €Slicely | S' DV
(9.3) = Y Es({9 eSlice}y | DV E 4 (5)

SESlice;‘il’Y

The nonzero terms in the sum come from the slices S € Slice]_, y
which contain precisely one of the finite subsets V4,...,V, Cc V/ . If
S € Slice;_, y contains V;, then from the definition of Kg, the quantity
Ks({S" € Slice; | S D V}) depends only on V;. Therefore by the
induction assumption, it follows that the nonzero terms in (9.3)) will
be the same as the corresponding terms in the sum defining ¥; ({5’ €

Slice;y | S" D V}).
U

Lemma 9.4. If {Y;},<; is a finite subsystem such that Y; contains
{z1, 22} C Xi, then the cut metric ds; (1, 72) does not depend on the
choice of {Y;}i<i-
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Proof. Let 71,7 C Y; be monotone geodesics containing x; and x»
respectively. Then ds; (z1,22) is the total 3} y-measure of the slices

S € Slice;y such that either z; < S < x5 or 25 < S < x;. But
every such slice S contains precisely one point from v;, and one point
from 7,. As the choice of 71, 79 was arbitrary, Lemma implies that
cut metric dsy (71, 2) does not change when we pass from {Y;};<; to
another subsystem which contains {Y;};<;. This implies the lemma,
since the union of any two finite subsystems containing {zy,x2} is a
finite subsystem which assigns the same cut metric to (z1,z2). U

We now define a sequence of pseudo-distances {p; : Xoo X Xoo —
[0,00) by letting p;(z1,22) = ds,, (75°(21), 7°(22)) where {Y;};<; is
any finite subsystem containing {7{°(z1), 7°(z2)}. By Lemma [9.4] the
pseudo-distance is well-defined. As in the finite valence case:

e Lemma implies that {p;} converges uniformly to a pseudo-
distance poo 1 Xoo X Xoo — [0, 00).

° 2%(1_00 < Poo < ds, since this may be verified for each pair of
points x1, x5 € X, at a time, by using finite subsystems.

o If V C X is a finite subset, then the restriction of p; to V
embeds isometrically in L; for all ¢, and hence the same is true
for poo.

By the main result of [BDCKG66, if Z is a metric space such that every
finite subset isometrically embeds in L;, then Z itself isometrically
embeds in L;. Therefore (X, pso) isometrically embeds in L;.

9.2. Removing Assumption [5.1(2). Now suppose {X;} is an ad-
missible inverse system satisfying Assumption [5.1)(3), i.e. it is a union
of monotone geodesics. We will reduce to the case treated in Section
by working with balls, and then take an ultralimit as the radius
tends to infinity.

Lemma 9.5. Suppose p € Xo, R € (0,00) and R < m~tV. Then
there is an admissible inverse system {Z;} satisfying (2) and (3) of
Assumption [5.1), and an isometric embedding of the rescaled ball:

¢+ (B(p, R),m" Vds) = Zs

which preserves the partial order, i.e. if x,y € B(p, R) and x <y, then
o(x) = d(y).

Proof. Since R < m~(*Y) | by Lemma [2.5] there is a v € V; such that
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We now construct an inverse system {Y;} as follows. For j > i, we let
Y; be the inverse image of St(v, X;) under the projection 7} : X; — X;.
We let Y; ~ R for j < ¢. To define the projection maps, we take ﬁ}/ =

X . . Y . 1 . .« . . .
Ty for j > i, and let 7} : Y;41 — Y] be a simplicial isomorphism

for j < i — 1. Finally, we take ), : Y; = St(v, X;) — Y/ ; ~ R to be
an order preserving simplicial map which is an isomorphism on edges,
thus the star Y; = St(v, X;) is collapsed onto two consecutive edges
w_w, wwy in Y, |, where w = m;_1(v), w_ < w, and w < w;. Thus
{Y;} is an admissible inverse system, but it need not satisfy (2) or (3)
of Assumption [5.1]

Next, we enlarge {Y;} to a system {Y;}. We first attach, for every
k > i, and every vertex z € (7F ) "!(w_), a directed ray ., which is
directed isomorphic to (—oo,0] with the usual subdivision and order.
We then extend the projection maps so that if 7,(2) = 2’ then vy, C Y;14
is mapped direction-preserving isomorphically to a ray in X} starting at
2/, Then similarly, we attach directed rays to vertices z € (¥ )71 (w,),
and extend the projection maps.

Finally, we let {Z;} be the system obtained from {Y;} by shifting
indices by (¢ — 1), in other words Z; = Y;_;_;.

Then {Z;} satisfies (2) and (3) of Assumption [5.1 For all j > i,
we have compatible direction preserving simpliicial embeddings X; D
(7)1 (St(v, Xi)) — Z;_iy1. We will identify points with their image
under this embedding. If z,2" € B(p,R) and x = xg,...,z5 = @’
is a chain of points as in Lemma which nearly realizes dX (x,2'),
then the chain and the associated stars will project into St(v, X;);
this implies that dZ (z,2') < m@YdX (z,2'). Similar reasoning gives
mO=VdX (2, 2') < d% (z,2').

If v € B(p,R) is a monotone geodesic segment, then m;(7) is a
monotone geodesic segment in St(v, X;) with endpoints in St(v, X;),
and so m;(y) C St(v, X;). Thus the embedding also preserves the partial
order as claimed.

O

Fix p € Xo. Then for every n € N, since m” < m™*+) Lemma [9.5]
provides an inverse system {Z7'};cz and an embedding

On : (Blp,m™),m™"Pdo) = Z7, .
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Let f, : ZL — Ly be a 1-Lipschitz embedding satisfying the con-
clusion of Theorem [I.16] constructed in Section 0.1} and let v, :
(B(p,m"),ds) — L1 be the composition f, o ¢,, rescaled by m"*3.
Next we use a standard argument with ultralimits, see [?]. Then the
ultralimit

w-lim ¢, : w-lim(B(p,m"), des) — w-lim L,

yields the desired 1-Lipschitz embedding, since X, embeds canoni-
cally and isometrically in w-lim(B(p, m"),ds), and an ultralimit of a
sequence of Ly spaces is an Ly space [?].

9.3. Removing Assumption [5.1)(3). Let {X;} be an admissible in-
verse system.

Lemma 9.6. {X;} may be enlarged to an admissible inverse system
{X} such that for all i € 7Z, X; is a union of monotone geodesics.

Proof. We first enlarge X; to X; as follows. For each i € Z, and each
v € V; which does not have a neighbor w € V; with w < v (respectively
v < w), we attach a directed ray v, (respectively ~,) which is directed
isomorphic to (—oo, 0] (respectively [0, 00)) with the usual subdivision
and order. The resulting graphs X, have the property that every vertex
vE X{ is the initial vertex of directed rays in both directions. Therefore
we may extend the projection maps m; : X;,1 — X; by mapping v C
X, 41 direction-preserving isomorphically to a ray starting at m;(v) €
X/. The resulting inverse system is admissible. U

If dX and Jgg are the respective metrics, then for all z,2" € X C
X, we clearly have in(:}:,x’) < d¥(x,2'). Note that if x,2' € X
and {m;(z),7;(2')} belong to the trimmed star of a vertex v € X;,
then in fact v is a vertex of X (since the trimmed star of a vertex in

X' \X does not intersect X;). Thus by Lemmawe have dX (z,2') >

*dX (x,2/). (We remind the reader of our standing assumption

(m2

after Remark |2 , requiring m > 3.) Therefore if f : Xo — Ly is the

embedding given by Section , then the composition Xoo < Xo EN
L, satisfies the requirements of Theorem [1.16
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10. THE LAAKSO EXAMPLES FROM [Laa00] AND EXAMPLE [1.4

In [Laa00] Laakso constructed Ahlfors )-regular metric spaces sat-
isfying a Poincare inequality for all @) > 1. In the section we will show
that the simplest example from [Laa00] is isometric to Example [1.4]

10.1. Laakso’s description. We will (more or less) follow Section 1
of [Laa00], in the special case that (in Laakso’s notation) the Hausdorff
dimension Q = 14+ 182 ¢ = 1 and K C [0, 1] is the middle third Cantor

log 3? 3
set.
Define ¢y : K — K, ¢ : K — K by
1 2 1
¢o($):§$, ¢1($):§+§»’U-

Then ¢y and ¢, generate a semigroup of self-maps K — K. Given a
binary string a = (ay, ..., ax) € {0,1}*, we let |a| = k denote its length.
For every a, let K, C K, be the image of K under the corresponding
word in the the semigroup:

Ky, =¢g0...00¢0,(K).

Thus for every £ € N we have a decomposition of K into a disjoint
union K = Ujg— K.

For each k € N, let Sy, C [0, 1] denote the set of x € [0, 1] with a finite
ternary expansion x = .my ... m; where the last digit my is nonzero.
In other words, if V; is the set of vertices of the subdivision of [0, 1]
into intervals of length 377 for j > 0, then Sy = Vj \ Vi_1.

For each k € N we define an equivalence relation ~j on [0,1] x K
as follows. For every q € Sk, and every binary string a = (aq, ..., ax),
we identify {q} X K, . ap0 With {¢} X K, a1 by translation, or
equivalently, for all x € K, we identify ¢,, o ... 0 ¢, 0 ¢o(z) and
Gay © ... 0 Pg, © P1().

Let ~ be the union of the equivalence relations {~y }ren; this is an
equivalence relation. We denote the collection of cosets ([0, 1] x K)/ ~
by F, equip it with the quotient topology, and let 7 : [0,1] x K — F
be the canonical surjection. The distance function on F' is defined by

d(x,2') = inf{H'(y) | v € [0,1]x K, 7(v) contains a path from x to '},

where H! denotes 1-dimensional Hausdorff measure.
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10.2. Comparing F with Example [1.4] For every k£ € N we will
construct 1-Lipschitz maps v, : Xy — F, fi. : FF — X, such that
fr ot = 1idx,, such that the image of ¢ is const -37%_dense in F. This
implies that ¢, is an isometric embedding for all k, and is a const -37*-
Gromov-Hausdorff approximation. Therefore F' is the Gromov-Hausdorff
limit of the sequence {X}}, and is isometric to (X, deo).

For every k, there is a quotient map K — {0,1}* which maps the
subset K4, . q4) C K to (ai,...,a;). This induces quotient maps
K x [0,1] — {0,1}* x [0,1], and fx : F — Xj, where X} is the
graph from Example [[.4 When X} is equipped with the path metric
described in the example, the map f; is 1-Lipschitz, because any set
U C [0,1] x K with diameter < 37* projects under the composition

0,1] x K - F 55 X, to aset U C X, with diam(U) < diam(U).

For every k, there is an injective map {0,1}* — K which sends
(a1, ...,ax) to the smallest element of K, i.e. ¢g, ©...0 ¢, (0). This
induces maps [0,1] x {0,1}* — [0,1] x K and ¢, : X — F. It follows
from the definition of the metric on F' that ¢, is 1-Lipschitz, since
geodesics in Xy can be lifted piecewise isometrically to segments in
0,1] x K.

We have fj ot = idx,. Therefore ¢4 is an isometric embedding.
Given z € [0,1] x K, there exist i € {0,...,3"}, a € {0,1}* such that
r e W =[5 ] X K,. Now W/ ~ is a subset of F which inter-
sects tx(X), and which has diameter < 37%diam(F') due to the self-
similarity of the equivalence relation, so ¢ is a 37* diam(F)-Gromov-
Hausdorff approximation.

11. REALIZING METRIC SPACES AS INVERSE LIMITS: FURTHER
GENERALIZATION

In this section we consider the realization problem in greater gener-
ality.

Let f : Z — Y be a 1-Lipschitz map between metric spaces. We
assume that for all r € (0,00), if U C Y and diam(U) < r, then the
r-components of f~!(U) have diameter at most Cr.

Remark 11.1. Some variants of this assumption are essentially equiv-
alent. Suppose C1,Cy,Cy € (0,00). If for all » € (0,00) and every
subset U C Y with diam(U) < r, the Cyr-components of f~!(U) have
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diameter < Cyr, it follows easily that the Cjr-components of f~*(U)
have diameter < Cyr - max(1, %)

11.1. Realization as an inverse limit of simplicial complexes.
Fix m € (1,00) and A € (0,1). For every i € Z, let U; be an open
cover of Y such that for all ¢ € Z:

(1) The cover U;,1 is a refinement of U;.
(2) Every U € U; has diameter < m™".

(3) For every y € Y, the ball B(y, Am™") is contained in some
Uel,.

Next, for all i € Z we let f~2(U;) = {f~'(U) | U € U;}, and define
U; to be the collection of pairs (U, U) where U € U; and U is an m ‘-
component of f~H(U).

We obtain inverse systems of simplicial complexes {L; = Nerve(U;) }iez,
and {K; = Nerve(U;)}icz, where we view U; as an open cover of Z

indexed by the elements of U;. There are canonical simplicial maps
K; — L; which send (U,U) € U; to U € U;.

We may define a metric dg__ on the inverse limit K., by taking
the supremal metric on K, such that for all ¢« € Z and every vertex
v € K;, the inverse image of the closed star St(v, K;) under the pro-
jection Ko — K; has diameter < m™. Let K. be the completion of

(Koo, di.,)-

For every z € Z and i € Z, there is a canonical (possibly infinite
dimensional) simplex o; in K; corresponding to the collection of U € U
which contain z. The inverse images (7%°)~1(0;) C K, form a nested
sequence of subsets with diameter tending to zero, so they determine
a unique point in the complete space K. This defines a map ¢ : Z —

K.

Proposition 11.2. ¢ is a bilipschitz homeomorphism.

Proof. If z,2' € Z and d(z,2') < Am™, then f(z), f(2') € U for some
U € U;, and hence z, 2" € U for some m~*-component U € U; of U. It
follows that dg_ (#(2), ¢(z")) < m™.

If 2,2 € Z and d_(¢(2),0(z")) < m™, it follows from the defini-

tions that d(z,2") Sm™.
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O

There is another metric d,, on Z, namely the supremal metric with
the property that every element of If; has diameter at most m~. Rea-
soning similar to the above shows that d., is comparable to d.

11.2. Factoring f into “locally injective” maps. Let {U;};cz be a
sequence of open covers as above.

For every i € Z, we may define a relation on Z by declaring that
2,2 € Z are related if f(z) = f(2) and {z,2'} C U for some (U,U) €
U;. We let ~; be the equivalence relation this generates. Note that
~;11 is a finer equivalence relation than ~;.

For every i € Z, we have a pseudo-distance d; on Z defined by letting
d; be the supremal distance function < dz such that d;(z,2') = 0
whenever z ~; z/. Then d; < d;;1 < dz, so we have a well-defined
limiting distance function do, : Z x Z — [0,00). We let Z; be the
metric space obtained from (Z, d;) by collapsing zero diameter subsets
to points. We get an inverse system {Z; };cz with 1-Lipschitz projection
maps, and a compatible family of mappings f; : Z; — Y induced by f.

The map f; is “injective at scale ~ m™ in the following sense. If
z € Z, and B C Z; is the image of the ball B(z, Am~") under the
canonical projection map Z — Z;, then the restriction of f; to B is
injective.

Proposition 11.3. If 2,2’ € Z and d;(z,2') < m™, then d(z,2') <
m~. Consequently do ~ dy.

Proof. If 21,2 € Z and z; ~; 2o, then 21, 2o belong to the same m -

component of f~1(B(f(z1),2m™"))), and hence d(z1, z3) < 2Cm™".

If 2,2/ € Z and di(z,2') < m™, then there are points z = zy, ..., 2z =
Z' € Z such if
J: {] € {1,,]€} | Zj—l 7(/1 Zj}

then

Z d(Zj_1, Zj) <m".

jed
Since f is 1-Lipschitz, it follows that f(z;) € B(f(z),m™") for all
j € {1,...,k}. Moreover, the z;’s lie in the same 2m~‘-component

of f~YB(f(z),m™)), so d(z,2") <2Cm™".
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