TOPOLOGY OF SOBOLEV MAPPINGS II

FENGBO HANG AND FANGHUA LIN

ABSTRACT. We generalize and improve some recent results obtained by H.
Brezis and Y. Y. Li [BL] concerning topologies of Sobolev mappings between
Riemannian manifolds. We also settle two of their conjectures. In connections
with the latter results, we find some global topological obstructions for smooth
maps to be weakly sequentially dense or to be dense in the strong topology
for Sobolev spaces of mappings. In fact, we obtain a necessary and sufficient
condition for smooth maps to be dense in the strong topology, which corrects
theorem 1 of [Be2].
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1. INTRODUCTION

Throughout the paper, unless otherwise stated explicitly, we always assume M
and N are compact smooth Riemannian manifolds without boundary and they are
isometrically embedded into R! and R' respectively. Denote n = dimM .

For any 1 < p < 0o, we consider the space of Sobolev mappings

(1.1) WhP (M,N) = {u cu € Whe (M,Ri) ,u(z) € N for ae. x € M},

with d (u,v) = |u — U|W1YP(M7R[) as the metric. In [BL], Brezis and Li initiated

the study of path connectedness of the space W1 (M, N). As in [BL], one defines

u ~yp v for two maps u,v € WP (M, N) if there exists a continuous path w (-) €

C ([0,1], WP (M, N)) such that w (0) = u and w (1) = v. Then it was shown in

[BL] that WP (M, N) is path connected when 1 < p < 2, n > 2 and N is connected.

In fact, Brezis and Li showed that if 1 <p < n, and N is ([p] — 1)-connected, that
1
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is m (N) =0 for 0 <i < [p]—1, then WP (M, N) is path connected. On the other
hand, they observed the following facts

(i) Wh2 (S x A, S') is not path connected for any compact Riemannian man-
ifold A with dim (A) > 1. Similarly W12 (S™ x A, S™) is not path connected
forp>n+12>2.

(ii) WP (S™, N) is path connected if 1 < p < n and N is connected.
(iii) For any m > 1,1 <p < n+1 and any connected N, WP (S x BJ*, N) is
path connected.

One of the main results of the present work is the following (see Theorem 5.1)

Theorem 1.1. Assume 1 < p < n, and u,v € WHP(M,N). Then u ~, v if and
only if u is ([p] — 1)-homotopic to v.

For an accurate description of “([p] — 1)-homotopy”, one should refer to Defi-
nition 4.1. Roughly speaking, we say two maps u,v € Wh? (M, N) are ([p] — 1)-
homotopic, if for a generic ([p] — 1)-skeleton MPI=1 of M, u -1 and v| -1 are
homotopic. Note that on generic ([p] — 1)-skeletons, v and v are both in W and
hence they are essentially continuous. It, therefore, makes sense to say whether or
not they are homotopic in the usual sense. It was proved by B. White in section 3
of [Wh2] that this definition does not depend on the specific choice of generic skele-
tons. With Theorem 1.1 we are able to reduce the question of path connectedness
for WLP (M, N) to a purely topological problem. For the latter the answers are
standard in topology. Indeed we have (see Corollary 5.3)

Corollary 1.1. Assume M and N are connected, and 1 < p < n. If there exists
ak €Z with0 <k <|[p]—1, such that m;(M) =0 for 1 <i <k, m; (N) =0 for
k+1<i<][p]—1, then WP (M, N) is path connected.

Note that when 1 < p < 2, we may simply take k = 0. Hence W1?(M, N) is
always path connected as long as n > 2 and both M and N are connected. Corollary
1.1 generalizes theorem 0.2, theorem 0.3 and proposition 0.1 in [BL]. Recall that for
any 1 < ¢ < p, we have a map i, : W' (M,N) / ~,— WH9(M,N) / ~, defined
in a natural way (see [BL]). Then another interesting implication of Theorem 1.1
is the following positive answer to the conjecture 2 (and its strengthened version
conjecture 2') of [BL] (see Corollary 5.1).

Corollary 1.2. Assume k € N, k < g <p <k+1. Then ipq is a bijection.

We now turn to the question whether a given map u € W (M, N) can be
connected to a smooth map by a continuous path in WP (M, N). It was shown
in theorem 0.4, theorem 0.5 in [BL] that either if dimM = 3 and OM # @ (for
any 1 < p < oo and any connected N) or if N = S! (any 1 < p < oo and any
M), then any u € W1 (M, N) can be connected to a smooth map by a continuous
path in W1P (M, N). It was conjectured in [BL] that this is always the case for
general smooth compact connected Riemannian manifolds. However, we find the
issue is closely related to the question that whether such a map u can be weakly
approximated by a sequence of smooth maps in WP (M, N). Recall two mapping
spaces closely related to WP (M, N),

Hg? (M, N) = the strong closure of C* (M, N) in Wb? (M, N);
Hé[’,p (M,N) = {u:uecW" (M,N), there exists a sequence u; € C™ (M, N)
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such that u; — u in WP (M, RZ)}.
Obviously we have
(1.2) Hg? (M,N) C HyP (M,N) C W' (M, N).

Whether the above inclusions in (1.2) are strict or not is a difficult question and
has been studied by various authors. For the case M = B3, N = S? and p = 2, it
was shown in [BBC] that H;{f (B3, 52) = W2 (B3, 52). On the other hand, it is
easy to check Hg? (B®,5%) # Wh2(B3,5?%). In fact, in [Bel], Bethuel gave a char-
acterization of maps in H é’Q (B3, 5’2). Recently, Hardt and Riviere [HR] proved a
necessary and sufficient condition of maps in H é’B (B4, 52) in terms of certain quasi-
mass of “minimal connections”. For general manifolds M and N, some remarkable
results were first established in [Be2] (see [Ha| for an alternative approach of the
main result of [Be2] under some additional topological conditions). Recently some
interesting progresses were made in [PR] for sequentially weak closure of smooth
maps and geometric control on the so called “minimal connections”. In general, it
does not seem to be feasible to construct such “minimal connections” with geomet-
ric and analytic controls. Indeed, there is a global topological obstruction. More
precisely we have (see Proposition 5.2 and Theorem 7.1)

Theorem 1.2. Assume 1 < p < n, u € WY (M,N), and h : K — M is a
Lipschitz rectilinear cell decomposition. Then u can be connected to a smooth map
by a continuous path in WP (M, N) if and only if ug., (h) is extendible to M with
respect to N. This topological condition on uy p(h) is also a necessary condition

for u to be in HyP (M, N).

For the meaning of “uy, (h)” and “extendible to M with respect to N” one
should refer to Definition 2.2 and Remark 4.1. As a consequence of Theorem 1.2,
we have (see Corollary 5.4 and the statement after Theorem 7.1)

Corollary 1.3. Assume 1 < p < n. Then every map in WHP(M,N) can be
connected by a continuous path in W*P(M,N) to a smooth map if and only if M
satisfies the ([p] — 1)-extension property with respect to N. The latter topological
condition is also a necessary condition for Hé{,p(M, N) to be equal to WHP(M, N).

For the meaning of “([p] — 1)-extension property with respect to N7, one should
refer to Definition 2.3. In particular, we have (see Remark 5.1)

Corollary 1.4. Assume N is connected and 1 < p < n. If either [p] =1 or [p| > 2
and 7; (N) =0 for [p] <i < n—1, then every map in WP (M, N) can be connected
to a smooth map.

We note that theorem 0.5 of [BL] follows from the Corollary 1.4. As for coun-
terexamples to the conjecture 1 of [BL] and to the sequential weak density of
C> (M,N) in WH? (M, N) we have (see Corollary 5.5, Remark 5.2, and the dis-
cussions after Theorem 7.1)

Corollary 1.5. Assume my,mo € N, mgy < my.

o If3 < p < 2mo+2, then there are maps in WP (CP™, CP™?) which cannot
be connected to any smooth map by continuous paths in WP (CP™  CP™?).
In addition HyP (CP™ CP™2) # WP (CP™ ,CP™);
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o If2 < p < mao+1, then there are maps in WHP (RP™ ,RP™?) which cannot
be connected to any smooth map by continuous paths in WP (RP™! RP™?).
In addition HLP (RP™ RP™2) £ W7 (RP™  RP™?).

In connection with Theorem 1.2 and Corollary 1.3, we have the following (see
Conjecture 7.1)

Conjecture 1.1. Assume2 <p<mn,p €N, and h: K — M is a Lipschitz recti-
linear cell decomposition of M. If u € WP (M, N) such that uy , (h) is extendible
to M with respect to N, then u € HzP (M, N).

One may also conjecture that if 2 < p < n, p € N, and M satisfies the (p — 1)-
extension property with respect to N, then Hé{,p(M, N)=W%YtP(M,N).

Finally we come to the question of strong density of smooth maps in W1 (M, N).
The following result was proved in [Be2].

Theorem ([Be2], pp153—154) Let 1 < p < n. Smooth maps between M™ and N*
are dense in WP(M™, N*) if and only if m,)(N*) = 0 ([p] represents the largest
integer less than or equal to p).

Here we find this result has to be corrected. We have (see Theorem 6.3)

Theorem 1.3. Let 1 < p < n. Smooth maps between M and N are dense in
WY2(M,N) if and only if ) (N) = 0 and M satisfies the ([p] — 1)-extension
property with respect to N.

We note that without the ([p] — 1)-extension property of M with respect to N,
the strong density of smooth maps in W1?(M, N) is definitely false as seen from
the cases W13 (CP?, CP?) and W12 (RP*, RP*) by Corollary 1.5 (see also [HnL1]).
Theorem 1.3 has two interesting consequences (see Corollary 6.2 and Corollary 6.3)

Corollary 1.6. Assume M and N are connected, 1 < p < mn, k is an integer such
that 0 <k <[p]—1andm (M) =0 for 1 <i<k, m(N)=0fork+1<i<]p.
Then HYP (M,N) = W' (M,N).

Corollary 1.7. Assume N is connected, 1 <p <n, m; (N) =0 for [p] <i<n-1.
Then HY? (M, N) = W' (M, N).

Part (a) of theorem 1 in [Ha] is a special case of Corollary 1.6.

The present paper is written as follows. In Section 2, we introduce various
basic concepts and notations for the topological aspects of our problem. One of
the very crucial facts we used repeatedly in our proof is the homotopy extension
theorem (property). We also discuss briefly k-homotopy of maps and a problem
from obstruction theory. In the last part of Section 2 we discuss how a continuous
homotopy can be replaced by a Lipschitz homotopy. Repeatedly applications of
Fubini (and mean value) type theorems are used in the study of generic slices of
Sobolev mappings in Section 3. Some quantitative controls of WP norm of maps
when they are restricted to generic k-dimensional rectilinear cells are obtained.
Some fine properties of Sobolev mappings such as approximately continuity and
approximately differentiability (Federer-Ziemer, Calderon-Zygmund theorems) as
well as area and co-area formulas are also briefly discussed. In Section 4, we discuss
the k-homotopy property of WP (M, N) maps for 0 < k < [p]. These issues were
first studied carefully by B. White in [Wh1], [Wh2]. Here we use somewhat different
arguments to obtain the main conclusions of [Wh2] as well as some generalizations.
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We have included this part of proof here not only to make the discussion clear and
complete but also to facilitate our arguments in later sections. In Section 5, we
first establish the equivalence between u ~, v and that u is ([p] — 1)-homotopic
to v (cf. Theorem 5.1). This leads to the proof of conjecture 2 and 2" of [BL]
as well as results which generalize those in [BL]. We also derive a necessary and
sufficient condition for a map u € WP (M, N) to be connected to a smooth map
by a continuous path in W1P(M, N). Thus we see the connection between the
classical topological obstruction theory and the problem of connecting a Sobolev
map to a smooth map in the Sobolev spaces WP (M, N). Section 6 is devoted
to prove a corrected version of strong density theorem. To do so, we have to
give another proof of the fact ([Be2], p154, theorem 2) that maps with canonical
singularities (RP:>°(M, N)) are always strongly dense in W1P(M, N) (see Theorem
6.1). Our proof is somewhat different from the one in [Be2]. This modification
becomes necessary because we have troubles with the original proof, given in [Be2],
with regarding to matching the boundary values when patching cubes for the case
n —p > 1. Moreover in studying the problem whether a specific map can be
approximated in the strong topology by a sequence of smooth maps, we need the
explicit construction in our proof of Theorem 6.1. As a consequence we know that
forl1<p<n,ifpé¢Zorp=1or2<p<nbutpéeZand mn,(N) =0,
then Hg? (M,N) = HyP (M,N) (see [Be2], Theorem 7.2 and [Hn]). The case
2<p<mn,péeZand mp(N) # 0 is much more subtle. On the other hand, we
have (see Theorem 7.2), for 1 < p < n, Hg? (M, N) = WP (M, N) if and only
if 71, (N) = 0 and Hy? (M,N) = W' (M,N). Our proof of Theorem 6.1 also
relies on various analytical estimates, some of which were obtained in the earlier
work of Bethuel [Be2]. The proof of the main theorem in Section 6 (Theorem 6.3)
uses in a crucial way certain new deformations from the so-called dual skeletons,
which is obviously motivated by the well known work of Federer and Fleming on
normal and integral currents(see [Fe], in particular chapter 4). The construction of
such deformations with the right analytical estimates is the key point of the whole
proof. We note that the previously constructed deformations due to B. White
[Wh1] (or that in [Ha]) do not seem to work for our purpose. Finally in Section
7, we discuss weak sequential density of smooth maps in Sobolev spaces. Several
technical estimates concerning generic slices of Sobolev maps as well as estimates
relative to the deformations constructed in Section 6 are included in the appendixes.

The present paper treats only compact manifolds without boundary. Essentially
all the results discussed here can be generalized to the case that M has a smooth
nonempty boundary 0M. We shall return to these in a future article.

Acknowledgement. Both authors wish to thank S. Cappell and F. Bogomolov for
valuable discussions and suggestions concerning the obstruction theory and coun-
terexamples in Corollary 5.5 and Remark 5.2. The second author also wishes to
thank H. Brezis and Y. Y. Li for sending him the preprint [BL] and for their interest-
ing lectures. The research of the first author is supported by a Dean’s Dissertation
Fellowship of New York University. The research of the second author is supported
by a NSF grant.

2. SOME PREPARATIONS

For concepts of rectilinear cell complex and simplicial complex, we use those from
[Whn] (see appendix II of [Whn], the notion of rectilinear cell complex used in this
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paper means the complex defined on p357 of [Whnl). [Mu] is also an excellent
reference for basics in differential topology, but one needs to be careful with some
small differences in definitions (the name rectilinear cell complex comes from [Mul],
but the notion of rectilinear cell complex defined on p70 of [Mu] is different from
the definition of complex on p357 of [Whn], the notion in [Mu] does not allow any
subdivision of the proper face of any cell, but the notion in [Whn] does allow it,
even though this kind of complex is not used in [Whn], see p357 of [Whn)). If after a
rotation and a translation, a rectilinear cell is of the form Hle [O, ai], a' > 0, then
we say it is a cube. We have cubic complexes similar to simplicial complexes. By
mimicking the notion of smooth triangulation of a manifold, we have the concepts
of smooth cubeulation and smooth rectilinear cell decomposition of a manifold. In
addition, if M is a smooth compact manifold, possibly with boundary, K is a finite
simplicial complex, h : |K| — M is a bi-Lipschitz map, then we say h : K — M is
a Lipschitz triangulation of M. Here |K| is the polytope of K, that is, the union of
all simplices in K. Similarly we have Lipschitz cubeulation and Lipschitz rectilinear
cell decomposition of a smooth compact manifold.

2.1. Homotopy extension property. Homotopy extension theorem will play a
crucial role in several of our proofs. We start with the following

Definition 2.1. Let (X, A) be a topological pair and Y be a topological space. If
every continuous map

Hy: (X x{0})U(Ax]0,1]) =Y

has a continuous extension to H : X x [0,1] = Y, then we say (X, A) satisfies the
homotopy extension property with respect to' Y (HEP w.r.t. Y).

If a topological pair (X, A) satisfies the homotopy extension property with respect
to any topological space Y, then we say (X, A) satisfies the homotopy extension
property (HEP).

For a general discussion of HEP (cofibration), one may refer to chapter I of [Hu]
and chapter 6 of [Ma]. For basics in CW complex theory, one may refer [LW] and
[Whd]. The following fact is well known and its proof may be found on p68 of [LW].

Proposition 2.1. Let X be a CW complex and A be a subcomplex. Then (X, A)
satisfies the homotopy extension property.

Another version, which is more analytical, is also important to us (cf. pl4 of
[Hu]).

Proposition 2.2. Let Y C R" be a retraction of an open subset V.C R™. Suppose
X is a topological space such that X x [0,1] is normal, and A C X is a closed
subset, then (X, A) satisfies the homotopy extension property with respect to'Y .

Since we will need to use the construction in the proof of this latter proposition,
we present the arguments here.
Proof of Proposition 2.2. Given a continuous map
Hy: (X x{0})U(Ax[0,1]) =Y,
by Tietze extension theorem we may find a continuous map G : X x[0,1] — R™ such

that G (z,0) = Hy (z,0) for x € X, G (a,t) = Hy (a,t) fora € Aand 0 <t < 1.
Now U = G~ (V) is open and Ax [0, 1] C U, hence there exists an open set W O A
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such that W x [0,1] € U. Choose n € C (X, [0, 1]) such that n|a = 1, n[x\w = 0.
Let r : V — Y be the retraction map. Define H(z,t) = r (G (z,tn (z))) for z € X,
0 <t <1. Then H is the needed extension. O

Later on we also need the following

Definition 2.2. Let A, X andY be topological spaces, i : A — X be an embedding.
Assume (X,i (A)) satisfies the HEP with respect to Y. Given «, a homotopy class
of maps from A to Y. If for any representative f of o, foi~! has a continuous
extension to X, then we say « s extendible to X with respect to'Y .

2.2. k-Homotopic maps and problems from obstruction theory. We review
now several basic definitions and facts concerning k-homotopy theory which has a
lot to do with our main results.

Let X and Y be two topological spaces, f,g € C(X,Y). If f is homotopic to g
as maps from X to Y, then we write f ~ g as maps from X toY. When it is clear
what X and Y are, we simply write f ~ g.

Lemma 2.1. Assume X and Y are topological spaces, X1 and Xo are CW com-
plezes, f,g € C(X,Y), ¢; : X; — X is a homotopy equivalence fori= 1,2, k € Z,
k=>0. If fodi|xr ~ godi|xr, then foda|xr ~ go do|xs. Here XF means the
k-skeleton of X;.

Proof. Assume v; : X — X, is a homotopy inverse of ¢;. By the cellular approx-
imation theorem (see p77 of [Whd]), we may find a cellular map ¢ € C (X3, X1)
such that ¢ ~ 11 o ¢o. Then we have

fodalxe ~ fodroroda|xs ~ fodrop|xs ~godiop|xs

~godiotodalxs ~ goda|xy.
O

Suppose X is homotopy equivalent to some CW complex X, and let ¢ : Xg — X
be a homotopy equivalence. Given f,g € C(X,Y). We say f and g are k-homotopic
as maps from X to YV, if (f o ¢)[xx ~ (g0 ¢)|xs. Lemma 2.1 says the choice of
Xo and ¢ plays no role. Usually we write f ~j g as maps from X to Y or simply
f ~k g when it is clear what X and Y are. It is easy to see that k-homotopicity
between maps is an equivalence relation.

Similar to homotopy equivalence, we have k-homotopy equivalence between spe-
cial topological spaces. Indeed, let X and Y be two topological spaces. Assume
both X and Y are homotopy equivalent to some C'W complexes, and k € Z is given
with k¥ > 0. If we can find ¢ € C(X,Y), ¥ € C(Y,X) such that ¥¢ ~y idx and
@Y ~ idy, then we say X and Y are k-homotopy equivalent.

The classical obstruction theory deals with the extension problem for maps. The
following problem is closely related to our discussion.

Let X be a CW complex, Y be a topological space, k € Z, k > 0.
Given a f € C (Xk"'l,Y). We want to know whether there exists
a g€ C(X,Y) such that g|x» = f|x*, that is whether f|xr has a
continuous extension to the whole X.

We have the following
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Lemma 2.2. Let X, Y and Z be topological spaces, X and Y be endowed with
CW complex structures (Xj)jez and (Yj)jEZ respectively, k € Z, k > 0. If X
is (k 4+ 1)-homotopy equivalent to Y and for every fo € C (X’”l, Z), folx* has a

continuous extension to the whole X, then for any f € C (Y’”‘l,Z), fly® has a
continuous extension to'Y .

Proof. We may find ¢ € C(X,Y) and ¢p € C(Y,X) such that ¢¢ ~py1 idx,
@Y ~py1 idy. By the cellular approximation theorem, we may assume ¢ and
are both cellular. Let i be the map from Y* to Y**! such that i (y) = y for every
yevYk

We claim that ¢i ~ i as maps from Y* to Y**1. In fact since ¢1p ~p 1 idy, we
may find a continuous map Hy from Y*+1x[0,1] to Y, such that Hy(y,0) = ¢(x(y)),
Hy(y,1) = y for any y € Y¥*+1. By the cellular approximation theorem we may find
a cellular map H from Y**1 x [0,1] to Y such that H(y,0) = ¢(¥(y)), H(y,1) =y
for any y € Y**1. Since H (Y* x [0,1]) C Y**1, the claim follows. Next, for any
given f € C (Y*1, Z), we define fo (z) = f (¢ (z)) for x € X**1. Then we may
find g9 € C (X, Z) such that go|x+ = folxr. Set g = go o1, by the above claim
we see glyr ~ flyr. It follows from Proposition 2.1 that f|y+ has a continuous
extension to Y. O

Now let us introduce the following

Definition 2.3. Let X and Y be topological spaces where X possesses some CW
complex structure, and k € Z, k > 0. If for some CW complex structure (Xj)jez
of X, every f € C (X’”‘l, Y), flx» has a continuous extension to X, then we say
X satisfies the k-extension property with respect to Y .

By Lemma 2.2, we see the k-extension property does not depend on the particular
choice of CW complex structure on X. This fact will be useful to us later in
constructions of various examples. In other words, it suffices to check this property
for a particular CW complex structure of X.

2.3. From continuous maps to Lipschitz maps. Let X be a compact metric
space with metric denoted as d. For any function f: X — R, we set

. . (1) = £ ()|
oo = V@b Whipoo = 8P danae)

We simply write |f|o and [f];;, when it is clear what X is. Define

Lip(X,R) = {f X =R [f] 0 < oo} :
it is a Banach space under the norm

|f|Lip(X) = | floo,x + [f]Lip(X) :

It is always convenient to replace usual continuous homotopies by Lipschitz homo-
topies when the image spaces are compact smooth manifolds as in present article.
We describe a few elementary results below which will be sufficient for our purposes.

Lemma 2.3. Let X be a compact metric space. Then Lip(X,R) is dense in
C (X,R) under the uniform convergence topology.
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Proof. Indeed this follows easily from Stone-Weierstrass theorem. But we may also
give a direct proof. Given a f € C (X,R). For any a € R, a > 0, define

o (x) = min (f (5) +a-d(r,y)) forany 7 € X.
y
We easily check [fa]p,;, < aand |fo — flec — 0 as a — oco. O

Proposition 2.3. Let X be a compact metric space. Then we have

(1) Lip (X, N) is dense in C (X, N) under the uniform convergence topology.

(2) For any f € C (X, N), there exists a g € Lip (X, N) such that f ~ g.

(3) For any f,g € Lip(X,N), if f ~ g, then there exists a continuous path
in Lip(X,N), namely H € C([0,1], Lip (X, N)), such that H(0) = f,
H (1) = g. Usually we write the latter statement as f ~r;p g.

Proof. Choose € > 0 small enough such that
Vae = {y cy € R, dist (y, N) < 25}
is a tubular neighborhood of N. Let 7 : Vo — N be the nearest point projection
map, which is smooth because of the smallness of €.
Given any f € C(X,N). By Lemma 2.3 we may find f; € Lip (X, RZ) such

that f; converges to f uniformly. For j large enough, we have f; (X) C V.. Let
g;i = mo f;. Then g; € Lip(X,N) and g; converges uniformly to f. This proves

(1)
Given any f € C' (X, N), choose a g € Lip (X, N) such that |f — g|ococ <e. Let

Hz,t)=am((1—¢t)f(z)+tg(x)) forzeX, 0<t<1.

Then H is a homotopy from f to g. This proves (2).

Given f,g € Lip (X, N) such that f ~ g, let G: X x [0,1] — N be a continuous
map such that G (z,0) = f(z), G(x,1) = g(x) for x € X. Choose § > 0 small
enough such that for z1, 2o € X, t1,t2 € [0, 1], we have |G (z1,t1) — G (w2,t2) | < §
when d (z1,x2) + |[t1 — t2] < 0. Let Gy : X — N be defined by G¢ (z) = G (z,t)
for z € X. Choose m € N such that 1/m < §. For 1 < k < m — 1, choose
Li/m € Lip(X,N) such that |Ly/m () — Gi/m (z)| < g for any x € X. Set
Lo=f,L1=g Forany0<k<m-—1,te [%,k—#},xe){,set

L (t) (x) = (k +1—mt) Lk/m (ZC) + (mt — k) L(k+1)/m (ac) ,
Clearly L € C ([O, 1], Lip (X,RZ)). Let H (t)(x) = n(L(t)(z)) for x € X, 0 <
t < 1. Then clearly
(2.1) H (t3) = H (t1) oo < ¢ (N) L (t2) = L (t1) .

On the other hand, 7|y, clearly has a smooth extension 7 : Rl — R[, which satisfies
7 (y) = 0 for all y outside a big ball. For 0 < t1,f2 < 1, z1,22 € X, we have

(2.2) (H (t2) (w2) = H (t1) (x2)) — (H (t2) (21) = H (t1) (21)) |
= [T (L (t2) (22)) =7 (L (t2) (21)) = 7 (L (t1) (2)) + 7 (L (t2) (21)) |

=| / 7 (1= 8) L (t2) (1) + 5L (t2) (w2)) (L (t2) (w2) — L (t2) (1)) ds

- / T (1= 8) L (t1) (1) + 5L (t1) (22)) (L (t1) (w2) — L (t1) (1)) ds|



10 FENGBO HANG AND FANGHUA LIN

< c(N)[L(t2) = L (1)) i d (21, 22) + ¢ (N) [L (t2)] 13, [ L (F2) = L (81) |ood (21, 22) -
Inequalities (2.1) and (2.2) together implies H € C ([0,1], Lip (X, N)) and hence
we get (3). O

3. GENERIC SLICES OF SOBOLEV FUNCTIONS

One of the technical steps in our proofs involves restrictions of given Sobolev
maps to various lower dimensional skeletons in general positions. Thus we have to
obtain analytic controls on generic slices of Sobolev functions.

Let K be a finite rectilinear cell complex, 1 < p < co. Then we define

WP (K, R) = {f: f:|K| — R is a Borel function such that f|a € W"? (A, R)

and the trace T'(f|a) = f|aca), for any A € K} )
Here Bd(A) denotes the boundary of A. We also write

|flwiw i) = Z |flalwie(a)-
AeK
If fe W' (K,R), k € Z, 0 <k < p, then there exists a unique g € C (|Kk|,]R)
such that for any A € K* we have f|a = g|la H? a.e. on A, with d = dim (A).
Here K is the complex of all cells in K with dimension less than or equal to k.
We also remark that, whenever necessary, we use the following equivalence relation
for Borel functions f,g: |K| — R, that is, f and g are equivalent if and only if for
any A € K, f|a = g|la H? a.e. on A, here d = dim (A).
In the future, we also need a similar function space as follows. Let K be a finite
rectilinear cell complex, m = dimK, 1 < p < co. Assume K satisfies

K| = U A.
A€K,dim(A)=m
If f:|K| — R is a Borel function such that
o fla € WHP (A)R) for any A € K with dim (A) = m;
e For any ¥ € K with dim(X) = m — 1, ¥ C Bd(4A;), dim (A;) = m for
i=1,2, we have T'(f|a,) [z =T (f]a.) |5,
then we say f lies in W“’(K, R), and we write

g = 2, Iflalwisa).

AeK,dim(A)=m

For convenience, we also make a convention that, whenever necessary, we always
fix a suitable representative of an equivalence class of measurable functions.

Lemma 3.1. Assume 1 < p < oo, andu € WP (B* R) with the trace T (u) = f €
Lip (0B1,R). Then there exists a sequence u; € Lip (B_l, R) such that u;|op, = f
and u; — u in WHP (B, R).

Proof. This is a well known fact, but because the way it is proved is going to be
used many times in the future, we present it here. For any 0 < § < 1, we define

Jou(x/(1=9)), for|z|<1-24;
us () = { /), for 1—0 < |2] < 1.

Then us € WHP (By) and us — u in WH? (B;) as § — 0. Hence we may assume
for some 6 € (0,1), u(x) = f(z/|z]) for 1 — ¢ < |z| < 1. Choose n € C (B1,R)



TOPOLOGY OF SOBOLEV MAPPINGS II 11

such that 7|, ,,, = 1, 77|Bl\3175/3 =0and 0 < nn < 1. Choose a mollifier
p € C (R™,R) such that p > 0, plgm\p, = 0 and [, p(x)dz = 1. Let p. (z) =
Eimp (Z). For e > 0 small enough, let v be defined on By_s/4 by ve(x) = fBl pe(x—
y)u(y)dy. Now set w.(x) = n(x)ve(xz) + (1 — n(x))u(x). Then clearly we have
w, € Lip (B_17 R) and we — u in WP (B, R) as ¢ — 07. O

Let A be a rectilinear cell, y € Int (A). Then for any x € A, we set
(3.1) |z|ya =inf{t:t >0,z cy+t(A—-y)}

This is the usual Minkowski functional of A with respect to y. When it is clear
what y is, we simply write |z|a instead of |z|, A.

Lemma 3.2. Assume K is a finite rectilinear cell compler, 1 < p < co. Then,
e Lip(|K|,R) is dense in WP (K, R).
e Define a space € = WP (K,R)NC (|K|,R) with norm

|fle = 1flwrex) + [ floo, k-
Then Lip (|K|,R) is dense in £.

Proof. We use induction to prove the first assertion. In fact, it is clearly true when
dimK = 0. Assume it has been proved for dimK = m — 1 for some m > 1.
Now assume dimK = m. Given any u € WP (K,R), we may find a sequence of
maps f; € Lip (|[K™ !, R) such that fi — u|jgm-1| in WP (K™"! R). For any
A € K\K™ 1, we pick up a point ya € Int (A). Since A is bi-Lipschitz to B}* by
the obvious map, from the proof of Lemma 3.1 we may assume for some 6 € (0, 1),
for each A € K\K™~! one has

ZlA

Choose a n € C* (R,R) such that 0 < 7 < 1, 9f(—00,1-5/2] = 1, Nl[1—-5/3,00) = 0.
Let u; be defined as

| B fi (CL‘), x € |Km_1|;
ui () = n(lzla)u (@) + (1 —n(z]a)) fi (yA + M) , TEAAER\E™

[z]a

Then clearly u; € WP (K,R) and u; — u in WP (K). By using Lemma 3.1 on
each A € K\K™ ! we get u; can be approximated in W?(K) by functions in
Lip(]K|,R), hence so is u. The proof of the second assertion is exactly the same as
the first one. O

Henceforth till the end of this section we shall assume M 1is a n-dimensional
Riemannian manifold without boundary, Q@ C M is a domain with compact closure
and Lipschitz boundary. Assume the parameter space P is a m-dimensional Rie-
mannian manifold, Q is a d-dimensional Riemannian manifold without boundary
and D C Q is a domain with compact closure and Lipschitz boundary, and the
dimensions satisfy d +m > n.

Given amap H : D x P — M, we assume H satisfies
(Hy) H € Lip(D x P) and [H ()] 1ip) < o for any £ € P.

(Hs) There exists a positive number ¢; such that the n dimensional Jacobian
Jg (2,€) > e, H?™ ae. (z,6) € D x P.
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(Hs) There exists a positive number ¢o such that H™=" (H~! (y)) < ¢y for
H™ a.e. y € M.

For convenience we use H* and H to denote maps defined by H” (§) = He (x) =
H (x,¢).

Lemma 3.3. Given a map H : D x P — M satisfying (H1), (H2) and (Hs). Then
for any Borel function x : M — R =R U {£oo} with x > 0, we have

L) [ xte@nan@ < ite [ xwan ).

Especially for any Borel subset E C M, we have
/P He (Hgl (E)) AH™ (€) < e leaH" (E).

If in addition H"™ (E) = 0, then H¢ (Hgl (E)) =0 for H™ a.c. € € P.

Proof. By the coarea formula (see p258 [Fe] or section 10 and 12 of [Si]) we have

/ ™ (€) / X (He () dHe () < i / X (H (2,)) Ty (,€) dH™ (z, )
P D DxP

— ot /M X () HEEm (B () dH () < ¢ e /M X () dH" (y).

Note here we need condition (H;) to insure the validity of coarea formula quoted
above. Though the coarea formula is true for a larger class of Sobolev maps (see
[MSZ]), the present form is sufficient for our purposes. O

Lemma 3.4. Assume 1 <p<oo, fE W (QR),and H:DxP —QC M isa
map satisfying (Hy), (Hz) and (Hs). Then
(1) There exists a Borel set E C P such that H™ (E) = 0 and for any § € P\E,
(i) foHe e WP (D);
(ii) f is approzimately differentiable at H¢ (z) for HY a.e. x € D, in
addition,

d? (foHe), = d fae(z) 0 (He), ,  for H? a.e. x € D,

here (He), , denotes the tangent map of He at x.
(2) If fi € Lip (L R) satisfies fi — f in WP (Q), then there exists a sub-
sequence fi and a Borel set E C P such that H™ (E) = 0 and for any
£ € P\E, fyoHe — foHe in WhP (D).
(3) If we define f by f(£) = fo He for any & € P, then f € LP (P,W'? (D)),
in addition
|florpwre(py) < el flwira),

here ¢ depends only on p,co,c1 and cs.

Proof. From p233 of [EG] or p214 of [Fe] we know there exists a Borel set X such
that H"™ (Xo) = 0 and for any = € Q\ Xy, f is approximately differentiable at x, f;
is differentiable at x. For x € Q\ Xy, d*? f (z) and df; () has already been defined.
For xz € Xy, we simply set d*” f () = 0, df; () = 0. From Lemma 3.3 we may find
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a Borel set By C P such that H™ (E;) = 0 and H¢ (Hgl (Xo)) =0 for £ € P\
On the other hand, from Lemma 3.3 we know
(3.2)

L) [ (150 @) = (e @) P+ | @y = 4 frol”) it @

< 01_102 /Q (|fz ()= f) "+ (dfz)y — dapfy|p) dH" (y) = 0 asi— oo.

Hence we may find a subsequence f;» and a Borel set E2 C P such that H™ (F3) =0
and for any £ € P\ E»,

33) [ (15 (e @) = F @) P + @)y = 4 Frol”) aH (@) =0,

Then for any £ € P\ (E1 U Es), we have firoHe — foHg in LP (D), also for H? a.e.
x € D, f is approximately differentiable at H¢ (z), f; is differentiable at He (z)
and dfir| g () — d? f|m, () in LP (D), which clearly implies (dfi/)Hg( Ho(He),  —
d®? f.(.yo(He), . in LP (D). Hence we have foH¢ € WP (D) and fyoH¢ — foHg
in W' (D), d*? (f o He), = d* fp, () © (He),, for H? a.e. x € D. This implies

fir — f H™ a.e. on P, and hence f is Lebesgue measurable. In addition, we have

(3.4) L IF© s )
= [ @) [ (18 (e @) P+ 1 oy 0 ()., ) it @)

= C/ (If @) P+ 1d*" fy[7) dH" (y) ,
Q

here ¢ depends only on p, co, c1 and co. This clearly implies Lemma 3.4. 0

Corollary 3.1. Let 1 < p < oo, f € WHP (Q,R), K be a finite rectilinear cell
complez, H : |[K|x P — Q C M be a map such that H|axp satisfies (Hy), (Hz) and
(H3) for any A € K. Then there exists a Borel set E C P such that H™ (E) =0
and for any € € P\E, we have f o He € W' (K), in addition, the map f €
LP (P,WYP (K)), where f (£) = f o He for € € P.

Proof. Choose a sequence f; € Lip (ﬁ, R) such that f; — f in WP (ﬁ) Then we
may find a Borel set £ C P and a subsequence f; such that H™ (E) = 0 and for
any £ € P\F, we have
o foHea € WHP(A) for any A € K;
o fioHelan — foHe|ain WHP (A), for any A € K.
Since T (fir o He|a) = fir © He|paa), by taking a limit we get T'(f o He|a) =
[ o Helpaay- 0

We also have the following interpolation inequality for the curve-linear case,
which is an easy consequence of the classical Gagliado-Nirenberg-Sobolev’s inequal-

ity.
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Lemma 3.5. Assume H : D x P — Q C M is a map satisfying (Hy), (H2) and
(H3), d < q<p<oo, and f € WHP(Q,R). Then
1
m P a 1—4a
([ 170 Hely iy 47©) " < (11 1100y + 1100
Here c is a positive constant depending only on p,q, D, cq,c1 and co.
Proof. By the usual Sobolev inequality, for any ¢ € Lip(D,R), we have
(3.5) || (D) < c(q, D) (|d¢|Lq(D) + |¢|Lq(D)) .
Since p/q > 1, for any ¢ € Lip(D,R), applying (3.5) to |¢|%7 we get
191 () < (P, @, D) (116157 d0l o0 + 0] Ly 1) ) -

Taking gth power on both sides and applying Holder’s inequality to the right hand
side, we get

(3.6) 101} () < (2,0, D) (14018, (1) |01ty + 10150 ) ) -

A simple approximation procedure shows (3.6) is also true for ¢ in WHP(Q, R). It
follows from Lemma 3.4 and (3.6) that for H™ a.e. £ € P,

[ 0 Hely ) < e(p,0, D) (1d(f © He)l% 1 0 Hel3ufy + 11 © Hell 1))

< e(p,0: Do) (1) )y © Hellol) + 15 0 Hell} 1)) -
Integrating both sides with respect to &, and using Holder’s inequality, we get

[ 170 Hely e 1 (6)
P

([ 1 oy @) ([ 170 Helfpyinen©)
b [ 1o Helyy )17 (€
< ¢ (11180 ey |1ty + 1 ey ) -

Here ¢ depends on p, q, D, co,c1 and cs. In the last inequality above, we have used
Lemma 3.3. O

1—-4

ol

4. HOMOTOPY OF SOBOLEV MAPPINGS

Let X and Y be topological spaces, we use [X,Y] to denote the set of all ho-
motopy classes of continuous maps from X to Y. Given any f € C (X,Y), we use
[f] xy to denote the homotopy class corresponding to f as a map from X to Y.
When it is clear what X and Y are, we simply write [f] instead of [f]y y

For ¢ > 0, denote

Vaeo (M) = {y : y € R, dist (y, M) < 20} .

We assume ¢¢ is small enough such that Vi, (M) is a tubular neighborhood of
M and denote mps : Voo, (M) — M as the nearest point projection map, which is
smooth because of the smallness of €y. Given any map h : A — M, we define the
corresponding H : A x BL, — M by H(a,&) = mar(h(a) +§). If A is a rectilinear
cell, and h: A — M is a Lipschitz map, then it is easy to see (H1),(Hz) and (Hs)
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in Section 3 are satisfied by H. For reader’s convenience, we write down the proof
of (Hs). Let d = dim(A). Given any y € M. Denote M, as the tangent space of
M at y. Define a map

Y:Ax{CER ¢ L M,[¢|<eo} = AxR!

by ¥(x,¢) = (z,y + ¢ — h(z)). Then clearly H*(y) C im(¢). It follows from the
area formula that =" (H 1 (y)) < H " (im(v)) < c(d, 1, [1] Lip(a), M). This
verifies (Hs). Often we write he instead of He. The notations Vaz, (N) and 7x are
defined similarly. When no confusions would occur, we write 7 instead of 7y, and
wn. We start with a few simple facts.

Lemma 4.1. Let X be any topological space, ug and uy be continuous maps from
X to N. If lup — u1|oo,x <o =Zo(N), then ug ~ uy as maps from X to N.

Proof. Simply take H (z,t) = wn ((1 — t) ug (x) +tuy (x)) forz € X, 0<t <1 as
the homotopy. (Il

Lemma 4.2. If X is a compact metric space, then [X, N] is countable.

Proof. This follows from Lemma 4.1 and the fact C'(X,R) has a countable dense
subset. 0

The next lemma is concerned with certain topological classes introduced by a
given Sobolev map when it is restricted to a lower dimensional set.

Lemma 4.3. Assume 1 < p < n, u € W (M, N), K is a finite rectilinear
cell complex, the parameter space P is a m-dimensional Riemannian manifold,
H :|K|x P — M is a map such that H|axp satisfies (Hy),(Hz2) and (Hz) for any
A € K. Then there exists a Borel set E C P such that H™ (E) =0 and uo He €
WP (K, N) for any ¢ € P\E. Assume either k = 1 or k is an integer with 0 <
k < p. Define a map X = Xw,u,u : P — [|[K*|,N] by setting x (§) = [uo H5|‘Kk|j|.
Then x is Lebesque measurable, that is, x ' ({a}) is Lebesgue measurable for any
o€ [|Kk|, N}. Here K* is the finite rectilinear cell complex defined by

K*={A € K : dim(A) < k}.

Proof. The existence of such an E follows from Lemma 3.3 and Corollary 3.1. Note
that Lemma 3.3 is needed because we only know u(z) € N for H" a.e. z € M. But
by the second half of Lemma 3.3, we conclude that for H™ a.e. £ € P, for each
A € K with d = dim(A), u o He takes values in N, H? a.e. on A. The Sobolev
embedding theorem implies that y is pointwise well defined away from E. Note that
k = 1 is special because a W function on a closed interval is absolutely continuous
after a modification on a measure zero set, but in general one does not have this
for a W' function on a k dimensional disk for k£ > 1. Instead we will handle this
issue in Lemma 4.6. Define 4(§) = uo H¢ for { € P\E. It follows from Corollary
3.1 that @ € LP(P,W*P(K, N)). By the Lusin’s theorem, we see the function @ is
continuous on the whole parameter space P away from an arbitrary small measure
set. Using Sobolev embedding theorem and Lemma 4.1, one concludes that the
corresponding x is locally constant away from such small measure sets. This along
with Lemma 4.2 implies the measurability of . O

The next result is useful for the critical case p € N, p > 2, which is not covered
by the previous Lemma 4.3 (see Lemma 4.6 below).
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Lemma 4.4. Assume m is a natural number, and uw € W™ (B*, N) such that the
trace T (u) = f € WH™ (0B, N) C C (0B1,N). Then for any € > 0, there exists
aveWh™(By,N)NC (By,N) such that |v — ulwrmp,) <€ and v|pp, = f. In
addition, there exists an & = ¢ (m,u, N) > 0 such that if vi,ve € W™ (By, N) N
C(E, N) satisfy vilop, = f and |v; — ulwrm(p,) < € for i = 1,2, then we have
vy ~ vy relative to OB1, that is, during the homotopy, the value on OB is always
fized.

(x

<
(2)

S~—
=

Proof. As in the proof of Lemma 3.1, we may assume for some § € (0,1),
f(x/lz]) for 1 —§ < |z| < 1. Choose a n € C (B1,R) such that 0 <
nle,_s,, =1 and n|g,\p,_,,, =0. For ¢ > 0 small enough, we set v. (z) =
for z € By_5/4. Then we define

U
n

I5.

S

we () =1 —n(x))f (%) +n(x)ve (x) for z € By.

Clearly w, € WbHm™ (Bl,RZ) nc (E) and w. — w in W™ (By). For x € Bi_s/2,
from Poincaré inequality we have

1

f |u(y>—]1 u|dy§c(m,D</ |Vu|m>,
B.(z) B.(x) B (x)

hence dist (ve (), N) — 0 uniformly for = € B1_s/2, this implies the same thing
is true for we on B;_;5/2 because v;._-|]_r;175/2 = w€|3176/2. On the other hand from
uniform continuity of f we know w, (z)— f (z/|x|) — 0 uniformly for z € B1\B;_s2
as ¢ — 0T. Hence dist (w. (z),N) — 0 uniformly for z € By as ¢ — 0%, from
which we deduce that Tow, — uwin W™ (By) ase — 0%, mow. € WH™ (B, N)N
C (E, N) and 7w o we|pp, = f. The first half of Lemma 4.4 follows. To prove
the second half, clearly we may assume u (z) = vy (x) = va (x) = f(z/|z]) for
1/2 < |z| < 1. Choose a n € C° (B, R) such that 0 < n < 1, np,,, = 1,
77|B1\B3/4 = 0. For ¢ > 0 small, we define

(4.1) (05 (@) = (1 =0 (@) / (|j6”—|) @ f e

for x € By and i = 1,2. From the continuity of f we know (v;)s (z) — f (z/|z]) — 0
uniformly for 2/3 < |z| < 1. On the other hand, for |z| < 2/3, we have (v;); (z) =

JCB(;(z) v;, hence
1/m
(4.2) dist ((vi)s (z),N) < ][ lv; —][ vi| <e¢ (m,D / |V |™
Bs(x) Bs(x) Bs(x)

1/m
<c(m)) e+ / |Vu|™ <&/4
Bs(zx)

when 0 < § < Jg (m,i, u) and c(m,Da < %p/8. In addition we may assume
do (m, I u) is small enough so that

43) | (vi)y (x) — f (z/|z]) | <Fo/4 for 2/3 <|a| < 1,0 <8 < &g (m,L,u).
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(4.2) and (4.3) tell us
(4.4) dist ((vi); (x),N) <8 /4 forz € B1,0<6 <3 (m,l,u).

Note that for 1 > |z| > 2/3, (v1)4, (z) = (v2), (). For |z < 2/3, we have
(4.5)

1/m
| (v1)5, () = (v2)5, () | S][ lv1 —wa| < (][ v — U2|m> < c(m,l) 53
Bs, () Bs, () 0

By taking € = € (m, u, N) small enough, we have
(4.6) | (v1)5, (2) — (v2);, (x) | < Eo/4  for x € By.

From (4.4) and (4.6) we see easily that wo(v1)s ~ mo(v2);, relative to 9By, indeed
the map H (x,t) = m ((1 —t) (v1);, () +t (v2);, (x)) is the needed homotopy. On
the other hand it is easy to see that v; ~ (vi)50 relative to 0B, for i = 1,2, the
second half of Lemma 4.4 follows. We should mention that for this part one may
also use the so called VMO space theory by [BN]. O

Corollary 4.1. Assumem € N, and u € W™ (B, N) such that the trace T'(u) =
f e Wbm(dBy,N) C C(0B1,N). Then there exists an €1 = e1(m,u, N) > 0 such
that, for any vo,v1 € C(By,N) N WY™(By, N) with fo = vlap,, f1 = vilop, €
WLm(@By, N), if |v; — ulwrm(pyy < €1 and |fi — flwimop,) < €1 fori = 0,1,
then | fo(z) — f1(z)| < E(N) for any x € OB; and we may find a homotopy v(-) €
C([0,1],C(By, N)) such that, v(0) = vg,v(1) = v1 and v(t)(x) = mn((1 — 1) fo(x) +
tfi(x)) for x € 0B; and 0 <t < 1.

Proof. By Sobolev embedding theorem, we may take €1 (m, u, N') small enough such
that |fi — fleo,0B; <Eo(N)/4 for i =0,1. Let

o) — u(2x), 1‘6&/2;
( )‘{ f(z/lzl). =€ B\Bis.

Also for 1 = 0,1 denote

mw) ={ 280 v € By
= (@~ 2l fule/lad) + @lal ~ DF@/lel)), » € B\Bya.

A simple computation shows
wi _E|W1~””(Bl) < c(m,u7N) (|Ui — ’U,|W1,m(Bl) + |f1 — f|W1,m(aBl)) .

Hence it follows from Lemma 4.4 that if we pick €1 (m, u, N) small enough, then we
may find a map H € C(B; x [0,1], N) such that H(x,0) = vg(z), H(z,1) = v1(x)
for z € By and H(x,t) = f(z) for z € By, 0 < t < 1. Let us define a map H on
d(Bi x [0,1]) by

vo(x), x € By,t=0;
_ 7 (3tf(x) + (1 — 3t) fo(x)), x€0B,0<t<1/3;
H(z,t) =< f(x), x €0B1,1/3<t<2/3;

TN ((3 = 3t)f(z) + (3t — 2)f1(x)), € 0B1,2/3<t< 1
v1(z), x € By,t=1.
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Then it is clear that F|6(B—1X[071]) ~ H. On the other hand, if we set

vo (), x € By,t=0;
H(z,t) = ¢ mn((A—1)fo(z) +tfi1(x)), z€0B,0<t<1;
vy (), x € By,t=1,

then, clearly |H — ﬁ|oo,a(BTx[0,1]) < £(N). By Lemma 4.1, we know H ~ H on
9(B; x [0,1]). Hence H ~ ﬁ|3(§lx[011}). It follows from Proposition 2.2 that H has

a continuous extension to B; x [0, 1] which takes value in N. The extension map is
the needed homotopy. |

Lemma 4.5. Let m be a natural number. K be a finite rectilinear cell complex with
dimK < m. Given any u € WH™(K,N). Choose a v € C(|K|, N)N W™ (K, N)
such that uljgm-1| = v||gm-1) and |u — vlwim) < e(m, K, N,u), a very small
number. Define ©O(u) € [|K|, N] by ©(u) = [v]. Then © is a well defined map from
WE™(K,N) to [|K|, N]. In addition, © is a locally constant map.

Proof. The existence of v and the well-definedness of ©(u) follow from Lemma 4.4.
Note that in Lemma 4.4, the homotopy between two approximation maps preserves
the boundary value. This helps in patching the homotopy of all m dimensional cells
into a global homotopy. The fact © is a locally constant map follows from Corollary
4.1. Again one just needs to apply Corollary 4.1 to m dimensional cells. (I

The conclusion of Lemma 4.5 is in the same spirit as degree theory for VMO
maps as studied in [BN]. By Lemma 4.5, Lemma 4.3 and its proof, one can easily
deduce the following

Lemma 4.6. Assumep € N, 2 < p <mn, and K, P, M are the same as in Lemma
4.83. Then there exists a Borel set E C P such that H™ (E) = 0 and for any
¢ € P\E, we have uo He € WP (K, N). Define a map X = Xp.zru : P — [|KP|, N]
by setting x(§) = O(u o He||gr|) (here © is the map defined in Lemma 4.5). Then
x s Lebesgue measurable.

The next proposition is in the same spirit as Lemma 4.5. It says the homotopy
classes we defined are stable under the weak and strong convergences of Sobolev
mappings.

Proposition 4.1. Assume 1 <p <n, k € Z, K, P, H are the same as in Lemma
4.8, and u;,u € WHP (M, N). If either 0 < k < p and u; — u in WP (M, N) or
0<k<pandu; — uin WP (M, N), then after passing to subsequence we have
Xk,Hu, — Xk,Hu H™ a.e. on P.

Proof. 1t follows from Lemma 4.3 and Lemma 3.4 that we may find a Borel set
Ey C P such that H™(E;) = 0, for any £ € P\E1, uo He, u; o he € WHP(K, N)
for every i. In addition, for £ € P\Fy, A € K, d = dim(A), we have u; and u are
approximately differentiable at H¢(z) for H? a.e. x € A, and

d*(u; o HE)I = dap(ui)Hs(:E) ° (Hf)*,xa d*(u o HE)I = dapuHs(:E) ° (HE)*,I

for H? a.e. x € A.

First assume 0 < k < p and uw; — u in VVl’p(M7 N). It follows from the proof
of Lemma 3.4 that after passing to a subsequence u;, there exists a Borel set
E C P, with By C E, H™(E) = 0 such that for any { € P\F, uy o He — wo He
in WHP(K, N). If k < p, it follows from Sobolev embedding theorem (applied to
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every cell with dimension less than or equal to k) and Lemma 4.1 that xx g4, (§) —
Xk, i (). If k= p, the same conclusion follows from Lemma 4.5.

Now assume 0 < k < p and u; — u in WHP(M, N). Fix a q € (k,p). Given any
A € K with dim(A) < k. It follows from Lemma 3.5 that

/P lug o He —uo H§|Z£m(A)de(§)

<cp,q, A1, co, e, ) (|dul — du|qu(M)|ui - “|Z£;E1M) + |u; — u|’£p(M)) )

Summing up, using the condition u; — u, we get

/ |uioHE—uoHE|Z£OO(A)d’Hm(§) — 0,
P ek, dzm (A)<k
as i — 00. After passing to subsequence u;, we may find a Borel set E C P such
that Fy C E, H™(F) = 0 and for any £ € P\E,

> lwroHe—uoHelju s =0
AEK, dim(A)<k

as 1’ — oo. This together with Lemma 4.1 implies xx, m,u, (&) — X&,z,u()- ]

In the rest of this section, we want to present some results closely related to B.
White’s paper [Wh2]. These results will be needed later on. The following lemma
says that W1? maps have well defined ([p] — 1)-homotopy classes. The reader
should compare it with Lemma 4.3 and Lemma 4.6.

Lemma 4.7. Assume 1 <p <n, u € W (M,N), K, P,H are the same as in
Lemma 4.3 and P is connected, k € Z, 0 < k < [p|—1, X = Xk, Hu- Then x = const
H™ a.e. on P.

Proof. By standard arguments, we only need to show that when P = BjJ", one has
X = const H™ a.e. on Bi".

Define a new rectilinear cell complex K by
K={Ax{0},Ax{1},Ax[0,1]: A € K};

Then |K| = |K| x [0,1].

We claim the following fact. For any ¢ € B3, there exists a Borel set F C By’
such that H™ (E;) = 0 and for any { € BY'\E,, we have u o He,u 0 Heye €
WP (K, N) and wo Heljgr| ~ uo Heycligr| as maps from \Kk| to N. To show this
fact, we define H : |K| x By = |K| x [0,1] x By — M by H (z,t,&) = H (z,& + ().
First assume £k + 1 < p. Then by Lemma 4.3, we may find a Borel set E; C
By such that H™ (E¢) = 0 and uo Hg € wWtr (K N) for any £ € Bo\E;. By
Sobolev embedding theorem we may assume v o Hg is continuous on \K k41| Since

u (He (2,0)) = u(He (2), u (He (2.1)) = u (Herc (@), and [K¥]x[0,1] € [KF+1],
we get u o Heljgr) ~ uo Heyeligr). If k+1 = p, then we only need to note that
by Lemma 4.4, for the above chosen E;, given any & € Bg\EC, we may find a
continuous map t : |K¥+1| — N such that for any A € K with d = dim(A) < k,
1 and uo H¢ are H? a.e. equal on A. This clearly implies the needed homotopy.

Let Ep be the measure zero set on which x is not defined. If x is not constant
H™ a.e. on B;\Ey, since [|[K*|,N] is countable (by Lemma 4.2), we may find



20 FENGBO HANG AND FANGHUA LIN

two different elements a1,00 € [|[K*|,N| such that H™(E;) > 0, where E; =
x~ ' ({a;}) N By, i = 1,2. Choose a density point &; € E;, that is

fi TE"(Br (&) N Ei)

r—0t  H™ (B (&)
Let ¢ = & — & € Bs. Then x(§) = x(£+¢) for £ € Bo\E3, where E3 =
Ec:UEyU (Ey—(), H™ (E3) = 0. Because ¢; is a density point for both E; and
<—|— (EQ\Eg), we have (C + (EQ\Eg)) N E;q }é (. Choose 5_1 S El, 52 S EQ\Eg such
that & = ¢ + &. Then x (51) =¥ (52), that is a3 = ae, contradiction. ([l

=1

Remark 4.1. Assume 1 < p < n, u € WY (M,N), K is a finite rectilinear
cell complex, h : |K| — M is a Lipschitz map. Denote the corresponding H :
|K|x B., — M as H (z,£) = m (h(z) +£). Then X[pj—1,1,u = const a.e. on Bl |
we denote this constant as uy p (h).

The next two lemmas say the object ug ,(h) we defined in Remark 4.1 is indeed
well behaved topologically.

Lemma 4.8. Assume 1 < p < n, u € WP (M, N), K is a finite rectilinear cell
complex, ho,hy : |K| — M are Lipschitz maps and hg ~ hy as maps from |K| to
M. Then ug p (ho) = ug p (h1).

Proof. Let K be the same rectilinear cell complex as in the proof of Lemma 4.7.
Then |K| = |K|x[0,1]. We may find a g € Lip (/K| x [0,1], N) such that g(z,0) =
ho(z), g(z,1) = hi(z) for any = € |K|. Indeed the homotopy constructed in the
proof of Proposition 2.3 (3) satisfies this requirement. It follows from Lemma 4.3
that there exists a Borel set E C B. with H'(E) = 0 and for any £ € B.,\FE,
uoge € WLP(K, N). Observing u o ge(2,0) = wo (ho)e(x) and wo ge(x,1) =uo
(h1)¢(z) for z € |K], it follows from the proof of Lemma 4.7 that wo (ho)e|| w1 ~
u o (h1)e gw-1). This clearly implies ug »(ho) = ug p(h1). O

Remark 4.2. Assume 1 <p <n, u € WHP(M,N), and K is a finite rectilinear
cell complex. Given any o € [|K|, M|, choose a f € Lip(|K|, M) with [f] = «, then
we write Uy p (@) = ug p (f). By Proposition 2.8 and Lemma 4.8, we see this gives
us a well defined map from [|K|, M] to [|K[p]71|,N].

Lemma 4.9. Assume 1 < p < n, u,v € WYP(M,N), K is a finite rectilinear
cell complex, and h : |K| — M is a Lipschitz map. If h is a homeomorphism and
ug p(h) = vy p(h), then for any finite rectilinear cell complex L, any Lipschitz map
g+ |L| = M, we have uy p(g) = vg p(9)-

Proof. Without losing of generality, we may assume dimL < [p] — 1. By the cellular
approximation theorem, we may find a go € C(|L|, M) such that g ~ go as maps
from |L| to M and go(|L|) C h (|KP)=*[). Then h=' 0 gy € C (|L],|KPI~1|). Since
|K [p]*1| is a Lipschitz neighborhood retractor in the corresponding Euclidean space,
we may find a ¢ € Lip (|L|,|KP=1|) such that ¢ ~ h™! o gy as maps from |L| to
|KP)=1|. Hence h o ¢ ~ go as maps from |L| to h ([ KPI71|). It clearly follows
from Remark 4.1 that ug,(ho@) = vy, (ho¢), this plus Lemma 4.8 tells us

ug p(9) = vgp (9) U

We note that Lemma 4.9 implies in particular that if 1 < p < n, u,v €
WP (M, N), h; : K; — M are Lipschitz rectilinear cell decompositions for i = 0, 1,
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and ug p (ho) = vgp (ho), then uy p(h1) = vy p(h1). Hence we introduce the
following

Definition 4.1. Assume 1 < p < n, u,v € WP (M, N). If for any Lipschitz
rectilinear cell decomposition h : K — M, we have uy p (h) = vy p (h), then we say
w s ([p] — 1)-homotopic to v.

It is easy to see the relation of ([p] — 1)-homotopy is an equivalence relation on
WP (M, N) for the M, N,p in Definition 4.1. The following result, which was
proved by B. White in [Wh2], plays important role in our future arguments. With
the new concept WP(K) and its properties in Section 3, we may use the classical
Sobolev embedding theorem and Poincaré inequality on the unit ball instead of
somewhat more complicated ones in section 2 of [Whl] and section 1 in [Wh2].
This makes our proof technically simpler.

Theorem 4.1. If 1 < p < n, u,v € WP (M, N), and A > 0, then there exists a
positive number € = ¢ (p, A, M, N) such that

|du| v a1y [dv] Loy < A and |u—v|peary < € = u is ([p] —1) homotopic to v.
Proof. Indeed this theorem follows from Proposition 4.1 and a simple compactness
arguments. Since the details of the proof below would be quite helpful for under-
standing the subsequent materials, we present it here. Fix a smooth triangulation
of M, namely h : K — M. By Remark 4.1 we may find a Borel set £ C Béo such
that H' (E1) = 0 and for any ¢ € B, \E1, we have uo hg,vohe € WP (K, N) and
(w0 heljgtwi-1)] = ugp (h), [0 he|xm-1]] =vgp (h). Let m be a natural number

which will be determined later. From Lemma 3.3 and Lemma 3.4 we know, for any
A € K, d =dim (A), we have

(47) £t © [ hutne @) = v he @) part @)

< c(M) /M [ (y) — v (y) [PAH" (y) < ¢ (M) &

ws A

< e (M) /M (4P (y) — AP (y) [PAH" (y) < ¢ (p, A, M).

aH! (€) /A AP (w0 hela), — d (v 0 he|n), PdH? (2)

l
€0

This implies

@s) <{§ € B, /A [u (he () — v (he () [PAH? (2) = me (M) 6”})

_M(By)

(4.10)

" ({5 €B.,: /A |47 (wo he|a), — d* (vo he|a), [PAH? (z) = me (p, A, M>})
S M(Be)

m
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From (4.9), (4.10), Lemma 3.3, Lemma 3.4 and Corollary 3.1 and by taking m
large enough (depends only on M), we may find a Borel set E; C B such that
H! (Ey) > 0 and for any ¢ € Es, the followings are true

e wohg,vohe € WHP (K, N);

e For any A € K, denote d = dim (A), we have u and v are approximately
differentiable at he (z) for H? ae. 2 € A; d* (uo hela), = d®Pup,(s) ©
(hf)*,z7 d*r (’U o hE|A)z = dapvhs(m) o (hg)*@ for H? a.e. x € A;

e For any A € K, d = dim (A), we have

/A (e () — v (he () [PAHE () < - e (M) &P = ¢ (M) P,

/A 1 (wo he|a), — d (v o he|a), [PAH () < m-c(p, A, M) = ¢ (p, A, M).

Hence for any A € KPI=1 d = dim (A),
pd

(411) |uoh§|A—’UOh£|A|Loo(A) SC(p,A,M)EIl—FC(p,M)S;ﬁE.
Choose 1 = &1 (p, A, M, N) such that c(p, A, M)e; < &p/2, then choose ¢ =

pd

e (p, A, M, N) small enough, such that ¢ (p, M)e, * “e < Fp/2, by (4.11) we easily
see

(412) |U0h5||K[p]71| _’Uoh£||K[p]71‘|Oo SEO-

By Lemma 4.1, (4.12) implies u o h5|‘K[p]71| ~ Vo0 h5||K[p],1‘ as maps from |K[P]—1|
to N. Choosing a £ € E2\ Ey, we conclude Theorem 4.1. |

5. PATH CONNECTEDNESS OF SPACES OF SOBOLEV MAPPINGS

We use the same notations as in Section 4. Recall for u,v € WP (M, N), if there
exists a continuous path in WP (M, N) connecting them, then we write u ~, v.
We have the following

Theorem 5.1. Assume 1 < p < n, and u,v € WHP(M,N). Then u ~, v if and
only if u is ([p] — 1)-homotopic to v.

Before we proceed, we note that if p > n, then by the Sobolev embedding
theorem and Poincaré inequality (see [SU] or [BN]), one easily deduces that the
path connected components of W1P(M, N) corresponds bijectively to [M, N] by a
natural map.

We need some simple observations before proving Theorem 5.1.

Observation 5.1. Assume m € N, 1 < p < oo, and u € W1? (B, N) such that
the trace T'(u) = f € WHP(9By, N). For 0 <t <1, define
] u(x/t), for |z| < t;
w(t) (z) = { fx/|z]), fort<|z|<1.

Then w € C ((0,1], WP (By,N)) with w (1) = u. Note that usually we cannot
extend w continuously tot =0 if p > m.

Observation 5.2. Assume m € N, 1 <p < m, and u € WH? (B*, N) such that
the trace T (u) = f € WYP (0By, N). For 0 <t <1, define

] u(z/t), for x| < t;
w (t) (x) = { fla/lz]), fort<|z| <L
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Then w is a continuous path in WHP (By, N) with w (0) (z) = f(z/|z]), w (1) =
w and T (w(t)) = f for any 0 < t < 1. FEspecially this gives us the following
important boundary determination principle, for anyu,v € WP (By, N), if T (u) =
T (v) = f € WP (dBy, N), then we may find a continuous path w in WP (B, N)
connecting u and v with T (w (t)) = f for any 0 <t < 1.

Observation 5.3. Assume m € N, 1 < p < m and f is a continuous path in
WP (0B, N). Define f by f(t)(z) = f(t)(z/|z|) for 0 <t <1 and z € BP".

Then f is a continuous path in WP (B* N).

Proof of Theorem 5.1. Assume u ~, v. Then there exists a continuous path w in
WP (M, N) with w (0) = u, w (1) = v. By compactness we may find an A > 0
such that
sup |dw (t) |peary < A.
0<t<1
We may also find a § > 0 such that for any 0 < ¢1,t2 < 1 with

[t1 —t2] <0 = |w(t1) —w(t2) [r(ar) < €(p, A, M, N),

here e (p, A, M, N) is the number in Theorem 4.1. Choose a m € N such that
L <6, Then for any 0 <i<m—1, w (%) is ([p] — 1)-homotopic to w (£EL), this
implies w (0) = w is ([p] — 1)-homotopic to w (1) = v.

On the other hand, suppose we are given two maps u,v € WP (M, N) which
are ([p] — 1)-homotopic. First let us assume p ¢ Z. For convenience we denote
k = [p] — 1. Choose a smooth triangulation of M, namely h : K — M. From
Section 3 and Section 4 we may find a £ € B. such that uohe,vohe € WHP (K, N)

and u o he| x| ~ v 0 heljgr| as maps from |KK*| to N. By Lemma 3.2 we may find
a sequence f; € Lip (|Kk+1|,Rl) such that f; — wo hel grr) in WHP (KkH,Rl).
By using Sobolev embedding theorem on each simplex we see for j large enough we
have
sup |fj (z) —u(he (z)) | < Zo.
ze| KR+

It follows that the path w (¢) (z) = 7 ((1 —¢t) f; (z) + tu (he (z))) is continuous in
WP (K*1 N). We extend each w (t) to a map @ (t) € WP (K, N) in the fol-
lowing way, for each (k + 2)-simplex A, in view that w (¢) has already been defined
on Bd(A), we choose the barycenter of A as origin and do homogeneous degree
zero extension to get w (t) on A. Simply by induction we finish after working with
n-simplex. It is easy to see that w is a continuous path in W1? (K, N). In addi-
tion, from Observation 5.2 and Observation 5.3 we easily deduce that w (1) can be
connected to u o he by a continuous path in WP (K, N). Using h¢ to go from |K|
to M, we may assume w0 he|gr+1) is in Lip (|K*+*[, N') and uo he is homogeneous
degree zero extension on each simplex with dimension strictly higher than £+ 1. A
similar procedure can also be applied to v. What we have shown so far is that we
may assume both v and v has the additional properties that after composition with
he, that are in WP (K, N), Lipschitz on |[K**1| and homogeneous degree zero (in
the sense just described above) on any A € K with dim (A) > k + 2. Indeed any
u,v € WHP (M, N) can be connected by a continuous path in W1 (M, N) to maps
with these additional properties. Since u o he¢|| x| ~ v o hel /x| as maps from |K¥|
to N, from the proof of Proposition 2.2 (HEP), we may find a f € Lip (|[K*!|, N)
such that f||Kk‘ e ’Uohgth‘ and f ~ uoh§|‘Kk+1| as maps from |Kk+1| to N. From
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Proposition 2.3, we may find a continuous path in Lip (|Kk+1|, N) connecting f
and u o hel|gr+1|, clearly it is also a continuous path in W? (K**1, N). Any such
f can be viewed as the restriction of a map in W'P (K, N), still denoted by f, to
|Kk+1]. Indeed we simply define inductively for each A € K with dim (A) > k+2,
f to be the homogeneous degree zero extension (with respect to the barycenter of
A) of its value on Bd(A). Then we see u o he can be connected by a continuous
path in WP (K, N) to f by Observation 5.3. Therefore we only need to show f can
be connected to v o h¢ by a continuous path in wir (K,N). But now f and vo he
has one more additional property that f = v o he on |K*|. Applying Observation
5.1 to each (k 4 1)-simplex, we may assume for any A € K with dim (A) =k + 1,
we have f|a\Bs(ca) = U © he|a\Bs(ca)- Here ca is the barycenter of A and § is a
small number. Fix such a A, it must be the face of several k + 2 simplices, namely
Y1, , 2, 7 > 2. Now consider = Uj_;Q;, where Q; C ¥; is formally equal to

(325 (ca) N A) x [0, €], for which the product means we go in the ¥; in the normal
direction by ¢ length, € is another small number. Define

0 = (Bas (ea) N 8) x 0,6/2], 9 = (Bas (ca) N A) x [e/2,¢],

= U Q, Q= U Q.
i=1 i=1

Now consider a w defined on |[K*2| by setting w|or = v 0 he, w|jgrrzpg = uo
heljgr+2po- On each Q we simply do homogeneous degree zero extension with
respect to a point in Int (). Clearly w € WP (K**2 N). We note that the
set ) is starshaped with respect to ca, the barycenter of A. One may use simple
radial (with the origin ca) deformations as in Observation 5.2 to see the similar
boundary determination principle is valid for 2. In particular, w can be connected
to f||xr+2) by a continuous path in Wwiep (K**2,N). Define @ inductively to be
the homogeneous degree zero extension of w on each higher dimensional simplices
A with dim (A) > k + 3, from its value on Bd (A) as described before. Then for
U= u~1OhE_17 one has u ~, thgl ~p u. Moreover, since %o hel|gr+1] = vohe| grt1|,
4 ~yp, v follows. Therefore we complete the proof of u ~, v.

If p € Z, we only need to use Lemma 3.2 and Lemma 4.4 to show the original
maps v and v can be connected by continuous paths in W1? (M, N) to maps with
additional property u o he,v o he € WHP (K, N), u o he|kr| and v o he||xp| are
Lipschitz, u o he||gv| ~ v 0 heljgr|. The rest of the proof is the same as before. [

Now we will show how Theorem 5.1 reduces certain problems about Sobolev
mappings, which are analytical problems, to pure topology problems.

Proposition 5.1. Assume 1 < p < n. For any Lipschitz rectilinear cell decom-
position of M, namely h : K — M, we set M7 = h(|K7|) for any j. Then the

following two natural maps are bijections,
C (M[p ) / ~agisl-1— Lip (M[PI,N) / ~ g1, pip—r WP (M, N) [ ~,

Here for f,g e C (M[p],N), f -1 g means flyw—1 and gl -1 are homotopic
as maps from MP=1 to N. For f,g € Lip (Mp] N) f ~p- lep g means
flaswi—1 can be connected to g|prw-1 by a continuous path in Lip ( M=t ) The
natural map for the left pointing arrow is the obvious one. The map for the right
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pointing arrow is defined as follows, for any f € Lip (M[p],N), using h to pull f
to K71 after doing homogeneous degree zero extension on higher dimensional cells,
we pull it to M by h and get u. Then we send the equivalence class corresponding to
f to the equivalence class corresponding to u. This map is well defined by Theorem

5.1.

Proof. 1t clearly follows from Proposition 2.3 that the left pointing arrow is a bijec-
tion. To prove the right pointing arrow is a bijection, first let us show it is one to one.
Assume f, g € Lip (|K Pl N ), let f and § be homogeneous degree zero extension of
f and g to |K| (as we described in the proof of Theorem 5.1) respectively. Let u =
foh ™ v=goh ' Tt is clear that ug , (h) = [flirctei-1)], vap (h) = [glixm-1]-
If u ~;, v, then it follows from Theorem 5.1 that f||xi-1| ~ g/ xt1—1). This shows
the map is one to one. On the other hand, given any map u € WP (M, N), we may
find a ¢ € B, such that uohe € WHP (K, N). It follows from the proof of Theo-
rem 5.1 that after going through a continuous path in W1? (M, N) we may assume
wo he g € Lip (|KIPI|, N) and uohe € WP (K, N). Since uohgoh™! ~p u, we
may assume uoh € WP (K,N) and wo h| k) € Lip (JKPI|, N). Now it is easy to
see that the equivalence class corresponding to |, is mapped to the equivalence
class corresponding to u. That is, the right pointing arrow is onto. O

Recall for any 1 < ¢ < p < oo, we have a map 4,4 : WHP (M,N)/ ~,—
Wha (M, N) / ~4 defined in the obvious way (see [BL]). An immediate consequence
of the above proposition is the following

Corollary 5.1. Assume k € N, k <q<p < k+1. Then ipq is a bijection.
Note that Corollary 5.1 gives a positive answer to conjecture 2 and 2 in [BL)].

Corollary 5.2. Assume 1 < p < n, m; (N) = 0 for [p] < i < n. Then the two
natural maps below are bijections,

C(M,N)/ ~m«— Lip(M,N)/ ~M,Lip— WP (M,N)/ ~p>
the notations are understood similarly as in Proposition 5.1.

Proof. By Proposition 5.1 we only need to verify the natural map C' (M, N) / ~p—
C (M[p},N)/ ~pl-1 18 a bijection for a smooth triangulation of M. But this
clearly follows from cell by cell extension in view of the vanishing condition of
homotopy groups of N. O

We note that Corollary 5.2 generalizes theorem 0.6 in [BL].

Corollary 5.3. Assume M and N are connected, 1 < p < n. If there exists a
keZ,0<k<]Ip—1 such that m; (M) =0 for 1 <i <k, and m; (N) =0 for
k+1<i<][p]—1, then WP (M, N) is path connected.

Proof. By Proposition 5.1 we only need to verify that for a smooth triangulation
of M, C (M Pl N ) / ~up—1 has only one element, but this follows easily from
theorem 3 and the proof of theorem 3’ in [Wh1]. O

Corollary 5.3 generalizes theorem 0.2, theorem 0.3 and proposition 0.1 in [BL].

We now turn to the question whether a given Sobolev map in W?(M, N) can
be connected to a smooth map by a continuous path in W1P(M, N). It turns out
that there is a necessary and sufficient topological condition for that to be true.
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Proposition 5.2. Assume 1 < p <n, u € W (M,N), and h : K — M is a
Lipschitz rectilinear cell decomposition. Then u can be connected to a smooth map
by a continuous path in WP (M, N) if and only if uy., (h) is extendible to M with
respect to N .

Proof. Assume u ~y, v for some v € C*° (M, N). Then from Theorem 5.1 we have
Uy p (R) = vy p (h), but clearly vy , (h) is extendible to M with respect to N.

On the other hand, if uy , (h) is extendible to M with respect to N, then we
may find a v € C* (M, N) such that [vo h|‘K[p]71|] = ux p (h). Thus u and v are
[p] — 1 homotopic, and hence w ~, v by Theorem 5.1. |

Corollary 5.4. Assume 1 < p < n. Then every map in W1P (M, N) can be
connected by a continuous path in WYP (M, N) to a smooth map if and only if M
satisfies ([p] — 1)-extension property with respect to N .

Proof. Fix a smooth triangulation of M, namely h: K — M.

Assume every map in WHP(M, N) can be connected continuously to a smooth
map. For any f € Lip (M[p} , N), let g be the homogeneous degree zero extension of
fohl gw) to |K|. Thenu = goh™ € Wh? (M, N) and uy , (h) = (gl /g -1|]. Since
u can be connected continuously to a smooth map, from Proposition 5.2 we know
flarmei—1 has a continuous extension to M. By Proposition 2.2 and Proposition 2.3
we know M has the ([p] — 1)-extension property with respect to N.

On the other hand, assume M satisfies the [p] — 1 extension property with re-
spect to N, given any u € WP (M, N), after going through a continuous path
in WP (M, N), we may assume there exists a £ € Bl such that u o he| x| €
Lip (|K"P|,N) and uy , (h) = [uo he|wi-1)]. Hence by Proposition 5.2 u may be
connected continuously to a smooth map. O

Remark 5.1. Corollary 5.4 covers theorem 0.5 of [BL]. It is a particular case that
M satisfies the ([p] — 1)-extension property with respect to N. We also have the
following statements. Assume M and N are connected, 1 < p < n. If either [p] =1
or [p] > 2 but m;(N) =0 for [p] <i < n—1, then every map in WHP(M, N) can be
connected to a smooth map. This, again, is because M has the ([p] — 1)-extension
property with respect to N.

Because of this necessary and sufficient topological condition for every map
in WHP(M, N) to be connected to some smooth maps by a continuous path in
WP(M, N). We obtain the following corollary which provides a class of coun-
terexamples to the conjecture 1 of [BL].

Corollary 5.5. If mi,ma € N, ma < my, and 3 < p < 2mg + 2, then in
WLp (CP™,CP™*), some maps cannot be connected to smooth maps by contin-
uous paths.

Proof. For any m € N, CP™ has a natural CW complex structure as
CP’ Cc CP' C--- C CP™
In addition by considering the fibration CP™ = S?"+1/S! we know ; (CP™) = 0
for0<i<2m—1,1# 2.
We claim that there is no continuous map f € C' (CP™', CP"™?) such that f|cp: :

CP' ¢ CP™ — CP' c CP™ is the identity map. To see that the claim is true,
let a; be the cohomology class in H? (CP™) corresponding to CP* for i = 1,2.
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We know the cohomology ring H* (CP™) is isomorphic to Z[a;] /{a " = 0}
(see p174 and pl75 of [Vi]). If such f exists, then a; = f*(ag), which implies
aT2+1 = 0. The latter is impossible. Next we observe that the identity map
from CPP/2 c CP™ to CPP/?2 ¢ CP™2, when restricted to CPIP~1/2 has no
continuous extension by the claim above, using Corollary 5.4 we conclude the proof.

O

Remark 5.2. By considering cohomology ring with Zo coefficients (see p175 of
[Vi]), the same proof gives us the following statement. If myi,ms € N, mg < myq,
and 2 < p < ma+1, then in WHP(RP™  RP™?), there are some maps which cannot
be connected to smooth maps by continuous paths.

6. STRONG DENSITY PROBLEM FOR SOBOLEV MAPPINGS

An important technique in the study of approximation problems for Sobolev
mappings is to use certain deformations with respect to the dual skeletons, which
was used in the geometrical proof of the Poincaré duality theorem and in Federer-
Fleming’s theory of normal and integral currents. We present a version for finite
rectilinear cell complex here. One should compare with section 1 of [Wh1], section
2 of [Ha] and pp143-146 of [Vi].

Let K be a finite rectilinear cell complex with dimK = m. For each A € K, we
pick up a point ya € Int (A). Denote Y = (ya)aeck. Given an integer 0 < k <
m — 1. For z € |[K*|, we set |z|y = 1. For k+1 <1 <m, if | - | has been defined
on |K*1| then for each A € K with dim (A) =4, each z € A, we set

T —ya
(6.1) 2k = ala - lya + 222
|z[a

For the definition of |z|a, one should see (3.1). Hence by induction, we eventually
get a function |- |, on |K|. In fact the function | - |; depends on K as well as
the choice of ), but to avoid heavy notations, we don’t explicitly write them out.
Similar convention applies for many notations in this section, it will not cause
confusions in the practice. For 0 < e < 1 we set I'* = {x € |K| : |z|x = €}. Then
we may decompose |K| as

(6.2) K|= |J It ri=|K".

0<e<1

If we denote L™ *~1 =T% and set L™ = | K|, then we call L’ as the dual i-skeleton
of K.

Now we want to define a map ¢} : {0 < |z|x < 1} — I'} = |K*|. First look at
|+ for any o € |KFTY, if o € |K*|, then we set ¢¥ (z) = x, otherwise, there
exists a unique A € K with dim(A) = k + 1 such that = € Int (A). Then we set
(6.3) O () = ya + T
PN
Assume for some k+2 < i < m, ¢F : {0 < |z < 1} N |K'"!| — T} has been
defined. Then for z € |K?|, 0 < |z|x < 1, if z € |K*7!|, then ¢% (x) has already
been defined, otherwise, there exists a unique A € K such that dim (A) = ¢ and
x € Int (A). In the latter case we set

k _ 4k T—YAa
(6.4 o (@) = o (v + T2,
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By induction we eventually get a map ¢¥ from {0 < ||, < 1} to I'}.
Next we want to define a map ¢* : {0 < |z < 1} x (0,1) — |K| with the
property

(6.5) |o% (z,e) [x =¢  for 0 < |zp <1,0<e < 1.

For convenience we write ¢ (v) = ¢* (z,¢), hence ¢* (z,1) is also defined for 0 <
|z|r < 1. To define the needed ¢*, we first look at |[K**!|. For any x € |K*+1|,
0 < |z|r < 1, there exists a unique A € K such that dim (A) = k+1 and z € Int (A).
Then we set

(6.6) (bk(:c,s):yA—Fﬁ(:c—yA) for 0 < e < 1.

A
Assume for some k + 2 < i < m, ¢¥ (z,€) has been defined for x € |K*~!| with
0 < |z|x <1,0<e < 1. Then for any z € |[K?| with 0 < |z|x < 1, if x € | K|, then
®" (x,¢) has already been defined for 0 < e < 1. Otherwise, there exists a unique
A € K such that dim (A) =7 and = € Int (A), then we set

- _ _ 1-— |.T|A
(6.7) 0=1-(1-c) =2
(6.8) O (2,6) = ya + 0 (¢k <yA+ —I‘yﬁ,f) —yA) |
lz|a 0

By induction, we eventually get the needed map ¢*.
In the future, we shall need a map Fgfa i |K| — |K| for 0 < § <e <1, which is
defined by

z, when e < |z|; < 1;
k
k _ ¢ ((E,E)7 When5§ |.’17|k SE,
(6.9) Fs.(x) = ¢ (2,6 elzls), when 0 < |z] < o;
z, when |z|, = 0.

Let 1 < p < n. Then we denote
(6.10) RP>(M,N) = {u:ue W"P(M,N), there exists a smooth rectilinear

cell decomposition of M, say h: K — M, and a dual (n — [p] — 1) -skeleton
L"~IPI=1 guch that u is C> on M\h (L"*[p]*l)} .

The following statement was due to F. Bethuel (see [Be2], p154, Theorem 2). But
for reasons explained in the introduction we need to give a somewhat different
proof.

Theorem 6.1. Assume 1 < p < n. Then RP*> (M,N) is dense in WP (M, N)
under the strong topology.

We need some preparations before proving this theorem.

Lemma 6.1. Let Q be any separable Riemannian manifold without boundary (pos-
sibly noncompact, incomplete and nonconnected), and 1 < p < oco. If € is the
Banach space C (2, R) N L> () NWHP (Q) with norm |ule = |u| L) + [ulwrr @),
then C* (Q)NE is dense in &.
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Proof. Fix a uw € £ and an € > 0, choose a locally finite open cover of ), say
{U;}32, such that U; C Q is compact. Choose the corresponding decomposition
of unit {(;}52, (see pl10 of [Wa]). Let u; = (ju, choose v; € C° (U;) such that
lv; —ujle < e/27. Let v = > =1 vj- Then v € C(Q). For any V' C Q open
with V' compact, we may find a m > 0 such that VN U; = () for j > m. Hence
uly = 30wy, vy = Y00 vj, we easily see [u — v|lg < e. This implies the
conclusion. (]

Lemma 6.1 along with the nearest point projection 7 imply in particular that,
if 2 is the same as in the lemma, then for any 1 < p < oo, any u € WP (Q, N) N
C (2, N), we may find u; € C>= (2, N) N WP (Q, N) such that sup,cq |u;j (z) —
u(z)| — 0 and u; — u in WHP (Q, N).

To facilitate the proof of Theorem 6.1, we need to introduce various notions.
Given two rectilinear cell complexes K7 and Ks such that |K1| = |K3|. Let K =
{A1NAs: Ay € Ky,Ay € Ky, Ay N Ay # (}. Then K is a rectilinear cell complex
which is a subdivision of both K7 and Kb, we say K is the rectilinear cell complex
generated by Ky and K.

For any cube @, we use Kg to denote the rectilinear cell complex defined by
Kq = {all faces of Q}. We note that Q is a face of itself.

Assume d € N. If a cube in R? is of the form Hle [ai, bi], a’, bt € R, a' <V,
then we say it is a normal cube. If K is a finite rectilinear cell complex such that
each cell in K is a normal cube, then we say K is a normal complex. If K1 and K>
are two normal complexes such that |K1| = |K3|, then clearly the rectilinear cell
complex generated by K; and K» is a normal complex too.

For k € Z, 1 < k < d, we write Hy; = {z : x € R% 2¥ = t}, here z* is the k-th
coordinate of z. For a € (R+)d, we denote I, = H?Zl [0,a’]. For any 0 < ¢ < a*,
let Qr ={rel,:0<aF <t} Q= {rel,:t<az"¥<a*}. Then we denote
Ka,k,t = KQ1 U KQz'

The following lemma is an easy consequence of Fubini type theorem (see also
Corollary 3.1).

Lemma 6.2. Assume a € (R+)d, K is a normal complex such that the polytope
|IK|=1,,1<p<o0,i€Z, 1<i<d Foranyt€ (O7ai), we may use H;
to slice K to form another normal complex, namely L, that is L; is the normal
complex generated by K and K, . Assume u € WHP (K,R). Then for H' a.e.
t € (0,a"), we have u € WP (Ly).

We remark that Lemma 6.2 says almost every slice is nice, hence when we choose
generic slices in the future, we may always assume we are choosing those slices
among the nice ones.

Let a € (R*)d. If we are given m; € N, 0 = t;0 < t;1 < -++ < t;m, = a’ for
1 <i<d, then we say {H;;,; N1, :1<1<d,0<j<m;}isa net on I, denote
it as V. Given 0 < § < minj<;<g at, set m; = [ai/é]. If for some A > 1, we have
S <tijp—tiy <ASfor 1 <i<d,0<j<m;—1,then wesay A is a (5, A)-net.
N divides I, in to my ---mg small cubes. That it is an (J, A)-net simply means
every small cube is [0, §]d after a translation and an inhomogeneous dilation. Also
the Lipschitz constants of this transformation and its inverse are dominated by A.

We note that for any net N on I,, we have a natural normal complex K
such that |Kx| = I,. Indeed we just take it as the normal complex generated by
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{Kaiz,; :1<i<d,0<j<m;}. Given any face @ of I, and any net A" on Q. N
generates a normal complex K¢ a such that |Kg x| = @, then we define a normal
complex

Ky =Kqn|J{A: A€ K, such that A ¢ Q}.

Clearly |Knr| = I,. If we are given m faces of I, namely Q1,- -, Qm, and for each
i anet N; on Q;, then we call the normal complex generated by Kus,, -, Ky, as
the normal complex generated by N1, -+, Np.

For any Riemannian manifold 2, given a k-rectifiable subset .S of {2 and a suitable
differentiable function w on S, 1 < p < oo, we denote E, (u, k,S) = fS |dsu|PdHP”,
here 1" is the k-dimensional Hausdorff measure. We simply write E (u, k, S) when
it is clear what p is.

The next lemma contains one of the key analytic estimates that are needed in
our proof of Theorem 6.1. We postpone the proof of it to the Appendix A.

Lemma 6.3 (Generic slicing lemma). Assume a € (R*)d, for each face of 1, we
pick up a net on it, all these nets together generate a normal complex K such that
K| =1,, 1 <p < oo, u€ WP (K,R). Then there exists an absolute constant
A > 1 such that for any 0 < & < minj<;<qa’, there exists a (5, A)-net N on I,

such that u € WhHP (IN(), here K is the normal complez created from K and N,

and we have

4]

The above inequalities imply in particular that

E (uz K| N (|KJ‘|\|KJ‘-1|)) < c(d) (1>”E (u, 4, |[K7|)  for1<i<j<d.

J k—i

E (uz 1K' N |Kj|) <c@d) Y (%) E (u,k, |K*) + E (u,,|K")
k=i+1

forl1 <i<j<d.

We also introduce the following map ¢y : N X Rl — N , which is defined by

¥YN (Ivy) = {

We have Lip (on|nxn) < ¢(N).

Finally we observe the following fact. Assume K is a finite rectilinear cell com-
plex, 1 <p < o0, k € Z, k >0, and u € W' (K,R) with u|| x| € C (|K*¥|). Then
there exists a sequence u; € WP (K,R) N C (|K|) such that w|jxx = uljxr and
u; — u in WP (K). This fact follows from proofs of Lemma 3.1 and Lemma 3.2.
As a consequence, we have the following

w(az—k%) for |y — x| > &o;

m(y) for |y — x| < &.

Corollary 6.1. Assume K is a finite rectilinear cell complex, 1 < p < oo, k € Z,
k>0, ueWh (K N), ulgr € C(IK*,N), and there exists a yo € N such that

u(|K]) C Béo (yo). Then there exists a sequence u; € WHP (K,N) N C (|K|,N)
such that u; — w in WHP (K), i g = ulj x| and u; (|K|) C ngo/Q (Yo)-

Proof. By the above observed fact, we may find a sequence v; € WP (K , RZ> N

C (|K|,Ri) such that vi| v = uljgr| and v; — w in WHP (K). Then u; (z) =
©n (Yo, v (x)) is the needed sequence of maps. O
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With all these preparations, we can proceed now with the proof of Theorem 6.1.

Proof of Theorem 6.1. Define RP (M, N) as the set similar to RP>*° (M, N) but re-
place C*® by C°. By the fact we stated after the proof of Lemma 6.1, it suffices to
show RP (M, N) = W1P (M, N). For convenience, we assume p ¢ Z at first. Fix a
smooth cubeulation of M, namely h : K — M such that each cube in K is normal.
Given u € WP (M, N), by Lemma 4.3 we may assume f = uoh € WHP (K, N).
Applying Lemma 6.3 on the n-cells in an arbitrary order, we get a (4, A)-net on
each of them. These nets together with the original K create a normal complex,
called K,,, we have f € W'? (K,,, N) and
n j—i
(6.11) B(ralii) <conY (5) B (i)

i=i

< e (M) (%)E(fn K").

for 1 <14 <n and all sufficiently small §.
Fix a v € (0,p), for each n-cube @ in K, if for every 1 < i < n, we have the
normalized energy

(6.12) SPTUE (f1,1Kpl) <6,

then we say @ is a good cube, otherwise we call it a bad cube. Denote G as the union
of all good cubes and B as the union of all bad cubes. Clearly we have

(6.13) H" (B) <c(M)éP~VE (f,n,|K]),

hence H" (B) — 0 as 6 — 0t.

Let us first look at good cubes. Fix two positive numbers d; and do such that
0<d <o < %. If Q is a good cube, from Sobolev embedding theorem we know
f|‘KC[§]| is continuous and

(6.14) osc (f, |Kg]|> < c(p,M)ov/™.

Choose a yg € f (|Kg]|) By Lemma 6.3 we may find a (619, A) net A such that
flo € wtep (IN(Q,N), N induces a net on each (n — 1)-face of Q and K¢ is the

normal complex created from K¢ together with all these induced nets. Moreover,
we have

6.15) B (f.0, 1Ko 0 (IKGNEG ') < e (b) (;—5)E (£.3.151)

for 1 < i < j < mn. Here A is an absolute constant. This, combined with (6.12),
implies

(6.16) (6,6 E (fz |f<g|) < c(d1,p, M)8* for1<i<n.

By Sobolev embedding theorem we have f || el is continuous and
Q

(6.17) osc (f,|l~(g}|> < c(8y,p, M)&v/P.



32 FENGBO HANG AND FANGHUA LIN

If we set & to be small enough (depending on 8;) and f (z) = ¢n (yg, f (z)) for
z € Q, then we have f = f on |l~(g]| From Corollary 6.1 we may find a se-
quence f; € WL (I?Q,N) N C(Q,N) such that f; — f in WhP (I?Q,N) and
fj = f=fon |l~(g]| Set f to be fj on @ for some j large enough, this j de-
pends on Q. Let zg be the barycenter of (). Then for any o € (0,1), we denote
Qo =(zg+ (1 —0a)(Q—xg)). Forany z € Q, we define r (x) to be the unique non-
negative number such that z € (zqg + 7 (2) (Bd (Q) — zq)), that is r (z) = 2],z
Then we define a map ¢ : Qs, — Q by
x, T € Qsy;

6.18 =
(618) ¢() { wg+ (1= (r () ~148) 525) 5. 7€ Q5\Q

For any = € Qs,, we set f (z) = f (¢ (z)). Now we want to define f on Q\Qs,. We
observe

(6.19) f@=fo@) forzes™ (IKL).

This relation is important for the final construction of f. Assume f has already
been defined on |K~!| such that for any good cube Q,

(6.20) f|Bd(Q) e whp (l?g_l,N) ,f(m) =f(x) forz € |l~(g]|
and
(621)  E(fi|Kyl) <cM)E(fi|Kpl) forpl+1<i<n—1.

Then we define f on Q\Qj, as follows. First set ¢ : Q\Qs, — Bd (Qs,) as

(6.22) Y (x) =2+ (1 —41) wT_(j) for x € Q\Qs,-
Let C be a [p]-cell in K¢, on =1 (C) we simply define f (z) = f (¢ (). Now for

any [p] + 1 cell C in K¢, we observe p~1 (C) is Lipschitz equivalent to [0, 5,6]"*?,
where the Lipschitz constants are dominated by a constant depending only on n,
we simply do homogeneous degree zero extension on =1 (C) for f of its value on
Bd (7' (C)). Inductively, we finish after we do this for (n — 1)-cell in IN{Q. We

need to emphasize that we haven’t fixed the choice of f on |K"~!| yet, we just need
it to satisfy (6.20) and (6.21) for good cubes up to now, so there are still lots of

freedom in choosing such a f.
Next we look at bad cubes. If @ is a bad cube, for any o € (0,1/A4), we may find

a (ad, A)-net N such that f|g € WhP (I?Q, N), here I?Q is the normal complex

created by Ng, moreover

~ c(M
(6.23) E(f,n—1,|KQ 1|) < (045)

for o sufficiently small enough. Assume f has already been defined on |I§' gfl| such
that f'll?é’fll e whr (IN(g*l,N) and in addition f satisfies

E (fin, |Kgl)

(6.24) E (ﬁn -~ |ffg-1|) <c(p,M)E (f, n—1, |ffg-1|) .
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Then on @, we simply set f as the homogeneous degree zero extension for each
n-cell in IN(Q.

We haven’t finished defining f yet because we still need to define f on the union
of |I~(g_l| for all n-cells @ in K,. It needs to satisfies (6.20), (6.21) for good cubes
and (6.24) for bad cubes. To find such a f, we introduce a new normal complex
K, _1. K,_q is created from the union of 1?871 for all n-cells in K,,. In view of
Lemma 6.2 we know f € WP (K,,_1, N). For any (n — 1)-cell Q € K,,_1, let A be
the minimal side length of @, for any a € (0, 1), we may find a (A, A)-net, namely

Ng, such that f|g € WP (IN(Q,N) and

(6.25) E(f,n—2,|[~(g’2|) < ng‘j)E(f,n—l,Q)

for sufficiently small o. Again if f has already been defined on the union of |I~( 872|
and

(6.26) E(fin=2|K5?) <cp, M) E (fin—2,K572),

then on @ we sunply put f to be the homogeneous degree zero extension on each
n—1 cell in KQ We keep this procedure going until we reach K[, on |K lp ]| we

simply put f f. Going back we get the needed f .
Let @ = foh™!. Then a careful computation shows (see also [Be2], pp170-173)

|t — ulwreary < B1(9,01,02) + B (91, 02) + B5 (62) + ¢,

where 51 (5, 51,52) — 0 if we fix (51,62 and let § — O+. ﬁg (61,62) — 0 if we fix (52
and let 63 — 01, B3 (d2) — 0 when d2 — 0F. Thus in order to make @ close to u, we
first choose € to be very small, then choose d3 small so that §3(d2) will be also small.
Next for such fixed d2, we choose d1 even smaller so that the resulting (82(d1,d2) is
also very small. Finally we choose ¢ to be so small such that (9, d1,d2) is small.
In this way we will be able to find a sequence of maps in R?(M, N) converging to
u strongly, hence we get the theorem. If p = 1, the same proof goes through. If
p € Z and p > 2, then we only need to add the Lemma 4.4 on the p skeleton. This
completes the proof of Theorem 6.1. O

Our next goal is to show that under certain topological condition, a map in
RP>*(M, N) can be approximated by smooth maps. We need some more notations.
Let X and Y be two topological spaces, A be a subset of X, o € [X,Y]. Then we
may define a4 € [A,Y] by ala = [f|a] for any f € a. It is clear that [f|4] does
not depend on the specific choice of f in «.

Theorem 6.2. Assume 1 < p < n, h : K — M s a Lipschitz rectilinear cell
decomposition, M* = h (|[K'|) for i >0, L"~PI=1 is one of the dual (n — [p] — 1)-
skeleton, and u € WP (M, N) such that u is continuous on M\h (L"’[p]’l). Then
u € Hélw’p(M7 N) if and only if u|ysm has a continuous extension to M. In addition,

if for some oo € [M, N], we have u|pym € |y, then we may find a sequence
u; € C*°(M, N) such that [u;] = a and u; — u in WHP(M, N).

Proof. If u € H;’p(M7 N), then we may find a sequence u; € C*°(M, N) such that
u; — uin WHP(M, N). Let g9 = 9(M) be a small positive number, H(z,£) =
m(h(x) +¢) for z € |K|, ¢ € BL. Then Xy g, = [t © hljgw|] ae. on BL . Tt is
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clear that for some €1 > 0 small, x[] .. = [0 h||xim)] a.e on Bél. By Proposition
4.1, we see after passing to a subsequence, we have [u; o h|| x| = [u 0 h| k)] for
i" large enough. This implies that u o h| k1, has a continuous extension to |K|,
hence ul ) has a continuous extension to M.

To prove the inverse, first we observe that we may assume u is smooth on
M\h (L”*[p]*l). Indeed if this has been proved, then the theorem follows from
the fact after Lemma 6.1.

To proceed we use the idea of the proof of theorem 1 in [Wh1], but with the new
deformations we constructed at the beginning of this section. Let k = [p]. Since k
is fixed, we shall write I'c, ¢ and Fjs. instead of I'* ¢* and Fgfs for convenience.
For 0 < ¢ < 1, |K¥| is a deformation retractor of {z € |K| : |z|r > ¢}, indeed
F; 1 for e <t <1 is the needed deformation. Choose a v € C(M,N) such that
[v] = a. Let go = voh, f =wuoh. Since f x| ~ gol|xw), it follows that f ~ go on
{z € |K| : |z|x > ¢} and from Proposition 2.2 (homotopy extension theorem) we
conclude that there exists a g € Lip (|K|, N) such that g = f on {z € |K]| : |z|x > ¢}
and g ~ go. For 0 < § <e <1/2, we set f5.(x) = g(Fs.(x)) for x € |K|. Then
f5e € Lip (|K|,N) and f5. ~ g ~ go. In fact, we only need to consider g o Fs, for
e<t<1landgoFs; for § <s <1 to see the homotopy relation. We have the
following basic facts (see Lemma B.2, Corollary B.1, Corollary B.2 and Corollary
B.3 in Appendix B),

(P1) H" ({z € |K|: |z|x < e}) < c(K, V)bt for 0 <e <1/2;

(Py) 0<c(K, )" <ld(|-|x)| <c(K,Y) H"ae. on|K|;

(P3) |dFse (z)| < c(K,Y)e/|z|lr for d <l|z|p <e<1/2;

(Py) |dFse(z)| <c(K,Y)ed~t  for |z|p <6 <e<1/2;

(Ps) For 0 <6 <e<1/2, Jigsir) < c(K,Y) (5/€)k H* ! ae. onT..

It is clear that

{ze|K|: fs(x) # f(2)} C{x € |K]|:[zp <e}.

Hence to estimate |f5c — f|wl,p(K) we only need to control
[ lne@par @,
]k <e

First of all we have

(6.27) /| e @) Pt @

<K ey [ |Fe )P (@

|z|x <
<c(p,K,D) [Q}iip(uq)gpékﬂ_p (by (P1) and (Py)).

Secondly we know

(6.28) /5 e |dfs.e (x) [PdH" (2)
<e(p K, Y)er /5 o LA e @ Pl @) by (P)
<e(p K, Y)er /5 o L) W () Pl @) 0 ) (o (P2)
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g
=c(p, K,Y) ap/ dr/ 7P| (df) (¢ (x)) [PAH" " (x)  (by coarea formula)
) |z| ="
€
=c(p,K,)) sp/ dr/ r*p|df|pJ(¢T|FE)dH"71 (by change of variable formula)
s T,

<c(pKY)e / df AT (by (P)).

e

Next we observe that for any 0 <t <1/2,

2t
(6.29) / dr [ |df|PdH™!
t r.
= / |df (z) [P ).}, (x) dH"™ (z) (by coarea formula)
t<| x|, <2t

<c(p.K.Y) / (df (2)[PdH" () (by (Py).

t<|z| <2t
Hence we may find a ¢; € [t,2t] such that

p n—1 C(paK7y) 13 n
(6.30) /F japprapnt < SR /tmgt \df () [PAH" ().

3

The latter inequality implies

(6.31) et/ |df [PdH™ !
r.,
<cGEY) [ @ P @) 0 ast— 0"
t<|zlr<2t
Putting (6.26), (6.27) and (6.30) together we get
(6.32) [fo.eo = flirmreny < 01 (6,8) + o2 (1),

where a; (6,t) — 0% if we fix ¢t and let 6 — 0%, as (t) — 0 as t — 0. We conclude
that u is a strong limit of a sequence of Lipschitz maps of the form us . = f5.0h™!
in the WP (M, N). Since [us] = a, Theorem 6.2 follows. O

Now we describe several interesting consequences of Theorem 6.2.

Theorem 6.3. Assume N is connected and 1 < p < n. Then Hé’p (M,N) =
W2 (M, N) if and only if mj, (N) =0 and M satisfies ([p] — 1)-extension property
with respect to N.

We need the following topological lemma to prove this theorem.

Lemma 6.4. Assume X andY are two topological spaces, X can possess some CW
complex structures, Y is path connected, k € N, and 7 (Y) = 0. Then X satisfies
the (k — 1)-extension property w.r.t. Y if and only if X satisfies the k-extension
property w.r.t. Y.

Proof. Fix a CW complex structure of X.

If X satisfies the (k — 1)-extension property w.r.t. Y, then given any f €
C (X*+1Y), there exists a ¢ € C(X,Y) such that f|yr—1 = g|xr-1. Because
7 (Y) = 0, we have f|xx ~ g|x*, hence f|x+ has a continuous extension to X by
Proposition 2.1 (HEP). That is, X satisfies the k-extension property with respect
to Y.



36 FENGBO HANG AND FANGHUA LIN

On the other hand, if X satisfies the k-extension property w.r.t. Y, then for any
f€C(X*Y), there exists a f; € C (X*+1,Y) such that fi|xx = f. We may find
a g € C(X,Y) such that g|x» = fi|x» = f, hence g is a continuous extension of
flxr-1 to X, that is, X satisfies the (k — 1)-extension property w.r.t. Y. Indeed
what we have proved is any f € C (X k Y) has a continuous extension to X. ]

Proof of Theorem 6.3. Assume we have H§? (M, N) = WP (M, N). Pick up a
smooth triangulation of M, namely h : K — M, denote M* = h (|K*|) for i > 0.
For each A € K, choose a ya € IntA. Given any f in Lip (M[p},N), let fo = foh.
Let fi € WY (K, N) be the map which we get from fy by doing homogeneous
degree zero extension with respect to ya on all simplices A with dim (A) > [p] + 1.
Let u = fi o h™'. Then u € WY (M,N). Hence u € HG? (M,N). Tt follows
from Theorem 6.2 that u|,m = f has a continuous extension to M. Now it follows
from Proposition 2.3 and HEP that for any f € C (M[p},N), f has a continuous
extension to M, this clearly implies 7, (N) = 0 and M satisfies the ([p] —1)-
extension property w.r.t. V.

On the other hand, assume i, (N) = 0 and M satisfies ([p] — 1)-extension
property w.r.t. N. Then if follows from the proof of Lemma 6.4 that for any C'W
complex of M, and f € C (M[p], N), f has a continuous extension to M. In view
of Theorem 6.1, we only need to show RP>° (M, N) C C> (M, N), but this clearly
follows from the topological condition and Theorem 6.2. O

p]

An easy consequence of Theorem 6.3 and the proof of Corollary 5.3 is the fol-
lowing

Corollary 6.2. Assume M and N are connected, 1 < p < n, k is an integer such
that 0 <k < [p]—1 andm; (M) =0 for1 <i<kandm; (N)=0 fork+1<i<[p].
Then HY? (M, N) = W' (M, N).

We note that Corollary 6.2 implies part (a) of theorem 1 of [Ha]. The next
corollary gives another set of target manifolds IV for which smooth maps from M
into N are strongly dense in W?(M, N).

Corollary 6.3. Assume N is connected, 1 < p < n. If m; (N) =0 for [p] <i <
n—1, then Hy? (M, N) = W' (M, N).

Proof. This follows from Theorem 6.3 and cell by cell extension. O

Remark 6.1. It follows from Theorem 6.2 and the proof of Theorem 6.1 that for a
map u € WP (M,N), 1 <p<n, u€ H};’p (M, N) if and only if for “generic” [p]-
skeletons MP! when p & 7, ulpye has a continuous extension to M, when p € Z,
the homotopy class corresponding to u| s (because it is continuous on MWPI=1 gnd
in VMO on each [p]-cell, see Lemma 4.5) is extendible to M with respect to N. One
needs to understand the word “generic” as in the way we create cell decompositions
in the proof of Theorem 6.1.

7. WEAK SEQUENTIAL DENSITY PROBLEM FOR SOBOLEV MAPPINGS

The question whether smooth maps are sequentially weakly dense in the Sobolev
space of mappings, W1P(M, N), turns out to be much more subtle. It becomes im-
portant in finding minimizers of suitable energy functionals defined on the Sobolev
space of mappings. Suppose 1 < p < n and p is not an integer, then it was shown
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in the earlier work of Bethuel [Be2] that H;P(M,N) = HY?(M,N). Hence, in
this case, the problem of the weak sequential density of smooth maps reduces to
the strong density of smooth maps in W1P(M, N), for which we have discussed
in detail in the previous section. We also note that, in the special case p = 1,
one always has H;[’,l (M,N)=H él(M ,N) due to analytical facts associated with
L'-weak convergence (see [Hn]). For general integer p’s, 1 < p < n, the space
HyP(M, N) is hard to characterize. We have the following

Theorem 7.1. Assume 1 <p <n, u € WP (M,N), h : K — M is a Lipschitz
rectilinear cell decomposition of M. If u € Hé‘}p (M, N), then ugp (h) is extendible
to M with respect to N, hence u may be connected to a smooth map by a continuous

path in WHP (M, N).
Proof. This follows easily from Proposition 4.1 and Theorem 5.1. (]

We also observe that, by Corollary 5.4 and Theorem 7.1, one has the following
statements. If Hé{,]D(M7 N) = W1LP(M, N) for some 1 < p < n, then M satisfies the
([p] — 1)-extension property with respect to N.

On the other hand, let my, mo € N, mo < mq, then

o If 3 <p<2ms+2, then

HyP (CP™,CP™) #£ Whe (CP™,CP™).
o If 2<p<ma+1,then

Hy? (RP™ RP™) £ WP (RP™, RP™)

These conclusions are direct consequences of Corollary 5.5 and Theorem 7.1.

Thus we have obtained a necessary topological condition for smooth maps to
be weakly sequentially dense in W1?(M, N). In view of this and earlier works
[Bel, Be2, BBC, Ha, Hn], we make the following

Conjecture 7.1. Assume2 <p <n, p € Z, and h: K — M 1is a Lipschitz recti-
linear cell decomposition of M. If u € WhP(M, N) such that uy , (h) is extendible

to M with respect to N, then u € H;[’/p (M, N).

Conjecture 7.1 just says the topological obstruction we stated above is the only
obstruction for the weak sequential approximability by smooth maps. In [HnL2],
we shall prove Conjecture 7.1 under the additional assumption that v € RP(M, N)
(see the beginning of the proof of Theorem 6.1 for the definition). That is, at least
for a dense subset of WP(M, N), the topological condition described in Theorem
7.1 is also sufficient for the map to be in Hjy? (M, N).

Let I};‘}p(M, N) be the smallest subset of W1P(M, N) which is closed under
the sequential weak convergence in W1P(M, N) and contains C°° (M, N). Then
from [GMS], chapter 3, section 4.1 we know I:T;I’,p (M, N) is equal to the successive
sequential weak limits of C°°(M,N) in WYP(M, N) up to the first uncountable
ordinal number. It follows from Theorem 6.1, Proposition 4.1 and the above result
from [HnL2] that for any Lipschitz rectilinear cell decomposition of M, namely
h:K— M,andany 2<p<n,pe€Z,

HjP (M, N)

= {u:u € WH"P(M,N),uy ,(h) has a continuous extension to M w.r.t. N}.
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On the other hand, we also see easily that Hy?(M,N) = HyP(M,N). Here the
closure is taken under the strong topology. This means one suffices to take a second
time limit instead of taking limits to the first uncountable ordinal number to get
ﬁé[}p(M, N) from C*° (M, N). Conjecture 7.1 just says we only need to take one
time limits, that is fl&l}p(M7 N) = HyP(M, N) (see [HnL2] for further discussions).
One may also conjecture that if 2 < p < n, p € Z and M satisfies the (p — 1)-
extension property with respect to N, then Hé{,p(M7 N)=W%h?(M,N).
In addition to Theorem 7.1, we have the following two statements.

Theorem 7.2. Assume M and N are both connected, and 1 < p < n. Then
Hé’p (M, N) is equal to WP (M, N) if and only if ) (N) = 0 and H;[’/p (M,N) is
equal to WHP (M, N).

If, in addition, we know p € N, p > 1 and m,(N) = 0, then H;’p(M, N) =
HyP(M,N).

Proof. The first fact follows from Theorem 6.3 and the statement after Theorem
7.1.

On the other hand, if we know p is an integer larger than 1, then given any
u € H;[}p (M, N), it follows from Theorem 7.1 that for a generic skeleton MP~1,
u|prp—1 has a continuous extension to M. It follows then from the fact 7,(N) =0
and the homotopy extension theorem that the homotopy class corresponding to
u|pe has a continuous extension to M (see the proof of Lemma 6.4). Thus by
Remark 6.1 we have u € Hg”(M, N). O

APPENDIX A. A PROOF OF THE GENERIC SLICING LEMMA

In this appendix, we shall give the detailed proof of Lemma 6.3, that is, the
generic slicing lemma. For convenience, we first describe some notations.

Assume a € (R+)d. Let I, be defined as Hf:1[07ai]. For each face of I,
we pick up a net on it. All these nets together generate a normal complex K
such that |K| = I,. For 1 < i < k, we denote by S; the subset of [0,a’] of
all points in the above nets in the i-th direction. S; is a finite set. Let a be a
subset of {1,---,d}, we use |a| to denote the number of elements in a. If o = (),
then we set K, = K. Otherwise, if for any i € «, we have m; numbers, namely
O0=tio<ti1 < -+ <tim, = a’, then we denote K, as the normal complex created
from K together with H;,, . N1, fori € o, 0 < 5 < my.

Proof of Lemma 6.3. We shall do slicing in each direction inductively. In view of

Lemma 6.2, we don’t need to worry about getting u € WP (IN(,R), hence for

convenience we will not mention this point in the future proof.

Let us look at the first direction. For 1 < i < mj —1, let J; be the closed interval
[(i—1/8)d,(i+1/8)8], Py ={z: x € I,,2* € J;}. Fix a positive constant c1, which
will be determined later, we have

(A.1) /J E(u,j—1,Hy 0 (JK7\|K77)) dt

<E(u,j, PN (|KI\K'7Y), for2<j<d.
If we set

(A.2) Bl ={t:teJi,E(uj—1,H., N (KN\K))
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> 16 E (u,j, B0 (IK7\|K77M))}, for2<j<d,
then it follows from (A.1) that

0
1 1
(A.3) H' (B)) < o
Let
d
B=sulB;
j=2

Then from (A.3) we get
(A.4) HY (B) < cﬁzs.

1

In view of (A.4), if we take ¢1 = ¢1(d) large enough, we may find a point 1 ; € J;\B.
By setting t1 0 = 0, t1,m, = a', we get m; numbers in the first direction. In addition,
we have
(A.5)
- 4 4 d 4 ,

2 (i~ LK N (KNE)) < S B oK) for2 < <
Indeed this follows from the way we choose t; ;.

Then we switch to the second direction. For 1 < i < mg — 1, let J; be the closed
interval [(i — 1/8)6, (i + 1/8)d], P, = {z : « € I,,2* € J;}. Fix a positive constant
c2, which will be determined later, we have

(A.6) / E (u,j— 1, Hyy 0 (KON K1) d
J;
< E(u,, BN (JKIN\[K7Y))  for2<j<d,
(A.T) /J B (u,j = 2, Hau 0K | 0 (K7 \[K1) ) dt
<E (u,j ~LPN|K{ N (|Kj|\|Kj‘1|)) for 3 < j <d.
Define
(A.8) B ={t:teJ,E(uj—1Hyn (K'N\K ™))
> 26 'E (u, j, PO (|[K7\|[K77H))} for 2 <j <d,
(A.9) B]L? — {t :te J;, B (u,j —2,Hy N |Ki;}1| N (|K-7|\|K]—l|)>
> 6 LE (u,j —LIK N (|Kj|\|Kj*1|))} for 3 < j < d.
Then it follows from (A.6) and (A.7) that
1 (2 9 1 (1z1,2 0
(A.10) H! (B?) < o (Bj )g -
Let
d d
B=Su|JB|ullJB;"?
j=2 j=3
Then
(A.11) w8y < <95

C2
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In view of (A.11), if we take ca = ¢z (d) large enough, we may find a point to,; €
Ji\B. By setting t20 = 0, tom, = a?, we get mo numbers in the second direction.
In addition, we have

(A.12) E (u.j— 1K} |0 (|Kj|\|Kj*1|))
L'l) KIN|KI7Y) for 2 <j <d,
<= E (u, j, | K7|\| ) for2 <
(A.13) B (u,j =2, K 3,1 0 (KK 1))
d . _
< CES ) g (u,j ~LIK{ N (|K3|\|KJ*1|)) for 3 < j < d.
This follows from our choices of ¢5 ;. In addition

(A.14) E (u,j =1, 1K 310 (KN K1))

< (o IR P RIS 5 o IR 1 ()

d .
< %E (u, 4, |K7]) -
We used (A.5) and (A.12) in the last inequality.
Assume this process has been done for (k — 1)-th direction for some 3 < k < d,
now let us look at the k-th direction. For 1 < i < mj — 1, let J; be the closed
interval [(i — 1/8)6, (i + 1/8)d], P; = {z : © € I,,2* € J;}. Fix a positive constant

¢k, which will be determined later, for any o C {1,--- , k} such that k € «, we have
(A.15) / E (u,j ~Jaf, Hye N K20 (|Kj|\|Kj*1|)) dt
. e} 1 ; S .
< B (u,j — ol + 1, K2 570 (KN KITY)) for o +1 < < d.
Define
(a16) By ={t:te i, B (- lal, Heo 0K 310 (KN K1)
_ . 1 — || +1 ; .
> 007 (w,g — ol + 1, K2 5 P 0 (1K)
for k € o, |a| +1 < j < d. Then it follows from (A.15) that
1)
A7 Y(BY) < —
A1) o 5 < -
Let
B=S.u |J B
k€a,|al+1<j<d
Then
d
(A.18) H' (B) < CC( .
k

In view of (A.18), if we take ¢, = ¢ (d) large enough, we may find a point tj,; €
Ji\B. By setting tx0 = 0, tg m, = a®, we get my numbers in the k-th direction. In
addition we have

(A.19) E (u,j —Jal, e 0 K25 0 (|Kj|\|Kj‘1|))
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d _— 4 , .
< D g (g~ fal + LIKE I A (KNE))  for k€ ol 1< <d.

Hence the induction gives us Ky ... xy. If we set K= Kyy,... ky, one then deduces

(A.20) E (u,i, K[ 0 (| K7\ K7 ))
1\’ ,
< c(d) (5> E (u,j,|K’|) for1<i<j<d.
This gives us the first estimate in Lemma 6.3. The second one follows easily from
the first one. O

APPENDIX B. DEFORMATIONS ASSOCIATED WITH THE DUAL SKELETONS

In this appendix, we shall give detailed proofs for some basic properties of the
deformations defined at the beginning of Section 6. Assume K is a finite rectilinear
cell complex with dimK = m. For each A € K, pick up a point ya € Int (A). Fix
an integer 0 < k < m — 1. Then we have I'* as the level set of the function | - |5
which is defined inductively by (6.3). For d,e € (0,1), we have a natural map ¢§|F§

from T% to T'%.

Lemma B.1. For any J,¢ € (0,1), ¢’§|F§ is a bijection from T'% to T, its inverse
is @5 |rx .

Proof. 1t follows from an induction argument that for any 4, € (0,1), any 0 <
|I|1C <1,

(B.1) 95 (¢% (2)) = 65 (2).

Lemma B.1 follows because for any § € (0,1), any z € I'%, ¢% (z) = 2. O

From now on we always assume K is a finite rectilinear cell complex with dimK =
n and for any = € |K/|, there exists a A € K with dim (A) = n such that z € A.
For each A € K, we pick up a point ya € Int (A). Let ¥ = (ya)aeck. Fix an
integer 0 < k <n-—1.

Lemma B.2. There exists a constant ¢ (K,)) > 0 such that
(B.2) 0<c(KV) " <|d(-In)] <c(K,Y) H"ae on|K]|

Proof. This follows from an easy induction if we observe the following two facts.
First one, given any rectilinear cell A with dim (A) = m € N, pick up any point
ya € Int (A), define a map ¢ : A — BJ* by

T — YA
|z — yal

(B.3) () = |z|a - for any = € A.

Then ¢ is a bi-Lipschitz map. Second one, given any suitably differentiable function
f on 0By, set u(x) = |z|f (z/|x|) for x € By. Then we have

(B.4) |du () |* = 1f (x/12l) * + |df (x/]2]) |*.
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Lemma B.3. The map ¢* satisfies
(B.5) 020" (2,6) | < c¢(K,Y) for0<|z|p <1,0<e<1.

Here 05 means derivative with respect to €. For derivatives with respect to x, we
have

(B.6) 1t ()| < e (kD) (4 1),

lzle 1 —[xk

Proof. This follows from induction along with the formulas (6.7) and (6.8). Note
that for any A € K, z € A, we have |z]; < |z|a. O

Corollary B.1. For 0 < 6 <e <1/2, we have

(B.7) |dF§f€(x)| <c(K,Y)e/lz|p ford <|z|p <e,
(B.8) |dF(§f8 ()] <e(K,)) et for ||k < 6.
Proof. This follows from Lemma B.3 and an easy computation. O

To understand more refined properties of the map ¢*, we need to introduce some
notations. Given any (n — k) number ¢; € [0, 1] for k+1 < ¢ < n, we want to define

the set T§k+1,--- &,- This will be done inductively. For 511 € [0, 1], we set

(B.9) E, = U (ya + ekt1 (Bd(A) —ya)).
A€K, dim(A)=k+1

Clearly YF C |K*™!|. Assume for some k42 < i < n, T§k+1;"';5i—1 has already

been defined as a subset of |[K*~1|. Then we set

(B.lO) T§k+1a"'15i = U (yA +¢&; ((Aﬂ‘f’;k%,,,’si%) —yA)) .
AcK, dim(A)=i

Eventually we get T’;Hh,,,’&.n for e; € [0,1], k + 1 <i <n. Clearly we have

(Bll) T§k+1;"' En - F§k+1'”8n'

k
Eht1sm €

The importance of T . lies in the following

Lemma B.4. Assume 0 <e; <1 fork+1<i<n,e=c¢epy1---€, <1. Then for
any 0 < 6 <1, we have

(B.12) \d (¢§|Tk )|§ c(K,¥)de HF ae onYE

€k41r 16N Ek+1,"""En"

Proof. This follows easily from an induction argument in view of the definition of
#* by (6.7) and (6.8). O

Corollary B.2. For 0 < 6 <e <1/2, we have

(B.13) J(¢k| ) (z) < c(K,Y)(6/e)*  for H* ' ae. x Tk
slrk
Proof. 1t follows from Lemma B.3 that
§d 1-96
(B.14) 4(ofls) | < e(x9) (24 122 ) <)
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On the other hand for € T'¥| we may find (n — k) numbers, namely ¢; € (0, 1] for

k+1<i<nsuchthat z € T’E“Hl’__ - Now it follows from Lemma B.4 that
(B.15) d (ehlvs, ) @) Se(KP)d=,
k416N

which implies d (¢§|Fl€c) (r) has operator norm bounded by ¢(K,Y)dc~! on a k-

dimensional subspace of the tangent space of I'* at x. Combining this last estimate
with (B.14), one concludes Corollary B.2. O

Corollary B.3. For 0 < e <1/2, we have

(B.16) H" ({x € |K|: |z|n <e}) < c(K,Y)e

Proof. From Lemma B.1 we know for any 0 < 6 < 1/2, ¢§|Fxf/2 is a bijection from
l'"f /2 to F§, hence from area formula we have,

B.17 HH(TE) = / J
( ) ( 5) - <¢ﬁr§

1/2

(z)dH" 1 (z) < ¢(K,Y) 6"
)
Here we use Lemma B.4 in the last step. Now for any 0 < ¢ < 1/2, we have

H ({ € |K] s |l < €}) < e (K, y)/ Ji, (@) dH" (z)  (by Lemma B.2)

||k <e

=c(K, )))/ H" 1 (%) ds  (by coarea formula) < ¢ (K,Y)e*™  (by (B.17)).

0
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