A NEW UPPER BOUND FOR FINITE ADDITIVE BASES

C. SINAN GUNTURK AND MELVYN B. NATHANSON

ABSTRACT. Let n(2, k) denote the largest integer n for which there exists a set
A of k nonnegative integers such that the sumset 2A contains {0,1,2,...,n —
1}. A classical problem in additive number theory is to find an upper bound
for n(2, k). In this paper it is proved that limsup,_, ., n(2, k)/k? < 0.4789.

1. AN EXTREMAL PROBLEM FOR FINITE BASES

Let Ny and Z denote the nonnegative integers and integers, respectively, and let
|A| denote the cardinality of the set A.
Let A be a set of integers, and consider the sumset

2A={a+ad :a,a € A}.

Let S be a set of integers. The set A is a basis of order 2 for S if S C 2A.
The set A is called a basis of order 2 for n if the sumset 2A contains the first n
nonnegative integers, that is, if A is a basis of order 2 for the interval of integers
[0,n—1]:={0,1,2,...,n—1}. We define n(2, A) as the largest integer n such that
A is a basis of order 2 for n, that is,

n(2,A) = max{n:[0,n — 1] C 24}.

Rohrbach [6] introduced the extremal problem of determining the largest integer
n for which there exists a set A consisting of at most k& nonnegative integers such
that A is a basis of order 2 for n. Let

n(2,k) = max{n(2,A) : A C Ny and |A| = k}.

Rohrbach’s problem is to compute or estimate the extremal function n(2, k). The
set A is called an extremal k-basis of order 2if |A| < k and n(2, A) = n(2,k).

For example, n(2,1) = 1 and n(2,2) = 3. The unique extremal 1-basis of order
2 is {0}, and the unique extremal 2-basis of order 2 is {0,1}. For k = 3 we have
n(2,3) = 5, and the extremal 3-bases of order 2 are {0, 1,2} and {0,1,3}. If & > 2
and A is an extremal k-basis of order 2, then 0,1 € A. If A is a finite set of k
nonnegative integers and n(2, A) = n, then n ¢ A. If a € A and a > n, then the set
A" = (A\ {a}) U {n} has cardinality k, and n(2,4") > n+1 > n(2, A). Therefore,
if A is an extremal k-basis of order 2 and n(2, k) = n, then

{0,1}CAC{0,1,2,...,n—1} C 24.
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If A is an extremal k-basis for n, then |A| = k and A C {0,1,2,...,n — 1}.
Rohrbach determined order of magnitude of n(2, k). He observed that if A is a
set of cardinality k, then there are exactly (k;rl) ordered pairs of the form (a,a’)

with a,a’ € A and a < a’. This gives the upper bound

n(2,k) < (’“; 1) - %2 +O(k).

To derive a lower bound, he set r = [k/2] and constructed the set
A={0,1,2,...,r = 1,721, 3r,...,(r — 1)r}.
We have
Al =2r—1<k
and {0,1,...,7%} C 2A. Then

n(2,4) 2r? +1> =——+1=—+0(k)
and so
k2
n(2,k) > T + O(k).
Thus,
2.k 1
lim inf "(k’ ) 5 ;=025
and
2,k 1
lirrLILSOLip n(k; ) < 3= 0.5.

It is an open problem to compute these upper and lower limits. Mrose [5, 1] proved
that

2,k

lim inf n(2, k)

n—oo k2

> 2 = 0.2857...,

2
7
and this is still the best lower bound. Rohrbach used a combinatorial argument to
get the nontrivial upper bound

n(2, k)

lim sup 5z < 0.4992.

n—oo

Moser [3] introduced a Fourier series argument to obtain

2,k
lim sup n(2,k)

n—oo k2

< 0.4903,

and subsequent improvements by Moser, Pounder, and Riddell [4] produced

n(2,k)

k?

< 0.4847.

lim sup
n—oo

Combining Moser’s analytic method and Rohrbach’s combinatorial technique, Klotz [2]

proved that
2,k
lim sup n(2,k)

I

< 0.4802.

In this paper, we use Fourier series for functions of two variables to obtain

n(2, k)

k?

lim sup < 0.4789.

n—oo
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We note that Rohrbach used a slightly different function n(2,k): He defined
n(2,k) as the largest integer n for which there exists a set A consisting of k + 1
nonnegative integers such that the sumset 2A contains the first n + 1 nonnegative
integers. Of course, Rohrbach’s function and our function have the same asymp-
totics.

2. MOSER’S APPLICATION OF FOURIER SERIES

In this section we describe Moser’s use of harmonic analysis to obtain an upper
bound for n(2, k). Let A be an extremal k-basis of order 2. Let r2 4(j) denote the
number of representations of j as a sum of two elements of A, that is,

r2.4(j) = card ({(a1,a2) € Ax A: a1+ a2 =j and a1 < az}).

We introduce the generating function
fal)=>_q"
a€cA
Then
k=fa(1) =14
and
fal@)? + fa(d® Ny
( ) 5 ( ) _ Z 7‘27,4(])61].
je24
If [0,n — 1] C 2A, then rg 4(j) > 1 for all 0 < j < n — 1. Hence there exist integers
5(j) > 0 such that

2 2
+ B .
falq) 2fA(q ) I T T Z Ora
jE2A
where
5(j) = ro.a(j)—1 ifje€{0,1,....,n—1},
r2,.4(J) otherwise.
Let
Alg) =Y 6()d’-
je2A
Then A(g) > 0 for ¢ > 0, and
2 2
+ _
(1) M:1+q+q2+...+q” L4 A(g).
Evaluating the generating function identity (1) at ¢ = 1, we obtain
k2 +k
(2) 5 =1 + A(1).

Since A(1) > 0, we have
n < %2 + O(k).
The strategy is to find a lower bound for A(1) of the form
A(1) > ck? + O(k)
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for some ¢ > 0, and deduce
1
n < (5 — c) k> + O(k).

One obtains a simple combinatorial lower bound for A(1) by noting that if
aj,az € A and n/2 < a; < ag, then a; + az > n. Let £ denote the number of
elements a € A such that a > n/2. Then

. . 0+ 1 02
(3) A 2 Y 00) = Y a2 LY
jzn ji>n
Let
W= e?fri/n

be a primitive nth root of unity. Let r be an integer not divisible by n. Then
1+wr+w2r+_._+w(n71)r:0

and so

fA(wr)2 + fA(w2r)
2

=14+ +w w4 Z §(H)w’" = Aw").
J

Applying the triangle inequality, we obtain
72 2r \|2 _
wr)|: ’fA(w ) +fA(w )‘ > |fA(W2)| k

A1) = [A(

- 2
Let
M =max{|fa(w")| : 7 #0 (mod n)}.
Then
(4) 0<M<k
and
) Az Lk

It is also possible to obtain an analytic lower bound for A(1). For all integers r
not divisible by n, we have

M > [fa(w")] = Z e2riraln| — Z cos(2rra/n) + isin(2wra/n)|
acA acA

and so
Z cos(2mra/n)| < M
a€A

and
Z sin(2nra/n)| < M.
a€A

Let ¢(t) be a function with period 1 and with a Fourier series

p(t) = > arcos(2rt) + > bysin(27rt)
r=0 r=1
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whose Fourier coefficients converge absolutely, that is,

oo

Z la| —I—Z |br| < 0.
r=1

r=0 =

Define C' = C(n) by

C=>lal.

nlr

For any integer a we have

Z © (%) = Z Zar cos(2nra/n) + Z Z b, sin(27ra/n)

a€A ac€A r=0 acAr=1

o0 oo

= Z Qr Z cos(2mra/n) + Y by Z sin(27ra/n)
r=0 acA r=1 a€A
o0 oo o0

= Z ay Z cos(2mra/n) + Z by Z sin(2rra/n) + k Z ar,
=0 a€A r=1  gcA =0
nir nir nlr

and so

> e (r)

ac

<MY (lar| + b)) + kC.
r=1
nir

Let oy and s be real numbers such that
o(t) > o for0<t<1/2
and
o(t) > ag for1/2 <t < 1.

Recall that ¢ denotes the number of elements a € A such that n/2 < a < n—1.
Then

Z %) (2) > (k—0ay + bas = kag — (o — ag)l.
n
a€A
We obtain the inequality

(6) kay — (o1 — az)l < MY (Jag| + [by]) + kC.

r=1
ntr

In this way, the function () produces a lower bound for M, which, by (5), gives
a lower bound for A(1).
Moser applied inequality (6) to the function
1
o(t) = 3 cos(4mt) + sin(27t),
whose nonzero Fourier coefficients are as = 1/2 and b; = 1. Then C =0 for n > 3,

and
> (5)

3M
< —.
-2
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The function ¢(¢) satisfies the inequality

1 foro<t<1/2
> 2 -
9"“)—{ 3 for1/2>t<1,

and so

This implies that

2
M > -
-3

> (5)

acA

Defining A = [/k and p = M/k, which both lie in [0, 1], we obtain the constraint
4 1
=\ > =
3ATH=3

Recalling the combinatorial lower bound (3) and the analytical bound (5), we next
obtain

2A(1 1 1
kg ) > max (/\2,,u2 — E) > max(\, p)? — T
It is now easy to see that
4
A+ 1
ax(\, p) > 3 > Z,
max(hp) > 3P >
hence we obtain
k> kK
A(l) > — — —.
()= 98 2
Inserting this into inequality (2), we obtain
k*+k k> kK
= A(l) > — — =
g —ntaAllznt gy

and so

11
<(=—=)k2+k<04898k>+k
n_<2 98> + k < 0.4898k> + k,

which, in fact, has a slightly better constant than derived by Moser originally. The
constant in this estimate can be further improved by optimizing the function ¢.

In the next section we shall employ a more general method using Fourier series
in two variables that ultimately yields an even better lower bound for A(1).

3. FOURIER SERIES IN TWO VARIABLES

We use the same notation as in the previous section. In particular, ¢ denotes
the number of integers a € A such that a > n/2. Let L denote the number of pairs
(a1,as) € A x A such that a; +as > n. Then L > ¢2, and k? — L is the number of
pairs (a1,az2) € A x A such that a3 +ag < n — 1. We have the combinatorial lower
bound

L4/

™ A 2 Y raal) = o=

2| b

Jjzn
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Let o(t1,t2) be a function with period 1 in each variable and with a Fourier

series
tlv t2 E E Tla T2 271'17‘1t1 6271'17‘2152
r1ELT2EL

whose Fourier coefficients converge absolutely, that is,

Z Z |@(r1,m2)| < o0.

r1E€ELTr2€L

We choose ¢(t1,t2) with zero mean, that is,

1 1
@(0, 0) = / / (p(tl,tQ)dtldtQ =0.
0 0

Ry = {(tl,tg) € [0,1) X [071) i+t < 1}

Let

and let
Ry = {(tl,tg) S [O, 1) X [071) 1t +te > 1}
If a1,a2 € A and a3 + az < n —1, then (a;/n,az/n) € Ry. If a; + az > n, then
(a1/n,a2/n) € Ry.
Let a1 and as be real numbers such that

gﬁ(tl,tQ) > aq for (tl,tz) S Rl
and

gﬁ(tl,tQ) > Qo for (tl,tz) € Rs.
We choose the function ¢(t1,t2) such that

o] > (2.
Then
(8) Z Z (al a2> (k2 — L)Oél + LOZQ = a1k2 — (041 — OéQ)L.
a1€EAax€A

We can rewrite this sum as follows:

Z Z (a1 a2) Z Z Z Z T17T2 Qﬂirlal/nSQﬂir2a2/n

a1€EA az€A a1€EAaxs€EAT1ELTLEL
— E E T17T2 E eQﬂ'zmal/n E 627717"2(12/77,
r1€Lro€Z a1€A a2€A
T
= E E P(ri,ra) fa(w™) fa(w™).
r1ELT2EL

Consider the partition of the integer lattice Z2 = Sy U S1 U Sa:
So={(r1,m) €Z*:r, =1 =0 (mod n)}
Sy ={(r1i,r2) €Z*:r1 =0 (modn), ro #0 (mod n)}
U{(ri,m) €Z*:r1 20 (modn), =0 (mod n)}
Sy ={(r1,r2) €Z*:7r1 20 (modn), ro Z0 (mod n)}.
We define C; = C;(n) for i = 0,1,2 by

Ci= Y |¢(r,m)l.

(r1,m2)€S;:
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Recall that |f4 (w”) | < M if r is not divisible by n and |f4 (w") | = k if r is divisible
by n. Then

() DY o (5 2)] < Cok? + CukM + CoM*.

a1€Aaz€A

Combining inequalities (8) and (9), we obtain
ark? — (a1 — az)L < Cok? + C1kM + Co M2,

Since a1 > ag, we have

L > (041 — Co)k2 — ClkM — 02M2'
a1 — Q2
We again define
M
K= %
Since 0 < M < k, we have
0<pu<t.

By inequality (7), we have 2A(1) > L, and so

2A(1) > £ = (a1 — CQ) — Cllff — Cg/l?
k2 - k2 - a1 — (X9 '
By inequality (5), we also have 2A(1) > M? — k, and so
2A(1) 2 (011 — Co) — CLU — C’g;ﬂ 1
1 > i
(10) K2~ max (’u ’ a1 — Q2 k

Since the series of Fourier coefficients of ¢(t1,t2) converges absolutely and since
$(0,0) = 0, we can arrange the Fourier series in the form of a sum over concentric
squares

oo

~ 2miryty 2mwiret
E E G(r1,rg)e T s
R=1 max(|ri|,|m2[)=R

For any € > 0 there exists an integer N = N (g) such that

Z Z |p(r1,m2)] < e(ar — az).

n=N max(|ri|,|rz|)=n

For all n > N, we shall approximate the sums Cy,C7, and Cy by 0, Caxial, and
Chain, respectively, where

Cucint = 3 (1(0.7)] + [5(r.0)])

TEL
r#0

Chain = Z Z |¢(T17T2)|'

r1€Z o€l
r1#0 r9#0

and
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Then
|(a1 - OO) - Cl,UJ - CQ,UJ2 - (011 - Caxial,UJ - Omain,ug)}
= |CO + (Cl - Caxial),u + (02 - Omain),ufz‘
S |OO| + |Ol - Caxia1| + |O2 - C(main|
< > [B(r1,72)]
max(jry |, |r2]) >N

<ela; — ag),

and so

‘ ((Oél —Co) —Cipp — C2M2) B (041 — Claxial b — Cmainu2> ‘ e

a1 — Q2 Q1 — Qa2

It follows from inequality (10) that

2A(1) 9 Q01 — Oaxial,u - Cvmain,u2 1
> —e— .
K2~ Hax (’u ’ a1 — Q2 c k
Let
. - Oaxial,u - Cvmain,u2
11 — inf 2 A .
( ) P Oﬁlgﬁlmax ('u ’ a1 —
From (10) and the definition of p in (11), we now have
2A(1) - e 1
o =r ke
Applying identity (2), we obtain
B+ k —o)k?—k
; =n+A(l)>n+ %.
Therefore, we obtain the desired estimate
1 —
(12) n< (%) k2 + k,

where the number p depends only on the function ¢(t1,t2) and € > 0 can be
arbitrarily small.

It is clear that we always have p > 0, and that p > 0 if and only if a; > 0. It
is also clear that when a; > 0, we have p = &2, where ¢ is the unique solution in
[0,1] to the quadratic equation

52 _ a1 — Oaxialg - C’maingz

a1 — Q2

ie.,
(al — g+ Cmain)§2 + Caxial§ —oa1 =0,
which yields the formula

2
o= <_Caxial + \/ngial + 4oy (041 —ag + Cmain))

13
( ) 2(0&1 — a2+ Omain)

Hence we have an optimization problem in which we maximize p over all real
valued functions ¢ defined on the unit square [0, 1)? such that ¢ has zero mean and
@ >0 on R;. We do not know the optimal function for this problem, but we have
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found a simple piecewise polynomial function that improves Klotz’s upper bound
for n(2, k). Before we proceed to the main result of this paper, which also includes
the definition of this function, let us present some of the heuristics which have lead
us to our “educated guess.”

First, without loss of generality, we may assume that a; = 1. We then necessarily

have -
0= // <P(t1;t2)dt1dt2 + // <P(t1,t2)dt1dt2 2 — + —as,
Ry R 5+5
hence ag < —1. We also have

1
Caxial > ‘/O (cp(O, t) + (,O(t7 O)) dt' > 2,

T

Z (¢(r,0) +¢(0, 7“))‘ =

and

Cmain >

;gﬁ(r,r) = ’/Olgo(m —t)dt‘ > 1.

In any case we are interested in the positive root £, - of the equation
H§2 +76-1=0

where k£ = (1 — a2 + Chain) > 3 and 7 = Ciaxial > 2. Clearly, the smaller  and 7
are, the larger this root will be. The bounds x > 3 and 7 > 2 already imply that
Enr < %, hence p = ,2” < %. In reality, aa < —1 because equality can happen only
if ¢ is constant on both Ry and Rs, in which case ¢ is not absolutely summable.
This results in the heuristic that if we try to push as close to —1, then Cpyia and
Chain Will become large, and conversely if we try to push Chaxial and Chain close to
their respective minimum values, then ¢ may not be bounded from below on R,
by a small value. The right trade-off between these two competing quantities will
result in the solution of this optimization problem.

It is interesting to note that the value of p is fairly robust with respect to vari-
ations in x and 7, which we will only be able to estimate numerically and not
compute exactly. The following lemma gives an explicit estimate for this purpose:

Lemma 1. Let &, and &, -, be the respective positive roots of the equations
K +76E—1 =0 and ko2 + 06— 1 =0. Let p = ,QW and pyg = 5,%0)70. If
min(k, ko) > 3 and min(7, 79) > 2, then

1 1
(14) |P—P0|Sa|ff—’fo|+ﬁ|7'—7'0|-

The proof of this lemma is given in the Appendix. Now we can state and prove
the main theorem of this paper.

Theorem 1.
n(2, k)

k?

< 0.4789.

lim sup
n—oo

Proof. We define the function ¢(t1,2) on the unit square [0,1)% by

- 1, (t , T ) €R
pltist2) —{ 1—40(1—t1)(1 —t2) (1 — (2=t — £2)°), (ti,t; € R,

The graph of this function is plotted in Figure 1.

(15)
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FIGURE 1. Graph of the function ¢ defined in (15).

Clearly we have oy = 1. Computation of the three other parameters used in
formula (11) for p yields

15
2

2.90278 < Caxial < 2.90289,

ag =1 = —3.72470. . .,

and
4.75145 < Cpain < 4.76146.

Taking kg = 1 + 3.72471 4 4.76146 = 9.48617, and 79 = 2.90289, we obtain py >
0.04240, |k — ko| < 0.01002 and |7 — 79| < 0.00011, so that |p— pg| < 0.0002. Hence

p = po—|p—pol >0.0422.
Consequently choosing € sufficiently small and using (12), we obtain
n < 0.4789 k* + k.
The details of the computations are in the Appendix to this paper. This completes
the proof. 0
4. OPEN PROBLEMS

A major open problem concerning the extremal function

n(2,k) = max{n(2,4) : A C Ny and |4| < k}.
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is to compute liminf, . n(2,k)/k? and limsup,,_, .. n(2,k)/k?, and to determine
if the limit

lim n(2 k)

n—oo k2
exists. We have no conjecture about the existence of this limit, nor about the values
of the liminf and limsup.

It is also difficult to compute the exact values of the function n(2, k).

We can generalize the extremal functions n(2, A) and n(2, k) as follows. Let A
be a finite set of integers, and let m(2, A) denote the largest integer n such that
the sumset 2A contains n consecutive integers. Let

m(2,k) = max{m(2,A): A CZ and |A4| < k}.
Let £(2, A) denote the largest integer n such that the sumset 2A contains an arith-
metic progression of length n, and let
0(2,k) = max{{(2,A): ACZ and |A| < k}.
We can also define the extremal function
n'(2,k) = max{n(2,A) : A C Z and |A| < k}.
Then
n(2,A4) <n'(2,A) <m(2,4) <{(2,4),
and so
n(2,k) < n'(2,k) <m(2,k) < 0(2,k).
For any integer ¢ and set A, we have the translation A +¢ = {a+1¢ : a € A}.
The functions ¢ and m are translation invariant, that is, (2, A+ t) = ¢(2, A) and
m(2,A+t) =m(2,A). We also have the trivial upper bound ¢(2,k) < (kgl), but
it is an open problem to obtain nontrivial upper bounds for any of the extremal
functions n/(2, k), m(2, k), or £(2, k).

APPENDIX

We describe here the computations.

Proof of Lemma 1. We start with the formula
—T+ VT2 +4k 2
2K T+ VT2 4k

We next evaluate the partial derivatives of §, , with respect to x and 7:

gﬁ,‘r =

0. + 4
16 Pt ,
(16) Ok T2 + 4k (T + VT2 + 4K)?
(17) 851{,7 _ 2

or VT2 + 4k (T + V72 4+ 4k)

from which it follows that in the set {(x,7) : kK > 3, 7 > 2}, we have ’622’

1

— 36

and ‘% < % These bounds then imply

1 1
|§l~m’ - gnon’o| < %M — Kol + E|T —ol-
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We then note that &, , < %, which yields

2
|P - PO| = |§l~m’ - fno,fo| |§l~m’ + fno,fo| < 3 |§l~m’ - fno,ro| )

hence the result of the lemma. O

Absolute summability of ¢. While the result explained in this subsection is
elementary, we will provide a certain amount of detail in its derivation because our
main concern is more than absolute summability of ¢. We would like to provide
explicit estimates on the rate of the convergence; this will be necessary later in
the section when we will analyze the accuracy of the numerical computation of the
constants Chain and Cayial.

Lemma 2. Let f be a smooth function on [0,1]. Then for all L > 0 and n # 0,
the following formula holds:

L ——
N f® ) — f® 1 fEHD (n
(18) f(n) = ;; ((2732'71)194-1 8! + (2m’n)£+)1'

Proof. The case L = 0 follows from integration by parts and the general case follows
from iterating this result. ]

Theorem 2. Let F be a smooth function on R? which vanishes on the boundary
of Ra, i.e.,

Ft,1-t)=F(Q,t)=F(t,1) =0, foralltel0,1].
Define

- , if (tl,tg) € Ry,
Vp(ty,t2) = { F(t1,t2), if (t1,t2) € Ra.

Then the Fourier series expansion of W is absolutely convergent.
Note: Later we will simply set ¢ = U + 1.

Proof. We will prove this result by deriving a suitable decay estimate on | ¥ g (r1, 72)|,
where

1 1
\ifF(Tl, 7‘2) = / 6_27Tirlt1 {/ F(tl, t2)€_2ﬂirzt2 dtg} dtl.
0 1

—t1

The case 11 = 0 or ro = 0. Due to the symmetry on the assumptions on F, it
suffices to consider only one of these cases. Let us assume that ro = 0. Define

1

Ji(h) :/ Flt, 1) dts
1—t1

so that

(19) Up(r,0) = Ji(r).

Clearly we have J;(0) = J;(1) = 0. Setting L = 1 and f = J; in Lemma 2, we see
that for rq # 0

@) (0l < s (o - o [ =o (k).

|27 |2 1




14 C. SINAN GUNTURK AND MELVYN B. NATHANSON

With a similar estimate for | (0, r)|, we have
> (1050, 0)] + [#2(0,7)]) < .
r#0

The case r1 # 0 and ro # 0. We will derive a general formula for \ilp(rl,rg). To
do this, we momentarily forget that F' vanishes on the boundary of Ry, and for
t € [0, 1], define the following functions:

gO(t) = (t 1- t)> hO(t) = F(t, 1)7
gi(t) = (BF)(t,1-t), () =  (0F)(1,t),
92(t) = (01F)(t,1—1),  ho(t) = (0102F)(¢,1),
g3(t) = (ARF)(t,1-1),  ha(t) = (0:105F)(1,1)

We start with the formula for Wy (r1,72) above. Integrating by parts in the second
variable, we obtain

~ 1 . 6271'1'7“2152
‘IJF(Tl, TQ) = / dtl 627717"1151{ |: - F(tl, tz):|
0

—2miry

to=1

to=1—1

1 672771'7“2152
_/ dts 7,(82F)(t1,t2)}
1—t1

—2miry

m (g0(7’1 — 7’2) - ilo(’l’l) + \ijagF("’l, ’I”Q)),

We apply the same method to \1132 r(r1,m2), but integrate by parts in the first
variable. This results in

Up(ri,re) = ﬁ(go(ﬁ —7r3) — ilo(ﬁ))

1 ~ -~ A
+ W (91(7"1 — 7"2) — hl('rQ) + \113132F(T17r2))'

We repeat the first two steps in the same order, which gives us

Up(r,re) = ﬁ(go(ﬁ —7T3) — ilo(ﬁ))
27TZ 7"17"2 (gl o T2 Al("ﬁ?))

(21) A
2m (92 T —T2) 2(T1)>

27TZ Tl’f‘2 ( 3 h3(T2) * \1162821:'(7"1,7'2))

Note that from our assumptions on F', we have gg = hg = hy = 0. We will have
two subcases:
(1) 71 = ro = r. In this case, we easily see from the second formula above that
191(0)] + 1V o,0, [l
4m2r?
(2) 71 # re. This case is slightly more subtle. We first note that g1(1) =

h1(0) = 0. Tt is also true that g1(0) = (02F)(0,1). To see this, note that
(01F)(0,1) = 0 and VF(0,1) - (1,—1) = 0, both of which follow from the

(22) | (r, )] <
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fact that F' vanishes on the boundary of Ry. The function g; being smooth
otherwise, we conclude that

l91(1) — g1 (0)1 + llgi'llx
47T2|T‘1 —T2|2 '

1g1(r1 —7r2)| <

The estimates for g2 and hq are simpler in nature. We use the bounds

|92(1) = 92(0)] + llgallx

|g2(r1 —12)] <

)

27|ry — rof
/
) < 200 a0 1,
as well as
193(r1 — r2)| < [lgs]l1,
|hs(r1)] < [lhs]l1,
and

(Woz02p (11, 72) < |20z -
Putting all these together, we see that

. 1 1 1
|\I/F(’I’1,’I”2)|—O< + + 2)

[rire|(ry —72)  |ra(ry —r2)|rs i3

which is easily verified to be summable over all admissible values of r; and
ro. We will return to this shortly for a more explicit estimate.

O

Explicit numerical estimates. In this subsection we will work with the specific
function ¢ in (15) for which

F(ti,ta) = —40(1 —t1)(1 — t2) (1 — (2 — t1 — £2)°)..
We will numerically estimate Caxial and Cain using appropriate tail bounds on

their defining infinite series. This procedure is illustrated in Figure 2.

Estimating the value of Caxial- Since F' is symmetric, we have ¢(r,0) = $(0,r). We
use the formula (19) to evaluate ¢(r1,0). It is a simple calculation to show that

240 5
Ji(t1) = =15(1 — t1) + — (- t1)? —20(1 — )% + ?(1 —1)°.

Using this expression, we find that |J;(0) — J{(1)] = 15 and

1/2

/ W< (/ 1<J{'>2) — V5.

Hence by (20), we obtain the estimate

R . 15+ 815 1
If we define
(23) Coa(N) = 3 (16, 0)] + [6(0,7)]) .

lr|<N
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FIGURE 2. Estimating the values of Ciyxial and Ciyain. Circled dots
correspond to the Fourier coefficients along the diagonal for which
a separate decay estimate holds.

then it follows that

< 15+8\/15i < 3

- 2 N N

To estimate Caxial(IN), we still need the actual expression for ¢(r,0), which is

given in (30). Taking N = 50000, numerical computation shows that Caxia (V) =
2.90278 .. .; hence it follows that

0 S C'axxial - Caxial(N)

2.90278 < Caxial < 2.902809.

Estimating the value of Ciaim- We shall estimate the diagonal terms first. We have
g1(t) = —240t(1 —t)

from which we obtain
191(0)[ = 40,

and

0102F (t1,t2)] = [1200(1 — t1)(1 — t2)(2 — t1 — ta)* +280(2 — t1 — t2)® — 40|,
< 120001 — t1)(1 — t2)(2 — t1 — ta)* +280(2 — t1 — t2)° + 40
from which we obtain

1Wa,0, |l L1([0,1)2) < 80.
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Hence by (22), we obtain the estimate
o)l = =5
from which it follows that

60 1
Z |¢7(T7T)| < o
|[r|=N+1 TN

We next estimate ¢(r1,72) in the case when 1 # ro. We begin by noting that

91(7’1—7"2):%, T # 1.
We have
g2(t) = 240(1+5¢(1 —1)),
ho(t) = —40+280(1 —1t)°,
gs(t) = 240(—12 — 15t 4 20t?),
ha(t) = —1680(1 —t)5,
Of05F (t1,ta) = 14400(2 —t1 — t2)*(5 + ] + t3 — 5ty — 5to + 3t1ta),
from which we obtain
ga(r1 —1r2) = —%, T1 # T2,
ha(r)] < 20 n#0,
mlr|
lgs(r1 —72)| < 3080,
\ha(r1)| < 280,
[Vozazrl1 = 2800.
Putting these together, we finally obtain the estimate
105 1 420 1
(24) [o(r1,m2)l < — el —12)? | 7 R

The following is a simple lemma:
Lemma 3. For any N > 1, one has
= 1 472 1
(25) 22 gpc<gw

12
R=N+1 max(|ri|,|r2])=R
min(|ry|,|r2[)7#0

and

= 1 2 1
(26) > Y <)y
R=N+1 max(|ry|,[r2])=R [rire|(ry —r2)? 3 N

min(|ry[,|r2])#0
T1FT2

Proof. The first inequality simply follows from

1 8 1 472 1
max(|ry|,[r2])=R
min(|ry],|ra])7#0
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For the second inequality, we first use the symmetries to write

S er A |riral(ri —1m2)2 R — r(R—r)? R — r(R+r1)2 2RY
min(|ry |;173 )0
T1FT2
Using the identity
1 1 1

r(R—r)? - Rr(R—r) + R(R—1)?’

and Cauchy-Schwarz inequality we have

A& 1 4 Rz‘:l 1 +’§ 1 A 1
R~ r(R—r)?2 R2? —r(R-r) = (R-r)? 3 R%
For the remaining terms, we use the trivial estimate
4 1 1 4
Py T

r=1
Hence ,
1 ™ 1
- - 41l =
[r1re|(r1 —1r2)? = (3 - ) 27

max(|ryl,[r2)=R
min(|ry[,|r2])#0
T1FT2

and the result follows.

If we define

N
(27) Cmain(N) = Z Z |¢7(T’1, T2)|a

R=1 max(|rq|,|r2|)=R
min(|ry|,|re|)#0

then we have
340 420\ 1 40
(28) 0 < Cmain — Cmain(N) < ( )

= T )N

For N = 4000, numerical computation using the formulas (31) and (32) reveals

that Ciain(IN) = 4.75145 . . .; hence with the above error estimate, we have
(29) 475145 < Conain < 4.76146.

Explicit expressions for ¢(r1,72). The following formulas have been computed
using Mathematica, though it is also possible to compute them easily using the

iterative procedure based on integration by parts which was outlined in this section

earlier.

30) 9lr0) = oy (1- =z + 2o — 7o

Am2r2 m2r2  qgipt g0y

i 60 63 _ 315 945
T3 8m2r2  8rdrd  16m6r6 )
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(31)

ASH

( ) 10 21 n 315 945
rr) = — —

’ w22 w2r2  2xdpd 2766

55 ( 126 630 945 )

t w33 C 1ln2r2 + 1l74rd 117676

(32) &(rs) =
1575 525 35 1575

47816 (r—s)>  AxSrd(r —s)? _271'47”2(7’—8)2_471'8(7"—8)286
225 525 225 225
2 TR o 2
278 (r—s)"s54n8(r—s)"st  2m8r2(r—s)" st 2m813(r—s)”s3
75 35 225 75

- - +
27r67°(7°—s)253 27T4(7°—s)282 27T87°4(r—s)232 27r67°2(7°—s)252
225 75 5

2 7 T 2
27815 (r—9)"s 2w8r3(r—s)"s wir(r—s)°s
.( 1575 525 105 1575
il — _ _
47r97°7(7°—s)2 27T o (r—s)2 2753 (r—s)2 479 (r—s)237
225 525 225 225
7 T 7 - T 7 . T 2
279r (r—s)"s6 277 (r—s)"s5 27m9r2(r—s)"s5  2m0r3(r—s) st
75 105 225 75

- 7T (r—s)° st 2q5 (r—s)?s3 2m9rt(r—s)°s® 77r2(r—s)’s?
225 75 n 15 225

979 5 20 7,3 2o ' 5 72 75,0, 2
mord (r—s)"s w3 (r—s)"s mrr—s)s 27976 (r—s)"s
75 n 15 )
i —s)Y’s  wr2(r—s)’s/
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