
Uhfrqvwuxfwlrq ri yrodwlolw|=
Sulflqj lqgh{ rswlrqv xvlqj wkh
vwhhshvw0ghvfhqw dssur{lpdwlrq

Pdufr Dyhoodqhgd4/ Gdvk Er|hu0Rovrq4/
Mìu÷ph Exvfd5/ Shwhu Iul}4

Devwudfw= Zh sursrvh d irupxod iru fdofxodwlqj wkh lpsolhg
yrodwlolw| ri lqgh{ rswlrqv edvhg rq wkh yrodwlolw| vnhzv ri wkh rs0
wlrqv rq wkh xqghuo|lqj vwrfnv dqg rq d jlyhq fruuhodwlrq pdwul{
iru wkh edvnhw1 Wkh ghulydwlrq xvhv wkh vwhhshvw0ghvfhqw dssur{0
lpdwlrq iru wkh pxowlyduldwh suredelolw| glvwulexwlrq ixqfwlrq ri
iruzdug sulfhv1 D vlpsoh �qdqfldo mxvwl�fdwlrq lv surylghg1 Zh
dsso| wkh irupxod wr frpsxwh wkh lpsolhg yrodwlolwlhv ri oltxlgo|0
wudghg rswlrqv rq h{fkdqjh0wudghg ixqgv +HWIv, dfurvv gl�huhqw
vwulnhv1 Rxu wkhruhwlfdo uhvxowv duh irxqg wr eh lq yhu| jrrg djuhh0
phqw zlwk frqwhpsrudqhrxv txrwhv rq wkh Fklfdjr Erdug ri Rs0
wlrqv H{fkdqjh +FERH, dqg Dphulfdq Vwrfn H{fkdqjh +DPH[,1

�

Frxudqw Lqvwlwxwh ri Pdwkhpdwlfdo Vflhqfhv/ Qhz \run Xqlyhuvlw|/ 584 Phufhu Vwuhhw/
Qhz \run/ Qhz \run/ 433451 Zh duh judwhixo wr Dqguhz Ohvqlhzvnl dqg Sdxo Pdooldylq
iru lqwhuhvwlqj frqyhuvdwlrqv dqg lqvljkwv rq wkh vwhhshvw ghvfhqw dssur{lpdwlrq dqg wkh
wrslfv ri wklv sdshu1

�

FQUV/ Fhuhpdgh/ Xqlyhuvlwì Sdulv Gdxsklqh/ So1 gx Pduìfkdo gh Odwwuh gh Wdvvljq|/
:8::8 Sdulv Fhgh{ 49/ Iudqfh1
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4 Orfdo yrodwlolw| ri lqglfhv dqg wkh phwkrg

ri vwhhshvw ghvfhqw

Txdqwlwdwlyh prgholqj lq �qdqfh dqg rswlrq sulflqj wkhru| kdyh irfxvhg/ e|
dqg odujh/ rq prghov zlwk ihz xqghuo|lqj ulvn0idfwruv1 Wklv vkruwfrplqj lv
dssduhqw zkhq frqvlghulqj wkh vxemhfw ri wklv sdshu= wkh sulflqj ri lqgh{
rswlrqv rq edvnhwv ri 53 wr 433 vwrfnv lq uhodwlrq wr wkh ydoxhv ri wkh rswlrqv
rq wkh frpsrqhqw vwrfnv1 Ghvslwh wkh wkhruhwlfdo dqg sudfwlfdo lpsruwdqfh
ri wkh txhvwlrq/ ihz whfkqltxhv duh dydlodeoh lq wkh fxuuhqw olwhudwxuh +iru d
uhylhz/ vhh ^Ur`,1 Gxh wr wkh odujh qxpehu ri vwrfnv lqyroyhg lq d w|slfdo
h{fkdqjh wudghg ixqg +HWI, ru lqgh{/ wklv sureohp olhv eh|rqg wkh vfrsh
ri SGH whfkqltxhv dqg uhtxluhv vrsklvwlfdwhg Prqwh Fduor vlpxodwlrq1 Lq
wklv sdshu/ zh dqdo|}h wkh ydoxdwlrq ri htxlw| lqgh{ rswlrqv lq uhodwlrq wr
wkh yrodwlolwlhv ri wkh frpsrqhqwv xvlqj wkh phwkrg ri vwhhshvw0ghvfhqw iru
gl�xvlrq nhuqhov +vhh ^Y` ^D` ^E`,1 Lq wklv dssur{lpdwlrq/ wkh fdofxodwlrq
ri fhuwdlq frqglwlrqdo h{shfwdwlrqv � d nh| vwhs qhhghg wr fkdudfwhul}h wkh
orfdo yrodwlolw| ixqfwlrq ri wkh lqgh{ � lv uhsodfhg e| wkh hydoxdwlrq ri d
ixqfwlrq dw wkh prvw olnho| sulfh frq�jxudwlrq dvvrfldwhg zlwk d jlyhq lqgh{
ohyho1 Wklv surfhgxuh lv edvhg rq pdwkhpdwlfdoo| uljrurxv dv|pswrwlfv1 Lw
surylghv/ lq rxu rslqlrq/ srzhuixo qhz lqvljkw rq ydoxdwlrq ri lqgh{ surgxfwv1
Ixuwkhupruh/ lw jlyhv h{fhoohqw uhvxowv lq whupv ri pdwfklqj pdunhw txrwhv
e| �uhfrqvwuxfwlqj� wkh lpsolhg yrodwlolw| ri dq rswlrq rq d edvnhw xvlqj
lqirupdwlrq rq wkh xqghuo|lqj vwrfnv dqg wkhlu rswlrqv1

Zh frqvlghu d edvnhw ri ? vwrfnv ghvfulehg e| wkhlu sulfh surfhvvhv 7 � '
7 � E|�/ � ' �c � � � c ? dqg dq lqgh{ ru HWI rq wkhvh vwrfnv zklfk frqvlvwv ri � �

vkduhv ri wkh l
���
vwrfn1 Wkh sulfh ri wkh lqgh{ lv

� '

�
[

�����
� � 7 � c

zlwk wkh � � *v frqvwdqw1
Dgrswlqj d vwdqgdug rqh0idfwru prgho iru sulflqj rswlrqv rq vwrfnv lq wkh

suhvhqfh ri d yrodwlolw| vnhz +vhh ^Ux` ^G` ^GNN`,/ zh dvvxph d ulvn0qhxwudo
gl�xvlrq phdvxuh iru hdfk frpsrqhqw/

_7 �

7 �
' j � E7 � c |� _~ � n > � _|c

zkhuh j � E7 � c |� lv d orfdo yrodwlolw| ixqfwlrq dvvrfldwhg zlwk wkh �
���
vwrfn dqg
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> � lv wkh guliw dvvrfldwhg zlwk wkh frvw ri fduu|1 Zh dvvxph wkdw ~ � ' ~ � E|�
duh vwdqgdug Eurzqldq prwlrqv zklfk vdwlvi|

. E_~ � _~ � � ' 4 � � _|

zkhuh 4 � � lv jlyhq1 Iru vlpsolflw|/ zh dvvxph wkdw 4 � � lv frqvwdqw/ vlqfh wklv
lv wkh prvw olnho| vlwxdwlrq zkhq fruuhodwlrqv duh hvwlpdwhg xvlqj klvwrulfdo
gdwd

�
1

Dq lpsruwdqw hohphqw ri rxu dqdo|vlv lv wkh vwrfkdvwlf yrodwlolw| ixqfwlrq
dvvrfldwhg zlwk wkh lqgh{ yl}1/ j � ' j � E5c |� c 5 'E7 � c ���c 7 � � c zklfk lv jlyhq
e|

j
�
� '

�

�
�

�
[

��� � � �
4 � � j � j � � � � � 7 � 7 � �

Wklv h{suhvvlrq ghshqgv rq wkh lqglylgxdo vwrfn sulfhv dqg qrw mxvw rq wkh
lqgh{ ohyho1 D orfdo yrodwlolw| ixqfwlrq iru wkh lqgh{ +l1h1 zklfk ghshqgv rqo|
rq wkh vsrw sulfh ri wkh lqgh{, fdq eh rewdlqhg e| fdofxodwlqj wkh h{shfwdwlrq
ri j

�
� frqglwlrqdo rq wkh ydoxh ri wkh lqgh{1 Pruh suhflvho|/ zh fodlp wkdw

wkh ixqfwlrq j � � � �	� ' j � � � �	� E�c |� c jlyhq e|

j
�
� � � �	� ' H

�

j
�
� m � E|� ' �

�

' H

+

�

�
�

�
[

� � ���
4 � � j � j � � � � � 7 � E|�7 � E|�

�

�

�

�

�

�
[

��� �
� � 7 � E|� ' �

,

c

lv vxfk wkdw wkh rqh0glphqvlrqdo gl�xvlrq surfhvv

_�

�
' j � � � �	� E�c |� _` n > � _|

+zlwk > � uhsuhvhqwlqj wkh frvw0ri0fduu| ri wkh HWI,/ uhwxuqv wkh vdph sulfhv
iru Hxurshdq0vw|oh lqgh{ rswlrqv dv wkh ?0glphqvlrqdo prgho edvhg rq wkh
g|qdplfv iru wkh hqwluh edvnhw1

Wr vhh wklv/ zh qrwh wkdw j � E5c |� fdq eh ylhzhg dv d vwrfkdvwlf yrodwlolw|
surfhvv wkdw gulyhv wkh lqgh{ sulfh � E|�1 Wkh deryh irupxod wkhq h{suhvvhv



Wkh uhvxowv suhvhqwhg khuh dsso| wr pruh jhqhudo fruuhodwlrq2yrodwlolw| vwuxfwxuhv/

lqfoxglqj/ iru lqvwdqfh wkh fdvh ri pxowlyduldwh vwrfkdvwlf yrodwlolw|2vwrfkdvwlf fruuhodwlrq
prghov1
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d zhoo0nqrzq uhodwlrq ehwzhhq wkh vwrfkdvwlf yrodwlolw| ri d surfhvv dqg lwv
orfdo yrodwlolw| +vhh ^GNN` ^EQ` ^J` ^O`,1

Wr surylgh d wudfwdeoh h{suhvvlrq iru j � � � � � c zh uhzulwh wkh odwwhu htxdwlrq
irupdoo| dv

j
�
� � � �	� '

H ij
�
� B E� E|����j

H iB E� E|����j +4,

zkhuh B E%� lv wkh Gludf ghowd ixqfwlrq/ dqg xvh dv|pswrwlf dqdo|vlv wr gh0
whuplqh dq dssur{lpdwh ydoxh iru j

�
� � � �	� lq wkh olplw j

�
|� ��

�
Wkh pdlq pdwkhpdwlfdo wrro iru fduu|lqj rxw wklv fdofxodwlrq lv Ydudg0

kdq*v Irupxod ^Y` ^D` ^E`1 Zh lqwurgxfh wkh fkdqjh ri yduldeohv %
�
'

*?
7 �

7 � Ef� e
��� � c dqg lqwurgxfh wkh gl�xvlrq pdwul{ ri wkh surfhvv  ' E%

�
c ���c %

�
�

/ @
� �
' j � j � 4 � � 1 Qrwlfh wkdw 8 � �' 7 � Ef� e

��� �
lv wkh iruzdug sulfh ri �

���
wkh vwrfn

iru gholyhu| dw wlph |�Zh frqvlghu wkh lqyhuvh ri @
� �
c zklfk zh ghqrwh e| } � � c

dqg wkh dvvrfldwhg Ulhppdqldq phwulf

_r
�
'

�
[

��� � ���
} � � _%

�
_%

�
� +5,

Ohw Z E � c | � ( c |� ghqrwh wkh suredelolw| ghqvlw| ixqfwlrq dvvrfldwhg zlwk wkh
surfhvv E%

�
c ���c %

�
�/ ��e�

Z E � c | � ( c |� _% ' S i E|� 5 � E%( m_%m� m E| � � '  � j
zkhuh � E ( o� lv wkh Hxfolghdq edoo zlwk fhqwhu % dqg udglxv o�

Ydudgkdq*v Irupxod vwdwhv wkdw

Z Efc f( c |� � e
��� �
	 �� ����� ' e

� 	 �
� � � �
	 �� ��� 	 �� � �
+6,

zkhuh

_
�
Efc � ' �?u��� ��� � � � ��� � � � �

�
]

�

�
[

��� � ���
} � � E Er� c f� �%

�
�%
�
_r� +7,

�
Khuh � ghqrwhv d fkdudfwhulvwlf yrodwlolw| ohyho dvvrfldwhg wr wkh htxlw| edvnhw1 Iru

h{dpsoh/ lq wkh fdvh ri GM[ +Grz Lqgxvwuldo Dyhudjh,/ wkh lqgh{ yrodwlolw| lq 5334 udqjhg
ehwzhhq 53( dqg 58( dssur{lpdwho|1 Wdnlqj � @ 3=53 dv wkh w|slfdo ohyho/ zh �qg wkdw d
90prqwk rswlrq kdv +�, � w * 3=35= Wklv uhjlph surgxfhv glvwulexwlrqv wkdw kdyh yhu| orz
yduldqfh lq glphqvlrqohvv xqlwv1
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Khuh � lv wkh wlph0ghulydwlyh ri  1 Wkh dv|pswrwlfv lq Ydudgkdq*v Irupxod
duh xqghuvwrrg lq wkh vhqvh wkdw wkh udwlr ri wkh orjdulwkpv ri wkh wzr whupv
whqgv wr 4 dv j

�
| � �� Wkh h{suhvvlrq _

�
Efc � fdq eh lqwhusuhwhg dv wkh

glvwdqfh ehwzhhq wkh srlqwv f dqg  lq wkh phwulf +5,1
Dffruglqj wr wkh phwkrg ri vwhhshvw ghvfhqw/ wkh suredelolw| ghqvlw| ixqf0

wlrq Z Efc f( c |� lv vwurqjo| shdnhg qhdu wkh srlqwv  zkhuh _
�
Efc � lv plq0

lpdo/ iru j
�
| � �� Wkhuhiruh/ zh fdq rewdlq dq dssur{lpdwh h{suhvvlrq iru

wkh udwlr ri h{shfwdwlrqv lq +4, e| vhwwlqj

j
�
� � � �	� *

[

� �����
^ E 

�
�j

�
� E 

�
c |� c +8,

zkhuh � lv wkh vhw ri srlqwv rq wkh k|shuvxuidfh

K � '

+

 G

�
[

�����
� � 8 � e

� ��
' �

,

zklfk kdyh wkh vkruwhvw glvwdqfh wr wkh ruljlq lq wkh phwulf _�
�
Wkh qxpehuv

^ E 
�
� duh srvlwlyh zhljkwv wkdw vdwlvi|

S

� ����� ^ E 
�
� ' �� Wkh| duh sursruwlrqdo

wr wkh fxuydwxuh ri wkh phwulf dw wkh plqlpl}hu1 Jhqhulfdoo|/ l1h1 eduulqj
v|pphwulhv dqg lvrodwhg srlqwv/ wkhuh lv d xqltxh plqlpl}hu  

�
zlwk ^ E 

�
� '

��
Irupxod +8, h{suhvvhv d uhodwlrq ehwzhhq wkh orfdo yrodwlolw| ri wkh lqgh{/

wkh fruuhodwlrq pdwul{ dqg wkh orfdo yrodwlolwlhv ri wkh frpsrqhqw vwrfnv1 Lw
dgplwv d vlpsoh lqwhusuhwdwlrq1 Qrwlfh wkdw wkh vxuidfhv

X � ' i G_ Efc � ' Bj
fruuhvsrqg dssur{lpdwho| wr wkh ohyho vhwv ri wkh suredelolw| ghqvlw| ixqf0
wlrq ri wkh pxowlyduldwh sulfh surfhvv1 Wkh yhfwru+v,  

�
zklfk surgxfhv wkh

plqlpxp ydoxh ri wkh glvwdqfh wr wkh �sulfh pdqlirog� K � fruuhvsrqg wkhuh0

iruh wr wkh prvw suredeoh yhfwru+v, 5 'E7 � c ���c 7 � � vxfk wkdw
�
S

�����
� � 7 � ' ��

Wkxv/ wkh phwkrg ri vwhhshvw0ghfhqw htxdwhv wkh orfdo yrodwlolw| ri wkh lqgh{ dw
d jlyhq ohyho wr lwv vwrfkdvwlf yrodwlolw| hydoxdwhg dw wkh prvw suredeoh sulfh
frq�jxudwlrq 5 frqglwlrqdo rq uhdfklqj wkdw ohyho1

	
Zh frpplwwhg d voljkw dexvh ri qrwdwlrq lq +8,/ zulwlqj � 
 +{ � > w, lqvwhdg ri � 
 +V � > w, =
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5 Frpsxwlqj wkh prvw olnho| frq�jxudwlrq

Ohw xv frqfhqwudwh rq wkh fdvh zkhuh wkh plqlpl}hu  
�
lv xqltxh/ vlqfh

wklv lv wkh jhqhulf fdvh1 Dexvlqj vrphzkdw wkh qrwdwlrqv/ iru vlpsolflw|
zh ghqrwh e| j � E%

�
� ' j � E8 � e

� �
c f� dqg j � � � �	� E%� ' j � � � �	� E�Ef�e

�
c f�/ % '

*? E�* E�Ef�e
� � �

�� wkh orfdo yrodwlolwlhv ri wkh xqghuo|lqj dvvhwv +uhvs1 wkh
edvnhw,/ dw wlph wr pdwxulw| f/ dv d ixqfwlrq ri orj0prqh|qhvv1

Zlwk wkhvh qrwdwlrqv +8, uhdgv

j
�
� � � �	� '

�
[

��� � ���
4 � � j � E%

�
� � j � �%

��
�

R � E 
�
� R � E 

�
� c +9,

zkhuh

R � E � '
8 � e

� �
� �

�
[

� ���
8 � e

���
� �

+:,

uhsuhvhqwv wkh shufhqwdjh ri vwrfn � uhsuhvhqwhg lq wkh lqgh{ zkhq 7 � ' 8 � e
� �
�

Lq rughu wr rewdlq xvhixo irupxodv/ zh qhhg wr fkdudfwhul}h  
�
� Qrwlfh wkdw

wkh phwulf vdwlv�hv

[

��� �
} � � E c f� �%

�
�%
�
'
[

��� �

�

4
� � �

� �
�%
�

j � E%
�
�

�%
�

j � E%
�
�

Lqwurgxflqj wkh fkdqjh ri yduldeohv

+
�
'

� �
]

�
_�

j � E��
c

zh rewdlq iurp +7, wkh vlpsoh sureohp ri fdofxoxv ri yduldwlrqv

�
]

�

�
[

��� � ���

�

4
� � �

� � �+
�
�+
�
_r ' plqlpxp

vxemhfw wr wkh qrqolqhdu frqvwudlqw

�
[

��� �
� � 8 � e

� � E � � � ' �� +;,
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Jlyhq wkh vlpsoh vwuxfwxuh ri wklv sureohp/ wkh vroxwlrq lv vxfk wkdw �) lv
frqvwdqw1 Wkh Hxohu0Odjudqjh �uvw rughu frqglwlrqv iru d plqlpxp fdq eh
h{suhvvhg lq wkh irup

�
[

� � �

�

4
� � �

� � �+
�

' b� � 8 � e
� � E � � �Y%

�
E+

�
�

Y+
�

' b� � 8 � e
� � � � �

j �
�

%
� �
c

zkhuh b lv d Odjudqjh pxowlsolhu dvvrfldwhg zlwk wkh sulfh frqvwudlqw +;,1 Dw
wklv srlqw/ lw lv frqyhqlhqw wr uhfdvw wkh Odjudqjh pxowlsolhu b dv b*� vlqfh
lw wkhq ehfrphv glphqvlrqohvv1 Xvlqj wklv uhgh�qlwlrq dqg pxowlso|lqj erwk
vlghv ri wkh htxdwlrq e| wkh fruuhodwlrq pdwul{ 4/ zh rewdlq

�+
�

' b

�
S

� ���
�� 8 � e

���
� � �
4 � � j � E%

�
�

�

' b

�
[

� ���
R � E � 4 � � j � �%

�
�

�

Qrz/ vlqfh �+
�
lv frqvwdqw/ lw lv htxdo wr lwv dyhudjh ryhu wkh lqwhuydo Efc ��/

vr wkdw �+
�
' +

�
1

Zh kdyh mxvw hvwdeolvkhg wkh iroorzlqj uhvxow1

Olqn ehwzhhq lqgh{ dqg vwrfnv orfdo yrodwlolwlhv

� Lq wkh olplw j
�
|� � wkh orfdo yrodwlolw| ri wkh lqgh{ lv jlyhq e|

j
�
� � � �	� E%� '

�
[

��� � ���
4 � � j � E%

�
� �j � �%

��
�

R � E 
�
� R � E 

�
� c +<,

zkhuh R � lv gh�qhg lq +:, dqg %
�
lv wkh vroxwlrq ri wkh qrqolqhdu v|vwhp

:



;

A

A

A

A

A

A

?

A

A

A

A

A

A

=

] � ��
�

_�

j � E��
' b

�
[

� ���
4 � � R � E%

�
�j � E%

�� �c ;� ' �c � � � c ?

�
[

�����
R � E%�e

� �� � � �
' ��

+43,

6 Iurp orfdo yrodwlolwlhv wr Eodfn0Vfkrohv lp0

solhg yrodwlolwlhv

Zh wudqvodwh irupxodv +<,0+43, lqwr d uhodwlrq ehwzhhq wkh Eodfn0Vfkrohv lp0
solhg yrodwlolwlhv ri wkh lqgh{ rswlrq dqg wkh lpsolhg yrodwlolwlhv ri wkh rs0
wlrqv rq lqglylgxdo vwrfnv1 Iru wklv/ zh wdnh dgydqwdjh ri d uhfhqw uhvxow
e| Ehuhvw|fnl/ Exvfd dqg Ioruhqw ^EEI4` ^EEI5` zklfk vwdwhv wkdw wkh lp0
solhg yrodwlolw| lv wkh �kduprqlf phdq� ri wkh orfdo yrodwlolw| ixqfwlrq lq wkh
vwhhshvw0ghvfhqw dssur{lpdwlrq1 Pruh suhflvho| zh kdyh=

j
�

� E%� '
�

�

%

] �

�
_�

j � � � �	� E��

� � �
+44,

dqg/ frqyhuvho|/

j � E%
�
� '

#

_

_+

�

+

j
�
� E+�

�

�
�
� � �
$ � �

c ;� ' �c � � � c ?� +45,

Htxdwlrqv +<,/ +43, wrjhwkhu zlwk +44, dqg +45, surylgh d gluhfw olqn
ehwzhhq wkh Eodfn0Vfkrohv lpsolhg yrodwlolwlhv ri wkh lqgh{ dqg wkh xqghuo|lqj
dvvhwv1

Wr ghulyh wudfwdeoh irupxodv/ zh frqvlghu d olqhdu dssur{lpdwlrq wr wkh
sulfh frqvwudlqw +;,/ qdpho|

�
[

�����
R � Ef�

#

� n bj � Ef�

�
[

� ���
4 � � R � Ef�j � Ef�� %

�
$

* �c +46,

;



zklfk lv h{dfw wr �uvw rughu lq m% � m� Qrwlqj wkdw % *
�
[

�����
R � Ef�% � / wklv |lhogv

b * %

j � Ef�
� +47,

dqg/ iurp +43,

%
�
� * %

j � Ef�
�

�
[

� ���
4 � � R � Ef�j � Ef�j � Ef�� +48,

iru doo � ' �c � � � c ?1
Wr vlpsoli| wkh uhodwlrqv +<,0+43,0+44,0+45,/ zh xvh wkh idfw wkdw wkh

kduprqlf0phdq uhodwlrq ehwzhhq lpsolhg dqg orfdo yrodwlolwlhv +44, dqg +45,
jlyh ulvh wr wkh dssur{lpdwlrqv
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�
� Ef� c ;� ' �c � � � c ?c +4:,

zklfk/ djdlq/ duh ydolg wr �uvw0rughu iru m% � m 		 �1 Uhodwlrq +49, lv uhihuuhg
vrphwlphv dv wkh �4250vorsh uxoh�/ vhh ^J`1 Wkxv +<, uhgxfhv wr

j � � � �	� '

y

x

x

w
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� j
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� Ef�
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c +4;,

zklfk/ wrjhwkhu zlwk +49, dqg +48, surylghv d frqyhqlhqw dssur{lpdwh olqn
ehwzhhq lpsolhg yrodwlolwlhv1

�

7 Wkh irupxod lq whupv ri uhodwlrq ehwzhhq

Eodfn0Vfkrohv Ghowdv

Lq wklv vhfwlrq/ zh h{suhvv wkh fruuhvsrqghqfh ehwzhhq lqgh{ yrodwlolwlhv dqg
frpsrqhqw yrodwlolwlhv lq d pruh wudqvsduhqw zd|1 Wr gr wklv/ zh h{suhvv

�
Vlqfh wkhvh fdofxodwlrqv duh h{dfw wr �uvw rughu lq m{ � m iru vpdoo ydoxhv ri wkh sdudphwhu/

lw iroorzv wkdw wkh deryh uhodwlrq jlyhv dq h{dfw irupxod iru wkh �vorsh� ri wkh lqgh{
yrodwlolw| ixqfwlrq dw m �{ @ 3=

<



wkh prvw suredeoh frq�jxudwlrq iru vwrfn sulfhv dw wlph | lq whupv ri wkhlu
orj0prqh|qhvv qrupdol}hg e| yrodwlolw|1

Qrwlfh wkdw +zlwk doo ixqfwlrqv hydoxdwhg dw r ' ��c wkh frpsrqhqwv ri
wkh yhfwru )

�
vdwlvi|

+
�
'

%
�

j
�
� E �

'
�

j
�
� E7

�
c |�

*?
7
�

8 �
�

Uhfdoo dovr wkdw wkh Eodfn0Vfkrohv irupxod iru wkh Ghowd ri d fdoo rswlrq zlwk
vwulnh g lv { ' � E_ � � c zlwk � E%� ' E2Z�

� � � � U ���� i TE�+
�
*2�_+ zkhuh

_ � '
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j
s
|
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g
n�Ej

s
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Zh frqfoxgh wkdw wkh Ghowd ri d fdoo rswlrq rq wkh �
� �
xqghuo|lqj vwrfn zlwk

vwulnh 7
�
' 8 � e

� ��
lv jlyhq/ wr ohdglqj rughu dv j

s
|$ f/ e|

{ � ' �

�

� +
�

s
|

�

c

zklfk surylghv dq dowhuqdwlyh lqwhusuhwdwlrq iru wkh yhfwru )
�
� D vlplodu ds0

sur{lpdwlrq krogv iru wkh Ghowd ri d fdoo rswlrq zlwk vwulnh �1 Xvlqj htxdwlrq
+47, zh �qg wkdw
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Dsso|lqj wkh lqyhuvh0qrupdo glvwulexwlrq ixqfwlrq wr erwk vlghv dqg xvlqj wkh
�uvw0rughu rswlpdolw| frqglwlrqv +48, iru wkh prvw suredeoh frq�jxudwlrq/ zh
frqfoxgh wkdw
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c +4<,

zklfk jlyhv d vlpsoh uhodwlrq ehwzhhq wkh Ghowd ri dq lqgh{ fdoo rswlrq dqg
wkh ghowdv ri wkh fdoo rswlrqv rq wkh frpsrqhqwv wkdw duh xvhg lq wkh yrodwlolw|
uhfrqvwuxfwlrq irupxod1
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Wr vkhg oljkw rq htxdwlrqv +49, 0 +4;, xvlqj htxdwlrq +4<,/ zh fdq dvvxph

wkdw wkh h{suhvvlrq
�
S

� ���
4 � �
� ���

�
����

�

R � lq +4<, lv hydoxdwhg xvlqj dw0wkh0prqh|

lpsolhg yrodwlolwlhv1 Htxdwlrq +4<, wkhq jlyhv/ iru d jlyhq ydoxh ri { � / wkh
fruuhvsrqglqj yhfwru E{ � c ���c{ � � ri fdoo0rswlrq ghowdv fruuhvsrqglqj wr gli0
ihuhqw vwulnhv E7

�
� c ���c 7

�
� � xvhg lq frqqhfwlrq zlwk wkh yrodwlolw| vnhzv ri wkh

frpsrqhqwv1 Lq idfw/ wkh lpsolhg yrodwlolwlhv
�

j
�
� E7

�
� c |� c ���c j

�
� E7

�
� c |�

�

fdq
wkhq eh vxevwlwxwhg gluhfwo| lqwr htxdwlrqv +49, 0 +4;, wr jhqhudwh d fxuyh
ri lpsolhg yrodwlolwlhv j

�

� E�c |� iru lqgh{ rswlrqv1 Wklv uhsuhvhqwv d xvhixo
vkruwfxw iru uhfrqvwuxfwlqj wkh lpsolhg yrodwlolw| vnhz ri dq HWI rswlrq/
zlwkrxw kdylqj wr vroyh sureohp +43,1

Wzr olplwlqj fdvhv vhhp qrwhzruwk|1 Frqvlghu �uvw wkh fdvh ri shuihfwo|

fruuhodwhg vwrfnv1 Lq wklv fdvh/ iurp +4;,/ zh kdyh j
�

� *
�
S

� ���
R � j

�
� c vr rxu

uhvxowv lpso| wkdw wkh prvw suredeoh srlqw fruuhvsrqgv wr vwulnhv wkdw doo
kdyh dssur{lpdwho| wkh vdph ghowd dv wkh lqgh{ rswlrq1 Wklv htxdo0ghowd
dssur{lpdwlrq iru sulflqj lqgh{ rswlrqv lq whupv ri wkh frpsrqhqw yrodwlolw|
vnhzv lv dssduhqwo| zhoo0nqrzq wr surihvvlrqdov

�

1 Rxu dqdo|vlv vxjjhvwv wkdw
dq htxdo0ghowd dssur{lpdwlrq lv lqghhg dssursuldwh iru HWIv zklfk h{klelw
kljk fruuhodwlrq dprqj wkh frpsrqhqwv/ exw dovr lqglfdwhv wkdw lw pd| qrw
eh rswlpdo iru orz0fruuhodwlrq lqglfhv1

Frqvlghu qh{w wkh +pruh xqolnho|, fdvh zkhq doo vwrfnv duh xqfruuhodwhg1
Htxdwlrq +4<, vkrzv wkdw wkh prvw suredeoh sulfh frq�jxudwlrq fruuhvsrqgv
wr d vhw ri ghowdv vxfk wkdw

{ � * �

�

�
� �

E{ � ��
�

j
�
�

j
�

�

�

R �
�

' �

3

E

E

C

�
� �

E{ � �� R � j
�
�

u

S

� R
�
�
�

j
�
�
�

�

4

F

F

D

�

Iru h{dpsoh/ dvvxph wkdw wkh lqgh{ rswlrq lv dq rxw0ri0wkh0prqh| fdoo zlwk
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E{ � � 	 f�� Vlqfh wkh iudfwlrq
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S
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Iurp d sulydwh frppxqlfdwlrq zlwk d iruphu khdg ri DPH[ vshfldolvw �up1
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lv ohvv wkdq xqlw|/ wkh ghowdv ri wkh lqglylgxdo rswlrqv dvvrfldwhg zlwk wkh
vwhhshvw0ghvfhqw dssur{lpdwlrq zloo eh kljkhu wkdq { � c ��e� wkh uhohydqw
vwulnhv duh forvhu wr wkh prqh|1

Ilqdoo|/ frqvlghu wkh fdvh ri dq xqfruuhodwhg edvnhw zlwk d vlqjoh/ h{0
fhswlrqdoo| yrodwloh vwrfn j

�
�  j

�
� c � 9' �� Lq wklv fdvh/ wkh prvw suredeoh

frq�jxudwlrq zloo kdyh % � r fc � � 2c fruuhvsrqglqj wr 830ghowd lpsolhg
yrodwlolwlhv � 9' � iru wkh orz0yrodwlolwl| vwrfnv dqg d ghowd +ru vwulnh, iru wkh
kljk0yrodwlolw| vwrfn zklfk frlqflghv urxjko| zlwk wkdw ri wkh lqgh{1

8 H{shulphqwdo uhvxowv

Zh frpsduhg wkh uhvxowv ri wkh phwkrg ri vwhhshvw ghvfhqw zlwk frqwhpsr0
udqhrxv pdunhw txrwhv wdnhq iurp wzr lqglfhv wudghg rq X1V1 pdunhwv rq
Pdufk 53/ 53351

Zh frqvlghuhg rswlrqv rq wkh Grz Mrqhv Lqgxvwuldo Dyhudjh +FERH/ v|p0
ero=GM[, dv zhoo dv rswlrqv rq wkh Phuuloo O|qfk Elrwhfk KROGU +DPH[/
v|pero=EEK,1 Wzr vkruw0whup h{sludwlrqv zhuh frqvlghuhg= Dsulo +iurqw
prqwk, dqg Pd|1 Wkh h{shulphqw xvhg klvwrulfdo hvwlpdwhv iru fruuhodwlrqv
ehwzhhq wkh lqgh{ frpsrqhqwv dqg lpsolhg yrodwlolwlhv iru fdoo rswlrqv grzq0
ordghg vlpxowdqhrxvo| zlwk wkh lpsolhg yrodwlolwlhv iru wkh lqgh{1 Zh xvhg
htxdwlrq +4<, wr ghulyh wkh ghowdv dvvrfldwhg zlwk gl�huhqw vwulnhv dqg irupx0
odv +49, dqg +4;, wr frpsxwh wkh wkhruhwlfdo lpsolhg yrodwlolwlhv ri wkh lqgh{
fdoo rswlrqv1 Zh xvhg plg0pdunhw lpsolhg yrodwlolwlhv iru wkh frpsrqhqwv ri
wkh lqgh{1 Wkh uhvxowv zhuh wkhq frpsduhg zlwk wkh dfwxdo pdunhw txrwhv
rq lqgh{ rswlrqv dydlodeoh dw wkh vdph wlph1 Wkh uhvxowv suhvhqwhg khuh duh
uhsuhvhqwdwlyh ri rwkhu lqglfhv wkdw zh dqdo|}hg dv zhoo1
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Iljxuh 4= GM[ Dsulo 5335 Lqgh{ Lpsolhg Yrodwlolwlhv= Prgho yv1 Pdunhw1
Pdunhw txrwhv duh h{suhvvhg lq whupv ri lpsolhg yrodwlolwlhv +elg/ r�huhg, dqg
frpsduhg zlwk wkh suhglfwlrqv ri wkh vwhhshvw0ghvfhqw phwkrg xvlqj +:d,0+:e,
dqg wkh dssur{lpdwlrq +;, iru fdofxodwlqj wkh prvw suredeoh frq�jxudwlrq1
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Iljxuh 5= GM[ Pd| 5335 Lpsolhg Yrodwlolwlhv= Prgho yv1 Pdunhw
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Iljxuh 7= EEK Pd| Lqgh{ Yrodwlolwlhv= Prgho yv1 Pdunhw1
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Vwulnh Elg R�huhg Plgpdunhw VG
<; 481;7 57153 531:9 4;18:
<< 47139 541<3 4;199 4;147
433 49186 55153 4<18: 4:1:6
434 481;8 531;5 4;179 4:18<
435 4:138 53156 4;19: 4:135
436 48169 4<155 4:165 49199
437 491<5 4;19; 4:1;3 49146
438 4916: 4;138 4:154 481;3
439 48193 4:159 49176 481:9
43: 471<: 4:143 49136 4818:
43; 48167 4:149 49159 48145
43< 47183 4918: 48188 471;<
443 48138 491;6 481<9 471:7
445 4713: 491;< 4818; 47178

GM[ Dsulo 5335 Lpsolhg Yrodwlolw| +Vsrw GM[*438,

Vwulnh Elg R�huhg Plgpdunhw VG
<7 481;4 561:9 53197 4<198
<8 4:157 56176 531:8 4<148
<9 4:19: 551<3 53186 4;175
<; 4:15; 5416; 4<177 4;14<
<< 4:19< 5415: 4<187 4:1:6
433 491;4 53145 4;184 4:17;
435 491:7 4<184 4;147 4:13:
437 4919: 4;187 4:194 49153
439 481;< 4:16; 49196 481<9
43; 48184 491:8 49146 48184
443 48159 49199 481<: 4814;
445 47138 481;9 471<; 471:6
449 47174 491<4 481:9 47186
GM[ Pd| 5335 Lpsolhg Yrodwlolw|
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Vwulnh Elg R�huhg Plgpdunhw VG
438 671<8 781:8 74156 69198
443 67193 6<1:6 6:164 68139
448 65178 681;: 67153 65177
453 63133 65183 64159 63177
458 5<14; 6318< 5<1;< 5<17<
463 5:147 5;157 5:19< 5:133
468 581;9 591;9 5916: 591:;
473 581:3 59189 59147 5919:

EEK Dsulo 5335 Lpsolhg Yrodwlolw| +Vsrw EEK*458,

Vwulnh Elg R�huhg Plgpdunhw VG
433 6:189 75183 7314< 681:<
438 68164 73134 6:1:: 6814;
443 67158 6:19: 69133 67134
448 651<3 671<4 661<4 641<4
453 6416: 66136 65153 64147
458 5<197 63198 63148 6319:
463 5;1:9 5<159 5<134 5;189
468 5:15: 5;147 5:1:4 5;145
473 59159 5:16< 591;6 5:193
478 58177 5:143 59163 5:163
483 58159 5:137 5914< 5:15:
EEK Pd| 5335 Lpsolhg Yrodwlolw|

9 Frqfoxvlrqv

Zh ghulyhg d vlpsoh irupxod/ edvhg rq wkh phwkrg ri vwhhshvw0ghvfhqw/ wkdw
olqnv wkh orfdo yrodwlolw| ixqfwlrq ri dq lqgh{ zlwk wkh orfdo yrodwlolw| ixqfwlrqv
iru wkh lqgh{ frpsrqhqwv dqg d jlyhq fruuhodwlrq pdwul{1 Wkh lqwxlwlrq
ehklqg wkh vwhhshvw ghvfhqw dssur{lpdwlrq lv wkdw/ li wkh glphqvlrqohvv wlph
vfdoh Ej�

�
| lv vx!flhqwo| vpdoo/ wkh orfdo yrodwlolw| ri wkh lqgh{ vkrxog eh

49



ghwhuplqhg iurp wkh prvw olnho| frq�jxudwlrq ri vwrfn sulfhv frqglwlrqdo rq
duulylqj dw d jlyhq lqgh{ ohyho1

Lq d vhfrqg vwhs/ zh sursrvh d vhfrqg dssur{lpdwlrq zklfk rshudwhv dw
wkh ohyho ri wkh lpsolhg yrodwlolwlhv/ l1h1 ri rswlrq sulfhv1 Wklv dssur{lpdwlrq
xvhv dq hvwlpdwh iru wkh prvw olnho| frq�jxudwlrq dulvlqj iurp wkh Hxohu0
Odjudqjh htxdwlrqv wrjhwkhu zlwk dq dv|pswrwlf uhodwlrq ehwzhhq orfdo dqg
lpsolhg yrodwlolwlhv ghulyhg e| Ehuhvw|fnl0Exvfd0Ioruhqw lq ^EEI4` ^EEI5`
+dovr lq wkh olplw j

�
| � ���

Ilqdoo|/ zh fkdudfwhul}hg wkh prvw olnho| sulfh frq�jxudwlrq wr d yhfwru
ri Eodfn0Vfkrohv ghowdv zklfk ghwhuplqh zklfk srlqwv rq wkh yrodwlolw| vnhzv
ri wkh frpsrqhqw vwrfnv frqwulexwh wkh prvw wr wkh lqgh{ lpsolhg yrodwlolw|
+lq wklv dssur{lpdwlrq,1 Wkh uhvxowlqj irupxod lv xvhixo ehfdxvh lw fdq eh
whvwhg gluhfwo| rq pdunhw gdwd1

Wkh suhglfwlrqv ri wkh irupxod/ zklfk lv edvhg rq klvwrulfdo fruuhodwlrqv
dqg wkh yrodwlolw| vnhzv ri wkh frpsrqhqwv/ duh lq yhu| jrrg djuhhphqw zlwk
frqwhpsrudqhrxv txrwhv iru lqgh{ rswlrqv1

Zh qrwh/ krzhyhu/ wkdw zh kdyh qrw xqghuwdnhq dw wklv srlqw dq h{whqvlyh
vwdwlvwlfdo vwxg| lq wklv gluhfwlrq/ ohdylqj lw iru d ixwxuh sxeolfdwlrq1 Ghvslwh
revhuylqj jrrg djuhhphqw zlwk wkh gdwd/ glvfuhsdqflhv iurp pdunhw txrwhv
pd| dulvh gxh wr h�hfwv qrw frqwhpsodwhg lq wkh prgho1 Iluvw/ zh h{shfw
wkdw wkh vkruw0glphqvlrqohvv0wlph dv|pswrwlfv zloo euhdn grzq/ ru dw ohdvw
eh ohvv dffxudwh/ iru orqjhu h{sludwlrqv1 Glvfuhsdqflhv pd| dovr dulvh iurp dq
ryhuvlpsol�fdwlrq ri wkh ulvn0qhxwudo suredelolw| glvwulexwlrq jryhuqlqj vwrfn
sulfhv dqg iurp rxu vlpsolvwlf wuhdwphqw ri fruuhodwlrqv1

Lq wklv odvw uhjdug/ zh eholhyh wkdw wkh vwhhshvw0ghvfhqw prgho frxog eh
xvhixo wr dqdo|}h fruuhodwlrq �ulvn0suhpld�1 E| wklv zh phdq wkdw revhuyhg
gl�huhqfhv ehwzhhq wkh vkdsh ri wkh dfwxdo lqgh{ yrodwlolw| dqg wkh rqh suh0
glfwhg e| wkh vwhhshvw0ghvfhqw dssur{lpdwlrq +xvlqj/ vd|/ klvwrulfdo fruuhod0
wlrqv, fdq eh dwwulexwhg wr h{shfwdwlrqv derxw ixwxuh fruuhodwlrqv zklfk duh
ghshqghqw rq wkh lqgh{ ohyho � l1h wr d �fruuhodwlrq vnhz� zklfk pljkw wkxv
eh revhuydeoh wkurxjk lqgh{ rswlrq sulfhv1

Uhihuhqfhv

^D` D}hqfrww U1 Ghqvlwhv ghv gliixvlrqv hq whpsv shwlw= ghyho0

rsshphqwv hq whpsv shwlw1 Ohfwxuh Qrwhv lq Pdwkhpdwlfv 438</
Vsulqjhu0Yhuodj/ Khlghoehuj +4<;7,1
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^EEI4` Ehuhvw|fnl K/ Exvfd M1 ) Ioruhqw L1 Dq lqyhuvh sduderolf sureohp
dulvlqj lq �qdqfh1 Frpswhv Uhqgxv gh o*Dfdgìplh ghv Vflhqfhv gh
Sdulv 0 Vhulhv L 0 Pdwkhpdwlfv/ 664 +45 sduw 4, +5333,/ <980<9<1

^EEI5` Ehuhvw|fnl K1/ Exvfd M1 ) Ioruhqw L1 Dv|pswrwlfv dqg Fdoleudwlrq ri
Orfdo Yrodwlolw| Prghov1 Txdqwlwdwlyh Ilqdqfh 5/ Qr 4 +5335,/ 94�9<1

^E` Elvpxw/ M1P1 +4<;7, Odujh ghyldwlrqv dqg wkh Pdooldylq

fdofxoxv/ Elunkçxvhu Ervwrq Lqf1/ Ervwrq/ PD +4<;7,1

^EQ` Eulwwhq�Mrqhv ) Qhxehujhu P1 D1 Rswlrq sulfhv/ lpsolhg sulfhv
surfhvvhv/ dqg vwrfkdvwlf yrodwlolw|/ Mrxuqdo ri Ilqdqfh/ 88/ 5 +5333,/
;6<�991

^GN` Ghupdq H1 ) Ndql L1 Ulglqj rq d vploh/ ULVN/ : +5, +4<<7,1

^GNN` Ghupdq H1/ Ndql L1 ) Ndpdo Wudglqj dqg khgjlqj ri orfdo yrodwlolw|/
Mrxuqdo ri Ilqdqfldo Hqjlqhhulqj/ Yro 9/ Qr 6 + 4<<:,/ 566�5:31

^G` Gxsluh/ E1 Sulflqj zlwk d vploh/ ULVN/ : +4, +4<<7,1

^J` Jdwkhudo/ M1 Vwrfkdvwlf Yrodwlolw| dqg Orfdo Yrodwlo0
lw|/ ohfwxuh qrwhv iru Fdvh Vwxglhv lq Ilqdqfldo Prg0
holqj/ P1V1 Surjudp lq Pdwk Ilqdqfh/ Q1\1X1/
kwws=22zzz1pdwk1q|x1hgx2ilqdqfldobpdwkhpdwlfv +5334,1

^O` Olp/ Mx|rxqj1 Sulflqj dqg Khgjlqj Rswlrqv rq Edvnhwv ri Vwrfnv/
Sk1G1 Wkhvlv/ Q\X +5335,1

^Ur` Urhoivhpd/ P1U1 Qrq0Olqhdu Lqgh{ Duelwudjh/ ZEEP Uhsruw Vhulhv
79/ Ghoiw Xqlyhuvlw| Suhvv +5333,1

^Ux` Uxelqvwhlq P1 Lpsolhg elqrpldo wuhhv1 Mrxuqdo ri Ilqdqfh/ 7<
+6,+4<<7,/ ::4�;4<1

^Y` Ydudgkdq V1U1V1 Rq wkh ehkdylrxu ri wkh ixqgdphqwdo vroxwlrq ri
wkh khdw htxdwlrq zlwk yduldeoh frh!flhqwv/ Frppxq1 Sxuh Dsso1
Pdwk1 53 +4<9:,1
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