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1. Introduction

Let X3, ..., X,, be smooth vector fields ok?,d > 3 such that the Lie algebra
generated by, . .., X,, is of full rank at every point

vz € RY, dim Lie(Xy,..., Xn)(z) = d. (1.1)

We are interested on the behaviour of the Green function of the hypoelliptic
operator

1 m
L=3 > X2 (1.2)
j=1

on a smooth bounded domainof R?. G is smooth off the diagonal and we give
in this paper a precise description of its singularity near the diagonal.
From the work of Nagel, Stein and Wainger [19] oarehez-Calle [20], it
is known that the Green function can be estimated in terms of the natural sub-
Riemannian distance

pla,y)?
vol(B,(z, p(z,y))

|G(z,y)| <c
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To state a more precise form of these upper bound, let us introduce some
notations. For a multi-index’ = (j1,...,7,) € {1,...,m}?, we shall write
|J| = p, and
X7 = [lev [ij’ ) [ijfl’Xj ]l
will denote the Lie bracket of the vector field§; , ..., X, . For anyk € N* and
anyz € R, we consider

Ci(x) = Spa{ X’ (z),|J] < k}
and
r(z) = inf{k: dimCy(z) = d}. (1.3)

By (1.1),r(z) is finite.
Let us denote by)(z) the graded dimension at

r(x)
Qz) = Y k(dimCy () — dim Cy,_1(x)). (1.4)
k=1

We shall assume that the geometry of the brackets is locally constant near
that is, for everyk € N* and everyy in a neighbourhood!(z) of z, dimCy(y) =
dimCy(z). Then, of courser(y) andQ(y) are constant on this neighbourhood.
Since we wantto exclude the trivial elliptic caseswhétre Q = 2andd = Q = 3,
we assume) > 4.

Following [2], we shall introduce a useful coordinate chart. For a fixetl2
we choose a family of multi-indiceB = {.Ji,..., J;}, such tha{ X/ (z): J €
B} is a triangular basis. That is, for eveky< r,{X’(z): J € B,|J| < k}
generateg’;,(x). We shall denote the lengti;| = 1;,5 = 1,...,d. There exists a
neighbourhood? of 0 such that the mapping

d
u oz (u) = exp (Z quJf> (z) (1.5)

i=1

defines a diffeomorphism &¥ on ¢, (W'). There exists a neighbourhobdof x
such that/' C ¢, (W) N A(x).
Fory € U,y = ¢, (u) we shall denote

. Q/2k) 1@
yle = | D ( > u§) (1.6)
Js

k=1 \jlj=Fk
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and we shall show that the estimate of Nagel, Stein and Wainger [19], can be
written as

c
|G(z,y)] < W (1.7)

We want to give a sharper description of the singularity=¢%, y) wheny —
z. For this purpose we introduce the homogeneous angular variable, r

U\{z},y = @u(u),

Ba(y) = (ﬂ ﬂ) . (1.8)

|2yl

Then our main result will be.

THEOREM (1.9). There exists a smooth functidn. > 0 such that

lim sup
40 ||z —y||<e

Gz, y) [y 9@ 2 - @xwx(y))\ o0 (1.10)

Here and elsewhet- | denotes the Euclidian norm @¢.
This new geometric coefficiedt will be described in Section 5 as the density
of the occupation measure for a procésg), that we call tangent process. This
process, non-markovian in general, will be seen as a projection of a left invariant
diffusion process on a free nilpotent Lie group.
It must be noticed that, in general, computidgs not easy. The value @f is
computable in some examples (see Section 9), for instance on Heisenberg groups.
Theorem (1.9) shows that, in general, the limit

i Q(z)—2
lim G )y

does not exist; it exists only ‘radially’, that is, if approaches in such a way
that the angular variabk,(y) tends to a limit. This is in contrast with the elliptic
situation, the Heisenberg group situation or the ‘curved’ Heisenberg group situation
studied by Chaleyat-Maurel and Le Gall [9], whdrgis constant.
Our approach for the proof of the Theorem (1.9) is probabilistic. It relies on
results on stochastic Taylor expansion of paths of the diffusion generatedg
on thea priori estimate given by Nagel, Stein and Wainger [19]. We follow and
extend the strategy given by Chaleyat-Maurel and Le Gall [9] in a simple context.
One must also notice that the behaviour of the heat kesfiét, y) on the
diagonal has been studied using the same probabilistic tools in [Haordre [18].
The results can be compared with the Theorem (1.9)

co(z)

\/EQ(m) ’

pi(z,z) ~ (1.11)
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whereco(z) is the density of the law of the tangent procésg taken at time 1.

An example of different behaviour near the diagonal of the Green function in
presence of a drift was studied in [14]. The result could be compared with the
results in [3] and give an idea of the pathologies for the behaviour which could
appear in presence of a drift.

The plan of the paper is as follows: in Section 2 we introduce the stochastic
Taylor expansion and the tangent process, which we study in Section 3. In Sections
4—-6 we prove the Theorem (1.9) except for some technical lemmas postponed to
the Appendix. We then apply our results to some potential theoretical problems
in Sections 7-8: estimates of the capacities of small sets, of the volume of the
Wiener sausage of small radius, double points. In Section 9 we give examples
where direct computations illustrate our general theorem and even two examples
where the conclusion of the theorem is valid though our hypothesis of locally
constant geometry fail.

2. Taylor Stochastic Expansion

Let (BL,..., B™) be am-dimensional Brownian motion and considas) the
solution of the Stratonovich equation

doy =Y Xj(w)o dBf; w0 =1, (21)
j=1

killed at the first exit time fromQ,r = inf{t > 0,z; ¢ Q}. It is known that
T < o0, P,-a.s., for every € R?,

By hypoellipticity, for everyz € Q,¢t > 0, the law ofz, under P, has, on
Q, a density with respect to the Lebesgue measités, ). It is the heat kernel
associated td. on ) and the Green function is

G(z,y) :/o pil(z,y)dt; zye (2.2)

G is the density of occupation measurd of), that s, for every positive measurable
function f,

B, /o " o) di = | f@G ). (2.3)

REMARK (2.4). We note that for the study of the singularity®dhear the diagonal
it suffices to considef? as a bounded neighbourhoodxgf? C U. Indeed, if we
denote by the Green function of on a neighbourhood of z, then the singular
behaviour near the diagonal 6fandGy is the same, becauddG — Gy) = 0.
From now on we shall assume thatC U.
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We are interested in the study of the process in short time,),e > 0. For
everyz € €, it has the same law undé}, as the solution of the equation

dzf =¢ ZX](asi) ) ng; Ty = T, (2.5)
j=1

killed at the first exit time fronf), 7. = 7/2.
Let us consider, foh > 0, the dilation defined oR?

Ty(u) = (Nug, ..., Mduy). (2.6)
For 0< t < 7., we define the diffusior(wf’x)), starting from 0

o™ = (Ty)e 0 93 Y)(x5). 2.7)

We shall introduce a new process, called tangent process. For a multi-index
J = (j1,--.,Jp), we denote byB/ the Stratonovich iterated integral

B/ = / dBji oo dBY” 2.8)
0<ty < - <tp<t

and byc/ the completely explicit linear combination of Stratonovich iterated
integrals

—1)ém) _
( 1) BJOT 1. (29)

¢ =
) |J|2<|{3|(T—)1> :

Here, for a permutation € o, of orderp, we denotea(r) the number of errors
in orderingr (1), ..., 7(p) and

Jor = (jT(l)7‘ .. 7j7’(p))‘

Recall that{X”’(y) : J € B} is a triangular basis foy close tox. So, for
any multi-indexL, there exists smooth functions, defined on a neighbourhood of
, (a%) jep, such that

Xt =3 dix’ (2.10)
JeB

DEFINITION. We shall caltangent proceshe process

ugm):( Z a?(az)cf) . (2.11)
JeB

Ly|L|=]J]
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PROPOSITION (2.12)Let fixT > 0. Then, for any bounded Lipschitz continuous
functionf onk? and for sufficiently small > 0, there exists a positive constant
such that

T T
Eo (1@@ /0 f(v%”“)dt) — o /0 Ful™) dt

Here we denoted

<cllfllipTe.  (2.13)

/@) = I )|

flltip = sup|f(x)| + sup
|| ||Llp d| ( )| oty HI_yH

TER

To prove this result, we shall use the results of [1] or [8] on the asymptotic
expansion in small time of; in terms of Lie brackets and iterated Stratonovich
integrals. According to the Theorem 4.1 [8], p. 234, fat T,

r
zf = exp(z Y ctLXL) (z) + "R, 1(e,t). (2.14)
k=1 L,|L|=k

Here R, 1(¢e,t) is bounded in probability. More precisely, there existg > 0
such that, for everyk > ¢,

ROé
IimP | sup ||Rri1(e,t)|| > R) < ex (——) 2.15
im (0@5 1R ya(e, 1) ) Pl—=F (2.15)

Proof of the Propositiori2.12). We can write

T (&) T @
‘ Eo (1(T<Te)/o [l )dt> - EO/ flu ) dt

e @
o (Y [ 105 a) = Bo (e [ 1047 @

+fllipTP(T > 72).

<

By the classical exponential inequality we know that, there exists two positive
constants, ¢, such that

P(T>1)< cel=¢/e°T),

We shall study only the first term.
Let us consider), the diffeomorphism

Y2 ((vr)|n)<r) = exp( > ULXL> (z)

L, LIgr
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and we denote
TS =inf{t > 0: ("¢ )1 & Y7 1)} (2.16)

We can write

T () T (@
Ey (1(T<T€) /O flog” )dt> — Eo (1(T<r€) /O fuy )) dt

T () T @
Eo (1(T<Te/\T%) /0 flug™ )dt> — Ep (1(T<Ts/\T%) /0 f(uy )) di

+2| fllipTP(T > Tg).

<

As in [8], p. 238, we have that, for sufficiently small

c C
P(T >Tg) < E exp(—ﬁ) . (2.17)
eslT
LL|gr

So, it remains to consider the first term

T (e,x) r (z)
‘ Ey (1(T<Te/\T%)/O O )dt> — Eo (1(T<TEAT§)/O fluy )> dt

< |/ lupT Eo (1@@”%) sup [|vf™") — uE””H) -

0<t<T

Hence, to finish the proof of (2.13), it suffices to prove the following.

LEMMA (2.18). There exists a positive constantsuch that for any sufficiently
smalle > 0,

0<t<T

Fo (1@@@9 sup [lof™) — uf® ||> < ce. (2.19)
Proof.For.J € B andt < T, we denote

wilet, ) = (9 o vha) s ((eMef) <)
We have that, fo € B and¢ < 7%,

(Og)kuj(s,t,x)‘azo =0, if k<]|J|.

Indeed, by the triangularity of the basi&”/(y) : J € B}, for y close toz, we
have, forJ € B,

o =0, if |L|<|J|,
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on a neighbourhood af. So, forJ € B,

1
M] —ab(z) =0, if |I|<|J|.
vL "u:O

Moreover, by the last equality we also have that,fag B andt < T%,

@0 lug(e,t. ) o= D al(@)(0) " (Mef) o,
LITI= 1]

because the terms correspondind_itowith |L| > |.J|, are zero having the factor
elll (see also [2], pp. 93-94).

Hence, the Taylor expansion arouné 0 ofu (e, ¢, x), for J € B andt < T3,
can be written

£17]

= W (88)“'“](87 i, $)|E:0 + 6‘J|+1RJ,|J\+1(87 i, J?),

Uy (67 ta l‘)
or

1
muj(&taﬁﬁ): > CtLag(ﬁU)+€RJ,\J|+1(&75,5E)-
L,|L|=|J]|

Here, forJ € B andt < T%,

1 1— &)l
Raumaa(eston) = [ @ (et ) S8 g

Using properties (P1), (P2) in [8], p. 238, we see that, for evegy B, there
existsay, c; > 0, such that, for any® > ¢; and fore > 0 sufficiently small

R
P ( sup Ry j41(e:t,7)] > BT < T%) < exp(— > . (2.20)
ot<T cyT

Indeed, B/ satisfies (2.20) and we get the same thingdg(e, ¢, z), using its
definition in terms of!“Icf). Then we obtain (2.20).
By (2.14), we have, fot < T A TE,

(Ta/e © 0z ) (@ — € Rpsa e, 1))

= ( Z clak(x) +€RJ7J|+1(8,t,$))

L,|L|=|J] JeB
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We note that, for any 0< ¢ < 1 and anyu € R?, 1Ty ()l < (1/€7) [l
Therefore, by the Lipschitz property of. %, we can write, for < T A 7. A 15,

o= — ui)|

<o — (T 0 03 ) (@5 — € Rypale,t)
Ty 0 0745 — " Rl 1) — ) < o2 ™ R (e 1))
+le(Ry, s1+1(6:t, 7)) seBl-
Hence, fot < T A 1. A Tg,
loi) — uf™|| < eR(e, 1), (2.21)
where, fort < T A7 A T%,

R(e,t) = c|| Briale, Ol + [|(Bys151(e: 8, %)) el (2.22)

Using (2.15) and (2.20) we prove the existence of positive constants such
that, for anyR > ¢’ and fore > 0 sufficiently small

P ( sup R(e,t) > R;T < 1 /\T%) < exp (—R—> . (2.23)

o<t<T

Finally, by (2.21), we can write

Eq (1@@@9 sup [|vf"") — uE‘”n)

0<t<T

<eko <1(T<TE/\T%) sup R(‘Eat)>

o<t<T

:g/ P( sup R(e,t) 2R;T<TE/\T%> dR.
0

0<t<T
Now, (2.19) follows from this, using (2.23) and the lemma is proved. O
This is also ends the proof of the Proposition (2.12). O

3. Study of the Tangent Process

The proces:ﬁu,(f)) is not necessarily a diffusion process. However, we shall prove
that it is the image by a projection of a left invariant diffusion on a nilpotent group.
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We denote byg(m,r) the freer-nilpotent Lie algebra withm generators
Y1, ..., Y. We shall identifyg(m, r) and the associated simple connected nilpo-
tent Lie groupV (m, r), which is nothing bug(m, r) with the multiplication given
by the Campbell-Hausdorff formula. We denote, by a clear abuse of not&lion,
the left invariant vector field o/ (m, r) defined by the generatd of g(m, r).

Let us considefg,) the invariant diffusion o\ (m,r). That is the solution,
starting from the unit element, € N (m, r), of the Stratonovich equation

dg: =Y Yij(G)o dBl;  Go=e. (3.1)
j=1

PROPOSITION (3.2).There exists a unique linear projection,, such that

u™ = a(Gy). (3.3)
Proof. According to the result of the Proposition 3.1 [8], p. 228,
G = eXp( Z CtLYL) (e).
L,|LIgr
Let{YX: K € A} be a Hall basis of(m,r). Then, for every multi-index.

KeAK|=|L]

with universal constantg . Let us denote, foK € A,

K _ L L
b, = Z CRCy
L|L|=|K|

and then, by a simple calculation, we get that

G = exp( > b{(YK> (e).
KeA
We note that, by the properties of vector fields, (3.4) it is also true With

insteadY;. By the fact tha{ X”/(z) : J € B} is a basis, we see thaf” can be
written

ui“")z( > a?(w)b,f()

KeA,|K|=|J]| JeB
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Putn = dimg(m,r) —dandA = {K;:i = 1,...,d + n}. There exists a
diffeomorphism betweeR?", and\ (m, ),
d+n
w = pe(w) = exp(Z inKi> ().
i=1
Let us denote by, : R¥*" — R? the projection

pe(w) = ( Z aé(x)wi) = M(az)w
j=1,..d

Here we denoted’(z) = o}/ (z),j = 1,...,d,i = 1,...,d +nandM(z) is the
matrix with eIement&;'-(z) if |J; = | K;| and zero otherwise.
Hence, taking

Ty = Pz © ¢;13 (35)
we obtain (3.3). O

COROLLARY (3.6). For everyt > 0, the law ofug‘”) has a smooth density
with respect to the Lebesgue measqf@,(o, u).

Proof. We show that the Malliavin covariance matrixmﬁf”) is not degenerate
for everyt > 0. It is known that the Malliavin covariance matrix gf is not
degenerate for > 0. The same thing is true fof = ¢, 1(G;). But, by (3.3).

ugx) = M (z)b

and we conclude, noting thaf (z) is a full rank matrix.
Let us denote, for € RY\ {0},

[oe]
g@(0,u) = /0 ¢ (0,u) d, 3.7)

the density of the occupation measure of the pro¢e§§). That is, for every
positive measurable functigh

Bo [ ot = [ g(0,u)1u) du (3.8)
|

PROPOSITION (3.9).¢(*)(0, -) is a strictly positive smooth function @\ {0}.
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Proof. The fact thay(*) is smooth follows from (3.7). We show now that) is
a strictly positive function. We denote lg3f") the Green function of the diffusion
(G¢). Then, for every positive measurable functipn

B[ r@a= [ 6e0)f)d,

where @ denotes the Haar measuredftim, ).

Itis known thatG (M) is a strictly positive function (see for instance [12], p. 102).
Using again (3.3), we shall writg®) in terms ofG(™) as an integral on a fiber of
the projection mapr,, and we shall conclude. We prove

gD 0u) =c | GM(¢e(0,0), pe(u — M(z)h, 1) dh. (3.10)

R™

Herec > 0 andM (z) is the block of the matrix\/ (z), havingd lines indexed by
B andn columns indexed byl\ B. Indeed, we have

[ 60w s du = Bo [ )
R4 0

=B [TUem)@d= [ G eg)f om)o)dg

(m,r)

— ¢ /Rden G(N)(¢e (0,0), pe(u, h))(f © my)(Pe(u, h)) dudh,

wherec > 0 is the absolute value of the jacobiangf In the latter integral we
perform the change of variables= v+ D(x)h. Sincef was an arbitrary function
we get (3.10) and the proposition is proved. O

We show now that the time spent bzyi‘”)) in a Euclidian ball is finite.
PROPOSITION (3.11)For everyp > 0,

_%A1mm@%m<m. (3.12)

Before proving this result we shall make a useful remark. We note that, in this
nilpotent context, the estimate of the Green function (1.7), can be written
C

|dm@ﬂ”<E@;?9¢& (3.13)

where the homogeneous normgf= ¢, (w),w € R, is

Qn/2k] 1/ QN
) (3.14)

lg|n = 2’":( Z wiz

k=1 \i,| K;|=k
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Here@ y is the homogeneous dimension/gim, r)

Qn =>_kdimV,, (3.15)
k=1

with
Vi =SpadY”’: |J|=k}; k=1,...,r
Vi's from the natural graduation of the Lie algebgémn,r) = V1@ --- d V.

Proof of the Propositior§3.11). By (3.10), we can write

Bo [ 1pop™dt= [ g0(0.u)f(w)du
0 B(0,0)

—c [ du [ GN($(0.0) pe(u~ M(a)h,h))
B(0,p) R™

-/ G (4(0,0), e (v, 1)) v dh,
=(B(0,0) xR™)

where we denoted, (u, h) = (p.(u, h),h). So, by (3.13)

0 * d
Eo/o 1B(O,p)(u§ ))dt < C/ J

@l<p |g|9N~%

The right-hand side of this last inequality is finite (see Lemma (A.7)). O

COROLLARY (3.16). For everyp > 0, for every continuous functiofi on R?,

bounded by 1, with supportiB(0, p), and for every) > 0, there exist§’(s) > 0
such that

Bo [ fuf)r
T(5)

<0 (3.17)

COROLLARY (3.18). For ¢ > 0, we denote by,\"”) the law ofu{”. Then, for
everyp > 0 and for everyy > 0, there exist§’(§) > 0 such that

15y (B(0.p)) < 4. (3.19)

Proof. We get the convergence of the integfgt Po(ug‘”) € B(0, p)) dt, using
(3.12). Hence, lim ., 1{™(B(0, p)) = 0. O
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4. Study of the Rescaled Diffusion

We shall analyse now the diffusicia{*")). We shall prove the following.

PROPOSITION (4.1).For every0 < p < 1 and for every continuous functigh
onR?, bounded byl, with support inB(0, p)

im  Eo (1. / (=) dt):O. 42
£10,Ttoo 0( (T<7e) T f(Ut ) ( )

Proof. Let G be the Green function ofv\"™). For every positive
measurablg

Fo / Py dt = / L GED(0,u) f(u) du. 4.3)
0 (Ty/0ps)(S)

We can write

Eo (1(T<TE)/T f(vgg’m))dt) = Ep (1(T<TE)EU(Te,x>/O f(vgg’m))dt)

= o (17, / GED (o), d
0( T<T) iy o000 (wr )] () de

G (v, u) f (u) du.

0™ ) [
(Tyjcops)(@) (T1).0051)(9)

Hereug‘f’x) denotes the measure having the density 1. with respect to the law

of v{>™. We shall estimate the integral 6152,
Itis a simple calculation to show that, foru € (73, o 0z ) (),

G (v, u) = 972G (v7, uf). (4.4)
Here we denoted? = (y, o T:)(u), for x € Q,e > 0 sufficiently small and
u € R?,

Therefore, by (1.8), we get

Q-2
/ G2 (v, u) du g/ w, (4.5)
B(0y) BOo) [uz]%

for e > 0 sufficiently small ands € (T3, o ¢;1)(€2).
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LEMMA (4.6). For anyv € R¢ and fore > O sufficiently small, there exists a
constant > 0, such that

R-29

/ % <ec. 4.7
B(0,p) |U§|ug

Moreover

Q2 dy

lim / g (4.8)
wlitee JB(0,p) u | 2

uniformly ine > 0.
Proof. For the first part we write the integral as

» dyll
€ ./ -2’
(20T )(B(0,p)) |y"|zg

(4.7) is a particular case of the following estimate: there exists a positive constant
c¢ such that, foe > 0 sufficiently small

d
sup/ % < ce?, (4.9)
2 Jlyl.<e |ylz

with the supremum taken farin a neighbourhood of. We shall now prove (4.9).
Firstly, by the change of variables= (T3, o 07 1) (y), we get that

d dv
/ Qy—Z = CEZ/ m < 062,
ly|z<e |y|x lv|p<1 |U h

as follows from the Lemma (A.1) of the Appendix. Here and elsewhgjelenotes
the homogeneous norm ofe R?

; Q/27 Y@
lulp, = E: ( E: u?) .

k=1 \j,l;=k

To get (4.9) it suffices to note that the bound in Lemma (A.1) depends only on the
radius of the homogeneous ball (here equal to 1). S[A¢& (z): j = 1,...,d},
is a triangular basis, for close enough ta, we conclude by a smooth change of
coordinates.

In proving (4.8) we use some simple properties of the locally homogeneous
norm (see (6.9), (6.11)). There exists some constgnts ¢’ > 0, such that

@2 1 1

sup ——~— < sup < .
z|@—2 Q-2 Q-2
<o [uZ Lz luli<o (L]}, — fuls) (Ll1w]l - e"ptr)
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From this, (4.8) is easily obtained and the lemma is proved. O

Now we can complete the proof of the Proposition (4.1). By (4.5) and (4.7) we can
write, for everyR > 0,

Eo (1(T<TE)/T f(%gg’x)) dt)

< cp™(B(0,R)) + sup G (v,u) du, (4.10)
|[v||=R Y B(O,p)

(with the convention that?(z,y) = 0if z ory ¢ Q).

We can make small the second term in (4.10) by choosing a Rargs follows
from (4.5) and (4.8). Hence, to finish the proof of (4.2), it suffices to prove the
following.

LEMMA (4.11). For everyR > 0,

1 (E,CB) —
_dm b (B(0,R)) = 0. (4.12)

Proof. Noting the result of the Corollary (3.18), the conclusion is obtained as
soon as we show that, for eveRy/> 0,

im .57 (B(0, R)) = iy’ (B(O,R)). (4.13)

For this, we write
[Eo(Lr<r)Lnom) (vF ™)) = Eolpom (uff)]
< EO(]-(T<TE/\T%)|1B(O,R) (v5") — 1s(0,r) ()
+P(T > 7.) + 2P(T > Tg).
As in the proof of the Proposition (2.12), it suffices to study the first term. But, the
result of the Lemma (2.18) allows us to control this term, using the factthat

does not charge the boundary of the ball, and (4.13) follows. O

This also ends the proof of the Proposition (4.1). O

5. Proof of the Theorem (1.9)

To prove the Theorem (1.9) we need the following important.
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PROPOSITION (5.1)Let H be a compact subset &f \ {0}. Then

lim sup |G (0,u) — ¢ (0,u)| = 0. (5.2)

Proof. We shall show that, for | O,
G(f@)(o, u) du — g® (0,u) du, vaguely (5.3)

and then, that there exists > 0, such tha{G(*%)(0,-), ¢ € (0,¢o]} is a relatively
compact subset of the set of continuous functiongion
For the proof of (5.3), we denote Lpide) the set of all bounded Lipschitz

continuous functiong on k¢, with support in3(0, p), such that| f||Lip < 1.
By (4.3) and (3.8), for every € Lip ,(R?),

GE)(0,u) f(u) du — [ ") (0,u) f () c

‘/(Tl/emp;l)(ﬂ)

<

T T
o (1@@ /o f(vEf’””’mt)—Eo /o f(ul™) dt

| B (1<T<T€> 7 1) dt)

+TP(T > 7.) + |Fo / £l de
T

<cle +

Fo (1<T<T€> 7108 dt)

+cTe €/<°T) 4

By [~ s o)
T

as follows from (2.13) and from the classical exponential inequality. We can make
small the last term by choosing a lareas in (3.17). To control the second term
we use (4.2). Doing so we get (5.3).

Now, we shall show that there exisg > 0, such that the functiong(=)(0, -),
e € (0,g0], are uniformly equicontinuous, provided they are restricted to the
compact sefd.

We prove the existence of a constant- O, such that, for every € H, and
S (Oa 60];

IXGED(0u)| <, j=1,...,d. (5.4)
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By (4.4), foru € (Ty,. o v %) (€2), we have
X7iGE)(0,u) = 972X Gz, u¥) = 972 (X G) (2, u?).

To obtain (5.4), we use another important estimate. It is similar to (1.7), but on
the derivatives of7 (see Section 6)

Cc

||Qi,2+q; y # = close enough (5.5)
Y|z

Xy - X3, Gz, y)] <

Hence, forj = 1,...,d,

Q—2+l;
Q-2+l (xJj ¢ = ‘
€ XY G)(z,uy) < Q=2F | Q=2+0;
|U5|m |u|h

which is bounded when lies in a compact set, and (5.4) is verified.

Using the weak convergence in (5.3) and the relatively compacteneééfo“f)
(0,-),e € (0,0]} on H, we can identify the limit ofG(=%)(0, ). This ends the
proof of (5.2). O

Proof of the Theorer(iL.9). We take
H={ueck: sufluj|]:j=1,...,d) =1}
and
ey = supu;|Yb:j =1,...,d},
with y € Q,y = ¢, (u). Clearly
(T, © 92 ) (Y) € (Tyye, 007 (2) N H.

For everyd > 0 and for everyy sufficiently close tar, there existg () > 0,
such that, < () and, by (5.1)

1GE2(0, (Tye, 0 ) (1) — 9“0, (Tye, © 0, M) ()] < 6.

We note thatuf:fz andTE(u,(f)) have the same law. Hence, by (3.8), we get

g (0, T/ (u) = 97261)(0, w). (5.6)

Then, using (4.4) and (5.6), for evefy> 0 and for every, sufficiently close to
T,y = po(u),

272G (@, y) — €@ 2™ (0,u)| < 4. (5.7)
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Moreover, we can replace hesgby |y|,, because, there exists> 0 such that
|y|x < Cey. (58)

Finally, let us denote, fof € R?\ {0},
®,(0) = 9)(0,0). (5.9)
As a consequence of the Proposition (3®),is a strictly positive smooth function

onR4\{0}.
By (1.8), fory # =z,

0u(y) = (Ta/py). © 95 ) (Y)-

So, we conclude that, for evedy> 0 and for every sufficiently close tar,

1y@72G (2, y) — @4(0.(y))| < 6,

that is, (1.10).

The proof of the Theorem (1.9) is complete, except for the proof of Lemmas
(A.1) and (A.7) of the Appendix and of the estimates (1.7), (3.13) and (5.5), which
are simple consequences of estimates in [19], as we show in the following section.

6. Locally Homogeneous Norm Associated t@

In this section we shall study the locally homogeneous nefpand we shall then
justify the estimates (1.7), (3.13) and (5.5). It suffices to prove the following.

PROPQOSITION (6.1). There exists some positive constants, such that, for
y # z close enough

dlyl5 9
m(Bp(z, [ylz))

The estimates are then obtained using the simple calculation of the volume of a
small homogeneous balB,(z,¢) = {y: |yl < €}

clyl?

|G (2, y)| < m, | X, .

X, G(z,y)| < . (62)

m(By(z,€)) = / dy = ce® dv = €@, (6.3)

lyl=<e lvlp<1

Here we performed the change of variables (7. o v 1) (y) andc’ denotes a
positive constant.
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Proof of the Proposition6.1). Noting the result of the Corollary in [19],
p. 117, it is enough to show that there exists a positive consgtasiich that,
for y sufficiently close tar,

p(x,y) < cly|s- (6.4)

Recall thatp(z, y) is the distance introduced in [19], p. 107.

But by the Theorem 3 in [19], p. 112, is locally equivalent to the pseudo-
distanceps. So, there exists a positive constansuch that, fory sufficiently close
to z,

p(z,y) < cp3(w,y). (6.5)
Recall that
p3(f1f,y) = Inf{6 > 0: Elf € 03(6)7f(0) = ZE,f(l) = y}

Here C3(6) = UpC3(d, D), where, for eachi-tuple D of multi-indices.J, with
|7| < r,C3(d, D) denote the class of smooth curves|0, 1] — R?, such that

F)y=3" esX7(f(t), with |e;] <3l JeD.
JeD

We shall introduce a slight modification of the pseudo-distanc&Ve denote
by C(8, B) the set ofc*-functionsy: [0, 1] — R?, such that

, Q/2k
Fty= 3 X7 (f(t), with Z(Z c§.> < 89,
j=1,...d k=1 \Jjlj=Fk
Then we define

dp(z,y) = inf{§ > 0:3f €C(6,B), f(0) = z, f(1) =y} A L.

But

, Q/2k
Yol Y & <69 = |¢j] < o%; j=1,....,d,
k=1 \4j,l;=k

s0,C(d, B) C C3(6). It follows that, fory sufficiently close tor,

Moreover, by the definitions dfj|, and ofdg(z,y), and by our assumptions
on(, itis a simple observation that, fat y € €2,

dp(z,y) = [ylo- (6.7)
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This ends the proof of (6.4) and of the proposition. O

REMARK (6.8). Clearly,dg(z,y) is a pseudo-distance in the sense of [19],
p. 109. From this, by (6.7), we see that there exists a congtant., such that, for
everyzx,y, z € (Q,

[Yle < collz]e + |2ly)- (6.9)

REMARK (6.10). We can check another simple property| of,. For every
z,y € O,y = ¢, (u), there exists two positive constant§,¢”, such that

Nl < yle < ul¥ (6.11)

7. Capacity of Small Compact Sets

In this section we shall estimate the capacity (relative to the keFpef small
compact sets.

To apply the theory of Blumenthal and Getoor [6] for Markov processes in
duality, we must consider the process) killed at an independent exponential

random time¢, of parametei > 0, which we denote by:z:?)).
The Green function 0¢x§/\)) is the\-potential of(z;)

Gi(z,y) = /Ooo e Mpii(z,y) dt. (7.1)

REMARK (7.2). The result of the Theorem (1.9) still holds wihreplaced by
G. Indeed, we have

Gz, ) |y|97% — 2(02(y))]

‘ G/\(.%', y)
G(z,y)

The conclusion follows as soon as we show that

G,\(fl?,y) - 1‘ -0

G(z,y)

which can be done as in [9], p. 241.
Therefore, for every > 0 and for every # z close enough

—-n+ (Dx(gx(y)) N+ q)m(gx(y))
lyl? lylZ~*

- 1‘ |G y)lylE 2+ 1G (@ )yl 2 — @a(8:(y))]-

lim sup
0 ||y—af|<e
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Now, let us recall some definitions. By choosikg> O large enough, we can

apply the theory of [6] to the proce$$9)). For a compact subséf in 2, we
denote

TV =inf{t > 0:2) € H}.

Letug) the equilibrium measure dff, that is the unique finite measure sup-
ported byH such that, for every: € Q,

PAT < o0) = Gl (@) = [ Galar iy (e, (7.4)
The \-capacity ofH will be denoted by, (H), and is the total mass wdﬁ) or,
equivalently

ex(H) =sup{|p|: ne M(H),Gyu <1 on Q}. (7.5)

Here M(H) is the set of all positive finite measures supportedion

Let H be a compact subset &f containing 0. We shall describe the capacity
of a small compact set. The natural dilationfdfis HX = (¢, o T:)(H). We shall
study the asymptotic behaviour of(H¥) ase — 0.

To write down the statement we need the following.

LEMMA (7.6). There exists

x
|UE|U§

Iai?a — = a(u,v) >0 (7.7)
and

for u # v € R4\ {0}.
Proof. We have to calculat@?|,:. Since{X”i(y): j = 1,...,d} is a basis
for y close toz, we have

ve = exp(Z:)(z) = exp(We)(ug);  uf = exp(Ye)(z),
with

Z.= Y éivxi; Yo=Y Xl W= ) wiX7i.
j=1,...,d j=1,...,d j=1,...,d

By the Campbell-Hausdorff formula we get

ZEZWE+Y€+%[W63Y6]+""
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SO

w; = elibj(u,v) + O(eli L), j=1...,d,bj(u,v) #0.

Using (1.5), we get

[v]uz = ea(u,v) + O(e¥9); 5 €(0,1). (7.9)

with
Q/27 Y@
a(u,v) = ZT: ( Z bj(u,v)z) . (7.10)

k=1 \jli=k

This proves (7.7).
On the other hand, by (1.8) and the preceding calculation, we can write

oy ws ~( bj(u,v) + O(e) _
)= (IU?L‘Q) d <0‘(]“’”)lj + 0(55)>j=1,...,d’ 70D

=4,...,

Taking

_ bj(uav)
000 = (Gt ) A
we get (7.8) and the lemma is proved. O
We denote
_ 2. (B(w,0)) _ m(H)
R LR =y PER AT TR

We can state now the main result of this section.

PROPOSITION (7.13)Let H be the closure of a bounded domairkthcontaining
0, andz € Q. Then

x

im =50z = d=(H). (7.14)

Proof. We consider, the measure with the density;lwith respect to the
Lebesgue measure and, the image measure ofthroughyp,, o 7.

Alower bound forey (H?) is obtained as soon as we can obtain a uniform bound
on Gv?. By the maximum principle of Bony [7], for hypoelliptic operators, it
suffices to boundy,vF on HY.
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Takeu? € HY. Then

GhvZ( / Ga(u?,v)v?(dv) :/HG)\(U,E v

Then, by (7.3) and (7.9)

GavZ(u?) < dv.

N+ Puz (Ouz (v2)) / 1+ Pug (Oug (v7))
H oz 2 1 €97 %(a(u,v)?972 + 0(e))
Using (7.5), for al, € H,

a(HE) _ m()
@2 T 00 ()
i amazro@E) @

Hence, by the continuity ob,(#) and by (7.11), we get
ox(HY)

g@-2

Iimiionf > ¢ (H). (7.15)

On the other hand

VG (u / G (v (dv):/HGA 7 ) dv—/ G (u?, v7)

so, again by (7.3) and (7.9)

V?G/\(Ug) > / 77 + Ueéjlzg (UE )) — / Qiz 77 + UEQ(ize (UE )) = dU.
n el i £92(a(u,1)? 2+ 0(&"))
We denote by:’, "i» the equilibrium measure df. We can write

PEIp —1 4 Pyz (Oyz (v7))
Berrl™ [ 9 2(a(u,v)?92 + O(g%))

dv
< MsH(du JvEGa(ug)

- / Qo) Gy (v) < [v2] = m(HD).
Hence, for allu € H,

C)\(Hg) / _77+(I)u§(9u§(v.§)) dv
92 Jg alu,v)?2 + O(e?)

<m(H),

from which we get, by (7.11)



SINGULARITIES OF HYPOELLIPTIC GREEN FUNCTIONS 241

A < o). (7.16

limsup
€l0

8. Applications: Various Sample Path Properties

As we said in [9], p. 222, as soon as we dispose of the results on the Green
function and on the capacity of small compact sets, we can derive some sample
path properties. The general methods used in [9], Section 7 and Section 8, can be
applied.

We note that, for certain properties we do not need the exact behavicir of
but only the estimates

/

C
— < G(z,y) <
yls? ?

|y|gz, with z = y close enough (8.1)

¢, c being positive constants. The right hand is (1.7) and the left hand can be
obtained in a similar way as (1.7), that is, using the estimate on the volume of
homogeneous small balls, (6.3) and the Theorem I (ii) in [10], p. 248.

We shall emphasize only the differences with respect to the case considered in

[9].
8.1. HITTING PROBABILITIES OF SMALL COMPACT SETS
Fore > 0O sufficiently small, we denote

Tg: =inf{t >0:z; € H'}.

PROPOSITION (8.2).For n > 1 integer, forzg, x1,. .., z, distinct points of2
and fort > 0O,

. 1 n

el0
=gy, (H)...qs,(H) X / dsi... dsnp?l(wo,wl)
051K <8 <t

Xp?z—sl(xlvxz) .- 'p?n—sn,l(xn—laxn)' (83)
Moreover, there exists constants:, ; > 0, independent ofg, z1, ..., z,, such
that, whenevefrl|,,_, > ce,j =1,...,n

1 n n 1

j=1 |1:] |:Ej—l
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For the proof we use the result on the capacity (7.11) and we repeat the arguments
in pp. 250-252, [9].

8.2. WIENER SAUSAGE

We shall analyse the asymptotic behaviour of the volume of the Wiener sausage of
small radius. For & ¢ < 7, let us denote

Swe(0,8)= |J H, (8.5)

0<s<t

the ‘sausage’ associated(te;) andH®, H C R%, containing O.
By a similar proof as in [9], pp. 253257, we could obtain.

PROPOSITION (8.6).Let u(dzx) = f(x)dz, wheref is a bounded measurable
function onf2. Then, forevery > 1.0 < T < 7,z € €2,

. 1
Igir(\) Eq, l sup QG- —55H(SHz(0,1)) / f(2s)qz,(H) ds

0<t<T

] =0. (8.7)
REMARK (8.8). Recall tha{g,) denote the invariant diffusion o' (m, r). Let
us denote, foe > 0,¢ > 0,

SN0,t) ={g e N(m,r):|g-G; Y <e, forsomes < t}. (8.9)

If » denotes the Haar measure on the group, by the Theorem (4.9) in [12], we get
1
lim Zu(S{Y(0,t)) = ¢, P.-as. (8.10)
ttoo

From this we obtain a similar result as (7.q) in [9], p. 258

1 N , -
E?g oy 51(S:'(0,1)) = ¢, in probability. (8.11)

Indeed, ifé. denotes the image ok (m, r) of the dilation on the algebr@m, )
(see [2], p. 88), thern(d.(Gs)) and (G.2,) have the same law. By scaling and
homogeneity properties we can show thgas? (0,1)) ands@~ u (S (0, 1/£2))
have the same law.

8.3. DOUBLE POINTS

We could prove the same result as the Theorem 8.2 in [9], p. 261.

PROPOSITION (8.12).For everyz € , with P, probability one, the process
{zs: 0 < s < 7} does not have double points.
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In proving this, we use the Hausdorff measure with respect to the homogeneous
norm| - |, and the estimates fa¥, (8.1). The difference with respect to [9] is that,
instead (8.d), p. 262, we prove

B, ( sup |xs|g<w>—2> < oe@-212.

S<INT

for everyz € Q,6 € (0,1),c being a positive constant. For this, we use the
Taylor stochastic expansion and the fact that, for every multi-intlekere exists
a constant(.J) > 0, such thatE(| B/ |?) < ¢(J)t!’! (see [1], p. 34).

8.4. WIENER AND POINCARE TESTS

The result which we formulate is similar to the classical Wiener test. For another
form we refer to [5], p. 98.

Let us consider a constantgreater than the constant > 1, which appears in
the triangular inequality for the homogeneous n¢ry, (6.9). ForB a Borel set
contained inJ we denote

1
Bn:{yeB:i<|y|x<—n}, n> 1 (8.13)

antl = «

PROPOSITION (8.14) The probabilityP, (T = 0) = 0 or 1 according as the
seriesy,a"(@(*)~2¢, (B, ) converges or diverges.

We show that, forn > 1,
c’a"(Q*Z)c)\(Bn) < Px(T](s,? < 0) < ca(”H)(Q*z)c)\(Bn),

using the estimates in (8.1). Then we conclude as in [12], pp. 108-110.

This result could be applied to obtain the cone test of Pom@ahomogeneous
cone with vertex 0 is a Borel sét with non-empty interior, which is stable for the
dilationsT,, and such that @ oC.

COROLLARY (8.15). ConsiderC' a homogeneous cone with ver@and N a
neighbourhood ob. If B is a Borel set such thap, (N N C) Cc B C U, then

P(TY) =0) = 1.

We note that’;, 11 = T1/,(Cr),n > 1, so, by a simple property of the capacity
(see [12] Proposition (4.7)), we get,(C,,) = ca~™2=2 ¢ > 0. Then we can
conclude, using the Proposition (8.14), siggg(N N C),,) C By, andey (p (N N
C)) = cex(N N C),c > 0, (see also the Corollary (5.4) [12]).
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9. Examples

In this section we shall describe some concrete examples, where we can perform
more calculations. Firstly, let us point out some simple cases.

We consider orR3 the vector fieldsX; = Ogy + 222045, X2 = O, — 22104,.
Then[X1, X5] = —40,, and the operatol = 3(X? + X3) is hypoelliptic. This
case is called the Heisenberg case and in [11], p. 375 (see also [13], p. 101) was
calculated the Green function @i with pole 0

1/(4n) _ 1/(4m)
7= On—2"
V(2 +¥3)% + 3 lo

In [9] a more general situation is treated. Consider two smooth vector fields
X1, X2 on R3, such that for everyr € Q, X1(z), Xa(z), [X1, X2](x) spanRk3.
Then the Green function satisfies

G (Oa y) =

9.1)

|G(x,y)d(az,y)472 —c¢—0, asy— . (9.2)

It is also shown that the pseudo-distar¢e, y) is equivalent tdy|,.
We firstly treat the following.

9.1. CURVED HEISENBERG CASE

Forn > 1 integer, we taken = 2n andd = 2n + 1. Suppose thaXy, ..., Xo,
are smooth vector fields dk?”*1, such that

[Xok—1, Xox| = [X1, X3); k=1,...,n, (9.3)

all other brackets being zero. Let us consiftes bounded domain i&%*+1. We
shall suppose that, for everye (2, the vectorsXi(z), ..., Xon(z), [ X1, X2](2)
Span]RZn+1_

It is a particular case because we consider only two order brackets and a single
one is not zero. In this cage= 2 and@ = 2n + 2. The basis is indexed by
B={12,...,2n,(1,2)}.

The diffusion associated to the vector fields, starting from a fixed po@t?,
is

2n n
. 1 t _ _
2 = exp(Z BiXj=3> /O (B dBZ* ' — B 1dBZ)

(X1, X2]> (z) + t3/%Rs(t), (9.4)
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as we can see by (2.14). We must compare to the left invariant diffusion on
the Heisenberg groug,,, 1, with its usual structure oR***+1, The left invariant
vector fields are defined by

Yop 1=10

Tok—1 21;2]4;853

2n+1"?

Yo, = 8I2k + 251721@—18@”4_1; k=1,...,n,

S0, the invariant diffusion started from O is
G, = exp( B]Y Z /
x (B dB% 1 _ B?~1dB%)[y;, Y2]> (0). (9.5)
In this case we do not need any projection, emﬁ)) is the diffusion
n t
(Btl, .. ,Bt?",—% Z/ (B dB%-1 Bfk_ldBfk)> . (9.6)
k=1"0

Its Green functiong(*), is the invariant Green function on the Heisenberg group.
By the result of [11], p. 375, we get

. 1/c, 2n-1p(2)
§9(0,) = fon o a=t @)
|:(22nly]) +y%n+l:|
Fory = ¢, (y1,--.,Y2n11), We denote
, nil 1/2n+2
yla = | | D_ o5 + |y2nsa|™ : (9.8)
j=1
Then, applying the Theorem (1.9), we obtain
lim sup |G(z,y)lyls" — @.(0.(y))| = O. (9.9)
0 Jlo—yll<e
Here
Y1 Yon Y2n+1
0.(y) = (—,...,—, > (9.10)
W=yl 1l T2
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and
cx/cn

{( o tjz')z + 15,41

REMARK (9.12). Noting the symmetry of the firshZoordinates, we can write
a simpler form of (9.9). Put

Dy (t1, ... tops1) = cg > 0. (9.112)

|y2n+1] 1 (14 gnthn/ntl
) = ; U(t) = — . 9.13
K o T 013

Then, by (9.9), we get

lim sup |G(z,y)|y|3" — cx T (I(y))| = 0. (9.14)
€0 |ly—z||<e

We also note that, fon = 1, ¥ = 1/¢, is constant and we can compare (9.14)
with the result obtained in [9], (9.2).

REMARK (9.15). In this particular case we could easily write the result on the
capacity of small compact sets.

Now, we shall study a slight extension of the last model. Let us replace (9.3) by
the following assumption

[Xok—1, Xok] = ap[ X1, X2, ap € RY; kE=1,...,n, (9.16)

all other hypothesis on the vector fields being the same.

The associated diffusion can be written as in (9.4), using the Taylor stochastic
expansion. It will be compared to the diffusi¢fiy) generated by the following
vector fields

Yop—1 = 0y, + 205720, , 1

Y2k: = 8I2k — ZakZEz]C_laIZn_H; k= 1, o, n,
that is
12 t
B}, ... ,BE",—E Zak/O (B% dB%-1 _ pZ-1dp?) ) . (9.17)
k=1

The Green function associated(t@) was pointed out in [16], p. 136

A(s)ds
(ZE:ibk(S)(y%ﬁl + y%k;) + Z.3112n+1)n ’

79 0,y) = ¢y / (9.18)
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wherei = v/—1,¢, = (n — 1)! /27 and

j—_ 4y, s

A(s) = (dn)" 1:[ Sinl’(4aks); bi(s) = (ars) coth(days). (9.19)
k=1

REMARK (920) Wher‘(yl, Ce ,y2n+1) = (0, C ,O, y2n+1), with Yon+1 75 0, we
must integrate in (9.19) oR + iq, ¢ > 0 (see also [4]).

We can obtain the behaviour of the Green funciidrassociated to the vector
fields X, as in the first case. We use the same homogeneous norm, given by (9.8),
and we get the same relation as (9.9), withreplaced by

Ba(t, . Als)ds

Ly tong1) = CzC / -
wit) = ol | S B, + ) istansl)”

. (9.21)

REMARK (9.22). We can simplify the result again, using the symmetry of the
pairs of coordinates.

REMARK (9.23). We can find again the result of [9], fer= 1. Also, we could
formulate the result on the capacity.

REMARK (9.24). A more general situation can be obtained assumingrthat
2n,d = 2n+ p (p missing directiongp > 1, integer) and = 2. Using some recent
results of [4] we could write similar results.

As was said, we shall describe a case when the condition that the geometry of
the brackets is locally constant fails.

9.2. A CASE AT STEP LARGER THAN TWO

Let us consider o3 the vector fields

X1 = 0y, + 210332(5”% + x%)pflam;
Xy = Oy, — 2pz1(2F + 25)P 104, (9.25)

with p > 1, integer, andL. = 3(X? + X2). The casep = 1 is the classical
Heisenberg casbz = N (2, 2).

The operatol is nowhere elliptic, but is hypoelliptic. Indeed, for> 1 and
for z ¢ {x1 = x2 = 0}, we have

(X1, Xo] = —8p(2] + 75)P 104,

So, forp > 1 and forz ¢ {1 = z2 = 0}, X1(z), X2(z) and[X1, X2](z) span
R3. This situation was already treated. On the other hand we see that for the points
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on the axis{z; = z, = 0}, to spank® we need to go up to the brackets of order
2p in this points. This time(0, 0, z3) = 2p andQ(0, 0, z:3) = 2p + 2. Clearly, the
geometry of the brackets is not locally constant around the [90i 3).

Operators likeL. occur in the study of the boundary of the Cauchy—Riemann
complex (see [17]). Precisely, let us consider the domain

D = {(21,2) € C,Imz1 > |2|%}.

If p = 1, Dis the generalized upper half planedfh The vector field, —2iz0.,
is the unique holomorphic vector field which is tangent to the bound&argf D.
In the tangential coordinate system (see [17]: coordinatesim z; — |z|%, z, Z
andz3 = Rez;) this vector field takes the form

Z =0, + 20y,

Z is left-invariant with respect to the nilpotent group structure, the Heisenberg
group, onk® = bD.
In the case > 1, we have

Z =0, + z‘pzp—lzpaxs

and there is no group structure & with respect to whicl¥ is left-invariant.
We also note tha = 3X; — 3iX, andL is of the type—ri;, precisely,

L=272+72Z.

Recall that in the Heisenberg case, the Green functiofkis known. By
left-invariance it suffices to know the Green function with pole (0,0,0) (see (9.1)).

In [15] the casey = 2 is considered and the expression of the Green function
on k3 with arbitrary pole is given.

Here we consider an arbitrapy As was said, the case when the pole is outside
of the axis{z1 = z» = 0} was treated. It is plausible that the method of [15]
can give an exact formula for the Green function with arbitrary pole. However, the
calculation seems to be more delicate (see also [17], p. 157). Nevertheless, we can
give an exact formula for the Green function with pole on the &xis= z, = 0}.

PROPOSITION (9.26) The Green function oR3, associated to the vector fields
X1, Xp, with pole(0, 0, z:3), is

1/(4pm)
V@ + 13 + (ys — 532

Proof. We denotes = y; + iyo, 02 = |w|* + (y3 — x3)? and we must show
that the Green function is

GI(0,23), (w.pa)) = 5

G((0,0,z3), (y1,y2,y3)) = (9.27)
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Clearly, this function is &'*°-function of (w, y3), as long agw, y3) # (0, x3).
We consider, foe > 0, theC>°-function onR3

1
GE((Oa £E3), (way3)) = 4p7TO' )

whereo? = (|w|? + e%)? + (y3 — 13)°.
Then,G:((0,z3), (w,y3)) — G((0,23), (w,y3)), pointwise ax | 0, as long
as(w,y3) # (0,z3). In fact, we can show that

G((0,z3), (w,y3)) = IiEYC\) G-((0,3), (w,y3)), as a distribution inR3.

Indeed, we see that there exists a positive constairidependent ot, such
that|G.| < . If we show that Yo is locally integrable, then, by the Lebesgue
dominated convergence theorem we get

G.((0,z3),-) = G((0,z3),-), in D'(R®), ase|O.

We study the integrability atw, y3) = (0, z3) and we may suppose thas = 0.
We shall estimate /- on the domainw| < 1, |ys| < 1. We have

! % — ap\1/27

= 2logl+ (1 + |w|™)™Y“] —4plog|w|.
-1

The first term is clearly integrable ¢mw| < 1, as for the secongﬁ,w‘gl |log|w|| x

dv(w) = 27 folrlogrdr < 0.
After some calculations, we get

dpro.)  2r ol

Hence, we have

LG =0, aslongas(w,ys) # (0,z3)
and

LG.((0,z3), (w,y3)) =+ 0, aselO,

uniformly on compact subsets & which do not contain the poin0, z3).
We show that

LGE((Oa 133), (U), y3)) dv(w, y3) =1

R3
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Indeed
L a2 [ s _p P
v [(Jw® +e#)2+ (ys —23)?PP2 7 (Jwf? +e%)?
and then
Py [ WP dvw) o [ e
T R? (|w|217 + 82p)2 0 (7’217 + 6217)2

Now we consider an arbitrary € C§°(R3). Then, for any neighbourhodd of
(0, z3), we can write

<G((07 333)7 ')7 L¢>

= IgliT(]) 3 Ga((oa 1‘3), (way3))L¢(w’y3) dv(way3)

= 1M §(0.25) [ LG.((0,23). (w.y2) ch(w, )
+ IEI?C]) /]1323 LG:((0,z3), (w, y3))($(w,y3) — $(0, z3)) dv(w, y3)

= ¢(Oa £E3) + Ilirc‘) LGE((Oa 553)7 (way3))(¢(w’y3)
€ R3\U

—4(0,23)) do(w.y) + i [ LG ((0,23), (. 2)) (B, 1)

_¢(07 1‘3)) dv (wa y3) = ¢(Oa 553)'

This proves the fact that is the Green function of, onR® with pole (0,z3). O

REMARK (9.28). In the Heisenberg case, the Green function with arbitrary pole
is given by (9.27). For the case treated in [1b]= 2, the Green function with
arbitrary pole has two terms, the first being the right hand of (9.27). In the general
case we should attempt to fipdkerms of the Green function with arbitrary pole,
the first being the right hand of (9.27).

The diffusion started fronf0, 0, 0) € {z1 = z» = 0}, generated by, X, is

t
v= (BLBR4 [ B2 Vas,). (9.29)
0
where

1 t
R = (B + (B} Si=5 /0 B2dB! — BLdB2. (9.30)
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We denote, foy = ¢(0,0,0)(y1, y2, y3),

lylo = [(45 + ¥3)" " + [yslP /P2 H2, (9.31)
lylo” [ylo” |ylg
and
1 1
Do(t1,t2,13) = o - (9.33)
P+ )% +15
Then, by (9.27)
P (O 2 3

2
|Z/|op
Clearly, we could use the symmetry of the first two coordinates to write another
expression for the Green function (see [14]).
Finally, we shall consider the

9.3. GRUSHIN CASE

Let us consider of®? the vector fields
X1 = 8z1; Xo = :Elamz. (935)

Then[X1, X] = d,, and the operatak = (X2 + X2) is hypoelliptic on the axis
{z1 = 0} and elliptic elsewhere.

We consider the point = (0,0), which lies on the axi§z; = 0}. Clearly,
r(0,0) = 2,Q(0,0) = 3andB = {1,(12)}.

The diffusion started from is

t B1B2
xtz(B%, /O BidB?)z (Bé, tzt—st>, (9.36)

whereS; is as in (9.30).
The left invariant diffusion started from 0 on the Heisenberg grHygjis

gt = (BtlaBtza_St)' (937)

Therefore

xy = m4(Gr); mz(a,b,c) = <a, %b + c) . (9.38)
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From this it is not difficult to see that the Green function(ef) is

G((0,0), (y1,92)) /GH ( (0,0,0), (yl,h Y2 — y?)) dh, (9.39)

or, by (9.1)

G((0,0), ( (9.40)

1
Yy1,y2)) = —/ :
IR+ 122+ (2~ )

Let us denote

[(y1,y2)lo = /|yal® + |y2/%/2. (9.41)

If we take
Y1 Y2
- ) | 9.42
olu,v2) (|(yl,y2)|o |(?J1’92)|f2)> o
and
" ’ 9.43
(ta, 2 47r/\/t2+h2 — )2 o
then
Do(Oo(y1,
G((0,0), (y1,92)) = Rolloli ) o

(y1,92) 52

REMARK (9.45). We could take as angular variablgys, y2) = y2/y3 to write
another expression for the Green function (see [14]).

REMARK (9.46). In this case several of our hypothesis fai: 2, Q(z) = 3, the
geometry of the brackets is not locally constantiand the estimates of [19] are

not proved. Nevertheless, the result obtained by a direct calculation, (9.44) is quite
close to the result of the Theorem (1.9).

Appendix

We prove here the integral estimates which we used in the proof of the Theorem
(1.9).

We shall denotel;, = card(j: [; = k},k =1,...,7. So,d = Zk 1dr and
Q = > j_1kdr. We assume that > 2,dy > 2 andd,c 1 k=2,.
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LEMMA (A.1). There exists two positive constamtsci, such that, for every
S >0,

du 2
= 55 < S, (A.2)
|u\h<5' |U|h

wherec = co(2r)! "¢} except forr = 2, d, = 1 wherec = v/2(2r)2.
Proof. In estimatingZ we shall use the following simple observation. Let us
denote, fom > 1,p,q > 0 ando > 0,

o n—1
P
/\n,p,lI(U) = /0 (pq 4 1)p dp (A3)

Clearly, A, p 4 is increasing and we see that, there exists- 0, depending only
onn,p,q, such that

IiTm Appq(o) <c1, providedpg —n > 0. (A.4)
agToo

Also, for S, R > 0, we have

St n—pq/q S
/0 T 9= B g (Rl /q> . (A5)

We shall denote, fok = 1,...,r,

s% = Z ujz-; QL = szz (A6)
Jili=k i=k
Then
du
T < /
(s |<SYk k=1,....r} (22:181?/16)6272/@

du'’

Q-2

dU”/ -
{lsp|<SYk k=2,...,r} {]s1]<S} (SlQ +R1) o

where d = TJ;; _; duj, du” = [[;>¢ <, du; and Ry = z;zzs,?/’“. By a
simple change of variables and by (A.5), we get

/ du/ _ ( W)dlfl /S pdl—l dp
{lsil<5} (s + Ry)@1-2/Q 0 (p9+4 Ry)@-2/@Q

1 pd—Q142/Q S
— (27T)d1 lRll 1+2/ Adl,Qle/Q,Q (W) .
1
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We have) - Q1 — 2/Q — d1 = Q2 — 2.
The caser = 2,d, = 1 will be considered separately. Foe 2 andd, > 1, by
(A.4) we get

I C/ du” _ C/Sl/z pd2_1 dp _ 051/2.
{|52]<S%/2} SgQ/z)'(szz/Q) 0o  p2d—2/2 ’
¢ = (2m)htd=2.y
Forr > 3, again by (A.4), we can write

!
< c/ du"/ 5 du ,
{|52|<SY* k=3,...r} {|52/<S%/2} (359/ + Ry)Q2-2/Q

wherej this time d = [1,=2 duj, du” = [13<t,<r duj andRz = 22235,?/'“.
By a similar calculation

/ du’
{|s2|<5%/2} (39/2 + R)Q2-2/Q

= (27T)d2—1 /51/2 pd271 dp
o (092 + Rp)@-2/Q

—1 p2da—Qy+2 St/
= (Zﬂ)dz le 20 /QAdz,Qz—Z/Q,Q/Z (RZ/Q :
2

Since@ - Q2 — 2/Q — 2d, = Q3 — 2 > 0, we get

T < C/ R_(QS—Z/Q) du"' c= (27r)d1+d2720%,
(Isk|<SYh h=3,r}

Forr = 3,d3 = 1, we haveZ < ¢S%°, with ¢ = 3(2r)%+%2¢2 and for
r=3,d3 > 1,

du” _ i, (577 p%dp 2/9
I< c/{|ss|<51/3} W = (2m) C/o 323 S,
with ¢ = 3(2r)ditda+ds-3.2,

3
3
Forr > 4 we repeat the reasoning and (A.2) is obtained in a finite number of
steps.

To finish the proof we must treat the case: 2,d, = 1. We have
dug dup duz pdodz

7 < o[ ol
{]s1]<S,|s2|<S1/2} /8411 + 53 (0,5)x(0,51/2) \/p* + 22
< (2m)%V28.
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This ends the proof of (A.2). O

Before stating the second result of this section we introduce some notations. Recall
thatn = dim g(m,r) — d = cardA — cardB. Put A\B = {L1,...,Ly},m;
=|Lil,i =1,...,nande, = card{i: m; = k},k=1,...,r.So,n = > | _q€k
andQy = S5 _1k(dy, + er,). For a point(u, h) € RY x R" we denote

(1) = [221 (St + T Z)QN/ZI@] var

LEMMA (A.7). For everyS > 0, there exists a positive constantsuch that

dudh
/ % <ec. (A.8)
{luln<S}xrn |(u, h)| %Y

Proof. Letusdenote,fok =1,...,r,

r

Z h QN,k = Zz(d, + 6,’). (Ag)

1M = i—=k

Replacing in (A.2)d by d + n and|u|, by |(u, h)|~, we get the existence of a
constant > 0, such that for everyy > 0,

/ % < 2", (A.10)
(k) v <U | (u, b)| 5

So, it suffices to prove that, for eve8yT > 0, there exists a constant> 0,
such that

/{|sk<Sl/k7tk|>T1/k7k:17--'7T}

du dh
“S_i(s2 + @)av /AN —2ay ~ ¢ (A.11)

We see that, fo5,7 > 0,b > 1 and fora > 2andp > 2ora = 1 andp > 3,
there exists a constaat > 0, such that

ga—1yb—1
/ ds/ dt 25 22z < e. (A.12)

Indeed, we have to study only the integratiand, clearly

tbfl

(2 + 2yplath) 22 ~ fra2p’ ast 1 oo.
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We proceed as in the proof of the Lemma (A.1)

j — / dull dhll
{|sk‘<Sl/k7‘tk'|>T1/k7k:27--'77'}

/ du’ dn’
1] < S, |>T [(82 + 13)@N/2 4 Ry]|9N1—2/QN

where d/ = [1j;=1 duj, di’ = Tlim,=1 his du” = [1j,2<1; < duj, dn” =
[li2<m,<r dhi, R1 = Y h_o(s2 + t2)9V/% Using again (A.5) and (A.4), we
get

) ditei—1(
T < C/ du"dh"/ 1Y pz
{Isk | <Y |t | TV * k=2,...r} 0 (p@¥ + Ry)9n1-2/Qn

< ccl/ du” dh//Rd1+81—QN,1+2/QN
1 .
{‘5k|<sl/k7|tk‘ZTl/kykzzy--wr}

Here we used the fact th@ty-Qn 1—2/Qn—(d1+e1) = Qn,2—2 > 0, excepting
the case when = 2,d, = 1 ande, = 0 which will be treated separately.
Forr = 2,d, > 1 andey > 1, we can write, by (A.12)

du" dh
/52|<Sl/2,t2>T1/2 (3% 4 t%)(QN/Af)'(QN,Z*z/QN)

“J

Forr > 3 we repeat the reasoning

J < ccq / du dh"”
{‘sk‘|<sl/ka|tk‘>T1/kak:37--'7r}

Sl/z Sdz—ltez—l

S
s /Tl/2 at (32 + t2)2(d2+ez)72/4 < 2.

y / du’ dn’
I52l<51/2,|1|>T1/2 [(55 + 13)@N /4 4 Rp]@n.2-2/QN"

where dLI = Hij:Z dU], dh, = Hi7mi:2 hi, dU” = Hj,3<lj<7‘ duj, dh” =
[T 3<m;<r dhi, R2 = Yj_s(s2 + t2)9~/26_Then, by (A.5) and (A.4), we get

wogn [ pd2+82_1 dp
J < ccl/ du” dh /
{15k ]<SVk,|te| 2Tk k=3,...,r} 0 (p@n/2 4 R,)QN2-2/QN

2(d — 2
< cc%/ du" dh”Rz( 2+e2)—Qn,2+ /QN’
{‘sk'|<Sl/k7|tk|>Tl/k,k:37--'7r}

since(QN/Z) . (QN,Z — Z/QN) — (dz + 62) = QN,?, —-2>0.
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If r = 3, we have, by (A.12)

du” dn
/53|<Sl/3,t3>T1/3 (3% 4 t%)(QN/G)'(QNﬁ*z/QN)

“J

51/3 Sdgfltegfl

ds /Tl/3 o (52 4 t2)3(ds+es)—2/6 < ‘2

Forr > 4 we repeat the calculation and (A.11) is obtained in a finite number of
steps.

Finally we treat the case= 2,d, = 1,e;, = 0,

S oo pSY2 di—1ze1—1
T = C/ / / sh=1te1=1ds dt dz < o5t
o Jr Jo  [(s2+12)QN/2 4 2QN/2)QN-2/QN

This ends the proof of (A.8). O
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