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1. Introduction

Let X1; : : : ;Xm be smooth vector fields onRd ; d > 3 such that the Lie algebra
generated byX1; : : : ;Xm is of full rank at every point

8x 2 R
d ;dim Lie(X1; : : : ;Xm)(x) = d: (1.1)

We are interested on the behaviour of the Green function of the hypoelliptic
operator

L =
1
2

mX
j=1

X2
j ; (1.2)

on a smooth bounded domain
 of Rd . G is smooth off the diagonal and we give
in this paper a precise description of its singularity near the diagonal.

From the work of Nagel, Stein and Wainger [19] or Sánchez-Calle [20], it
is known that the Green function can be estimated in terms of the natural sub-
Riemannian distance�

jG(x; y)j 6 c
�(x; y)2

vol(B�(x; �(x; y))
:
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218 GERARD BEN AROUS AND MIHAI GRADINARU

To state a more precise form of these upper bound, let us introduce some
notations. For a multi-indexJ = (j1; : : : ; jp) 2 f1; : : : ;mgp, we shall write
jJ j = p, and

XJ = [Xj1; [Xj2; : : : ; [Xjp�1;Xjp ] : : :]]

will denote the Lie bracket of the vector fieldsXj1; : : : ;Xjp . For anyk 2 N
� and

anyx 2 R
d , we consider

Ck(x) = SpanfXJ (x); jJ j 6 kg

and

r(x) = inffk : dimCk(x) = dg: (1.3)

By (1.1),r(x) is finite.
Let us denote byQ(x) the graded dimension atx,

Q(x) =

r(x)X
k=1

k(dimCk(x)� dimCk�1(x)): (1.4)

We shall assume that the geometry of the brackets is locally constant nearx,
that is, for everyk 2 N

� and everyy in a neighbourhoodA(x) of x;dimCk(y) =
dimCk(x). Then, of course,r(y) andQ(y) are constant on this neighbourhood.
Since we want to exclude the trivial elliptic cases whered = Q = 2 andd = Q = 3,
we assumeQ > 4.

Following [2], we shall introduce a useful coordinate chart. For a fixedx 2 

we choose a family of multi-indicesB = fJ1; : : : ; Jdg, such thatfXJ (x) : J 2
Bg is a triangular basis. That is, for everyk 6 r; fXJ (x) : J 2 B; jJ j 6 kg
generatesCk(x). We shall denote the lengthjJj j = lj ; j = 1; : : : ; d. There exists a
neighbourhoodW of 0 such that the mapping

u 7! 'x(u) = exp

0
@ dX
j=1

ujX
Jj

1
A (x) (1.5)

defines a diffeomorphism ofW on'x(W ). There exists a neighbourhoodU of x
such thatU � 'x(W ) \A(x).

Fory 2 U; y = 'x(u) we shall denote

jyjx =

2
64 rX
k=1

0
@ X
j;lj=k

u2
j

1
A
Q=2k

3
75

1=Q

(1.6)
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SINGULARITIES OF HYPOELLIPTIC GREEN FUNCTIONS 219

and we shall show that the estimate of Nagel, Stein and Wainger [19], can be
written as

jG(x; y)j 6 c

jyjQ(x)�2
x

: (1.7)

We want to give a sharper description of the singularity ofG(x; y) wheny !
x. For this purpose we introduce the homogeneous angular variable, fory 2
Unfxg; y = 'x(u),

�x(y) =

 
u1

jyjl1x
; : : : ;

ud

jyjldx

!
: (1.8)

Then our main result will be.

THEOREM (1.9). There exists a smooth function�x > 0 such that

lim
"#0

sup
kx�yk<"

����G(x; y)jyjQ(x)�2
x � �x(�x(y))

���� = 0: (1.10)

Here and elsewherek � k denotes the Euclidian norm onRd .
This new geometric coefficient� will be described in Section 5 as the density

of the occupation measure for a process(ut), that we call tangent process. This
process, non-markovian in general, will be seen as a projection of a left invariant
diffusion process on a free nilpotent Lie group.

It must be noticed that, in general, computing� is not easy. The value of� is
computable in some examples (see Section 9), for instance on Heisenberg groups.

Theorem (1.9) shows that, in general, the limit

lim
y!x

G(x; y)jyjQ(x)�2
x

does not exist; it exists only ‘radially’, that is, ify approachesx in such a way
that the angular variable�x(y) tends to a limit. This is in contrast with the elliptic
situation, the Heisenberg group situation or the ‘curved’ Heisenberg group situation
studied by Chaleyat-Maurel and Le Gall [9], where�x is constant.

Our approach for the proof of the Theorem (1.9) is probabilistic. It relies on
results on stochastic Taylor expansion of paths of the diffusion generated byL and
on thea priori estimate given by Nagel, Stein and Wainger [19]. We follow and
extend the strategy given by Chaleyat-Maurel and Le Gall [9] in a simple context.

One must also notice that the behaviour of the heat kernelp
t (x; y) on the
diagonal has been studied using the same probabilistic tools in [2] or Léandre [18].
The results can be compared with the Theorem (1.9)

p
t (x; x) �
c0(x)p
t
Q(x)

; (1.11)
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220 GERARD BEN AROUS AND MIHAI GRADINARU

wherec0(x) is the density of the law of the tangent process(ut) taken at time 1.
An example of different behaviour near the diagonal of the Green function in

presence of a drift was studied in [14]. The result could be compared with the
results in [3] and give an idea of the pathologies for the behaviour which could
appear in presence of a drift.

The plan of the paper is as follows: in Section 2 we introduce the stochastic
Taylor expansion and the tangent process, which we study in Section 3. In Sections
4–6 we prove the Theorem (1.9) except for some technical lemmas postponed to
the Appendix. We then apply our results to some potential theoretical problems
in Sections 7–8: estimates of the capacities of small sets, of the volume of the
Wiener sausage of small radius, double points. In Section 9 we give examples
where direct computations illustrate our general theorem and even two examples
where the conclusion of the theorem is valid though our hypothesis of locally
constant geometry fail.

2. Taylor Stochastic Expansion

Let (B1; : : : ; Bm) be am-dimensional Brownian motion and consider(xt) the
solution of the Stratonovich equation

dxt =
mX
j=1

Xj(xt) � dBj
t ; x0 = x; (2.1)

killed at the first exit time from
; � = infft > 0; xt =2 
g. It is known that
� <1; Px-a.s., for everyx 2 R

d .
By hypoellipticity, for everyx 2 
; t > 0, the law ofxt underPx has, on


, a density with respect to the Lebesgue measure,p
t (x; y). It is the heat kernel
associated toL on
 and the Green function is

G(x; y) =

Z 1

0
p
t (x; y)dt; x; y 2 
: (2.2)

G is the density of occupation measure of(xt), that is, for every positive measurable
functionf ,

Ex

Z �

0
f(xt)dt =

Z


f(y)G(x; y)dy: (2.3)

REMARK (2.4). We note that for the study of the singularity ofGnear the diagonal
it suffices to consider
 as a bounded neighbourhood ofx;
 � U . Indeed, if we
denote byGV the Green function ofL on a neighbourhoodV of x, then the singular
behaviour near the diagonal ofG andGV is the same, becauseL(G� GV ) = 0.
From now on we shall assume that
 � U .
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SINGULARITIES OF HYPOELLIPTIC GREEN FUNCTIONS 221

We are interested in the study of the process in short time,(x"2t); " > 0. For
everyx 2 
, it has the same law underPx as the solution of the equation

dx"t = "
mX
j=1

Xj(x
"
t ) � dBj

t ; x"0 = x; (2.5)

killed at the first exit time from
; �" = �="2.
Let us consider, for� > 0, the dilation defined onRd

T�(u) = (�l1u1; : : : ; �
ldud): (2.6)

For 06 t < �", we define the diffusion(v(";x)t ), starting from 0

v
(";x)
t = (T1=" � '�1

x )(x"t ): (2.7)

We shall introduce a new process, called tangent process. For a multi-index
J = (j1; : : : ; jp), we denote byBJ

t the Stratonovich iterated integral

BJ
t =

Z
0<t1<���<tp<t

dBj1
t1
� � � � � dBjp

tp (2.8)

and by cJt the completely explicit linear combination of Stratonovich iterated
integrals

cJt =
X

�2�
jJj

(�1)e(�)

jJ j2
 
jJ j � 1

e(�)

!BJ���1

t : (2.9)

Here, for a permutation� 2 �p, of orderp, we denotede(�) the number of errors
in ordering�(1); : : : ; �(p) and

J � � = (j�(1); : : : ; j�(p)):

Recall thatfXJ(y) : J 2 Bg is a triangular basis fory close tox. So, for
any multi-indexL, there exists smooth functions, defined on a neighbourhood of
x; (aLJ )J2B, such that

XL =
X
J2B

aLJX
J : (2.10)

DEFINITION. We shall calltangent proces, the process

u
(x)
t =

0
@ X
L;jLj=jJj

aLJ (x)c
L
t

1
A
J2B

: (2.11)
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222 GERARD BEN AROUS AND MIHAI GRADINARU

PROPOSITION (2.12).Let fixT > 0. Then, for any bounded Lipschitz continuous
functionf onRd and for sufficiently small" > 0, there exists a positive constantc,
such that�����E0

 
1l(T<�")

Z T

0
f(v

(";x)
t )dt

!
�E0

Z T

0
f(u

(x)
t )dt

����� 6 ckfkLipT": (2.13)

Here we denoted

kfkLip = sup
x2Rd

jf(x)j+ sup
x6=y

jf(x)� f(y)j
kx� yk :

To prove this result, we shall use the results of [1] or [8] on the asymptotic
expansion in small time ofxt in terms of Lie brackets and iterated Stratonovich
integrals. According to the Theorem 4.1 [8], p. 234, fort 6 T ,

x"t = exp

0
@ rX
k=1

"k
X

L;jLj=k

cLt X
L

1
A (x) + "r+1Rr+1("; t): (2.14)

HereRr+1("; t) is bounded in probability. More precisely, there exists�; c > 0
such that, for everyR > c,

lim
"#0

P

 
sup

06t6T
kRr+1("; t)k > R

!
6 exp

�
�R

�

cT

�
: (2.15)

Proof of the Proposition(2.12). We can write����� E0

 
1l(T<�")

Z T

0
f(v

(";x)
t )dt

!
�E0

Z T

f(u
(x)
t )dt

�����
6

�����E0

 
1l(T<�")

Z T

0
f(v

(";x)
t )dt

!
�E0

 
1l(T<�")

Z T

0
f(u

(x)
t )

!
dt

�����
+kfkLipTP (T > �"):

By the classical exponential inequality we know that, there exists two positive
constantsc; c0, such that

P (T > �") 6 ce(�c
0="2T ):

We shall study only the first term.
Let us consider x the diffeomorphism

 x((vL)jLj6r) = exp

0
@ X
L;jLj6r

vLXL

1
A (x)
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SINGULARITIES OF HYPOELLIPTIC GREEN FUNCTIONS 223

and we denote

T "


= infft > 0: ("jLjcLt )jLj6r =2  �1

x (
)g: (2.16)

We can write����� E0

 
1l(T<�")

Z T

0
f(v

(";x)
t )dt

!
�E0

 
1l(T<�")

Z T

0
f(u

(x)
t )

!
dt

�����
6

�����E0

 
1l(T<�"^T "



)

Z T

0
f(v

(";x)
t )dt

!
�E0

 
1l(T<�"^T "



)

Z T

0
f(u

(x)
t )

!
dt

�����
+2kfkLipTP (T > T "



):

As in [8], p. 238, we have that, for sufficiently small",

P (T > T "


) 6

X
L;jLj6r

exp
�
� cL

"2jLjT

�
: (2.17)

So, it remains to consider the first term����� E0

 
1l(T<�"^T "



)

Z T

0
f(v

(";x)
t )dt

!
�E0

 
1l(T<�"^T "



)

Z T

0
f(u

(x)
t )

!
dt

�����
6 kfkLipTE0

 
1l(T<�"^T "



) sup

06t6T
kv(";x)t � u

(x)
t k

!
:

Hence, to finish the proof of (2.13), it suffices to prove the following.

LEMMA (2.18). There exists a positive constantc, such that for any sufficiently
small" > 0,

E0

 
1l(T<�"^T "



) sup

06t6T
kv(";x)t � u

(x)
t k

!
6 c": (2.19)

Proof.ForJ 2 B andt < T "



, we denote

uJ("; t; x) = ('�1
x �  x)J(("jLjcLt )jLj6r):

We have that, forJ 2 B andt < T "



,

(@")
kuJ("; t; x)j"=0 = 0; if k < jJ j:

Indeed, by the triangularity of the basisfXJ (y) : J 2 Bg, for y close tox, we
have, forJ 2 B,

aLJ � 0; if jLj < jJ j;
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224 GERARD BEN AROUS AND MIHAI GRADINARU

on a neighbourhood ofx. So, forJ 2 B,

"
@('�1

x �  x)J
@vL

#
jv=0

= aLJ (x) = 0; if jLj < jJ j:

Moreover, by the last equality we also have that, forJ 2 B andt < T "



,

(@")
jJjuJ("; t; x)j"=0 =

X
L;jLj=jJj

aLJ (x)(@")
jLj("jLjcLt )j"=0;

because the terms corresponding toL, with jLj > jJ j, are zero having the factor
"jLj (see also [2], pp. 93–94).

Hence, the Taylor expansion around" = 0 ofuJ("; t; x), forJ 2 B andt < T "



,
can be written

uJ("; t; x) =
"jJj

jJ j! (@")
jJjuJ("; t; x)j"=0 + "jJj+1RJ;jJj+1("; t; x);

or

1
"jJj

uJ("; t; x) =
X

L;jLj=jJj

cLt a
L
J (x) + "RJ;jJj+1("; t; x):

Here, forJ 2 B andt < T "



,

RJ;jJj+1("; t; x) =

Z 1

0
(@")

jJj+1uJ("�; t; x)
(1� �)jJj

jJ j! d�:

Using properties (P1), (P2) in [8], p. 238, we see that, for everyJ 2 B, there
exists�J ; cJ > 0, such that, for anyR > cJ and for" > 0 sufficiently small

P

 
sup

06t6T
jRJ;jJj+1("; t; x)j > R;T < T "




!
6 exp

�
�R

�J

cJT

�
: (2.20)

Indeed,BJ
t satisfies (2.20) and we get the same thing foruJ("; t; x), using its

definition in terms of("jLjcLt ). Then we obtain (2.20).
By (2.14), we have, fort < T ^ T "



,

(T1=" � '�1
x )(x"t � "r+1Rr+1("; t))

=

0
@ X
L;jLj=jJj

cLt a
L
J (x) + "RJ;jJj+1("; t; x)

1
A
J2B

:
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SINGULARITIES OF HYPOELLIPTIC GREEN FUNCTIONS 225

We note that, for any 0< " < 1 and anyu 2 R
d ; kT1="(u)k 6 (1="r)kuk.

Therefore, by the Lipschitz property of'�1
x , we can write, fort 6 T ^ �" ^ T "



,

kv(";x)t � u
(x)
t k

6 kv(";x)t � (T1=" � '�1
x )(x"t � "r+1Rr+1("; t))k

+k(T1=" � '�1
x )(x"t � "r+1Rr+1("; t)) � u

(x)
t k 6 c 1

"r
k"r+1Rr+1("; t)k

+k"(RJ;jJj+1("; t; x))J2Bk:
Hence, fort 6 T ^ �" ^ T "



,

kv(";x)t � u
(x)
t k 6 "R("; t); (2.21)

where, fort 6 T ^ �" ^ T "



,

R("; t) = ckRr+1("; t)k + k(RJ;jJj+1("; t; x))J2Bk: (2.22)

Using (2.15) and (2.20) we prove the existence of positive constants�0; c0, such
that, for anyR > c0 and for" > 0 sufficiently small

P

 
sup

06t6T
R("; t) > R;T < �" ^ T "




!
6 exp

 
�R

�0

c0T

!
: (2.23)

Finally, by (2.21), we can write

E0

 
1l(T<�"^T "



) sup

06t6T
kv(";x)t � u

(x)
t k

!

6 "E0

 
1l(T<�"^T "



) sup

06t6T
R("; t)

!

= "

Z 1

0
P

 
sup

06t6T
R("; t) > R;T < �" ^ T "




!
dR:

Now, (2.19) follows from this, using (2.23) and the lemma is proved. 2

This is also ends the proof of the Proposition (2.12). 2

3. Study of the Tangent Process

The process(u(x)t ) is not necessarily a diffusion process. However, we shall prove
that it is the image by a projection of a left invariant diffusion on a nilpotent group.
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226 GERARD BEN AROUS AND MIHAI GRADINARU

We denote byg(m; r) the free r-nilpotent Lie algebra withm generators
Y1; : : : ; Ym. We shall identifyg(m; r) and the associated simple connected nilpo-
tent Lie groupN (m; r), which is nothing butg(m; r) with the multiplication given
by the Campbell–Hausdorff formula. We denote, by a clear abuse of notation,Yj
the left invariant vector field onN (m; r) defined by the generatorYj of g(m; r).

Let us consider(Gt) the invariant diffusion onN (m; r). That is the solution,
starting from the unit element,e 2 N (m; r), of the Stratonovich equation

dGt =
mX
j=1

Yj(Gt) � dBj
t ; G0 = e: (3.1)

PROPOSITION (3.2).There exists a unique linear projection,�x, such that

u
(x)
t = �x(Gt): (3.3)

Proof. According to the result of the Proposition 3.1 [8], p. 228,

Gt = exp

0
@ X
L;jLj6r

cLt Y
L

1
A (e):

Let fY K : K 2 Ag be a Hall basis ofg(m; r). Then, for every multi-indexL

Y L =
X

K2A;jKj=jLj

cLKY
K ; (3.4)

with universal constantscLK . Let us denote, forK 2 A,

bKt =
X

L;jLj=jKj

cLKc
L
t

and then, by a simple calculation, we get that

Gt = exp

 X
K2A

bKt Y
K

!
(e):

We note that, by the properties of vector fields, (3.4) it is also true withXj

insteadYj . By the fact thatfXJ (x) : J 2 Bg is a basis, we see thatu(x)t can be
written

u
(x)
t =

0
@ X
K2A;jKj=jJj

aKJ (x)b
K
t

1
A
J2B

:
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SINGULARITIES OF HYPOELLIPTIC GREEN FUNCTIONS 227

Putn = dimg(m; r) � d andA = fKi : i = 1; : : : ; d + ng. There exists a
diffeomorphism betweenRd+n , andN (m; r),

w 7! �e(w) = exp

 
d+nX
i=1

wiY
Ki

!
(e):

Let us denote bypx : Rd+n ! R
d the projection

px(w) =

0
@ X
i;jKij=jJjj

aij(x)wi

1
A
j=1;:::;d

= ~M(x)w:

Here we denotedaij(x) = aKi

Jj
(x); j = 1; : : : ; d; i = 1; : : : ; d+ n and ~M (x) is the

matrix with elementsaij(x) if jJj = jKij and zero otherwise.
Hence, taking

�x = px � ��1
e ; (3.5)

we obtain (3.3). 2

COROLLARY (3.6). For every t > 0, the law ofu(x)t has a smooth density

with respect to the Lebesgue measure,q
(x)
t (0; u).

Proof. We show that the Malliavin covariance matrix ofu(x)t is not degenerate
for every t > 0. It is known that the Malliavin covariance matrix ofGt is not
degenerate fort > 0. The same thing is true forbt = ��1

e (Gt). But, by (3.3).

u
(x)
t = ~M(x)bt

and we conclude, noting that~M(x) is a full rank matrix.
Let us denote, foru 2 R

dnf0g,

g(x)(0; u) =
Z 1

0
q
(x)
t (0; u)dt; (3.7)

the density of the occupation measure of the process(u
(x)
t ). That is, for every

positive measurable functionf

E0

Z 1

0
f(u

(x)
t )dt =

Z
Rd
g(x)(0; u)f(u)du: (3.8)

2

PROPOSITION (3.9).g(x)(0; �) is a strictly positive smooth function onRdnf0g.
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228 GERARD BEN AROUS AND MIHAI GRADINARU

Proof. The fact thatg(x) is smooth follows from (3.7). We show now thatg(x) is
a strictly positive function. We denote byG(N) the Green function of the diffusion
(Gt). Then, for every positive measurable functionf

Ee

Z 1

0
f(Gt)dt =

Z
N (m;r)

G(N)(e; g)f(g)dg;

where dg denotes the Haar measure onN (m; r).
It is known thatG(N) is a strictly positive function (see for instance [12], p. 102).

Using again (3.3), we shall writeg(x) in terms ofG(N) as an integral on a fiber of
the projection map�x, and we shall conclude. We prove

g(x)(0; u) = c

Z
Rn
G(N)(�e(0;0); �e(u�M(x)h; h)dh: (3.10)

Herec > 0 andM(x) is the block of the matrix~M(x), havingd lines indexed by
B andn columns indexed byAnB. Indeed, we haveZ

Rd
g(x)(0; u)f(u)du = E0

Z 1

0
f(u

(x)
t )dt

= Ee

Z 1

0
(f � �x)(Gt)dt =

Z
N (m;r)

G(N)(e; g)(f � �x)(g)dg

= c

Z
Rd�Rn

G(N)(�e(0;0); �e(u; h))(f � �x)(�e(u; h))dudh;

wherec > 0 is the absolute value of the jacobian of�e. In the latter integral we
perform the change of variablesv = u+D(x)h. Sincef was an arbitrary function
we get (3.10) and the proposition is proved. 2

We show now that the time spent by(u(x)t ) in a Euclidian ball is finite.

PROPOSITION (3.11).For every� > 0,

E0

Z 1

0
1lB(0;�)(u

(x)
t )dt <1: (3.12)

Before proving this result we shall make a useful remark. We note that, in this
nilpotent context, the estimate of the Green function (1.7), can be written

jG(N)(e; g)j 6 c

jgjQN�2
N

; g 6= e; (3.13)

where the homogeneous norm ofg = �e(w); w 2 R
d+n , is

jgjN =

2
64 rX
k=1

0
@ X
i;jKij=k

w2
i

1
A
QN=2k

3
75

1=QN

: (3.14)
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HereQN is the homogeneous dimension ofN (m; r)

QN =
rX

k=1

k dimVk; (3.15)

with

Vk = SpanfY J : jJ j = kg; k = 1; : : : ; r:

Vk’s from the natural graduation of the Lie algebra,g(m; r) = V1 � � � � � Vr.

Proof of the Proposition(3.11). By (3.10), we can write

E0

Z 1

0
1lB(0;�)(u

(x)
t )dt =

Z
B(0;�)

g(x)(0; u)f(u)du

= c

Z
B(0;�)

du
Z
Rn
G(N)(�e(0;0); �e(u�M(x)h; h))dh

= c

Z
Fx(B(0;�)�Rn)

G(N)(�e(0;0); �e(v; h))dv dh;

where we denotedFx(u; h) = (px(u; h); h). So, by (3.13)

E0

Z 1

0
1lB(0;�)(u

(x)
t )dt 6 c

Z
k�x(g)k<�

dg

jgjQN�2
N

:

The right-hand side of this last inequality is finite (see Lemma (A.7)). 2

COROLLARY (3.16). For every� > 0, for every continuous functionf on R
d ,

bounded by 1, with support inB(0; �), and for every� > 0, there existsT (�) > 0
such that�����E0

Z 1

T (�)
f(u

(x)
t )dt

����� 6 �: (3.17)

COROLLARY (3.18). For t > 0, we denote by�(x)t the law ofu(x)t . Then, for
every� > 0 and for every� > 0, there existsT (�) > 0 such that

�
(x)

T (�)(B(0; �)) 6 �: (3.19)

Proof. We get the convergence of the integral
R1

0 P0(u
(x)
t 2 B(0; �))dt, using

(3.12). Hence, limt"1 �
(x)
t (B(0; �)) = 0. 2
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4. Study of the Rescaled Diffusion

We shall analyse now the diffusion(v(";x)t ). We shall prove the following.

PROPOSITION (4.1).For every0 < � < 1 and for every continuous functionf
onRd , bounded by1, with support inB(0; �)

lim
"#0;T"1

E0

�
1l(T<�")

Z �"

T
f(v

(";x)
t )dt

�
= 0: (4.2)

Proof. Let G(";x) be the Green function of(v(";x)t ). For every positive
measurablef

E0

Z �"

0
f(v

(";x)
t )dt =

Z
(T1="�'

�1
x )(
)

G(";x)(0; u)f(u)du: (4.3)

We can write

E0

�
1l(T<�")

Z �"

T
f(v

(";x)
t )dt

�
= E0

�
1l(T<�")Ev

(";x)

T

Z �"

0
f(v

(";x)
t )dt

�

= E0

 
1l(T<�")

Z
(T1="�'

�1
x )(
)

G(";x)(v
(";x)
T ; u)f(u)du

!

=

Z
(T1="�'

�1
x )(
)

d�(";x)T (v)

Z
(T1="�'

�1
x )(
)

G(";x)(v; u)f(u)du:

Here�(";x)T denotes the measure having the density 1l(T<�") with respect to the law

of v(";x)T . We shall estimate the integral ofG(";x).
It is a simple calculation to show that, forv; u 2 (T1=" � '�1

x )(
),

G(";x)(v; u) = "Q�2G(vx" ; u
x
" ): (4.4)

Here we denotedux" = ('x � T")(u), for x 2 
; " > 0 sufficiently small and
u 2 R

d .
Therefore, by (1.8), we get

Z
B(0;�)

G(";x)(v; u)du 6
Z
B(0;�)

c"Q�2 du

jux" jQ�2
vx"

; (4.5)

for " > 0 sufficiently small andu 2 (T1=" � '�1
x )(
).
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LEMMA (4.6). For any v 2 R
d and for " > 0 sufficiently small, there exists a

constantc > 0, such thatZ
B(0;�)

"Q�2 du

jux" jQ�2
vx"

< c: (4.7)

Moreover

lim
kvk"1

Z
B(0;�)

"Q�2 du

jux" jQ�2
vx"

= 0; (4.8)

uniformly in" > 0.
Proof. For the first part we write the integral as

"�2
Z
('x�T")(B(0;�))

dy00

jy00jQ�2
zx"

:

(4.7) is a particular case of the following estimate: there exists a positive constant
c such that, for" > 0 sufficiently small

sup
z

Z
jyjz<"

dy

jyjQ�2
z

< c"2; (4.9)

with the supremum taken forz in a neighbourhood ofx. We shall now prove (4.9).
Firstly, by the change of variablesv = (T1=" � '�1

x )(y), we get that

Z
jyjx<"

dy

jyjQ�2
x

= c"2
Z
jvjh<1

dv

jvjQ�2
h

< c"2;

as follows from the Lemma (A.1) of the Appendix. Here and elsewherejujh denotes
the homogeneous norm ofu 2 R

d

jujh =

2
64 rX
k=1

0
@ X
j;lj=k

u2
j

1
A
Q=2k

3
75

1=Q

:

To get (4.9) it suffices to note that the bound in Lemma (A.1) depends only on the
radius of the homogeneous ball (here equal to 1). SincefXJj (z) : j = 1; : : : ; dg,
is a triangular basis, forz close enough tox, we conclude by a smooth change of
coordinates.

In proving (4.8) we use some simple properties of the locally homogeneous
norm (see (6.9), (6.11)). There exists some constantsc0; c

0; c00 > 0, such that

sup
kuk<�

"Q�2

jux" jQ�2
vx"

6 sup
kuk<�

1�
1
c0
jvjh � jujh

�Q�2 6
1�

c0

c0
kvk � c00�1=r

�Q�2 :
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From this, (4.8) is easily obtained and the lemma is proved. 2

Now we can complete the proof of the Proposition (4.1). By (4.5) and (4.7) we can
write, for everyR > 0,

E0

�
1l(T<�")

Z �"

T
f(v

(";x)
t )dt

�

6 c�
(";x)
T (B(0; R)) + sup

kvk>R

Z
B(0;�)

G(";x)(v; u)du; (4.10)

(with the convention thatG(z; y) = 0 if z or y =2 
).
We can make small the second term in (4.10) by choosing a largeR, as follows

from (4.5) and (4.8). Hence, to finish the proof of (4.2), it suffices to prove the
following.

LEMMA (4.11). For everyR > 0,

lim
"#0;T"1

�
(";x)
T (B(0; R)) = 0: (4.12)

Proof. Noting the result of the Corollary (3.18), the conclusion is obtained as
soon as we show that, for everyR > 0,

lim
"#0

�
(";x)
T (B(0; R)) = �

(x)
T (B(0; R)): (4.13)

For this, we write

jE0(1l(T<�")1lB(0;R)(v
(";x)
T ))�E01lB(0;R)(u

(x)
T )j

6 E0(1l(T<�"^T "


)j1lB(0;R)(v(";x)T )� 1lB(0;R)(u

(X)
T )j)

+P (T > �") + 2P (T > T "


):

As in the proof of the Proposition (2.12), it suffices to study the first term. But, the
result of the Lemma (2.18) allows us to control this term, using the fact thatuxT
does not charge the boundary of the ball, and (4.13) follows. 2

This also ends the proof of the Proposition (4.1). 2

5. Proof of the Theorem (1.9)

To prove the Theorem (1.9) we need the following important.
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PROPOSITION (5.1).LetH be a compact subset ofRdnf0g. Then

lim
"#0

sup
u2H

jG(";x)(0; u)� g(x)(0; u)j = 0: (5.2)

Proof. We shall show that, for" # 0,

G(";x)(0; u)du! g(x)(0; u)du; vaguely (5.3)

and then, that there exists"0 > 0, such thatfG(";x)(0; �); " 2 (0; "0]g is a relatively
compact subset of the set of continuous functions onH.

For the proof of (5.3), we denote Lip�(R
d ) the set of all bounded Lipschitz

continuous functionsf onRd , with support inB(0; �), such thatkfkLip 6 1.
By (4.3) and (3.8), for everyf 2 Lip�(R

d),

�����
Z
(T1="�'

�1
x )(
)

G(";x)(0; u)f(u)du�
Z
Rd
g(x)(0; u)f(u)du

�����
6

�����E0

 
1l(T<�")

Z T

0
f(v

(";x)
t )dt

!
�E0

Z T

0
f(u

(x)
t )dt

�����
+

�����E0

�
1l(T<�")

Z �"

T
f(v

(";x)
t )dt

������
+TP (T > �") +

�����E0

Z 1

T
f(u

(x)
t )dt

�����
6 cT"+

�����E0

�
1l(T<�")

Z �"

T
f(v

(";x)
t )dt

������
+cTe�(c

0="2T ) +

�����E0

Z 1

T
f(u

(x)
t )dt

�����;
as follows from (2.13) and from the classical exponential inequality. We can make
small the last term by choosing a largeT , as in (3.17). To control the second term
we use (4.2). Doing so we get (5.3).

Now, we shall show that there exist"0 > 0, such that the functionsG(";x)(0; �),
" 2 (0; "0], are uniformly equicontinuous, provided they are restricted to the
compact setH.

We prove the existence of a constantc > 0, such that, for everyu 2 H, and
" 2 (0; "0],

jXJjG(";x)(0; u)j 6 c; j = 1; : : : ; d: (5.4)
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By (4.4), foru 2 (T1=" � '�1
x )(
), we have

XJjG(";x)(0; u) = "Q�2XJjG(x; ux" ) = "Q�2+lj (XJjG)(x; ux" ):

To obtain (5.4), we use another important estimate. It is similar to (1.7), but on
the derivatives ofG (see Section 6)

jXi1 : : : XiqG(x; y)j 6
c

jyjQ�2+q
x

; y 6= x close enough: (5.5)

Hence, forj = 1; : : : ; d,

"Q�2+lj (XJjG)(x; ux" ) 6
c"Q�2+lj

jux" jQ�2+lj
x

=
c

jujQ�2+lj
h

;

which is bounded whenu lies in a compact set, and (5.4) is verified.
Using the weak convergence in (5.3) and the relatively compacteness offG(";x)

(0; �); " 2 (0; "0]g onH, we can identify the limit ofG(";x)(0; �). This ends the
proof of (5.2). 2

Proof of the Theorem(1.9). We take

H = fu 2 R
d : sup(juj j : j = 1; : : : ; d) = 1g

and

"y = sup(juj j1=lj : j = 1; : : : ; dg;

with y 2 
; y = 'x(u). Clearly

(T1="y � '�1
x )(y) 2 (T1="y � '�1

x )(
) \H:

For every� > 0 and for everyy sufficiently close tox, there exists"(�) > 0,
such that"y 6 "(�) and, by (5.1)

jG(";x)(0; (T1="y � '�1
x )(y))� g(x)(0; (T1="y � '�1

x )(y))j 6 �:

We note that,u(x)
"2t

andT"(u
(x)
t ) have the same law. Hence, by (3.8), we get

g(x)(0; T1="(u)) = "Q�2g(x)(0; u): (5.6)

Then, using (4.4) and (5.6), for every� > 0 and for everyy sufficiently close to
x; y = 'x(u),

j"Q�2
y G(x; y)� "Q�2

y g(x)(0; u)j 6 �: (5.7)
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Moreover, we can replace here"y by jyjx because, there existsc > 0 such that

jyjx 6 c"y: (5.8)

Finally, let us denote, for� 2 R
dnf0g,

�x(�) = g(x)(0; �): (5.9)

As a consequence of the Proposition (3.9),�x is a strictly positive smooth function
onRdnf0g.

By (1.8), fory 6= x,

�x(y) = (T1=jyjx � '�1
x )(y):

So, we conclude that, for every� > 0 and for everyy sufficiently close tox,

jjyjQ�2
x G(x; y)� �x(�x(y))j 6 �;

that is, (1.10).
The proof of the Theorem (1.9) is complete, except for the proof of Lemmas

(A.1) and (A.7) of the Appendix and of the estimates (1.7), (3.13) and (5.5), which
are simple consequences of estimates in [19], as we show in the following section.2

6. Locally Homogeneous Norm Associated toL

In this section we shall study the locally homogeneous normj � jx and we shall then
justify the estimates (1.7), (3.13) and (5.5). It suffices to prove the following.

PROPOSITION (6.1).There exists some positive constantsc; c0, such that, for
y 6= x close enough

jG(x; y)j 6 cjyj2x
m(Bh(x; jyjx))

; jXi1 : : : XiqG(x; y)j 6
c0jyj2�qx

m(Bh(x; jyjx))
: (6.2)

The estimates are then obtained using the simple calculation of the volume of a
small homogeneous ball,Bh(x; ") = fy : jyjx < "g

m(Bh(x; ")) =

Z
jyjx<"

dy = c"Q
Z
jvjh<1

dv = c0"Q: (6.3)

Here we performed the change of variablesv = (T1=" � '�1
x )(y) andc0 denotes a

positive constant.
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Proof of the Proposition(6.1). Noting the result of the Corollary in [19],
p. 117, it is enough to show that there exists a positive constantc, such that,
for y sufficiently close tox,

�(x; y) 6 cjyjx: (6.4)

Recall that�(x; y) is the distance introduced in [19], p. 107.
But by the Theorem 3 in [19], p. 112,� is locally equivalent to the pseudo-

distance�3. So, there exists a positive constantc, such that, fory sufficiently close
to x,

�(x; y) 6 c�3(x; y): (6.5)

Recall that

�3(x; y) = inff� > 0: 9f 2 C3(�); f(0) = x; f(1) = yg:

HereC3(�) = [DC3(�;D), where, for eachd-tupleD of multi-indicesJ , with
jJ j 6 r; C3(�;D) denote the class of smooth curvesf : [0;1]! R

d , such that

f 0(t) =
X
J2D

cJX
J (f(t)); with jcJ j < �jJj; J 2 D:

We shall introduce a slight modification of the pseudo-distance�3. We denote
by C(�;B) the set ofC1-functionsf : [0;1]! R

d , such that

f 0(t) =
X

j=1;:::;d

cjX
Jj (f(t)); with

rX
k=1

0
@ X
j;lj=k

c2
j

1
A
Q=2k

< �Q:

Then we define

dB(x; y) = inff� > 0: 9f 2 C(�;B); f(0) = x; f(1) = yg ^ 1:

But

rX
k=1

0
@ X
j;lj=k

c2
j

1
A
Q=2k

< �Q ) jcj j < �lj ; j = 1; : : : ; d;

so,C(�;B) � C3(�). It follows that, fory sufficiently close tox,

�3(x; y) 6 dB(x; y): (6.6)

Moreover, by the definitions ofjyjx and ofdB(x; y), and by our assumptions
on
, it is a simple observation that, forx; y 2 
,

dB(x; y) = jyjx: (6.7)
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This ends the proof of (6.4) and of the proposition. 2

REMARK (6.8). Clearly,dB(x; y) is a pseudo-distance in the sense of [19],
p. 109. From this, by (6.7), we see that there exists a constantc0 > 1, such that, for
everyx; y; z 2 
,

jyjx 6 c0(jzjx + jzjy): (6.9)

REMARK (6.10). We can check another simple property ofj � jx. For every
x; y 2 
; y = 'x(u), there exists two positive constants,c0; c00, such that

c0kuk 6 jyjx 6 c00kuk1=r: (6.11)

7. Capacity of Small Compact Sets

In this section we shall estimate the capacity (relative to the kernelG) of small
compact sets.

To apply the theory of Blumenthal and Getoor [6] for Markov processes in
duality, we must consider the process(xt) killed at an independent exponential

random time�, of parameter� > 0, which we denote by(x(�)t ).

The Green function of(x(�)t ) is the�-potential of(xt)

G�(x; y) =

Z 1

0
e��tp
t (x; y)dt: (7.1)

REMARK (7.2). The result of the Theorem (1.9) still holds withG replaced by
G�. Indeed, we have

jG�(x; y)jyjQ�2
x � �x(�x(y))j

6

�����G�(x; y)

G(x; y)
� 1

����� � jG(x; y)jyjQ�2
x j+ jG(x; y)jyjQ�2

x � �x(�x(y))j:

The conclusion follows as soon as we show that

lim
"#0

sup
ky�xk<"

�����G�(x; y)

G(x; y)
� 1

����� = 0;

which can be done as in [9], p. 241.
Therefore, for every� > 0 and for everyy 6= x close enough

�� +�x(�x(y))

jyjQ�2
x

6 G�(x; y) 6
� +�x(�x(y))

jyjQ�2
x

: (7.3)
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Now, let us recall some definitions. By choosing� > 0 large enough, we can
apply the theory of [6] to the process(x(�)t ). For a compact subsetH in 
, we
denote

T
(�)
H = infft > 0: x(�)t 2 Hg:

Let �(�)H the equilibrium measure ofH, that is the unique finite measure sup-
ported byH such that, for everyx 2 
,

Px(T
(�)
H <1) = G��

(�)
H (x) =

Z
Rd
G�(x; y)�

(�)
H (dy): (7.4)

The�-capacity ofH will be denoted byc�(H), and is the total mass of�(�)H , or,
equivalently

c�(H) = supfj�j : � 2M(H); G�� 6 1 on 
g: (7.5)

HereM(H) is the set of all positive finite measures supported onH.
LetH be a compact subset ofRd containing 0. We shall describe the capacity

of a small compact set. The natural dilation ofH isHx
" = ('x � T")(H). We shall

study the asymptotic behaviour ofc�(Hx
" ) as"! 0.

To write down the statement we need the following.

LEMMA (7.6). There exists

lim
"#0

jvx" jux"
"

= �(u; v) > 0 (7.7)

and

lim
"#0

�ux" (v
x
" ) = �(u; v) 6= 0; (7.8)

for u 6= v 2 R
dnf0g.

Proof. We have to calculatejvx" jux" . SincefXJj (y) : j = 1; : : : ; dg is a basis
for y close tox, we have

vx" = exp(Z")(x) = exp(W")(u
x
" ); ux" = exp(Y")(x);

with

Z" =
X

j=1;:::;d

"ljvjX
Jj ; Y" =

X
j=1;:::;d

"ljujX
Jj ; W" =

X
j=1;:::;d

w"
jX

Jj :

By the Campbell–Hausdorff formula we get

Z" =W" + Y" +
1
2[W"; Y"] + � � � ;
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so

w"
j = "lj bj(u; v) +O("lj+1); j = 1; : : : ; d; bj(u; v) 6= 0:

Using (1.5), we get

jvx" jux" = "�(u; v) +O("1+�); � 2 (0;1): (7.9)

with

�(u; v) =

2
64 rX
k=1

0
@ X
j;lj=k

bj(u; v)
2

1
A
Q=2k

3
75

1=Q

: (7.10)

This proves (7.7).
On the other hand, by (1.8) and the preceding calculation, we can write

�ux" (v
x
" ) =

0
@ w"

j

jvx" jjJjux"

1
A
j=1;:::;d

=

�
bj(u; v) +O(")

�(u; v)lj +O("�)

�
j=1;:::;d

; � 2 (0;1):

Taking

�(u; v) =

�
bj(u; v)

�(u; v)lj

�
j=1;:::;d

(7.11)

we get (7.8) and the lemma is proved. 2

We denote

rx(u; v) =
�x(�(u; v))

�(u; v)Q(x)�2
; qx(H) =

m(H)

maxu2@H
R
H rx(u; v)dv

: (7.12)

We can state now the main result of this section.

PROPOSITION (7.13).LetH be the closure of a bounded domain inR
d containing

0, andx 2 
. Then

lim
"#0

c�(H
x
" )

"Q(x)�2
= qx(H): (7.14)

Proof. We consider�, the measure with the density 1lH with respect to the
Lebesgue measure and�x" , the image measure of� through'x � T".

A lower bound forc�(Hx
" ) is obtained as soon as we can obtain a uniform bound

on G��
x
" . By the maximum principle of Bony [7], for hypoelliptic operators, it

suffices to boundG��
x
" onHx

" .
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Takeux" 2 Hx
" . Then

G��
x
" (u

x
" ) =

Z
Rd
G�(u

x
" ; v)�

x
" (dv) =

Z
H
G�(u

x
" ; v

x
" )dv:

Then, by (7.3) and (7.9)

G��
x
" (u

x
" ) 6

Z
H

� +�ux" (�ux" (v
x
" ))

jvx" jQ�2
ux"

dv =
Z
H

� +�ux" (�ux" (v
x
" ))

"Q�2(�(u; v)Q�2 +O("�))
dv:

Using (7.5), for allu 2 H,

c�(H
x
" )

"Q�2 >
m(H)R

H

�+�ux"
(�ux"

(vx" ))

�(u;v)Q�2+O("�)
dv
:

Hence, by the continuity of�x(�) and by (7.11), we get

lim inf
"#0

c�(H
x
" )

"Q�2 > qx(H): (7.15)

On the other hand

�x"G�(u
x
" ) =

Z
Rd
G�(v; v

x
" )�

x
" (dv) =

Z
H
G�(v

x
" ; u

x
" )dv =

Z
H
G�(u

x
" ; v

x
" )dv;

so, again by (7.3) and (7.9)

�x"G�(u
x
" ) >

Z
H

�� +�ux" (�ux" (v
x
" ))

jvx" jQ�2
ux"

dz =
Z
H

�� +�ux" (�ux" (v
x
" ))

"Q�2(�(u; v)Q�2 +O("�))
dv:

We denote by��;x";H , the equilibrium measure ofHx
" . We can write

j��;x";H j �
Z
H

�� +�ux" (�ux" (v
x
" ))

"Q�2(�(u; v)Q�2 +O("�))
dv

6

Z
Rd
�
�;x
";H(dux" )�

x
"G�(u

x
" )

=

Z
Rd
�x" (dv)G��

�;x
";H(v) 6 j�x" j = m(H):

Hence, for allu 2 H,

c�(H
x
" )

"Q�2 �
Z
H

�� +�ux" (�ux" (v
x
" ))

�(u; v)Q�2 +O("�)
dv 6 m(H);

from which we get, by (7.11)
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lim sup
"#0

c�(H
x
" )

"Q�2 6 qx(H): (7.16)

2

8. Applications: Various Sample Path Properties

As we said in [9], p. 222, as soon as we dispose of the results on the Green
function and on the capacity of small compact sets, we can derive some sample
path properties. The general methods used in [9], Section 7 and Section 8, can be
applied.

We note that, for certain properties we do not need the exact behaviour ofG,
but only the estimates

c0

jyjQ�2
x

6 G(x; y) 6
c

jyjQ�2
x

; with x 6= y close enough; (8.1)

c; c0 being positive constants. The right hand is (1.7) and the left hand can be
obtained in a similar way as (1.7), that is, using the estimate on the volume of
homogeneous small balls, (6.3) and the Theorem I (ii) in [10], p. 248.

We shall emphasize only the differences with respect to the case considered in
[9].

8.1. HITTING PROBABILITIES OF SMALL COMPACT SETS

For" > 0 sufficiently small, we denote

THx
"
= infft > 0: xt 2 Hx

" g:
PROPOSITION (8.2).For n > 1 integer, forx0; x1; : : : ; xn distinct points of

and fort > 0,

lim
"#0

�
1

"Q(x)�2

�n
Px0(THx1

"
6 � � � 6 THxn

"
6 t)

= qx1(H) : : : qxn(H)�
Z

06s16���6sn6t
ds1 : : : dsnp
s1

(x0; x1)

�p
s2�s1
(x1; x2) : : : p



sn�sn�1

(xn�1; xn): (8.3)

Moreover, there exists constantsc; cn;t > 0, independent ofx0; x1; : : : ; xn, such
that, wheneverjxj jxj�1 > c"; j = 1; : : : ; n

�
1

"Q(x)�2

�n
Px0(THx1

"
6 � � � 6 THxn

"
6 t) 6 cn;t

nY
j=1

1

jxj jQ(x)�2
xj�1

: (8.4)
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For the proof we use the result on the capacity (7.11) and we repeat the arguments
in pp. 250–252, [9].

8.2. WIENER SAUSAGE

We shall analyse the asymptotic behaviour of the volume of the Wiener sausage of
small radius. For 06 t < � , let us denote

SHx
"
(0; t) =

[
06s6t

Hxs
" ; (8.5)

the ‘sausage’ associated to(xt) andHx
" ;H � R

d , containing 0.
By a similar proof as in [9], pp. 253–257, we could obtain.

PROPOSITION (8.6).Let �(dx) = f(x)dx, wheref is a bounded measurable
function on
. Then, for everyp > 1;0< T < �; x0 2 
,

lim
"#0

Ex0

"
sup

06t6T

���� 1
"Q(x)�2

�(SHx
"
(0; t))�

Z t

0
f(xs)qxs(H)ds

����
p
#
= 0: (8.7)

REMARK (8.8). Recall that(Gt) denote the invariant diffusion onN (m; r). Let
us denote, for" > 0; t > 0,

SN" (0; t) = fg 2 N (m; r) : jg � G�1
s jN 6 "; for some s 6 tg: (8.9)

If � denotes the Haar measure on the group, by the Theorem (4.9) in [12], we get

lim
t"1

1
t
�(SN1 (0; t)) = c; Pe-a:s: (8.10)

From this we obtain a similar result as (7.q) in [9], p. 258

lim
"#0

1
"QN�2�(SN" (0;1)) = c; in probability: (8.11)

Indeed, if�" denotes the image onN (m; r) of the dilation on the algebrag(m; r)
(see [2], p. 88), then(�"(Gs)) and (G"2s) have the same law. By scaling and
homogeneity properties we can show that�(SN" (0,1)) and"QN�(SN1 (0;1="2))
have the same law.

8.3. DOUBLE POINTS

We could prove the same result as the Theorem 8.2 in [9], p. 261.

PROPOSITION (8.12).For everyx 2 
, with Px probability one, the process
fxs : 0 6 s < �g does not have double points.
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In proving this, we use the Hausdorff measure with respect to the homogeneous
normj � jx and the estimates forG, (8.1). The difference with respect to [9] is that,
instead (8.d), p. 262, we prove

Ex

 
sup
s<�^�

jxsjQ(x)�2
x

!
6 c�Q(x)�2=2;

for everyx 2 
; � 2 (0;1); c being a positive constant. For this, we use the
Taylor stochastic expansion and the fact that, for every multi-indexJ , there exists
a constantc(J) > 0, such that,E(jBJ

t j2) 6 c(J)tjJj (see [1], p. 34).

8.4. WIENER AND POINCAŔE TESTS

The result which we formulate is similar to the classical Wiener test. For another
form we refer to [5], p. 98.

Let us consider a constant� greater than the constantc0 > 1, which appears in
the triangular inequality for the homogeneous normj � jx, (6.9). ForB a Borel set
contained inU we denote

Bn =

�
y 2 B :

1
�n+1 6 jyjx 6

1
�n

�
; n > 1: (8.13)

PROPOSITION (8.14).The probabilityPx(T
(�)
B = 0) = 0 or 1 according as the

series�n�
n(Q(x)�2)c�(Bn) converges or diverges.

We show that, forn > 1,

c0�n(Q�2)c�(Bn) 6 Px(T
(�)
Bn

<1) 6 c�(n+1)(Q�2)c�(Bn);

using the estimates in (8.1). Then we conclude as in [12], pp. 108–110.
This result could be applied to obtain the cone test of Poincaré. A homogeneous

cone with vertex 0 is a Borel setC with non-empty interior, which is stable for the
dilationsT� and such that 02 @C.

COROLLARY (8.15). ConsiderC a homogeneous cone with vertex0 andN a
neighbourhood of0. If B is a Borel set such that'x(N \ C) � B � U , then

Px(T
(�)
B = 0) = 1.

We note thatCn+1 = T1=�(Cn); n > 1, so, by a simple property of the capacity
(see [12] Proposition (4.7)), we get,c�(Cn) = c��n(Q�2); c > 0. Then we can
conclude, using the Proposition (8.14), since'x((N \C)n) � Bn andc�('x(N \
C)) = cc�(N \C); c > 0, (see also the Corollary (5.4) [12]).
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9. Examples

In this section we shall describe some concrete examples, where we can perform
more calculations. Firstly, let us point out some simple cases.

We consider onR3 the vector fieldsX1 = @x1 + 2x2@x3;X2 = @x2 � 2x1@x3.
Then[X1;X2] = �4@x3 and the operatorL = 1

2(X
2
1 +X2

2) is hypoelliptic. This
case is called the Heisenberg case and in [11], p. 375 (see also [13], p. 101) was
calculated the Green function onR3 with pole 0

GH(0; y) =
1=(4�)q

(y2
1 + y2

2)
2 + y2

3

4�2 =
1=(4�)

jyjQH�2
0

: (9.1)

In [9] a more general situation is treated. Consider two smooth vector fields
X1;X2 on R

3, such that for everyx 2 
;X1(x);X2(x); [X1;X2](x) spanR3.
Then the Green function satisfies

jG(x; y)d(x; y)4�2 � cj ! 0; as y ! x: (9.2)

It is also shown that the pseudo-distanced(x; y) is equivalent tojyjx.
We firstly treat the following.

9.1. CURVED HEISENBERG CASE

Forn > 1 integer, we takem = 2n andd = 2n + 1. Suppose thatX1; : : : ;X2n

are smooth vector fields onR2n+1, such that

[X2k�1;X2k] = [X1;X2]; k = 1; : : : ; n; (9.3)

all other brackets being zero. Let us consider
 a bounded domain inR2n+1. We
shall suppose that, for everyx 2 
, the vectorsX1(x); : : : ;X2n(x); [X1;X2](x)
spanR2n+1.

It is a particular case because we consider only two order brackets and a single
one is not zero. In this caser = 2 andQ = 2n + 2. The basis is indexed by
B = f1;2; : : : ;2n; (1;2)g.

The diffusion associated to the vector fields, starting from a fixed pointx 2 
,
is

xt = exp

 
2nX
j=1

B
j
tXj �

1
2

nX
k=1

Z t

0
(B2k

s dB2k�1
s �B2k�1

s dB2k
s )

[X1;X2]

!
(x) + t3=2R3(t); (9.4)
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as we can see by (2.14). We must compare(xt) to the left invariant diffusion on
the Heisenberg group,H2n+1, with its usual structure onR2n+1. The left invariant
vector fields are defined by

Y2k�1 = @x2k�1 � 2x2k@x2n+1;

Y2k = @x2k + 2x2k�1@x2n+1; k = 1; : : : ; n;

so, the invariant diffusion started from 0 is

Gt = exp

 
2nX
j=1

B
j
t Yj �

1
2

nX
k=1

Z t

0

�(B2k
s dB2k�1

s �B2k�1
s dB2k

s )[Y1; Y2]

!
(0): (9.5)

In this case we do not need any projection, and(u
(x)
t ) is the diffusion

 
B1
t ; : : : ; B

2n
t ;�1

2

nX
k=1

Z t

0
(B2k

s dB2k�1
s �B2k�1

s dB2k
s )

!
: (9.6)

Its Green function,g(x), is the invariant Green function on the Heisenberg group.
By the result of [11], p. 375, we get

g(x)(0; y) =
1=cn��

�2n
j=1y

2
j

�2
+ y2

2n+1

�n=2
; cn =

2n�1�(n2 )

�n+1 : (9.7)

Fory = 'x(y1; : : : ; y2n+1), we denote

jyjx =

2
64
0
@ 2nX
j=1

y2
j

1
A
n+1

+ jy2n+1jn+1

3
75

1=2n+2

: (9.8)

Then, applying the Theorem (1.9), we obtain

lim
"#0

sup
kx�yk<"

jG(x; y)jyj2nx � �x(�x(y))j = 0: (9.9)

Here

�x(y) =

�
y1

jyjx
; : : : ;

y2n

jyjx
;
y2n+1

jyj2x

�
(9.10)
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and

�x(t1; : : : ; t2n+1) =
cx=cn��P2n

j=1 t
2
j

�2
+ t22n+1

�n=2
; cx > 0: (9.11)

REMARK (9.12). Noting the symmetry of the first 2n coordinates, we can write
a simpler form of (9.9). Put

#(y) =
jy2n+1j
�2n
j=1y

2
j

; 	(t) =
1
cn

(1+ tn+1)n=n+1

(1+ t2)n=2
: (9.13)

Then, by (9.9), we get

lim
"#0

sup
ky�xk<"

jG(x; y)jyj2nx � cx	(#(y))j = 0: (9.14)

We also note that, forn = 1;	 = 1=cn is constant and we can compare (9.14)
with the result obtained in [9], (9.2).

REMARK (9.15). In this particular case we could easily write the result on the
capacity of small compact sets.

Now, we shall study a slight extension of the last model. Let us replace (9.3) by
the following assumption

[X2k�1;X2k] = ak[X1;X2]; ak 2 R
� ; k = 1; : : : ; n; (9.16)

all other hypothesis on the vector fields being the same.
The associated diffusion can be written as in (9.4), using the Taylor stochastic

expansion. It will be compared to the diffusion(~uxt ) generated by the following
vector fields

Y2k�1 = @x2k�1 + 2akx2k@x2n+1;

Y2k = @x2k � 2akx2k�1@x2n+1; k = 1; : : : ; n;

that is 
B1
t ; : : : ; B

2n
t ;�1

2

nX
k=1

ak

Z t

0
(B2k

s dB2k�1
s �B2k�1

s dB2k
s )

!
: (9.17)

The Green function associated to(~uxt ) was pointed out in [16], p. 136

~g(x)(0; y) = cn

Z
R

A(s)ds
(
Pn

k=1bk(s)(y
2
2k�1 + y2

2k) + isy2n+1)n
; (9.18)
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wherei =
p�1; cn = (n� 1)!=2� and

A(s) =
1

(4�)n

nY
k=1

4aks
sinh(4aks)

; bk(s) = (aks) coth(4aks): (9.19)

REMARK (9.20). When(y1; : : : ; y2n+1) = (0; : : : ;0; y2n+1), with y2n+1 6= 0, we
must integrate in (9.19) onR + iq; q > 0 (see also [4]).

We can obtain the behaviour of the Green function~G, associated to the vector
fieldsXj , as in the first case. We use the same homogeneous norm, given by (9.8),
and we get the same relation as (9.9), with�x replaced by

~�x(t1; : : : ; t2n+1) = cxcn

Z
R

A(s)ds
(
Pn

k=1bk(s)(t
2
2k�1 + t22k) + ist2n+1)n

: (9.21)

REMARK (9.22). We can simplify the result again, using the symmetry of the
pairs of coordinates.

REMARK (9.23). We can find again the result of [9], forn = 1. Also, we could
formulate the result on the capacity.

REMARK (9.24). A more general situation can be obtained assuming thatm =
2n; d = 2n+p (pmissing directions,p > 1, integer) andr = 2. Using some recent
results of [4] we could write similar results.

As was said, we shall describe a case when the condition that the geometry of
the brackets is locally constant fails.

9.2. A CASE AT STEP LARGER THAN TWO

Let us consider onR3 the vector fields

X1 = @x1 + 2px2(x
2
1 + x2

2)
p�1@x3;

X2 = @x2 � 2px1(x
2
1 + x2

2)
p�1@x3; (9.25)

with p > 1, integer, andL = 1
2(X

2
1 + X2

2). The casep = 1 is the classical
Heisenberg caseH3 = N (2;2).

The operatorL is nowhere elliptic, but is hypoelliptic. Indeed, forp > 1 and
for x =2 fx1 = x2 = 0g, we have

[X1;X2] = �8p(x2
1 + x2

2)
p�1@x3:

So, forp > 1 and forx =2 fx1 = x2 = 0g;X1(x);X2(x) and[X1;X2](x) span
R

3. This situation was already treated. On the other hand we see that for the points
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on the axisfx1 = x2 = 0g, to spanR3 we need to go up to the brackets of order
2p in this points. This timer(0;0; x3) = 2p andQ(0;0; x3) = 2p+ 2. Clearly, the
geometry of the brackets is not locally constant around the point(0;0; x3).

Operators likeL occur in the study of the boundary of the Cauchy–Riemann
complex (see [17]). Precisely, let us consider the domain

D = f(z1; z) 2 C
2; Im z1 > jzj2pg:

If p = 1;D is the generalized upper half plane inC 2. The vector field@z�2i�z@z1

is the unique holomorphic vector field which is tangent to the boundarybD of D.
In the tangential coordinate system (see [17]: coordinates� = Im z1 � jzj2; z; �z
andx3 = Rez1) this vector field takes the form

Z = @z + i�z@x3:

Z is left-invariant with respect to the nilpotent group structure, the Heisenberg
group, onR3 = bD.

In the casep > 1, we have

Z = @z + ipzp�1�zp@x3

and there is no group structure onR3 with respect to whichZ is left-invariant.
We also note thatZ = 1

2X1 � 1
2iX2 andL is of the type�2b, precisely,

L = Z �Z + �ZZ:

Recall that in the Heisenberg case, the Green function onR
3 is known. By

left-invariance it suffices to know the Green function with pole (0,0,0) (see (9.1)).
In [15] the casep = 2 is considered and the expression of the Green function

onR3 with arbitrary pole is given.
Here we consider an arbitraryp. As was said, the case when the pole is outside

of the axisfx1 = x2 = 0g was treated. It is plausible that the method of [15]
can give an exact formula for the Green function with arbitrary pole. However, the
calculation seems to be more delicate (see also [17], p. 157). Nevertheless, we can
give an exact formula for the Green function with pole on the axisfx1 = x2 = 0g.

PROPOSITION (9.26).The Green function onR3, associated to the vector fields
X1;X2, with pole(0;0; x3), is

G((0;0; x3); (y1; y2; y3)) =
1=(4p�)q

(y2
1 + y2

2)
2p + (y3 � x3)2

: (9.27)

Proof. We denotew = y1 + iy2; �
2 = jwj4p + (y3 � x3)

2 and we must show
that the Green function is

G((0; x3); (w; y3)) =
1

4p��
:
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Clearly, this function is aC1-function of(w; y3), as long as(w; y3) 6= (0; x3).
We consider, for" > 0, theC1-function onR3

G"((0; x3); (w; y3)) =
1

4p��"
;

where�2
" = (jwj2p + "2p)2 + (y3 � x3)

2.
Then,G"((0; x3); (w; y3)) ! G((0; x3); (w; y3)), pointwise as" # 0, as long

as(w; y3) 6= (0; x3). In fact, we can show that

G((0; x3); (w; y3)) = lim
"#0

G"((0; x3); (w; y3)); as a distribution inR3:

Indeed, we see that there exists a positive constantc, independent of", such
that jG"j 6 c

�
. If we show that 1=� is locally integrable, then, by the Lebesgue

dominated convergence theorem we get

G"((0; x3); �)! G((0; x3); �); in D0(R3); as " # 0:

We study the integrability at(w; y3) = (0; x3) and we may suppose thatx3 = 0.
We shall estimate 1=� on the domainjwj 6 1; jy3j 6 1. We have

Z 1

�1

dy3

�
= 2 log[1+ (1+ jwj4p)1=2]� 4p log jwj:

The first term is clearly integrable onjwj 6 1, as for the second,
R
jwj61 j log jwjj �

dv(w) = 2�
R 1

0 r logr dr <1.
After some calculations, we get

L

�
1

4p��"

�
=

p

2�
� "

2pjwj2p�2

�3
"

:

Hence, we have

LG = 0; as long as(w; y3) 6= (0; x3)

and

LG"((0; x3); (w; y3))! 0; as " # 0;

uniformly on compact subsets ofR3 which do not contain the point(0; x3).
We show thatZ

R3
LG"((0; x3); (w; y3))dv(w; y3) = 1:
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Indeed

p

2�
"2pjwj2p�2

Z
R

dy3

[(jwj2p + "2p)2 + (y3 � x3)2]3=2
=
p

�
� "2pjwj2p�2

(jwj2p + "2p)2

and then

p

�
"2p
Z
R2

jwj2p�2 dv(w)
(jwj2p + "2p)2

= 2p"2p
Z 1

0

r2p�1 dr
(r2p + "2p)2

= 1:

Now we consider an arbitrary� 2 C1
0 (R3). Then, for any neighbourhoodU of

(0; x3), we can write

hG((0; x3); �); L�i

= lim
"#0

Z
R3
G"((0; x3); (w; y3))L�(w; y3)dv(w; y3)

= lim
"#0

�(0; x3)

Z
R3
LG"((0; x3); (w; y3))dv(w; y3)

+ lim
"#0

Z
R3
LG"((0; x3); (w; y3))(�(w; y3)� �(0; x3))dv(w; y3)

= �(0; x3) + lim
"#0

Z
R3nU

LG"((0; x3); (w; y3))(�(w; y3)

��(0; x3))dv(w; y3) + lim
"#0

Z
U
LG"((0; x3); (w; y3))(�(w; y3)

��(0; x3))dv(w; y3) = �(0; x3):

This proves the fact thatG is the Green function ofL onR3 with pole(0; x3). 2

REMARK (9.28). In the Heisenberg case, the Green function with arbitrary pole
is given by (9.27). For the case treated in [15],p = 2, the Green function with
arbitrary pole has two terms, the first being the right hand of (9.27). In the general
case we should attempt to findp terms of the Green function with arbitrary pole,
the first being the right hand of (9.27).

The diffusion started from(0;0;0) 2 fx1 = x2 = 0g, generated byX1;X2 is

xt =

�
B1
t ; B

2
t ;4p

Z t

0
R2(p�1)
s dSs

�
; (9.29)

where

R2
t = (B1

t )
2 + (B2

t )
2; St =

1
2

Z t

0
B2
s dB1

s �B1
s dB2

s : (9.30)

pota340.tex; 20/04/1998; 8:48; v.7; p.34



SINGULARITIES OF HYPOELLIPTIC GREEN FUNCTIONS 251

We denote, fory = '(0;0;0)(y1; y2; y3),

jyj0 = [(y2
1 + y2

2)
p+1 + jy3jp+1=p]1=2p+2; (9.31)

�0(y) =

 
y1

jyj0
;
y2

jyj0
;
y3

jyj2p0

!
; (9.32)

and

�0(t1; t2; t3) =
1

4p�
� 1q

(t21 + t22)
2p + t23

: (9.33)

Then, by (9.27)

G(0; y) =
�0(�

1
0(y); �

2
0(y); �

3
0(y))

jyj2p0
: (9.34)

Clearly, we could use the symmetry of the first two coordinates to write another
expression for the Green function (see [14]).

Finally, we shall consider the

9.3. GRUSHIN CASE

Let us consider onR2 the vector fields

X1 = @x1; X2 = x1@x2: (9.35)

Then[X1;X2] = @x2 and the operatorL = 1
2(X

2
1 +X

2
2) is hypoelliptic on the axis

fx1 = 0g and elliptic elsewhere.
We consider the pointx = (0;0), which lies on the axisfx1 = 0g. Clearly,

r(0;0) = 2; Q(0;0) = 3 andB = f1; (12)g.
The diffusion started fromx is

xt =

�
B1
t ;

Z t

0
B1
s dB2

s

�
=

 
B1
t ;
B1
tB

2
t

2
� St

!
; (9.36)

whereSt is as in (9.30).
The left invariant diffusion started from 0 on the Heisenberg groupH3 is

Gt = (B1
t ; B

2
t ;�St): (9.37)

Therefore

xt = �x(Gt); �x(a; b; c) =

�
a;
ab

2
+ c

�
: (9.38)
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From this it is not difficult to see that the Green function of(xt) is

G((0;0); (y1; y2)) =

Z
R

GH

�
(0;0;0);

�
y1; h; y2 �

y1h

2

��
dh; (9.39)

or, by (9.1)

G((0;0); (y1; y2)) =
1

4�

Z
R

dhq
(y2

1 + h2)2 + (y2 � y1h
2 )2

: (9.40)

Let us denote

j(y1; y2)j0 = 3
q
jy1j3 + jy2j3=2: (9.41)

If we take

�0(y1; y2) =

 
y1

j(y1; y2)j0
;

y2

j(y1; y2)j20

!
(9.42)

and

�0(t1; t2) =
1

4�

Z
R

dhq
(t21 + h2)2 + (t2 � t1h

2 )2
; (9.43)

then

G((0;0); (y1; y2)) =
�0(�0(y1; y2))

j(y1; y2)j3�2
0

: (9.44)

REMARK (9.45). We could take as angular variable#0(y1; y2) = y2=y
2
1 to write

another expression for the Green function (see [14]).

REMARK (9.46). In this case several of our hypothesis fail:d = 2; Q(x) = 3, the
geometry of the brackets is not locally constant inx and the estimates of [19] are
not proved. Nevertheless, the result obtained by a direct calculation, (9.44) is quite
close to the result of the Theorem (1.9).

Appendix

We prove here the integral estimates which we used in the proof of the Theorem
(1.9).

We shall denotedk = cardfj : lj = kg; k = 1; : : : ; r. So,d =
Pr

k=1dk and
Q =

Pr
k=1kdk. We assume thatr > 2; d1 > 2 anddk > 1; k = 2; : : : ; r.
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LEMMA (A.1). There exists two positive constantsc0; c1, such that, for every
S > 0,

I =
Z
jujh<S

du

jujQ�2
h

< cS2=r2
; (A.2)

wherec = c0(2�)l�rc
r�1
1 except forr = 2; d2 = 1 wherec =

p
2(2�)2.

Proof. In estimatingI we shall use the following simple observation. Let us
denote, forn > 1; p; q > 0 and� > 0,

^n;p;q(�) =
Z �

0

�n�1

(�q + 1)p
d�: (A.3)

Clearly,�n;p;q is increasing and we see that, there existsc1 > 0, depending only
onn; p; q, such that

lim
�"1

�n;p;q(�) < c1; provided pq � n > 0: (A.4)

Also, forS;R > 0, we have

Z S

0

�n�1

(�q +R)p
d� = Rn�pq=q�n;p;q

�
S

R1=q

�
: (A.5)

We shall denote, fork = 1; : : : ; r,

s2
k =

X
j;lj=k

u2
j ; Qk =

rX
i=k

idi: (A.6)

Then

I 6

Z
fu:jskj<S1=k;k=1;:::;rg

du�Pr
k=1s

Q=k
k

�Q�2=Q

=

Z
fjskj<S1=k;k=2;:::;rg

du00
Z
fjs1j<Sg

du0

(sQ1 +R1)
Q1�2
Q

;

where du0 =
Q
j;lj=1 duj ; du00 =

Q
j;26lj6r duj andR1 =

Pr
k=2s

Q=k
k . By a

simple change of variables and by (A.5), we getZ
fjs1j<Sg

du0

(sQ1 +R1)Q1�2=Q
= (2�)d1�1

Z S

0

�d1�1 d�
(�Q +R1)Q1�2=Q

= (2�)d1�1R
d1�Q1+2=Q
1 �d1;Q1�2=Q;Q

 
S

R
1=Q
1

!
:
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We haveQ �Q1 � 2=Q� d1 = Q2 � 2.
The caser = 2; d2 = 1 will be considered separately. Forr = 2 andd2 > 1, by

(A.4) we get

I < c

Z
fjs2j<S1=2g

du00

s
(Q=2)�(Q2�2=Q)
2

= c

Z S1=2

0

�d2�1 d�
�2d2�2=2

= cS1=2;

c = (2�)d1+d2�2c1:

Forr > 3, again by (A.4), we can write

I < c

Z
fjs2j<S1=k;k=3;:::;rg

du00
Z
fjs2j<S1=2g

du0

(s
Q=2
2 +R2)Q2�2=Q

;

where, this time du0 =
Q
j;lj=2 duj; du00 =

Q
j;36lj6r duj andR2 =

Pr
k=3s

Q=k
k .

By a similar calculationZ
fjs2j<S1=2g

du0

(s
Q=2
2 +R2)Q2�2=Q

= (2�)d2�1
Z S1=2

0

�d2�1 d�
(�Q=2 +R2)Q2�2=Q

= (2�)d2�1R
2d2�Q2+2=Q
2 �d2;Q2�2=Q;Q=2

 
S1=2

R
2=Q
2

!
:

SinceQ �Q2 � 2=Q� 2d2 = Q3 � 2> 0, we get

I < c

Z
fjskj<S1=k;k=3;:::;rg

R
�(Q3�2=Q)
2 du00; c = (2�)d1+d2�2c2

1:

For r = 3; d3 = 1, we haveI < cS2=9, with c = 3(2�)d1+d2�2c2
1, and for

r = 3; d3 > 1,

I < c

Z
fjs3j<S1=3g

du00

s
(Q=3)�(Q3�2=Q)
3

= (2�)d3�1c

Z S1=3

0

�d3�1 d�
�3d3�2=3

= cS2=9;

with c = 3
2(2�)

d1+d2+d3�3c2
1.

For r > 4 we repeat the reasoning and (A.2) is obtained in a finite number of
steps.

To finish the proof we must treat the caser = 2; d2 = 1. We have

I 6

Z
fjs1j<S;js2j<S1=2g

du1 du2 du3q
s4

1 + s2
2

= 2�
Z
(0;S)�(0;S1=2)

�d�dzp
�4 + z2

6 (2�)2
p

2S:
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This ends the proof of (A.2). 2

Before stating the second result of this section we introduce some notations. Recall
that n = dim g(m; r) � d = cardA � cardB. PutAnB = fL1; : : : ; Lng;mi

= jLij; i = 1; : : : ; n andek = cardfi : mi = kg; k = 1; : : : ; r. So,n =
Pr

k=1ek
andQN =

Pr
k=1k(dk + ek). For a point(u; h) 2 R

d � R
n we denote

j(u; h)jN =

�Pr
k=1

�P
j;lj=k

u2
j +

P
i;mi=k

h2
i

�QN=2k
�1=QN

:

LEMMA (A.7). For everyS > 0, there exists a positive constantc, such thatZ
fjujh<Sg�Rn

dudh

j(u; h)jQN�2
N

< c: (A.8)

Proof. Let us denote, fork = 1; : : : ; r,

t2k =
X

i;mi=k

h2
i ; QN;k =

rX
i=k

i(di + ei): (A.9)

Replacing in (A.2),d by d+ n andjujh by j(u; h)jN , we get the existence of a
constantc > 0, such that for everyU > 0,Z

j(u;h)jN<U

dudh

j(u; h)jQN�2
N

< cU2=r2
: (A.10)

So, it suffices to prove that, for everyS; T > 0, there exists a constantc > 0,
such that

J =

Z
fjskj<S1=k;jtkj>T 1=k;k=1;:::;rg

� dudh
[
Pr

k=1(s
2
k + t2k)

QN=2k]QN�2=QN
< c: (A.11)

We see that, forS; T > 0; b > 1 and fora > 2 andp > 2 ora = 1 andp > 3,
there exists a constantc2 > 0, such that

Z S

0
ds
Z 1

T
dt

sa�1tb�1

(s2 + t2)p(a+b)�2=2p
6 c2: (A.12)

Indeed, we have to study only the integral int and, clearly

tb�1

(s2 + t2)p(a+b)�2=2p
� 1
t1+a�2=p

; as t " 1:

pota340.tex; 20/04/1998; 8:48; v.7; p.39



256 GERARD BEN AROUS AND MIHAI GRADINARU

We proceed as in the proof of the Lemma (A.1)

J =

Z
fjskj<S1=k;jtkj>T 1=k;k=2;:::;rg

du00 dh00

Z
js1j<S;jt1j>T

du0 dh0

[(s2
1 + t21)

QN=2 +R1]QN;1�2=QN
;

where du0 =
Q
j;lj=1 duj ; dh0 =

Q
i;mi=1 hi; du00 =

Q
j;26lj6r duj ; dh00 =Q

i;26mi6r
dhi; R1 =

Pr
k=2(s

2
k + t2k)

QN=2k. Using again (A.5) and (A.4), we
get

J < c

Z
fjskj<S1=k;jtkj>T 1=k;k=2;:::;rg

du00 dh00
Z 1

0

�d1+e1�1 d�

(�QN +R1)QN;1�2=QN

< cc1

Z
fjskj<S1=k;jtkj>T 1=k;k=2;:::;rg

du00 dh00R
d1+e1�QN;1+2=QN

1 :

Here we used the fact thatQN �QN;1�2=QN�(d1+e1) = QN;2�2> 0, excepting
the case whenr = 2; d2 = 1 ande2 = 0 which will be treated separately.

Forr = 2; d2 > 1 ande2 > 1, we can write, by (A.12)
Z
js2j<S1=2;jt2j>T 1=2

du00 dh00

(s2
2 + t22)

(QN=4)�(QN;2�2=QN )

=

Z S1=2

0
ds
Z 1

T 1=2
dt

sd2�1te2�1

(s2 + t2)2(d2+e2)�2=4
< c2:

Forr > 3 we repeat the reasoning

J < cc1

Z
fjskj<S1=k;jtkj>T 1=k;k=3;:::;rg

du00 dh00

�
Z
js2j<S1=2;jt2j>T 1=2

du0 dh0

[(s2
2 + t22)

QN=4 +R2]QN;2�2=QN
;

where du0 =
Q
j;lj=2 duj ; dh0 =

Q
i;mi=2 hi; du00 =

Q
j;36lj6r duj ; dh00 =Q

i;36mi6r
dhi; R2 =

Pr
k=3(s

2
k + t2k)

QN=2k. Then, by (A.5) and (A.4), we get

J < cc1

Z
fjskj<S1=k;jtkj>T 1=k;k=3;:::;rg

du00 dh00
Z 1

0

�d2+e2�1 d�

(�QN=2 +R2)QN;2�2=QN

< cc2
1

Z
fjskj<S1=k;jtkj>T 1=k;k=3;:::;rg

du00 dh00R
2(d2+e2)�QN;2+2=QN

2 ;

since(QN=2) � (QN;2 � 2=QN )� (d2 + e2) = QN;3 � 2> 0.
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If r = 3, we have, by (A.12)Z
js3j<S1=3;jt3j>T 1=3

du00 dh00

(s2
3 + t23)

(QN=6)�(QN;3�2=QN )

=

Z S1=3

0
ds
Z 1

T 1=3
dt

sd3�1te3�1

(s2 + t2)3(d3+e3)�2=6
< c2:

For r > 4 we repeat the calculation and (A.11) is obtained in a finite number of
steps.

Finally we treat the caser = 2; d2 = 1; e2 = 0,

J = c

Z S

0

Z 1

T

Z S1=2

0

sd1�1te1�1 dsdtdz
[(s2 + t2)QN=2 + zQN=2]QN�2=QN

< cc2S
1=2:

This ends the proof of (A.8). 2
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