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Abstract
We present the whole spectrum of the limit theorems for the total mag-
netization in the hierarchical version of the spherical model in dimensions
dim > 2.
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1 Introduction

In this paper we study the spherical model with hierarchical ferromagnetic in-
teractions. We show existence of a phase transition for the total magnetization
and give limit laws, for all temperatures and all hierarchical dimensions larger
than 2. We show that the fluctuations of the magnetization are Gaussian for
temperature larger than critical. A slightly surprising feature is that the critical
fluctuations are still Gaussian for dim > 4, and non-Gaussian otherwise (but
reasonably explicit).

Our study is based on the explicit knowledge of the spectrum of the hierar-
chical Laplacian. Our results are close to those in the paper [5], related to the
standard lattice Laplacian on Z% and published without proofs. Results of our
analysis (especially at the critical point) are different from [5]. These Gaussian
critical fluctuations for dim > 4 might be related to the absence of phase tran-
sitions in the spectral theory of the Anderson Hamiltonian on the hierarchical
lattice [4].

This work is a first step. We intend to devote future work to random versions
of this model, and to non-equilibrium dynamics, for instance aging properties,
as those studied for the Spherical Sherrington-Kirkpatrick model in [1].
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2 The model and the results

In this section, we introduce first the hierarchical structure and discuss certain
analogies between the asymptotic properties of the corresponding random walks
with those of the random walks in the Euclidean case. Next, we define the
related spherical model on this hierarchical structure and describe the phase
transition seen from the limiting distribution of the total magnetization in the
thermodynamic limit.

2.1 The hierarchical structure

On the lattice Z?, d > 1, we introduce the hierarchical structure in a usual way.

Fix a (lattice) cube Q(()l) of volume |Qél)| = v > 1 centered at the origin,
consider the tiling T of Z% generated by the translates le) =ux;+ Q(()l) of Qél),
z'=Je",

i

and call the subsets Ql(-l) C Z% cubes of the 15 generation. Next, consider the

(centered at the origin) cube Q(()Q) consisting of v cubes of the 1%% generation.
Its translates generate in a similar way the tiling 75:

7% — UQ(Q)
i

Clearly, the volume |Q§2)| of any cube QEZ) of the 2"d generation is v2. By

repeating this procedure again and again we obtain cubes of the 3™, ..., ith

. generation. Note that each vertex z € Z? belongs to exactly one cube

QW (z) = Q1Y of the ith generation. In particular, we may put Q) (z) = {z}.

Next, we introduce the hierarchical distance dj(-,) between two points x,

y € Z¢ as the minimal rank of generation in which they belong to the same
cube,

)

dn(z,y) = min{r :3QM 5 z,y}. (2.1)

Note that dn(z,y) is exactly half of the graph distance between z and y in the
tree representation of the hierarchical structure, see Fig. 2.1 below.

2.1.1 The hierarchical Laplacian and its spectrum

Let o, be a sequence of positive numbers satisfying the condition

> =1 (2.2)
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Figure 2.1: A piece of hierarchical structure and a part of its tree representation

We define the hierarchical Laplacian Ay as a (formal) operator in the functional
space L?(Z4) via

o0

Anp(a) =3 ST (dly) — d(a).

r=1 |Q(T)| yeQ(M) (x)

In what follows we will consider mainly the particular case
ar=p¢"t,  p=1-q€(0,1)

the aim of this section is to study the spectral properties of the finite-dimensional
analogue A(hR) of Ay, acting in L2 (Q(()R)):

AP () Z”q Y () - vw)

yeQ ()

> W) - (1- ().

y€QM ()

(2.3)

R
r=1

For a fixed R, it is not difficult to find the spectrum of A(hR) inV = QéR).
Define first £; as the space of functions from L?(V) that have vanishing averages
on each cube of the 15° generation:

~fpermin Y w0}

yGQ(”(w)

Clearly, £; is a (v — 1)v®~1-dimensional space of eigenfunctions of A(hR) corre-
sponding to the eigenvalue

—)\1 Zar— 1—(] )



its orthogonal complement £ in L2(V') consists of functions that are constant
on each cube QEI). Next, define the subspace Lo C L1 via

Lo = {w e LA(V): Va9 = ¢(z) and Z Y(y) = 0}.

(1)
@ veQ® ()

It is immediate to check that Lo is a (v — 1)vf*~2-dimensional subspace of the
eigenfunctions of A(hR) corresponding to the eigenvalue

R
“de=—) a,=—(¢-4").
r=2

Continuing further in this way, we define Ly, k < R, as the subspace of functions

that are constant on all ng_l) and have zero average on each cube of the k'!
generation. This provides us with the eigenvalue

R
A== ap=—(¢""" = ¢")
r=k

of multiplicity (v — 1)v~*. Finally, Lz, is defined as the one-dimensional

space of constant functions in V’; it corresponds to the simple eigenvalue
—)\R_;,_l = 0

Summarizing, we obtain the complete spectral description of the operator A(hR),
see Fig. 2.2.
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Figure 2.2: The spectrum of the operator A}

Finally, since

log(v™f{j: A > =(¢"' —¢")}]) logv

—

log(gk—t — ¢F) log g

as R — oo, it is natural to define the hierarchical spectral dimension as

2logv
m = .
log1/q




2.1.2 The analogy with the Euclidean case

To the hierarchical Laplacian Ay one can associate a continuous time random
walk in the following way. Let at the moment ¢ the random walk be at a site
x. After a (random) time At ~ Exp(1) the walker chooses the rank r according
to the distribution a. (recall (2.2)) and then jumps uniformly in the associated

to x cube Qy) of the r*" generation. Then the procedure is repeated again and
again.

Alternatively,! one can describe this hierarchical random walk as follows.
thinking of the lattice sites as of cubes of 0" generation (the lowest level in
Fig. 2.1b) the walker waits an Exp(1l) interval of time and then climbs the
level r of the tree with probability «,.. After, the walker descends by choosing
uniformly between all possible edges on each level. Then the process iterates.

To establish the analogy between the hierarchical random walk and the one
on the usual lattice, we introduce the “Euclidean” distance p(-,-) on the hier-
archical structure by requiring the volume of a sphere of radius R to grow as
R4m™_ In other words, we put

def  dy(.) /dim

ol y) & S,

=4q

Now, using the spectral description of the hierarchical Laplacian Ay, we obtain

p(t,m,y) = Z GA’”%(%)%(y),
.9) = 3 3 a2 (y)

with A, denoting the eigenvalues and ,,(-) — the corresponding eigenfunctions.
In particular, the Green function

oe.0) = 2 S (va)

=0

is finite if and only if vg > 1 (that is dim > 2). Thus, the random walk is
recurrent only if dim < 2 and is transient if dim > 2. Moreover, in the transient
case the Green function g(x,y) exhibits the usual “Euclidean” asymptotics

g(z,y) < p(z,y)*~ 9™ as p(x,y) — oo

By a direct computation one verifies also that

p(z,y)*

logp(t, z,y) < — ;

as soon as p(x,y) — oo in such a way that the RHS above remains uniformly
bounded.

Some additional analogies will be seen below when studying the phase tran-
sition for the magnetization in the related spherical model.

IThis interpretation will be crucial in studying the random version of the hierarchical
structure in the forthcoming paper.



2.2 The spherical model

The spherical model was introduced by Berlin and Kac [2] as a rough, though
analytically convenient, approximation to the multidimensional Ising model. To
fix the notations we describe it briefly below while referring the reader to the
original paper for missing details.

2.2.1 The model

Let a finite set V and a symmetric function J : V2 — R! be given (that satisfies
some additional constraints, see below) and let S% denote the |V|-dimensional
sphere of radius R,

Sg = {O’V eRrIVI: z Jz = R},
zeV

with a shorthand notation SV = SK/‘. The spherical model in V' is defined by

assigning to each configuration oy € SV the energy Hy (oy) corresponding to
the potential J(-,-):

Hy(oy) == — Z J(z,y) oz0y
z,yeV:z#y,
and thus introducing the Gibbs measure Py (do) in the usual way,

exp{—BHv(c)}

Py (do) := Z‘[;

do, cesY; (2.5)

here 8 > 0 is the inverse temperature and the normalizing constant (the parti-
tion function) Z@ = Z€(|V|) is given by

Z‘ﬁ, = /SV exp{—ﬁ'Hv(Uv)} doy.

Let Ey denote the operator of the mathematical expectation corresponding
to Py (-). We will describe below the distribution of the specific magnetization

1
Sy = — Z Oy (2.6)
‘V‘ eV

with respect to the Gibbs measure Py (do).

2.2.2 Diagonalizing the partition function

We derive next an analytic expression for the partition function under an addi-
tional (innocent in a finite volume) assumption:

all the eigenvalues of the quadratic form corresponding to J(-,-) are
non-positive.



To this end, let the radius y/|V| of the sphere SV vary and consider the
Laplace transform Z\ﬂ/ (M) of the partition function Z‘B/ with respect to R:

Zé(A):/O Z@(R)e**RdR:/RMeﬁZJ(WWrAZUi do, (2.7)

using the definition of S%. Diagonalizing the quadratic form in the exponential
and applying the classical formula for the Gaussian integral, we obtain:

V] V]
(B +)\)U ~ _ _|V]|/2
/mHe do =m Hw/wm

where —\; denote the (non-positive) eigenvalues of the quadratic form J. As a
result, the normalizing constant Z@ is expressed via the inverse Laplace trans-
form: for A9 > 0 (i.e., to the right from all eigenvalues of J),

70— exp{|V]z - 5 Zlog s BN)fdz (28)

271—2 )\(] —100

In the limit of large |V|, the integral in the RHS of (2.8) is evaluated using the
saddle point method.

2.2.3 The characteristic function

We think of hy € RVl as a functional hy (oy) acting on the configurations
oy €SV via:
hv(CTv) hv, (TV Z h 20 (2.9)
zeV

Our next goal is to compute the characteristic function of hy (o) with respect
to the Gibbs measure Py (-). Note that for hy = (1,...,1)/|V], the functional
hy (ov) coincides with the specific magnetization sy from (2.6).

Denoting

Zi(R.t) = [ exp{-0Mv(ov) + ity o)} dov.
SR
we rewrite the characteristic function Wy, (t) of hy (ov) as (here and below,
Z@(R, 0) = Z@(R) in the old notations)

Zy(VIt) _ Z00)
Zy(v,0)  Zy

o) (t) = Ey exp{it(hy,ov)} =

and use the same diagonalization procedure to rewrite ZV(R7 t) in a form sim-
ilar to (2.8). Namely, rewriting the Laplace transform Ze (A, t) of Zg (R,t) as
(cf. (2.7))

Zﬁ()\ t) /‘ leXp{ﬁZJx Y)oz0y — /\Zo +zt2hwaa¢}da



we change the variables 0 — &, 6; = (ov, ¢;), where ¢; is the eigenfunction
of J corresponding to the eigenvalue —\;, and obtain

V]
Z‘B,()\7 t) = / H exp{—(ﬁx\j + )\)&]2» + itajéj} do
RIVI 3
j=1
t?a?
V| expq —————
— AV { 4\ + BN) }
=1 N2 ﬁ)\j

with a; := (hv, ¢;). A simple application of the inverse Laplace transform leads
now to

5 1 [Hoico 2 W a? 1 v
Zv(t):%//\ eXp{W'Z_ZZerﬂ)\j —§;log(z+ﬁ)\j)}dz

o—iOO j:1

(2.10)

with Ag > 0.

2.3 The hierarchical spherical model

Now we are ready to introduce our model of interest — the hierarchical spherical
model.

For a finite box V = Q((]R), (R being some natural number), define the energy
function Hy (o) via

Hi(o) = f(A(hR)cr, U), oesY,

where A(hR) is the hierarchical Laplacian from (2.3). Our aim is to describe the
limiting distribution of the total magnetization sy with respect to the Gibbs
measure PU(-) defined as in (2.5) with the hierarchical Hamiltonian Hy,. This
amounts to consider the functional hy (-) with hy = (1,...,1)/|V]. Since hy €
LRr+1, the last sum in (2.10) simplifies to a single term, the one corresponding
to the simple eigenvalue 0. Thus, taking into account the spectral description
of the operator A(hR), we rewrite (2.10) as

1 Ao-‘rZOO
Z‘B,(t) = 2—7”//\ ' exp{uRF}é(z)} dz, (2.11)
0—100
where
2 1 vl 1
te) R
Fg(z) .—z—m—b—Rlogz— ;)Jbg(z—l—ﬁ(qr—q ).

Consequently, the question about the limiting behaviour of the specific magne-

tization sy is closely related to the asymptotics of the partition function Ze (t)

as |[V] = vt — oo



As we shall see in the sequel, the limiting behaviour of sy depends heavily
on the fact whose contribution—the one of the top eigenvalue —Ag41 = 0 or
the one of the rest of the spectrum—wins the the infinite volume limit. For this
reason, we introduce the function

R—1

> Vi log(z+ 6(¢" —4™), 220, (2.12)
r=0

v—1

S%(2) = 5

containing the total contribution of all negative part of the spectrum of A(hR)
and its derivatives of order k =1,2,...,

V;l(—l)k_l(k —1)! S ! 2>0. (2.13)
2v = v (2 + Blgm — ®)" -

With such notation, the “phase function” Fj(z) reads

Sg(z) =

t2 1
Fi(z) =2z — 12 T o R log z — S%(2). (2.14)

2.4 The results

In the rest of the paper we shall consider the high dimensions dim > 2 (i.e.,
vq > 1). In this case the behaviour of our system depends heavily on the value
of the inverse temperature §; namely, there is a critical value

(v —1)q
2(vg —1)

such that: for 8 < B the behaviour of the system is “analytic”, in particular,
the specific magnetization satisfies the classical central limit theorem, whereas
for B > B the distribution of the specific magnetization approaches certain
symmetric Bernoulli law. The behaviour of the model at the critical temperature
exhibits certain dependence on the hierarchical dimension dim and, in particular,
is asymptotically Gaussian in dimensions dim > 4.

More precisely, in the sequel we establish the following results. Recall
that ¢Shv (t) denotes the characteristic function of the specific magnetization
sy from (2.6).

We start by describing the high-temperature phase.

Ber 1= (2.15)

Theorem 2.1 Let 0 < 3 < f3¢,. For any fixed t € R?,

it t2
i B0 {3 0} —esp{ L)
R—oo v \/mxev P 433*

where x, is the only positive solution to the equation

> 1

v—1
1— =0
QU ZVT((E-i-ﬁqT)

r=0



In other words, the limiting law is the centered Gaussian distribution with
variance 1/2z,.

As one can expect, the low temperature phase of our system is characterized
by the presence of the phase transition resulting in appearing of spontaneous
magnetization.

Theorem 2.2 Let 8 > (3. For any fixed t € R!,
}%Enm ¢Shv (t) = cos( 1-— 5c,/5t),

that is, the law of the specific magnetization sy tends, as R — oo, to the
symmetric Bernoulli distribution with the atoms at the points +1/1 — /3.

The next term in the expansion of the characteristic function ¢! (t) can be
also obtained, in particular, a Gaussian correction on the scale |V|~/2 if dim >
4, but since the asymptotics of this correction is analogous to the behaviour of
the system at the critical point, we don’t do this here.

At the critical temperature, the normalization is dimension dependent and
the limiting law is different below and above the critical dimension dim = 4.

Theorem 2.3 Let § = [,.
For dim > 4, the distribution of the (normalized) magnetization

VI Y o
€V
tends, as R — oo, to the centered Gaussian law with the variance
1 vg—1
28 (-1’
For 2 < dim < 4, the distribution of the (normalized) magnetization

V|~ i Z o,

zeV

tends, as R — oo, to the law with the characteristic function

/ exp{®'(s)} ds / / exp{®°(s)} ds,
R R!

where ®(s) is given by

t2

4o, B(1 +is)

v—1 ) ) isau.q!
s —los(1+ 7))
+ Y Zy[zsaq og +1—(1—a*)ql

1
Ol (s) := isa. [ — 3 log(1 4+ is) —

and «, denotes the only positive solution to the stationary point equation

4 50(s)

— =0.
ds

s=0

10



We shall see in the sequel (Sect. 3.3.2) that in the critical dimension dim = 4
the convergence to the limiting Gaussian distribution is in fact very slow.

3 Proofs

We perform here our main analytic task — the asymptotic analysis of the parti-
tion function Z‘B/ (t) from (2.11) with the phase function F}t(z) defined in (2.14)
thus proving Theorems 2.1-2.3.

Our approach below is based on the saddle point method, the main ingredient
of which is the study of the stationary point xr defined as the (unique) solution

d
to the equation d—Flg(xR) =0:
z

1

—_—— 1 =
5oy~ Shizr) =0 (3.1)

with subsequent expansion of the “phase function” Fj(z) in a small neighbour-
hood of the extremal point zr. Besides of uniqueness of the solution zg, the
monotonicity of the LHS of (3.1) implies also (for any R > 0) the following
apriori bounds:

/\
I/\
l\')l»—l

1
7 < (3.2)

For k > 1 define the functions

§h(2) = Lt Cayphyg —112 (3.3)

We shall see below that in certain interval of values of z > 0 they give good
approximations to the derivatives S%(z) from (2.13). In the sequel we shall also
use the following simple properties.

Lemma 3.1 Put

e R, if vgh*tt = 1;
1
T}% = E T k+1 (3-4)
+1\r —
r=0 (Vq ) # (1 — (qu)+1) R) s otherwise.

Then, uniformly in x > 0, one has

v—1 ¢& 1

0 < Sk(z) - Sp(z) < 5 T—q ™ (3.5)
Ber 5 1
ngﬁés}z( ) = Sh@) < 5 ﬂQa?T}i. (3.6)

11



Moreover,

Ber
B

Here and below we use 0exp(1) to denote a correction term that vanishes expo-
nentially fast as R — oo.

SE(0) = + Oexp(1) as R — oo. (3.7)

For future references, we observe that
= O(RqR) + O((l/q)*R) = Oexp(1), (3.8)
V_RT}% = O(RZ/_R) + O((Vq)_QR) = Oexp(1)- (3.9)

Proof of Lemma 3.1. We proceed by direct computation. To obtain (3.5), note
that uniformly in x > 0and r=0,1,..., R — 1,
1 1 < q”
T x+pg"—qf) x4 Be" T Be*(1—q)

and use it in the definitions (2.13)—(3.3). Next, (3.6) follows immediately from
the bounds

#<L_ 1 < x
Bq (x4 B) ~ Bq" x4+ Bq T FP¢P

Finally, (3.7) is an implication of the equality

:VQ—Vl?Zﬁl %r(l_( )—R>

together with (3.5) and (3.8). O

(3.10)

Lemma 3.2 For k > 1,

v — kR
IS5(0)] < (k— 1)! 4;(%)’“@’3—1 + (lq_ q)kT;k—l] (3.11)

as R — oo.

Proof. Using the simple bound

1 1 q®
— < =0,1,...,R—1
P T v ’

12



and the Cauchy inequality,

. L1 171 q ¥
ISRO < 558 (k=D A ras (=
p—oV —1 - 1 qu
<2 y—ﬁk(k - 1! [(qu)r (1— q)k(yq%)”]

3.1 The high-temperature region

First, we consider the high-temperature phase of our model, i.e.,
(v —1)q
2(vg —1)

and begin by investigating the unique positive solution to the stationary point
equation (3.1),

vg>1 and 0<f< b=

1 -r

1 v—1%& v
1— _ =0.
2Bz p 2u TZ:O B(q" — ¢®) + zg

Lemma 3.3 Let vg > 1 and 0 < 8 < . Then there exist two positive
constants ¢; = ¢;(8,v,q), i = 1,2, such that the solution x, to the equation

oo

v—1 1
1-— =0 3.12
2v ;OuT(m—i—ﬂqT) (3.12)

satisfies the inequality 0 < ¢y < z, < c3.

Proof. Using the estimate (3.10), we obtain, for any = > 0,

1 vq B vq T
2 et Be) S Bea-1  Bwa-Drrp

r>0
thus bounding below the LHS of (3.12) by 1 — Gc/(x« + 5); as a result,
Ty < B — B =t Ca.

For the lower bound, find a finite R such that (recall (3.3))

SL(0) = (1 - (V;)R)% >1

13



Now the LHS of (3.12) is smaller than 1 — SL(x.) and it remains to observe

that 511—%(1'), x > 0, is a strictly convex decreasing function with finite derivative
at zero. 0

We show next that for large R the true stationary point zg (i.e., the unique
solution to (3.1)) is a small perturbation of z..

Lemma 3.4 Under conditions of Lemma 3.3, the stationary point x satisfies,
as R — oo, the relation

TR = Ts + Oexp(1), (3.13)
x. being the unique positive solution to (3.12).

Proof.  We show first that for large R the solution xg is uniformly positive.
Indeed, bounding the LHS of (3.1) above by 1 — Sk(zr), we use (3.12) to get

~ ~ -1 1 1
St —Stz) < Z < .

By convexity, Sk(xr) — Sk(z.) > S%(x.)(xr — =), where

R-1
~ v—1 1 1—p R
SZ(z,) = — < - ,
R T e T e
and therefore (only the case zg < z, needs our attention),
1—v F ( ) <
— (2, —2p) < ——.
2(z, + )2 "= 2x,0F

Thus, g > 2. — O(v~ ) > ¢;/2 for all R large enough and as a result the
stationary point equation (3.1) can be rewritten as (recall (3.3))

1— Sh(zR) = 0exp(1).

Noting that

oo

~ v—1 1 1
0<1-—Sk(z,) = < ,
r(T) 7;% v (ze + 0q") ~ 2z,

we obtain g},—i(x*) — Sh(zr) = 0exp(1) as R — oc; finally, (3.13) follows in view
of Lemma 3.3 and the analyticity properties of Sj(-). O

Our next goal is to study the phase function F}i(z) in a neighbourhood of
the stationary point zr. Being in the high-temperature region, we expect the
validity of the central limit theorem for the total magnetization, i.e., that the
law of (cf. (2.6))



converges to a Gaussian distribution. For this reason, we change ¢ to t/|v] in
FL(z) or simply replace (2.14) by

R—1

E:g;bdz+ﬁmr—q%)

r=0

t2 v—1
logz — —= —

Fi(z) = 2 42vR v

Wk
Lemma 3.5 Take z = z, +isyr = xr(1+is//|V]). Then uniformly in s from
any bounded subset of R! we have

R-1
vE[Fi(z) — FR(zR)] = —— — o Z o
r=0

2 .2
TRS

TR+ Bq")

5+ Oexp(1).

Proof. We proceed by a direct computation. First, using the notations from
(2.13) and (2.12), we rewrite the Taylor formula as

— 1 . k
v [SR(2) = Sh(zr)] =D ES;C%(xR)(ZSyR) V.
k=1
However, for > 0,
R—1
& <(V D, | 1 <(k—1)'
’SR(x” - 2u (k—1) s vrgh = 2xk

and therefore

]é Bk )| <3 () = 0w~

for all R large enough.
On the other hand, for any = > 0,

v (1 1 ) 1 1 _v 1
v—1 v/ (z+B)? T v+ Bgn)? T v —1a?
consequently,
V . 2 D
%Si—i(xg)(zsyﬁg) = —TRSQ + Oexp(1) (3.14)
with
R—1

v—1 22 1—v R TR 21
= )
R 2u ;0 v (zr + Bq7)? 2 zr+03/ 2

Next, in the region under consideration,

8 = (=11 s 1S
;%O+¢W)_zf % (mvy_zwm+oga>

k=1

15



and

t2 t2 t2 1
e ol
4z  dzg(l+is/\/IV]) 4dagr V]

Finally, using the estimates above together with the stationary point equa-
tion (3.1) we finish the proof. O

Now we are ready to verify Theorem 2.1 the proof of which is a standard
application of the Laplace method [6]; it is based upon the uniform estimate
from Lemma 3.5, relation (3.14), and on the following result.

Lemma 3.6 Let z = xr + isyr with yg — 0 (as R — o) in such a way that
the inequality

vRy%|S%(zR)| > ¢ >0 (3.15)

holds for all R large enough. Then there exists a function ¢(A) of A > 0,
e(A) | 0 as A T oo, such that uniformly in t € R' and all R large enough one
has

‘/sm exp{ IVI[F4(z) - F(er)] } ds| < e(A).

Proof. By a direct inspection we verify that the real part of
VI[Fg(2) = Fr(ar)]

is bounded below (uniformly in ¢t € R!) by —Lg(s), where

Let first |s|yr < xr + 5; then

Yr|s| < TR+ 3 < 1+28

< < : <1+ 28,
zr+0q" — Beft T xr+ Bq" — B T 1+26(q" —qF) B

where the apriori upper bound (3.2) was used. Therefore, in view of the ele-
mentary inequality

log(1 4+ w) > —log(1 + a), if only w € [0, q],

SRS

we obtain (recall (3.15))

log(l +(1+ 2ﬁ)2)
2(1+ 25)?

Lg(s) > VRy%|SI%L(xR)|52 > g2

16



with some positive constant ¢. As a result,
(B+zr)/yR 0 A
/ exp{—Lg(s)} ds < / e ds = w
A A 4

On the other hand, for |s| > (zr + 5)/yr we easily get the inequality

-1
Lg(s) > v Z i TlogyR—lsl

E_1q yr|s| 1/—1 R g+ 0
lo v log ———M—
2 xRJr,B 2v ; S 2n+ g — BB

However, for any r > 1

TR+ 3 S TR+ B S 1+28
TR+ Bq" —Bef* T xr+Bg ~ 14+283q

and therefore

R—-1
—1 _ CCRJrﬂ 1 1+ ﬁ
"log —————— lo =n>0
P T T VR T T 7

for all R large enough. Consequently,

o e YRS —(VR—U/Q _,R
exp{—Lg(s)}ds < ( ) e " ds
(rt+B)/yn (@r+8)/yr “TR T
207 ap+ 8

2 —nuft
= ATy e < ClShan)le

and in view of monotonicity of |S%(-)|, relations (3.11) and (3.4), the last ex-
pression is bounded above by

g(A)

Cexp{ciR — v} < 1

provided R is large enough.

3.2 The low-temperature region

We describe first the stationary point asymptotics.
Lemma 3.7 Let vq > 1 and 3 > (B¢. Then, as R — oo,

TR = W@ + 0exp(1)). (3.16)

17



Proof. We start by observing that for any fixed n > 0 and all R large enough

R &

S 2(ﬁ - ﬁcr) (1 * n)

TRV

-1 ﬂfﬂcr . .
< m, this

Indeed, for = not satisfying this condition we get (2v%x)

together with the uniform estimate (see (3.7))

Ber

Shix) < 5h(0) = ¥

+ 0exp(1)

renders the LHS of (3.1) positive.
AL +n)
2(8 = Bar)’

Ber
B

Next, uniformly in z satisfying 0 < zv® < we have (using (3.9))

Sr(@) = S(0) + O(x Th) + 0exp(1) = = + 0exp(1) (3.17)

and therefore (recall (3.16))
I fer

B 21/RxR 5

+ 0exp(1) = 0.

0

Now, we verify that in the region under consideration the correction S%(z)
is small, i.e., the function F}4(z) in (2.14) is reduced essentially to the first three
terms only.

Lemma 3.8 Let z = xg (1 —H’s). Then, uniformly in s from any bounded subset
of R, one has

iBer
2(8 — Per)

Proof. In view of the properties (3.16), (3.11), and the simple inequality

R[S%,(Z) - S??,(xR)] = 5 + Oexp(1) as R — oo.

|Sk(2)] < [SR(R2)] < [Sk(0)]

valid for any complex z with Rz > 0, we obtain

Sk( xR szs)k v—1x=12zgs|*[;_ R
\Z : < o I ) e
:Oexp(l)

uniformly in s under consideration (and all R large enough). Using next the
relation (3.17) for Sk(xzr) and the Taylor formula together with the asymp-
totics (3.16), we finish the proof. O

It is immediate now to deduce the following fact.

18



Corollary 3.9 Fix any t € R! and denote (cf. (3.16))

p
ai=——>0. 3.18
2(ﬁ - ﬁcr) ( )
Then, uniformly in s from any bounded subset of R', one has
VRIFL) — FRam)] = 2 = Mlog(14is) = — L 4+ oup(1)
R R 2 2 4a(1 + is) PRl

as R — oo.

Our next goal is to establish the corresponding limit result, Theorem 2.2.
Take h, = 1/|V|, 2 € V, in (2.9) so that hy (o) is the specific magnetization sy
from (2.6) and denote by ¢! (t) the characteristic function of sy,

¢;‘V (t) :=E} exp{itsy }, t € R,
E"} being the operator of mathematical expectation corresponding to the Gibbs
measure P{}(-) with the hierarchical spherical Hamiltonian Hp,.

Though the proof of Theorem 2.2 can be done by applying the standard
Laplace method (giving even the asymptotics expansion to higher order terms),
we shall reduce the computational routine by using the following simple corollary
of the inversion formula for the gamma distribution: Ym € N,

1 [T expiis/2 2 2=m 2 1
_/ Mds:_\/j—:_,/_i (3.19)
21 J_oo (1 +is)mtl/2 el'(m+1/2) me (2m — 1)!!
with I'(-) denoting the usual gamma function.
In addition, we shall need two inequalities given in the next lemma.

Lemma 3.10 Fix any t € R!. There exists a function e(K) of K > 0,(K) | 0
as K 7 oo, such that (uniformly in large R)

e1'5/2 2 )
—t*/4a(1+1is) ds < e(K 3.90
e s < e(K), .
/M . (K) (3.20)
/ exp{yR[Fé(:cR(lJris)) fF}g(:cR)]}ds <eg(K). (3.21)
|s|>K

Proof of Theorem 2.2. Fix any t € R'. Using the Taylor formula, the definition
(3.18), and the relations (3.19), we obtain

oo gis/2 e*tz/‘m(”is)ds:i (_t2)k /+oo eis/2 i
oo VIS 2 )k e (T is)e172

o0 _2\k
_@z@g)g(;ﬂ_\/ﬁm(é).

k=0
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On the other hand, applying the Laplace method [6] to the integral (2.11)
in combination with Corollary 3.9 and Lemma 3.10, we get

2
Ze(t) =—4/ EmRexp{yRFlg(:ﬂR)} cos( 1- ﬁcr/ﬁt) (1+0(1)),
thus finishing the proof. O
Proof of Lemma 3.10. Our arguments are based upon the following fact (which
follows from the well-known Dirichlet criterion [3, pg. 586]):

if a (continuous) positive function f(z) decreases on [A, o)
and vanishes asymptotically as x — oo, then the integral

/A f(x)e da (3.22)

converges; in particular, (x)edx — 0 as K — oo.
x> K

In addition, we shall use the two properties below, which are easy to verify:

1) Take any b > 0 and A > 0. Then the function

As
1+ s2 (3.23)

is monotonically increasing with uniformly positive derivative for
all s > 0 large enough.

bs — arctan(bs) +

2) Let A > 0. The function

ol e
Mtz PU T4s2 (3.24)

decays to zero, as s — 00, monotonically for all s > 0 large
enough.

First, let us verify (3.20). To this end, we rewrite the integrand above as
¥ (s) exp{ip(s)/2}, where

0 = sm— e~}
§) 1= ————expy —————
Y1+ s2 P da(l +s2) 17
(s) + n t2s
s):=s —arctans + ————.
4 2a(1 + s?)

For s > K with K large enough,? the function 1(-) is monotonically decreasing
to zero and ¢(+) is monotonically increasing to infinity (with uniformly positive

2because of symmetry, the case of negative values of s is analogous.
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derivative). Thus, the change of variables x = (s)/2 gives

/A Y(s)exp{ip(s)/2} ds = / ((4,0 233)) exp{iz} dx,

(A)/2 2

where the positive function ¥ (¢! (2z)) /¢’ (¢~ (2z)) decays monotonically to
zero as x — oo (for all x large enough). It remains to apply (3.22).

Next, we check (3.21). Separating the real and the imaginary part in the
exponent we rewrite the integrand of (3.21) as 1(s) exp{i@(s)}, where (s) :=

P(8)(s),

— 1R TR 2
= oxp! — CASMYA .
'l,ZJl( ) p{ ; T g xR‘i‘B(qr_qR)
5(9) tans +
s) := ars — - arctans + ————————
7 RS dap(l+ s2)
R-1
v—1 vk STR
- — arctan —————————
2v ; vr zr+ B(q" — qF)

with the notation (cf. (3.18))

R _ B
2(5 - ﬁcr)

Since the function 1 (s) is monotonically decreasing (to zero), we need only to
check the monotonicity properties of @(+). To this end, we rewrite

QR = TRV (1 + 0exp(1)).

5(s) s 1 ¢ n t2s
S) = — — —arctans
7 272 dap(l+s2)
+y713*1 VR[ STR . STR ]
— | %5 — arctan ——— %
2v = v lag+ B(q" — qf) zr+Bq" = ¢")
R—1 1

1 v—1
+ s[l — - }7
R 2z pvE 2v ; v (zr + B(q" — q?))

where the first two lines give us a function with the desired properties and the
last line vanishes identically due to the very definition (3.1) of . Now, change

variables z = ¢(s) and proceed as before. O
3.3 At the critical temperature
The limiting behaviour of our model at the critical temperature
(v—1q _1
= > = 3.25
B=be=50a—1 " 2 (3.25)
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exhibits certain dependence on the hierarchical dimension dim. We describe
first the asymptotics of the stationary point zg, i.e., the unique solution to
equation (3.1) (recall also the definition (2.13))
o §lap) =0
- —— zgr) = 0.
Bz p R\TR
It is easy to obtain an apriori upper bound for zg; noting that the LHS of the
stationary point equation is strictly increasing, we get
1 1 R
l————SL(z)>1— ——— — St [1——} >0
ouR R( )— QﬁVRqR R(ﬁq ) 25 ( )
as soon as ¥ > f3¢’%; consequently, the unique solution zg to equation (3.1)
satisfies 0 < zr < B¢". Next, in the last region we have

I/_]' —r —R
Sr(@) 2 5 qu =1-(vq)

and hence the lower bound zr > ¢®/2. As a result,
TR ( 1 )
QR ‘= —= 3.26
5o < 25 (320
A more precise information about zy is given by the following claim.

Lemma 3.11 Let vq > 1, 8 = B, and let a, € (1/(25), 1) denote the only
positive solution to the equation
1 v—1

k+
kvg
- = =) - 3.27
2Bt 200 k>1( ) 1 — vghtl (3:27)

Then, as R — oo,
2 _

[1 - (28— 1);/;27_;2@(12)_13(1 + Oexp(l))}, ifl/q2 > 1;
;TI;L - [1 — (26— 1)%_1]%71(1 + O(Rfl))}, ifvg? =1; (3.28)
o (14 0exp(1)), ifvg? < 1.

Proof. Denoting y = x/(3¢") and using the notation (3.4), we rewrite Sk (y3¢%)
in the region y € (0,1) as follows:

-1
Sklyoa™) =, 5 Zw e 1_) ]

— 1
=505 P quRZ (vg"1)

k>0

v—1 k kR k
- S0 -
(uq 21/,6’ =
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Recalling now the simple property

qu+1 k+1 R . k+1
m(yq ) (1 + Oexp(l))7 if vq > 1,
(qu-i-l)RTIg ={R, if qu+1 =1; (329)
k41
vq .
s (1 0u(1), gt <1,

we observe that behaviour of the only solution y = ar = xzr/(8¢%) to the
stationary point equation

v—1 k+1 Rk
= Ty 3.30
Qﬂy 2u[3 I; ) ( )

depends on the hierarchical dimension dim.

CASE 1. Let first vg®> < 1 (i.e., dim < 4). Then all terms in the sum in (3.30)
are of order 1 and the sum itself is finite for any y € (0,1). Taking the limit
R — oo, we obtain (3.27) and the corresponding asymptotics of the stationary
point zp.

CASE 2. Let now vq? = 1 (i.e., dim = 4). Then the stationary point equation
(3.30) reads

1
R — _ R+ 1 _ k+1)RTk
28y 2u5 [ v) ];2 ]

-1
and since the RHS equals 1/2 3 (1 =y)R+ O(1)), we immediately deduce
v

 wp 261 o
1_y_u—1[ ogr O )}

and the second line in (3.28).
CasE 3. Finally, consider the case of large dimensions dim > 4 (or v¢? > 1).
Then the limiting behaviour of the RHS of (3.30) is governed by the first term,

v—1 2\ Rl (vg—1)g, 9 g
23 (1=y)(vg") " Tp = (1 - y)m(w} (1 + 0exp(1))
thus leading to the the solution
28 —1 vg®> -1 MN_R
—y = ———(vgq 1 + Oexp(1
35 wg—Dg 1) (T oes(l)
and to the first line in (3.28). O

Our next goal is to describe the limiting behaviour of the (scaled) specific
magnetization (recall (2.4))

R/2 / 24-dim
e (2)" S

zeV zeV
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and the corresponding phase function (cf. (2.14))

1 2 v-1 1
Fi(z) =z —gplogz— =5 ——— 3 —log(z+(¢" —¢"). (331)

r=0

As one might have already guessed, the result depends on the hierarchical di-
mension dim.

3.3.1 High dimensions
We consider first the case dim > 4 (i.e., vg? > 1).

Lemma 3.12 Fix any K > 0 and put z = xp + isyr = xR(l + is(qu)_R/Q).
Then, as R — oo, one obtains

(v —1)¢*

2
NCZEE TN

Vi [isyR — Sp(2)+ Sp(zr)| = —
uniformly in |s| < K.

Proof. Using the Taylor formula, we rewrite (recall (2.13))

— L
Sr(z) — Sg(zr) Z k_ ZSyR)kv
k=1

where ygp = 2r(rq?) /2 = apBv~F/2. Next, for positive =, we have |Sk(z)| <
|SE(0)], the latter quantity being bounded above in (3.11). Therefore,

‘I/RZ%Sﬁ(xR)(isyR)k‘
k=3""
_ k 2k\R
= V41/1 2 % (2?5') [ Elyq_ q))kaz“} (3.32)

kR,,R(1—k/2)

= ”4_1/1 > %(zaﬁgk)’c [O(VR“*’C/”) + 0(—q 1=aF )}
k>3

the latter sum being of order oes,(1) for R large enough (uniformly in s under
consideration).
On the other hand,

VR(. )252( ) 1/—1( )QRX:I 1 1
—(2SYRr rZR) = SR 2
2 4dv = v (1 —(1- aR)qR—r) (3.33)
v—1 :Rpk+1 '
=Y (san)? [T}2 + 3 (k+ 1)1 - ag)fq* T ]
k>1
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Recalling the asymptotics (3.28), we deduce that the last sum is of order

Sk + 1) I;R)’“T;“ =3+ 1>O(<Vq2)c(:m) = 0up(L).

k>1 ( k>1

On the other hand, applying (3.4) to the first term, we obtain

v (v—1)¢?

7(28?]}3)2512%(333) = m82 + Oexp(1)~ (334)

Finally, we rewrite

v—1& 1
1 —Si(zr)=1—
r(R) 203 ; v (1 — (1 —ag)qfT)

v—1

=1-%3 > (1 —ar)fg"iTh (3.35)

k>0
S s
() 2v3 f

k>1
and thus, using again (3.28), (3.29), and the definition of yr we get

VRisyR(l - S}l%(mR)) = Oexp(1).

Corollary 3.13 Under conditions of the lemma above,

uniformly in |s| < K.
Recall relation (3.34); by a standard application of Lemma 3.6 and Corol-
lary 3.13 we deduce the CLT part of Theorem 2.3 in dim > 4.

3.3.2 The critical dimension dim =4

We start by verifying an analogue of Lemma 3.12.

Lemma 3.14 Fix any K > 0 and put z = xg + iSyr = aRﬁqR(l + zs/\/ﬁ)
Then, as R — oo, one gets

v—1 _
s+ O(R™?)

vl [isyR — Sp(2) + Sg(zr)| = —

uniformly in |s| < K.
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Proof. We follow the same scenario as the one of Lemma 3.12, by using the
Taylor formula and establishing analogues of (3.32), (3.33), and (3.35).
First (recall (3.29)),

oS S shen) (ism) |

k=3

SV_IZE(QQRKY[O(qk)—i—O( qq )}:O(R_?’/Q)

4y = E\ VR

if only R is large enough.
Next, taking into account the bound 1 — ar < C/R,

vl 2 o2 V*1(504R)2 2\Rrml
T(ZSZJR) Sp(zRr) = ?T[(Wl )T

+ 30+ 1)1 = an) (wa" ) PTE] (3.36)

E>1
v—1 §2
- 4u + O( )
Finally,
R; 1 isapf(rg)" v—1 YhgtRTE
viisyr|l — Sp(z = — (1-ag T
yr[l = Si(er)] VR [(Vq 200 ; A
=O(R™'/?)
as soon as R is large enough. O

As a simple corollary we get, under conditions of Lemma 3.14, the asymp-
totics

R 0 v=1, ~1/2
VI FL(2) = FQ(zR)| = o —E+O(R /%)
uniformly in |s| < K. This, together with relation (3.36), implies the CLT

statement of Theorem 2.3 at dim = 4.

3.3.3 Low dimensions

It remains to study the case of low dimensions, 2 < dim < 4 (i.e., ¢ < v¢® < 1).
As usual, we start by describing the asymptotics of the difference (recall (3.31))

VR [Fh(z) - Fi(ar)]-
Denote
t2
4o, B(1 + is)

R I isauq!
oo —tos(Lt o)
+ 5 lz;u{zsozq og +1—(1—a*)ql

' (s) == isa. 3 — %log(l +is) —
(3.37)

with a, being the only positive solution to equation (3.27).
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Lemma 3.15 Fix any K > 0 and put z = zg(1 + is). Then, as R — oo, one
obtains (recall (3.37))

uniformly in |s| < K.

Proof. Using relation (3.25), definition (3.26), and a simple summation, we
rewrite

t2

I/R Fé(Z) _ F}%(JCR)} = isaRﬁ — %log(l + ’LS) - m

v—1 T . isapq
—log (14— )],
+ 5 ;u [zsaRq ogll+ —(—and
In view of the last line in (3.28), our task is reduced to establishing the conver-
gence

R . 1
Z V! [isaqu - log(l + qu)}
= 1—(1—agr)q

= v {isa*ql — log(l +
=1

isa*ql
1—(1-aw)d

)] +o)

uniformly in |s| < K. We deduce it in an obvious way from the two properties
below:

1) There exists a function e(M) of M > 1, (M) | 0 as M — oo, such
that (uniformly in |s| < K and all R large enough)

= 1 l

i 1S Rq
‘%\; v [gsaqu — log(l + m)} ‘ <e(M), (3.38)
|3 v isand! —toa(1+ =) <0 @a)

T
S

2) For any fixed M > 1 (and uniformly in |s| < K), the sum

M-1 .
. 1—(1—-agr—isag)d 1—(1—a,)q
! !
IZ:; g {ZS(O[R o)q — log 1—(1—a, —isay)gt 1—(1—ag)d

vanishes asymptotically as R — co.

Since the latter property is an immediate corollary of the last line in (3.28),
we concentrate ourselves on the proof of the former one. We start by the fol-
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lowing simple observation:

For any p € (0,1) there exists a finite constant C, > 0 such that uni-
formly in |w| < p one has

|liw —log(1 + iw)| < Cylwl?. (3.40)

Further, we fix an integer M > 1 such that

<L
K+p

Let us first verify (3.38). Since 0 < ag < 1, for any [ > M we obtain

l M
isapq ‘S Kq < Kq <)
1—(1—agr)g 1—qt = 1—¢gM
and therefore (3.40) implies
; !
lsaRq 1S Rq
= amz 50 i e
‘Z [1— (1—agr)d o8 +1—(1—aR)ql
CK? & W(E+p)? ou
A= g2 Z ve’) 7%2(”‘1 )

uniformly in R > M and s under consideration. On the other hand,

l

& o0
‘z;; VlzsaR[w - qu < m l;;(wf)l
K+ P
S LR

and (3.38) follows with

s(M)=4maX(Cp(K+p)2 Ktp ))( )M

1—vg? "4(1 —vg?

A simple check shows that (a minor modification of) the argument above

proves (3.39) as well.

Next, we verify the following uniform integrability property (cf. Lemma 3.10).

Lemma 3.16 Fix anyt € R!. There exists a function e(K) of K > 0, e(K) | 0

as K 1 oo, such that (uniformly in large R)
/ exp{®'(s)} ds < e(K), (3.41)
[s|>K

/ eXp{Z/R [Fi(zr(1+1s)) — FR(zR)] } ds < e(K). (3.42)
|s|> K
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Proof. As in the proof of Lemma 3.10, our argument is based upon the
fact (3.22) combined with the monotonicity properties (3.23) and (3.24).
We start by establishing (3.41). To this end, we rewrite the integrand as

exp{R®'(s) } exp{iSP’(s)},

where
Rt (s5) = — 310 (1+s2)— o
B & 4o, B(1 +32)
l 2 )
S e e
( " (1_a*)ql ’
and
ooy s 1 t?s
%@ (S) = 5 — §arctans+ m

1/ S . sa*q sa*ql
v — arctan —]
2v lz; [ (1 —au)gt 1—(1—ay)g

Clearly, for all s large enough, exp{?bet(s)} ] 0 as s T oo; also, the first two lines
in the representation of I®!(s) give a function increasing monotonically to co
(as s T 00). We are going to verify below that the last line in this representation
vanishes identically (and then (3.41) follows by change of variables z = 3®(s);
for details, see the proof of Lemma 3.10 above). But the latter is an easy task:
since vg*t! < wvg? < 1 for k > 1,

- Z(VQ)l {1 - ﬁ} = Z(VQ)I Z(l —a,)fg"
=1 *

1>1 k>1

=S e = (1 )
o “ quﬂ_ 20,8/ v —1’

k>1

where in the last equality we used the very definition of «,. Thus, (3.41) follows
directly.

Since the proof of (3.42) follows the same scenario, we check only the needed
monotonicity property of the imaginary part,

' s 1 tQS
SUR[Fh(zr(1 +1is)) — F(zgr)] = 2 5 aretan s darB(1 + s2)
y —arctan -———————
2v £ 1*1*041%) 1= (1 -anr)d

v—1
+SO¢R5[(W]) QCYRﬁ 2003 Zl— l—OéR ]
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As before, only the last line needs our attention; we get

. (vq)" &
N S 1_ «a k k—‘rl
2= t-an ~ Z
= (vq)R*TS + Z k+1)RTk
k>1
vq R 2uv3 ( 1 )
Z/q—l((yq) )er—l 2arB/’

where the stationary point equation (3.30) was used in the last equality. As a
result,

R v—1
(Z/q) 204Rﬂ 2v3 Zl— l—OéR

_ R_ 1 _1/—1 vq R4\ _ _; _
= (va) 2apB  2v03 uq—l((yq) 1) (1 20436)_0'

The proof is finished. U

The non-Gaussian asymptotics in Theorem 2.3 now follows in a standard
way by using estimates of Lemmas 3.15 and 3.16.

References

[1] Ben Arous, G,; Dembo, A.; Guionnet, A.: Aging of spherical spin glasses.
Probab. Theory Relat. Fields 120, 1-67 (2001).

[2] Berlin, T.H.; Kac, M.: The spherical model of a ferromagnet. Phys. Review,
II. Ser. 86, 821-835 (1952).

[3] Fichtenholz, G.M.: Differential- und Integralrechnung. II. VEB Deutscher
Verlag der Wissenschaften, Berlin 1966.

[4] Molchanov, S.: Hierarchical random matrices and operators. Application
to Anderson model. In: Multidimensional statistical analysis and theory
of random matrices (Bowling Green, OH, 1996), 179-194, VSP, Utrecht,
1996.

[5] Molchanov, S.A.; Sudarev, Yu.N.: Gibbs states in the spherical model. Sov.
Math., Dokl. 16, 1254-1257 (1975); translation from Dokl. Akad. Nauk
SSSR. 224, 536-539 (1975).

[6] Widder, D.V.: The Laplace Transform. Princeton University Press, Prince-
ton, N. J., 1941. 406 pp

30



