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Abstract

We consider a Langevin dynamics scheme for a d-dimensional Ising model with a disordered
external magnetic field and establish that the averaged law of the empirical process obeys a large
deviation principle (LDP), according to a good rate functional #“ having a unique minimiser
Ooo. The asymptotic dynamics O, may be viewed as the unique weak solution associated with
an infinite-dimensional system of interacting diffusions, as well as the unique Gibbs measure
corresponding to an interaction ¥ on infinite dimensional path space. We then show that the
quenched law of the empirical process also obeys a LDP, according to a deterministic good rate
functional #7 satisfying: #7 > #“, so that (for a typical realisation of the disordered external
magnetic field) the quenched law of the empirical process converges exponentially fast to a
Dirac mass concentrated at Q.
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1. Introduction and statement of the main results

In several recent papers, Brézin and De Dominicis have considered the statics and
the dynamics of an Ising model submitted to a Gaussian random field: in Brézin and
De Dominicis (1998b) they proceed to a “Replica Theory” analysis of the statics of
this random field Ising model (RFIM), whereas in Brézin and De Dominicis (1998a)
they study the Langevin dynamics associated with the model. In the latter note, they
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examined the time correlator associated with these dynamics and made the following
observation concerning the low temperature regime of low dimensional (d < 8) RFIMs:
the singularities appearing in the time correlator of the dynamics when letting the initial
time fy go to —oo are precisely the same as those appearing in the Replica Theory of the
statics in the n—0 limit. They conclude to the occurrence of an aging phenomenon in
the low temperature regime of such low dimensional RFIMs: the dynamical properties
of such disordered spin systems depend upon a “waiting time” .

In the present paper, our aim is to consider the very same Langevin dynamics
framework for such Gaussian RFIM and establish some large deviation principles for
the empirical process of the corresponding trajectories, both in the averaged regime
(when performing an average over the realisations of the disordered external field) and
in the quenched regime (i.e. for a fixed, typical realisation of the disorder variables).
As a consequence of these large deviation results, we may also state the following
strong law of large numbers: for a typical realisation of the disorder variables, the
quenched law of the empirical process converges exponentially fast to a Dirac mass
concentrated at some asymptotic dynamics O, that may be explicitly described as the
unique weak solution associated with some infinite-dimensional system of interacting
diffusions. Such large deviations approach to the dynamics of disordered systems has
already been applied in the context of the Sherrington—Kirkpatrick model (see Ben
Arous and Guionnet, 1997; Ben Arous and Guionnet, 1998; Grunwald, 1996, 1998),
and more recently the same kind of results have been derived in the context of a
short range spin glass (Ben Arous and Sortais, 2002). Here the situation is certainly
much simpler in the sense that we are dealing with a site disordered system, and
not a bond disordered one; in such a simple situation we are able to characterise the
asymptotic dynamics Q.. as the unique Gibbs measure corresponding to some finite
range, translation invariant interaction on path space, and the averaged LDP obtained
for the empirical process may then be seen as a consequence of the Gibbsian nature
of the averaged regime.

Let us now be more precise about the context we are working in. We consider the
d-dimensional lattice disordered system whose Hamiltonian HX in the finite volume
A=[—=N,N* N7 writes:

Hk(x)=-2 (inxj + Zk’k’) , xe{-1 I}Zd,
Jovi i€
k = (k');cz« being an i.i.d. family of centred Gaussian random variables with variance
0% (j~i means that sites j and i are nearest neighbours in A, A being equipped with
its periodic boundary conditions).
In order to consider the Langevin dynamics corresponding to H¥, we replace the

“hard” spin variables (x' € {—1;1}) by linear spin variables (x’ € R), introduce the real
polynomial function U given by

U(x) = Cx* — Dx?
for some positive constants C and D, and consider the process

dxl =dw! — U'(x)dt, i€z,
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as our reference process (here and in the sequel, (W');cz« denotes an i.i.d. family of
standard brownian motions indexed by the lattice); observe that the equilibrium measure
acp corresponding to this process is proportional to e~2Y™) dx, so that

1
O‘C,Dc’ﬁoo 7 (6_1+6;) when D=2C.

Fixing ff > 0 (inverse temperature parameter) and 7" > 0 (terminal time of the ex-
periment), we let o be some compactly supported probability measure on R; in the
finite volume A equipped with periodic boundary conditions, the nearest neighbour
interacting system of diffusions &% given by

dxl =dw! — U'(x))dt + B (Zx{ +k"> dt (€A0<t<T)

i

with the “deep quench” initial condition: law(x|,—o) = uSM then has an invariant re-
versible measure proportional to: exp(—ﬁHj‘(x))oc?g(dx). Denoting by Wr the (Polish)
space of all real valued continuous functions on the interval [0; 7], we let Q’/‘1 be the
law of the system 9%; Q’/‘1 is a probability measure on W3, which we shall write as
ok e MW).
We define the empirical process i corresponding to a finite-dimensional vector of
diffusions x € W through the identity:

1
(A4) _ E )
Ty = |A\ 5x(A).(,>,

i€
r=xM¢ W%d being the infinite-dimensional vector of diffusions obtained from x by

reproducing periodically on the lattice the information contained in the box A and

e W]Zd being the new configuration obtained from 7 by shifting the origin of the
lattice at site i:

(=1 Vjezl.
Now let .# () be the (Polish) space of all spatially shift invariant probability

measures on Q2= WTZd; niA) is an .4 ¢(Q)-valued variable on W;l, and we shall denote

by IT% the law of " under dQ%(x), so that:
15 € M(M(RQ)).
Finally I14 € M (Ms(R2)) is defined through the identity:

() = / dy(k)ITE (/)

holding for any Borel set .oZ C.#(£2) (11 4 is the averaged law of the empirical process).

Our main results are large deviation principles for the families (I1,) -7z« and
(H’/‘l )accze (for a typical realisation of k), yielding a fast convergence of these fam-
ilies towards a Dirac mass dp_ as A /7% the asymptotic dynamics Q.. may be
described in several ways: as the unique weak solution corresponding to an infinite
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dimensional system of interacting diffusions, as the mean of a family of disordered,
infinite-dimensional dynamics and also as the unique Gibbs measure corresponding to
a finite-range, translation-invariant interaction on path space Q. We refer the reader to
Section 1.2 in (Dembo and Zeitouni, 1998, pp. 4,5) for precise definitions concerning
large deviation principles, rate functions and good rate functions.

Theorem 1.1. (i) For any inverse temperature parameter f§ and any terminal time T,
the family (Il 1) ccz¢ obeys a large deviation principle on ﬂS(WTZd ), on the scale
|A| and according to a good rate function

T M(WE) — [0;+00]

having a unique minimiser Quo.
Moreover, Qo is the unique weak solution corresponding to the following infinite
dimensional system of nearest neighbour interacting diffusions:

dx} =dv) — U'(xD)de + B> x/ dt
J~i

law(x|—p) = p&  (1€79,0<t<T)

where {(V))o<i<r ticze is an i.id. family of time inhomogeneous Ornstein—Uhlenbeck
processes satisfying:

. . . . gzﬂz

vo=0 and dv;i=dw,+yv;dt for y, = T3 o

(i1) Furthermore, almost surely in the realisations of the disorder variables k, the
family (H’/‘1 Vaccze also obeys a large deviation principle on M (Q), on the scale |A|
and according to a good rate function 9 satisfying:

I = g9,
Note. Each of the processes (v!),>0 may also be presented as
; .
; dw!
vl =(1+ o* / —
! ( ﬁ ) 0 1+62ﬁ2S
and is thus a centred Gaussian process having the covariance structure:

E[i]]=s(1 +o’f%1), YO<s<t

So the only difference between the stochastic differential system characterising O, and
the infinite volume Langevin dynamics of a standard Ising model lies in the nature of
the “thermal noise” driving the system: in the case of a standard Ising model it is an
i.i.d. family {(W;)Ogth; ie Zd} of standard brownian motions, whereas here we have
an i.i.d. collection of centred gaussian processes with a very simple time correlation
structure. Actually, each of the processes (v!)o<,<7 may also be represented as

(-t +w)o<i<r,
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where (W)o<,<7 is an i.i.d. family of standard Brownian Motions and (z*) an i.i.d. fam-
ily of centred Gaussian variables with variance ¢*f?, independent of (w!)o<,;<7. So as a
consequence of the preceding theorem we may state that the disordered, infinite-volume
Stochastic Differential System

dx! =dw! — U'(x!)dt + (Z x/ + k") dt,

jei

(%)

law(x|i—o) = u&%  (1€79,0<t<T)

has a unique weak solution P¥, P-a.s.(k), and that
0-()= [ P PGk

Furthermore, O, may also be presented as the unique Gibbs measure associated with
a finite-range interaction ¥ on infinite-dimensional path space Q2 (equipped with an
infinite tensor product of Wiener measures as reference measure); such presentation is
proposed in Section 2 (see in particular Sections 2.2, 2.3 and Proposition 2.2 therein).
The Gibbsian nature of Q. plays an important role in our understanding of the level
3 large deviations occurring in the Langevin dynamics of the RFIM, hopefully this
presentation of O, should also prove useful in the investigations related to its space
and time decorrelation properties, at least in the high temperature regime. We may also
state as an elementary remark that the limiting probability dQ..(x) thus obtained does
not correspond to a Markov field of interacting diffusions. This is no surprise; indeed,
in the case of Sherrington—Kirkpatrick spin glass dynamics, Ben Arous and Guionnet
had already isolated a limiting dynamics that was a strongly non-Markov one (see
Ben Arous and Guionnet, 1998), thus confirming some of the predictions made by
Sompolinsky and Zippelius in (Sompolinsky and Zippelius, 1983). In comparison, the
limiting dynamics Q. obtained in the context of the RFIM may not be considered
as a strongly non-Markov one: O is characterised through an explicit equation, and
adding the variable (v1)o<,<r at each site i€ Z? suffices to come back to a (time
inhomogeneous) Markov field.

As a simple consequence of the preceding large deviations results, one may for
example fix some bounded continuous functionals ¢;: Wy—R (1 <i<n) and some
bounded continuous F:R"—R to state that for a typical realisation of the disorder
variables k, the distribution of

1 i 1 i
F <|A|Zq)1(x ),...,WZ%(X ))

ied ied

under dQﬁ(x) converges exponentially fast to a Dirac mass concentrated at

F</ qmono,...,/qonde)
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when A,779, with an exponential speed of convergence that may be bounded from
below uniformly in k by using the averaged LD rate functional .#¢.

Here is the plan we follow in order to establish these large deviation results: in
Section 2 we perform a standard Gaussian computation in order to view the finite
volume, averaged probability

04— / dy(k)0%

as the law of a (new) system of interacting diffusions (%) that is spatially homoge-
neous. One may then remark that Shiga and Shimizu’s theorem (Shiga and Shimizu,
1980), asserting the existence and uniqueness of a strong solution for certain infi-
nite dimensional systems of interacting diffusions, may be used here; we thus let
Qs denote the probability law corresponding to an infinite dimensional extension
of (%) and show, using an integration by parts formula established by Cattiaux,
Roelly and Zessin (Cattiaux et al., 1996), that O, may also be characterised as
the unique Gibbs measure associated with some translation invariant interaction ¥
on Q.

Section 3 is devoted to a derivation of the LDP for (I14),ccz«. The LD upper
bound is established using the Gibbsian nature of the averaged regime and Varadhan’s
method (cf. Olla, 1988); in the present context one has to proceed carefully since the
continuous functionals entering in the definition of the interaction ¥ are not uniformly
bounded on Q: fortunately one may establish that the confinement induced by the single
site potential U is strong enough to compensate for the lack of compactness in the
spin variables x’. We then check the validity of the Gibbsian variational principle for
the interaction ¥ and establish the LD lower bound following the method devised by
Follmer and Orey in the context of Gibbs measures on {:I:l}zd (see Follmer and Orey,
1988).

In Section 4 we give a quick derivation of the LDP for (Hfl)ACCzd following

Comets (1989); the corresponding rate functional .7 : #( WTZd )—[0; +o0] has a rather
intricate expression, and studying the set of all minimisers corresponding to .#7 might
seem hopeless at first. Nevertheless, according to some general considerations con-
cerning Large Deviations in Disordered Systems or Random Media (see e.g.
Lemma 2.2.8 in Chapter 2 of Zeitouni, 2003), the deterministic rate functionals
I 9 M (Q2)—[0; +00] associated with the Large Deviations of the empirical pro-
cess in the quenched regime and in the annealed regime do certainly
satisfy

J1 = g7,

and we also know that the set of all minimisers of .#“ is reduced to a singleton {Q }
(since this set also coincides with the set of all translation invariant Gibbs measures
associated with ¥, according to the Variational Principle).

Finally, in Section 5 we briefly show that one may change to a certain extent the
initial and boundary conditions entering in the definition of Q’/‘1 and still derive such
LD Principles for the empirical process.
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2. Gibbsian nature of the averaged regime
2.1. Infinite-dimensional extension of the averaged regime probabilities

Before stating the main result of this section, we remind that % denotes the
following system of nearest neighbour interacting diffusions:

dxl =dw! — U'(x))dt + B (Zx,j + k’> dt,

Jri
_ 84
Law(x|;—0) = 1 (ied, 0<t<T)

(k being some fixed realisation of the disordered external magnetic field, py some
compactly supported probability measure on the real line, and A being equipped with
its periodic boundary conditions). Q¥ stands for the probability law corresponding to
the system %%, and the probability Q4 corresponding to the averaged regime is then
defined by

04() = / dy(R)OA ().

The following proposition shows that this new probability O, on Wiener space W;!
may also be viewed as the law of a nearest neighbour interacting diffusions system
.

Proposition 2.1. O, is the weak solution corresponding to the interacting diffusions
system <, given by

i i i ] o’ 2 i j
dxf =dw] — U'(x))dt + B x/de + e |V BY 2l | de

i ji

t t
yizxi—xf)—i-/ U'(x))ds, f:/ xids
0 0

Law(x|—o) = u$" (€A, 0<t<T)

Proof. We let Py denote the probability law on Wiener space Wr corresponding to
the process:

d.xt = dW[ - Ul(xt) dt

with initial condition: law(x|,—¢) = to. Pr is such that
t
Xy — X0 + / U'(x,)dv is a standard Brownian motion under dPr(x).
0

Let also P; denote the restriction of Py to the g-algebra &, corresponding to the time
interval [0,¢] C [0,T], and Q4 denote similarly the restriction of Q4 to the g-algebra
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in Wi corresponding to this same time interval. According to Fubini and Girsanov’s
theorems:

04 <P1,
and
dQ,
A _ .t
M= dp®1

is a positive P®A-martingale with mean 1, such that

MA(x)—/dy(k) [exp{ﬁZ/ (fo+k>

€A Jr~i

Z/ (qurk) du

oo (2t n L ()«

2
X / dy(k) [exp {(kA;Aﬁ,z(x)) - % (kA;kA)H ,

Apg,(x) being the A-dimensional real vector defined by:

1 () = i) — B2 /0 (in) du

Jri

=B (x; x6+/0t <U’(x§),BZxA{> ds> .

i

Averaging over the Gaussian vector k, we then obtain

log M(X) =mart. (Aﬁt(x) T ZﬁZtAﬁ’(x)> +[52/ (Zﬂ) dw!,

ica Jri
_ 2 ' Aﬁ u(x)
“mart. O ‘/() (1 T 02[32 > dAﬂ u(x)> + B; / (;Xj> qu
_ g Apu0) j
—mart.ﬁ(7 IEZA / 1+ 2ﬁ2 dw (x)‘f'ﬁ; / (;x qua

the sign =, meaning here that the two P?A-semimartingales under consideration (on
the left hand side and on the right hand side of the equality) have the same martingale
part.
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At this stage one should check that the positive martingale M/ (x) is a uniformly
integrable one, so as to make sure that Girsanov’s theorem may be applied a second
time. We prove a stronger fact in Section 3 (see Proposition 3.1): (M/(x))o</<7 is
in fact bounded from above, P$"-as. in x.

Girsanov’s theorem may thus be applied to the probability Q4 on path space Wi
corresponding to the uniformly integrable martingale (M, (x))o<;<7, and the proposi-
tion is proved. [J

Note. Adding the variables
t t
yf:xf—xf)—l—/ U'(x!)ds, zf:/ xids
0 0

at each site i € A and letting: y, = ¢ f%/(1+ *%t), one may notice that the interacting
diffusions system %, obtained in the averaged regime is a Markov one, since the
differentials of the new variables )’ and z' are

dyj=dwj+ Y x/dt+ (yf—ﬁzzf> dt and  dz =xd.

i ji

Classical results of Ito calculus assert that %, viewed as a Markov system of interacting
three dimensional diffusions, has a unique strong solution for any inverse temperature
parameter 5 and any terminal time 7 > 0, that may be constructed through Euler’s
method (cf. Krylov, 1990).

Actually, the monotonicity properties of the drift term appearing in the differentials
dx! , dy! and dz! are such that one may assert, following Shiga and Shimizu, a strong
existence and uniqueness result for the corresponding infinite dimensional system %,
given by

dxj =dw} - U'(x)de + B> x/ dt+y,<y, ﬁZa) L

i jri
dy! =dw! + ﬁZx,J dt + v, (yé - ,822{) de,
Jri Jovi

dzl =x!dt,

d
Law(x|zo) = 18", Vlmo=zleo=0 (i€2,0<1<T).

To be more precise, we next introduce some notations and give a strong existence and
uniqueness theorem for infinite systems of n-dimensional diffusions that is convenient
for our purpose.

Definition 2.1. Fix an mteger n>=1. For each peZ and X = (X;);cz € (R” )Zd, let

X1 = 3 s W ot = -+ )
i€z?
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and define the Hilbert space S,,(Zd; R") as
d
Sp(Z R ={x € (R)7 /X[, < + o0}
The space of R"-valued rapidly decreasing sequences on Z¢ is then defined as
Sz Ry = () S,(24 R,
peZ

S(Z7;R") is a nuclear space for the sequence of norms ||.|| ,, and its dual space is the
space S'(Z%;R") of all tempered R”"-valued sequences on Z¢:

S' @R = | Szt R
peEZ
We also let: S(Z%) = S(Z?;R) and S, (Z¢) = S(Z%;R.), and we recall that any

§'(7¢; R")-valued path X :[0,T] — (R")Z that is weakly continuous is also strongly
continuous.

Following Shiga and Shimizu, we may now state a strong existence and uniqueness
theorem for infinite systems of R”-valued diffusions whose coefficients satisfy some
monotonicity condition.

Theorem 2.1. Consider the infinite dimensional system of R'-valued diffusions (E)
given by:
(E):  dX] =a-dw 4+ fut; X X)de, i€z t=0
where:
. d
X = (X))icze € (RN
{W))i=0; €29 is an iid. family of standard n-dimensional brownian motions.

o is fixed in R'®",
iRy x R" x (R” )ZdHR” is a family of continuous mappings such that:

o fi(t0;0)=0,VieZd, Vi >0
o Vie Z"’,_V/l cC 74, fi: Ry xR'x(R"Z' =R is locally Lipschitz in the variables
(& (X i)

o Monotonicity Condition:

3K, L>0, Je=(c1)iepn€S(Z9), VieZ?, Vt=0, V& neR", VX, YR,

(=) fit; EX) = filtsn; Y)) <K|E=n[P+L|E—n] - \/Z cij| X7 =Y 2.

jezd

Then: for each X €S'(Z¢;R"), (E) has a unique strong solution (X,);>o with ini-
tial condition Xy = X, moreover (X;);>o has a.s. S'(Z%;R")-valued paths that are
continuous with respect to the strong topology in S'(Z¢; R").
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Proof. One merely needs to adapt the demonstration of Theorem 4.1 in (Shiga and
Shimizu, 1980) (for a complete proof see Sortais (2001, Theorem 2.2.1 in Chapter 2)).
|

Corollary 2.1. For any compactly supported probability py on the real line, the
infinite system of three-dimensional interacting diffusions & ~, given by

dxf =dw, — U'(x})de + B " x/dt + <y;' - ﬁzz{) dt

Jri jei

Ay —dwi 4 3wl dr 43, (y; —ﬁZz/) "
J~i Jr~i

dzl =x'de

d
Law(x|—0) = 15", pl—o=2l0=0 (i€Z’,0<t<T)

has a unique strong solution (X;);0, and (X;)iso has a.s. Sy(Z%;R*)-valued,
continuous paths.

Proof. Apply simply the preceding theorem to the situation where

1 0 0
n=3 o=|1 0 0
0 0 0

and fi:R. x R x (R3 )Zd — R? is defined through the identity:
V>0, VE= (L& )R, WX = (x, .2 )i € (R,

—U'ED+BY X+ <y"—ﬁzzj>

i jei

ﬁzx-’+vt<yi—ﬁzz-’> ’

Jri i

fit; &X) =

i
observe also that our “deep quench” initial condition ,ugﬂd satisfies: ,ugﬂd (S4(Z4; R))=1.
|

Note. (a) (X))o<i<1 = (x}, ¥,z )o<,<7 being the unique strong solution corresponding
to the system ., we let O, denote the probability law of (x))o<,<r; Qoo is a
spatially shift invariant probability measure on infinite dimensional path space Q =
WE: Qoo € M(Q).

In the next sections we show that O,, may be viewed as a Gibbs measure on Q
and give the corresponding interaction on path space explicitly.
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(b) As an intermediate step in the proof of Theorem 2.1, one may show that Q.
satisfies:

[ a0 { s sl f <.
0<t<T

Actually, still using Ito’s formula and an appropriate Gromwall inequality, one may
also prove that the quantity

sup ( / denxznf/’)
0<t<T

is finite for all p > 1 (see the proof of Theorem 4.6 in Follmer and Wakolbinger,
1986).
As an easy consequence, we may state that integrals such as

[ dow@iilr o [ dou ( / ' xi’|”dr)

are bounded from above uniformly in i€ 79, for all p > 1.
(c) Last but not least, the dynamics O, may be very conveniently compared to the
dynamics of a standard Ising model by introducing the new variables:

i i J
Ut—J’z_BE Zi
Jrvi

at each site i € Z9. Indeed, one obtains that O, may also be viewed as the probability
law corresponding to the system

dx} =dv} — U'(x})dr + B _x/ ds,
Jri

d
Law(x|i—0) = p5”

b

{v;0 <t < T};cze being an ii.d. family of time inhomogeneous Ornstein—Uhlenbeck
processes under O, solving the following linear stochastic differential equation:

dl), = dW[ + W/tU, dt,
with initial condition: vy = 0.
2.2. Gibbsian integration by parts formula on path space

Our aim in the present section is to present briefly some of the main results con-
tained in (Cattiaux et al., 1996); to this end we first give general definitions for Gibbs
measures based on the lattice 7¢.

Definition 2.2. Let X be a Polish space (spin space) and let 7, denote the set of all
finite subsets 4 CC Z7.
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Let A= ®;cz¢4; be an infinite tensor product of g-finite measures on X and I" be a
probability measure on XZ°.

(1) A family p = (ps)se7, of = 0, measurable functionals on X ' is said to be a
(I'; &)-modification when the following conditions are satisfied:

@ VAE T, / pa(zVas)dig (2)=1, I ge-as(is)

(i) VAC A€ Ty Ta-as(xs) (Aa® e, )as(y),

pa(¥) = pa(y)- / pa(zV ya) ()

(here and in the sequel, (z V yc) denotes the combination of configurations
zeX" and ys € X)),

(2) An interaction ¥ = (Y4)ae7, 1s a family of measurable functionals on X 7' such

that:
e VAET 4, Yy XY SR s F 4-measurable
(i) VAET4 D Ww(x) <oo, VreX”

A'NA£G

(%4 being the g-algebra generated by the projections p;: X ', X,ic74).
One may then consider the Hamiltonian potential HY = (HY) ccz4
corresponding to the interaction ¥. H? is defined through the identities:

Hix)= > yw(x)

A'NALG

holding for all A€ 7, and all x € X%

In the situation where the partition function corresponding to the interaction
¥ is well defined, i.e.:

VAE Ty, FAp-a.s.(xAp ),

Zl(xp) = / dig(z)exp(—H! (z V x4)) < 4 00,

one may then easily check that
exp(—H{ (x4 V x4¢))
2N (%)

pa(xXaVxp) =

defines a (I'; A)-modification on X z
(3) Given any (I';A)-modification p, one says that the probability I' is a Gibbs
measure on XZ' whenever

VAET 4, T'pemas(xpe), T'(dxalxse)=pa(xsV xs0)dis(xs).
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Note. (a) When the modification p is constructed via an interaction potential ¥, the
corresponding Gibbs measures are called (¥; 4)-Gibbs measures.

(b) When one knows that the family of > 0 functionals p =(p4)4es7, on X 7' is a
(I'; 2)-modification, to make sure that I is a (p; 4)-Gibbs measure one simply has to
check that the identity

I'(dx[&) = pip(x vV &) dAilx)

holds I'(;yc-a.s.(¢), for each site i € 74,

Several authors (Follmer and Orey, 1988; Olla, 1988; Comets, 1989) have inves-
tigated the LD asymptotics of the empirical process A in the situation where x is
distributed according to some (¥; 4)-Gibbs measure ¥ on X Z* Tn each of these articles,
the Gibbsian interaction ¥ is assumed to satisfy translation invariance, so that

Ya(x) = i a(x)  for all A,ix,
as well as the following summability property

1]l =" sup [yu(x)| < + oc.

A30 *

Assuming additionally that each of the functionals defining the interaction ¥ is contin-
uous and that the reference measure 4 is simply the infinite tensor product of a single
site probability measure 4y, one may then state that the law of the empirical process
A under d¥%(x) obeys a LDP on . (X z ), on the scale |A| and according to the
good rate function .7 ¥ : .#/((XZ") — [0; +00] given by

WP e XY, ST(P)= Hy(P) - / V¥ (x)dP(x) — p",
xzd
where

P =-3" ﬁ e

430

and

p¥'= inf {Jm(P) -/ V“”(x)dP(x)},
Q€M (X2 xzd
d d
H(P)= J/(PM?Z ) being the specific entropy relative to 4 = lggz .

One should also add that the very same LD results are valid when considering the
law of the empirical process A under d¥9(x|é ), the probability d¥9(x|&4c) being
a conditional version of d%(x) knowing that x4 =&, and £ €X z being any fixed
boundary condition.

Before stating the Integration by Parts Formula that was developed by Cattiaux,
Roelly and Zessin in the context of Gibbs measures on path space 2= Wyzd, we would
like to motivate such developments and show how the infinite dimensional dynamics
O (defined after Corollary 2.1) may also be presented as a Gibbs measure on € . It is
actually a rather straightforward task to find a satisfactory expression for the interaction

d
P4 corresponding to O, when Q is equipped with the reference measure R?Z , Ry
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denoting the Wiener measure on Wy having initial condition yy (cf. Corollary 2.1).
Indeed, setting periodic boundary conditions on the finite cubic box A=[—N,N 1“nz?,
one may notice that the Radon—Nykodim derivative of the averaged regime probability
0, with respect to the reference probability measure R}%’A writes

dO, ! 1o j i j i
Sin=ew 3 [ (v b3 o (2= 8304 ) ) v
dRry 0

ieA Jri jr~i

T R . . 2
—%Z/ﬂ (—U’(x;'>+ﬁ2x;+v, (y;—ﬁZz/)> ar b

i Jri

j~i meaning here that sites i,j € A are nearest neighbours when A is considered
with its periodic boundary conditions, and y still denoting the function given by:
7 =B /(1 + ).

Introducing the functionals F;, G;, H;: Ry x Q3 — R given by

Fi(t;x,y,2) = Gi(t; x,9,2) + Hi(t; x,,2)
and
Gi(t; x,9,2)==UC) 'y, H(x,p.2)=Fx' Y &/ =pz/) =Bz’ Y _x/
Jr~i J~i
we then have

d@a
dr$

(x4) = exp{—K{(x4)},

where (under dR%Z"(x4)):

T (oF 1 T (oF; ’
_K?(xA):ZA <axl(t9xt3yt:zl)> dx;_EZA (aﬂ(t’xhytazl)) dt

ica ieA
r T
5G[ i a[_ll .
—iEZA/O <axl.(t;xta.)7t,Zz)> dx,-i-ieZA/o <axl.(t;x,,y,,z,)) dx;
! T (4G, 2
_2;/0 <axl (t:xtatht)) dt
T Y
G; OH;
_Z/ (0 i 'i(t;xtaytazt)> dt
=1 o oxt Ox

1 T /oM, 2
_EZ/ (Ebc’ (f;xnyt,Zz)) de.
0

ied
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Using Ito’s formula, we then obtain
—Kx)=>_ [GiT:x7.yr.27) — Gi(0; X0.0.20)

icA
1 [T /0G; 2
_E/ (ax,(t’xtaytaa‘)) dt
0
T T
oG, l. i 2G,
- [ S e+ UG - [ S ) d
0 y 0 5t

1 [T/ &G G;
_ - 740 T (xnynz)de
2/0 <6(x’)2+ axzayl)(”x’y’ @ ]

+ > [HAT: x7,y7,27) — Hi(0; X0, 10, 20)

iceA
1 (T oH; ;
5 o (t; %0, 31, 20 )x, dt
0
T , A r o o
B[ | Do Y x| de— B / 7 (zind + /) e
0 ki I~j 0
1 T ’
Ay (—U«x;wzxm, (y;—ﬁzz-;>) “
iea 70 I I

In this last expression for the Girsanov exponent —Kj'(x,), the first sum obviously
corresponds to a sum of self interactions, the second sum corresponds to a sum of
nearest neighbours two spins interactions and the third sum corresponds to a sum of
self interactions, nearest neighbours two spins interactions and three spins {x’,x/,x¥}
interactions, where i ~ j ~ k in Ape and i # k, so that finally

K (xa) =Y ¥i(x),

rca
¥? being the interaction given by

. . 1 2 . 2
Yi'(x)=U(x7) — Ulxp) + 3 (rr(xp — 2x7)7) — X))

T T
_%/0 (U"(xf)—U'(xi)z)dt—&-%/O (1+2(x; — YU () dt

1/ S
3 | e pa
0

() = — B — xixd) + Byr(edxi + Zhcf)

- [ @il v vehaacs B[ ol
0 0
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8 [ D! + U+ a4 v~ 2]
0
T T
2 - o o . o 2
8 [ iz g [ GOT =)+ H 0=k
0 0
2 T
i 2 . . .
+% / (" +z] rde if: j~i,
0

Vo= ([ sta— [l eddzmars [ o)
if:jmink j£k
Ui(x)=0 else.
Note. Remembering that: y! =x! — x} + fot U’(x!)ds, we also have
T T
| === [ agian por: g= -
so that

T T
i i i 1 i i)
/ Vt(xt - yt)U'(x,)dt + E / (yl(xt - yt)) d
0 0

1 . )
= — 5 Gr(F) = (%))
" T 2
=2 ([ vehar) + Jebr

which yields the following alternative expression for y;:
. . 1 2 L 2
¥i'(x)=Ulxy) — Ulxp) + 5 Or(r = 2x7y7) — %)

1

TU//i U/i2d 111 22T
5 [ W - i+ )

’r r ? 1 5
T (i Lo
(/0 U (xt)dt> + = (xp)".

Let us next present the elements of Malliavin calculus enabling us to give a proper
statement of an integration by parts formula for Gibbs measures on 2.

Definition 2.3. e W 12(C[0, T]) denotes the Sobolev space of all functionals F : C[0, T] —
R such that: F is square integrable with respect to Ry (F € L>(C[0,T])) and there exists
a family

{(DiF())o<i<r; € C[0,T]}
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in L*([0,T]; C[0, T]) such that
.1 '
Vg€ L*([0,T]), DyF (w)= I{I(l) - <F (co +e / Js ds) - F(co))
& 0

exists as a strong limit in L?>(C[0,T]) and equals: fOT 9:(DF)(w)dt.

e W>°(C[0,T]) is the subspace of W'2(C[0,T]) consisting of all those F for which
the family {(D,F(®))o<;<7;® € C[0,T]} takes its values in L>(C[0, T]; L*([0,T])).

e We also let % (C[0,T]) C W“*(C[0,T]) denote the set of all regular functionals
F:C[0,T] — R such that:

F(w)= f(wy,w4,...,0)

for some finite sequence 0 <ty <t <---<t, <T and some %°°, compactly
supported 1.

Let us recall at this stage that the very first integration by parts formula of Malli-
avin calculus (see Nualart, 1998, Chapter 1) states that, relatively to the standard
Wiener measure on C[0, T]:

VF e #(C[0,T]), Vg€ L*([0,T]),

T T
E ( / gD/ F dz) =E(D,F)=E (F / g dwt> .
0 0

We next define Sobolev spaces corresponding to the infinite product Q.
e For any i€Z and g = ¢' € L*([0,T]), for w € Qr, let w + ¢ [; gids denote the
element o’ of Q such that

w;=w; forj#i and wl’-:ers/ g.ds.
0
The Sobolev space W'-2(Q) then consists of all functionals F:Q — R that are
square integrable with respect to the reference measure R?Zd and such that there
exists a family {(DIF(®));cze0<i<r;® € Wr} in (L*([0, T]; Wr))2' satisfying:

Vie7?, Vg; € L*([0,T]),

1 S A ro
lim — <F (w+ ¢ / ds ds) F(w)> :D;,F(co):/ g;(D;F)(w) dt,
eN0 & 0 ! 0

the preceding limit being taken in the strong sense in L?(Q).

o W1>°(Q) is the subspace of W'-2(Q) consisting of all those F for which the family
{(DIF(®))iezd:0<i<7; @ € C[0, T]} takes its values in (L?(2; L>([0, ).

o W oc(£2) is the set of all regular functionals F': Q2 — R satisfying:

F(0)= f(og,op,....o;)

for some finite subset I' CC Z¢ and some finite sequence 0 <ty <t; < --- <t, < T,
f being ¥°° and compactly supported.



G. Ben Arous, M. Sortais| Stochastic Processes and their Applications 105 (2003) 211-255 229

° WI’OO(Q) (resp. WI’Z(Q)) consists of all functionals F = F(w) € W>(Q) (resp.

loc loc

W12(Q)) depending on w only through a finite number of coordinates: F(w)=F(wr)
for some I' cC 7¢.
e Finally, let &9, 7] denote the set of all elementary L? functions ¢:[0,7] — R:

Vg € L*([0. T]),
(gedprn) & (0=t <t <---<t,=T,4g is constant

in each interval [f;_y,#]).

We may now state an integration by parts formula holding for all Gibbs mea-
sures Q on infinite dimensional path space € corresponding to some (reasonable)
interaction ®.

Theorem 2.2. Let H® denote the Hamiltonian potential corresponding to some inter-
action @ on (Q;R?Zd) (c.f. Definition 3.1) and suppose that for each i€ 7% and for

all ne W;Zd\{i}), H2(w;n) is a W2 functional of w € C[0,T] and (DH®(w;n))o<i<T
has a measurable version.
Let Q be a probability measure on Q satisfying:

T
Vie[0,T], VieZ!, [Eo(|of])<oo and [y (/ |D;'H,.‘1’dt> < oo0.
0

If Q is a Gibbs measure with respect to ® and R?Zd, then

VF e Whe(Qr), Yie 7!, Vg, € o,

loc
Eo (F / g dw;) = Eo(D},F) — Eo(FD}, H?).
) ‘ ‘
Proof. See (Cattiaux et al., 1996, Theorem 2.11, first part). [J

2.3. Characterisation of Qs as a Gibbs measure

Although the infinite-dimensional system of interacting diffusions ./, given by

dxj =dw] — U'(e)de + B> x/ de+ 9 (yf - ﬁzz;) dt

Jri jri

dy! =dw! +ﬁ2x,jdt—|—yt (y; - ﬁZz{) dt
Jovi Jrvi

dzl =x!dt

d
Law(x|zo) = 8", Vio=zlco=0 (i€Z,0<1<T)
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is not a gradient one, we may still use the Gibbsian integration by parts formula as an
essential tool to prove the following.

Proposition 2.2. Let Q be a probability measure on Q. If Q is Gibbsian with respect

- d . .
to the interaction W* and to the reference measure R?Z , then Q is the x-marginal
of a weak solution corresponding to the system &, consequently: Q = Qs (since
¥ o has a unique strong solution).

Proof. We shall simply check that the second half of the proof of Theorem 3.7 in
(Cattiaux et al., 1996) is also valid in our context.
First of all, let us remark that our Gibbs measure Q is such that

Viez!, Q<Rr® 0y

hence there is a unique adapted process (f)o<;<r for which {x! —x{ — fot Bidsto<i<r
is a standard brownian motion under dQ(x).
Secondly, Q satisfies

Vie[0,T), VieZ!, Eo(|w)]) < oo

T
Vie 77, [EQ(/ |D§Hi|dt><oo
0

(cf. Lemma 3.2 in the next section).
Therefore we may use the Gibbsian integration by parts formula to show that

, oF,
Q_a's'(x)7 Vl € Zd’ ﬁ;(x) = _E (t: xtayl‘s & )7

the functional F; being defined by

Fi(t;x,9,2) =U(x") — ﬁxizxf — X! (y" _ [gzz./) )

Jni Jri

and

Indeed, {(B)o</<r;i € Z%} is uniquely characterised (up to Q indistinguishability) by
the fact that

t
VO<s<i<T Viez!, E {AS (x;'—x;'—/ ﬁ;drﬂ:o

As: Qr — R being any #'joc, ¥ -measurable functional on Q7.
We may also write the preceding equation as

T t
[EQ |:AS / I]S,[] dxi] = [EQ |:AS / ﬁ: dl":|
0 s

and after integrating by parts we obtain

t
Eo [As ( / B dr+Dﬁh_,]Hiw)} =0 (%)

since D} A4, = 0.
S
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One then simply has to compute D’ik I]Hiqﬂ in order to make sure that (x) holds true
when setting:

; OF;
ﬁt(x): - 6 i (t;xtaytazl‘)‘

X
Taking into account the fact that

H" (x) = F(T; xr,y7, 21 )—Fi(0; X0, Y0, 20)

T T T T
oF; |, oF; oF; . OF;
f/ — dy’,f/ — x,. dr — E / x,{drf/ dr
0 Oyi 0 0zZ; i 0 (’32] 0 ar

1 [T [6%F; O2F;
— - 2
2 /0 <6xiz + ax,-ﬁyi) dr

1 [T foF\? T (0F, OF,
— ') d A I |
Jr2/0 (5361‘) r+2/0 (ij Oxj> :

T oF, . Tor, . 1 (T (oF:\}
_ i i 2 : i j_ = i
0o Ox; dx,+j~i/0 0x; dx; 2/0 <6xi) &
1 /T (@E‘)z
— = E dr,
2 ‘ 0 axj

jri

we may then proceed to the (rather lengthy) Malliavin differentiation of each term in
the preceding sum. To this end, we define

Vre[0,T], q)r:/ liga(@)dv=((r ANt) Vs —s), q’),:/ @, do
0 0

and

Ve >0, xp°=ux. + ¢,

”

,
VEE =l / U)o
0

-
e __ i
zy 7/ x;¢dv,
0

we then observe that

— (= x;)@ @r

1 i,e ] : 1
S y’r)a)> @+ /0 U" (x,)py dv
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1
— (7~ ’)—>¢>r,
&

these convergences taking place in L}ZQT.
One thus obtains for example
0°F; 0°F;

T t A T
. oF; | . OF;
D Ldxl s = td — 0, :
B { 0 6x,- X,} [ (3x,~ d +~/s ( 6xlz ¢ + 6x,6y,»
' 1"y i 52Fi i pi
X ¢r+ U (xv)q)b‘ dU + . ¢r (er+ﬁr dr))
0 6x,-62,-
where (M) is a standard brownian motion under dQ, and
. (IS AN
DI]M] {_2 /0 (axi> d}"}
/T OF; 0°F; OF; &°F
s 6)6,‘ axlz r 6)6,‘ 6x,ﬁy,~

" : 0F; 0°F;
X <g0r +/ U”(‘x;‘)(pb‘ dv> + a a a : ¢}") dr’
0 Xi 0X;0Z;

so that all in all the process {(ﬁ§)0<,<r;ield} satisfies Eq. (*) if and only if

[EQ |: {/ (ﬁl (V xrsyhzr)) dr}:|
T/ 2F; O*F, r :
ol (25 o 22 (o [ )

; O*F; O*F;
> Prdr - Z / <5x,8x, ot 0x;0yj

0 oz,
jri

2

: F, .
| vrabe. du) M f/)r) Bl dr
j 1

OF; 0°F; oF, 0°F, o
/ <<ax1 5x > r+ <axj axiayi> ’ ((Pr+/() U (xv)(pvdv)

OF; 0°F, 0°F;

+ (5}(, 6x,6z,> d)r) dr—l—;/ ((8}6, 8xjax,) "o
OF; 0*F; "t

+ (axj axjay) : ((Pr+/() U (xv)%dv)

OF; 0*F;
(5 fem) o) o]
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This last equality is certainly satisfied for any of our test functionals A; if

. oF;
B.(x)= i (73 X0 Yrs 21 )s
X

and the proposition is proved. [

Since we are in a situation where the spin space Wy is non-compact and where the
translation invariant interaction ¥ is not a summable one, it is not obvious at first
sight that there exists indeed a Gibbs measure Q € .#(£) corresponding to V¢ and to
the reference measure R?Zd; however, this fact may be seen to follow from two results
contained in Chapter 4 of (Georgii, 1988), namely Corollary (4.13, p. 63) together
with Theorem (4.17, p. 67). So the set consisting of all (‘I’”;R;’?Zd )-Gibbs measures is
non-empty, and according to the preceding proposition this set is actually reduced to

{Os}-

3. Averaged large deviations of the empirical process

Although Q. is the unique Gibbs measure associated with the interaction ¥¢ and

reference measure R?Zd, some verifications are needed in order to state a LDP when
considering the law of the empirical process A1 under dQ(x), since the interac-
tion we are dealing with is not a summable one. Nevertheless, proceeding just as in
Comets (1989) we may observe, still using periodic boundary conditions for A, that

the following identity holds true for each Borel set .o/ C .#,(LQ):
Ha)= /W;m ARFCOT ey o7 2 W0

- A
:/ dRFA(X) ey © e <2A > )
weA T

T

:/ dnel(ﬂ)el/l‘f V"dTE,
o

I1% denoting the law of the empirical process " under dR?A(x), and V?:Q—
R being naturally defined by

VxeQ, Vix)=-)
4350

Letting L be some positive real number for which uo([—L;L])=1 and ., (£2) denote
the subset of .#(£2) consisting of all O such that

—L<xi <L Q-as(x) (VicZ%),

we first establish the large deviation upper bound for {IT,} by making use of
Varadhan’s method (see Varadhan, 1966, Section 3 or Dembo and Zeitouni, 1998,
Section 4.3): this amounts essentially to check that the functional

V:nH/V“dn

¥y (x)
Ze
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may be defined on the whole space .# ; as an upper semicontinuous functional taking
values in the interval [ — oo; M] for some M < + oo depending only on the choices
of B, 0, T and L.

d
A still denoting the specific entropy relative to the reference measure R‘%’Z , we then
check that the good rate functional

IC=H -

vanishes only at Q.. To be more precise, we establish that our nonsummable interac-
tion Y* also satisfies the variational principle of standard Gibbsian theory (see Georgii,
1988, Theorem 15.39, p. 325), and this is enough to make sure that .#¢ vanishes ex-

clusively at O, since we know that the set of all ('P“;R‘?Zd )-Gibbs measures reduces

t0 {Ooo}-

We finally prove the large deviations lower bound for {II,} following the method
of Follmer and Orey (see Follmer and Orey, 1988, Section 3) and using the fact that
for any open set OC. 4, 1(£2):

inf (A#(m) — (W} = __inf {A(m)~ 1 (m)}.

M v denoting the set of all points © € .# ;(£2) at which the functional ¥": 7 — f Vedn
is lower semicontinuous.

3.1. Large deviations upper bound
Let us begin with the following

Proposition 3.1. V" :7 — [ V*dn may be defined on M (Q) as an upper semicon-
tinuous functional taking values in the interval [ — oco; M, for some M > 0 depending
only on the choices of f, o, T and L.

Proof. A quick glance at the expression for the interaction W* given earlier enables
one to make sure that

d
Vxe W,

T
Va(x) = Pl(yTs {x67xlTs yé)a leyzé)ale}iGA) + / PZ(Vts {X;, y;,Z;}ieA)dt,
0
where
A={ieZ7?|(i=0) or (i ~0) or (i ~j for some j ~ O)},

Py and P, being polynomial functions.
To make sure that

/ dn(x) ( /0 sz,{x;,y;,z;},-@)dr)

is bounded from above uniformly when n varies in .#,(Q), we shall first deal with
the terms in (1) = fOT Py(y1,{x!, 3,21} ;e 4) dt coming from the “single site interaction
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potential” ; they sum to

T T
(ay =5 [ et -veea=5 [ asau? —0ue

ﬁ T
-5 /0 () — y?)) dt,
which is also equal to

p

T
3 | et —ve = Snas g

2

T
S ([ varar) - Lagy

according to the remark preceding Definition 2.3.
Next, according to Jensen’s inequality:

1 ! o ’ 1 ! 0\2
— U'(x )dt> < - / U'(x0)* dt,
m ([ veha) <3 [ ve

so that finally
B [" B r
(1Y <K+ = / U"(x%)dt — & 57/ U'(x9)* dt
2 0 2 0

for 67 =1 — Tyr = 1/(1 4+ ¢?B*T) (here and in the sequel of the proof, K,K,K>,...
are some positive constants depending merely on the choices of f5, o, T and ).

The terms remaining in the integral: [ dm(x)( fOT P> dt) (coming from the “two sites
and three sites interaction potentials”) may be dealt with by using Young inequalities
and the translation invariance of n. For example: the integral term

/ dn(x){ﬁ; /O ' U’(x;‘)x?dt}

(coming from the interaction ¢, ; for some i ~ O) is not greater than

ﬁZ 3 T 2 T
—/dn(x) 7/ |U’(x,0)|5/3dt+f/ |xO|32 dt
2 5/, 5 /o

and the integral term

/ dn(x){ﬁ; /0 ' yexiz! dt}

(coming from the interaction V/, ; ; for some j ~ i~ O) is not greater than

5 T T
[;/dn(x){;/o yf(x?)zdwé/o (Z,O)zdt},
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which may be bounded from above by

5 T 2 T
i/dn(x){é/o e ra o [ (x?)zdz},

remembering that: z0 = fot x? ds and using Jensen’s inequality.
All in all, one finds out that for any translation invariant probability measure
€ M (Q), the integral:

/ dn(x) ( /0 Py (3 s vzl i) dr)

is bounded from above by
'
/dn(x)/ <257U’(x,0)2 + (K [x9) +K2)) dt
0

for some positive constants K; and K.

We are now in a position to complete the proof of the proposition by taking into
account the term P; arising in the expression for V' given above.

We have

3

B
Pr=—BUGT) + BUGE) = 5 (1r()* = 297377 — xF)
+B Y —xixd) — By yr(Ead + 200,
i~O i~rO

and we may here again use Jensen’s inequality, Young inequalities and the translation
invariance of n. For example, the term

/ dn(x){fxpa?)

(coming from a nearest neighbour interaction with the origin) is bounded from above
by

I / dn(x)(x2)?
and the term
/ dn(x) {—p*zpx7}

is not greater than

2 2T T
%/dn(x)(x?)%rﬁT /dn(x){/o (x?)zdz}.
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Handling similarly the terms remaining in | dz(x)P;, one may then assert that

T
/dn(x)V"(x):/dn(x) {Pl—i—/o Pzdt}
T
< / dn(x){/0 <§5TU’(x,0)2+(K3|x,0|5 +K4)> dt}

+ / dn(x){—BUS) + Ks|x|* + K}
Hence, letting
M=T-sup {—g orU' (x)* + (Kz|x| +K4)} + sup{ —BU(x) + Ks|x|* + K¢},
xER xeR

we finally have
Y (m) = / V(x)dn(x) <M, Vne .l (2).

Let us finally establish the upper semicontinuity of 7 :7m— [ V%(x)dn(x) on
‘%S,L(Q)'

According to the two preceding points, the continuous functional V*:Q — R may
be decomposed as

Ve=vt—v-,

with V=V lys0y, V- =V lyy<oy and V" is taking its values in [0; M] while
V=(2)=1[0; +oo[.

Fixing n € .#,(£2) and a sequence (m,),>1 on .#, () converging weakly to ,
we certainly have

/ vtdn, — Vtdn
Q

n— 00 Q

so that we only need to check that

liminf/ V- dnn>/ V= dn
n—oo Q Q

in order to establish that ¥~ is upper semicontinuous.
Consider first the case where V'~ ¢ L!(n), so that

/ V= drn = +oo.
Q

Using Fatou’s lemma and Portmanteau’s theorem we obtain

+o00
lim inf / V=dm, = liminf/ V" > y}dy
Q 0

n—oo n—oo

n—oo

> /O+OO (hminfn,,{V— > y}) dy

+oo
:/O (e{V™ > ypdy=+o0
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so that

liminf/ V- dnnz/ V—dm.
n—o0 Q Q

In the case where |, o V7~ dn=a < +o0, one may consider for each 4 > 0 a bounded
continuous functional ¥, : Q — R, such that V takes its values in [0; 4] and V (x)
coincides with ¥~ (x) whenever V'~ (x) < A. One may then fix ¢ > 0 and choose 4
large enough so that

/(V* -V, )dn<e.
Q
Setting: Q4 = (V' ~)~'([0;4]), we then have

/ V—dn, :/ Vi dm, + V= =v;)dm,
Q Q o

the first term in the preceding sum converges to | o V4 dm, which is greater than (a—¢),
while the second term is > 0 for each n.
Hence

n—o0

Ve > 0, liminf/ V=dm, >a—c¢
Q

so that

lim inf / V—dm, = / V'~ dm,
n—oo Q Q
and 7~ is indeed upper semicontinuous. [

As a consequence of Proposition 3.1, we may now state a large deviations upper
bound for the family {II,} 7.

Corollary 3.1. {I14} -z« satisfies a large deviation upper bound on M (Q)
according to the good rate function $*=H — V", ie.:
1

lim sup — loglT (%) < — inf {#(n)}
A7 |A‘ ne?

for each closed subset € C M, (Q).

Proof. Lemma 4.3.6 in (Dembo and Zeitouni, 1998, Section 4.3) may be applied here
when considering the functional ¢ defined on .#, ;(Q2) through the identities

—00  ifng%,
om= V(r) if nes. O
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Before turning to the proof of the Gibbsian variational principle in the case of
our nonsummable interaction ¥?, we find it appropriate to make here the following
(elementary) remarks
(1) An easy consequence of Proposition 3.1 is that

Ou(/) < MMRPA (o)

for each finite cubic box A and each Borel set .«/ C W#.
(2) According to the remarks made at the end of Section 2.1, we may also state that
O 1s such that

T
/ dQoo(x) (/ |)cf)|6 dt> < oo and / onQ(x)|x(T)|4 < 00.
o 0 Q

(3) Still using Proposition 3.1 and the estimations established during its proof, one
may also check that any y € .#, (£) satisfying

o= [ 7 die > o

cannot have “thick tails” in the sense that the variables
/OT x°|%dt  and [x9|*

are both integrable under dzn(x).

3.2. Gibbsian variational principle for V¢

Recall that the specific entropy (1) defined with respect to the infinite dimensional
Wiener measure R?Zd is such that for each translation invariant 5 € .#((Q):
1 1
A()= lim — HnalRF") = sup —H (n4|R7?"),
A g O = ey bl

H (.|R?A) denoting the usual relative entropy with respect to RQTM.
We now prove the variational principle for ¥“ as a consequence of the following
lemmata:

Lemma 3.1. One has for each ne M, 1(Q):
H () —7(n) = 0.

Proof. We may assume that V¢ EL}?, since there is nothing to prove otherwise.

In this case, the L' version of the multidimensional ergodic theorem (stated as Corol-
lary 14.A5 in Georgii (1988, p. 304)) enables us to view ¥7(x) as a limit in the
following way:

V() = / e dn:hinvlﬂz / va(x®ydn(x).

ieA
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On the other hand, n has “thin tails” in the sense of remark (3) above, and this enables
one to see that the preceding limit coincides with

] A
hinW Z /V”(x(A X0y dna(x0).
ieA
Indeed, the difference between the two preceding limits may be viewed as
.1
pimr S [ { [ e )~ v m)},
A'NAZD, A’ NAHD

the number 1, of nonzero terms in the preceding sum (over A’ such that: A’ N A #
0, A" N A€ # () satisfies
ny
T —asze 0,
Vg

since V¢ has finite range, and these nonzero terms have absolute values that are
uniformly bounded from above by some positive constant K (depending only on #,
cf. remark (3)).

Hence

. 1 ; d1’]/1
_ — ar(A),30)y _
77(n) = A (n) = lim oI / dns(x4) {;EA et m) 1n<dR§A (xA)> }
and Jensen’s inequality applied to In yields for each A:

: d
/ i {Z V(@) —n (dR"??A (xA)> }

iceA

xXp(T ey V(EDD))
<1 d =0
s {/ T (AR (xa)

(because the computation of the pressure corresponding to ¥“ becomes trivial when A
is equipped with its periodic boundary conditions). [J

Lemma 3.2. Q. is such that

H(Qso) = / V*d0s.

Proof. To prove this equality we shall merely use the fact that O, is a Gibbs state
corresponding to ¢, so that for each A CC 7¢:

) €Xp {_ﬁ ZFOA#@ lﬂﬁ(xA \ xA“)}

2y (x4) ’

0. (x4) = / 0. (x s

where: f/‘{'“(xm) =/ dR?A(xA)e*ﬁ Yrrazo Y (XaVe)
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Using again the L' multidimensional ergodic theorem and taking into account remark
(2), we also have

Va ono = Z dQOO(x)Va(x(z))
w ] -

=B Xraaz ¥r(xaVxse)

=T @A, \C
~TA Z / Qoo (xs:) { / RENED —m

lpr(x/l\/x/l[
(o))

1 =B Yoraas W (xaVase)
i AI/ ono(fo){ / ARG (x4)°

I (xp0)

x| =B D Yfxa V)

rnA#0

On the other hand:

i 1 ®4 Ciﬁ Do raage U (xaVae)
Jf(Qoo):h}’lnm/ ono(xAc) / dRT (x/l) (IM(XAL)

e roago ¥ (xaVxse)
x1In o
Zy (x4)

#(Qu)= [ a0 ~tim o [ 40 (i) = (2T (e

hence

Jensen’s inequality applied to —In and to the probability measure e B Zraasm P
dR$"(x 1) now yields:

1 a
m/ dQuo(x4e) — In(Z ¥ (x40))
— ﬁ / dOoo(x4c) — In {/ dR‘Y??A(xA)efﬂ i l//r”(xA\/xAL)}

1 a
) W/ A0 txa) =in {/ (e7F T WD qREA (x,4))

X e_lf(ZI'ﬁA#w U CIAZ D DN DY) }
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1 _ a ()
< | /ono(fo) {/(e P 2roan WD dREA(x4))

(B D Wiavae) =) .

INAAQ,INAHD
and the preceding term may be easily seen to converge to 0, using again the fact

that the number n, of nonzero terms in the sum ranging over I' such that: I'NA(,
I'NA°A£D satisfies
nj
—= =4 74 0
4]

and Proposition 3.1.
By Lemma 3.1, we also know that

#(0x) > [ 7740
and the proof is now complete. [

Lemma 3.3. Any ne ., () satisfying

A () =7 () =0

is also such that

. 1
lim / ln( o (m) dna(xa) =0

(here and in the sequel, Qoo 4 simply denotes the A-marginal of Q).

Proof. Consider n € .4, (L) satistying: () < oo and fQ Vedn = A (n).
One has for each 4 cC 7¢:

1 d
|A/ln<dQ’7/1A(xA)) dna(x,)
d0s,

\A|/ ( dRA (M)) dna(xg) — \A|/ ( i@AA (xA)> dna(xa)
1 dn .

:W/ ln(ngA (xA)> dnaea) = 7 / da(x1)

e B Xraago W (xaVxse)

X In {/ ono,/l('(xAc) g;{“(x/la) }
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! dina 1
< |/1|/IH<W (x/l)> di/l/l(x/l)* |/1|/ dl’]A(xA)/ onc,Af(fo)

x| =B D wxaVxs) | —In(Z Y (x4)) o

I'NA#)

in the right hand side of the preceding inequality, the first term converges to (1) while

the second term has a limit that may easily be seen to coincide with #7(1), using once

again the multidimensional ergodic theorem (since V“ € L},) and then remarks (2), (3).
U

Proposition 3.2 (Variational principle for V). For ne€ .# (), the following are
equivalent:

(a) n is a Gibbs measure corresponding to V¢ (i.e.: n= 0Os)
(b) #(n) < oo and [, Vdn=H#(n)
(c) limg 1/|A] [ In(dn4/dQoc,4(X4)) dna(X4) = 0.

Proof. (a) = (b) is the content of Lemma 2.4.2, (b) = (c) is the content of Lemma
2.4.3, and (c) = (a) is a fact holding in great generality for translation invariant Gibbs
measures (see Georgii, 1988, Theorem 15.37, p. 323). [

3.3. Large deviations lower bound

Following Follmer and Orey’s approach to level 3 large deviations in a Gibbsian
setup (see Follmer and Orey, 1988), we decompose the proof of the large deviations
lower bound for {IT,} -z« into two steps:

Step 1: we first prove that any n € .#, (2) such that: .#%(n) < + oo may be ap-
proximated by means of a sequence {7,},> of ergodic probability measures on
satisfying

(a) Ty E%S,L(Q)’ nnnfgo T,
(b) ,%”(n,,)? A (m), and
(©) ¥ () — ¥ (n).

Step 2: n € M, 1(2) being any ergodic probability measure such that J¢(m) < + oo,
the inequality

1
liminf — log [ 4(%) = — 9%(n)
4,74 | A]

holds for all open neighbourhoods ¥ of =.

Proof of Step 1. Just as in (Follmer and Orey, 1988), we may consider the sequence
of volumes A, =] — n;n]? N 7%, let %, be the probability measure coinciding with



244  G. Ben Arous, M. Sortais| Stochastic Processes and their Applications 105 (2003) 211-255

on each of the o-fields
Sok=0{x;0<u<Tic(A,+2nk)}, kecz?

and making these o-fields independent, and then set

1
T, = m Zﬁ:nof)[_',

i€,

where 0; simply denotes a shift on Q = Wyzd. Each m, € 4, 1(Q2) defines an ergodic
probability measure on €2, and (7,),>; converges weakly to .
Moreover

liminf #(w,) = (%),
n—oo
since S is lower semicontinuous. In order to prove the complementary inequality

H(m) = limsup ' (m,),

n—oo

we may simply observe that for each n > 1:

H () H(m|5, 03 RF™)

1
- |An| n,0°
since 7, defines a A,-periodical probability on Q.

We then have
1

H(n,) < —
() WAL

> H((Fn00; )]s, 03 REM)

i€,

since H (-;R?A”) is convex. Moreover, for each i € A, the measure (7,00; 1)| 5,0 May
be viewed as a tensor product based on (2¢) block marginals taken from 7| 5,0 (see
Fig. 1); recalling that relative entropy is sub-additive in the sense that

m

> H(xlz,;RP") < H(n

=1

A
Zno> R? ),

whenever 41,4, ...,4, is a partition of A, (with corresponding sub-o-fields X 4,, 2 4,,...,
24, C 2y0), one obtains

H((7,007")

5.0 REMY < H(nls, s RE™),  Vie A,

n,0°

All in all, one finds out that

1
%(nn) < mH(TEh”,O;R?A") < %(7‘[)

A fortiori

lim sup #(n,) < #(n),

n—oo

so that (#(m,)),>1 converges to ' (m) as n—oo.
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An

Fig. 1. In d =2, each measure (ino(iifl)b;n‘o may be viewed as a tensor product where four distinct block
marginals of 7| 5, are being used.

Finally, the convergence
V() — 77 (7)

also takes place simply because 7#"(m) is finite, so that 7 integrates the variables
{fOT x?|®ds} and {|x$]*}, and because most of the terms [, (Vo0;)d7, appearing in
the decomposition

1
W(n,,):/ vedm = /(V“o@i)dﬁn
Q n ied, Q

coincide with fQ(V“oH,-)dn. To be more precise, there are at most 3 x |04,| sites
i€ A, for which

/(Z(V”oﬁi)dﬁ,,#/g(V“OQi)dn,

these differences are averaged out in the large volume limit. This finishes the proof of
Step 1. [

Proof of Step 2. As a consequence of the L' version of the multidimensional ergodic
theorem (cf. Georgii, 1988) we know that the convergence

lim t{xcQ |2V ec0} =1
A 74
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holds true for any open neighbourhood O of m, and that the following L' convergences

dTCA d
pe o) L fyrdn oo S (0 RS
7p3 Al ag T

also take place.
Let us now consider an elementary open neighbourhood ¢ C 4 of =, of the form

0= - {ne,ﬂs, (Q)H frdn— [ frdn <8}

for some ¢ > 0 and some bounded continuous functions f, f7,..., f,: Q2 — R, each
[« being measurable with respect to a fixed o-algebra

Sh =0{xl;0<u<Ti€ A},

for some finite 4, CC Z¢.
Observe that for each 4 CC Z9, the event

Ey={xecQ|iMc0}

decomposes into

:IQ {er |A|Z<fkoe> /fkdn-

ieA

)

Setting
A={ieA|(i+ Ay) C A},
we may next observe that for A sufficiently large the event

n

Ey=(){xcQ Z(fkoe)f/fkdn <5
ieA

k=1 |

lies in the o-algebra 2, and satisfies: £} C E .
Taking into account the fact that n4 <Q,, with

Yy dTCA R®A

d
T4-a.5.(x), 40, (x)= dR®A( )- dQT (x )— R®A (x)exp (Z ya(x A (z))>

ieA

we then have
(%) = Oa{x | RV € ¥}
> Oq{x|2V € 0}

> O04(E))
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dTCA 1 dT[A

+ ﬁ 3 vy < o) + 5}) :

ied

0 being some positive number. Hence

ra dnA . 1 dTCA
HA(%) = exp(—|A|(F(n) + 6))my <Eﬁ1 N {dR?A (x) > 0; ] log <dR§A (x))
+ ﬁz Ve Dy < g (m) + 5})
icA

and taking into account the convergences obtained earlier via the L! multidimensional
ergodic theorem finishes the proof of Step 2. [

We may now state and prove a large deviations lower bound for the empirical

A(A . . .
process Y considered in the averaged regime.

Proposition 3.3. The family (11 1) ccz¢ of probability measures corresponding to the
averaged regime of the empirical process also satisfies a large deviations lower bound
on My (), in the sense that for any Borel set % C M, 1(2):

1
lim inf — log IT4(#) > — inf .#%(n),
A/Zd |A‘ neé

o
B denoting the interior of B (with respect to the topology of weak convergence).

Proof. The proof is a straightforward consequence of Steps 1 and 2: assuming that
inf #Y(n)=4 < + o0,

neER

o
one may choose an ergodic n €4 satisfying: .#9(n) < A + ¢, for some fixed positive

¢, and then consider an open neighbourhood @ of 7 such that @ C 4.
According to Step 2:

1
liminf — log IT4(0) = — (4 + ¢),

and letting £\ 0 finishes the proof of the proposition. [J

The large deviation principle we have just proved may naturally be viewed as an
LDP taking place in .#,(2), once we extend #“ by setting

JUQ) = +o0,
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whenever Q € (M (Q)\ M, (2)). Moreover, as may be seen from the proofs of Propo-
sition 3.1 and Lemmata 3.1-3.3, one may relax the compact support condition on uyg
by requiring simply that

/ x® duo(x) < + o0
R

and still derive such LD bounds. One may generalise further the hypotheses made
on the initial conditions, e.g. by requiring these initial conditions to be Gibbsian with
respect to some (reasonable) interaction potential defined on [R(Zd); such generalisations
are carried out briefly in Section 5. But let us first come to a study of the quenched
LD asymptotics of the empirical process i

4. Quenched large deviation estimates

We now consider a fixed (typical) realisation kj of the external field variables, and let
%’/‘1" denote the joint law of x and k when x is distributed according to R?A while k is
fixed at the value ko (or rather, at the projection of ko onto R*). According to Theorem
III.1 in Comets (1989), we know that: a.s. in the realisation of the disorder variables
ko, the law of the “joint empirical process”? ﬁiAlz considered under dﬂ’/‘f (x; k) obeys

a LDP on .#,((Wr x [R)(Z )), on the scale |A| and according to the deterministic rate
functional #? given by

H R®2d (uy) if p has a second marginal yuy coinciding
T
A1) = with A/(0; 6%)®Z",
~+00 else.

Denoting by :2’/‘10 the joint law of x and k when x is distributed according to dQ’/‘l" and
k is fixed at the value ko, we also know that

ko
;ko {Z/ (—U'(x§)+/32xf+ﬁki> dx!

ied Jri

2
—72/ (—U’(xj)+ﬁ2x-{+ﬁk"> dt

i€ Jovi

Considering (x;k) as a spin configuration where each spin variable (x';k’) lies in
(Wr x R), one may then express the preceding Radon—Nykodim derivative as

d 2k
i (x; k)_exp{ZJl(x k)}

ieA

2 The joint empirical process rfi/lk) is defined as the empirical process corresponding to the configuration

1 =0Miea = (5 E))ica
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the functional Z: (W7 x R)Z) — R being of the form:

for some finite range, translation invariant Gibbsian interaction
— (Jd
V' = )rccze

on (Wr x R)(Zd). The “quenched” interaction ¥ is precisely given by

T
Uy LU= 5 [ UG+ U ) 428 4G

T
Uiy (e )=—Plaix/ 1 +5 /0 {06 + B!+ (~U' )y + i i
it - =1,

T
wgi,j}(x;k)zzﬂ/ xix/dr if |j—i|=V2,
0

T
W= [ o it -i=2,
0

=0 for any other I.
Just as in Comets (1989), we may now use the fact that
d2iy P Al | 70 4z
aA (x;k)y=expq|A] [ Fdr o,
and applying the Laplace—Varadhan method in this context leads us to conjecture that
the joint empirical process nftAk) should also satisfy an LDP when ((x";k"))ic4 is dis-

tributed according to d,@l/‘f(x;k). The proposition is more precisely the following:

Proposition 4)1.1. Almost surely in the realisation of kg, the law of the “joint empirical
» A4
7

process” T, under dﬂﬁ"(x;k) satisfies a LDP on the scale |A| and according to the
good rate function ¢9: 5%5((WT><R)(ZJ)) — [0; +00] given by
w0~ [ Fodu i 90 <+,
)=

400 else.

Here again, some verifications are needed since the functional .#¢ lacks a property
of uniform boundedness; one should precisely check that the quantity

As = lim sup 1 In / e lAI(F ot ™) d%’/‘f
1,z¢ || (Wr xR

is finite for some ¢ > 1 in order to prove the LD upper bound. In the present case one
may actually prove the following stronger statement
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Lemma 4.1. a.s. (kg), the quantity As is finite for all 6 > 1.

Proof. Let us fix § > 1 and notice first that the exponential of & - |A|(F o; #D) may
be decomposed as

exp {52 / (U'(xf) + ,BZx‘ti + ﬁk’) dx!

i€A ji

2
_522/ (-U’(x;‘)+ﬁzx{'+ﬁk"> dr

ied Jri

2
Xexp _52/ (U'(xf)+ﬁ2xf+ﬂki> dt

i€ Jrvi

Using the Cauchy—Swartz inequality together with the martingale property of the square
of the first term thus leads to the following inequality:

As < lim sup 2|1/1\ In /6(2‘52_‘5)216/1 Jo (CU GBS, X/ PR de de%ﬁo.
A77d

Taking into account the translation invariance of the x-marginal of ,%'/‘10, we then have

1 (40°=20)Y [T U’ (¥ +4dp>(x1)?)dr
< limsup —— / e ien d.%'/‘f
A/Z" 2|A|
+limsup — - f2(46° —20) > (ki)
A7 2|/1\ ; ‘

Now the first of these two terms is clearly finite, while the second coincides a.s. with
62 f%(26% — &), due to the strong law of large numbers. [

The LD lower bound may then be proved similarly as in Section 3.3, i.e. by

considering an arbitrary open neighbourhood A" of u € 4 ;((Wr x R)(Zd)), where p may
be chosen as an ergodic p.m. such that #7(u) < + oo, and establishing the inequality

hAn;lZI},f 7‘ In 25 {7aD e 1} = — 79u)

via the L' ergodic theorem.

One thus obtains a quenched LDP for the joint empirical process ﬁgf)k) (Proposition
4.1), which may naturally be contracted to a quenched LDP for the empirical process
Y, yielding part (ii) of Theorem 1.1.

Proposition 4.2. Almost surely in the realisation of ky, the law of the empirical pro-

cess 7Y under dP’/‘l0 obeys a large deviations principle on M (Q), on the scale |A|
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and according to the (deterministic) good rate functional 99: M(2) — [0;+o0]
given by:
HUmy = inf - (F(p)).

IS'marg.(1)=n

The preceding expression for .#7 does not enable one to see immediately that QO
is also the unique minimiser associated with #7; this fact follows however from the
general inequality

I = 720,
a proof of which may be found in (Zeitouni, 2003, Lemma 2.2.8).

5. General initial and boundary conditions

Our aim in the present section is to show that one may also consider the quenched
dynamics

dx} =dw] — U'(x{)de + B Y x/ de + Bk’ dt
(P%) j~i
law(x|—o)=p1 (I€A,0<t<T)

obtained when using a (nonproduct) probability measure u € .4 (R?) as initial condi-
tion and some fixed boundary condition (&/)o<;<7, e, and still derive averaged and
quenched LDPs for the empirical process.

Our general strategy consists in viewing the finite dimensional, averaged dynamics
(P,) as the A-dimensional projection corresponding to an infinite volume Gibbs mea-
sure O ; as we shall see this strategy may still be carried out when the initial condition
w4 is simply the A-dimensional projection of a (reasonable) translation invariant Gibbs
measure u corresponding to some deterministic interaction 2 = (py) ccz« On RZ’.

As a first step towards this goal, let us remark that we may replace the compactly
supported probability measure u € .#/(R") (corresponding to the initial condition "
used in the preceding section) by a probability m supported on the whole real line
and having thin enough tails; one should precisely require that:

/ x® dmy(x) < +
R

since, according to the remarks made after Corollary 1.2.1 (cf. proof of Theorem 4.6
in Follmer and Wakolbinger, 1986), this fact guarantees the finiteness of the integrals

T
Ilz/ono(x)|xiT\6 and 12—/dQ00(x)</ |x;'6dt),
0

O being the x-marginal corresponding to the system

dx} =dw] — U'(x)de + B x/de + 7 (yi - ﬁzzt’) d

i i
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dyf =dwj+ B x/di+7y (yiﬁZzt’) dt

Jri Jri
dz! = x!dt
_ Q7 _ _ . d
Law(x|t:0)_m0 s Yimo=2l=0=0 (e€Z% 0<t<T)

?Zd is supported by

(such system certainly has a unique strong solution since m
S(ZY).

In view of the computations carried out in the preceding section, the finiteness of
and I, suffices to establish that Q. is the unique translation invariant Gibbs measure
corresponding to the interaction ¥“ (on infinite dimensional path space Q= W?Zd) and

) d . . .
to the reference measure # — RGTaz , Ry now denoting the law of a one dimensional
Brownian motion having initial condition my. We may thus choose e.g.

e—2U(x)
dmo(x ) = m dx
as the reference probability corresponding to a “deep quench” initial condition.
At this stage we should make an important remark stated as Proposition 2.5, (ii), in
(Cattiaux et al., 1996).

Lemma 5.1. For each y € %'(Z%), denote by R#* (resp. Q%)) the probability R
(resp. Qo) conditioned to start at y:

R (wed)=RwecA|w(0)=yp).

For Quc-almost all y, Q% defines a Gibbs measure on Q with respect to the interaction
Y and to the reference measure X#”.

Let u be a (reasonable) Gibbs measure associated to an interaction £ on RZ" and
to the reference measure %; according to the preceding lemma, the infinite volume
dynamics

dxf =dw] — U'(x})de + B> _x/ det+, (y;' — ﬁzzg) dr

jei Jri

@1y L ai—dnt+ B di (yi—ﬁZzZ) @

Jrvi Jovi

dzl =x!dt

LaW(x\z:o) =M, y|t:0 = Z\z:o =0 (ie Zdao <t<T)

may now be viewed as a Gibbsian average of Gibbs measures, and we next give a
necessary and sufficient condition devised by Cattiaux, Roelly and Zessin for such an
average to define a Gibbs measure on path space Q:
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Lemma 5.2. Assume that the Gibbs measure u on RZ s supported by the space
SN2 of all tempered sequences on 79 let (Q”;y € S'(Z%)) be a measurable family
of (V; #) Gibbs measures, and.

0~ [ & duw

Assume further that the expectation EQ[er] is finite for each A CC 7¢, and set
NY () =log Egle""t | (0) = y] = log Egr[e/"1 .

In such conditions, Q is a Gibbs measure corresponding to the reference measure
R and to the Boltzmann weights p given by:

pa=(Z](@s) " exp{—(H} () — N} (0(0)) + H7 (x(0)))}

if and only if the variables w4(0) and w,. are independent under the probability
measure S, given by:

dSa(@) = (Z](@4:(0))) ™" exp {—(H] (®) — N (0(0)) + H (0(0)))} dO(w).
Proof. See (Cattiaux et al., 1996, Proposition 2.6). [

In the case of interest to us, where Q is the x-marginal corresponding to the infinite
volume dynamics (%% ), we have

Ny =0

and Q is a Gibbs measure corresponding to the interaction (Y4 + p4 © pr.|i—o)iccze

and with the reference measure R?Z(l.

Of course, one should also require that the Gibbs measures corresponding to the
interaction Z=(p4)4ccz« enjoy the level 3 large deviation property; this will certainly
be the case if & defines a translation invariant, summable interaction on RZ’ (so that
[P = > 450 SUP,cgee [Yu(x)] is finite), and it will also be the case in the natural
situation where £ is the nearest neighbour interaction corresponding to a standard
Ising model:

pyijp(x) = Px'x/  whenever i~ j, p; =0 else.

The preceding observations may now be gathered into

. . . . . d
Theorem 5.1. Let P be a translation invariant, surflmable interaction on RZ", and
u be a translation invariant Gibbs measure on RZ" corresponding to 2 and to a

d
reference probability m?z . Assume that

/ X dmo(x) < + oo, / ()6 du(x) < + oo,
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and denote by QF_ the x-marginal corresponding to the infinite dimensional system
(SE). For each finite volume A, consider the law Pfl of the quenched dynamics
dx} =dw] — U'(x})de + B> x/ de + Bk’ de
i
law(x|i—0) = pa(.[€4(0)) (T€A0<I<T)

<
with boundary condition & = (&]; jeZ?, 0<t<T),> and denote by P, the corre-
sponding averaged dynamics:

Py= / dy(k)Pk.
Then: (i) Q4 -a.s(&), the law of the empirical process A under dP,(x) obeys

a large deviation principle on the scale |A| and according to the good rate function
I M(Q2) — [0;4+00] given by

YPE.M(Q), IUP)=H(P;RET ) + H(pro(P); i) — / v dP,

where

) =-% {Yu + pa TATr'h_O}(x)’

430

and where pro(P) denotes the projection of P at time t = 0.

Moreover, if u is the only Gibbs measure corresponding to 2 and m?zd then Q¥
is the unique minimiser corresponding to the good rate function J°.

(i1) Furthermore, for a fixed, typical realisation k of the disordered external field,
the law of the empirical process A1 under dP(x) also obeys a large deviation
principle on M(Q), on the scale |A| and according to a good rate function I
satisfying:

JUP) = FUP), VPE.M(Q)
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