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Abstract

We consider the (d + 1)—dimensional dynamical system constituted by weakly
coupled expanding circle maps on Z% together with the spatial shifts. This viewpoint
allows us to use Thermodynamic Formalism, and to describe the asymptotic behavior
of the system in this setup. We obtain a Volume Lemma, which describes the expo-
nential behavior of the size under Lebesgue measure of dynamical balls around any
orbit, then a Large Deviations Principle for the empirical measure associated to this
dynamical system. The proofs are direct: we do not use the coding constructed by
Jiang in [12] for such systems.

1 Introduction

Coupled map lattices have been introduced in 1983 by Kuhiniko Kaneko. They are models
of discrete time dynamical systems on lattice spaces. They act on a product space formed
by an interval or a manifold on each site of the lattice Z%. The evolution at each step of
time is the composition of a chaotic dynamics applied independently on each site and of
a coupling between sites.

Such systems present a competition between the chaos of the local map and the cou-
pling which tends to organize spatially the system. They present many interesting features
as spatio-temporal chaos, intermittency or phase transitions (see [14, 15] for an overview
of physical studies and numerical simulations).

We consider in this paper the case of a weak coupling between expanding maps of the
circle. We work on the state space X = (S 1)Zd and take as local dynamics an expanding
map of the circle, i.e. f : ST — §! which is C'*® and such that

1f'(z)| >A>1 Vzesh

The coupling can be chosen from a wide class (see Section 2.2 for the needed assump-
tions) but the simplest example to be considered is a diffusive coupling between nearest
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neighboors
€
(Ge(2))i = (L =€)z + o ;IJ
(or more precisely a smooth modification of this example on the circle).

The coupled map lattice is then the map F' = F, = G, o Fy, where Fj is the uncoupled
map defined by (Fy(z); = f(z;)-

We study the limit behavior of the spatio-temporal empirical measures associated to
the coupled map F,

1
Rr(z) = Sgiopt(y) € MUX),
T(z) T|AT|0<;<TSFt() (X)
1EAT

where S denotes the spatial shifts (defined by (S°z)y = zx1i), Ar = [T, T]% and M!(X)
is the space of probability measures on X.

We prove in Theorem 2.2 that if the coupling is small enough (for small £ in the
explicit example G, considered here), Ry satisfies under initial measure 7, the product
of Lebesgue measures on the circles, a Large Deviations Principle with rate function

s (n) - Jy@dp if pis invariant by F and S,
Ist (/1’) — .
400 otherwise,

with h(rg) the metric entropy associated to the (d + 1)-dimensional dynamical system
(F,S) and ¢ a potential associated to the dynamics (see Section 3 for its exact definition).
This result means, roughly, that

m{z : Rp(z) ~ pu} ~ exp (T\ATl(h(F,s) (1) + /X wdu))-

This implies in particular that Rr converges exponentially fast to the set of equilibrium
measures associated to ¢,

EQ(p) = {v e M}(X) : h(F’S)(I/) + /Xgodu = 0}.

This result is linked to previous papers of Jiang and Pesin [13, 12]. Generalizing
previous results of Bunimovich-Sinai [4] and Pesin-Sinai [28], they caracterized the spatio-
temporal chaos for a weak coupling between expanding or Anosov maps by the uniqueness
of the equilibrium measure associated to ¢.

Our result puts hence the emphasis on the variational principle associated to this
potential and shows by a new way that —¢ really plays in this context the role of the
logarithm of Jacobian. Our result is indeed a generalization to the case of coupled map
lattices of well known results for single site hyperbolic dynamical systems [33, 24, 25, 20, 7]
or Gibbs measures on shift spaces [9, 23, 5, 8]. This offers the perspective of generalizing
other linked properties as the Gibbs characterization (as defined by Haydn and Ruelle in
[10, 30]) of equilibrium measures or the multifractal analysis (see [27]).



It has to be noticed that (except for the construction of the potential ¢) our Large
Deviations Principle is independent of previous results of Jiang and Pesin. We use neither
the coding by a shift space, nor the uniqueness of the equilibrium measure. This allows
us to work under less restrictive assumptions, although we still need a weak coupling
assumption for many steps of the proof.

The most important and demanding part of the proof is a Volume Lemma result
(Theorem 2.1): we show that the partial sum of the potential ¢ governs the size under
m of the set of points whose orbit stays near a given one under fixed time and space
translations. The proof of this result relies on a property of expansivity for the coupled
map and a sharp analysis of inverse branches.

Using this to prove large deviations is then a natural generalization of the methods of
L.S. Young [33] and Y. Kifer [20] for single site maps.

Another approach has been developped to characterize spatio-temporal chaos under
stronger regularity assumptions, via spectral properties of an adapted transfer operator.
We refer the reader to [31, 1] for the most recent results and detailed bibliography. It
makes it possible to study the asymptotic behavior of the temporal empirical measure,
but in this case Thermodynamic Formalism can not be used and results are less complete
(see [3] for such results).

The paper is organized as follows:

We give our precise Assumptions and Results in Section 2. In Section 3 we recall the
derivation of the potential we are interested in, done in [13, 12]. In Section 4, we analyze
precisely the inverse branches of the coupled map and deduce a preserved expanding
property. Section 5 is then devoted to the proof of the Volume Lemma and Sections 6 and
7 to the proof of the Large Deviations Principle.

For the sake of comprehension, some facts on convergence of subsets of Z% and a
reminder on Thermodynamic Formalism are given in Appendix.

2 Settings and results

2.1 The state space

We work on the state space X = (Sl)Zd (with d > 1), equipped with the reference measure
m = m®2? where m is the Lebesgue measure on the circle.

On the circle S = R/Z, the distance is d(x,y) = mingez |z + k —y| < 1/2. We put on X
two distances constructed from this one:

e d(z,y) = sup;czdd(z;,y;), which is compatible with the differentiable structure of X
defined by partial derivatives;

o d,(z,y) = sup;czq p'ld(z;, yi) where we take for i € Z¢ the norm |i| = max;<k<g |ix|
and p < 1is a fixed parameter. The main interest of d, is that (X,d,) is a compact
space, hence we can use the thermodynamic formalism to describe the system.

We denote by S* the spatial shift of vector k € Z% on X: if z = (z;);czq then (S¥z); = 7444
For N € N, we write Ay = [N, N]¢ C Z4.



2.2 The coupled map

Let the uncoupled expanding map be Fy = ®;c74f; where f; = f : St — Stis c* and
expanding, i.e. satisfies
l<y<|f(z)| <M VzeSt (1)

and f’ hence log |f'| is a-H6lder continuous,

log|(@)| — log |f' ()| < C1d®(s,y)  Va,y e S @

We define also the coupling map G : X — X as a C2 map (for the distance d) commuting
with all the spatial translations (S¥);cz« and which satisfies the following estimates

oG, i i
5n, ~ g SEO vi,j € Z¢, (3)
(92GZ' 2 i—17l,|2
< £ p2max(li—jlli—k) ik €74 4
am]axk < 8 v‘l,], (S , ( )

withE >0and 0 < 0 < 1.
We denote K =€) ;54 0l and Ko = & Yiczd 924l

The first derived estimates are

4i(G(z) —2,G(y) —y) <€ 0% Hdy(z,y) VieZ zyeX, ()
kezd
— < Z X.
@)= 5ot < D AL

The associated coupled map is then
F=Go F().

We say that F' satisfies Assumption (#) if it is the composition of two such maps whose
parameters satisfy the two conditions

0<p (H1)
y—-MK>1 (H2)

The first assumption is essentially technical, to get functions regular enough for the dis-
tance d,. (H2) expresses the preservation of the expanding property for the coupled map
and implies two essential estimates

y=v— MKy >1, (7)
K<1. (8)

Remark: These coupling maps are similar to those given in previous papers on this type
of system (they are called short range maps in [13, 12]).
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2.3 Volume Lemma
We define for T € N and E a finite subset of Z¢
By(T,E;6) ={y : d, (S" o F'(z),S o F'(y)) <6 VO<t<T,i€E} (9)

the ball associated to a distance which describes the dynamics of F' and the spatial shifts
S. It contains points whose orbit stays near a given orbit under fixed space and time
translations. The Volume Lemma describes the measure of this ball in terms of local
derivatives along the orbit of z:

Theorem 2.1. If F satisfies Assumption (H), then there exists a potential function ¢ :
X — R Hélder continuous for the distance d,, such that for any x € X, 0 < 0 < ﬁ, Eaq
finite subset of Z% and T > 1, we have

Cg(T,E,é,p)exp( Y poSoF(x )) (B, (T, E; 6))

0<t<T
i€EE
< Cy(T, E, ) exp( Y poSioFY )), (10)
0<t<T
1€R
with
1 1 T,E =1 1 T,E 1,
jg&Tm|0ﬂb( s 0, P) jg&Tm|oy%( n:0) =0 Vo< gor,0<p<

(11)

and for any sequence E,, converging to Z% in the sense of Van Hove (see Definition A.1).

Remarks: 1. The potential function ¢ is defined in Section 3.2 following readily the
construction given in [12] and [13]. From this definition and the role it plays in the
Volume Lemma (see for example [19] for an equivalent result in the case of a single map),
—¢ can be called the “logarithm of Jacobian per site” of the map F.

2. The speeds of convergence in time and space are completely independent.
3. This result is in fact true not only under Lebesgue measure but also for any probability

measure p which is locally absolutely continuous with respect to it, with a Radon-Nikodym
derivative satisfying with 0 < A < B

du

< BEl  vECz®
dm B

APl <

A direct consequence of this result, or of Proposition 6.1, concerns the topological
pressure (see Appendix B.2 for the definition) of the potential ¢:

Corollary 2.1. If F satisfies Assumption (H), the topological pressure of the potential ¢
under the dynamical system (F,S) is null,

Pir,5)(p) = 0.

This was already stated in [11, 12] in various contexts. It takes here a particular importance
since it ensures with the Gibbs Variational Principle B.3 that the rate function I (defined
in (13) below) is non negative.



2.4 Large Deviations Principle

We can use the previous Volume Lemma to prove a spatio-temporal Large Deviations
Principle for the empirical process

1
Ry p(z) = TIE| Z Ssiort(z) € M (X), (12)

under the initial measure 7 (and, more generally, under the same probability measures
as for Volume Lemma, see Remark 3 after Theorem 2.1).

We introduce the function I defined on M!(X) by

Iv) = {_h(F,S)(V) _IX(PdV ifve '/.Vlilnv(X)a (13)
+00 otherwise,

where M} _(X) is the set of probability measures which are invariant under F and spatial

shifts, with the weak-star topology (ux — p iff [gdur — [ gdu for any g € C(X)), and

h(r,s) is the metric entropy (see Appendix B).

We have then:

Theorem 2.2. Assume F satisfies Assumption (H). Then I is a non negative, convex
and lower semi-continuous function.

For any map s : N — N non decreasing and such that s(T') tends to infinity as T tends to
infinity, the sequence (RT,AS(T))*(W) of measures on M*(X) satisfies a Large Deviations
Principle with rate function I, i.e.:

1. For any K closed subset of M'(X), we have

lim sup

—— logm{x : R z) € K} < — inf I(v). Upper Bound
P T gm{ Ty (2) € K} < — inf 1(v) (Upp )

2. For any O open subset of M'(X), we have

lim inf

——logm{z : O} > — inf I(v). L Bound
Ly ogm{z : R, (z) € O} > — inf I(v) (Lower Bound)

veO

Remarks: This result remains in fact true for more general sequences of sets: the upper
bound is valid for any spatial sequence E7 converging to Z? in the sense of Van Hove, the
lower bound for any special averaging sequence (see Definition A.2). Proofs are given in
Sections 6 and 7 in this general setup.

We may notice that the relative speeds of averaging in time and space can be completely
arbitrary (we make no assumption on the function s).

This independence of speeds of convergence in time and space is important but not
surprising since we know that for weak coupling there is a semi-conjugacy between (F, S)
and shifts of a (d + 1) dimensional Gibbs system (see Theorem 2 in [12]). The time
direction becomes then a spatial shift like others on the coding space.



This semi-conjugacy allows in fact to deduce a Large Deviations Principle for Rt g, from
the same result for Gibbs systems (see [9, 23, 5, 8]) by a contraction principle (Theorem
4.2.1 of [6]). We could not identify the rate function obtained in this way, hence preferred
to develop a direct proof, without using the coding. It has however to be noticed that our
analysis of inverse branches in Subsection 4.2 is not far from the construction of a Markov
partition for the system.

3 Expansion of the derivative

In this section, we follow [13] to derive the potential ¢ by a sharp analysis of the derivative
of the map F restricted to finite boxes. We give all the steps, referring the reader to Section
5 of [13] or to [2] for the detailed computations.

3.1 Finite box maps
For A a finite subset of Z¢ and n € X a fixed boundary condition, we define
FA,n 1 Xp = (SI)A — X
zA — F(za V o)y
with w = zp V npc defined by w; = x; when ¢ € A and w; = n; otherwise. In fact
FAJ] = GA,FO('r]) o F() with GAJ] = G(ﬂ?A \% UAC).

G,y is a C* map and if we write DGa; = Ida + Any With Any = (ai;j); jcp. We get from
estimates (3) and (6) the following estimates for any 7,5 € A, zA,ys € Xa

i j(@a)| < €677, (14)
laij(za) — aij(ya)| < €Y 0% Hdg(zp,yn), (15)
keA
! K _ac
a7} (@n) = o (@n)] < 5 0901, (16)
A IC S AL
0 (@a) = o} (yan)| < 5 696N, (17)

if A C A" and yA"A = TA.
3.2 Expansion
We get using (8),

Al < eEN Qi <K<K <1
I ||oo_r§1€aAX zei <Ky <K <1,
J



hence log(Id + A) exists and we can write

log | det DFp yy(za)| = log | det DFo(za) det DGy gy () (Fo(za))|
=) log|f'(z;)| + log | det (explog(Id + A)(Fy(z4))) |
1EA

=D _log|f'(2i)| + logexp (trlog(Id + A)(Fo(za)))
ieA

Y
= log | f'(wi)] + tr ( > (tl)At(Fo(iEA)))
€A t>1

=" (log|f'(z:)| — wama(za)) ,

1EA

where wp pi(zA) = Zt>1 t “)( Fy(zp)), denoting A = (aE?)
Estimates (14) to (17) give analogous results for w under the same condition (8)

wanslen)] € T (18)

[wAns(n) = wrnalun)] < 1 E,C >0 di(as ), (19)
keA

[wrsan) — waalen)] € g 0, (20)

[wa,ni(zA) — wargi(yar)], < ﬁ gL, (21)

if A C A and ypr|\ = za-

All these estimates imply that ¢;(z) = limy 00 WAy n,i(Z]|Ay ) €xists, is independent of
the boundary conditions, shift invariant (i.e. 1; = 19 o S* for all i € Z9) and satisfies

[$o(2)] < 7 _g,C, (22)
o) —o(o)] < T2z 3 0 Hdg(a,), (23)
kezd
o) — wano(zla)] < 2(117,@ giliA) (24)

Assumption (H1) implies moreover with (23) that 1 is Lipschitz continuous for the dis-
tance d,.
We define hence
p(z) = —log|f'(z0)| + 1o (25)

as the potential of interest to describe the dynamic of the system (F,S). ¢ is a-Hélder
continuous for the distance d,.



4 Conservation of the expanding property

We introduce () # E C A two finite subsets of Z¢, a time T € N and = € X a reference
point.

We choose a finite box restriction of F7 to A, F{ with boundary conditions changing with
time: Ft = Fp pt-1(g) © - -+ 0 Fp p(g) © FAz- 1t implies in particular that

Fi(z|a) = Fi(z)|, VO<t<T. (26)

This will essentially simplify the approximation of F' by Fj in the proof of the Volume
Lemma. We do not mention explicitly the dependence on the boundary conditions follow-
ing the orbit of z: we have already seen in previous Section that the limit potential does
not depend on it.

4.1 Bijectivity of the coupling map
First of all, our assumptions on the coupling map G are sufficient to get:
Proposition 4.1. Under assumption (H2), Gy is a C' diffeomorphism.

Proof. We get from estimate (5) and the triangle inequality that

dZ(GA(x)a GA(y)) > dl(l‘ay) -& Z 02‘i7k‘dk(m7 y) Vi € Aa
keA

hence if = # y, let ig be such that d;,(z,y) = max;ep di(z,y) > 0. Then

dig (Ga(x), Ga(y)) > diy(x,y) (1 £y 02““) > (1= Ka)diy(z,y) > 0
kEA

because K9 < K < 1 by (8). This proves that G is one-to-one.

We have already noticed that ||A] < 1, which gives that DG} is invertible, hence
that G is everywhere a local diffeomorphism. The range of G is then open, and closed
by compactness of Xy, hence its range is the whole space X\ because it is connected.

G is then a bijection and a local diffeomorphism, then a diffeomorphism. O

Remark: G is also a bijection (one-to-one in the same way, surjective taking limit of
preimages on finite boxes).

4.2 Inverse branches of F]

The single site map f : S* — S' is of degree p = Js1 1f'(x)| dz, an integer between ~y and
M, and has then locally p inverse branches around each point. We can in fact construct
them globally except in one point (see Section 2.4 of [17]).

We will use this to construct inverse branches for Fj around the orbit of . Associated
to the fact that G is a diffeomorphism, it will give us inverse branches for FE
We denote C[A] = {0,...,p — 1} to enumerate the inverse branches of Fp.



At each time 0 < t < T, we construct them around F'(z). We take
={y € X : di(y, Foo F'(z)) < 1/2 Vi€ A}

(then m”(4;) = 1) and for any site i € A we denote w(t Z) gt’i), e mz(fﬂ (resp. a(()t Z),
(¢,

a(t’i), e Gy )) the preimages by f of (Fy o F*(z)); (resp. (Fy o F'(z)); —1/2), indexed
1 -1 g
such that:

o of = Fl(=),

K3

(t i) (6i) | (t9) (t5%)

e zy",a;"",xy"’,--- ;a3 are in this order on the circle.

Then, for all 8 € C[A], we define

xif )= ( %) the preimages by Fy of Fy o F'(x),
_ (1) ()
Aﬁ,t—H(aﬂ » Ap(i)+1 )

€A

satisfying the following straightforward properties:

. x(t) = Fl(z), o 2 €As, VBeECIA]
U A[; t) =1, e [} is a bijection from Ag; onto A;.
BEC[A

We denote FOt,B its inverse characterized by Ot,B( ) = Ag N Fyl(y) for any y € Ay
These inverse branches satisfy a contraction property, which has to be precisely described:

Lemma 4.1. For all y,z € A¢, there exists ¢y, permutation of C[A], with y,z — ¢y,
measurable, such that ¥ B, € C[A],Yi € A, if B(i) = B(i), then

7 2) <di (B0 Py, () < ~i(w.2), (27)

If y or z equals Fy o F(z), then by, = Id.

Proof. The left inequality is obvious, because d;(Fy(7), Fo(2)) < Md;(7, Z) is always true.
For the contraction rate, we have to be careful because the partition is adapted to F*(z)
but not to all other points. What has to be understood is how d;(y, z) is realized at each
site ¢ € A:

e if the shortest arc from y; to z; (defining the distance) does not contain (FyoF*(z)); —
1/2 (case (i) of Figure 1), then ¢, ,(8)(:) = B(7);

e otherwise, ¢, ,(5)(i) = B(i) & 1, depending on the order of the three points y, z and
(Fo o F'(x)); — 1/2 (cases (ii) and (iii) of the Figure)) but not on j.

This defines ¢, , as a one-to-one map, and if we are interested in site ¢, the inverse maps
B and B are indistinguishable, hence

1
di (FOtﬂ( ) FO_t¢yz(ﬂ)( )) = d; ( Ot,B( ); Fo_t%z(g)( )) = ;di(yaz)'

10



O] (i) (i)

Figure 1: The three cases, where ¢ = Fy o F'(x) — % If f preserves the direction on the

circle (i.e. f' > 0), (ii) corresponds to ¢y, .(8)(i) = B(:) + 1, (iii) to ¢,.(8)(i) = (i) — 1,
and this is reversed otherwise.

If y or z is equal to Fy o F(x), we always are in the first case.

It is not hard to check that ¢, , depends on y and z only through the distance and the
order of their coordinates in the open sets S'\ {(Fy o F?(z)); — 1/2}, which are measurable
maps of y and z. O

We have also, from the left inequality of (27) applied with y = (Fy o F*(z)); and z tending
to (Fo o F'(z)); — 1/2, that

1
{v:art@a < b U an (28)
BEC[A]

B(i)=0

We can then describe the inverse branches of FE, with

C[T, A] = {0’ - 1}[1,...,T]><A’
Then:

Proposition 4.2. We associate in a unique way to each o € C[T, A] an open subset Ay (x)
of XA such that:

o Au(z) NAw(z) = 0 if a# d;
o M Uda(e) = 1;

e There ezists A C X with m*(A) = 1 such that for all « € C[T,A], F{ is one-to-one
from Aq(z) onto A. We denote FA_,E its inverse.

Moreover
1
{y € Xy : di(F'(z), Fl(y)) < i VO<t<T,i€ E} C U Aq(z).  (29)
a€C[T,A\E]
Proof. We define

T-1
A= () F' "o G(A)
t=0

11



to avoid any problem of definition (m®(A) = 1 by preservation of total measure by Fy
and G, and by finite intersection) and

G 1 -1 . | 1
Fy,= FO,O,a(O,-) oG o FO,l,a(l,-) oG “o--o FO,Tfl,a(Tfl,-) oG,

which is well defined on A. All properties are then easily deduced from those of F(; ilﬁ’s
with

Aol(z) = Fy L (A)
T-1
- ﬂ F ' (Ao, ﬂF*T(A).
t=0

O

Remark: 1. A,(z) can be really complicated sets, due to the perturbation term G and
the non compatibility of inverse branches. But we avoid problems using the contraction
property as described in Lemma 4.1.

2. In fact, this construction (except the inclusion (29)) requires only the local Markov
structure of expanding maps and the bijectivity of the coupling.

Notation: In the following, when a € C[T, A] and 0 < t < T, the notation F[;’; denotes
in fact F/r{_t o FA_E, so that

—t -1 —1 —t+1
Fil = Fot oy © G o Fybi (30)

4.3 Expanding property

We can then use the weak coupling assumptions and the inverse branch analysis of F to
get a sharp form of the preservation of the expanding property when we replace Fy by F):

Proposition 4.3. Suppose F satisfies Assumption (H2), y € A satisfies d;(FT (z),y) <
d < 1/2 for any i € E C A, and that o € C[T, A, E]. Then

d; (FT_t(x)aFA_,Z(y)) < % + 2097 YO<t<T, icE, (31)

where \ = % and 0, M, K and 7y = v — MK are defined Section 2.2.

Remark: This Proposition gives a complete decoupling of temporal expanding property
and spatial weak coupling, uniformly in time and space.

Proof. We know that G, is invertible, and by the estimate (5) on the coupling and the
triangle inequality, we have, for y,z € Xy and i € A,

di(y,2) < di(Ga(y),Ga(2)) + € 60*" Fdy(x,y),
keA

12



then for each 1 <t <T and i € A,

di(Gy o FT7"(x), Gt o Fy ¢FH(y)) < dy(FT (), Fy g7 (1)

+ £ZH2|1ﬁk|dk(GX1 o FTftJrl(w)’G ° FA t—|—1( ))
keA

For the inverse of Fj, we can use Lemma 4.1, with the permutation ¢ = Id because one of
the points is on the orbit of z, and identity (30) to get for all i € E (because a € C[T, A, E])

1 - — - — — —
7% (GR o P @), GR o Frif (v) < di(FT (@), Fig, (v)

< —d,-(GX1 o FT=t1(g), GXI o thojrl(y))
/y )
Combining these two estimates gives for any ¢ € Fand 1 <t < T

di(F" =" (z), Fr g™ )+ Y PR (FT (x), Fyl (v)

,Q
v kEE
Z 02—kl (32)
kEA\E

di(F'~!(x), Fyo () <

’

2=

We want now to go from this time to time estimate to a global one (in time and space).
We will estimate this term from above by a double sequence which can be entirely solved
by a generating function method.

For this we analyze the behavior of all points at a given distance of E¢. With E®) as
defined in Appendix A, we denote for 0 <t <T and [ >0

v(l,t) = sup di(FT'(2), Fy g (1)
ieE(=b
(and v(l,t) = 0 if ECY = ().
If i € ECY, for any 0 S k < I, we have the inclusion i + A, ¢ E®=D ¢ E, then (32)
becomes for ¢t > 1

_ _ 1 _ _
di(FT"(z), Fy 1, (y)) < ;dz’(FT " (x), FytH (y)
Z Z 02‘h|d FT t( ) — Z Z 02|h‘
k=0 |l —k k> b=k
Lot - 1) Z S 62hl(l — k1) Z 3 g2,
v k=0 |h =k k> |h|=k

Hencefor [ >0and 1 <t <T

v(l,t) < —v(l,t —1) Zakvl—kt 722 (33)

k>l

=]~
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with o = MEcy0?* and ¢, = Card(h € Z¢ : |h| = k). We define then, for § > 0 the
double sequence

if1 <0
if1>0,t=0
u(lyt = 1) + 2 3 gapull — kyt) if 1> 0,¢ >0

u(l,t) =

= =

We have the following upper bound for v:

Lemma 4.2. If v(l,t) satisfies recursive relation (33), sup;>qv(l,0) = v(0,0) < 4, and if
ap/y < 1, then
o(l,t) <u(l,t)  YI>0,t>0. (34)

Proof. By induction on ¢, then on [, because 1 — ap/7y > 0 and

1
(1_7> v(l,t) < ; v(l,t—1) Zakvl—kt Zakul—kt

k>l

O

The fact that ag/y < 1 is a direct consequence of the assumption (H2) because
ap < Y ap = MKy < MK < «. (H2) implies also that assumptions of Proposition
C.1 are satisfied with a4, and &, = MEc,p0*. This Proposition and Lemma 4.2 imply

4
ol 1) < —2 A9
0 < O i,y

Optimizing for any 7 € E, since 1 € E(_d(i’EC)H), we get the desired estimate (31). O

We can evaluate in the same way the effect of a change of finite box restriction on the
inverse iterates of the map:

Proposition 4.4. If F' satisfies Assumption (H2) then for any y € A, there is a bijection
y : C[T,A,E] = C[T,A\ E] such that y — ¢y is measurable, and for all o € C[T, A, E]

d; (FA_,a( ) Fxls o) )) <X-04GE)  yo<¢<T,icA\E. (35)
Proof. For the coupling, we have exactly the same type of estimate as in the context of
Proposition 4.3 for any i € A\ E,

GO W), Orlg(2) < di(y.2) + € Y 02 Hay(y.2) + 5 K (3p)
keEA\E kEE

The inverse branches of Fj are constructed in Subsection 4.2 independently on each site
and around the orbit of z. Since Ff(z) = F}i\ ;(x) = F'(z), these inverse branches are
in fact locally independent of the finite box. We can then use the same method as in the
proof of Lemma 4.1 to choose inverse branches such that the contraction property applies
well to preimages of y.

14



At first step, we compare for i € A\ E the relative positions of the points (G (y)),,
(Gx\lE (y))Z and (Fp o FT_l(w))z. —1/2 to define the action of ¢, at time T'— 1 (see Figure
1 in the proof of Lemma 4.1) such that

1 _ -
i (67 ).Grls))
< d; (FO_,’.II‘—I,a(T—l,-) © G W) For_1,9, (a)(7-1,) © GX\IE(y))
1 —1 -1
< i (G210, Galp )

Then, if ¢, is well defined for times greater or equal to T'—t+1, we compare at each i € A\F

the relative positions of (GXl o FK2+1(y)) , (GX\IE o FX(EL(y)) and (Fp o FT_t(x))Z. -
’ i : i

1/2 to define the action of ¢, at time 7' — ¢ such that for all & € C[T, A, E]:

1 1t —1 —t41
37 (G310 Fr bt (). Gxl s  Fili, (@)
-1 -1 —t+1 -1 -1 —t+1
< di (Fodosaqr—t) © OX' © Frd 00 Fot v aprse) © O © Fithn(®)

1 - _ _ —
< d (R o Fat @), Gialp o Falsl oy ®)) -

We get in the same way as for Lemma 4.1 that ¢, is a measurable function of y.
This gives then, combined with (36), for any i € A\ E

_ _ 1 _ _
di(FA;(y),FA\tE,%(a) (y)) < ;dz’(FA,ZH(y),FA\tE}(by(a) (y))
ME i _ _ ME i
F S O R @), Py g0 0) + o 30 0 (31)

kEA\E kEE
We can hence proceed as in the proof of Proposition 4.3, with
o) = swp i (Frh(®) Pl ®)
iem(po) L T

and 6 = 0. O

4.4 Expansiveness

A first straightforward consequence of the expanding property stated as Proposition 4.3
is the expansiveness of the dynamical system (F,.S):

Proposition 4.5. If d,(S o F!(z), 5" o F'(y)) < 8o = 557 for all i € Z¢ and t €N, then
T=y

Proof. The inclusion (29) and the Proposition 4.3 can be combined to get that under
assumption (H2), if d;(F}(z), Ff(y)) < 6 for all 0 < ¢ < T and i € E, then we have in
fact the better estimate

d i 5O
d; (F}{(m),F}{(y)) < 77T0—t + ). QUGET).
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We can then take A = Ay and N tends to infinity which gives the same property for
the global map F. But the assumption done for this Proposition clearly implies that
d;(F'(z), F'(y)) < &g for all i € Z¢ and ¢ € N, hence

di (z,y) < j—OT X a6E)

for all E C Z% and T € N. taking E = A,, then T and n going to infinity, we can conclude
that z = y. O

A classical and essential consequence of this property is that the metric entropy h(r s)
associated to the system is an upper semi-continuous function of the probability measures
(see Proposition B.1). This (and the continuity of the potential function ¢) proves that the
rate function I of the Large Deviations Principle defined in (13) is lower semi-continuous
and allows to use the Gibbs variational principle for the proof of the Upper Bound.

5 Proof of the Volume Lemma

We begin by proving an intermediate Volume Lemma for the finite box map Fj with
constraints on the orbit on the smaller box E, then use it to prove Theorem 2.1 for the
global system (F, S).

Proposition 5.1. Under assumption (H), forz, E C A, T and 0 < § < 5+ as in Section
4 with A large enough, we have

exp( Z ()OOSZ oFt(;L') _T‘E|C~YZ(T’E76) - 04(A3Ta E))

0<t<T
1€l
<m™{y : d (F'(z), Fi(y)) <& VO<t<T, i€ E}
<exp( Y ¢oS8 o Fi(z) + TIEIC(T, E,6) + C5(A, T, E)) ), (38)
0<t<T
i€E
with:

lim Cy(An,T,E) = lim Cs(Ay,T,E) =0 VI >1, E C Z°, (39)

N—oo N—oo

.~ .~ 1

dim Cy(T, By, 8) = lim G3(T, By, 8) =0 Vo< gor (40)

n—o0 n—od

for any sequence E, tending to Z% in the sense of Van Hove. Moreover Cy and Cs are
continuous in ¢.

The essential idea to prove this result is to do a change of variable by FZ This must
be done with some precautions to ensure we are on domains where this map is injective
and to analyze all the terms.
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5.1 Proof of the Upper Bound of Proposition 5.1

We decompose X} in the subsets (Aq(z))qecpr,a)y on €ach of which FT is one-to-one. It

has to be noticed that we do not lose anything because m”™(UAq(z)) = 1 and that since
0 < ﬁ the intervals which appear are those corresponding to C[T, A, E|] (see Proposition
4.2 for these properties)

m* {y € Xp : d; (F'(z),Fi(y)) <6 VO<t<T,i€E}
= Y mrMyeda(@) : d; (F'(2),Fi(y)) <§ YO<t<T, icE}

a€C[T A, E]
1
= / II ® Ctgy et m (dy) (41)
di (FT~4(),Fy (1)) < - :
a€C[T,A,E] XA0<£T o Ra) }‘DFAT(FA,Z(ZJ))‘
7

by a change of variables with FI, bijection from A, (z) onto A.
We apply then the results of Section 3.2 to get

1 e
= exp ( — > log|DFy gz 0 Fx . (y)|)
DFT(FA,a (y))‘ 0<t<T
—exp (Y (= loglfi +waa) o FL (),
0<t<T
TeA

where we denote wa; = wp pi(y),; for any ¢: we do not mention the boundary conditions
since all our estimates are uniform in them.

We treat differently the terms corresponding to 7 € F and to ¢ € A\ E. In the first case,
we want to replace them by ¢ o S* o F'(z) while in the second we want to reconstitute
D(FX\%’ 6,(a) (y)) and integrate it to 1 by another change of variables on X\ .

Hence, if i € E,
(= log | fi| +waz) o Fi~ T (y) — o8 o Fi(z)| < |log|fi| o F} [ (y) —log|f{| o F'(z)|
Huwai o FX [ (y) — wa,i o F' ()]
+ [wpi 0 F'(x) — i o F'(2)],

The third term is easily estimated by the speed of convergence of wy ; to v; given in (24).
Summing over all times and sites gives

C
D |waio Fi(z) — 5 0 Fi(z)| < ST Zed” =C5(A,T,E),  (42)
0<t<T z6E
1€ER
then we get Cs5(An,T, E) — 0 when N goes to infinity.
For the two other terms, we use the fact that d; (FT_t(x), F&Z(y)) <dforall0<t<T

and 7 € E which implies with Proposition 4.3 that

d; (FT*t(w), FA—;(y)) < % +2-046FY) o<t <T, icE.

17



This combined with the a-Hélder property of log | f'| (see (2)) and the concavity of z — z*
gives

— 6 C
| E, \log|fz|ol+'/§aT() log|fz-’|oFt(x)|<Cl(_ E tT_|_| |§:9d(zE)) ’
Ost<T ! 0<t<T E
1€

(43)
which goes to 0 as T tends to infinity and E tends to Z¢ in the sense of Van Hove, because
¥>1and 1/|E|} cp 94(-E) goes to 0 by Proposition A.1.

For wa ;, we use estimate (19) and get, with K9 = ) ;cza 0%““',

_ ME - _
lwai 0 Fi L (y) — wasio Fi(z)| < ——= > 0 dp (F] (v), F'(w))

1-K
keA
MK § AMK /2 114 50y
< 2 (%E |’L k|
Si—kyT ook ” si-x) 2"

kEEC

1 _
Then D lwaio By T (y) —wa0 F'(x)|

Syt
i€ER

MK § 1 MKy d
< o - Y et (ZE
STRT 2 T T Ik ( >|E|292 , (44)
0<t<T i€E

which goes also to 0 as T — oo and E — Z4.

In the same way, for i € A\ E, we use the link between behaviors of fo’_aT(y) and

t—T . . o .
FQg, %(a)( y) given in Proposition 4.4, writing

(= log ] +wn ) o FLT(9) — (= log ] + waym)  Fih o o @)
< [log|fil o Fy 3 (y) —1og | fil © Fy\F 4, () @) + lwni 0 Fi [ () — wA\E i Fy ()l

+lwavgi o Fx 5 (y) —wag,io F, A\E,%(a) )1,

and, using Proposition 4.4 instead of Proposition 4.3 and estimate (21) instead of (24)

_1 u—
T|E] Y lloglfil o F (y) = log |fil o Fi k4 () @) < C1|E| 3 gedtinn), (45)
iene i€eEC
iEA\E
d(i, E)
Z |wAZ () wA\EzOF ()|_21_|_}C ‘E|Zg i, ’ 46
0<t<T
i€EA\E
N /\MICl 2 1
T|E| > lwnwsio FRG W) = wnmi © Fi\ g, @) < / K |E| > 62465,
0<i<T =,
iEA\E
(47)
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all these terms tending to 0 when E tends to Z? in the sense of Van Hove by estimate
(57).

We take finally for C3 the sum of RHS in formulas (43), (44), (45), (46) and (47) and get
the global estimate

1 1
DFIFEL W) = IDFh (P o )]
X exp ( Z @ oS o F'(z) + T|E|C3(T, E,d) + Cs(A, T, E))

0<t<T
icE

On the other hand, we get an upper bound for the product of indicator functions in
(41) by the terms corresponding to ¢t = 0, and use the identity

Y SErrT " X
T - - T -T
a€C[T,A,E DF"oFyy Ady(a)  a€eC[T,A\E] DF* o F Ao

due to the bijectivity of ¢, from C[T, A, E] onto C[T,A \ E]. We can then separate the
terms in F and those in A \ E and integrate the last ones by a change of variable,

m* {y € Xy : d; (F{(z),F{(y)) <§ VO<t<T,ieE}

1
= / ) - m™\P(dy)mP{y : d;(FT(z),y) <& Vi€ E}
XMNE qec[T,A\E] |D A\E(FA\Ea(y))|

xexp( 3 <poSioFt(x)+T\E|C_'3(T,E,5)+C’5(A,T,E))

0<t<T
icE

=mME (| Aale)) (20)”

Q€EC[T,A\E)
X exp ( Y o8 o FY(e) + T|E|Cs(T, E, ) + Cs(A, T, E))
0<t<T
S
:exp( Y o Sio Fi(z) + T|E|Cs(T, E, 6) +C5(A,T,E)),
OgtET
S

where C3 = C3 + 4 log(26) satisfies the announced limit.

5.2 Proof of the Lower Bound of Proposition 5.1

For the lower bound, we use the same kind of estimates that for the upper bound, except
for the term
H ]l{dz-(FA‘,B(FT(m)),FA‘,;(y))<6}'

0<t<T
i€E
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Indeed, to insure this, we have to assume that d;(F7 (x),y) < d for i in a set larger than
E: we choose L such that

£+)\-0LS5
5

and assume that E(") C A (this is the sense of A large enough in Proposition 5.1).
Then, if d;(FT(z),y) < & for all i € E(), Proposition 4.3 implies that when o €
CIT, A, W]

&; (FT(2), Fi () < % + - gUEDD o<t <, ie BW,

)

and in particular
d; (FT*t(x),FAjg(y)) <5 VO<t<T,ickE.

The assumption a € C[T, A, E(L)] imposes then to restrict the sum in the decomposition

. . . . (L)
of X. This does not perturb the asymptotic estimates since % — 0 when F tends

to Z% in the sense of Van Hove. Then

A{yeXA d; (F§(z), F{(y)) <0 YO<t<T,i€E}
/X I Yarre)y<s exp ( D (—log f] +way) 0 fﬁf(y)) m™(dy)
A

a€C[T\A, E(LJ ieEB(L) OgtiT
1€
> mMEY ( U Aa(x))mE(L){y . &;(FT(z),y) <6 Vie EL)Y
aeC[T,A\E(1)]
X exp ( Z po Sto Ft(x) _ T\E(L)|C_’3(T,E(L),6) _ C5(A,T, E(L)))
0<t<T
icEWT)
> €Xp ( Z po Sz 0 Ft(x) - T‘E|62(Ta Ea 5) - C4(A3Ta E))a
0<t<T
i€E
where
_|BED EM\ B

||

tends to 0 as T goes to infinity and E tends to Z% in the sense of Van Hove, and
C4(A7Ta E) = C5(A7Ta E(L))

5.3 Proof of Theorem 2.1

We approximate F' by Fj, using convergence on a finite box for finite time: for any
0<e< ﬁ — 0, there exists Ny such that for all N > Ny

di(FXN(y),Ft(y)) <e VO0Lt<T,i€Eandye€X,
C5(AN,T,E) <e.
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We deduce then from the upper bound of Proposition 5.1 applied to Fj
m(By(T,E;6)) <m{ye€ X : d; (F¥(z),F'(y)) <6 VO<t<T,icE}
<m* {ye€ X, : di (Ff, (), Ff,(y) <d+e YO<t<T,icE}
< exp ( Y o 8o Fi(a) + TIE|IC(T, E,6 + €) + Cs(An, T, E)).

We take then N — oo, ¢ — 0 and use continuity of Cs in 8 to get the desired upper bound
with C3 = exp(T|E|C3).

In the same way, for the lower bound, let L be such that %piﬂ <d§< %pi, and for

any 0 < € < § let Ny such that for all N > N;

d;(F, (y),F'(y) <e Y0<t<T,ic ED andye X,
C4(AN,T,E(L)) S E.
Then
di(F'(z), F*(y)) <6 Vi€ E,

di(F'(z), Ft(y)) < dp! Vie EL \E,

m(By(T,E;0) =m< vy : VO<t<T

di(Ft(l")aFt(y)) < (5p_i Vi€ E(i) \E(E_l),

> mAN {y € Xpy : di (F{,(z),Fi,(y) <6—¢ VOLt<T,i EE(E)}

> exp ( Z @ o SZ 0 Ft(m) - T|E([~I)|02(Ta E(i)a(s - E) - C4(AN5TJE(i))
0<t<T
1€ER
Taking ¢ — 0, we get the desired lower bound with Cy = exp (—T|E(E)|C~'2(T,E(E), (5))
The only dependence of C; on the constant p defining the distance comes from the choice
of L.

6 Large deviations upper bound

In these two last Sections, we will use many results from Thermodynamic Formalism. We
refer the reader to the Appendix B for all standard definitions and results.

Our proof of the upper bound of the Large Deviations Principle follows, at least for the
main steps, the method of Kifer in [20]. It presents no particular difficulty since the
space M!(X) is compact for the weak-star topology and the Volume Lemma gives the
identification of the log Laplace transforms.

For Er a given sequence of subsets of Z¢, we denote

1
Rr(z) = Rr,p.(7) = TIEr| Z Ssior(z) € M'(X)
T

the associated empirical process.
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6.1 Identification of the pressure

The first step in this proof is the identification of the limit of the log-Laplace transforms
of the empirical process Ry integrated against any continuous potential V' with the topo-
logical pressure of V + ¢:

Proposition 6.1. Under assumption (H), for any sequence (Er)r>o tending to Z¢ in the
sense of Van Hove and V € C(X), we have

limsup E T / exp (T|ET| / V dRr(s )) mi(dz) = P (V +9).  (48)
T—o00

Corollary 2.1 is immediately deduced from this Proposition, taking V = 0.
Proof. For 6 > 0 and T > 0, we take Y a maximal (T, §)-separated set in X', which means

that
z,' €Y and x # 2’ = 1’ ¢ B,(T, Er; )

and Y is maximal for this property.
Then Ugecy B (T, E7; 6) = X by maximality and, if 2,2’ € Y are distinct, then

B, (T,Er;6/2) N By (T, Er;§/2) = 0.

Hence, denoting vy (6) = sup{|V(z) — V(y)| : dy(z,y) < 0}, a quantity which goes to 0
with ¢ by continuity, we decompose the integral in small balls and get

Sexp( Y (VosioFi (@) — 4 (5/2)))m(Ba(T, Br;§/2))
€Y 0<t<T
1€EED

S/Xexp( Z VoSioFt(w))m(dx)

0<t<T
1€EE
< Zexp( D (VoSioFt(:c)+’yv(5)))m(Bw(T,ET;5)).
z€Y 0<t<T
el

We use then the Volume Lemma, take logarithm and divide by T'|Er| to get

e[S ( X (vraesior@)] -l - L o8 s (T, Br,6/2, )
el T|Br
ZEET

< Tle |log/ exp <T|ET|/ V dRy(x )) 2 (dz)

1 1
< T\Ex| log [Z exp ( Z (V+¢)oSo Ft(:c))] +yv(6) + T log C5(T, Er, 6).
€Y OStET
e b

T\ETI

We take now successively the supremum on maximal (7', §)-separated sets, the limsup
when T goes to infinity (makes the terms Cy and C3 disappear) and the limit § — 0. We
get hence the desired result directly from the definition of topological pressure. O
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6.2 Proof of the upper bound

For § > 0and V € C(X) fixed, M!(X) is compact and any closed subset F' can be included
in a finite union of balls of the type 8,(V;d) ={u : | [Vdu — [V dv| < 6},

d
Fc|JBu(V;d) withy € F. (49)
=1

By the Chebychev inequality
m{z : Rp(z) € B,(V;0)} < eTIET|(0— [ Vdv)/ B | Br(@) 7 (dy),
X

then using Proposition 6.1 we have for such an open ball

lim sup

1
log Ry € Bu(V36)) < 6 —/ Vdv + P (V + ).
Tooo T|E7| X

The inclusion (49) implies now for F' closed

limsup ———

1 F) < li
msu T|ET| ogm(Rr € F) 1rglan<xd<1msup

msup 7 logm(Rr € B, (V; 5)))

< max (5 —/ VdV—i—P(F,S)(V—i-(p)) .
x

veF

We can then make § tend to 0, optimize on V continuous and use a minimax type result
(available because F is compact) to get

limsup ——— logm(Rr € F) < max inf P V+ —/Vdu))

=sup|h - dv) = —inf I(v
uelg<(F’S) /X(p ) ”EF()

where we used the dual Gibbs variational principle (because h is upper semi-continuous).

7 Large deviations lower bound

The large deviations lower bound is a local property in the sense that it is equivalent to
prove

1
lim inf logm{z : Rr(z) € O} > —1(v) = hp,s) (V) +/ pdv YveO open
T—o0 T|E | ’ X
1
(:)hmlnf logm{z : Rr(z) € Bu(V1,...,VK;8)} > hips5) (V) -I-/ pdv
T—o0 T|ET| ’ X

for all v € MY(X), Vi,...,Vi €
| [y Vidp — [, Vidr| <6 V1<
topology on M'(X).

C(X) and § > 0, denoting B, (V1,...,Vk;d) = {p :
k < K}, because this gives a basis of the weak-star
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The idea for the lower bound is a geometric estimate, which comes from [33] and
is better expressed for an ergodic probability v: we decompose the set {z : Rp(z) €
By (Vi,...,Vk;0)} in small balls B;(T, ET;d). We need approximately eTIErhrs)W)) of
them (by a metric version of Shannon-McMillan-Breiman Theorem, stated as Theorem
B.2) and each is approximately of size e(”177| Jx#d) under m (by the Volume Lemma and
the Ergodic Theorem).

We will write it directly for convex combinations of ergodic measures. We need for
this a strong mixing result, the Specification Property. We obtain the general case by an
approximation argument.

7.1 Specification property

This strong quantitative mixing property is again a consequence of the preservation of
expanding property.

Proposition 7.1. If F satisfies (H2), then for all § > 0, there exists p(0) € N such that
for any Th,..., T €N, z' ..., 2% € X and p1,...,pr—1 > p(0), there exists x € X such
that

d(F'(z),F' (z')) < 6 VO<t<Ti,
d (F™1+P1(z), F! (2°)) < § VO<t<Ty,
d (FHEf;f(Tﬁpz)(x),Ft (mL)) <4 VO<t<Ty.

Proof. We work in this proof with the global map F' and the topology associated to the
distance d(z,y) = sup;czadi(z,y). Let

Va(T58) = {y : d(F'(z),F'(y)) <& VO<t<T}
be the dynamic neighborhood around the orbit of z. We want to show that
Vo1 (T136) N F =172 (Voo (Ty; 6)) N -+ 1 F~ S0 BP0V, (T156)) # 0.

By a simple induction argument, it is sufficient to show that for all x € X, T > 0,
0 <6 < 502, p > p(6) and A such that Int(A4) # @, we have

Va(T;8) N F~T=P(Int(A)) # 0 <= Int(FT (V,(T;8)) N F7P(A)) # 0.

We can proceed as in the proof of Proposition 4.2 in the infinite dimensional case to
get that for any « € C[T,Z9 = {0,...,p — 1}[1""’T]XZd, there exists A, (z) defining an
infinite open partition of X (UA,(z) = X) such that F7 is injective on A, (z) with inverse
branch F; 7.

As in Subsection 4.2, if § < r- then Vi(T;6) C Ag(z) and FT(V,(T;6)) = {y
d(FT(z),y) < 6} is a product of intervals of size 2§ around F''(z).

In the same way, F,” T is a contraction around the orbit of z,

d(F" " Ha), F5 (y) < 7d(FT (2),y)-
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Then, if we construct the inverse branches of FP around the orbit of F7'(z), we know that
almost all points of X have a preimage by F? at distance less than ﬁ of FT(z) (because
FyPis :Yip contracting for the metric d). We choose then p(d) such that % < 26 and get
the Specification Property. O

7.2 Proof of the lower bound
7.2.1 Ifvg Mi_(X)

mv

In this case I(r) = +o0, hence there is nothing to do.

722 Ifv= Zlel aiy; with v, € ML, ,(X) and Elel a =1

erg

Forn>0,T >1 and any 1 <[ < L, we define

A 1
Rh(z) = ——=—— OgioFt(z)s
T [a;T|E7| 0<t§[;le] §tol(z)
_iEET

rh = {x . R (z) € By, (Vi,...,Vk;0/4) and //\((pdf?,lr(:(;) > /Xgodyl —77}.

Then by application of the Ergodic Theorem, we know that l/l(I‘lT) goes to 1 as T tends
to infinity. Hence, for a fixed 0 < b < 1, we choose Ty such that for any T' > Ty and any
1<I<L

n () > b. (50)

Using Theorem B.2, we take ¢g and Ty such that for all € < g9 and T' > Ty, then for

1<I<L
1

——log NY([a;T], E7,€,b) > h -, 51
ol B 8 ([T, Er,€,b) > hip,s) (V1) —n (51)

where N' denotes the number of balls necessary to cover a set of v; measure b (see (59)
for the precise definition).

Let now € < £ and T' > max(Tp,T7). We can then choose for 1 <1 < L a set SlT C I‘lL
which is maximal ([a;T'], ET,4¢)-separated in FlT. Hence, by maximality, we have

I C |J Bo([aiT], Er;de),

weS%
and this gives, combined with estimates (50) and (51),

Card(S%) > exp ([a,T1|Er|(h(r.s)(v) — ) -

We use now the Specification Property (Proposition 7.1) to construct from these sets Srfp
a set St of points which are typical for v. Indeed, for any choice of z! € S%, z? € S%,
., zle E%, there exists a point which e-follows the orbits of each ! during time [a;77],
precisely

d, (Si o lef;o[“mTH(l_l)p(s)"'t(w), Sto Ft(a:l)) <e Y0<t< [aT], i€z
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Let St be the set of all such constructed points: as Sk are ([a;1'], ET, 4¢)-separated, then
all constructed points are distinct, hence

Card ST HCard ST) > exp <|ET| Z alT h(FS)(Vl) n)) .
=1 =1
And St is (T, Er, 2¢)-separated, with 7' = Zle [a;T"] + (L — 1)p(e), which implies
By(T,Er;e) N\ By(T,Ep;e) =0 Yz #yin Sr. (52)

We choose then &; such that d,(z,y) < e implies that |¢(z) — ¢(y)| < n and |Vi(z) —
Vi(y)| < % for all 1 <! < L. A direct computation ensures now that there exists Ty such
that for T'>T5, e <e1,1 <k < K and z € Sp, then

/deRT(iL‘)—/ del/
X X

The last estimate implies that if z € Sy then Rp(z) € 8,(V1,...,Vk; 1—5), and also, with
previous estimate on Vj,

30

< —.
4

/godRT() /godl/—377 and

B, (T, Er;€) C Bo(T,Er;e) C {y : Rr(y) € B,(Vi,...,Vk;6)}.

We associate this with disjunction of such balls stated in (52), the lower bound of the
Volume Lemma, and estimates for the cardinal of St to get

m{y : Rr(y )E By (Vi,...,Vk;6)}

> Z T , B ))
TEST

> Z Co(T, Er, e, p) exp (T\Eﬂ/ @ dRy( ))
TEST

L
> Cy(T, Er, ¢, p) exp (\ET| > T (hp,s) () - 77)) exp (T\ET| /X<PdV - 377) :

=1

Then  liminf - logm(y : Rrly) € AuViv-.. Viei )} > b)) + [ odv—an

because 721:1 [T h(p,s)(v1) tends to h(pg)(v) and % to 1 as T goes to infinity. It
suffices then to let 7 tend to zero.

7.2.3 Ifve M (X)

We want to approximate such a probability measure by 7 = ) q;v; from the previous case
with a good control on the entropy. For this we take n > 0 and fix € such that

|fXdeTl_fXdeT2| <g ViI<kE<K

dist pq1 3y (71, 72) < € =
“ [z pdn — [y pdn| <7
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We choose then P = {Py,..., P} a partition of M!(X) with diameter less than . We
know by the ergodic decomposition theorem (Theorem 2.3.3 in [18]) that there exists a
probability 7 on M!(X) concentrated on Mérg(é\f) and such that v = fMl(X) T 7(dr). We

take, for 1 <1< L, a; = w(P) and v; € P} € M, (X) such that h(pg)(v5) > hpg)(T) — 1

for m-almost all 7 € P,. Then, with v = Zlel ajv;, we have
h(r,5)(7) > hep,5) (V) —n,
/ <pdu2/ pdv —n,
X X
ﬁp(Vl, . VK; (5/2) C ,By(Vl, . ,VK; (5)
This implies

logm(y : Rr(y) € Bu(Vh,-..,VKk;d))

S I
Tooo T|E7]

1
> liminf ——logm(y : Rr(y) € Bs(V1,...,Vk;6/2))

T—o0 T|ET|

> hr,s)(7) + /X<Pd17 > hps)(v) + /X<pd1/ — 2n,

and we conclude letting € then 7, tend to 0.

A Convergence of subsequences of Z?

We introduce in this Appendix two different notions of convergence for subsets of Z¢, and

their main properties.

Definition A.1. A sequence (Ep)n>0 of finite subsets of Z% tends to Z? in the sense of

Van Hove if lim;, o |E,| = co and

o B+ )AB,|

n—00 ‘En|

0 VieZ®

(where A denotes the symmetric difference of sets, AAB = (A\ B)U (B\ A4)).

If E is a finite subset of Z%, we define enlarged and restricted sets in Z¢ by

po_ {0 dG,E) <1} forl >0,
a {j : d(j,E€) > —1} forl<O0.

We have then two properties of sequences tending to Z¢ in the sense of Van Hove:

Proposition A.1. If (E,), -, tends to 74 in the sense of Van Hove, then:
1. Foralll € Z, (E,(ll))n>0 tends to Z% in the sense of Van Hove and

B
A B,
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2. ForallT <1

lim 7AGER) — 56
n—xn|E%1_eEn (56)
3. ForallT<1 )
d(]aETI«) —
nlgglo Tl E T 0 (57)
jeES

Proof.
1. For [ > 1, we have

such that EY \ B, = Ujen,(En +J) \ En, hence

ED) BV \ By (B + ) \ Byl
1< =1 <1 s 1
SE Y ED ST m e

JEN;

by definition of the convergence in the sense of Van Hove (see Definition A.1).
In the same way, (Ey(f) +k) \Ey(ll) C Ujen,(BEn +j + k) \ Ey, then

(B + W)\ EY| _ |E| Z'E ++E)\ Bl
BV |E | 5%, |En nro

We proceed similarly for EY \ (Er(ll) +k)=k+ (Er(ll) —k)\ E'r(ll), and get that EY tends
to Z% in the sense of Van Hove.

For [ < —1, we have the description

EY = [\ (Bn+j) C En
JEA_;

and computations are similar to those for [ > 1.

2. For any € > 0, we choose k > 0 such that Y ,5, 7' < £/2 and write the sum in terms of
the subsets (E ())l< 1

Z d(j,ES) _ Z |En1 ;E\ |l?n |7_l

JEEn >1
(1-1) 1-1 -1
Z'E NE D] o BB
N & Bl
(1-k
BNESY) e
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where we used 7 < 1 in the first term and \Eg_l) \E'v(z_l)| < |E'7(L1_l)| < |Ey,| in the second.
By (55), the first term goes to 0, hence for n great enough

‘£|§:TME$S€_
n

JEER

3. We use in this case the fact that }7,5, |A| 7t = dos0(20+ 1)47! converges. Hence, for
e > 0, we choose k > 0 such that Y ,5, |Ay|7! < &/2 and decompose E® in the subsets
(EO\ E¢1),5,. Then

BV

1 d(j,En) |E
| En 27 X E IE |

jeES I>1
ESONE,| e
S—%7  t
| En 2

since \En \E(l R | < |E | < |Ay||Er|. We conclude then as in 2. O

Convergence in the sense of Van Hove is too wide to use some existing results of
ergodic theory, in particular the Ergodic Theorem and the Theorem of Shannon-McMillan-
Breiman. We need to restrict the class of subsets to get the whole large deviations results:

Definition A.2. (E,),>0 is a special averaging sequence if it is increasing, it tends to Z4
in the sense of Van Hove and there exists R > 0 such that

|En, — Ep| < R|E,| Vn >0. (58)
We will use to apply results from ergodic theory, the following straightforward result

Proposition A.2. If (Er)r>1 is a special averaging sequence in Z¢, then ([0,T — 1] X
ET)TZI s a special averaging sequence in N X VAS

Remark: We could use some recent results of Lindenstrauss to work with tempered
sequences, a notion more general than special averaging sequences. He proves indeed in
[21, 22] that the ergodic results we use remain valid in this context.

B Thermodynamic Formalism

We present in our setup the main definitions and the results we need from Thermodynamic
Formalism. For a more general approach and all the proofs, we refer to the well-written
expository book of G. Keller [18] (and to [26] for proofs of the Ergodic Theorem and of
the Shannon-McMillan-Breiman Theorem).
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B.1 Entropy
For A ={A4,...,Ax} and B = {By,..., B} finite partitions of X, let
AVB={AnNB : 1<k<K,1<Il<L}

Then, for v € M. _(X), Er a sequence tending to Z¢ in the sense of Van Hove, and A a

mv
partition, we define

o h(v|A) = = > v(A)log(v(4)) and Ar= \/ F oS (A),
AeA 0<t<T
1€Er
. 1
® hips)(v|A) = Th_lféo mh(VLAT),

® h(p,s)(v) = sup{h(r,5)(v|.A) : A finite partition of X'}.

This last quantity is the metric entropy of v under (F,S), which does not depend on the
choice of the sequence (Er1)7>0.

Proposition B.1.
1. hp,s) is convez affine, h(p, g (Zle G,ll/l) = Z{;l ath(p,s)(v1) when Zlel a;=1;
2. Forv € M}, (X) and for any partition A such that v(0A) = 0 and diam(A) < §y =
ﬁ, we have
h(r,s) (V) = hp,5)(V|A);

3. h(p,g) 1S upper semi-continuous.

The two last properties are consequences of the expansiveness of the system stated in
Proposition 4.5 (see Theorem 4.5.6 in [18] and its proof).

A well known result about entropy is the Shannon-McMillan-Breiman theorem, which
expresses the fact that for an ergodic measure, entropy precisely describes the asymptotic
size of elements of the partition:

Theorem B.1 (Shannon-McMillan-Breiman). Ifv € M. (X), A is a finite partition

erg
and (ET)r>0 is a special averaging sequence, then for v-almost all x

_logv(Ar(z))
T|ET| T—o00

> hp,s)(v]A),

where Ar(x) denotes the element of the partition Ar which contains x.

We use in our proof of the lower bound of Large Deviations a metric equivalent of this
theorem, which tells that for an ergodic measure, the metric entropy describes the number
of balls necessary to cover a significant set. For "> 0, 6 > 0, 0 < b < 1 and (E7)r>0 2
special averaging sequence, we denote

N(T, Er;6,b) = min{Card(Y) : u(xLEJwa(T, ET;d)) > b} (59)

(see definition of B;(T, Er;d) in formula (9)). We call a set Y as in the definition
a(T, ET; 6, b)-covering set for v.
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Theorem B.2. Ifv e M
0<b<1

erg( ) and (ET)1>0 is a special averaging sequence, then for all

1
lim lim inf ——— log N(T, E1;6,b) = lim lim SUD

log N(T, E7;0,b) = h .
§—0 T—oo |ET‘ =0 7500 |ET| 08 ( s 4T3 0, ) (F,S)(U)

This result for the single map case is due to Katok [16]. A proof of our generalization
to the lattice setup can be found in [2], where it is adapted from [29].

B.2 Topological pressure

A set Y C X is (T, E;0)-separated if
z,7 eY,x#2 = 1’ ¢ B.(T,E;6).

It is separated maximal if it is maximal for this separation property.

We define then for V € C(X), (Er)r>o a sequence tending to Z¢ in the sense of Van Hove
and Y C X finite

Pips)(V;5T,Y) =log Z exp ( Z VoSio Ft(:c))
zeY 0<t<T
1€ET

Then

Pr,5)(V) = lim limsup ——— sup{Pr,5)(V;T,Y) : Y is (T, ET; 6)-separated }

=0 T 500 T|E |

= lim lim sup

P, 1Y) : Y is (T, Er;9)- ted imal
i lim su T|ET|Sup{ (r,9)(V;T,Y) is (T, ET; 6)-separated maximal}

is the topological pressure of V for the dynamic of (F,S). This definition is independent of
the choice of the sequence (E7). The main result for this quantity is the Gibbs Variational
Principle, which expresses it as a variational expression of the entropy:

Theorem B.3 (Gibbs Variational Principle). For any V € C(X)

Prg) (V)= sup (h(p,s)(l/) +/XVdu), (60)

veM?! (X)

mnv

and, since h(p sy is conver affine and upper semi-continuous in our case, for any v €

My (X)
h(ps(v) = inf (P(F,S)(V)_/XVdV)- (61)

vec(x)

Definition B.1. The equilibrium measures associated to the dynamical system (F,S) and
to a potential V. € C(X) are the invariant measures which realize the supremum in the
Variational Principle (60).
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C Generating function method for the iteration sequence

For § > 0,y > 1 and (ag) a sequence of non-negative reals, let u(l,t) be defined for [ € Z
and t € N by

ifl <0
if1>0,t=0 (62)
u(lyt —1) + 2 3o apull — k1) if 1> 0,¢ >0

u(l,t) =

L= -

We have then for such a sequence:

Proposition C.1. Suppose there exists < 1 such that for any k > 0, ap = 0%éy, and
denote S =) ~ook and S =) .~ k. Then, under the assumption

y—8>1,

we have for alll >0 and t >0

) + g5 (63)

u(h,1) < (v - S)t 20y—S5—1)

Proof. We solve this equation by a generating function method (see [32] for a general
introduction and many useful tools). Let f(z,y) be the formal series defined by

fla,y) =Y ull,t)aly".
1>0
>1

Then the inductive definition of u(l,t) implies for f

f(z,y)
_Z( (I,t—1) Za;ml—kt)
>0 7 k>0
51
SEO MR SNRIERS SO PRI MRS O o R
1>0 7 >0 V150 k= 27150 Vi
51 51 21
zéyz l+—ZRz$’yt+ (?/JFZ‘W”)
1>0 7150 k>0
51
(5@/2 l+_ZRlxy)(1—_(y+Zakx )) ’
k>0

32



where Ry = ), ., o We invert formally this expression, using that
1
(-3 o) =25 (1) (Seww)
v k>0
u—+h 1
B

UZO kl,...,khzo
h>0
u+h) 1 "o
S () T e )
n>0 “h>0 k1yeenskn >0
u>0 ki+--+kp=n

Hence, using in the upper bound that R;_, < 6" "t15, we get

Z<Z<t—1+h> t11—|—h Z akl...akh)

Y 7=0 " h>0 1,k >0
kyt-+kn=n

T (G () T e

Y 0<n<i h>0 K1y >0
0<u<t ki+-+kp=n

gzzz(t—ti—lkh>( )h el+luz>:0 hz>0<u—l—h)<5>
0

S
(v—8)t 2(y—8S—

U
Remark: We obtained in fact in the course of the proof an exact (but complicated) ex-

pression for the sequence u; ;).
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