math.PR/0501107 v2 11 Jan 2005

arXiv

TRANSITION FROM THE ANNEALED TO THE QUENCHED
ASYMPTOTICS FOR A RANDOM WALK ON RANDOM
OBSTACLES

GERARD BEN AROUS, STANISLAV MOLCHANOV AND ALEJANDRO F. RAMIREZ!

ABSTRACT. In this work we study a natural transition mechanism describing the
passage from a quenched (almost sure) regime to an annealed (in average) one, for
a symmetric simple random walk on random obstacles on sites having an identical
and independent law. The transition mechanism we study was first proposed in
the context of sums of identical independent random exponents by Ben Arous,
Bogachev and Molchanov in [BBM(2003)]. Let p(x,t) be the survival probability
at time t of the random walk, starting from site x, and L(¢) be some increasing
function of time. We show that the empirical average of p(x,t) over a box of side
L(t) has different asymptotic behaviors depending on L(¢). There are constants
0 < 71 < 72 such that if L(t) > e'ytd/(dH)7 with v > =1, a law of large numbers
is satisfied and the empirical survival probability decreases like the annealed one;
if L(t) > e'ytd/(dH)7 with v > 72, also a central limit theorem is satisfied. If
L(t) < t, the averaged survival probability decreases like the quenched survival
probability. If ¢ < L(t) and log L(t) < t%/(@*2) we obtain an intermediate regime.
Furthermore, when the dimension d = 1 it is possible to describe the fluctuations
of the averaged survival probability when L(t) = et Gith v < y2: it is
shown that they are infinitely divisible laws with a Lévy spectral function which
explodes when x — 0 as stable laws of characteristic exponent @ < 2. These
results show that the quenched and annealed survival probabilities correspond
to a low and high temperature behavior of a mean field type phase transition
mechanism.

1. INTRODUCTION.

When studying the long time behavior of Markovian dynamics in Random Media,
one has to choose between two possibilities. One can either choose to fix an almost
sure realization of the random medium in which the dynamics takes place, and
then let the time go to infinity, or first average the randomness of the medium
before letting the time grow. We will call the first approach the quenched regime,
and the second one the annealed or more appropriately the averaged regime. It
is often the case that the two approaches give completely different answers. To
name a few instances of such problems let us mention the problem of random walks

among random traps (or Brownian motion among Poissonian traps) (see [DV(1975)],
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[An(1994)] or chapter 4 of the book [Sz(1998)]), or slowdowns of random walks in
random environments [PP(1999), IPPZ(1999)|, or the phenomenon of intermittency
for the Parabolic Anderson model [GM(1990)}, |GM(1998)].

We want to address here the question of the relevance of these two approaches. A
reasonable first answer to this question could simply be that the quenched approach
solves the true question but that the averaged approach, being often much simpler,
has the merit of being the first possibility to understand a hard problem (historically
this has been the case with all the examples quoted above). We will here introduce
another way to address this question by showing that there is a rich transition
between these two approaches which shows that they are the two extreme points of
a broad range.

To introduce this new transition between the quenched and annealed regimes we
need to introduce, at least, one new parameter. This parameter will be a spatial
scale, i.e the spatial extent, say L, of the initial data. We will consider a quenched
realization of the medium and will let this spatial scale L and the time ¢ tend to
infinity together. It is rather clear that if the diverging time scale is small enough as
a function of L, or equivalently if the spatial scale L is large enough as a function of ¢,
the annealed regime should prevail. Indeed the random medium should be thought
as sampled enough by the initial data for a spatial ergodic theorem to apply and thus
justify the annealed asymptotics. On the other hand, on much longer time scales,
when the time is very large to make the spatial scale look very small and not very
different from a point-wise initial data, the quenched asymptotics should be in force.
We will show that there is a rich transition of asymptotics regimes interpolating
between these two extremes. This transition should be seen as a transition between
the bulk properties and the extreme values of certain local spectral statistics of the
random medium. One should thus use the results provided by the annealed or
quenched asymptotics with care depending on this initial spatial scale.

This point of view was first proposed and studied in [BBM(2003)] by Ben Arous,
Bogachev and Molchanov for the very simple case of large sums of random exponen-
tials. We have chosen to work here in the context of random walks among random
traps. We will address the question of branching random walks and slowdowns of
random walks in random environments in other works. In this article we study the
transition mechanism proposed in [BBM(2003)] between the quenched and annealed
behavior of a random walk on random traps on the lattice.

More specifically, we study the asymptotic behavior of the survival probability
of a random walk which is killed when touching traps distributed according to a
product Bernoulli random variable. This can be regarded as the case of the parabolic
Anderson problem where the random potential takes only two values: 0 or —oo.

Let us call p(z,t,w) the probability that a simple symmetric continuous time
random walk survives up to time ¢ on a random trap environment given by the
configuration w = {w, : = € Z%} € {0,1}%" (here if w, = 1 at a site z, then
x corresponds to a hard trap, killing the random walk the first time it hits z).
In [DV(1975)] and [DV(1979)], Donsker-Varadhan showed that for long times, the
average of p(0,t,w) with respect to a Bernoulli product measure of parameter p
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behaves like exp{—ca(d, p)t¥/ @2 + o (t¥/(4+2)} where cy(d,p) is a constant de-
pending only on the dimension and p. This is the annealed behavior. Subsequently,
in [An(1995)|, Antal following Sznitman, showed that almost surely with respect to
the distribution of the traps, and on the event that the origin belongs to an infinite
trap free component, p(0, ¢, w) behaves like exp{—ci (d, p)t/(log t)¥/?+(t/(log t)¥/?) },
where c¢;(d,p) is another constant depending on the dimension and the parameter
p. This is the quenched behavior. In this paper we study the averaged quantity
pl(z, t,w) = \A—lLI > wen, P(@,t,w), where Ap := [—(2L + 1), (2L + DYNZ?is a
box of radius L > 0 and |Ap| is its cardinality. If make L depend on t, then as
t — oo we show that several behaviors occur, depending on the rate at which L
grows with ¢. This is the content of theorems 1 and 2 stated in the following section.
In particular, it is shown that for L < ¢, the averaged survival probability p”(z,t,w)
behaves like in the quenched situation, while if L > exp {y%td/ (d+2)} it behaves like
in the annealed case. In the one-dimensional case it is possible to give more precise
results for L = exp {’y%td/ (d+2)}. This is the content of theorem 3.

Let us now briefly discuss the intuitive picture described behind the proof of
theorem 1. It is shown there that there exist four main averaging regimes (see also the
table right before the statement of theorem 1): case 1 or L(t) < t; case 2 or L(t) >t
and log L(t) < t%(@+2) where for two real functions defined on [0,00), f < g

4
means that limy o f(£)/g(t) = 0; case 5 or L(t) > e~ ™ with v > 2/(d + 2)

d

and co a constant depending on d and p; and case 6, or L(t) > e_%”th, with
v > 29/(d+2)9/(d 4+ 2). In cases 1 and 2, basically, in the average defining the
survival probability p” there is a dominant clearing in the random environment
giving the main contribution to the logarithmic asymptotic behavior. This is the
clearing of radius proportional to (log L)'/¢. Thus, the difference between case 1
and 2 corresponds simply to the case in which log L is of the order of logt (case 1)
and log L > logt (in general in case 2). On the other extreme, cases 5 and 6 are
situations where the behavior of p” is determined by many large clearings of the
random environment, being impossible to isolate a single dominant one.

In section 2 of this paper, the results are stated. In the third section several
important estimates, concerning the survival probabilities analyzed as a field of
random variables, are derived. Most of them are moment and correlation estimates.
In the fourth section, cases 1 and 2 of theorem 1 are derived, using the method of
enlargement of obstacles of Sznitman (chapter 4 of [Sz(1998)]). In section 5, the
cases 3,4, 5 and 6 are derived. The general philosophy of the corresponding proofs is
the use of renormalization methods to control the main contributions of the random
environment. The proof of theorem 3 is the content of section 6. The tools used here
correspond to standard, though lengthy, verifications of the necessary hypothesis for
the convergence of a given sequence of random variables to an infinitely divisible
law.
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2. NOTATION AND RESULTS.

We will first introduce the necessary notation to define a symmetric simple random
walk on the lattice Z? of total jump rate 1 in a random obstacle environment.
We define a random environment through a product measure p on the Cartesian
product X := {0, 1}Zd with the Borel-o field generated by the product topology, so
that p(w(x) = 1) = p, where 0 < p < 1 and w(x) is the = coordinate of w € X.
Each element of w € X will be called an obstacle environment. A site x of the
lattice where w(x) = 1 represents a site with an obstacle, while if w(z) = 0 there
is none. Given any real function f(w) of the environment w we will, throughout
this paper, denote as (f) := [ f(w)du the expectation of f with respect to the law
of the environment. Let us now denote by G(w) := {y € Z% : w(y) = 1} the set
of sites having an obstacle or obstacle set. Throughout the sequel Z. will denote
the canonical d-dimensional continuous time symmetric simple random walk of total
jump rate one defined on the Skorokhod space D([0,00); Z%). We will call P, the law
of such a random walk starting from site = € Z¢ and 7(w) := inf{t > 0: Z, € G(w)}
the killing time, or the first hitting time of the obstacle set G(w). Let us now denote
as p(x,t,w) := Py(7(w) > t) the probability that a random walk starting from site
x does not hit the obstacle set G(w) by time ¢. Such a probability will be refered
as the quenched survival probability at time ¢ of a random walk starting from site
z. Similarly we will call (p(x,t)) := [ p(x,t,w)dp the annealed survival probability
at time ¢ of a random walk starting from site . Furthermore we denote the sets
{p(z,t,w) : € Z% and {(p(x,t)) : = € Z%}, as the field of quenched survival
probabilities and the field of annealed survival probabilities, respectively. In the
sequel, whenever there is no danger of confusion, we will drop the variables x, w and
t of the survival probabilities writing p(zx,t) or simply p, in place of the quenched
p(z,t,w) and writing (p) in place of the annealed (p(z,t)). Given r € [0,00) and
z € Z% we denote by A(x,r) := {x € Z% : |z| < r} the ball of radius r centered
at site z under the norm |z| := sup,_; 4 |z;|[, where x; are the coordinates of site
x. We will frequently write A, in place of A(0,7). In contrast we will denote by
B(z,r) := {z € Z% : |z| < r} the Euclidean ball of radius r centered at site 2 under

the Euclidean norm |z| := Zle z3.

Now that we have settled the basic notation, we are in a position of defining
quantities which will correspond to a transition between the quenched and annealed
survival probabilities. We define the averaged survival probability at scale L and

time t for a random walk starting from site z as,

where |U| denotes the cardinality of U C Z% Whenever there is no danger of
confusion, we will drop the variables x, ¢t or w, writing p” or p*(z,t) in place of the
averaged survival probability p”(z, ¢, w).
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Given two real valued functions f, g, the notation f ~ g means that lim,_. . % =

1, f > g means that limu_)oo% = 0, while f < ¢ means that g > f. Also, wy and

4, will denote the volume of the ball of unit radius in R% and the principal Dirichlet
eigenvalue of the differential operator —%A on this ball, respectively. For p < 1 we
define v := |log(1 — p)| and the constants c;(d,p) := £4/R% with Ry := <widu>1/d
and cy(d,p) = (wav)? 2 ((d + 2)/2)(2¢4/d)¥(4+2) | Next, we define p. := inf{p :
1(|G(w)| = o0) > 0} the critical probability of site percolation for the obstacles on
VAR

In this paper we want to study the behavior of the averaged survival probabilities
p"(0,t,w) for large ¢t and L. By standard ergodic theorems it is possible to show
that for ¢ fixed, as L — oo we have that p-a.s. p”(0,t,w) ~< p > and the behavior
is annealed. On the other hand, it is not difficult to see that for L fixed, as t — oo
we have that p-a.s. pY(0,t,w) ~ p(0,t,w) and the behavior is quenched. It is
natural to ask if there is a transition mechanism between these two extremes when
we let both L — oo and ¢ — oo. In this paper we partially answer this question.
We let L = L(t) depend on time ¢ so that L(t) > 1 and distinguish six cases
according to the growth rate of L(t): If L(t) < t we say the asymptotics is in

case 1; if log L(t) < t7%2 and L(t) > t we say the asymptotics is in case 2; if
L(t) = exp {yeot¥ 442 /d} with v < v := 2/(d + 2) we say the asymptotics is
in case 3 if L(t) = exp {veot¥ @2 /d} with 1 < 7 < 79 := 244Dy we say
the asymptotics is in case 4; if L(t) > exp {7C2td/(d+2)/d} with v > 77 we say the
asymptotics is in case 5; while if L(t) > exp {’ycztd/(d+2)/d} with v > 7o we say the
asymptotics is in case 6. We summarize this classification in the table below.

Case 1 L(t) <t

Case 2 L(t)y>t log L(t) < tdts
Case 3 L(t) = e%”t% v <M
Case 4 L(t) = e%CQt#z Y1 <y <Y
Case 5 L(t) > e%”t% v > "
Case 6 L(t) > e%cﬁﬁ > o

We now state the main result of this paper.

Theorem 1. Let L(t) : [0,00) — N be some non-decreasing function and assume
that 0 < p < 1. Then the following statements are true,

(i) Case 1. If 1 < L(t) <t and p < 1 — p., then p-a.s. we have that,

t

log p“(0,t,w) ~ —Cl(dyp)w'
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(i') Case 2. If L(t) >t and log L(t) < t¥(9%2) then p-a.s. it is true that,

t
(log L)
(ii) Case 5. Let v = % and suppose that there is a v > 0 such that L(t) >
exp (’y%td/(‘”z)). If v > ~1 then in p-probability it is true that,

IOg pL(t) (07 ta U)) ~ —C1 (d7p)

p0(0,t,w)

(1)
(p(0,1))
In particular, in p-probability we have that,
log p"19(0, 1, w) ~ —eco(d, p)t¥ 2. (2)
On the other hand if L(t) < exp (’y%td/(d”)) with v < v1 then u-a.s. it is
true that,
L(t)
p(0,t,w)
—— < 1L (3)
(p(0,2))
(ii) Case 6. Let yy = 24/(d+2) df_2. If L(t) > exp (y%td/(d“)) for some v > o
then,
pL®) - t

e \/Varu L®(0,t,w))

where for any random variable X (w), Var,(X) = [(X — [ Xdu)*dp and
N(0,1) is the normal law of variance 1 and mean 0 and the convergence is
in the sense of distributions. On the other hand if L(t) < exp (v%td/(d”))
for some v1 <y < 2 then in p-probability it is true that,

pL(t) (07 t’ w) B <p(07 t)>
\/Var“ (pL(t) (0, ¢, w))

It is possible to complement the statement of theorem [Mlin the case in which the scale
L(t) is of the form exp {y% ¢/(d+2) } For reasons that will become clear below, we
define the concept of negative conjugate constants. Let x, y be positive real numbers.
We say that z is negative conjugate to y if % — % = 1. Let us now define

< 1. (5)

a= 4 (6)
o = #‘g. (7)
Clearly, o/ is negative conjugate to a.
1
Theorem 2. Let v > 0 and a(y) =o' (&) = + v and L(t) := €74 T Then

the following statements are true.
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(i) Case 3. If y <y = diw’ then for every 0 < d < 1, p-a.s. we have that,

p0(0,t,w)

< 1. 8
exp {~(a() - O)eat 7] ®)
(ii) Case 4. If 1 <y <y = 2d/(d+2)dl+2, then for every 0 < § < 1 we have in
w-probability that,
L®(0,t,w) — (p(0,¢

exp {—(a(y) — 6)cpt¥/(d+2) }

We do expect the function a(y) to be critical in the sense that if v < 7 then for

p=®) (0,t,w)
exp{—(a(y)+8)catd/(4+2) } > 1. We also

expect a similar statement complementing case (iz) of theorem 1
The statements of theorems[lland Pl can be visualized as a plot in the case in which
the time dependent scale L(t) of the averaged survival probability pL(t)(O,t,w) is

every 0 < 0 < 1, p-a.s. we should have that

d
of the form L(t) = exp {y%tm } In fact, these results suggest that the averaged

survival probability pL(t)(O,t,w) behaves as log pL(t)(O,t,w) ~ —EL(’y)td/(d+2) with

_ _ —2/d .
a(y) = ea(d,p) for v > 7, a(y) = a(y) = 3% (427) 7" 4 for 0 < v < 7, while

a(y) := 0 for v = 0. This is illustrated in the following figure in the case in which
the dimension of the lattice has the value d = 2.

@\‘
~
—
2

y

Figure 1: Plot of 1/&("}/) when d = 2. Here 71 = 0.5 and 75 = 0.71

Figure 1 shows graphically the regions where the law of large numbers (v > 71) and
the central limit theorem (y > ~2) are valid. The quantity a(7y)cy plays the role of
a “free energy” and the graph shows the presence of a phase transition at v = 1,
which is a point of non-analyticity. This kind of behavior is analogous to that of
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mean-field statistical mechanics magnetization models such as the Random Energy
Model. However, it should be pointed out, that the constancy of a(y) for v > v
does not correspond to a “freezing” phenomena as observed in the REM. In fact, the
constancy of a(y) for v > 71 can be interpreted as a “high temperature” phenomena
coming from a law of large numbers, whereas the freezing phenomena of the REM is
a low temperature phenomena where the main contribution to the free energy comes
from low energy states close to the ground states.

We wish now to describe more precise results of a similar character in the context
of sums of random independent exponentials, obtained recently by Ben Arous, Bo-
gachev and Molchanov [BBM(2003)], and then state theorem Bl of this paper which
gives more precise information about the region when L(t) = eveat™ T with 0 <
v < 7v2. In the sequel we will consider infinite divisible laws described by the Lévy
representation of their characteristic function. Let us first set some terminology. We
will call a Lévy spectral function any function £(x) : R/{0} — R which is nonde-
creasing on (—o0,0) and on (0,00), such that lim, oo £(z) = lim,—,_o L(x) = 0,
and such that for every € > 0 one has fm>‘x‘>0 22dL(z) < co. Now, given a Lévy
spectral function £, 3 € R and ¢ > 0, we define X 8,0, as the infinite divisible law
whose characteristic function is,

2 ) .
d(u) = exp {zﬂu - %u2 + /x>0 <e’“x —-1- %) dﬁ(az)} .

In [BBM(2003)], the behavior of sums of the form Sp(t) := ﬁg exp {—tXy} is

studied, where ¢ € [0,00), L(t) : [0,00) — R is an increasing natural number valued
function and X7, Xo, ... is a sequence of positive independent identically distributed
random variables. In [BBM(2003)] the case where X; has a Weibull tail law of
parameter x > 0, so that P(X; < 1/x) ~ exp{—ca”} for some constant ¢ > 0,
where P is the law of X7, is studied. There it is shown that if L(t) = exp {vH(t)},
with H(t) :=log E (¢'*1) and E the expectation associated to P, then there exist 7
and 7y, such that 0 < v; < 2 and for which if v > vy, SL(t)/E(SL(t)) converges to
1 in P-probability (law of large numbers) while if 4 > 75 in addition it is true that
(SL(t)—E(SL(t))//VarSL(t), where Var is the variance associated to P, converges
in distribution to the normal law AN(0,1) (central limit theorem). Moreover, in
[BBM(2003)] it is shown that although the central limit theorems fails when v, < v <
o, it is true that (Sg(t) — E(SL(t)))/B1(t) converges in law to an infinite divisible
distribution Xg, o.2,, where £; = ¢;/2® for x > 0 and £y(z) = 0 for z < 0 with
c1 > 0anda = (£7) Y 'i/, so that X, o 1, is a stable law of characteristic exponent a.
Here, ' is negative conjugate to & (i.e. - —< = 1), while By (t,7) := exp {c(7)H(t)},
with H(t) := log E (e'X*) and

K >1/n

c(y) ==« (E’y (10)

Furthermore, they prove that in the region 0 < + < ~; where the law of large
numbers fails, it is true that Sz(t)/B1(t) converges in law to Xg, o r,, where (35
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is some real number and Lo(z) = co/z% for x > 0 and L(z) = 0 for z < 0
with ¢ > 0 and a = (%’y) e Thus, the limiting law is stable of characteris-
tic exponent a. In [BBM(2003)|, a similar analysis is made in the case in which
Sp(t) := S 4k =170 exp {t X}, X1, Xa, ... a sequence of i.i.d. random variables
and P(X > x) ~ exp {—cz"} for some parameter £ > 0 and constant ¢ > 0.

The results of theorem B might suggest that the averaged survival probability
pL(t)(O,t,w) should behave in a way similar to the random exponentials studied
in [BBM(2003)], so that properly centered and normalized it converges to stable
laws, in the regions of theorem [ where the central limit theorem or the law of
large numbers fail. The following theorem, however, shows that at least in the one
dimensional case there is convergence to specific infinite divisible laws which are
not stable. In fact, the discrete character of the random walk law manifests itself.
Throughout the sequel, given a real number z we will denote by [z] the integer part
of  and by [z]_ := lim,_ - [z — €]

Theorem 3. Let d = 1. Let a = % and o = % be negative conjugate to o and

L(t) := exp {1/ [Llf?tl/3] _}. The following statements are true.
(i) Case 3. If 0 <y < 1 then we have that,
ZSEEAL(t) p(;U’ t? w)

14

lim
t—oo

} = X3,0.c- (11)

(ii) Case 4. If% =N <y<7= 21/3% then we have that,

lim erAL(t) (p(:p,t,w) - <p(0,t)>)

t—o00 1/3 4l B 162’07£'
O
Sl(V)t eXp { ['ycztl/?’/u]i }

In both cases the convergence is in distribution, si(y) = Zl%, 61 =
2p oo (1-p)* 2 oo (1—p)k(+2/e1) ;
(1-p) Zk:—oo (1—p)k/a1+(1—p)—k/a1’ P2 = (1—p) Zk:—oo (1—p)¥/e14(1—p)—k/a1’ the Lévy

1 a
spectral function L(x) := _12Tp(1 —p)_[ilogm 1] forx >0 and L(x) =0 forz <0

)1/0/ .

and ay 1= (%7

Remark 1. Note that the expression for the quantity a(y) — v of theorem @ is as
the expression for c(vy) in the stable limit law cases of [BBM(2003)], in equation
{Id). Note that if a(vy) := o’ (%’y)_l/a + 7 then, (a — 7)cat!/3 ~ — 2O This
[y02t1/3/u] -
s in accordance with the asymptotics described by theorem @A On the other hand,
the extension of theorem [d to higher dimensions requires a better understanding of
the tail distribution of the Dirichlet principal eigenvalue of the Laplacian operator
on the set Ap, NG(w)°.
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Remark 2. [t is possible to prove a one-dimensional theorem analogous to theorem[3
in the context of Brownian motion on Poissonian obstacles. In this case the limiting
laws should be stable.

3. MOMENTS AND CORRELATIONS

To prove theorems [Il & and Bl, we will need several results describing the asymp-
totic behavior of some moments and correlations of the field of quenched survival
probabilities {p(z,t,w) : x € Z%} and truncated versions of them. Here we will prove
them, introducing the corresponding notation. This section is divided in three sub-
sections. In the first one we introduce the truncated survival probabilities which will
play an important role in reducing some computations to sums of independent ran-
dom variables. In the next subsection some estimates for the survival probabilities
in terms of principal Dirichlet eigenvalues will be proved. Finally, in the third sub-
section we apply the spectral estimates to compute the logarithmic asymptotics of
some quantities depending on moments and correlations of the survival probabilities.

3.1. Truncated survival probabilities. Let us first define, given a subset U C Z¢,
the first exit time Ty := inf >0 {Z; ¢ U} of the random walk Z. from the set U. Next,
for x € Z, t € [0,00) and w € X, let,

pu(z, t,w) = Py(r(w) > t,Ty > t). (12)

Given z € Z% and t > 0, in the particular case in which U = A(z, at), we will use the
notation p,(x,t, w) instead of py (x,t, w) and T, instead of Tyy. We will call the prob-
abilities py(z,t, w) the truncated quenched survival probabilities at scale a at time ¢
for a random walk starting from = and refer to (p,(x,t)) as the truncated annealed
survival probabilities at scale a at time ¢ for a random walk starting from z. Further-
more we will denote the sets {fq(x,t,w) : © € Z9}, {{Pa(,1)) : € Z} as the field
of truncated quenched survival probabilities and field of truncated annealed survival
probabilities at scale a, respectively. These quantities will be useful to approximate
the field of quenched survival probabilities by an independent field defined on boxes.
This will eventually be applied for the proof of the law of large numbers and central
limit theorems stated in parts (i) and (iii) of theorem M We will prove results
describing the long time behavior of the moments (p(0,¢)") and (p,(0,t)"), for r real
and r > 1, and of the correlations (p(z,t), p(y,t)) := (p(z,t)p(y,t)) — (p(x, t)){p(y,t))
and (Pg(z,t),Pa(y,t)) := (Pa(z,t)Pa(y,t)) — (Palx,t)){Pa(y,t)), where the distance
|z —yl, between z and y, might possibly depend on time. Many of the computations
will be done for the survival probabilities regarded as a field, in contrast to the usual
estimates that can be found in the literature. We do not consider our estimations
novel, however, since they still are very much in the spirit of standard ones. We
begin with the following elementary lemma.
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Lemma 1. Let a > 0 and consider the field of quenched survival probabilities
{p(z,t,w) : x € Z% and of truncated quenched survival probabilities at scale a > 0.
Then for every x € Z% and t > 0,

Ip(x,t,w) — pa(z, t,w)| < kl(a,d)e_kz(a’d)t, (13)

where ki(a,d) = e~ 5@ gnd ky(a,d) = 1J(ad) are positive constants with
J(z) == zsinh 'z — 1+ 22 + 1 defined for z > 0.

Proof. Note that,

p(x,t,w) < po(x,t,w) + Pp(Ty < t).

Note that the event T,; < t happens if and only if one of the d coordinates of the
random walk increased by [at] in a time smaller than ¢. Hence,

P, (Tt < t) <dP(sup X > [at]),
0<s<t

where X. is a one dimensional random walk of total jump rate é. Now, by the
reflection principle, the right-hand side of the above inequality can be upper-bounded
by 2P(X; > [at]), where P is the corresponding law. Now X; = Ny — M;, where Ny
and M, are independent Poisson processes each one of jump rate 1/(2d). Therefore,

since [at] > at — 1, we have.

Px(Tat < t) < 2dP(Nt — M; > at — 1), (14)

where we use for the sake of clarity again P for the joint law of the two Poisson
processes. Now, if we call E the expectation with respect to one of these Pois-
son processes, say Ny, we see by Chebyschev inequality that the probability in
the right-hand side of inequality () is bounded by E(eNth) . E(e=Ni#) [elat=Dr —
elcosh “_l)ﬁ_(“t_l)“, where p > 0 is arbitrary. Let us remark that this upper bound
is optimized for a positive value of . Substituting it we obtain,

Po(Tus < t) < ki (a, d)eF2(@dt

where ki(a,d) = e~ 5" @) and ky(a,d) = 1J(ad) with J(z) : [0,00) — [0,00)
defined as J(z) := xsinh !z — v/1 + 22 4+ 1. Note that J'(z) = log(z + V1 + 22) is
positive for z > 0. Hence ki(a,d) and ko(a,d) are strictly positive for a > 0. d

Estimate ([[3) of lemma [ tells us how much do we lose when replacing the quenched
field by the truncated one. It will turn out that this exponential error will be
negligible for most of our purposes.
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3.2. Spectral estimates. We will now proceed to compute bounds for the survival
probabilities in terms of principal Dirichlet eigenvalues of a discrete Laplacian oper-
ator. Given a subset U C Z%, we define the normalized discrete Laplacian operator
by its action on functions f : Z? — R which vanish outside U (i.e. f(x) = 0 for
x ¢ U) as,

Aaf(x) 1= 53 S (F(+ ) = f(a), (15)
eeB

where B is the union of the elements of the basis of the free abelian group Z% and its
inverses. Note that if we define L*(U) := {f : Y., cpa f2(x) <00 f(z)=0if z ¢
U}, Ay is a self-adjoint operator on the Hilbert space L?(U) endowed with the inner
product (f,g) := > cza f()g(z) for f,g € L*(U). We can then consider the set
{An(U) : n € U} of eigenvalues of Ay in L?(U) in increasing order, where U is the
index set. Remark that the cardinality of this index set is finite for finite U and
at most countable. We will denote by { : n € U} the corresponding normalized
eigenfunctions (i.e. Y., .74 ¥y (z)? =1). Let r > 0. In the particular case in which
U= A(z,r) NG (w) =: A(z,r,w) we will employ the notation {\,(z,r,w)} instead
of {\y(U) : n € U} and {¢y""} instead of {1 : n € U}. Furthermore, in the
sequel, 1y will denote the indicator function of the set U. We first begin with the
following upper bound.

Lemma 2. Consider the field of quenched survival probabilities {p(z,t,w) : x € Z¢}.
Then the following statements are true.

(i) For every real a > 0 it is true that,

pla,t,w) < ky(a,d)e @Dt L (2qt 4 1)4/2e~to(@atw)t, (16)
where ki (a,d) := 2dsinh™'(ad) and ks(a,d) := LJ(ad) are positive constants

with J(x) defined as in lemmall by J(x) := xsinh™ 2—+/1 + 2241 forz > 0.
(ii) For every finite subset U C Z2,

1 1\ nae
t > O(Uﬂg (w))t 1
T 2Pt 2 e a7

Proof of part (i) lemma[@ Note that by lemma [ we have that p(z,t,w) <
k1(a,d)e*2(@Dt L5 (¢ t w). Therefore it is enough to estimate the truncated prob-
ability at scale a, py(z,t,w). First remark the following expansion in terms of the

eigenvalues {\,(z, at,w)} and the corresponding eigenfunctions {tm*"},
ﬁa(x; t, w) — Z e—t)\n(gc,at,w)wz,at,w(x)(wz,at,w7 1A)7 (18)
nel
where A := A(z,at,w). Now, by the Cauchy-Schwartz inequality we see

that the right-hand side of equality (I¥) is upper-bounded by e~ tho(@atw)
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1

X (Eneu(l/}ﬁ’at’w, 1yw)? Zneu(l/}ﬁ’at’w, 1A)2> * which in turn is upper-bounded by

e~Po@atw) STA] where 14,4, (y) equals 1 if y = 2 € G(w) and 0 otherwise. Using

the fact that |A| = |[A(x,at,w)| < ([2at] + 1)%, we conclude the proof. O

Proof of part (ii) lemma[d. First note the trivial inequality p(z,t,w) > py(z,t, w),
where py(z,t,w) is defined in display ([[Z). Also remark the following eigenfunction
expansion, py(z,t,w) = Zneu e—An(UOQC(w))t¢gﬂg0(w)(Z) (wll]ﬂgdw)’ 1U>- There-
fore we can see that,

— <( Uunge(
0] SO IIER) |U| e WG (T 12
zeU
> ﬁe—)\o(Umgc(w))t Z( (I)Jﬂgc(w))2(z) _ ﬁe—ko(Uﬂgc(w))t7
zeU

where we have used in the second to last inequality the fact that wUﬂg (w )(a:) >0

and in the last inequality the normalization condition ) ( g ng*(w ))2(2) =1.

O

3.3. Asymptotics of moments and correlations. Let us now apply the previous
results to estimate quantities like some moments and correlations of the fields of
quenched and truncated quenched survival probabilities.

We begin writing a couple of elementary inequalities that will be repeatedly used
throughout the paper. Let n be an arbitrary natural number and a1, ..., a, arbitrary
real numbers. If » > 1 we have by Jensen’s inequality,

T n
<u Y fal (19)
=1

while if 0 <7 <1 we have,

n r n
Z a;| < Z las|". (20)
i=1 i=1

Our first results is a pair of lemmas for the field of quenched and truncated quenched
survival probabilities respectively.

Lemma 3. Consider the field of quenched survival probabilities, {p(x,t,w) : x €
7%}, Let x,y € Z¢. Then,

(i) For every real r > 0 it is true that,

log(p(0,1)") ~ —ca(d, p)(rt)(*+2). (21)
(ii) For every real v > 0 it is true that,
log (|p(.t) — (p(z, t)|") ~ —e3(d, p,r)t¥ "2,
where c3(d, p,r) := co(d, p) min {r, rd/(d+2)}.



QUENCHED TO ANNEALED TRANSITION 14

(iii) For every t > 0 it is true that,

{p(z,1),p(y, 1)) = 0.
(iv) Let {U; : t > 0} be a collection of subsets of the lattice Z¢ indexed by t > 0.
Assume that there is an a > 0 such that |Us| ~ |Ug:| as t — oo, where
Uar :={x € Uy : dist(x,Uf) > 2at}. Then,

VCLTM (Z p(m,t)) ~ ‘Ut’ Z(p(ovt)vp(x7t)> : (22)
zeUy x€Z4
Furthermore,
log [ > (p(0,8),p(x,t)) | ~ —cald,p)(20)7 ("2, (23)
x€Z4

Remark 3. Part (i) of lemmal3 in the case of integer valued r > 1 and for Brownian
motion is stated in section 4.5 of Sznitman [Sz(1998)].

Lemma 4. Consider the field of truncated quenched survival probabilities at scale
a>0, {pa(z,t,w) : x € Z4. Let x,y € Z¢. Then,
(i) For every real r > 0 it is true that,
log(a(0,)") ~ —ca(d, p) (rt) "+

(ii) For every real r > 0 it is true that,

1og {[pa(,t) = (Pa(w, 1))[") ~ —c3(d,p,r) (rt)¥(T+2),

where c3(d, p,r) := ca(d, p) min {r, rd/(d+2)}_
(iii) For every t > 0 it is true that,

(Ba(@:t), Pa(y, 1)) + kn(a, d)e 2Dt > 0, (24)
where ki (a,d) == 2dsinh™" (ad) and ka(a,d) := J(ad) are positive constants
with J(x) defined as in lemmall by J(x) := xsinh™ x—/1 + 2241 forz > 0.

(iv) Let {U; : t > 0} be a collection of subsets of the lattice Z¢ indexed by t > 0.
Assume that |Uy| ~ |Ugy| as t — oo, where Ugy = {x € Uy : dist(z,Uf) >

2at}. Then,
Var, (Z ﬁa(az,t)> ~ U D (Ba(0,8), Bala, 1) | - (25)
xeUy YA
Furthermore,
log | > (p(0,t), Balz,1)) | ~ —ea(d, p)(2)" ). (26)

x€Z4
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The proofs of parts (i), (#4) and (i) of lemma Hl are analogous to the proof of the
corresponding parts of lemma Bl Therefore, we will prove parts (i), (i) and (#ii) of
lemma B and subsequently, part (iv) of lemma Hl and lemma Bl

Proof of part (i) of lemma[@. Let x € Z% and t > 0. Note that by part (ii) of lemma
with U = A(z,t) in inequality (), it is true that,

1 5 1
t > O(ZB,t,’U))t' 2
’ (x’t)‘ 2€A(z t)p(Z’ ) B (2t 1)de ( 7)

Taking expectations on both sides of inequality (7)) we conclude that,

(p(07t)> > m <e—)\0(0,t,w)t> 7 (28)

where we have used the translation invariance of the measure p. On the other hand,
choosing a = r in inequality ([I8) of lemma [l we see that,

p(0,1) < ky(r, d)e 2Dt (9t 4 1)Y/2e=roOrtw)t, (29)

From Jensen’s inequality ([%) with n = 2 and (@) applied to inequality Z9) we
deduce that for every r > 0,

<p(07t)r> <9 (k{e—kgrt + (27‘t + 1)rd/2 <e—)\0(0,rt,w)rt>> ) (30)

Combining 8), 9) and B), with the well known fact that lim;_. Jlﬁ% =
—1 (see Donsker-Varadhan [DV(1979)] or Antal [An(1995)]), we deduce that for

every r > 0,

log(p(0,¢)")

. _
T e < oy
The lower bound,
lim inf — 080D oy (32)

t—o0 Cg(d, p) (rt)d/(d+2) -
can be proved following the standard approach to of Donsker-Varadhan [DV(1975)],
[DV(1979)] or Antal [An(1995)] (see also Smoluchowski [Sm(1918)]). In what follows
we recall such procedure in our context. First we note that for every real R > 0 we
have

00.67) > (Arty (oo 12 < R) ).

where Ap is the indicator function of the event that the ball B(0, R) does not contain
any site which is an obstacle. Now, an estimation of the random walk probability
from below using an eigenvalue expansion and retaining only the term with principal
Dirichlet eigenvalue, and an optimization with respect to R enable us to deduce (B2]).
Inequalities ([BI) and (B2) together imply the statement (ZII). O
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Proof of part (ii) of lemmald. . By inequalities ([d) and (20) note that, |p(0,t) —
(p(0,))|" < 2" (p(0,t)" + (p(0,t))"). This and part (i) of lemma B then imply the
following upper bound for r > 0,

NPT g =

On the other hand,

|
? )

> = () 2 - (0) — )Y

From here we conclude that whenever r > 1 it is true that,

o 1og([p(0,8) — (p(0,1))[")

it Y S CEE
On the other hand note that if @ > 0 and b > 0, then whenever 0 < r < 1, it is true
that |a — b|" > |a" — b"|. Thus, if 0 < r < 1 we have that, [p — (p)|” > (p)" — p".
This clearly implies that the lower bound B3] is also valid for 0 <r < 1. If r =1,
note from the inequalities |p — (p)|**¢ < |p — (p)| < |p — (p)|* 7€ valid for € > 0 that,

—(1+€)(@+2) < liminf,_ o 1°g§|2’zg?;))t;/<fd(2’$)>‘> < —(1—¢). Letting € — 0 we conclude

that the lower bound (B3 is also valid for r = 1. O

o= ) > (p— () Lpsagy) > <pr -

> 1. (33)

Proof of part (iii) of lemmal3. . The case z = y is trivial. So let us assume that = #
y. Denote by E, the expectation of the continuous time simple random walk Z. of to-
tal jump rate one starting from site z € Z% and of law P,. Define the Wiener sausage
W,(t) at time t as the sites visited between time 0 and t for the random walk Z.
starting from x so that W(t) := {z € Z¢: 2 = Z;  for some time s € [0,t]}. Now
note that (p(z,t)) = E, (e7""W=Ol) and (p(z,t)p(y,t)) = Eu, (e VIV 01,
where E, , := F, ® E, denotes expectation with respect to independent random
walks with laws P, and P, and v := |log(1 — p)|. Hence,

(p(x, 1), p(y, 1)) = Eyy (e—vuwx(mwy(t)\) (ewwz(t)rwwy(m - 1)) ' (34)

Part (ii) follows immediately. O

Proofs of part (iv) of lemma[d and part (iv) of lemmaf) . Note that due to the
fact that the truncated survival probabilities p,(z,t) and ps(y,t) are independent
for ||z — y|| > 2at, we have that,

VCW’;; <Z ﬁa(x7t)> = Z <ﬁa(x7t)7ﬁa(y7t)>

xzeU z,yeUs

- Z <I3a($at)vﬁa(y7t)>'

z,y€Us:||z—y||<2at
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Now, the right-most member of the above equalities is bounded above by
Ut 3 4:(yl1<2a¢ (Pa(0, 1), Pa(y, t)) which in turn gives the upper-bound

Var, (Z mx,t)) < U] Y (5al0,8), 5uly, ). (35)
zeU; yeza
On the other hand, in a similar way we can show that,

Varu <Z ﬁa(xyt)) > ’Ua,t’ Z (ﬁa(ovt)aﬁa(yat»’ (36)

zeUs yeZd

But, since |Uy| ~ |Ugy|, inequalities ([BH) and (B6) prove the statement of display
E3) of lemmaEl To prove (Z8]) of lemma HEl note that

D (5a(0,1), Ba(w, 1)) > Var, (5a(0,1)) (37)
z€Zd
However, it is true that }° (pa(0,t),Pa(@,1)) = >_..|j2/1<20¢(Pa(0, 1), Pa(z,t)). This
combined with the inequality (5,(0,t),pq(,t)) < Var, (5(0,t)) for x € Z%, shows
that,

> {Ba(0,1), Bal, ) < (3at)Var, (pa(0,1)) . (38)
z€Zd
Inequalities ([B7) and (BY) together with the asymptotic behavior (24)) of part (i7) of
the corollary with r = 2, imply (20]) of lemmafl We continue now with the proof of
part (iv) of lemma[Bl Let a > 0 be such that |U;| ~ |U,.|. Note that from equation

B4) we have,
(ﬁa(l',t),ﬁa(y,t» S <p(x,t),p(y,t)>, (39)

for every z,y € Z% and t > 0. This, and a calculation similar to the one which leads
to inequality (BAl), enables us to conclude that,

Vare | 32 pale.t) | < Var, [ 32 plat) | <00 3 (0(0.0). p(y, 1),

z€|Uy| z€|Uy| A
Hence, to complete the proof of statements ([22)) and (23) it is enough to show that,
D (0,1),p(y; 1) ~ > (Fa(0,8), Baly, 1), (40)
ycZd ycZd

applying part (iv) of lemma ll Now,

w0, 1) = > pO06),py, )+ Y (p(0,1),p(y,t)).  (41)

A y:llyl|<2at y:||yl[>2at

Via lemma [Il the last term can be shown to be bounded by
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Z 2k <H§—H,d> e_kz(%vdﬁ’
t

y:lyl|>2at

which is exponentially small in . A second application of the same result lets us

conclude that, 37, 111 <00 (P(0, ), P(y, 1)) ~ > ca(Pa(0,), Pa(y, t)). These remarks,
together with the monotonicity ([BY) and equality II) prove (E0). O

4. THE QUENCHED AND INTERMEDIATE ASYMPTOTICS.

In this section we will prove parts (i) and (i) of theorem [l We will indirectly
make use of the method of enlargement of obstacle through some standard estimates
on the almost sure asymptotic behavior of principal Dirichlet eigenvalues and on the
geometry of the obstacle set G(w).

4.1. Quenched asymptotics. Let us begin proving part (7). First we show that if
p < 1—p. then p-a.s.,

2/d
Mlog pL(t)(O,t,w) > —1.

lim inf
t—oo c1
Now, this is a simple consequence of the inequality pL(t)(O, t,w) > m p(0,t,w),
where we used that L(t) < ¢, and the fact that p-a.s. on the event
C(w) that the origin belongs to an infinite trap free cluster it is true that

liminf; %log p(0,t,w) > —1 (see Antal in [An(1995)] or theorem 4.5.1
in page 196 of Sznitman [Sz(1998)] for a Brownian motion version of this result).

Let us now prove that u-a.s.,

(log t)*/4

lim sup log pL(t)(O,t,w) < -—1. (42)

t—o0
Now note that for every x € Ar it is true that, Ao(z,t,w) > Ao(0, L(t) + t,w) >
A0(0, 2t,w), where in the last inequality we have used the fact that L(t) < ¢. Hence,
for every x € Ap(;) we have that e M@ twlt < e=2002Lw)t g6 that by inequality ()
of lemma [l with ¢ = 1, we see that,

pL(t)(O, t, w) < k‘l(l, d)e—kz(l,d)t + (Zt + 1)d/2e—)\0(072t,w)t‘ (43)

Finally, standard enlargement of obstacle asymptotic estimates for \g(0, 2¢,w) (see
Antal [An(1994)]) tell us that p-a.s. it is true that limy . (logt)¥?X(0,2t, w) =
c1(d, p). This fact, combined with the upper bound E3), implies ([E2]).
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4.2. Intermediate asymptotics. We now proceed to prove part (i') of theorem [}
We first show that,

log L(t))?/4
lim inf MpL(t)(O,t,w) > 1. (44)
—00 Cc1
1/d
Let us recall that Ry := <widy> . The principal ingredient in the proof of the limit

E2)) will be the following statement which is a random walk version of the Brownian
motion context lemma 4.5.2 of [Sz(1998)]. If L(t) > t, p-a.s. eventually in ¢, the
following event occurs,

U {B (e RlogL®)"") 0 (G(w)" =0} (45)

Z‘EAL/(t)

where R := Ry — e(t) with €(t) = 1/(log L(t))"/¢ for d > 2 while e(t) :=
%(loglogL(t))/log L(t) if d = 1, and L/(t) := L(t) — Ro(log L(t))"/¢. In other
words, p-a.s. eventually in ¢, there exists a Euclidean ball of radius R(log L(t))"/¢
contained in Ay,;) which has no obstacles. To prove this, first note that the box Ay
contains at least [(2L + 1)/(2Ro(log L)'/#)]* disjoint boxes of side 2Ry (log L(t))'/<.
Now, the probability of the event ([H) is smaller than the probability that some of

these boxes contains a Euclidean ball of radius R(log L(t))'/® which has no obstacles.
(2L+1)%

_@Lil)
This quantity is smaller than, (1 — exp {—deRd log L}) (2Ro)?log L~ which in turn

is bounded by e-exp {—e"’“’de logL(;}iL)% } Using the inequality (Ro—e(t))4 >

R — dR4™1¢(t), we can bound this quantity by exp {—%(log L)_lec(ﬁ)}, where
cle) := dvwgRI e 4= when d > 2, while c(e) := %log log L when d = 1. For L
large enough this is smaller than L=, An application of the Borel-Cantelli lemma
proves our claim (#X). On the other hand, by inequality (') of part (i7) of lemma

with U = Ap ), we have that

1 — w
pL(t)(07t7 w) 2 me )\O(O7L7 )t' (46)

Now, by (H), the monotonicity of the principal Dirichlet eigenvalue with respect
to the partial order of inclusion of sets, and translation invariance, it is true
that Ao(0, L,w) < Xo(B(0, R(log L)*/%)). Hence, from inequality [@H) we con-
_ 1/d
clude that p“®(0,t,w) > me A(B(0,R(log L) /)t

limy, 00 AM(B(0, R(log L)"/%))(log L)*¢ = ¢4/ R2, where we recall that £4 denotes the
principal Dirichlet eigenvalue of the continuous Laplacian operator on the ball of unit

radius (see [An(1995)] ), and using that W > log L (which is a consequence

of the hypothesis log L < t%(4+2)) we conclude the lower bound (E4).
Let us now show that u-a.s.,

2/d

t—o0 lt

Now, using the fact that

log p“®(0,t,w) < —1. (47)
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The proof of @) is very similar to the proof of the upper bound [E2) of part (7).
This time note that from inequality ([I8) of lemma P with a = 1 we deduce that

P00, w) < ki (1,d)e 2Dt 4 (2 4 1)4/2e 20O+ L)t (48)
As in part (i) the first term is negligible. On the other hand, since for L(t) > t,
we have that p-a.s. Ao(Ar4e(w)) ~ Ao(Ar(w)), the desired upper bound (HT)
follows.

5. THE CRITICAL, ANNEALED AND (GAUSSIAN ASYMPTOTICS

In this section we will prove parts (i) and (iii) of theorem [, concerning the law
of large numbers and central limit theorem, and theorem Bl The proofs are based
on a Dirichlet-Neumann type partition analysis. This enables us to arrive up to
logarithmically sharp lower bounds for the growth of L(t) the law of large numbers
and the central limit theorem in theorem [l are valid, and to determine the exact
rate of growth of the quantities p* and p* — (p) in the corresponding complementary
regions. Our method is based on making a partition of the box Ay, in a collection of
smaller boxes indexed by a set Z, {A; : i € Z}. In some computations, this collection
will in turn be subdivided in 2¢ disjoint collections which essentially decouple the
dependence of the random variables appearing in the sums over Ay,. In others, it will
be necessary to define a strip set whose contribution will be negligible, and such that
the set of partition boxes intersected with the complement of the strip set becomes
an independent set. This section is divided in six subsections. First we define the
decomposition of the box Ay in the described partition boxes and strip set. In the
second subsection we collect several technical results that will be used repeatedly.
In the third subsection we prove the law of large numbers stated in display (II) of
part (ii) of theorem [ up to scales L(t) > exp {v%td/(d“)} with v > v;. In the
fourth subsection we prove the central limit theorem stated in equation (@) of part
(7i1) of the same theorem, up to scales L(t) > exp {y%td/(d”)} with v > 72. In the
fifth subsection we prove part (i) of theorem [ obtaining as a corollary (@) of part
(77) of theorem [I] stating that the value v; is the smallest possible ~ for the validity
of the law of large numbers (). Similarly in the last subsection we prove part (i7)
of theorem [ obtaining as a corollary (@) stating that the value 79 is the smallest
possible v for the validity of the central limit theorem (Hl).

5.1. Partition analysis. Let L be some natural number and consider the corre-
sponding box A = {x € Z% : |z| < L}. Here we will define two related but different
kinds of partitions of Ay. The first one shows that Aj, can be decomposed in disjoint
partition boxes {A} : i € T}, indexed by some set Z, so that Az, = [J; A]. The second
one defines a partition of Az, in a strip set and main boxes {A{ : i € Z}. In the first
case, the index set Z will be partitioned in disjoint subsets {Zx : K € K}, where
the cardinality of K is 24, in such a way that for each K € K any pair of elements
of the collection of partition boxes {A} : i € Zg} is at a large Euclidean distance.
This property will enable us to approximately decouple sums of the form ) AP
or 3 .cx, (p—(p)) in a finite and constant number of sums of independent random
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variables. In the second partition case, it turns out that the survival probabilities
corresponding to sites in the strip set have a total sum which is negligible, while
the main boxes happen to be essentially independent. To proceed we will need to
introduce some notation defining the corresponding scales and subsets.

Our first parameter is a natural number L’ smaller than or equal to L. Throughout
the sequel L’ will be called the mesoscopic scale. By the division algorithm, we know
that there exist natural numbers ¢ and ¢ such that 2L +1 = gL'+ g, with 0 < ¢ < q.
Note that this last equation can be written in the form

q
2L+1=> Lj (49)
i=1

with L) = L' 4 65(i) and 63(i) = 1 for i < g and 65(i) = 0 for i > q.
For our purposes, the relevant fact is that L' < L < L'+ 1. In the se-
quel, for any given pair of real numbers a,b we will use the notation [a,b]; for
[a,b] N Z. We now will subdivide the box [—L, L]; in intervals according to equa-

tion ([@J). Thus, we define I} := [-L,—L+ L} —1], and for 1 < i < ¢ we let
- .

I = [—L+2321L;,—L+2321L;— 1]1. Note that I, = [L— L} +1,L], and

|I] = L. Next, we introduce a second parameter r which is a natural num-

ber smaller than or equal to L'’. We will call r the fine scale. Then, for each
I; we define an interval J; such that J; C I;, |J;| = L' — 2r and the endpoints
of J; are at a distance larger than r to the endpoints of I;. To do so, first let
r; == 1+ 04(i). Then define Jy := [-L+7r,—L+ L] —1—r], and for 1 <i < ¢ we
let Ji i= |~L+ S5y Ly —L+ X5 D=1 - riL

We now proceed to define the partition in Ay, in partition boxes and define the cor-
responding decomposition of the index set. First we define the set Z := {1,2,..., q}d,

which will correspond to the indexes parameterizing the sub-oxes. For a given ele-
ment i € Z, of the form i = (i1,...,iq) with 1 < i, < ¢, 1 <k < d, we define

Ai ::Iil XIZ‘Q X XIid-
We will call such a set a partition box. By definition the cardinality |A{| of a partition
box satisfies,

(L) < |Af < (L + 1) (50)
Note also that the partition boxes define a partition of Az so that Ap = [U;ez A}
where the union is disjoint.

Next we define a partition of the index set Z. Consider the collection C of subsets
of {1,2,...,d}. Note that |[K| = 2?. Now given K € K we define Z as the subset of
7 having coordinates which are even for k € K and odd for k£ ¢ K. In other words,
if we define [E as the set of even natural numbers and O as the set of odd natural
numbers then,

I :={i=(i1,...,ig) €Z:ix, cEif ke K, i, c0if k¢ K, 1 <k <d}
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Note that {Z : K € K} defines a partition of Z so that 7 = |Jxcx Zx is a disjoint
union. Hence the union Ugex Uiez, A{ is a disjoint union. We will refer to such a
decomposition as the parity partition at scale L' of Aj. Furthermore, given K € K
and any pair of boxes A} and A3 with 1,j € Zx and i # j we have that,

dist (A, A}) > L. (51)

Here for any pair of subsets A, B C Z¢ we define dist(A, B) := infzcayep |z —y|. In
other words (BIl) expresses the fact that the distance between any pair of partition
boxes with different subindexes in Zx is larger than or equal to L’. This completes
the description of the partition of Ay in partition boxes.

Next, we describe the partition of Ay, in the strip set and main boxes. Given an
ieZ welet,

Ag, = Jil XJig X"'XJid.

Such a box will be called a main box. Its cardinality is |[AY| = (L' — 2r)?. Now let,

Sp=Ap— A
ieZ
Such a set will be called the strip set. Note that S and {A] : i € I} define a
partition of A;. We will refer to such a partition as the strip-box partition at scale
L' of Ar,. We furthermore remark the following cardinality estimate for the strip set
which will be useful later,

EA R (s 14— (L' —2r)9)
2L+ 1)* ~ (L) ’
where we have used the fact that |Z] = ¢%.

(52)

5.2. Moment inequalities and decoupling. Several inequalities and technical
results obtained via the partition analysis will be used throughout repeatedly. Here
we will derive some of these facts and recall some standard ones.

First we recall the following well-known inequality due to von Bahr and Esseen
(see page 82, exercise 2.6.20, of Petrov [Pt(1996)]).

Lemma 5 (von Bahr-Esseen). Let Xi,..., X, be mean zero independent random
variables and Sy, :=>"" | X;. Then if E denotes the expectation with respect to the
joint law of X1,...,X,, and 1 < r < 2 it is true that

n
E|S,|" <2)  E|Xy|". (53)
k=1

The following lemma is a corollary of (B3)) and (I9).
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Lemma 6. Consider the field of truncated quenched survival probabilities
{pr(z,t,w) : © € Z% at scale 1. Let L(t),L'(t) : [0,00) — N be functions such
that t < L'(t) < L(t). Then, if 1 <r <2, it is true that,

T

< > B () > <202L' +2)7VEL+ D) - B (0,8)  (54)

TzEAL

Proof. We first perform the parity partition at scale L’ of the box Ay, so that A, =
Urex Uiez,. Ai- We will use the notation ¢, instead of p1(z,t, w) — (p1)(z,t). Then,

T

<Zcx>=<zzzcxr>. (55)

zEAL, KeKie€Ik zel]

Applying Jensen’s inequality ([d) to the right-hand side of equality (BH) we see

that, <‘ZK€I€ZieZK 2zen] Co > < 247D ZK6K<‘ZieIK 2 ven; Ca > Now,

since the probabilities p; are truncated, by inequality (BIl), and since t < L'(t) <
L(t), the random variables {}  .rcx : i € Ik} are independent for every

K € K. Therefore, by von Bahr-Esseen inequality (B3)), Jensen’s ([d) and
T
the volume estimate (BI) we have that, 24("—1) ZK€K<‘Zi€IK Y zen Ca > <

2270 —1) > Kek ZiGIK ’A;‘T_l D zel! (lea]") < 2(2L" + 2)d(r_1)(2L + 1)d<’60’T>- Com-
bining with (B3] this finishes the proof. O

We end this subsection with the following lemma which is an easy consequence of
lemma [M and the asymptotic decay of the annealed survival probabilities.

Lemma 7. Consider the field of quenched survival probabilities {p(z,t,w) : x € 79}
and of truncated quenched survival probabilities {py(x,t,w) : x € Z%} at scale 1. Let
L(t) : [0,00) — N be such that L > 1. Then the following statements are true.

(i) For everyt >0,

i B ZwEAL(t) p1 kl(l,d)e_k2(1’d)t ZmGAL(t) p1
WOy S @\ @)
(ii) For every function f(t) : [0,00) — (0,00) such that log f(t) > —tﬁ, we
have that,
‘erAL (P=(P)  Daen,(P1— <I51>)‘ <1 (57)

(2L +1)4£(t) (2L +1)%£(t)

Proof of part (i) lemma[] This is a direct consequence of the following inequality,
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o1 = ) | Zen, 1|

1 _
= @I %ZAL@‘“ RNCTES LI

pL ZSEEAL(t) n

() CL+1)%p)

and inequality (3 of lemma [l O

Proof of part (ii) lemma[] This follows again directly from inequality (I3]) of lemma
o O

5.3. The annealed asymptotics. We proceed to prove the law of large numbers
stated in display () of part (i) of theorem 1. In other words we will prove that
whenever L(t) > exp (’y%td/ (‘“’2)) for some v > ~1, where 73 = dLer then in pu-
probability it is true that,

pH0(0,t, w)

(p(0,t))

To do so we first remark that by inequality (B6]) of lemma [ and display (ZII) of
lemma B it is enough to show that in u-probability,

(58)

ZxEAL ﬁl(x7t7w)

~ 1. 5
(L + )75:(0.1) 9
We will show that there is an € > 0 such that,
ZZ‘EAL ijl e
— 1 1.
<‘ GL + )7(r) < (60

Remark that the right hand side of display (E0) can be rewritten as,

1+4e€
s e ([Seen -]
(2L + 1)%(p1) (2L 1) () e

At this point we make use of the parity partition decomposition for A; previously
defined to deal with the numerator of the right-hand side of display (§1l) via inequal-
ity (B4) of lemma [ with » = 1+¢e. We will chose a time dependent mesoscopic scale
L'(t) == exp {7242} where 0 < v/ < 7 — 1. Therefore, the right-hand side
of equality (&1]) is upper-bounded by

-1

(61)

220+ 2)% 2L + 1) (|1 — (7))

(2L + 1)d(1+e) <]§1>1+e
Now, by lemma H part (i), we know that for ¢ > 0 one has that,
(Pr)1re = exp {—(1+ €)cat? (@2 4 o(¢4/(+2)) 1 (this particular case is a classi-
cal result of Donsker-Varadhan [DV(1979)[). By part (ii) of the same corollary
we also have that, <|]51 - (]51>|1+E> = exp {—(1 + e)ﬁd?cztd/(d”) —|—o(td/(d+2))}.
Hence, using these facts we see that (62) is upper-bounded by the expression

(62)
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(2L+1)de
equality (L' 4 1)% /(2L + 1)% < exp {—E(’}/ - 7’)027511%2} we see that (62) is upper-
bounded by,

2L+ exp { [(1 +e)—(1+ 6)#2} C2t$ + o(td/(d+2))} . Then, from the in-

2%+ exp {— [e(’y -9 = ((1 +e)— (14 e)#‘gﬂ cztﬁ +o (td/(d+2)) } . (63)

. . — d/(d+2)
But since lim._,g (+e) (11'5) - sz
since v/ < v — 71, the exponent e(y —

= 1, it follows that for € small enough,

) - ((1 +e)—(1+ e)d;jr?> is positive
for v > 7. Thus, we can chose e small enough to upper-bound (E3) by
exp {—constltd/ (@+2) 4 o (tﬁg) }, where const; > 0 is a constant depending only
on d and ~. This proves the validity of (&0).

5.4. The Gaussian asymptotics. Here we will prove the central limit theorem
stated in display () of part (i7i) of theorem [l This time we will need to perform
a strip-box partition of the box Ay into the strip set S;, and the main boxes. We
will chose the mesoscopic scale L'(t) = exp {/ %td/ (d+2)} with 0 < 9/ < 7 and the
fine scale 7 = t?. Subsequently, 7/ will be chosen small enough. First note that by
part (iv) of lemma Bl and part (iv) of lemma Hl both applied to the collection of sets
Ur = Ay, and lemma [ it is enough to prove that,

ZxEAL (]51(33, t) - (]51(337 t)>)
\/V‘“"u > wen, D1(z,t)
converges in distribution to the normal law N'(0,1). On the other hand,

Dwen, (D1 —(P1)  Dpes, (P1 — (P1) N ez 2wy (P1 — <I31>). (65)

\/V‘Wu ZmeAL P1 \/VW‘;L ZmeAL D1 \/VW‘;L ZmeAL D1

We begin by showing that the strip component of the decomposition (BH) converges
to 0 in p-probability. To do so it is enough to prove that the variance of such term
converges to 0. But for ¢ large enough we have,

(64)

Var, (Y .cq D1
H ( €Sy > ~ 2L|SL|1 y S 2d(2t)d exp (—’Y/%td/(d+2)) (66)
V(l’f’u (ZxEAL ]51) ( + )

where we have used first, part (iv) of lemma B with U; = Sp) and Uy = Ap ), and
in the inequality we have used estimate (B2)).

We have thus reduced the proof to showing that the second term of the decomposi-
tion of the right-hand side of inequality (6H) converges in distribution to N (0,1). By

the choice of the fine scale r = t?, the random variables {erAf’ (pr—(p1)) : i€ I}
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are independent, so that considering again the estimate (Bd), it is enough to verify
the following version of the Lyapunov condition. There is an € > 0 such that,

Siez {[Seenir = o))

1z < L. (67)
(Ziez Vary, erA;/ p1>

Now, by Jensen’s inequality (IJ) with r = 2 + ¢, the fact that |[A{| < |A{|, inequal-
ity (B0), and the fact that <\ﬁ1 - <ﬁ1>]2+6> = exp {—(2 + e)#‘gcQtd;jr? +o0 <t$)}
(which follows from part (i7) of lemma Hl), we see that the numerator of the left-
hand side of (7)) is upper-bounded by exp {—(2 + e)ﬁcﬂd%? +o0 <tdi+2>} (L' +
1)40+€) (2L 4+ 1)%. Furthermore by part (iv) of lemma Bl applied for each i € T to the
collection of sets Uy = A{, the quantity exp {—2#12 (1+5) cﬂfi? + o<tﬁd2>} (2L +

1)d(1+§) divided by the denominator of the left-hand side of (7)) converges to 1.
Hence the left-hand side of (7)) is upper bounded by,

exp{((l +e€)y — e% + [2#2 (1 + %) — (24—6)#[2}) C2td;i2 +o (t#‘l?)}. (68)

d

_d_ _d_
20H2 (14 5 ) —(24€) I+2 _d_ 1 o
€

Now, considering that, lim._.q = 2dt25-=25 = %72, we see
ot

that for € and 4" small enough and v > <o, the exponent (1 + €)y' — e +
d d

[2T+2 (1 + %) - (24 e)m] of the bound (6])) is negative. This proves the Lyapunov

condition (G7).

5.5. The critical asymptotics. In this subsection we will prove part (i) of the-
orem @I Let us note that as a corollary of ([8) of part (i) of theorem B we ob-
tain ([B]) of part (i7) of theorem [l showing the absence of an annealed behavior,
for L(t) < exp {y%td/(d”)} with v < ~;. In fact, statement (8) implies (),
since (p) ~ exp{—cat¥ (42 1 o(t¥ (42} while exp{—cot¥ (2 1 o(¢t¥/(¢+2))} >
exp{ —a(7y)cot¥ (@42},

Let us proceed with the proof of (). Here we will not make use of the partition
analysis. Note that it is enough to show that for every 0 < d < 1 and 0 < v < v
one has that u-a.s.,

. ZIEAL(s) p(l‘,S)
lim  sup

n—00 peoent1 (2L(s) + 1)%exp {— (a(y) — 6) cs#/ (@2} — 0. (69)
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_a d+2
Let b = ( - (a — ’y)) " > (. Note also that b = (dif’y) 4 <1 whenever 0 < v <
~1. By Borel-Cantelli lemma, to prove (89) it suffices to prove that,

ZSEEAL(S) p(x7 S) ’ < b562n$
ner  2L(5) + Diexp [~ (a(7) - 0) cas? @01 o 2 f

(70)
Now, by the monotonicity of p(z, s) and by inequality (20) with » = b applied in the
summation of display ([{0) we conclude that,

b

< ZSUEAL p(z, ) > - (2L(n+1) + 1)d <p(0, n)b>
C©L

sup 4
n<s<n+l1 (ZL(S) + 1)de—(a('y)—6)025d+2

a4

(’I’L) + 1)dbe—b(a(’y)—6)cg(n+1)m

(71)
By part (i) of lemma B of section Bl with r = b, we know that (p(0,n)") <
exp{—@bﬁnd;i? +o0 (nﬁ)} Thus, the right-hand side of inequality ([ZIl) is
upper-bounded by,

d

exp {— {bdiﬁ —b(a(y) —0) —~(1 — b)} cond+2 4+ o0 (nﬁ)} . (72)

Here, we will analyze briefly the function f(z) := 2T — ge— (1 —z), appearing in
the exponent of the exponential of display ([[2J) with = b and ¢ = a(y) — 0. Note
that f(x) has no roots and is strictly negative for ¢ > a(v), while it has one root for
¢ = a(7y) and two roots for ¢ < a(vy). Therefore, if ¢ = a(y) —J we can find a value of
x for which f(z) is positive. For example x = b. Note also that f(b) = bd > 0 and

d

d
the expression of display ([2) is equal to exp {—bécgnm +o0 (nd_+2> } This proves

).

5.6. The annealed non-Gaussian asymptotics. Here we will prove the state-
ment of display (@) of part (i) of theorem Bl As a corollary we will obtain () of

part (iii) of theorem Bl To see this, let us observe that log \/Varu (pL(t)(O, t, w)) ~
— (271%2 + 1) 5t%/(@+2) " On the other hand, note that inf,~q (a(v)—3) = 9~ 7tz

2
and the infimum is attained at v = vy, = X Hence, a(y) > 27 @2 4 1. Thus,

d+2
\/Varu )(0,t w)) > exp {—a v) CQtd/(d+2 } First note that by lemma [ we
have,
L(t) _ 5 (5
D (p>i N Y wen, (P1— (P1)) _ (73)

e—(a(M=0e2tdt2 ([ 4 1)de—(a(y)=d)cat 2



QUENCHED TO ANNEALED TRANSITION 28

So it is enough to show that the right hand side of display (3] converges to 0

_a dt2
in probability. Let b = (%(a—’y)) o Note that 1 < b = (dif’y) < 2 for
¥ < v < 7vg. We will show that,

> zen, (b1 — (P1)) ’
< ((2L + D exp {—(a(y) — §)eatd/ (@2 }) > <1 (74)

To estimate the left-hand side of display ([(4]) we will make use of the parity par-

/ d
tition of Ar. We will chose the mesoscopic scale L' := exp {—%cztm}. Now,

b
by inequality (B4) of lemma B with » = b we see that (ZmGAL (p1 — (ﬁ1>)) <
2021 + 2)=D (2L + 1)¢ <\131 - <ﬁ1>\b>. On the other hand part (i) of lemma Hl

tells us that <]j51 — <ﬁ1>\b> = exp {—bﬁcﬂ#?} +o (t#‘g). We can thus bound
the left-hand side of display ([Zd]) by,

exp { = [b72 — ba(y) = 8) = (1 = b) =7 (b— D] 277 40 (t77) } . (75)

d
As in the previous subsection we obtain the function f(z) := zd+2 — zc — y(1 — z)
in the exponent of the exponential of display (78l) with x = b and ¢ = a(y) — . The
same analysis shows us that f(b) = b0 > 0 and that the expression of display ([3)
equals,

exp {—(bé —+'(b— 1))0275#{2 +o <tdi+2>} .

Choosing 7/ < 4§ it is clear that the above expression converges to 0.

6. THE ONE-DIMENSIONAL CONVERGENCE TO INFINITE DIVISIBLE LAWS

In this section we will establish theorem Bl describing the convergence in distri-

. . . ... .. pE(0,t,w) pL(0,t,w)—(pT(0,t)) .
bution to infinite divisible laws of the quantities WL O.D) and Varn L) B the

critical non-annealed and non-Gaussian asymptotics. The proof of this theorem will
be given in two steps: a reduction to a problem of sums of independent random
variables; and a straightforward application of classical results for the convergence
of sums of independent random variables to infinite divisible laws. The verification
of the conditions giving convergence will be similar to the results of [BBM(2003)],
where positive exponentials of random variables with Weibull-type tails where stud-
ied.

6.1. Reduction to sums of independent random variables. We first need
to introduce some minimal notation. Given an environment w € X, recall the
definition of the obstacle set G(w) = {y € Z : w(y) = 1}. We want to make
use of the natural order of Z to enumerate the elements of G(w). Let us define
yo = inf{y € G(w) : y > 0}, the site having an obstacle with non-negative but
smallest coordinate. Then recursively in m € N define y,, := inf{y € G(w) : y >
Ym-1} and y_p, = suply € G(w) : ¥y < Y_(u—1)}- Note that for every integer m
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one has that ¥, < yms1 and furthermore G(w) = (J;cz{ym}. Let us also define
for each m € Z the intervals I,,,(w) := [ym—1 + 0.5,y — 0.5];. We denote their
lengths l,, := |I;n] = Ym — Ym—1 — 1. Note that {l,,(w) : m € Z/{0}} is a set
of independent identically distributed random variables with a geometric law of
parameter 1 — p so that pu(l, = k) = p(1 — p)* for every m € Z and k > 0. On the
other hand [y is independent from the set {l,,,(w) : m € Z/{0}} but has a law given
by lo = I§ + 1y, where If := |IpN[0,00)| and I5 := |Ip N [—1, —oc)]| are independent
identically distributed random variables with a geometric law of parameter 1 — p
Also, at this point we recall the notation of section Bl so that for each m € Z,
() : 0 <n <y} and {¢pfm . 0 < n < 1,} represent the Dirichlet eigenvalues
and eigenfunctions respectively of the discrete Laplacian operator ([H) on I,,. Here
we have used the fact that there are [, different eigenvalues each one of geometric
multiplicity 1. Our objective here is to prove the following proposition.

Proposition 1. Let L(t) : [0,00) — N be such that L(t) > 1 and assume that
0 < p < 1. Consider the field of quenched survival probabilities {p(z,t,w) : © € Z}
in dimension d = 1. Then for every e > 0 p-a.s. eventually in t it is true that,

m M
k=—M

k=—m Z‘EAL(t)
where
o 2(lk + 1) 2
X} = 7 exp{ 4t U+ 1)2 (1+ Ol(lk)) (1+ O4(lk,t)) , (77)

2

with m := [(1 — e)L%}, M : [(1 + €)L& ] 1 = I is the principal Dirichlet

eigenvalue of the operator ——A on the ball of radius 1, o4(x,t) : [0,00)2 — R a

function such that |og(z,t)| < 1220 +500e (Hl)Q(HOZ( D and 01(x),09(x) : [0,00) —
. 2

R functions such that |o1(z)] < m and |oz(z)] < Tx)g

To prove proposition [ our first step will be the following lemma which tells us

that the averaged survival probability at scale L is essentially equal to the averaged
survival probability at the random scale y1_p)r-

Lemma 8. Let L(t) : [0,00) — N be such that L(t) > 1 and assume that 0 < p < 1.
Consider the field of quenched survival probabilities {p(x,t,w) : x € Z} in dimension
d=1. Then for every € > 0 p-a.s. eventually in t it is true that,

Ym Ym
S opatw) < > platw) < Y platw), (78)
T=Y_m TEAL (1) T=Y-M

where m = [(1 - e)L%} and M = [(1 + e)Lﬁ].
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Proof. Note that for every non-negative natural n, y, = la' + > (I, +1). Since
lar ,11,...1s a sequence of independent geometric random variables of parameter 1—p,
by the strong law of large numbers since L(t) > 1 we know that for every e > 0,
p-a.s. eventually in ¢ we have that, y,, < L(t) < yps. Similarly, p-a.s. eventually in
t, y—m < —L(t) < y_m. This proves (). O

Next, we recall some elementary estimates for the principal Dirichlet eigenvalue and
the L' norm of the principal Dirichlet eigenfunction on an interval in terms of the
length of the interval.

Lemma 9. Let I C Z be a bounded non-empty interval. Consider the Dirichlet

eigenvalues {\,(I) : n € U} and eigenfunctions {{] : n € U} of the discrete Lapla-
cian Ag on I, where U is a finite index set. Then,

444

M) = 7y A+ D).
W 12¢
M) =Xoll) = g5 L+ 00)
(iii)
1) = 2 1 o),

where | = |I|, { = %2 1s the principal Dirichlet eigenvalue of the differential operator
— %A on the ball of radius 1, and 01(x),02(z), 03(z) : [0,00) — [0,00) are functions

7.‘.2
such that [o1 ()] < T2 o2 ()] < ﬁg and |oz(x)| < —(lfw)‘

Proof. By translation invariance, without loss of generality we can assume that

I ={0,1,...,1 — 1}. Recall that \,(I) = 1 — cos <("lill)7r> for n € U with U =

eyl — and that x) = w=sm | —(xr + or x € I. Parts (1) an
{0,100 =1}, and that ¢(z) = \/i% sin (7 (2 +1)) for @ € L. Parts (i) and

+1 I+1
(i) follow directly from the fact that % (1 - %) <l—-cosx < %2 To deduce part
(4i1) note that since A19d(x) = Aol (x) when = € I (recall the definition (IH) of
- L0)+yd(-1
Ay), then (45, 11) = S g () = EGTE. Thus,

[ 9 sinlJrL1
(1)[)(571[): .
[+1 1—cosH_i1

We can now deduce (ii7) from the mentioned bounds for cosz and the inequalities,
x—%x?’gsinaﬁgm. O

As a consequence of the estimates of lemma [@l we deduce the following result, which
together with lemma ] finishes the proof of proposition [l
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Lemma 10. Consider the field of quenched survival probabilities {p(x,t,w) : x € Z}
in dimension d = 1. Then for every r € N, we have that,

i: p(z, t,w) = Z 200 + 16)11N+ (k) exp{ (L (1+ Ol(lk))} (1 + 04(lk, 1))

T=Y_r k=—r lk T 1)
(79)
where 1+ 18 the indicator function of the set of natural numbers larger than 0, {1 :=
272
%2, o4(x,t) : [0,00)2 = R, |og(z,t)| < 12_?(; 1 500e ‘Grozte2@) g 01( ),02(x) :

[0,00) — R are functions such that |o1(z)| < m and |og(x)| < Tx)g

Proof. Let k be such that —m < k < m. Note that if there is an = € I} (which
implies that [, = |Ix| > 1), we have the expansion

lp—1
pla,t,w) = > eI (plk 1, ) plk(a),
n=0

-1 —
Hence, erlk plx,t,bw)=> e tAn (k) (T[){Lk,]_[k) and,

lk 1
3 pla, t,w) = ol ((wék,lzk) +Ze‘“Wk) Yol ( T’f,lfk)Q)- (80)

€l

Now, the summation in the right-hand side of equality ([80) is bounded above by
et k)=o) (], — (zpék, 17,)?). Hence we conclude that,

e U0 A < 37 pla, t,w) < e Poy) <Ak et =do() (7, — Ak)) 7

el

where Ay := (1/15’“, 17,)?. Summing up over k and applying the estimates of lemma
we obtain (ZJ). O

6.2. Convergence to infinite divisible laws. We now wish to describe how to
finish the proof of theorem B via proposition [l By proposition [l it is clear that it
is enough to prove the following.

v ﬂtl/s]

Proposition 2. Let L(t) = e % , ¢ > 0 and r = [CL%]. Con-

sider a sequence {l, : k € N} of independent identically distributed geomet-
ric random wvariables of parameter 1 — p and joint law v. Let, Xp(t) :=

2(lk+1) ex p{ S 4f1) (1+01(lk))}(1+04(lk, t)), where 01,092,04 : [0,00) — R are

unctions such that |og(z,t)] < 22 4 500e (Hl)Q(HOz(I)), o1(x)] <
1+z

loa ()| < (1+ - Then the following statements are true.

2
™
BTz @nd
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(i) If v < y1 :=1/3, then

1 4t04
li Xi(t)=X .
tinolo Sl(fy)tl/?ﬁ eXp{ [ } Z K( p1,0,L

T

(i) If y1 <7y < 72 := 2'/3/3 then,

i 1151/3 eXP{ [ 1 } D (X)) = v(Xa () = Xpy,0,2-

2
t—00 51(7) 702751/3/1/] )=,
In both cases the convergence is in distribution, si(vy) = Zl%, 6 =
201” (1-p)* ,_ 2cp (1—p)k(1+2/a1)
2 Zk_—oo 1 p k/a1+(1 p) k/ay ? /82 L 2 Zk__oo (1 p)k/a1+(l—p)7k/a1 J) the
Levy spectral function L(x) := —12%(1 —p) [ logwal("/)] forx > 0 and L(z) =0
forx <0 and a1 := (%’y) 1ol

The proof of proposition B will be the content of the following subsections. We will
verify the conditions according to the classical results (see for example Theorem 3.3
of Petrov [Pt(1996)]). Let us recall them.

Theorem 4. Let n(t) : [0,00) — N and for each t let {Yi(t) : 1 < k < n(t)} be a
sequence of independent identically distributed random variables. Call P, the law of
Yi(t). Assume that for every e > 0 it is true that,

lim P(Yi(t) > €) = 0.

Now let L(z) : R/{0} — R be a Lévy spectral function, B € R and o > 0. Then, the
following statements are equivalent,
(i)
n(t)
lim Z Yk Xg’o’g,

t—o0

where the convergence is in distribution.

(ii) Define for T > 0 the truncated random variable at level T as Z.(t) :=
Y1(t) 1)y, 0)|<r- Also, let Ey(-) and Var(-) denote the expectation and vari-
ance corresponding to the law P;. Then if x is a continuity point of L,

tlg& n(t)P(Y1(t) < x) for x <0,
£lz) = { —tli)r})lon(t)Pt(Yl(t) > x) for x>0, (81)
o? = lim lim n(t)Var:(Z,(t)), (82)

7—0t—00
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and for any T > 0 which is a continuity point of L(x),

X .Z'3
B= Tim n(t)E(Z.(1) + /| T o) - / T acz). (83)

n—oo z|>T 14 22 >|z|>0 1+ 22

In the next subsections, we proceed to verify conditions (&T1l), (82) and (B3] of state-
ment (i7) of theorem Hl for the triangular array given by X (¢) in part (i) of propo-
sition B and by X () — v(Xg(t)) in part (i7) of the same proposition.

6.3. The Lévy spectral function in the critical case. Here we begin the proof
of part (i) of proposition [ by identifying the Lévy spectral function £(x) verifying
condition (BIl) of theorem Hl with

1 4ty
Yi(t) = —— _ " Ux,
0= eXp{ h@m/v]i} "

ve2 41/3

and n(t) := 2r(t) + 1 with r(t) := [cL(t)ﬁ], L(t) := S and e > 0.
Namely, we wish to prove that,

0 for x <0,

—tli)lglo n(thv(M(t) > z) = L(z) = ¢ 2cp

L—p

Since X;(t) > 0 it is obvious that £(x) = 0 for < 0. Thus, we concentrate in the

case z > 0. Let us first note that if [; < ¢2/9 then, V3 (t) < exp {—4€1t5/9 + 0(t‘5/9)}.
It follows that n(t)v (Yi(t) > z,l; < t2/9) = 0 for ¢ large enough. Hence,

(84)

(1 —p)_[%logxalm] for x> 0.

Tim n(t)v (Yi(t) > #) = lim n(t)v (Yl(t) >l > t2/9> . (85)

Let us also remark that v(l; > t2/%) = exp {—Vt2/5 + 0(t‘2/5)}. Thus, since n(t) =
2r(t) + 1 = exp {702751/3 +0(t_1/3)} we have that lim,_ ., n(t)v(ly > t¥/°) = 0.
Thus, from (BH) we see that,

Tim n(t)v (Yi(t) > #) = lim n(t)v (Yl(t) > 2,20 <1y < t2/5> . (86)
b,

Now note that if b; and by are positive real numbers, the function f(y) = byye v*
is increasing. Therefore, if yg is the solution of f(y) = x and n a natural number,

we have that f(n) > x if and only if n > [yo]. Note that yo = ’/m' This
implies that if by > x then either yg < 1 or if yg > 1 then yo < 1/10gl)1b7zlog:c' Hence

if by > x then yo < max{,/logblbiilogx, 1}. Thus,

b b
0g 01 + 5 log logbi—logz ogx 0g 01 + 3 log logbiyo—logx ogx

1—
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whenever b; > x and 1/10gb1b7310gm > 1. Now, the inequality Yj(t) > z, appearing

b

in display BH) can be expressed as f(l1 + 1) > = with f(y) = biye +*, by =

leiw exp { [WQ;’&/Z;/V]Q } (1 + 04(l1,t)) and by := 4tl1(1 + 01(l1)). Hence,

v <Y1(t) > 2,0 <1y < t2/5> S (11 P> [yl 20 <1 < t2/5) . (88)
But when t¥? < I} < t*/° we have that |o(l;)| < 12’;—5/9 and |og(ly,t)] <

32% + 500e~™t""°. Hence, logb; = <W - log(31€1t1/3/2)> + 0 (t_2/9),

by = 4tl1(1 + O(t~*/?)) and the lower bound of display (87) is of the order of

O(t'/3). Furthermore, for ¢ large enough we have b; > z and 1/1ogb1b7310gm > 1 so

that we can apply such an inequality. It follows from (8d) and (BS) that for ¢ large
enough,

v (Yl(t) > 2,829 < Iy < t2/5) — vl +1> [yo]) + o(1/n(t)), (89)
where we have used the fact that v(l; > t*/°) = o(1/n(t)). Now, =
v(ly +1>[yo]) = el We therefore need to get a good estimate on yp.

Furthermore, a short computation enables us to conclude that loglogblbiing =

2log(yeat™? /v) + O(t='/3logt), and hence the lower bound of display (7)) can be
estimated as,

\/ by B 401 (1 + O(t=49)
1 b - :
logb1+§logm—log$ W_’_log(%)_logx

Substituting this lower bound on the right-hand side of display (&), we get an upper
bound for yg of the same kind, so that the quantity v(l; + 1 > [yo]) equals,

exp{ —v (1 +0 (t_4/9>> ath
410 2vc
[762151/31/1,]27 + log <511121/> — logx
4tl
=exp{ —V m : e +o(1) (90)
Feati/s ] 18 (#3) ~ toga

Now, from the expansion (1+y)~ /2 =1— %y + o(y?) for small y, the choice of s1 so

2762 20p I/[ﬂtl/g] .
that 712 =1, the fact that n(t) = et~ - 4+ O(1) and the expression (@0)

combined with the equality (B3) for v (Yi(t) > , 29 <y < t2/%) we see that,
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nuv (Yl > x,t2/9 <h< t2/5>

eatl/3 /]2
v[1241/3]) | [241/3] (1+;W 1ogx) +o(1)

= 261 — pe +o(1)
C: 1/3 14 3
—v {;ngw—i—o(l)
= 2 1). 91
eI pe +o(1) (91)
[reat!/2 /u]* 3 : breat' /2 /)"
Now, note that %T < % (7%) = %al(y) and lim;_, o %T = %al(y).

Hence,

2 a
lim nv (Yl > x,t2/9 <l < t2/5> = i(1 —p)_[%log“’c 1(7)]7
t—00 1—p

Combining with (@) this proves (&4).

6.4. The Lévy spectral function in the annealed-non Gaussian case. Now
we compute the Lévy spectral function of the limiting law of part (ii) of proposition
Bl This time, we must verify the condition (8l) of theorem H] with

Yi(0) 1= g exp {[L} (X3 (1) (X (1))

Yeat!/3 v
ve2,1/3

L(t) := Rl ]7, n(t) == 2r(t) +1, r(t) := [cL(t)ﬁ}, and ¢ > 0. Now, it is easy
to check that,

Therefore, we have that,

g T ) = e () < - 4 0 (29))

But, (a(y) —v— (1 +7)) = §—§,712 — (1 +7) < 0, whenever v > ~; = 1/3. It follows
that for real x,

vh(t) > o) =v <81tll/3 exp { hc;fél/y]2 }Xl(t) >z +o (e‘t1/4)> .

It turns out that the term o (e_t1/4) is small enough to not affect the computation
of the Lévy spectral function. In fact, essentially a repetition of the calculations of

the previous subsection show that,
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0 for <0,
L(z) =— lim n(t)v (Yi(t) > z) = 2¢cp

t—o0 —

(1 —P)_[%logmalm] for = > 0.

6.5. The truncated moments. The purpose of this subsection is the verification
of conditions (B2) and (B3] of theorem H, showing respectively that there is no
spectral atom and identifying the constants #; and (2 of the Lévy representation of
the characteristic function of the limiting laws, in parts (i) and (i) of proposition
Pl Namely we will prove that,

lim lim n(t) <U (Y()2Y () <7) —v(Y(E),Y(t) < 7)2) =0,

T—40t—00

2 e (1-p)*
S T kzz_:oo (1 —p)k/ar + (1 — p)=k/ar
and that

2p s (1 _p)k(1+2/a1)
(1-p) 2 (1 —pk/a + (1 —p)=k/a”

k=—00

P =

Our first step is the following lemma.

Lemma 11. For every integer k > 1 it is true that,

Tim n()o (Y50).Y(0) < 7) zzc<(1fp)>2<1—p>kaf1[%log7al]l - 1 -
0

(92)
Proof. Note that,
Atl

A 2p o200 eXp{ Wm/,,]z} LN
n(tyo (¥ (t),Y(t)gT)Nl_pe ) S h0), (93)
7=0

where

fi(x) == (;l]f:gll)z (1+o01(z)) + ve — klog

2(x +1)
b
cacat?’3  o(mi1)

(s1tt/3(2L+1)) 4

04(m,t)) < 7. Let us now interchange the order in the summation of ({3)) so that

>0 e ftlh) = >0 e~ ft(m=3) and expand fi(m — j) around m,

—log (1 4 04(z, 1))

%g(uol(m»(l .

and m is the largest integer such that e
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folm = 3) = film) + (ot = v) 5+ 01 G 1),

where O (j,m,t) = 4kt <(m+21) > ((1— lj

=) mt1
log (1 - #H) — log (1 — o4(m — 7,t)). Thus, we see that the right-hand side of
[@3)) can be expressed as,

1 —7)4ktl
7+ 21—¢> + 01((;11]1”2 -+

eXp{ L} m
2¢cp V[%tl/SL [’ycztl/S/u ) :fjiell - g+01(]mt)
1 € 1/3 e N

-Pp (s1t1/3)F =0

But, by the definition of m, it is easy to see that,

Atl
2c ve2,1/3 ox { ['ycztl/?’/u]z } 2¢ 3 k—ai[1 o
1Y% el/[Tt ]7 — e—ft(m) — 7Y (1 _p) a1 [; log T 1:|‘
t—ool—p (31t1/3)k (1 _ p)S
Now, a straightforward computation shows that,
i N o (st —v)i+01 Gamt) _ 1
- 1
t—>ooj:0 1—(1—]))“1

O

Let us now compute ; via formula (83]). Note that since fOT xdL is well defined

L.

when v < 71, we can make the decomposition f\xKT ﬁ%dﬁ = Jq xdL— []
It follows that,

B = lim n(t )Et(ZT(t))_/oTxdﬁJr/ooo ﬁdﬁ'

t—o0

For n € Z let x, := (1 — p)™%. Note that {z, : n € Z} are the discontinuities of
L(z) and [Llogz2'] = n. We then have that,

/xdﬁ ka (Thq1) — L(xk))

2cp

_ Z p)fla ( (1—p)*1—(1— p)—'f) = lim n(t) By (Z: (1)),

where m = [% log T‘“] and we used lemma [Tl Hence,
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[e.e]

m:/o T f—mdﬁz Y T (Ewn) — L)

¢ k/al
- EE: 1_+ — p)2Ra <(1“P)_k_1-(1-P)_k)~

A similar computatlon enables us to compute [o.
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