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ABSTRACT. We describe a universal transition mechanism characterizing the pas-
sage to an annealed behavior and to a regime where the fluctuations about this
behavior are Gaussian, for the long time asymptotics of the empirical average
of the expected value of the number of random walks which branch and annihi-
late on Z<, with stationary random rates. The random walks are independent,
continuous time rate 2dk, simple, symmetric, with x > 0. A random walk at
& € Z° binary branches at rate vi(z), and annihilates at rate v—(z). The
random environment w has coordinates w(z) = (v—(z),v+(x)) which are ii.d.
We identify a natural way to describe the annealed-Gaussian transition mecha-
nism under mild conditions on the rates. Indeed, we introduce the exponents
Fy(t) := Hl((1+9)t);(1+a)Hl(t), and assume that % — oo for |§] > 0
small enough, where H;(t) := log(m(0,t)) and (m(0,t)) denotes the average of
the expected value of the number of particles m(0,¢,w) at time ¢t and an environ-
ment of rates w, given that initially there was only one particle at 0. Then the
empirical average of m(z,t,w) over a box of side L(t) has different behaviors: if

L(t) > ed"e® for some € > 0 and large enough ¢, a law of large numbers is satis-
fied; if L(t) > ed"e for some ¢ > 0 and large enough ¢, a CLT is satisfied. These
statements are violated if the reversed inequalities are satisfied for some negative
€. As corollaries, we obtain more explicit statements under regularity conditions
on the tails of the random rates, including examples in the four universality classes
defined in [HKM(2005)]: potentials which are unbounded of Weibull type, of dou-
ble exponential type, almost bounded, and bounded of Fréchet type. For them
we also derive sharper results in the non-annealed regime. Our results indicate
the presence of a mean field type phase transition mechanism, generalizing the
law of large numbers and the CLT proved in [BBM(2005)] and in [BMR(2005)].

1. INTRODUCTION

This paper is a continuation of Ben Arous, Molchanov and Ramirez [BMR(2005)],
where a transition mechanism between the quenched and annealed large time asymp-
totics for the survival probability of a random walk among random traps was stud-
ied, and of Ben Arous, Bogachev and Molchanov [BBM(2005)] where such transition
mechanism was first proposed in the context of sums of i. i. d. random exponentials.
Here we place ourselves in the context of the parabolic Anderson model, which can
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be associated to a system of continuous time branching and annihilating random
walks on the lattice Z% and where the branching and annihilation take place ac-
cording to a stationary random environment. An important quantity of this system
corresponding to the survival probability of a random walk among random traps,
which is well-studied in the mathematical physics literature is the expected value
m(x,t,w) of the total number of random walks at time ¢, given that initially there
was a single one at site z, and the random environment was w. Indeed, this quantity
satisfies the parabolic Anderson problem, which is a Cauchy problem for the discrete
Laplacian heat equation with random potential. To study the long time asymptotic
behavior of this quantity, one can either fix an almost sure realization of the environ-
ment w, which is called the quenched regime, or first take an average with respect
to the environment, the so called annealed regime. Usually these two approaches
give completely different behaviors ([GM(1990)], [GM(1998)], [S(1998)]). Following
[BMR(2005)], here we address the question of the relevance of these approaches,
obtaining results that indicate that in the context of the parabolic Anderson prob-
lem there is a universal transition mechanism describing a broad range of different
long time asymptotic behaviors depending on the spatial scale at which the system
is averaged, interpolating between the quenched and the annealed regimes. This
mechanism is analogous to the phase transition description of mean-field statisti-
cal mechanics magnetization models such as the Random Energy Model ([D(1981)],
[BKL(2002)]).

In this work we identify natural conditions which describe precisely the scales at
which there is a passage to an annealed behavior of an averaged first moment, and at
which the fluctuations about this behavior are Guassian. The results we obtain are
general, in the sense that they are valid for a large class of product distributions for
the random environment, under mild conditions on the branching and annihilation
rates. They include examples in the four universality classes recently introduced by
van den Hofstad, Konig and Morters [HKM(2005)] describing all the cases of the
random environment. For example, potentials which are unbounded of Weibull type,
of double exponential type, almost bounded and bounded of Fréchet type. Further-
more, our results include and generalize both theorems 2.1 and 2.2 of [BBM(2005)],
parts (it) and (4i%) of theorem 1 and part (¢) of theorem 2 of [BMR(2005)].

Let us describe briefly the results of [BMR(2005)]. In the sequel, given two
functions f,g : [0,00) = R, we will use the notation f ~ g for lim , f/g = 1
while f < g for lim; , f/g = 0. A random environment of obstacles denoted
w={w(r):z € 2% € {O,I}Zd was placed on the lattice, where w(z) = 1 rep-
resents the presence of an obstacle, while w(z) = 0 the absence. The law of such
an environment was given by a Bernoulli product probability measure p defined on
{0, 1}Zd, of parameter p € [0,1]. We called p(z,t,w) the probability that a con-
tinuous time symmetric simple random walk moving on the random environment
w (independent of the law of the random walk) does not hit a site having an ob-
stacle in the time interval [0,¢], starting from site z at time ¢ = 0. A well known
result of Antal [A(1994)] (see also his Ph.D. thesis [A(1995)]) states that a.s. on
the event that the origin belongs to an infinite non-percolating set of sites without
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obstacles, log p(0,t,w) ~ —cit/(log t)?/@ for an appropriate constant ¢;, depending
only on the dimension d and p (an analogous result for Brownian motion was proved
by Sznitman before [S(1998)]). This is the quenched large time asymptotics of the
survival probability. On the other hand, a previous classical result of Donsker and
Varadhan [DV(1975)] states that log(p(0,t)) ~ —ct%(4+2) for another constant ¢y
also depending only on d and p (an analogous for Brownian motion was proved by
them in [DV(1979)]). Here (p(0,t)) is the average of p(0,t, w) with respect to the
random environment. This result is the so called annealed behavior of the survival
probability. Now, if we define for each L > 0 a box Ay, of side (2L + 1) centered
at the origin, it was shown in [BMR(2005)], that the averaged survival probability
pr(0,t,w) :== ‘AI—L| > sea, P(z,t,w) has a large time asymptotic behavior which in-
terpolates between the quenched and the annealed one. Indeed, there are constants
0 < 71 < 72 such that if L(t) > e"’td/(d+2), with v > 71, a law of large numbers is
satisfied and the averaged survival probability decreases like the annealed one; if
L(t) > et ith v > 79, also a CLT is satisfied. Furthermore, if L(t) < t,
the averaged survival probability decreases like the quenched one; if ¢t < L(t) and
log L(t) < t%(4+2) an intermediate regime is satisfied.

A random walk on hard core random obstacles can be viewed as a random walk
subject to a negative random potential which can have the values 0 or —oo. It is
then natural to consider a random potential taking both negative and positive finite
values, which is the context of this paper: vy := {vy(z) : x € Z%} is an environment
representing the branching rate with v (z) € [0,00), while v_ := {v_(z) : z € Z%}
represents the annihilation rate, with v_(z) € [0, co] so that we admit the possibility
of hard core obstacles. Then w = (v_,v4) is the random environment corresponding
to the random obstacles. We assume that the random variables {w(z) : x € Z%},
with w(z) := (v_(z),v4(x)), have a law p so that they are i.i.d. Each random walk
moves independently of the others according to a continuous time simple symmetric
rate 2dx dynamics for some k > 0 (we admit the possibility that kK = 0). A random
walk at a site z € Z%, branches at rate v (z), disappearing and producing two new
independent offsprings, and annihilates at rate v_(z), disappearing: v_(z) = oo
means the annihilation is instantaneous. In the recent paper [HKM(2005)], it is
shown that under regularity assumptions on the tail of the law of the effective field
v(0) := v4(0) — v_(0), exactly four universality classes of environments can occur.
Their assumptions are formulated in terms of the cumulant generating function,

H(t) = log <ev<0>t> , t>0, 1)

of the law of the effective potential v(0). Their basic assumption is that this function
is defined and finite for every ¢ > 0. Then, under two regularity assumptions on
H they show that four universality classes can occur: (1) a first class where v is
unbounded and has “heavy tails” at infinity, and which includes Weibull-type tails;
(2) a second class of unbounded potentials with “lighter” tails which includes the
double exponential law; (3) a class containing bounded and unbounded potentials;
(4) a class of bounded potentials including those which have Fréchet-type tails near
their essential supremum, and the degenerate case of random walks on hard core



TRANSITION ASYMPTOTICS FOR RANDOM WALKS 4

random obstacles with p[v(0) = —oo] = p < 1. In this paper we generalize parts (77)
and (i7i) of theorem 1 of [BMR(2005)] describing the passage to an annealed and
Gaussian regime, to the previously described system of random walks on the random
environment w, under mild conditions which include cases in these four universality
classes.

Throughout this article the following will be assumed.

Assumption (E). The law of the effective potential is such that u[v(0) = —oo] < 1

and
< v (0) d>
—— ) ) <oco.
=)

Here (-), denotes the average with respect to the environment, v™(0) is the positive
part of v(0), while log, x is defined as logz if z > e and 1 otherwise. Assumption
(E) ensures the finiteness of the positive exponential moments of v(0) and that u-
a.s. the stochastic process of random walks on the random environment w can be
constructed on infinite volume ([GM(1990)]), as a limit of processes defined on finite
boxes corresponding to continuous time Markov branching processes, as defined in
Athreya and Ney in [AN(1972)]. Furthermore, if ((¢) denotes the total number of
random walks at time ¢ on a random environment w, given that initially there was
only a single one at site z, and E} the expectation defined by its law, condition
(E) ensures the existence of the first moment m(z,t,w) = E¥[((t)]. This is the
content of proposition 1 of this paper. This first moment will be the central object
of our study. We will see that assumption (E) ensures the finiteness for ¢ > 0 of
the annealed first moments (m(0,¢)) := [ m(0,t,w)du, with which we will state our
main assumptions. We will need to define the growth functions {H;(t) : t > 0} by

H, (£) = log(m(0, 1), (2)
Our main assumption will be formulated with the help of a family of functions

{Fy : 0 € R} which we call the intermittency exponents, defined for every 6 # 0 and
t >0 as,

Rt o FOH0)) - (1+0)H(t) )

Assumption (MI). For |8| > 0 small enough,

Fy(t) — Fy(t)
m —-F-——
t—oco 6 log(lﬁ‘,t + e)

As it will be shown in corollary 3, this assumption implies the occurrence of the
so called intermittent behavior of the random field w [GM(1990)]. It encompasses
examples falling in the four universality classes of [HKM(2005)].

We will show that it is possible to formulate an assumption directly in terms of
the cumulant generating function H, which is sufficient for (MI) to be satisfied,
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and includes the first class of [HKM(2005)]. For this we need to define the cumulant
exponents, parametrized by 6 #£ 0, for ¢t > 0 as,

Goft) o HLOLT ) - (1L+0)H(t) ”

By Jensen’s inequality it can be seen that Gy(t) > 0. We will see that condition
(MI) is satisfied whenever the following happens.

Assumption (SI). For |6| > 0 small enough,

Go(t) — Gy(2)
P O(kt + 1)

Condition (ST) includes the first universality class of [HKM(2005)] and can be viewed
as a strong intermittency requirement. It implies H(t)/t > 1. Hence, using the
bounds e (®)=2dkt < (1m(0,1)) < eH®) (see for example theorem 3.1 of Gértner and
Molchanov [GM(1990)]), we see that if (SI) is satisfied, we have the asymptotics

log(m(0,1)) ~ H(t), (5)
which is much faster than the a.s. one (see [GM(1998)]).

To construct the transition mechanism, we define for each L > 0, an averaged
first moment over a box Ay by mp(0,t,w) = ﬁZzeAL m(x,t,w). Our main
result, theorem 1, describes under which conditions does the averaged first moment
asymptotics behave like the annealed one, and when are the fluctuations about this
asymptotics Gaussian. The interest of these results are their generality. Namely,
their are valid only under the assumptions (E) and (MI). Part (i) of theorem
1, states that if for some ¢ > 0 we have L(t) > el eventually in ¢, the law
of large numbers % ~ 1 is satisfied in probability: hence we have the annealed
behavior logm?(0,t) ~ log (m(0,t)). On the other hand, if for some ¢ > 0 we have
L(t) < ea"~<(!) eventually in t, in probability 2 o ) < 1. Part (i7) says that if for

mP—(2L+1)%(m)
Var,mt
distribution to a centered normal law of unit variance N (0, 1), where Var, denotes

some € > 0 we have L(t) > eaFe(2) eventually in ¢, then converges in

the variance. Also, if for some ¢ > 0 we have L(t) < edl-<(2) eventually in ¢, in

probability W <& 1. This discussion is summarized in the table below.
M
Annealed behavior dlog L(t) > F(t) mbP/{(m) ~ 1
Non-Annealed behavior dlog L(t) < F_(t) mP/(m) < 1
Gaussian behavior dlog L(t) > F.(2t) W — N(0,1)
Non-Gaussian behavior dlog L(t) < F¢(2t) % <1
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Table 1: Large time asymptotic behavior of the averaged first moments

Under an additional regularity assumption on the intermittency exponents (assump-
tion (RI) of subsection 2.4) it will be shown in corollary 2 that there exist two con-
stants 1 and 79, called transition exponents and a function J(t) : [0,00) — [0, 00)
with J(t) > 1, called the growth ezponent, describing more explicitly the transi-
tion of theorem 1. Indeed, in this case, a law of large numbers is satisfied when
dlog L(t) > ~J(t) for some v > ~1; the CLT when dlog L(t) > ~J(t) for some
v > 2. Furthermore, if dlog L(t) < «J(¢) for some 7 < 71, the law of large numbers
is not satisfied, while if dlog L(t) < «J(t) for some y < 79, the CLT is not satis-
fied. Propositions 4, 5, 6 and 7 give the explicit value of 7;, v9 and J in the case
of unbounded potentials with Weibull type tails, unbounded potentials with double
exponential type tails, potentials in the third universality class of [HKM(2005)] and
bounded potentials with Fréchet type tails including the pure hard core case. Table
2 below summarizes those results.

POTENTIAL —log u[v(0) > z] J(t 021 V2
Weibull Pp>1 H(t) e 21y

Double exponential evlp t P 2p

Third class example v’ 5 fo r 1 2
Pure hard core —— cotd+2 d_?_—Q 2171y,

Table 2: Transition and growth exponents in the four universality classes. In the pure hard
core case ,u[’U(O) = —oo] = p and ¢ is a constant depending on p and d

Also, in theorem 2, we obtain sharper upper bounds for the order of magnitude
of the averaged first moments in the non-annealed regime for the examples treated
in propositions 4, 5, 6 and 7. This theorem, generalizes Case 3 of theorem 2 of
[BMR/(2005)].

The special case in which assumption (SI) is satisfied expressed as corollary 1.
This includes the case kK = 0, corresponding to sums of i.i.d. random exponentials
where condition (MI) reduces to,

lim Ga(t) — Go(t) = o0, (6)
t—o0 0
for |6 > 0 large enough, and H;(t) = H(t). Corollary 1 is a result complementary to
theorem of [BBM(2005)], generalizing theorems 2.1 and 2.2 of [BBM(2005)] where
Weibull and Fréchet type tails are assumed on v(0).

The proof of theorem 1 has as one of the main ingredients a coarse graining
technique necessary to reduce the asymptotics of the averaged first moments, to
a sum of independent random exponentials. This technique, was introduced in
[BMR/(2005)], but here it has the difficulty that the terms of the sum defining the

averaged probabilities are not uniformly bounded with respect to the time variable



TRANSITION ASYMPTOTICS FOR RANDOM WALKS 7

t or the scale L (whereas in [BMR(2005)], such a bound existed having the value 1).
This requires more careful estimates on these quantities, which are performed, via
the Feynman-Kac formula and spectral estimates. Once the reduction to a sum of
i. i. d. exponentials is achieved, an analysis based on von Bahr-Esseen inequality
finishes the proof (see also [BMR(2005)] and [BBM(2005)]).

Besides this introduction, this paper has four other sections. The main results
are stated in section 2. We first introduce in subsection 2.1 the main definitions.
In subsection 2.2 we formulate proposition 1, stating that a growth of the form
lim sup| 00 \;\TT% = 0 is enough to ensure well defined first moments for the
total number of particles. When this proposition is combined with proposition 2
of [GM(1990)], one concludes that under the condition (E), the reaction-diffusion
process on the lattice Z¢ is such that the total number of particles at any given
time has a finite first moment, for initial conditions with a finite total number of
particles. In particular, there is no explosion, and the process is well defined. We
then state theorem 1 in section 2.3. Corollary 1, under the assumption (SI) is
stated and proved next. The applications of theorem 1 are given in subsection
2.4. First, the regularity condition (RI), is introduced. This is applied to the case
of unbounded effective potentials with Weibull type tails, through proposition 4,
using the Kasahara exponential Tauberian theorem [BGT(1989)]. Next, corollary 2
is applied to the case of unbounded potentials with double exponentially decaying
type tails, through proposition 5. Then, we treat the case of potentials falling in
the third universality class (almost bounded) of [HKM(2005)] through proposition
6. We end subsection 2.4 considering the case of bounded potentials with tails near
their upper-bound which are of the Fréchet type (proposition 7). In subsection
2.5, we state theorem 2, which improves the upper bounds describing the order of
magnitude of the empirical average for the examples considered in subsection 2.4.
The proof of proposition 1, is the content of the third section. In section 4, the
truncated first moments are introduced. These are the first moments of a reaction-
diffusion process defined on a finite box, with Dirichlet boundary conditions. They
are then used to approximate some important quantities related to the averaged first
moments. Then, several important estimates for the moments and correlations of
the first moments are derived. The proof of theorems 1 and 2 are given in section
5. In subsection 5.1, the partition analysis method of [BMR(2005)] is recalled. This
and together with the estimates of section 4, and the von Bahr-Esseen inequality,
is subsequently applied to prove theorem 1. The paper finishes with subsection 5.7,
where theorem 2 is proved.

2. NOTATION AND RESULTS

Here we will state the results of this paper. After introducing most of the notation
and giving the main definitions in the first subsection, in subsection 2.2 we state
proposition 8, which ensures that a.s. there is no explosion for the reaction-diffusion
process under assumption (E). Then, the principal result of this paper, theorem 1,
is stated in subsection 2.3, together with corollary 1. In subsection 2.4, we state
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corollary 2, giving the form of theorem 1, under certain regularity assumptions.
Here we will consider applications of this results to several specific examples of
distributions of the effective potential. We end the presentation of our results with
subsection 2.5, where we state theorem 2.

2.1. Definition of the reaction-diffusion process. We begin defining a reaction-
diffusion model corresponding to a set of random walks on the lattice Z¢ branching
and annihilating at rates depending on the their position. Consider the set of natural
numbers N endowed with the discrete topology. Define the set 2 := NZ¢ representing
the configuration of particles on the lattice. In this paper we will be interested
only on the subset of configurations 2y C €2 characterized by the property that
{z : n(z) > 0} has finite cardinality whenever n € Q. Let vy := {vy (z) : z € Z%}
and v_ := {v_(z) : z € Z%}, where vy(z) € [0,00) and v_(z) € [0,00]. Here
v4(z) and v_(z) represent the rate at which particles branch and annihilate at site
x, respectively. Note that we admit the value oo for the annihilation rate: this
represents a hard core obstacle, where particles are instantly annihilated. Call an
ordered pair w := (v_,vy) € W, with coordinates w(z) = (v_(z),v4(z)), a field
configuration, where W := ([0,00) x [0,00])%“. We will denote the set of hard core
obstacle sites by G(w) := {z € Z¢: v_(z) = co}. Given r € [0,00) and = € Z? we
will call A(z,r) :={y € Z: |z —y| < r} the ball of radius r centered at = under the
norm |z| := sup;«;<4 ||, where z; are the coordinates of z. We will furthermore use
the notation A, in place of A(0,r). In this subsection we will construct a stochastic
process as the limit as L — oo of processes defined on the boxes Ar. Throughout
the sequel, given a subset U C Z¢, we will denote by U¢ the complement of U and
0U := {z € U° : infycy |z — y| = 1}, where | - | denotes the Euclidean distance.
So, for each finite subset U C Z, we want to consider a process with state space
QF :={neQ:n(x) =0,z € G(w)} defined formally by the infinitesimal generator,

Lyf(n) = ) > wn () (f(n™Y) = f(n))

TeUNG(w)° yeG(w)e:||lz—y||=1

+ ¥ 3 rn(x)(f(n™7) = f(n))

zeUNG(w)¢ yeG(w):||z—y||=1

Y @@yt - fm)

zeUNg(w)e

+ Y v (@@ (fm"T) = fm), (7)

zeG(w)e

acting on an appropriate dense subset Dy of the space of real bounded functions
B(Qf), defined on Qf, endowed with the uniform norm. In the above expression,
Kk > 0, n®Y is the configuration where a particle from site £ has jumped to site y so
that n™¥(2) = n(2) if z # 2,9, n™¥(z) = n(z) - 1, and n™¥(y) = n(y) +1; n>7 is the
configuration where there is an extra particle at site z and ™~ the configuration
where one particle at site x has disappeared. It is a well known fact that it is
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possible to construct a strong Markov process, denoted by nV := {nY(t) : t > 0},
corresponding to an infinitesimal generator of the form (7), and taking values on the
Skorokhod space S := D([0,00); Q2f). In fact, such a process falls in the category
called |U|-dimensional continuous time Markov branching process by Athreya and
Ney (see chapter V, sections 7.1-7.2 of Athreya-Ney [AN(1972)]). Furthermore, it
can be shown that a.s. the expected value of each coordinate of such a process
{nY(t) : t > 0}, is finite, ensuring that there cannot be infinitely many particles
produced in a finite time (see section 7.1 of [AN(1972)]). Let us now call P(QY)
the set of probability measures defined on f endowed with the Borel o-algebra
associated to the subspace topology of 2§’ as a subset of Q with the product topology.
Then, for each field configuration w € W and probability measure v € P(£2y’) denote
by P2 the law of the process {n"(t) : t > 0} defined on S endowed with its Borel
o-field B(S). We will call this process the reaction-diffusion process on U with field
w and initial condition v. In the particular case in which U = A, we will use
the obvious notations L, and P,”". Furthermore, we will call the process on A,,
the reaction-diffusion process at scale n. Now, note that using the natural coupling
[Lg(1985)] and Kolmogorov’s extension theorem, it is possible to define for each field
configuration w € W and initial condition v € P(§2y') a probability measure Q)Y on
the product space SN, endowed with its Borel o-algebra induced by the product
topology, in such a way that if ™ € S denotes the n-th coordinate of an element
n € SN, n"(t) € QY its value at time ¢ > 0 and 7"(¢,z) € N the value at time ¢ of
the z-coordinate of n"(t), then,

(i) for every A € B(S) and n > 1,

Q" € A] = P[A].
In particular, for every B € B(£y) we have that, QY[n"(0) € B] = v[B].
(ii) for every n > 1,

QU () > 0" ()] = 1.
(iii) for each n > 1 define the first exit time from the box A, as
T, := inf{t > 0 : sup n"(z,t) > 0}.
zEAS
Then, for every n > 1,

QY™ (t) = 0"+ (8), Tn > 1] = Q[T > ).
Let us now remark that due to property (ii), for every ¢t > 0 and z € Z? the limit,

— i n
Nt z) := lim 7" (t, ),

exists, possibly taking the value co. Define n(t) := {n(t,z) : * € Z%}. We denote
the stochastic process {n(t) : t > 0}, taking values on the space N2, where N is the
Alexandrov compactification of the natural numbers, and distributed according to
the measure QV, the reaction-diffusion process with field w and initial law v. We
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will denote by E}’ the corresponding expectation. In addition, for each ¢ > 0, we
define the total number of particles at time t by

Ct) =Y n(t,).
z€Z4
Also, whenever it is true that,

QY [n(x,t) < o0, VzeZl, tZ()] =1,

we will say that with probability one there is no explosion. In the sequel we define
for each z € Z? the probability measure &, on (¥, B) which assigns probability 1 to
configurations with one particle at site z and none elsewhere. We will be interested
in initial configurations where v = §;. In such a case we will use the notation
P} instead of Py’ and Ep for the corresponding expectation. In the case where
z € G(w), we adopt the convention that P}’ is the probability measure which has a
unique atom at the configuration n =0 (n ( ) = 0 for every z € Z%).

Let us denote by P(W) the set of probability measures defined on the space W =
([0,00) x [0,00])%* endowed with its natural o-algebra. In the sequel we will take
fields v4 and v_ which are random, assigning a probability measure p € P(W) in
such a way that the field configuration {w(z) : = € Z%} has independent coordinates
with respect to p. Furthermore, we will use the notation (-) to denote expectation
with respect to this law and Var,(-) variance. Now, let us define the quenched first
moment on Z? of the total number of particles at time ¢ starting from site = as,
m(z,t,w) := E¥ [((t)], and the annealed first moment on Zd of the total number of
particles at time ¢ starting from site z as, (m(z,t)) :== [ m(z,t,w)dy. Furthermore,
we call the sets {m(z,t,w) : z € Z%} and {(m(z, )) 1T E Zd}, the fields of quenched
first moments and the field of annealed first moments, respectively. Depending
on the context, we might write m or m(z,t) in place of m(z,t, w), dropping the
dependence on the field configuration w, and (m) instead of (m(z,t)).

The quantity which will give us a transition mechanism between of the quenched
first moments is the averaged first moment at scale L and time ¢ defined for a
reaction-diffusion process starting from site z as,

1
m¥(z,t, w) ::m Z m(y,t,w).

y€A(z,L)

2.2. Results giving conditions for no explosion. Here we will give a criteria
on the field configuration w, stated as proposition 1, which ensures that there is no
explosion in the reaction-diffusion process with field w.

Proposition 1. Consider the reaction diffusion process with field w and initial law
v. Assume that,

lim sup _vel@) =0. (8)
|z| =00 |:E| log |:E|
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Then for every t > 0 we have that

E[C(t)] < oo.
Hence, there is no explosion.

We state below with the name of proposition 2, a result of Gartner-Molchanov
[GM(1990)] (lemma 2.5) giving a sufficient condition on the law 4 in order that the
first moment of the total number of particles ((¢) at time ¢, exists u-a.s., and hence
that there is no explosion. Given a field configuration w = (vy4,v_), we now need
to introduce the effective field {v(z) : € Z%, defined by v(z) := vy (z) — v_(z).
Furthermore, set log, z = logz if z > e and log, = 1 otherwise, while define the
positive part z7 := max(0, z).

Proposition 2. Consider the reaction diffusion process with field w and initial
law v. Assume that the field configuration w is distributed according to a product
probability measure p € P(W). Suppose that condition (E) is satisfied. Then p-a.s.
it is true that,

lim sup L(x) =

|z| =00 |$| log |$|
and therefore, p-a.s. there is no explosion for the reaction-diffusion process with
field w and arbitrary initial law in P(Qp).

bl

Note that the last statement of proposition 2, follows from proposition 1.

2.3. The Gaussian-Annealed transition results. Here we will state the main
result of this paper, which shows how under different growth of scales, the averaged
first moment has an asymptotic behavior where a law of large numbers is satisfied,
and a central limit theorem can describe the fluctuations around this law of large
numbers. We will assume condition the existence of the annealed first moments (67).
We will also need to consider the growth functions {H1(t) = log(m(0,t)) : ¢ > 0}
already defined in display (2) of the introduction and the intermittency exponents
{Fy : 0 € R}, defined in display (3). Let us now state the main result of this paper.

Theorem 1. For each z € 7.4 consider a reaction-diffusion process with initial law

0z and field w = (vy,v_) distributed according to a product measure p € P(W).

Consider the intermittency exponents {Fp : @ € R} defined in display (3) and the

growth functions {H1(t) : t > 0} defined in display (2). Assume that conditions (E)
and (MI) are satisfied. Then the following statements are true,

(i) Law of large numbers. Assume that there is an € > 0 such that eventually
int, L(t) > exp {JF(t)}. Then in p-probability we have

(m(0,1))
as t = oo. Furthermore, assume that there is an € > 0 such that eventually
int, L(t) < exp {3F_c(t)}. Then in p-probability we have
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mL(0,t,w)
o0« (10)
(m(0,1))
as t — oo.
(ii) Central limit theorem. Assume that there is an € > 0 such that eventually

int, L(t) > exp { 3Fc(2t)}. Then,

L

fmvee Var,(m(0,1))
where N(0,1) is a centered normalized normal law and the convergence is in
the sense of distributions. Furthermore, assume that there is an € > 0 such
that eventually in t, L(t) < exp {éF_e(Qt)}. Then in p-probability we have
that,

m¥(0,t,w) — (m(0,t))
Var,(m(0,t))

<1 (12)

To provide a better insight on the meaning of theorem 1, we will see the form that it
takes under the stronger assumption (SI), which includes the first universality class
of [HKM(2005)]. This will be formulated as a corollary, which in the case kK = 0
generalizes theorem 2.1 and 2.2 of [BBM(2005)] to include distributions p of the
field, which not necessarily have regularly varying log-tails.

Corollary 1. For each x € Z¢ consider a reaction-diffusion process with initial law
0z and field w = (vy,v_) distributed according to a product measure p € P(W).
Consider the cumulant intermittency exponents {Gy : 0 € R} defined in display (4)
and the cumulant generating function {H(t) : t > 0} defined in display (1). Assume
that conditions (E) and (SI) are satisfied. Then the following statements are true,

(i) Law of large numbers. Assume that there is an € > 0 such that eventually
int, L(t) > exp {%Ge(t)}. Then in p-probability we have

m¥(0,t,w)
(m(0,1)) ’
as t — oo. In particular, log"};w ~ 1. Furthermore, assume that there

is an € > 0 such that eventually in t, L(t) < exp {3G_(t)}. Then in p-
probability we have

mL(0,t, w)

(m(0,1))
as t — oc.

(ii) Central limit theorem. Assume that there is an € > 0 such that eventually
int, L(t) > exp {3Gc(2t)}. Then,

<1,

lim mP(0,t,w) — (m(0,1)) _ N0, 1),
t—o00 Var,(m(0,t))
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where N(0,1) is a centered normalized normal law and the convergence is in
the sense of distributions. Furthermore, assume that there is an € > 0 such
that eventually in t, L(t) < exp {3G_(2t)}. Then in p-probability we have
that,

m¥(0,t,w) — (m(0,1))
Var,(m(0,1))

The proof of corollary 1 in the case k = 0 follows from the observation that Gy(t) =
Fy(t) in this case. The case x > 0 is a direct consequence of the fact that eH (1) —2dxt <
(m(0,t)) < e stated in theorem 3.1 of [GM(1990)], and the observation that
Gy(t) > 0 for 8 > 0 and Gy(t) < 0 for 6 < 0, which follows from Jensen’s inequality.
Now, the following proposition, which will be proved in section 4, shows that the
condition,

<1

: " _
tlgglo tH"(t) = oo, (13)

is sufficient for assumption (SI) to be true. This condition implies a kind of domi-
nation of the branching over the annihilation.

Proposition 3. Consider the cumulant exponents {Gy : 6 € R}. Assume that
condition (18) is satisfied. Then, condition (SI) is satisfied. Furthermore: (i) for
every 0 # 0, there is a tg > 0, such that the function Gy(t) is monotone in t, for
t > to; (ii) there is a t1 > 0, such that the function Gy(t) is monotone in 0 for
t> 1.

Condition (13) implies that the branching dominates the annihilation, in the sense
that H(t)/t — oo as t — oo, which implies that the essential supremum of the
random variable v(0) is infinite (see [GM(1990)]).

2.4. Regularity assumptions on the intermittency exponents. . For the
purpose of applications, it will be important to identify cases where the assumptions
in theorem 1 can be formulated in a more explicit way. As it will be shown, the
following assumption on the intermittency exponents, turns out to fall in one of
these situations.

Assumption (RI). The intermittency exponents {Fy(t) : 0 # R} satisfy the mild
intermittency condition (MI). In addition, there exist two increasing functions
fi,fa : R\{0} — R and a function J(t) : [0,00) — [0,00), such that for 8 # 0
small enough,

(1) Fo(t) ~ f1(0)J(t), and Fp(2t) ~ f2(6)J(2).

(19) There ezxists two constants 1 and 72, such that limg_,o f1(0) = 1 and
limg,q f2(0) = 72.

Throughout the sequel, the constants y; and o will be called transition exponents
and the function J growth exponent. It will be shown that there exist several impor-
tant cases of random fields which fall in this category. Furthermore, the following
corollary of theorem 1 shows the convenience of assumption (RI).
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Corollary 2. For each x € Z% consider a reaction-diffusion process with initial law
0z and field w = (vy,v_) distributed according to a product measure p € P(W).
Suppose that assumptions (E) and (RI) are satisfied with transition exponents vy,
and vo and growth function J. Then the following statements are true,

(i) Law of large numbers. Assume that there is a v > 1 such that eventually
in t, log L(t) > é’yJ(t). Then in p-probability we have

m?(0,t,w)

(m(0,1))
as t — oo. Furthermore, assume that there is a 0 < v < 71 such that
eventually in t, log L(t) < 3yJ(t). Then in p-probability we have

~1,

as t — oo.
(ii) Central limit theorem. Assume that there is a v > 7o such that eventually
in t, log L(t) > ény(t). Then,

lim mL(O,t,UJ) - <m(01t)>

=00 Var,(m(0,t))
where N(0,1) is a centered normalized normal law and the convergence is in
the sense of distributions. Furthermore, assume that there is a 0 < v < ¥o
such that eventually in t, log L(t) < %’yJ(t). Then in p-probability we have
that,

= N(0,1),

m(0,t,w) — (m(0,1))

Var,(m(0,t)) <l

In the next subsection we will apply corollary 2 to four situations each one falling
in one of the universality classes described be van den Hofstad, Konig and Morters
in [HKM(2005)]. These classes encompass all possible situations under three con-
ditions. The first condition ensures the existence of the positive moments defining
the cumulant generating functions (1). For example, assumption (E). The second
and third condition avoids different qualitative behaviors of the potential at different
scales. Le us formulate next the second condition of [HKM(2005)].

Assumption (H). The function H(t)/t is in the de Haan class.

A function f is said to be in the de Haan class if for some regularly varying function
g:(0,00) = R, we have that (f(At) — f(¢))/g(t) converges to a limit different from
0 ast — oo, for A > 0. Let us recall that a function h is regularly varying at infinity
with index p, if for any a > 0 we have lim;_, h(az)/h(z) = a?. This property
will be stated as h € R,. Whenever (H) is satisfied, then H(t) is regularly varying
with index v > 0. Furthermore, in proposition 1.1 of [HKM(2005)], it is proven
that under assumption (H) there exist a function H : (0, 00) — R and a continuous
function £(t) : (0,00) — (0, 00) such that,
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H(ty) —yH(t)  »

2 I [ 0 14

Jim 0 (y) #0, (14)

for y € (0,1) U (1,00). It is also shown that k(¢
can now recall the third assumption of [HKM(
)

is regularly varying of index y. We

) i
2005)].

Assumption (K). The limit k* = lim;_, (T ezists in [0, 00].

Under assumptions (E), (H) and (K), the four universality classes defined in
[HKM(2005)] are:

(1) y>1,ory=1 and k* = 0.

(2) v =1 and k* € (0, 00).

(3) y=1and k* = 0.

(4) y<1.

In what follows we exhibit examples in each one of these classes satisfying assump-
tion (RI) so that corollary 2 can be applied, and the transition exponents can be
explicitly written. In the sequel, following [HKM(2005)], we will call the third class
the class of almost bounded potentials.

2.4.1. Unbounded potentials with Weibull type tails. Our first application of corollary
1 will be to an example falling in the first universality class of [HKM(2005)]. We
will assume that the essential supremum of v(0) is oo, and the tails at oo of v(0)
follow a Weibull-type law, u[v(0) > z] = exp{—h(z)} for z > 0, with h € R,
for some 1 < p < co. In the terminology of [BBM(2005)] in the context of i.i.d.
random exponentials (k = 0 in our situation), this is called Case B. The following
proposition shows that assumption (RI) is satisfied in this situation, and hence
corollary 2, which generalizes theorems 2.1 and 2.2 of [BBM(2005)] in case B form
k=0tokrx >0.

Proposition 4. Suppose that the essential supremum of the effective potential v(0)
is 0o with Weibull-type tails p[v(0) > =] = exp{—h(z)} for x > 0, and h € R, for
some 1 < p < oco. Then assumption (RI) is satisfied with transition exponents

1 o1

and growth exponent,

Let us now prove proposition 4. Note that under the conditions on the tail of the
law of v(0), the cumulant generating function H(t) of v(0) is well defined, smooth,
non-decreasing and tends to infinity as ¢ — oco. Furthermore, by the Kasahara
exponential Tauberian theorem (see Bingham, Goldie and Teugels [BGT(1989)],
Theorem 4.12.7), we know that H € Ry, where the index p’ is defined by the
equation,
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PP
From this observation it is easy to check that assumption (SI) of corollary 1 is
satisfied, and that for every € # 0, the cumulant growth exponents G¢(t) and G.(2t)
satisfy

Ge(t) ([1+e” —(1+e)

~

H(t) €

and

GAm)N%A1+qd_41+q
H(t) €
(1+€)” —(1+¢)

Now note that is increasing in € and converges to y; = p% as € — 0,

1

(1+e)? —(1+¢)

.. / .. . . _P_
and similarly 2° is increasing in € and converges to o = 2,1y as

e — 0.

2.4.2. Unbounded potentials with double exponential type tails. Here we consider the
second universality class so that H is regularly varying with index v = 1 and
k* € (0,00). As shown in [HKM(2005)] in proposition 1.1, this is equivalent to
the existence of a constant p € (0, 00) such that

i 2wt —yH()
t—o0 t
for all y € (0,1) U (1,00) (this and 0 < p < oo is called assumption (H) in
[GM(1998)]). Furthermore, under assumption (15) it is true that,

lim@—

= pylogy, (15)

t—00
As pointed out in page 22 of [GM(1990)], this second universality class includes
the case of unbounded potentials which are double exponentially distributed with
parameter p, 0 < p < o0,

ulo(0) > 2] = exp { "7}
for x € R. We then have the following interesting proposition.

Proposition 5. Suppose that assumption (15) is satisfied for some p € (0,00).
Then assumption (RI) is satisfied with transition exponents

M =p, Y2 = 2p,
and growth exponent,

J(t) =t.
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To prove proposition 5, we quote theorem 1.2 of [GM(1998)], which shows that under
assumption (15) we have that,

@umw>:@m{ﬂu)—zmw(g)t+dw},

for & > 0, where x(z) := 3 inf,epz)[S(p) + pI(p)] for z > 0, P(Z) is the space of
probability measure on Z, S : P(Z) — [0,00) is the Donsker-Varadhan functional

defined by S(p) = 3,es (\/p(:(; 1) - \/p(w))Q, while I : P(Z) — [0,00) is the

entropy functional defined by I(p) := — > ., p(z)logp(x). On the other hand,
from the previous discussion we can conclude that, for every e # 0,
F.(t log(1
e(t) ~ p(1+6) og( +6)’
t €
and
F(2t log(1
2 2p(1 4919,

From these limiting behaviors, we see that assumption (MI) is satisfied. Further-

more, form the fact that (1+¢) w is increasing for € small enough and converges
to 1 as € — 0, we obtain the transition exponents at p and 2p of proposition 5.

2.4.3. Almost bounded potentials. We now focus on the third universality class,
where v = 1 and k* = 0. As shown in theorem 1.4 of [HKM(2005)], in this case it
is true that,

H (ta; ")

oy d
where a; : [0,00) — [0,00) is the so called scaling function, which is implicitly
defined for all ¢ > 0 sufficiently large by the equation,

log(m(0, 1)) ~ (16)

—d
k(tajd) = iz (17)
tOét (&
As shown in proposition 1.2 of [HKM(2005)], this function is unique up to asymptotic
equivalence. Furthermore, for the third universality class, it is a slowly varying
function (regularly varying of index 0).

Proposition 6. Suppose that H is regularly varying of index 1 and that (14) is sat-
isfied for k(t) such that k(t) < t. Then assumption (RI) is satisfied with transition
exponents

"= p Y2 = 2p,
and growth exponent,

) = L. (18)

(67
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The proof of proposition 6 follows now applying the definition of a; through (17),
the asymptotics (16) and (14).

A specific example of a distribution falling in the third universality class is given
by the squared double exponential law. In other words, an effective potential v(0)
which is unbounded, with law,

w[v(0) > z] = exp {—6“2} )

for z > 0. As it can be deduced from the discussion of example 1.4.3 of [HKM(2005)],
in this case the scale function is given by a; ~ 2'/2(logt)'/* and k(t) ~ #@.

Furthermore, p = 1 and the growth exponent can be chosen as J(t) ~ t/(2(logt)/?)
(see table 2 of the introduction).

2.4.4. Bounded potentials with Fréchet type tails. We now continue with an example
falling in the universality class (4) of [HKM(2005)]. We will consider the case in
which the essential supremum of v(0) is 0 and the tails are of Fréchet-type: u[v(0) >
—z] = exp{—h(z~'} for z > 0, with h € R, for some 0 < p < co. Using the
terminology of [BBM(2005)] in the context of i.i.d. random exponentials, this is Case
A. To state appropriately this result, we will need to recall the work of Biskup and
Konig [BK(2001)], who studied the asymptotics of the annealed and quenched first
moments in the case of product environments p such that the cumulant generating
function H(t) is in the so called vy-class for some v € [0,1). We say that H is in
the y-class if the essential supremum of v(0) is 0 and if there is a non-decreasing
function o, € (0,00) and a function H : [0,00) = (—00,0], H # 0, such that

af+2 t ~
li H(—y)=H(t 1
Jim = (agy) (1), (19)
for y > 0, uniformly on compact sets in (0,00). We will denote the function a; the
scale function. It is not difficult to show, using the de Bruijn exponential Tauberian
theorem [BGT(1989)], that if v(0) is in case A for some p > 0, then H is in the
p'-class for p’ = ,;+L1’ or % - % = 1. We can now sate the following proposition.
Proposition 7. Suppose that the essential supremum of the effective potential v(0)
is 0 with Fréchet-type tails p[v(0) > —z] = exp{—h(z~")} for z > 0, and h € R,
for some 0 < p < oco. Then assumption (RI) is satisfied with transition ezxponents

1 2
_ _ 21—’71
m (d—|—2+2p) ’ 2 T

and growth exponent,

i
J(t) = X_27
Qy

for some constant x € (0,00).
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As a consequence of proposition 7 we can now apply corollary 2, generalizing case
A of theorems 2.1 and 2.2 of [BBM(2005)] from x = 0 to x > 0. In contrast to
proposition 4, where there is no change in the value of the transition exponents v,
and v from k = 0 to k > 0, here there is.

Let us now prove proposition 7. In proposition 2.1 of [BK(2001)], it is shown that
whenever p is in the p’-class, then the scaling function «; € R,, for,

1 o
=
d+2—dp
Furthermore, theorem 1.2 of [BK(2001)] states that when y is in the p’-class, there
exists a x € (0,00) such that,

gt
log(m(0,t)°) ~ —x—-,
g,

for every 8 € (0,00). Then condition (MI) of theorem 1 is satisfied, and for every
€ # 0, the growth exponents F¢(t) and F¢(2t) satisfy

F(t) (1+¢9—(1+9

t/a? €
and
F(2) e (l+0—(1+ €)=’
t/a? € '

(1+e-(1+9' -

As in the proof of proposition 4, we can show that that is increasing in

2 2 (1—|—e)—(1—|—6)1_"2
€

¢ and converges to y; = v? as € — 0, and similarly 2! is increasing

. _ 1,2
in € and converges to 72 = 27" y; as € — 0.

2.5. The critical regime. For the examples discussed in the four previous sections,
it is possible to obtain the following improvement of theorem 1.

Theorem 2. For each x € Z¢ consider a reaction-diffusion process with initial law
0z and field w = (vy,v_) distributed according to a product measure p € P(W).
Then the following statements are satisfied.

(i) Weibull-type. Assume that ;1 has Weibull-type tails so that u[v(0) > z] =
exp{—h(z)} forz >0, h € R, for 1 < p < co. Then if dlog L(t) < vH(t)

eventually in t, and 0 < v < v = p%l, we have that for every 6 > 0 in
p-probability,
mL(Oat)
Saw OAE <
where
P
aw (v) = ——[(p—)Y"? — v
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(ii) Double exponential-type. Assume that p satisfies assumption (15) for
some constant p € (0,00). Then if, dlog L(t) < ~t eventually in t, and
v < 1 = p, we have that for every § > 0 in p-probability,

mL(O,t)
<1,
H((a +0)t
o { Pl
where
ap(y) == er 0.

(iii) Almost bounded potentials. Assume that u is such that H is regularly
varying of index 1 and that (14) is satisfied for k(t) such that k(t) < t.
Consider the growth exponent J(t) as defined in display (18). Then if,
dlog L(t) < ~J(t) eventually in t, and v < v1 = 1, we have that for ev-
ery 0 > 0 in p-probability,

mL(Oat)
<1
H((aa(y)+0)t) ’
exp { 1lea0)200 |
where
aa(y) =yer 07,

(iv) Fréchet-type. Assume that p is such that essupv(0) = 0 and is of Fréchet-
type so that p[v(0) > —z] = exp {—h(z™!)} for z >0, and h € R, for some
p € (0,00). Then if dlog L(t) < v J(t) eventually in t, and v < v1 = %, we
have that for every § > 0 in p-probability,

mL(Oat)
ar—oim < b
where

=0 (1) 4

Let us remark that part (iv) of theorem 2 includes as a particular case, Case 3 of part
() of theorem 2 of [BMR(2005)]. We believe that the four functions aw,ap,as,ar
are sharp, in the sense that the quantities of the four parts of theorem 2 diverge if
the sign of § is changed. Also, these four functions have as maximum value 1, which
is reached at ;.

In the special case in which p is a double exponential law so that log u[v(0) >

z] = —e® in part (i) of theorem 2, the function exp{%} takes the

form exp {tlog (M) }, showing how the transition mechanism takes place

at a logarithmic order in the exponent in contrast to the polynomial one of parts
(1) and (4v). The whole picture suggested by theorem 2 seems to indicate the
presence of a phase transition type behavior, as it is found in some mean field
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statistical mechanics models like the Random Energy Model [D(1981)], [BKL(2002)].
Indeed, when combined with part (i) of theorem 1, we conclude that log m (0, t, w) ~
a(vy)J(t), where a(y) equals aw,ap,aa or ap depending on the potential for v < 71,
while a(y) = 1 for vy > 1. Thus, there is non-analyticity at v = 1 of a quantity
playing the role of a “free energy”.

3. THE CONDITIONS FOR NO EXPLOSION

In this section we will prove proposition 1. Since the initial conditions v € P(V)
are concentrated on configurations with a finite number of particles, and by trans-
lation invariance of the dynamics of the reaction-diffusion process on Z¢, note that
it is enough to consider the case where v = 4.

3.1. Preliminary lemmas. Let us consider the reaction-diffusion process at scale
n with field w satisfying condition (8), and with the initial condition dy. Define the
quantities,

() =Y M),
T€EA,
representing the total number of particles produced at time £ and,

() =Y (n"(t,2) — (0, 2)),

TEAS
representing the total number of particles which have touched Af in the time interval
[0,%]. From this definition, we can conclude that for m > n > 1 it is true that,

¢ ()
CM(E) =)+ D Gt — ), (20)
k=1

where for 1 < k < ("(t), z, € §A, is the set of exit sites from A, of the random
walks which have touched the set AS in the time interval [0,], 0 < 7 < ¢ the exit
times of each one of these random walks and {(3; (s) : s > 0} is a set of independent
processes such that (7 (s) = dg, for s < 0 while {(]?(s) : s > 0} has the law Pr,".
Let us now define for each n € N the maximum value of the field v, on the box A,
by vy, := maxgen,, v+ ().

Lemma 1. Consider the reaction-diffusion process at scale n with field w and initial
condition 6y. Then,

(i) For everyt >0 andn > 1,

Ey [¢"(t)] < exp{vnt} .
(i1) For every t >0 and n > 2t_d7

EY [(™(t)] < 4dexp {('un —2k)t—mnlog (ﬁ)} .
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(iii) For every t >0 and m >n > 1,
EY [(™1)] < By [KM0)] + By [C()] By [¢*"F™(1)] -

The following elementary lemma will be used to prove lemma 1. We will need to
define,

I(y) :=sup{\y — (coshA — 1)} = ysinh ™y — /1 + 92 +1, (21)
AER

Note that I : [0,00) — [0,00) is one to one and that I(z) > 0 for z > 0.

Lemma 2. Let {X; : t > 0} be a simple symmetric continuous time random walk
on Z of total jump rate 2k > 0 starting from 0. For a non-negative real x define
T = Inf{t > 0 : |Xy| > z} as the first exit time of this random walk from the
interval Ay. Then, if P is its law, we have

x x
Plr, < #] <dexp {-26tl ()} <aexp{-2nt —zlog (=) }. (22
[1z < t] <4exp Kl (5 ) p < 4exp wt —zlog (5 (22)
The proof of lemma, 2 is a simple large deviation estimate and will be omitted. So

let us proceed with the proof of lemma 1.

Proof of lemma 1. Part (i). Let us remark that for every bounded non-decreasing
function f: N — R which is eventually constant we have,

Lnf(¢") < vnl™(F(C" +1) = £(C)).
For a natural N > 1 fixed, choose f(m) = m A N. Using the fact that ("(0) = 1,
we then conclude that,

t
W AN —1— v, / ¢™(5)010.n—11(C"(5))ds, (23)

where for A C R, 84 is the indicator function of the set A, is a super-martingale.
Hence, since the integrand of the integral in (23) is a positive function, by Fubini’s
theorem,

t

Ey [¢"(t)0p,n- (¢ (1)] < 1+'Un/ By [¢™(5)0p0,n-11(¢"(5))] ds.

0
Therefore, by Gronwall’s lemma,

Ef)u [g”(t)B[O,N_l](C"(t)} < exp {’Unt}-
Taking the limit when N — 0o and using the monotone convergence theorem we
conclude the proof of part (i) of the lemma.

Part (ii). Let us note the following identity,

Ey [C"(®)] = By [¢" ()] Plra <], (24)
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where 7, is the first exit time of a simple symmetric continuous time random walk
of total jump rate 2dk, starting from the origin 0, from the box A, and P is its law.
Now, from the second inequality of display (22) of lemma 2 applied to each of the d
coordinates of such a random walk, we conclude that,

Plrn, <] < 4dexp {—%t —nlog (ﬁ” ’

substituting the corresponding expression back in (24) and using part (i) of the
proposition we conclude the proof of the lemma.

Part (iii). From (20) we have that,

()
EYIC™(0)] = BYICM0] + By | Y EY(G (¢ — )¢ (0)]
k=1
But, E () (t — %) |C™(t)] < E¥[¢?"™(¢)], which concludes the proof. O

3.2. Proof of proposition 1. We will now prove proposition 1 with the help of
lemma 1. Let § = % and choose N so that v, < % (n log (23@) —4nlog 4) whenever
n > N. By part (i) of the lemma we have that,

E¥[C™(t)] < exp {5 (n log (ﬁ) —4nlog 4) } ,

while by part (i¢) we have,

EY[C™(t)] < 4dexp {— (1—-6)nlog (ﬁ) — 4%n 1og4} ,

whenever n > N. Choosing m = 2n > N in part (i74) of the same lemma, it follows
that,
ER[C*" ()] < An + BaEZ[C*"(2)],

where A, := ¢™°8(z) and B, := 4de~(1-9nlos(aiz) —40nlogs  Repenting the
bound for 2n and m = 4n and substituting back we get,

EY[¢™(t)] < Ap + BnAoyn + By Ban EX[¢P"(1)).

Now, by induction on m, we get that,

) )
BYC(O) < Y ek + e,
k=0 n2m
Ban An2k+1
A

. Now,
n2k

where ¢g := Ay, and for k > 0, cx41 1= ¢k

k
B, ok A ok+1 —(1—26)n2* log(;‘it)

< 2de
n2k

Hence, by d’Alambert test and the fact that 1 — 26 > 0 we know that the series

Y reo Ck is convergent. On the other hand we have,
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By [¢n2™ (1))
M Ay
which tends to 0 since 26 < 1 —24 and ¢,, < 1 for m large enough. Taking the limit
when m — oo, then when n — 0o and using the monotone convergence theorem in
inequality (25), we deduce that

om 1 2m—1
eJanlog(gem)—(l—%)nT” log("zem )’

S Crmn—1

BYC] <D e < 0.
k=0

4. MOMENT AND CORRELATION ESTIMATES

Here we will obtain some important bounds for the large time asymptotic behavior
of the field of quenched first moments {m(z,t,w) : z € Z?, the annealed first
moment field {(m(z,t)) : x € Z¢}, and their correlations. In the first subsection, we
will prove proposition 3.

4.1. Proof of proposition 3. Our first lemma states a useful super-additivity and
convexity property of the cumulant generating function of the random variable v(0).

Lemma 3. Consider the cumulant generating function H(t) : [0,00) — R of the
random variable v(0), defined in display (1). Then, the following statements are
true.

(i) H is super-additive. In other words, if t1,...,t, are non-negative reals then,

H(ti+---+tn) > H(t1) +--- + H(tn).
(ii) Assume that limy_, o tH"(t) = oc. Then, for every a > 1,
—aH(t
lim 20 =l _ (26)

t—o0 t
Proof. Part (i). Let t1,t2 > 0. From Holder’s inequality, we have that ¢(t1)¢(t2) <

¢(t1 + t2). Hence, H(t1 + t2) > H(t1) + H(t2). By induction on n we conclude the
proof.

Part (ii). From the assumption, note that we can write H"(t) = @, where

limy_, o0 f(t) = 0o. Integrating the function H” from ¢ to at, it follows that,

H'(at) — H'(t) > ;Izlft'f(s) -log a. (27)

Integrating again we obtain for u > ¢ that,

H(at) — aH(t) > (t — u)infs>, f(s) - aloga + c(u),
where c(u) = H(au) — aH(u). Dividing by ¢, taking the limit when ¢ — oo and
then the limit when u — oo, we obtain (26).
O
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Let us now prove parts (i) and (i7) of proposition 3. Note that,

0G _ (1+60)H'((1+0)t) — (1+0)H'(t)
ot 6
Then, inequality (27) implies part (i) of the lemma. On the other hand we have

that,

0G  OtH'((1+0)t) — H((1+0)t) + H(t)

09 62 ’
By the mean value theorem there exists a 6 such that 0 < 6 < ¢ and H((1 +
0)t) — H(t) = 0tH'((1 + 6)t) and hence OtH'((1 + 6)t) — H((1 + 6)t) + H(t) =
0t [H'((1 + 0)t) — H'((1 + 0)t)], which by inequality (27) is positive if ¢ > ¢1, where
t, is independent of @ and #. This proves that G4(t) is monotone in 6 for ¢ > ;.

We now show that condition (13) ensures (SI). We will without loss of generality
assume that x > 0. Let us define real valued functions f, g by f(z) := H(6t+ xt) —
H(xzt) and g(z) := 2z for real z. By the generalized mean value theorem applied in

. . 140)— f(1 (146
the interval [1,1 + 6], there exists a 6; € (0,80), such that ’;gliag_g((l)) = ﬁf&iai))- In

_ H((1+20))—2H ((1+0)t)+H(t)
= 20

other words, the expression Gog(t) — Gy(t) , equals,

% (H'((1+ 0 +61)t) — H'(1 +6,)1)) = %tzﬂ"((1 10, + 62)0),

where in the last equality we have applied the mean value theorem and 6, € (0, 0).
It therefore follows that there is a function 6 : [0, 00) — (0, 26) such that,

Gop(t) — Go(t) _ 61

- 5}1”((1 +0(t))t).

Our hypothesis lim;_,, tH"(t) = oo, shows that the expression above tends to co
as t — oc. The proof of the case in which 8 < 0 is similar and the details will be
omitted.

We now continue in subsection 4.2, defining the truncated quenched first moments,
and then describing the parabolic Anderson equation satisfied by the quenched first
moments and the corresponding Feynman-Kac representations.

4.2. Truncated quenched first moments. In the sequel, given a real function
f(z) defined on Z¢, we will define the discrete Laplacian by,

Af(z):= ) (flz+e)=-f(a). (28)

e€Zd%|e|=1
Let us now for each finite set U C Z? and environment w € W, define the field
wY = (0¥, vy) with vY(z) = v_(z) for z € U, while v¥(z) = oc for z ¢ U. We now
define for z € Z¢ and t > 0,

my(z,t,w) == m(z,t,w").
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As it will be seen later, this expression satisfies the parabolic Anderson equation with
Dirichlet boundary conditions. We will denote this quantity the truncated quenched
first moment on U at time t for a reaction-diffusion process starting from z. Also, we
will call the set {my(z,t,w) : x € Z%}, the field of truncated first moments on U at
time t. Now, in the particular case in which U = A(z,r) for some r > 0, we will use
the notation m,(x,t, w) instead of my (x,t, w). We will refer to this quantity as the
truncated quenched first moment at scale r at time t for a reaction-diffusion process
starting from site z. Furthermore, we will call the sets {m,(z,t,w) : z € Z%}, the
field of truncated quenched first moments at scale r at time t.

4.3. The parabolic Anderson equations. Here we will recall the moment equa-
tions satisfied by the field of quenched first moments {m(z,t, w)} and by the corre-
sponding truncated fields. Following [GM(1990)], we have the proposition.

Proposition 8. Let U C Z% be a finite set and w € W an environment. Consider
the field of quenched first moments {m(zx,t,w) : x € Z% on Z¢ at time t and the
field of truncated quenched first moments {my(z,t,w) : £ € Z%} on U at time t.
Then the following statements are true.
(i) The field of truncated quenched first moments {my(z,t,w) : © € Z%} of the
total number of particles at time t on U, satisfies the equation,

agn—tU = kAmy + v(z)my, for zeUnNG(w)°
my(z,0,w) =1, for z e 74
my(z,t,w) =0, for z¢UNGw)t>0.

(i) The field of quenched first moments {m(z,t,w) : x € Z%} of the total number
of particles at time t on Z¢, satisfies the equation,

0
8—T = kAm + v(z)m, for z € G(w)°
m(z,0,w) =1, for z e 74
m(z,t,w) =0, for = ¢ G(w),t>0.

Proof. Consider the family of functions {u,(z,t) := E¥[2¢(")]}, parametrized by
complex z such that 0 < |z| < 1. It is easy to see that,

ou,
ot

= kAU, + vy (z)u? — (vy(z) +v_(z))u, +v_(z),

Uy (377 0) =2,
for z € G(w)¢, while u,(z,t) =1 for ¢t > 0 and z € G(w). Differentiating the above
equation with respect to z we obtain part (i). A similar proof can be carried out for

part (7).
(|
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4.4. Bounds on the quenched first moments. We will now obtain upper and
lower bounds for the annealed moments of the quenched first moments. Let us first
recall two elementary inequalities. For n natural, let ai,...,a, be arbitrary real
numbers. Then, for r > 1, we have Jensen’s inequality,

n T n
dai| <nHY ail, (29)

while for 0 < r <1 we have,

n T n
> oai| <Y lail (30)
i=1 k=1

We will also need to introduce for L > 0 the notation,

My, = max |v(x)|. (31)

Let us start with the following lemma, which is a variation of theorem 2.1 of
[GM(1990)].

Lemma 4. Consider a finite subset U C Z% and yu € P(W). Assume that u sat-
isfies condition (E). Then, p-a.s. for every x € Z% and t > 0, the quenched first
moment m(z,t,w) on Z% at time t starting from site x admits the Feynman-Kac
representation

m(z,tw) = By [eh vty T, (32)
and the truncated quenched first moment my(z,t,w) on U at time t starting from
z also,

(b w) = B [elo Oty T (33)

where in both (32) and (33), {X: : t > 0} is a simple symmetric random walk of
total jump rate 2dk starting from x, of law P, E, is the expectation related to this
law, and for A C Z% we define 74 := inf{t > 0: X; ¢ A}.

We can now apply lemma 4 to obtain the first estimates on the quenched first
moments.

Proposition 9. Consider a finite subset U C Z¢ and p € P(W). Assume that p
satisfies condition (E). Then,

(i) For each z € Z%, t > 0 and 8 > 0 there exists a constant c1(f,d) such that,

H(BY)~2dnt < <'m,(:1:,t)’3> < ik + t)deH B, (34)
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(ii) For eachx € U, t >0 and 8 > 0,

eMPN=250 < (i (3,87 ) < e (s + 1) P, (35)

where c1(B,d) is the constant of part (i).
(iii) For each B> 0, v > 0 and a > 0 we have that,

_oprer (2 L
(Jm(@. ) = e @.0]7) < d8P21 5ty + 1% (4 >eﬂ<ﬂt>, (36)
where I : [0,00) — [0,00) is defined in display (21).

Proof. Part (i). The first inequality of display (34) can be obtained from the
Feynman-Kac representation (32), taking only into account the contribution of
the path X, which stays during the whole time interval [0,¢] at 0 (page 637 of
[GM(1990)]). To prove the second inequality of (34), let us note that by translation
invariance it is enough to prove the estimate for (m(0,¢)). On the other hand,

o0
t
Lrgeuyonpelo " <30 Mt i,
n=0
where T_; = 0, while for n natural T}, is the first exit time of the random walk
{X¢ : t > 0} from the box Ag,, with R, := R¢2" and Ry := max{xt,1}, while

Mg, = maxg,|z|<g, [v(7)| as defined in display (31). It follows that,
m(0,t,w) <> Ml P[T, 4 <t]. (37)
n=0

Let us also remark that since 8§ > 0, for each natural n we have the following
inequality which will be used soon,

(ePtMRn ) < (2(R,, +1))%exp {H(Bt)} . (38)

In fact, (eﬁtMRn> < Zze[_Rn,Rn]d <eﬂtMRn 1v(m):MRn > Let us now consider the case

0 < B < 1. Then, by an application of inequality (30) to estimate (37), we conclude
that,

[e.e]
m(0,t,w)" < Mo 4 7 PMra PIT, ;< 1),
n=1
Taking expectations on both sides of this inequality and applying the estimate (38)
and the second inequality of display (22) of lemma 2 for each of the d coordinates
of the underlying random walk, we obtain,

ad —BRo2n 1 log( %02
<m(0,t)ﬂ> < 24(Ro +1)%e"PY (1 +4d Y gnde oo )) ,

n=1



TRANSITION ASYMPTOTICS FOR RANDOM WALKS 29

n—1
_ ~BRo2" 1o (RO%) _gon—11og(2°°L
Now, since e ’ B\ et <e p2 log( 2e ), and Ry+1 < 2Ry, we see that
there is a constant c;(f,d) such that inequality (34) is satisfied for 0 < g < 1.
Let us now consider the case 3 > 1. Let 8’ > 1 be defined by % + % = 1. Then, if

1
we represent the left hand side of (37) as > 5o, e™Mrn P[T),_1 < t < T,]7 P[T;,—1 <
1

t < T,]?, by Holder’s inequality we get that,
o
m(0,t,w) <y ePMrnP[L,_y <t <T]7
n=0

A computation similar to the case 0 < 5 < 1 finishes the proof of part ().

B

Part (ii). The first inequality of display (35) can be deduced by an argument
analogous to the one leading to the first inequality of display (34). Now, note
from the representations (32) and (33) that my(z,t,w) < m(z,t,w). Hence, the
second inequality of display (35) is a corollary of the second inequality of display
(34).

Part (iii). Let us remark from the Feynman-Kac representations (32) for m(0,1)
and (33) for M.y (0,1) that,

[m(0,) = My arye (0,1)] < M0 Plry 0 <], (39)

But, as in (38) we can conclude that (e#*™Mv(=0e) < 24(y(kt)® 4+ 1)%exp {H(ft)}.
Hence, from the first inequality of display (22) of lemma 2 we see that,

_ogtr [ 1)t
(Im(0.8) = ity 0,1)| ) < daP28 (5 (ot)" 4 1)% ™ 1) exp (1o
O

We end this section with important estimates involving the growth functions. Given
a subset U C Z¢, we define the discrete Laplacian operator with effective potential
v(0) = v4 (0) —v_(0) € [~00,00) by its action on functions f : Z¢ — R, which vanish
outside Uy, :=U NG%(w) (f(z) =0 for z ¢ U N G(w)) as,

(A+0)f() =) (fle+e) = f(@) +v(@)f (),
ecB

where B is the set formed by the elements of the basis of the free Abelian group
Z® and its inverses. Defining L?(Uy) = {f : Y cpa f(®)? < 00, f(z) = 0 if z ¢
Uw}, we can check that A 4+ v is a bounded self adjoint operator on the Hilbert
space L?(U,) endowed with the inner product (f,g) :== >, czq f(z)g(z). We then
define {\p(U,w) : 0 < n < U — 1} as the set of eigenvalues of A + v in L%(Uy) in
decreasing order, where U/ is the total number of eigenvalues. We will denote by

Uw the corresponding normalized eigenfunctions. Let » > 0. In the case in which
U = A(z,r), we will employ the notation {\,(z,r,w)} instead of {\,(U,w)} and
" instead of ¢7[{ v
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We can now state the following important lemma.

Lemma 5. Consider the quenched first moment m(0,t,w). Then, for every § > 0,
a>1andt>1, there is a constant k1(d,a, ) such that,

M—JFDH (m(0, Bt)) < <m(0,t)ﬂ> < ki ((s8) P £ 1)(m(0,8t)), (40

and

k!

(/gt)da(ﬂ—ﬂ)—kl (M(eya (0, Bt)) < <”7l(nt)a (Oat)’8> < kl(("it)da(ﬁﬂ)+1)<ﬁl(nt)a(oaﬁt)>-

(41)
Proof. We will only prove (40), being the proof of display (41) analogous. Let us

first show that for every real a > 0, 8 > 0 and ¢ > 0 there is a constant ¢(d, 3, a)
such that,

o —zntl(M)

m(z, t,w) < ([2(8rt)?] 4+ 1)o@ (Br)w) 4 44e etMsrne | (42)

Note that by inequality (39) with v+ = g% we have that m(z,t,w) <
—optr Bt

dde ( ? )etM(f’Nt)“ + my(z,t,w), with U = A(z, (Bkt)*, w). We then need

to estimate the truncated quenched first moment at scale (Bkt)?, Mgupa (T, t, w).
First remark the following expansion in terms of the eigenvalues {\,(z, (Bxt)%, w)}

and the corresponding eigenfunctions {1/1,?(’3 “t)a’“’},
U-
m(ﬁnt :L‘ t, fw Z z,(Brt)%,w) ,wz (Brt)™ ,w( )(,wz,(,b’nt) ,w’lA)’ (43)
where A := A(z, (Bkt)*, ) Now, by the Cauchy-Schwartz inequality we see

that the right-hand side of equality (43) is upper-bounded by etto(®(B5t)*w)
1
% (Eu—l(wz,(ﬂnt)“,w 1$)2 %’;é(qp,“,j’(ﬁ“)a’w, 1A)2) ? which in turn is upper-bounded

by etro@:(B)%w) /14|, where 1,(y) equals 1 if y = z and 0 otherwise. Using the
fact that |A| = |A(z, (Bkt)®, w)| < ([2(Bkt)?] + 1)¢, finishes the proof of (42).
Let us now show that for every finite subset U C Z4, it is true that,

1 1
— m(z,t) > — etro(Uw) 44
7] > mz,t) e (44)

First note the trivial inequality m(z, t, w) > my(z,t, w). We also have the expansion,
my(z,t,w) = EZ;& AUt U () (w,‘{’“’, 1U). Therefore we can see that,

‘Z m(z1) |U| Ao 1)

zeU
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1 1
> _e/\o(U,w)t ( U,?U)Z(Z) — _e/\o(U,w)t,
U] 2.0 0]

where we have used in the second inequality the fact that 1/)([)] “(z) > 0 and in the
last inequality the normalization condition ),/ ( (()] N2(z) = 1.

Let us now prove the second inequality of (40). By Jensen’s inequality (29), in the
case > 1, or inequality (30), in the case 0 < § < 1, applied to (42), note that for
some constant c¢(a,d, 3),

<m(:1:, t)’g> < c((kt)% P2 1 1) <e’8t’\°($’(ﬂ”t)a’w)> + 4@4%151(%) <ef8tM(B~t)“> .

Now, by the first inequality of display (34) of part (i) of proposition 9 and a com-
putation similar to the one leading to (38), the second term of the right hand side
of the above inequality, is upper bounded by,

4d2%((Brt)® + 1)% exp {—QﬂfstI (M) + 2dmf} (m(z,t)P). (45)

On the other hand, by inequality (44) with U = A(0,(xt)*), we see that,
(ePro(@,(BrD)*w)y < (2[(BKt)*] + 1)4(m(z, Bt)). It follows that,

(m(o.t,w)°) < el(s) ) + 1)m(z, B0,

where we have used the fact that for a > 1, the term (45) is negligible with respect to
(mP). The second inequality of display (40) of part (ii) now follows noting that for
a > 1 the second term in the right-hand factor of the above inequality is negligible
with respect to the first term.

Let us now prove the first inequality of display (40). In the case 0 < g < 1, by
inequality (30) and the bound (44), we have that,

Z mP(z,t,w) > PProUw), (46)
zelU
But when 8 > 1, by Jensen’s inequality we have that ) .. mbP(z,t,w) >
U= =D (3, ey m(z, t,w))”, and (46) is still satisfied. Choosing U = A(0, (Bxt)?),

and using translation invariance we get,

(m(0,8)7) > (2[(Brt)] + 1) @ (PRo0ER0" W)

Using again the bound (42), neglecting the second term, we finish the proof in the
case 0 < B < 1. O

An important consequence of lemma 5, is that it shows that assumption (MI)
implies the so called intermittency effect. Let us define for 6 # 0, the functions,

Fy(t) = log(m/(0, 1)) — él +6) 1Og(m(0,t)).
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Note that by Jensen’s inequality, Fy(t) > 0.

Corollary 3. Suppose that assumptions (E) and (MI) are satisfied. Then, for
every 8 # 0,

im Foo(t) — Fy(t) = 0. (47)
t—oo Blog(kt + €)
4.5. Correlation and variance estimates on the field of quenched first mo-
ments. In order to prove part (i4) of theorem 1, it will be important to have a
control on the variance of the the quenched first moments. In the sequel of this
paper, to avoid heavy notation, we will use m, instead of m (... Given z,y € VA
and t > 0, let us define,

c(x,y,t) = <m($’t)m(y7t)> - (m(w,t)) <m(y7t)> )
which we will call the correlation between sites x and y at time t of the field of
quenched first moments. Similarly let us define for a > 0,

ca(@,y, 1) = (Ma(z, 1) Ma(y, 1)) — (Malz, 1)) (Ma(y, 1)),
the correlation between sites © and y at time t of the truncated field of quenched
first moments at scale (kt)®. Let us begin with the following lemma.

Lemma 6. Let t > 0. Consider the fields of quenched first moments {m(z,t, w) :
z € Z% and truncated quenched first moments at scale (kt)?, {mq(z,t,w) : x € Z%}.
Then the following statements are true.

(i) The sum of the correlations between site O and the other sites of the field of
quenched first moments, behaves asymptotically as t — oo like the sum of
the correlations between site 0 and the other sites of the truncated field of
quenched first moments at scale (kt)®. In other words,

Z C(anat) ~ Z ca(O,y,t).

yeZ4 yez
(i) Let {U;:t > 0} be a collection of subsets of the lattice Z¢ indexed by t > 0.
Assume that |Uy| ~ |Uy (gpya| ast — oo, where Uy, := {x € Uy : dist(z,Uf) >
2r}, for r > 0. Then,

Var, > m(z,t) ~ U] > ¢(0,y,1), (48)

z€Ay, yezZd
Var, Y iitg(x,t) ~ [U] Y ca(0,9,1), (49)
:L‘EAUt yezZd

and

Var, Z m(z,t) ~ Var, Z ma(z,1). (50)

(EEAUt .CEEAUt
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Proof. Part (i). From the Feynman-Kac representation (32) of lemma 4, note that
it is possible to write,

m(x t w) =By [ezzezd”(z)ﬁ(z:t)lA] ’

where A := {7ge(y) > 1}, L fo s)ds is the local time at the point z of
the random walk {Xt it > ()} startmg from z, and 6, : Z¢ — {0,1} is the indicator
function of the set {z}. From here, using Fubini’s theorem it follows that we have
the following representation for the correlations between site = and y of the quenched
field of first moments.

c(z,y,t) = E;y [<ezzezd”(£+£)1AnA> — <ezzezd v£1A> <ezz6Zdv£1A>] (51)

where E (z,t) = fo s)ds is the local time at the point z of the random walk
{X;:t> 0}, 1ndependent of {X; : t > 0}, starting from y, with law P,, and A
is an identical copy of A, but defined in terms of the random walk {Xt it > 0}
Furthermore, E;, := E; ® E,, denotes the expectation with respect to the law of
the independent random walks {X;} and {X;}. Now, the expression (51) for the
correlations can be written in terms of the cumulant generating function defined in
display (1),

c(z,y,t) = Eqy [ezzezd H(LAL) _ X, c7a H(L) ,X, cza H(i)] ’ (52)

where we have used the independence of the coordinates of the effective field {v(z) :
z € Z% under p. Note that the super-additivity of H (part (i) of lemma 3), implies
that this expression is non-negative. On the other hand, a reasoning similar to
the one leading to the representation (52), this time based on the Feynman-Kac
representation (33) of lemma 4, enables us to deduce that,

ca(x, 1, t):Em,y [1{Ta>t} 1{7~'a >t}(ezzezd H(LHL) ezzezd H(E)ezzezd H(é))] 3 (53)

where 7, 1= Tp(g,(kt)e) = Inf{t > 0: Xy & A(z, (51)?)} and Ty := Tp(g,(xt)e) = inf{t >
0:X; & Ay, (xt)®)}. From (52) and (53) it follows that,

7 e(0,5,8) = D cal0,y,1). (54)

yezd yezd
But note that in reality, due to the independence between any pair of truncated
quenched first moments at time ¢ at two points at a distance larger than 2(kt)®, we

have 3 c7a¢a(0,y,t) = ZyeAzw)a ¢a(0,y,t). Furthermore,

doeOyt)= > cOyt)+ > c0,y,1). (55)

yEZd YEM(kt)a YZA2(kt)a
Now, an application of the first inequality of display (34) of part (i) of proposition
9 and of part (i7) of the same proposition, shows that since a > 0, it is true that
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ZyeAz(m)a c(0,y,t) ~ ZyeAg(,ﬁ)a cq(0,y,t). And a second application of display (34)
and the first inequality in display (22) of lemma 2, shows that }_, . Aoty c(0,y,1) <
ZyeA%t)a ¢(0,y,t). This, together with inequality (54), ends up the proof of part
(2) of lemma 6.

Part (ii). We will first prove (49). Remark that,

Va"'u Z 'ﬁLa(.’B,t) = Z ca(a:,y,t) = Z ca(a:,y,t),
z€Us z,yeUy z,y€Us:|z—y||<2(kt)e
where we used as in the proof of part (i), the fact that m,(z,t,v) and m4(y,t,v)
are independent for |z — y| > 2(xt)*. Now, the right-most member of the above
inequality is bounded by, |Uy| Zy:||y\|<2ta ¢q(0,y,t), which gives us the inequality,

Va'ru Z ﬁla(.’L‘,t) < |Ut| Z Ca(anat)'

€U yezZd
Similarly we can conclude that,

Va'ru Z ’ﬁba(.’IJ,t) > |Ut,(nt)a| Z ca(an,t)'
z€Uy A

This finishes the proof of the statement of display (49). The statement of display
(48) now follows from display (49), part (i) of lemma 6 proved above, and the
inequalities,

Var me(z,t) < Var me(x,t) < |Uy c(0,y,1).
1 1

z€Uy z€Uy yez
Finally, note that (50) is a trivial consequence of (48) and (49). O

5. THE ANNEALED AND GAUSSIAN REGIMES

Here we will prove parts (i) and (i) of theorem 1, making use of the estimates
obtained in the previous section, and theorem 2. The main argument which will
be used to prove 1 is a renormalization method, which we call partition analysis, as
developed in [BMR(2005)]. In order to present a self-contained proof, in the first
subsection we recall this technique. Then, in the second subsection, we derive some
important estimates via the partition analysis technique, which will enable us to
reduce the proofs to sums of independent random variables. In the third subsection
we prove the law of large numbers, stated in display (9) of part (i) of theorem 1.
In the fourth subsection we will prove the negative part (absence of a law of large
numbers) stated in display (10) of part (7) of theorem 1. In subsection 5.5, we will
prove the central limit theorem stated in display (11) of part (iz) of theorem 1.
Then, in subsection 5.6 we prove the absence of a central limit behavior stated in
display (12) of part (i) of the same theorem. Finally, in subsection 5.7, we prove
theorem 2.
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5.1. Partition Analysis. Here we shall follow closely section 5.1 of Ben Arous,
Molchanov and Ramirez [BMR(2005)]. For a fixed natural L we consider the box
Ap = {r € Z%: |z| < L}. We will define two related but different kinds of partitions
of Ar. The first one shows that Az can be decomposed into disjoint partition boxes
{A} : i € T}, indexed by some set Z, so that A, = |J; Al. The second one defines
a partition of Az in a strip set and main boxes {AY : i € Z}. In the first case,
the index set Z will be partitioned in disjoint subsets {Zx : K € K}, where the
cardinality of K is 2%, in such a way that for each K € K any pair of elements of
the collection of partition boxes {A} : i € Zg} is at a large Euclidean distance. In
the second partition case, it turns out that the survival probabilities corresponding
to sites in the strip set have a total sum which is negligible, while the main boxes
happen to be essentially independent. To proceed we will need to introduce some
notation defining the corresponding scales and subsets.

Our first parameter is a natural number L' smaller than or equal to L, which will
be called the mesoscopic scale. By the division algorithm, we know that there exist
natural numbers ¢ and g such that 2L + 1 = gL’ + ¢, with 0 < ¢ < ¢g. Note that this
last equation can be written in the form

q
2L+ 1= L (56)
=1

with L} = L' + 05(i) and 604(¢) = 1 for ¢ < g and 6z(¢) = 0 for i > q.
For our purposes, the relevant fact is that L' < L, < L'+ 1. In the se-
quel, for any given pair of real numbers a,b we will use the notation [a,b]; for
[a,b] N Z. We now will subdivide the box [—L, L]; in intervals according to equa-
tion (56). Thus, we define Iy := [-L,—L+ L] —1], and for 1 < i < ¢ we let
L= [-L+ S L -L+ X, L - 1]1. Note that I, = [L— L} +1,L], and
|I] = L. Next, we introduce a second parameter r which is a natural num-
ber smaller than or equal to L'. We will call r the fine scale. Then, for each

I; we define an interval J; such that J; C I;, |J;| = L' — 2r and the endpoints
of J; are at a distance larger than r to the endpoints of I;. To do so, first let

i :=1 + 0g(7). Then define J, :=[-L+r,—L+ L} —1—r], and for 1 <i < ¢ we
let J; = [—L I Dyt p /NNy R Y /AN r,-]l

We now proceed to define the partition in Az, in partition boxes and define the cor-
responding decomposition of the index set. First we define the set Z := {1,2,...,¢}¢,
which will correspond to the indexes parameterizing the sub-boxes. For a given el-
ement i € Z, of the form i = (i1,...,iq) with 1 <i, <gq, 1 <k < d, we define

Ag::IhXIizX---XIZ'd.

We will call such a set a partition box. By definition the cardinality |A}| of a partition
box satisfies,

(L% < |AY < (L' +1)4. (57)
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Note also that the partition boxes defines a partition of Ay so that Ay = (J;cz A
where the union is disjoint.

Next we define a partition of the index set Z. Consider the collection K of subsets
of {1,2,...,d}. Note that |K| = 2%. Now given K € K we define Zx as the subset of
7 having coordinates which are even for £ € K and odd for k£ ¢ K. In other words,
if we define E as the set of even natural numbers and O as the set of odd natural
numbers then,

Tx:={i=(ir,...,iq) €EL:ircBifkeK, iycOif k¢ K, 1<k <d}.

Note that {Zx : K € K} defines a partition of 7 so that 7 = (Jgx ZKk is a disjoint
union. Hence,

DD fw= ) f), (58)

KeKieTk z‘EAg TEA]
for every function f : A, — R, which is a consequence of the fact that A, =
Urex Uiez, Af is a disjoint union. We will refer to such a decomposition as the

parity partition at scale L' of Ay. Furthermore, given K € K and any pair of boxes
Af and A} with i,j € Zx and i # j we have that,

dist (A}, A§) > L. (59)

Here for any pair of subsets A, B C Z? we define dist(A, B) := infzcayep |z —y|- In
other words (59) expresses the fact that the distance between any pair of partition
boxes with different sub-indexes in Zx is larger than or equal to L’. This completes
the description of the partition of Az in partition boxes.

Next, we describe the partition of Ay, into the strip set and main boxes. Given
an i € Z we let,

Ail = Jil XJZ'2 X---XJid.

Such a box will be called a main box. Its cardinality is |AY| = (L' — 2r)?. Now let,

SL = AL - U Ai’
i€z
Such a set will be called the strip set. Note that Sp and {A] : i € Z} define a
partition of A;,. We will refer to such a partition as the strip-box partition at scale
L' of A;,. We furthermore remark the following cardinality estimate for the strip set
which will be useful later,

EA (L' +1)% — (L - 2r)%)
< ?
2L+1)¢ ~ (L')4
where we have used the fact that |Z| = ¢%.

(60)
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5.2. Moment and decoupling inequalities. Following [BMR(2005)], we re-
call here some standard inequalities and derive inequalities involving sums of the
quenched first moments that will be necessary to perform the partition analysis.

Let us first recall the well-known inequality of von Bahr and Esseen (page 82,
exercise 2.6.20, of Petrov [Pt(1996)]).

Lemma 7. (von Bahr-Esseen). Let Xi,...,X, be mean zero independent random
variables and Sy, := Y, X;. Then if E denotes the ezpectation with respect to the
joint law of these random wvariables, and 1 < r < 2, it is true that

n
Bls,| <23 BIX;" (61)
k=1

We continue with the following lemma (analogous to lemma 6 of [BMR(2005)]),
which is a consequence of (61) and (30).

Lemma 8. Let a > 1. Consider the field of truncated quenched first moments
{a(z,t,w) : © € Z%} at scale (kt)®. Let L(t), L'(t) : [0,00) = N be functions such
that (kt)® < L'(t) < L(t). Then if 1 <r < 2, it is true that,

r

< 3 (0 — () >s2<2L'+2)d<r—1><2L+1>d<\ma—<ma>r>. (62)

.’.UEAL

Proof. The proof of this result is analogous to that of lemma 6 of [BMR/(2005)],
requiring the use of the decomposition (58) with f(z) = m(z,t,w) — (m1)(z,1),
von Bahr-Esseen inequality (61) and Jensen’s inequality (29). O

Next, we have the following estimate analogous to lemma 7 of [BMR/(2005)].

Lemma 9. Let a > 1. Consider the field of quenched first moments {m(x,t,w) :

z € Z% and of truncated quenched first moments {mg(z,t,w) : x € Z%} at scale
(kt)®. Let L(t) : [0,00) — N be such that (kt)* < L. Then the following statements
are true.

(i) Assume that,

<‘(2§ﬁ% - 1‘> <1

g )=

Then,
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(ii) Asymptotically as t — oo we have,

< Saeny (1= (1)) Daen, e — (a) > <1, ()
\/Vam D wen, ™ \/VaTu > zeh; Ma
and
< Zaen, (1~ (1) aen, (Tt = (a) > <1 (64)
\/Varu D wen, ™ \/Varu Deer, ™

Proof. The case k = 0 is trivial, so we will assume that £ > 0.
Part (i). A direct calculation shows us that,

_ EmeAL | — 1] (lm — maql) ZzEAL Mg
(m) Q2L+ 1)%mg)| =~ (2L +1)%m) (m)  [2L+1)%ma) |
Now, an application of inequality (36) of part (i) of proposition 9 and of the first

‘ mL Z.’L‘EAL ma

inequality in display (34) of part (i) shows us that, % < e1(t), where e (t) :=

—2xt (I(—(’“);_l ) —d) o -
d42%((kt)® + 1)% . Similarly we have that Q—Dm)“ < e1(t). By
the triangle inequality it follows that,
ZZ‘EAL ma 1
] .

(|5 - aessimal) <200 +(|arssim -

) — oo. Hence, €1(t) — 0 as t — oo. This clearly

(65)

(m) (2L +1)%(ma)

Now, for a > 1, we have I (M

implies the statement of part (i) of the lemma.

Part (ii). Let us first note that the left-hand side of display (63) is upper-bounded
by,

2acEAL T€EAL zEAT

> (lm — mal) S |ig — {1itg)] Var, Y 7
+< > -1]. (66)

Var, Y, m Var, Y, mg Var, >, m
J}EAL l'EAL IEAL

2reny [Ma—(Ma)l <1 On
\/Var,‘ EwEAL Ma

the other hand, by the assumption ¢* < L we know that the hypothesis of
part (77) of lemma 6 is satisfied for Uy = Ap( so that the asymptotics (50) of
this lemma holds, and hence the second term of (66) tends to 0 as ¢ — oo.
Furthermore, Cauchy-Schwartz inequality and part (i) of proposition 9, imply
that Y, a(lm — ma|) < (2L + 1)%2(t)1/(m(0,t)?), where e5(t) = d42%((kt)® +

1)%2 exp {—2f<atI (%) + 2dmﬁ}. In addition, by part (i7) of lemma 6 we have

Now, by Cauchy-Schwartz inequality we have that
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Va"rli Z(EEA m~ (2L + 1)d ZIEZd C(O, Y, t) NOW7 ZzEZd C(Oa Y, t) 2 <m2> - <m>2
Thus, the first term of (66) is upper-bounded by a quantity which asymptotically
behaves as t — oo like,

e2(t)
1 —(m)?/(m?)
But by corollary 3, and the fact that F;(¢) > 0, we conclude that (m)2/(m?) < 1.

In brief, the first term of (66) is upper-bounded by a quantity which asymptotically
as t — oo behaves like, e9(t). Obviously, when a > 1 we have e5(t) < 1. O

5.3. The Annealed asymptotics. Let us now prove the law of large numbers
stated in display (9) of part (i) of theorem 1. To simplify the writing of the expres-
sions in the calculations, we will redefine € as 2¢, assuming that

1
1) > e { R0}, (67)
for some € > 0, and prove that then in y-probability it is true that,
L
0,%
m-(0,t,w) (68)
(m(0,1))
To do so we first remark that by inequality (65) of lemma 9, it is enough to show

that for a = 3/2,

-1

Zx 3 ma 1+e
(B )

Remark that the right hand side of display (69) can be rewritten as,

<‘ Soen,ta 1 1+e> ) <‘EzEAL (Tha — <ma>)‘1+€> o

(2L + 1)4(mnq) (2L + 1)d0F6) (g ) 1 e

At this point we make use of the parity partition decomposition for A;, previously
defined to deal with the numerator of the right-hand side of display (70) via inequal-
ity (62) of lemma 8 with » = 1 4+ e. We will chose a time dependent mesoscopic
scale I/(t) = (kt)®, where 0 < a < b. Therefore, by lemma 8, the right-hand side of
equality (70) is upper-bounded by

221 + 2)1 (|riva — (ina) )

(2L + 1)4¢(mnq) 1t
Now, since for any non-negative reals z,y we have |z — y|'*t¢ < |z[F€ + |y|t T, it
follows that <|'rha - <7ha)|1+6> < (mLTe) + (me)' T < 2(mLT€), where in the last

inequality we have used Jensen’s inequality. Hence, since m, < m, the expression
of display (71) is upper bounded by,

(71)
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2(2L' + 2)% (m!'*e)
(2L + 1)d¢(mng)1te ~
But by parts (i) and (ii7) of proposition 9, we can replace in the denominator of

the above expression the term (7m,) by (m). Thus, (71) is upper-bounded by an
expression which is asymptotically equivalent to,

2(2LI + 2)d6+1k1((ﬁt)da(2+6) + l)eHl((l—l—e)t)—(l—I—e)Hl (t)
(2L + 1)de
< C((Ht)da(Q—}—e)) + 1)(Ll)deefe(Fge(t)fFE(t))’ (72)

where we have used the second inequality of display (40) of lemma 5 in the first
inequality, and assumption (67) in the last inequality. Note that when x = 0 the
last expression reduces to e~€(G2e(1)=Ge(!))  Then, assumption (MI) shows that the
first and the second terms of the right-hand side of (72) tend to 0 as t — oo.

5.4. The non-Annealed asymptotics. In this subsection we will prove the as-
ymptotic behavior of display (10). Again, we will redefine € by 2¢, assuming that,

L(t) < exp {gmw} , (73)

for some € > 0. Note that it will be enough to show that,

‘ mr (07 t)
(m(0,2))
To do so, note from inequality (30) that the left-hand side of display (74) is upper
bounded by,

1—e
> < 1. (74)

ae{m€(0,2))
(m(0,1))~
Now, by the second inequality of display (40) of lemma 5 applied with 8 =1 — ¢

to the numerator of (75), we see that the left-hand side of display (74) is upper
bounded by,

(2L +1) (75)

(2L + 1)%k; ((rt) =9 4 1)1 (=) -(1=) ()
Finally, by assumption (73), this expression is upper bounded by,
c((kt) %29 4 1)e elF=e(t)~F2e(1))

Now, the assumption (MI), implies that this expression converges to 0 as t — co.
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5.5. The Gaussian asymptotics. Here we prove the central limit theorem stated
in display (11) of part (i) of theorem 1. We will perform this time a strip-box
partition of the box A, into the strip set S;, and the main boxes. Let us fix a > 1.
Let us fix b and ¢ such that ¢ > b > a, and choose the mesoscopic scale L'(t) = (xt)°
and the fine scale r = (xt)°. Note that by part (ii) of lemma 9, it is enough to prove
that,

2zen, (Ma(z,t,w) — (Ma(z,1)))
\/Var“ ZwEAL me(z,1)

converges in distribution to the normal law AN (0,1). To do so, we write,

ZmEAL (’ﬁ'La - <mu>) _ ZJ;ESL ('ﬁ"a - <'ﬁ"a>) +Zi6,’[ ZzeA;’ (ma - <ma>) .
\/VG’TN EwEAL Tha \/Va'rﬂ EwEAL ﬁ?’a \/Va’rﬂ ZwEAL ’ffla

We will first show that the strip component of the decomposition (76) converges to
0 in probability. In fact, note that for ¢ large enough, we have by statement (49) of
part (4i) of lemma 6 applied with U; = Sp(y) and Uz = Ap ), that

Vary Y ses, Ma N |SL]
Var, Sgen, e~ @L+1)

where for the last inequality we have used estimate (60). Since ¢ > b, this tends to
0ast— oo.

Therefore, it is enough to prove that the second term of the right-hand side of
equality (76), tends in law to N (0,1). For this purpose, since the random variables

(76)

7 < min{r, (k) "7V},

Y osenr(Ma —(mg)) i€ } are independent, it is enough to verify a version of the
Lyapunov condition. Namely, we will show that,

Sier ([ Soeng o — ) )

B 1+€/2

(ZiEI Varu Z:EEA? ma>
and then apply again statement (49) of part (i7) of lemma 6 to conclude that the
variance of the denominator of the second term of display can be substituted by
Yoier Vary Y ,cnr Ma. Now, by the same token, we see that the denominator of the

<1, (77)

left-hand side of display (77), behaves asymptotically as ¢ — oo like
1+€/2
(2L 4 1)%1+€/2) Z ca(0,z,1) . (78)
z€Z4

Thus, it is enough to prove the asymptotic behavior (77), with the denominator
replaced by (78). Now, note that Y, 4¢.(0,z,1) is lower bounded by (mm2(0,1)) —
(14(0,1))2. And by parts (i) and (4ii) of proposition 9 and lemma, 5, this variance
is lower-bounded by an expression which is asymptotically equivalent to,
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¢ (st + 1) (m(0,26)) — (m(0,1))?). (79)

Now, assumption (MI) with # = 2 and the inequality (m4(0,t)) < (m(0,t)),
imply that, (log(m(0,2t)) — 2log(m(0,t)) > logt. This shows that the second
term c(m(0,t))? of the expression (79), is negligible with respect to the first one
c((kt)3% + 1)~ 1(m(0,2t)). Hence, we conclude that it is enough to prove that,

Dlier <‘Ew€/\’i’ (1ia — <7ﬁa))‘2+6>

(2L + 1)40+¢/2) (m (0, 2¢)) (1+5)
By Jensen’s inequality (29) and the upper-bound in display (57), we see that,

2+e€
Sier <\ZM (0 — (17a) > < (L'+ 1)1+ 2L+ 1) (Jimg = (1a) ). Using
again the fact that for non-negative reals z,y we have |z — y|! ¢ < [z|'Fe + |[y|1 T, it

follows that <\ma - (ma)\2+€> < (m?te) + (m)*te <2 (m**¢), where we have used

Jensen’s inequality in the last inequality. We see that the left-hand side of (77) is
upper-bounded by,

(k)% +1) <1 (80)

(m(0,1)**°)
(2L + 1)%5 (m(0, 2¢))(175)
Finally, by the hypothesis on the growth of L this can be bounded by,

((h;t)?:da + 1)(L' + 1)d(1+€)

€

((K‘t)3da + 1)2(Ll + 1)d(1+6)e2F§ (2t)— 5 Fe(2t)
which by condition (MI), tends to 0 as t — oo.

bl

5.6. The non-Gaussian asymptotics. Here we will prove the asymptotics of dis-
play (12) of part (iz) of theorem 1. It will be necessary to perform a parity partition
of Az with a mesoscopic scale L' = (xt)® for some b > 1. First note that by display
(64) of part (i) of lemma 9 it will be enough to show that for some b > a > 1,

2—e

< ZwEAL(ma - <ma>) > < 1. (81)
\/Varli E.’EEAL m

1_¢
Now, by display (48) of part (4i) of lemma 6, the denominator (Var” D seA, m) ?
of the left-hand side of display (81), can be lower-bounded by (2L +
1)d(1—§) (<m2>_<m>2)1—5 Z C(2L+ 1)d(1—§) <m2>1—§ Z C((K,t)sda + 1)71(2_[/-[-
l)d(l_%) (m(0,2t))17%, where in the second to last inequality we used the assump-
tion (MI) and lemma 5 and in the last inequality assumption 5. On the other
hand, inequality (62) of lemma 8, applied with r = 2 — ¢, Jensen’s inequality
and m, < m, shows us that the numerator of the left-hand side of display (81)
is upper-bounded by 4(2L' + 1)¥1-9(2L + 1)?5(m2¢). Using the upper-bound
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(m27¢(0,t)) < k1((kt)3% +1){(m(0, (2 — €)t)) of lemma, 5, the definition of the inter-
mittency exponents {Fy} in (3), and the assumption L(t) < 3l ~<() | we hence see
that it is enough to show that,

(2LI + 1)d(1_€)((/$t)3da + 1)2e%F_6(2t)e*§F_§(2t) < 1.
But this is a consequence of assumption (MI).

5.7. Proof of theorem 2. Let us first prove part (i) for Weibull-type tails. Note
that it is enough to find an z > 0 such that,

mr, (07 t) ’
<(e(a(7)+_6)H(t)) > <l
Now, this expression is upper bounded by,

ef(w(a+5)H(t)fH(:vt)f(lfw)'yH(t))+0(H(t)) ’
where we have used the asymptotics (5). Since H € Ry for p/ = ﬁ, we see that
the above expression is upper bounded by,

e_fW (z,a+0)H (t)+o(H(t)) ’

where fy(z,b) := ab — 2 — (1 — )7 for £ > 0,b > 0. This function has a unique

p
root at zy = (%(b + ’y)) when b = a(vy). Choosing z = z(, we get the upper
bound,

e 0o H(t)+o(H(t)) o 1.

This proves part (i) of theorem 2. The proof of part (iv) for Fréchet-type tails is
completely analogous to the previous argument, so it will be omitted. To prove part
(7), note that in analogy to the proof of part (7), it is enough to show that,

_(mw—ﬂ(ﬁ)—(l‘x”t) +o(t) < 1. (82)

H{(xt) —azH((a+0)t)/(a+9)

e

Now, by supposition (15) we have ~ —pzlog ;75. Thus, the

7
expression of display (82), is upper-bounded by,
e_fD (z,a+0)t+o(t)
where fp(z,b) := pzlog 7 — (1 —xz)y for z > 0,b > 0. But this function has a single

1(y-1)

root at zy = aer when b = a. Hence, we obtain the upper bound,

e~ %o log(l—l—g)—{—o(t) < 1.

This proves part (i7) of theorem 2. The proof of part (#ii) for almost bounded
potentials is analogous to the proof of part (i7) so it will be omitted.
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