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2 Section 1

1. Introduction

1.1. Motivation.

This work addresses potential theoretic questions for the standard nearest neighbor ran-
dom walk on the hypercube {—1,+1}" (or equivalently on {0, +1}"). We will write Sy =
{—1,+1}" and generically call o = (01,...,0n) an element of Sy. This random walk
(on(t))en is @ Markov chain and is described by the following transition probabilities: for
o,0’ € Sy,

pn(o,0') :=Ploy(t+1) =0 |on(t) =0) = % (1.1)

if and only if o and ¢’ are nearest neighbor on Sy, i.e. if and only if the Hamming distance

Dist(o,0") := #{ie {1,...,N} : oy 7502} (1.2)
is equal to one. The questions we are interested in are related to processes of Hamming
distances on Sy. For a non empty subset L € {1,..., N} define the Hamming distance in L
by

Disty(o,0") :=#{i € L : 0; # o)} (1.3)

Let A be a partition of {1,..., N} into d classes, that is non-empty disjoint subsets Ay, ..., Aq4,
1 <d < N, satisfying Ay U---UAg = {1,...,N}. We will often call such a partition a d-
partition. Given a d-partition A and a point £ € Sy, we define the associated ”multi-radial”

process, i.e. the process of distances
DM(on(6) = (DY S(on(D)...... Dy S(on(t))) (1.4)
where, for each 1 < k < d,
DM (o) = Dista, (0,6), o €Sy (1.5)

D™¢(on(t)) is a Markov chain on a subset of {0, ..., N}? that has cardinality smaller than
2N The main goal of this paper is to give a detailed analysis of the behavior of this chain
asymptotically, when N — oo, with minimal assumptions on the sizes of the sets Aq,..., Ay

and on the number d of such sets.

The case where d = 1 and A is the trivial partition, i.e. where D*¢(opn(t)) simply is
Hamming distance, D¢ (on(t)) = Dista (on(t),€), as been extensively studied. This process

can be traced back to Ehrenfest model of heat exchange (we refer to [DGM] for a survey of the
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early literature). More recently it was used as an important tool to understand, for instance,
the rate at which the random walk o (t) approaches equilibrium and the associated “cut-off
phenomenon” (see Aldous [A1-A2], Aldous and Diaconis [AD1-AD2], Diaconis [D], Diaconis
et al. [DGM], Saloff-Coste [SaCo|, Matthews [M2-M3], Voit [V]). In [D]-[DGM] a major role
was played by the Fourier-Krawtchouk transform (i.e. harmonic analysis on the group {0, 1}).
We will not rely on this powerful tool for our study of the case d > 1 (though it might turn

out to be useful for improving our very rough Theorem 6.3).

A main motivation for the study of (1.4) with d > 1 comes from statistical mechanics of
mean-field spin glasses. In this context the maps D*¢(oy(t)) are used in an equivalent form,

namely, we set
Yo () = (1S aw B, i o () (1.6)

where, for each 1 < k < d,

1 2
ALg _ § £o—1— " Di 1.
Vi (J) ’Ak‘ = JZ{Z |Ak‘ 1St/\k (Jv ‘S) , O &€ SN ( 7)

The chain v*¢(ox(t)) now takes value in a discrete grid I'x 4 of [—1,1]¢ that contains the
set Sq = {—1,1}%. This d-dimensional process was exploited for the study of the dynamics of
the random field Curie-Weiss model in [BEGK1], of the the Random Energy Model (REM)
in [BBG1,BBG2|, and in [G2] for the study of the dynamics of the Generalized Random
Energy Model (GREM). While some of the results presented here are refinements of results
previously obtained in [BBG1], the present paper should answer all the needs of the more
demanding study of the GREM dynamics. (Lumping was also used in the context of large
deviation theory in to treat the Hopfield model of a mean-field spin glass [KP,G1,BG]).

Note that in statistical mechanics the map v»¢ has a very natural interpretation: it is
a coarse graining map that replaces detailed information on the N microscopic spins, o;,
by information on a smaller number d of macroscopic blocks-magnetization, fy,i\’g (o). This
type of construction, that maps the chain ox(t) into a new Markov chain ¢ (o (t)) whose
state space I'y ¢ has smaller cardinality is called lumping in [KS], and the chain Xf\\,’g(t) =

M€ (o (1)) is called the lumped chain.
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The lumped chain. Let us now give an informal description of some of the result we obtain
for the lumped chain X]/\X,’g(t) (or equivalently D»¢(on(t))). The behavior of this chain is
better understood if one sees it as a discrete analogue of a diffusion in a convex potential
which is very steep near its boundary. This potential is given by the entropy produced by
the map ¢, ie. by d)x’&(:n) = —~log (WA’g)_l(:L") + log2. Tt achieves its minimum at
the origin and its maximum on Sy = {—1,1}%, the 2¢ vertices of [~1,1]¢. We give precise
sufficient conditions for the hitting time of subsets I of S; to be asymptotically exponentially

distributed, and for the hitting distribution to be uniform.

These conditions essentially require that I should be sparse enough (see Definition 1.2),
and that the partition A does not contain too many small boxes A (which would give flat
directions to the potential). In order to prove these facts we rely on the following scenario,
which would be classical in any large deviation approach d la Freidlin and Wentzell [FW]: the
lumped chain starts by going down the potential well; it reaches the origin before reaching
any vertex, then returns many time to the origin before finding a vertex x € Sg with almost

uniform distribution.

To implement this scenario we use two key ingredients given in Theorem 3.1 and Theorem
3.2 respectively. In Theorem 3.1, we consider the probability that, starting from a point in
S84, the lumped chain reaches the origin without returning to its starting point. We give sharp
estimates that show that this “no return probability” is close to one. In Theorem 3.2 we give
an upper bound on the probability of the (typically) rare event that consists in hitting a
point z € Sg before hitting the origin, when the chain starts from an arbitrary point y in
I'y,q. This bound is given as a function Fi 4 of the distance between = and y on the grid
I'y,q. This function Fl 4 is explicit but, unfortunately, pretty involved. It will be used to

describe the necessary sparseness of the sets I.

Our approach is based on the tools developped in [BEGK1] and [BEGK2] for the study of

metastability of reversible Markov chains with discrete state space. An important fact is that
N

Q0 15g ~

for some constant 0 < cg < 1°6. (This condition can be slightly relaxed but to no great gain.)

they allow us to deal with the case where d diverges with N, as long as d < do(N) := |

A large deviation approach a la Freidlin and Wentzell would seem problematic at least when

d > +v/N. In this case the fact that the lumped chain lives on a discrete grid cannot be

5Here |t], t € R, denotes the largest integer dominated by t.

6The constant o (which initially arises from Theorem 3.1) is chosen is such a way that the d-partition A
is log-regular (see Definition 3.9), i.e. that in total, the volume of subsets Ay of size smaller that 10log N is
at most N/2. This condition partly motivates the appearance of the logarithm in the definition of do(N)
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ignored.

The random walk on the hypercube. Let us see how the lumped chain can be used
to solve potential theoretic questions for some subsets of the hypercube. Given a subset A
of Sy consider the hitting time 74 :=inf {t > 0| on(t) € A}, and the hitting point on(74)
for the random walk ox(t) started in 0. We wish to find sufficient conditions that ensure
that the distribution of the hitting time is asymptotically exponentially distributed, and the

distribution of the hitting point asymptotically uniform, as N — oc.

When A contains a single point, or a pair of points, Matthews [M1] showed that the
distribution of the hitting time is asymptotically exponentially distributed when N — oo.
For related results when A is a random set of points in Sy see [BBG1] Proposition 2.1, and
[BC] Proposition 6. Our study of the lumped chain will enable us to tackle these potential

theoretic questions for a special class of sets A C Sy.
Definition 1.1: A subset A of Sy is called (A, €)-compatible if and only if v*¢(A) C Sy.

Since each point in S; has only one pre-image by y»¢ then obviously, when A is (A, £)-
compatible, the hitting time 74 :=inf {t > 0 | on(t) € A} is equal to the hitting time 71.¢(4)

for the lumped chain,
sy = inf > 0| XVE(1) € ¥ ()} (1.8)

and oy (74) is the unique point in ('yA’f)_l('yA’§ (on(74))). Our results for hitting times and
hitting points for the lumped chain will thus be transferred directly to the random walk on

the hypercube.

It is thus important to understand what sets A C Sy can be described as (A, §)-compatible.
For a given pair (A, &) define the set B(A,¢) € Sy by

o0 € B(A,§) <= Distp, (0,8) € {1,...,|Ax]} forall ke{l,...,d} (1.9)

The set B(A, &) is thus made of the 2¢ points in Sy obtained by a global change of sign of
the coordinates of £ in each of the subsets Aq,...,Aq. B(A, &) can also be seen as the orbit
of & under the action of the abelian group of isometries of the hypercube generated by the

(SlA’“l)lngd, With

sl (o), = { o, g (1.10)

—0y, if 1€ Ay
A set A C Sy is then (A, §)-compatible if and only if it is included in the orbit B(A,£).
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It is easy to see that any set is (A, {)-compatible for the partition A where Ay = {k} for
each 1 < k < d. But in this case d = N and our results on the lumped chain obviously do
not apply. On the other extreme it is easy to see that small sets (say sets of cardinality |A|
smaller than log, N) are compatible with partitions into d classes for d < 2/4l (see Lemma
11.1 of appendix A4).

1.2. A selection of results.

In the remainder of this introduction we give a more detailed account of some of the results
we can obtain for these potential theoretic questions taking the view point of the random
walk on the hypercube. In the body of the paper most results will be stated both for the
lumped chain XJ/\\,’E(t) and the random walk o (t) on Sy.

We start by making precise the condition of sparseness under which our results obtain, and
introduce the so-called Hypothesis H — a minimal distance assumption between the points of
subsets of Sy . To introduce the notion of sparseness of a set we need the following definition.
If A is a subset of Sy define

maXpe A ZJGA\n FN7d(DiSt(’I7, O‘)), if |A| >1

(1.11)
0, if 1A <1

Un.a(A) := {
where Fi 4 is a function depending on N and d, whose definition is stated in (3.5)-(3.8) of
Chapter 3, and whose properties are analyzed in detail in Appendix A3 (see in particular
Lemma 10.1).

Definition 1.2: (Sparseness) A set A C Sy is called (e, d)-sparse if there exists € > 0
such that
Una(A) <e (1.12)

In Appendix A4 we give explicit estimates on Uy 4(A) that allow to quantify the sparseness
of (A, &)-compatible sets that are either small enough (Lemma 11.2) or whose elements satisfy
a minimal distance assumption (Lemma 11.5). We now give a few selected examples of
sparseness estimates to illustrate our quantitative notion of sparseness, first in the simplest
possible case i.e. the case of equipartition, then a few more examples to show that our notion
of sparseness does not prevent the possibility for a sparse set to have many nearby points or
even many nearest neighbors. Finally we show that if the minimal distance is large a set can

be sparse and still grow exponentially. Without loss of generality we take £ = (1,...,1).
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Example 1: Equipartition. Let d < %. Assume that N/d € N and let A be any d-partition
satisfying |Ag| = N/d for all 1 < k < d. Then for all (A, &)-compatible set A there exists

V2/e < p <1 such that
Un,a(A) < N7 (1.13)

q2+%0
N

any d-partition satisfying |Ax| = 1 for all but one index k" € {1,...,d}, and |[Ay| = N —d+1.
Then for all § < §p and for all (A, §)-compatible set A,

< 1 for some &g > 0. Let A be

Example 2: Many nearby points. Assume that d satisfies

24580\ 6/9
d > (1.14)

Un.a(A) < ( N
Ezample 3: Many nearest neighbors. Let d < (eN)3/* for some € > 0. Given 1! € Sy, let
{n?,...,n%} be d — 1 nearest neighbors of n! (i.e. for each 1 < k < d, Dist(n*,n*) = 1) and
set A= {n',...,n%}. Then

Un,a(A) <e (1.15)

(Note that A is compatible with a partition of the type described in Example 2.)

Example 4: Many far away points. Let 0 < g, 01 < 1 be constants chosen in such a way that
the set A C Sy satisfies the following conditions: (1) |A| > %Y  (2) A is compatible with
a partition into d = |§; N | classes, and (3) inf,c4 Dist(n, 4\ n) > Cd for some C > 1 (7).
Then there exists o < 1 and 0 < d3 < 1 such that

Un,a(A) < 0™V (1.16)

The bounds (1.13) and (1.14) are easily worked out using the estimates on Fy 4 from
Lemma 10.1 of Appendix A3. Example 3 is derived from Lemma 11.2 and Example 4 from
Lemma 11.5.

Our next condition is concerned with the ‘local’ geometric structure of sets A C Sy:

Definition 1.3:(Minimal distance assumption or hypothesis H) We will say that a
set A € Sy obeys hypothesis H(A) (or simply that H(A) is satisfied) if

ingDist(J,A \o)>3 (1.17)
(oS

"To construct such a set start from an equipartition into d = |§1 N| classes and select all points compatible
with this partition that satisfy the third condition.
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We will treat both the cases of sets that obey, and of sets that do not obey this assumption.
When H(A) is not satisfied, our results will be affected by the ‘local” geometric structure of a
given set A. Thus, although our techniques allow in principle to work out accurate estimates
for the objects we are interested in in this situation also, this must be done case by case.
This local effect is lost as soon as (1.17) is satisfied and, for arbitrary such sets, we obtain
accurate general results. Let us stress that this local effects are not (only) a byproduct of
our techniques (see Theorem 7.5 of Chapter 7 and formulae (3.6), (3.7) in [M1]). It is not

clear however whether the minimal distance in (1.17) should not be 2 or 1 rather than 3.

We now proceed to state our results. Let us state here once and for all that all of them

must be preceded by the sentence:

“There exists a constant 0 < ag < 1 such that, setting do(N) := Lagﬁj, the following
holds.”

To further simplify the presentation we will only consider the case where £ in (1.6) is the
point whose coordinates are all equal to one. We accordingly suppress all dependence on
¢ in the notation. In particular, subsets A of Sy that are (A, &)-compatible will be called
A-compatible (or compatible with A). Finally the symbols A and A’ will always designate
partitions of {1,..., N} into, respectively, d and d’ classes. Unless otherwise specified, we
assume that d < do(N) and d’ < dy(N). Statements of the form

“Assume that A C Sy is A-compatible”
must thus be understood as

“Assume that A C Sy is compatible with some partition A of {1,...,N} into d < do(N)

classes”.
We can now summarize our results as follows.

The harmonic measure. Throughout this paper we make the following (slightly abusive)

notational convention for hitting times: given a subset A C Sy and o € Sy we let
74 =714 for the chain started in o (1.18)
This will enable us to write P(14 =t | o5 (0) = 0) = P(7§ = t) and, more usefully

P <7‘:77 < Tg\n> =P(oy(Ta)=n|on0)=0), neA (1.19)
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Now let A C Sy, and let Ha(o,n) denote the harmonic measure of A starting from
o€ SN \ A, ie.
Hp(o,n) =P <T7‘7’ < Tg\n> , neA (1.20)

Theorem 1.4: Assume that A C Sy is A-compatible. Then, there exist constants 0 <
¢, ct < oo such that the following holds: for all 0 < p < N, for all o satisfying Dist(o, A) >
p, and for all n € A, we have:
1 1
W(l - c_ﬁN,d(AHO)) < HA(Ja 77) < W(l + C+19N,d(A7p)> (121)

where
In,a(A, p) = max {Un.a(A), |A|[Fna(p+1)} (1.22)

Together with the explicit estimates on F 4 established in Appendix A3 and Appendix
A4, Theorem 1.4 enable us to deduce that, asymptotically, for all A-compatible set A which
is sparse enough, the harmonic measure is close to the uniform measure provided that the
starting point o is located outside some suitably chosen balls centered at the points of A.

More precisely define
W(A, M) :={o € Sy | Dist(c, A) > p(M)} (1.23)

where p(M) = pn,a(M) is any function defined on the integers (possibly depending on N
and d) that satisfies
MFna(p(M)+1)=0(1), N — o0 (1.24)

It follows from Lemma 10.1 (see also the simpler and more explicit Lemma 11.2 and Lemma
11.4) that, under the assumptions on A of Theorem 1.4, we may always choose p(M) in such
a way that (1.24) holds true for M = |A| while at the same time W(A, M) # (). Thus, for all
o€ W(A,|A]), In.a(A, p) decays to zero as N — oo whenever

Una(A) =0(1), N — o0 (1.25)

Of course W(A, |A|) simply is Sy \ A for all sets A such that (1.24) holds true with p(|A]) =
This observation and Corollary 11.3 trigger the next result.

Corollary 1.5: Let A C Sy be such that 2141 < do(N). Then, for all o ¢ A, the
harmonic measure of A starting from o is, asymptotically, the uniform measure on A: there

exist constants 0 < ¢™, ¢ < oo such that, for allm € A,

\flll <1— (IOgN)Q> Halon) < < +(lo;;\7)2> , (1.26)
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Hitting times. Our next theorem is concerned with the mean hitting time of subsets
A C Sy. We will see that the precision of our result depends on whether or not assumption
H is satisfied.

Theorem 1.6: Let d' < 2dy(N) and assume that A C S is compatible with a d’-partition.

Then for all o ¢ A there exists an integer d satisfying d’ < d < 2d’ such that, if Un 4(AUc) <

1
4

K~ <E(r) <Kt (1.27)

and, for alln € A,
K~ <E (T;’ |78 < T;;\n) —E (Tg |76 < Tg\n) < K (1.28)

where K* are defined as follows: there exist constants 0 < ¢, ¢t < oo such that,

2N 1 1
+_ & 2 + L
K= = A (1—!— N) (1:|:c max {qud(AUU)’Nk }) (1.29)
where
o { 2, if H(AUo) is satisfied
ol if H(AUo) is not satisfied.

Laplace transforms of Hitting times. We finally give estimates for the Laplace transforms

of hitting times. By looking at the object

Ee* Al g o <0 (1.30)

z\n} ’
for n € A and o € Sy, we will also obtain the joint asymptotic behavior of hitting time and

hitting distribution.

Theorem 1.7: Letd < do(N)/2 and assume that A C Sy is compatible with a d’-partition.
Then, for all0 < p < N, for all o satisfying Dist(o, A) > p, there exists an integer d satisfying

d < d<2d such that, if

Z/{de(AUO') < g (1.31)

for some 0 < § < 1 then the following holds for all m € A: for all € > 6, there exists a
constant 0 < ¢, < oo (independent of o,|Al, N, and d) such that, for all s real satisfying

—00 < s<1—¢€, and all N large enough we have,

1 1

1 -
- < — .
AT =] |c€19N,d(AUa,p, k) (1.32)

A\n

’E (es’TZ/ETZ ]I{T;I’<7—" }>
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where
1

ﬁN,d(A Ua, p, k) = max {Z/{Nd(A Uo), N

[AlEnap+ 1)} (1.33)

and

o { 2, if H(AUo) is satisfied (1.34)

1, if H(AUo) s not satisfied.

The quantity ﬁN,d(A U o, p, k) defined in (1.32) is very similar to the quantity 9 q(A, p)
that appears in (1.22) of Theorem 1.4. Reasoning just as in (1.23)-(1.25) one can show that
there exists p(M) satisfying (1.24) such that, for all o € W(A, |A|), On.a(A U o, p, k) decays

to zero as N — oo whenever
Z/{N7d(A) = 0(1) s N — ¢
From this it will follow that, as N — oo,

(i) 74/E7g converges in distribution to an exponential random variable of mean value one,

and that

(ii) for any finite collection Ay, As,..., A, of non empty disjoint subsets of A, the random

variables (74,1 <4 < n) become asymptotically independent.

The specialization of Theorem 1.7 to the case where 0 € W(A, |A|) and Un 4(A) = o(1) is
stated in Section 7 as Theorem 7.12. Just as Corollary 1.5 was deduced from Theorem 1.4

we will deduce from it the following result:

Corollary 1.8: Let A C Sy be such that 241 < do(N). Then, for all o ¢ A, the following
holds: for all € > 0, there exists a constant 0 < ¢. < oo (independent of o,|A|, N, and d)

such that, for all s real satisfying —oco < s < 1 —¢, for N large enough, we have,

1 1

o o 1 c
sTq /ET €
B (e ) - G| S

< T4] log V)2 (1.35)

We will also see in Theorem 7.5 of Section 7 that, as was established by Matthews [M1],

a sharper result can be obtained when the set A reduces to a single point.

The rest of this paper is organized as follows. In Chapter 2 we briefly introduce our
notation and the basic facts about our lumping procedure. In Chapter 3 we study the two

key ingredients needed for the analysis of the lumped chain, namely Theorem 3.1 and Theorem
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3.2, and introduce the important function Fi 4. In Chapter 4 we deduce estimates for the
hitting probabilities of the lumped chain from Theorem 3.1 and Theorem 3.2. In Chapter 5
we show how the results of Chapter 4 can be lifted to the hypercube, and give estimates for
the harmonic measure of (A, £)-compatible subsets that are sparse enough. In Chapter 6 we
give estimates for the expectation of hitting times and in Chapter 7 for the distribution of
these hitting times (through their Laplace transform). We also give sufficient conditions for

hitting times and hitting points to be asymptotically independent.
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2. Lumping.

Let 1 < d < N. Given a point £ € Sy and a d-partition A (i.e. a partition of {1,..., N}
into d classes, Ay,...,Aq), let ¥4 be the map defined in (1.7), and let {Xy(t)},cy be the
lumped chain XJ/\\,’E(t) =M (on(t)).

Notation and conventions. The following notation and assumptions will hold throughout
the rest of the paper. For the sake of brevity we will keep the dependence on A and on &
implicit. We thus write v*¢ = ~ and call this map a d-lumping. Without loss of generality
we may and will assume that ¢ is the point whose coordinates are all equal to one. We will
then simply say that the d-lumping « is generated by the d-partition A if needs be to refer to
the underlying partition A explicitly. Similarly, we will write X]‘/\\,’E(t) = Xn(t). This chain
evolves on the grid I'y 4 := 7(Sn). Note that the origin of R? does not necessarily belong
to I'v,¢. This happens if and only if all classes of the partition A have even cardinality, in
which case the potential function ¢y (x) = —% logy~1(z) + log 2 is minimized at the origin.
By convention we will denote by 0 (and call zero or the origin) any point chosen from the set
where ¢ (x) achieves its global minimum. The superscript ° will be used to distinguished
objects defined in the lumped chain setting from their counterparts on the hypercube. Hence
we will denote by P° the law of the lumped chain and by E° the corresponding expectation.

Unless otherwise specified d is any integer satisfying d < N.

The next two lemmata are quoted from [BBG1] where their proofs can be found. The first

lists a few basic properties of ~.

Lemma 2.1: (Lemma 2.2 of [BBG1]) The range of v, I'n.q := 7(Sn), is a discrete
subset of the d-dimensional cube [—1,1]¢ and may be described as follows. Let {uy}¢_, be the

canonical basis of R®. Then,

d
o
zel <= = 1-2—— | u 2.1
N kzl( ,Ak‘) A (2.1)

where, for each 1 <k <d, 0 < ny < |Ag| is an integer. Moreover, for each x € I'y 4,

d
o e 5w ato) =) =T ([, ke ) (22)

k=1

To I'y,q we associate an undirected graph, G(I'nq) = (V(I'na), E(I'n,qa)), with set of

vertices V(I'y,q) = I'y,q and set of edges:

E(N.a) = {(90,90') €Tna | Jnefr,ap, Fsef-1,1} 1 &' —x = Sﬁuk} (2.3)

-----
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In the next lemma we summarize the main properties of the lumped chain { Xy (¢)}.
Lemma 2.2: (Lemma 2.3 of [BBG1))

i) {Xn(t)} is Markovian no matter how the initial distribution 7° of {o(t)} is chosen.

i) Set Qn = pp 0y~ ! where
pn (o) = 27N7 0 €SN

denotes the unique reversible invariant measure for the chain {on(t)}. Then Qp is the
unique reversible invariant measure for the chain {Xn(t)}. In explicit form, the density
of Qn reads:

Qu(z) = 2iN|{a € Sy | (o) = 2}], VoeTng (2.4)

iii) The transition probabilities ry(z,2') =P (Xn(t+ 1) =2’ | Xn(t) = ) of {Xn ()} are
given by

N2 (2.5)

, LTTRES .8 if (z,2')€ E(na)) and 2 —x= SIALIuk
ry(z,2’) = k

0, otherwise

For us the key observation is the following lemma, which will allow us to express hitting
probabilities, mean hitting times, and Laplace transforms on the hypercube in terms of their

lumped chain counterparts.

Lemma 2.3: If A C Sy is (A, &)-compatible then
7o =Iinf{t >0 |on(t) € A} =inf{t >0 | Xn(t) e v(4)}, (2.6)
and on(Ta) is the unique point in v~ (Xn(74)).

Proof: The content of this lemma was in fact already sated and proven in the paragraph
following Definition 1.1 (see (1.8)). Let us repeat the main line of argument: for each ¢ € N,
on(t) € A if and only if Xx(t) € v(A), which implies that ox(t) € v~ 1(v(A)), and since
A C Sy is (A, €)-compatible y~1(A4) = A. &

The next two lemmata are elementary consequences of Lemma 2.4 whose proofs we skip.

Recall that P° denote the law of the lumped chain and E° the corresponding expectation.

Lemma 2.4: Let A, B C Sy be such that ANB = 0. Then, for all d-lumping v compatible
with AU B,
P(rg <713)=P° (7’3((3 < T;’((g))) , forall o€Sy (2.7)
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Lemma 2.5: Let AC Sy andn € A. Then for all 0 € Sy and all d-lumping v compatible
with AU o, if |A] > 1,

E (eSTi/ETi’x Mo oo

n T A\n

(o) ypo._ (o)
}> =[E° (eSTW(fU/E T7<A>]I{Tw(a><Tw<o> }> (2.8)

y(n) Y (AN (1)

and if A= {n},
o o v(o) o v(o)
E (eSTW /BT] > = [E° (GST’Y(T/) /E Ty (n) > (29)

We finally state and prove a lemma that will be needed in Section 6 and Section 7.

d
Lemma 2.6: Er) = H m(l + O (JAx]™)).
k=1

Proof: Since {Xn(t)} is an irreducible chain on a finite state space whose invariant measure
Qy () satisfies Q(0) > 0, it follows from Kac’s Lemma that E7)Q, (0) = 1. Lemma 2.6 then
follows from (2.2), (2.4), and Stirling’s formula. {
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3. The lumped chain: key probability estimates.

This chapter centers on the lumped chain. As noted earlier this chain is a random walk in a
simple, convex, potential: the entropy produced by the lumping procedure gives rise through
(2.4) to a potential Yy (z) = —%log v~ Y(z) + log2 and, by Lemma 2.1, this potential is
convex and takes on its global maximum on the set Sy, its global minimum being achieved
at zero®. Following the strategy developed in [BEGK1], where such chains were investigated,
we will decompose all events at visits of the chains to zero. The aim of this chapter is to

provide probability estimates for the key events that will emerge from such decompositions.

Theorem 3.1 and Theorem 3.2 can be viewed as the two building blocs of this strategy.
Theorem 3.1 establishes that starting from a point x € Sy, the chain finds zero before

returning to its starting point with a probability close to one.

Theorem 3.1: There exists a constant 0 < ap < 1/20 such that if d < 0601 ~ then, for
all x € Sg,

0< (1 - ]1V> —P(rf < 7F) < Ni(l + O(1/V'N)) (3.1)

Theorem 3.2 gives an upper bound on the probability that starting from an arbitrary point
y € 'y g4, the chain finds a point x € S; before visiting zero. This bound is expressed as a
function Fy 4 of the distance between = and y on the grid I' y 4 which guarantees, in particular,
that for small enough d this probability decays to zero as N diverges. Unfortunately, though
explicit, the function Fiv 4 looks rather terrible and is not easy to handle. For this reason we

state the theorem first and give its definition next.

Given two points z,y € I'y 4, we denote by dist(z,y) the graph distance between z and
y, namely, the number of edges of the shortest path connecting x to y on the graph G(I'y q)
(see (3.36) for the formal definition of a path):

Al
dist(z, y) EZT zk — ¥ (3.2)

Define dy(N) as the largest integer dominated by aoﬁ, where «aq is the constant appearing
in Theorem 3.1.
8Recall that by convention the point denoted by 0 and called zero or the origin is any given point chosen

from the set where ¥y (z) achieves its global minimum: this set reduces to the actual zero of R® if and only
if all classes of the partition A have even cardinality.
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Theorem 3.2: Let d < dy(N). Then, for allx € Sq and y € I'n g\ z, we have, with the
notation of Definition 3.3,

P° (1Y < 7§) < Fy q(dist(z,y)) (3.3)

From now on (and except in the statement and proofs of the main results of Sections 5 -
7) we will drop the indices N and d and write F' = Fly 4. Let us now give the definition of

this function. To this aim let d,x be the sphere of radius n centered at x,

Opr ={y€l'naq| dist(z,y) =n}, neN (3.4)

Definition 3.3: Let F,Fy,Fy, and k be functions, parametrised by N and d, defined on
{1,...,N} C N as follows: let I(n), n € be the set defined through

Im)={meN"|30<peN:m+2p=n+2},; (3.5)

then
F(n) = Fi(n) + F»(n) (3.6)

where
_ n! 5 (n+ 2)! N (n+2=m)/2

and

n(n) < { Ko zfn zis indcipender.ct of N | (3.8)
N if n is an increasing function of N

where 1 < ky < 00 is a numerical constant.

Lemma 10.1 of Appendix A3 contains a detailed analysis of the large N behavior of the
function Fy from (3.7). There, we strove to give explicit, easy to handle, expressions that

should meet our needs for all practical purposes.

The rest of this chapter revolves around the proofs of Theorem 3.1 and Theorem 3.2.
However, while the probabilities dealt with in these two theorems will suffice to express
bounds on the harmonic measure, more general ‘no-return before hitting’ probabilities than
that of Theorem 3.1 will enter a number of our estimates (see e.g. the formulae (6.10),(6.11),

for hitting times). Therefore, anticipating our future needs, we divide the chapter in five
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sections as follows. We first establish upper bounds on ‘no return before hitting’ probabilities
of the general form P°(77 < 7¥) for J C Sg and z € I'y 4 \ J (Lemma 3.4), from which we
will deduce the upper bound on P°(7§ < 77) with 2 € Sg (Corollary 3.5) needed to prove
Theorem 3.1. This is the content of Section 3.1. In Section 3.2 we prove a lower bound on
‘no return’ probabilities of the form P°(7§ < 7¥) (Lemma 3.10) which is rather rough but
holds uniformly for € I'y ¢ \ 0. This general a priori upper bound will be needed in the
proof of Theorem 3.2, carried out in Section 3.3. We will in fact prove a slightly stronger
version of Theorem 3.2, namely Theorem 3.11, valid for all under the only assumption that
the partition A is log-regular (see Definition 3.9). Theorem 3.2 is in turn needed to obtain

the sharp upper bound on P°(7§ < 77) of Theorem 3.1, which we next prove in Section 3.4.

3.1. Upper bounds on ‘no return before hitting’ probabilities.

Given a a subset J C S; and a point « € I'y ¢\ J, consider the probability P° (77 < 77) that
the lumped chain hits J before returning to its starting point. Our general strategy to bound
these ‘no return’ probabilities is drawn from [BEGK1,3] and summarized in Appendix Al.
It hinges on the fact that they admit of a variational representation (stated in Lemma 8.1)
which is nothing but an analogue for our reversible Markov chains of the classical Dirichlet
principle from potential theory. This variational representation enables us to derive upper
bounds in a very simple way, simply guessing the minimizer. It will also allow us to obtain
lower bounds by comparing the initial problem to a sum of one dimensional problems (Lemma

8.2) that, as we will see in Section 3.2, can be worked out explicitly with good precision.

We now focus on the upper bounds problem for d > 1 only, the case d = 1 being covered
in Lemma 9.1. These bounds will be obtained under the condition that the set J U x obeys
hypothesis H°, namely, under the condition that

inf dist(z, (JUz)\z2)>3 (3.9)

zeJUx

This is a transposition in the lumped chains setting of hypothesis H initially defined in (1.17)
for subsets A of the hypercube Sy (we will see in Chapter 5 that for certain sets, conditions
(3.9) and (1.17) are equivalent). Naturally we will say that J Uz obeys hypothesis H°(JUx)
(or simply that H°(J U z) is satisfied) whenever (3.9) is satisfied.

Lemma 3.4: Let J C Sq, x € 'ng\ J, and set

_Qn(J)
J = (2N<x),

_ Qn(0iz)
ﬁ<— (QN(w) 1a 6J

. ’81$ﬂj|
N

o' (3.10)
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i) If H°(J Ux) is satisfied then

Po(r <77) < @ (1= %) (3.11)
1+as (1- %) (1+1)

=

ii) If H°(J U x) is not satisfied, and if x € Sq\ J, then

PO(r2 < 7%) < 131” (1+ 115; +o(53)) (3.12)

Remark: The condition (3.9) is the weakest condition we could find that yields a very
accurate upper bound? on P°(7% < 7%) that is independent of the geometry of the set J U z.
In contrast, (3.12) is the roughest bound we could derive but depends only in a mild way on
the geometry of J near z. As we will explain, our techniques allow to work out better (albeit

often inextricable) bounds.
Remark: Observe that Lemma 3.4 holds with no assumption on the cardinality of J.

Remark: Also observe that since |0yz| = d, §; < %I[{IJ‘Zd} + lNilI[{mgd} < 1. Since for
x € Sg, ay = |J|, we have

Oy d 1 1

= < ——1 —1I < — 3.13

oy = N e Ty lisse < 5 (3.13)
and (3.12) may be bounded by

P(r5 <78) < (1= i) (14 O(F) (3.14)

Proof: Assume first that H°(J U z) is satisfied. Using the variational representation of
Lemma 8.1 we may write

P°(r§ < 77) =Qn(2)” ,f @.a(h) < Qn(z) ' Ona(h), VheH: (3.15)

7
where @y 4 is defined in (8.2). We then choose
0, if y=u
, if yeld
h(y) =< a, if yeoJ (3.16)
c, it yeox
b, if y¢ (JUx)U(01JUO )

9We will actually work out the corresponding lower bound (see (4.41) of Theorem 4.6).
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where a,b, and c are still to be determined. Inserting this ansatz into @y 4, we see that

Py,a(h) = Z Z Qn (y)ry(y,y)(1 —a)
yeJ |y’ €01y
+9 Y Qula)ri(z,y)
Yy 661:0

+ Y > )Ry - 1)’

y' €01y y’€(01y')\y

+ Y Y v,y —c)?

Yy Edrz y" €(ry' )\

(3.17)

To evaluate the various sums in the last formula simply observe that, for all z € I'y 4,

Y Qua)ri(z2) =Qu(z) Y ri(z2)

2'€012

z/€012

2. 2

2'€01z 2" €(H12")\=

Qn () (2, 2"

= Y Qn(=)

2/ €012

= > Qn(

2/ €01z

= Y Qn(2)

2/ €012

= (Qn(912)

= Qn(2)

Z r (2, 2")

2"€(012")\z

)( > r?v(z’,z”)_ryv(,zg@) (3.18)

2" €012’

(1—7r3(2,2))

- Qn(2))

where the last line follows from reversibility. Also observe that when y € Sy,

Qn(01y) =

Then, using (3.18) and (3.19) in (3.17), we get

Oy.a(h) =Qn(J) [(1—a)* + (N —

and by (3.15), for @ = ay and [ defined in (3.10),

Po(rf <7¥) <al(l—a)®+ (N -

NQn(y)

1)(a —b)*] + Qn(z)c® + (Qn (d12)

D(a=0)?] +c*+ (68—

(3.19)

—Qn(2)) (b—¢)?
(3.20)

1) (b — c)? (3.21)

This allows us to determine a, b, and ¢ by maximizing the right hand side of (3.21): one easily

finds that the maximum is attained at a = a
C*
a =1 — —
o
148
= ( E >

b=t

c = c*, where

(3.22)
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Plugging these values into (3.21) then yields (3.11).

If now H°(J U x) is not satisfied, the test function h(y) of (3.16) is no longer suitable:
we can either add extra parameters to handle the pairs y',y” € J Uz that are such that
dist(y’,y"”) < 3, or simplify the form of h(y) by, e.g., suppressing all but one of the parameters.
Clearly the first option should yield more accurate results, but these results will strongly
depend on the local structure of the J U z, and in practice this will be tractable only when

this structure is given explicitly. Instead, we choose the one parameter test function

0, if y==x
h(y) =< 1, it yeld (3.23)

a, otherwise

Eq. (3.20) then becomes

®n,a(h) =[Qn () = Qu(y)8s] (1 = a)® + Qu(2)(1 = d5)a” + Qn (y)ds

(3.24)
=Qn(2) [(ay = 85) (1= a)? + (1= 8,)a% + 6]

where we used in the last line that since z,y € Sg, Qn(y) = Qn(z). One then readily gets
that the maximum in (3.24) is attained at a = a* = (ay — d5)/(1 + oy — ), and takes the

value
g 1—53/047

1+aJ1—25J/(1+aJ)
From here (3.12) follows immediately.

Qn(z)

A few immediate consequences of Lemma 3.4 are collected below.
Corollary 3.5: Set 3y = 2d (1 — %Z‘,ﬁzl m> — 1. Then, for all1 <d < N,

i) for all J C Sg and x € Sg\ J, if H°(J Ux) is satisfied,
P(rs <7 < (1= ptr) (1- %) (3.25)
whereas, if H°(J U x) is not satisfied,
P(r5 <72) < (1- pr) (14 O(F) (3.26)
i) for all J C Sq,

Po(ry <7) < [J27V (1 - ) (1 — 727N (1- %) (1 + %) + (’)(\J\QQ*QN)) (3.27)
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iit) for all x € Sy,

P(rg <Py < (1- 1) (1 — 27N (1- 1) (1 + 5—10) + 0(2*2N)> (3.28)

Proof of Corollary 3.5: All we have to do is to evaluate the coefficients a7, 3, and d; of
(3.10), and to decide which of the formula (3.11) or (3.12) to use. Clearly, (3.25) and (3.27)
of the corollary satisfy assumption (i) of Lemma 3.4, so that (3.11) apply in both these cases,

while (3.26) satisfy assumption (ii). Now, when J C S; and z € S\ J,

oJ 1
—|J —N-1, %<
Qg ’|7 B > a; = N

where the bound on 67/« was established in (3.13). Inserting these values in (3.11), respec-

tively (3.12), yields (3.25), respectively (3.26). This proves assertion (i). To prove (ii) note
that when z = 0,

14
Qn (017) = 2dQn (0 ( gZ, A2 +1> (3.29)
and hence

B 1< 1
6260:2d<1_d,;\1\k|/2+1>_1 (3.30)

On the other hand, for J C Sy and = 0, ay = |J|27". Then, plugging these values into
(3.11) and setting u = [J|27V (1 — ) (1 + é) yields

P(r) <75) < (1+5)7"

(3.31)

This and the bound 1+u =1—-u+ ﬁr—?u <1 —u+u? for u > 0 proves assertion (ii) of the

corollary. To prove the last assertion we use reversibility to write

Qn(0)

P (15 < T13) = QN(SC)PO(T‘S <1 = AP0 < 1) (3.32)

{=}

The bound (3.28) then follows from (3.27) with J = {2} and ay,; = 27. This concludes
the proof of Corollary 3.5. {

The last assertion of Corolloray 3.5 proves the upper bound of (3.1). We may now turn to

the corresponding lower bound.
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3.2. Lower bound on general probabilities of ‘no return’ before hitting 0.

This subsection culminates in Lemma 3.10 which provides an upper bound on the prob-
ability that the lumped chain hits the origin (i.e.the global minimum of the potential well
YN (y) = —% log Qu (y))) without returning to its starting point z, for arbitrary x € I'y 4\ 0.
While so far we made no assumption on the partition A, Lemma 3.10 holds provided that
A be log-regular (see Definition 3.9), i.e. that it does not contain too many small boxes Ay
(which would give flat directions to the potential). We will see, comparing (3.1) and (3.52),
that the latter bound is rather rough and can at best yield the correct leading order when

r eS8y

The proof of Lemma 3.10 proceeds as follows. Using Lemma 8.2 of Appendix Al we can
bound the ‘no return’ probability oy 4(z) = P°(7§ < 7¥) of a d-dimensional chain with the
help of similar quantities, g Ade:l(:z:k), 1 < k < d, but defined in a 1-dimensional setting.
This is the content of Lemma 3.6. The point of doing this is that, as stated in Lemma 9.1
of Appendix A2, such one dimensional probabilities can be worked out explicitly with good
precision. It will then only remain to combine the results of the previous two lemmata. This

is done in Lemma 3.10 under the assumption that the partition A is log-regular .

Lemma 3.6: Set
ond(z) =P°(15 <717), z€TlN (3.33)

Then, writing x = (z*,...,29),

—1
N
ona(@ Z [Z e« \A I (alitvimeda) (3.34)

p=1 Lv=0 ‘A(H+v)modd| (u+v)mody v
where
L, if v=20
(1) — ptv
v\ = mo .
( ) HQ(|Akmodd|axk dd), Zf 1<v<d-1
- (3.35)

A ) (|Akr>
q(|A axk E< =k
(el at) = (e )/ (s

and, for d=1, on1(0) = 0.

Proof of Lemma 3.6: An L-steps path w on I'y 4, beginning at  and ending at y is defined

as sequence of L sites w = (wp, w1, ...,wr), With wg = 2, wy, =y, and w; = (WF)k=1

-----
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V(I'n,q) for all 1 <1 < d, that satisfies:

(wi,wi—1) € E(T'n.q), forall I=1,...,L (3.36)
(We may also write |w| = L to denote the length of w.)

Since on.1(0) = 0 we may assume without loss of generality that in (3.33), z = (z!,...,2%)
is such that 2% > 0 for all 1 < k < d. There is no loss of generality either in assuming that,
for each 1 < k < d, |Ag| is even. With this we introduce d one-dimensional paths in I'y 4,

connecting x to the endpoint 0, each being of length

L=ILi++Lqg, L=tk (3.37)

Definition 3.7: Set Ly =0 and let w = (wo,...,Wn,...,wr), wn = (WF)_,, be the path
defined by
wo=21x (3.38)

and, for Lo+ -+ Li+1<n<Loy+---+Ljy1,0<i<d—-1,

0, if k<i+1
wk = zF — ﬁn, if k=i+1 (3.39)
xk if k>i1+1

For1l < p < dletm, be the permutation of {1 ... ,d} defined by 7, (k) = (u+k—1)modq. Then,
for each 1 < p < d, we denote by w(p) = (wo(p), - -, wn (1) .., wr (), wn () = (W),
the path in I'n 4 defined through

wn(p) = wir® (u) (3.40)

for Lo+ Ly, )y + -+ Le,i) T 1 <n<Lo+ L)+ + Lz i41), 0 <i <d— 1.

Thus, the path w defined by (3.38) and (3.39) consists of a sequence of straight pieces along
the coordinate axis, starting with the first and ending with the last one, and deacreasing each
coordinate to zero (all steps in the path ”goes down”.) In the same way, the path w(u) of

(3.40) follows the axis but, this time, in the permuted order (1), 7,(2),...,7.(d).

Now, for each 1 < pp < d, let A, the subgraph of G(I'y,q) “generated” by the path w(u),
i.e., having for set of vertices the set V(A,) = {2’ € T'n.q | Jo<n<r : ¢’ = wy(p)}. Clearly
the collection A, 1 < p < d, verifies conditions (8.8) and (8.9) of Lemma 8.2. It then follows
from the latter that

d
™o (w) (k)
P° (15 < T3 ZPAu (7:2(’;) < :J(?(;lj)) (3.41)
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so that Lemma 3.6 will be proven if we can establish that:

Lemma 3.8: Under the assumptions and with the notation of Lemma 3.6 and Definition
3.7, for each 1 < p < d,

-1
d—1
5o wolp) _ _wolw)) _ (w) N 1 (j+v)mod
o (TWL(#) ) wow)) - [208,, ) |A(u+u)modd\ %a (u+u)modd|1(x d)] 342
v=

Proof of Lemma 3.8: Without loss of generality we may assume that g = 1, in which

case the path w(u) coincides with w, and (3.42) reads

—1
PR, (r0 <70) = [ZE(” A, \Qm (@ ”)] (3.43)

where, eél)(x) =1landfor1 <v<d-1, 5,(,1)(1') = [Tr—; q(|Ak], %), and q(|Ag|,z%) is
defined in (3.35). As we have stressed several times already, the point of (3.41) is that each
of the d chains appearing in the r.h.s. evolves in a one dimensional state space, and that in

dimension one last passage probabilities are well known (see e.g. [Sp]). We recall that

BY, (ri < i) = [Z Q) 1 )] (3.44)

ne1 QAl(wn) rAl(wn;wn 1

which we may also write, using reversibility together with the definitions of 73 and @"Al (see

Appendix Al),
-1

N L—1 Qw (wo) 1 -1 d—1
PR, (o <789) = [Z (o) o +1)] - >4, (3.45)
n=0 n ny=n v=0
where, setting Ly = 0,
L,i1— 1
1
Z (3.46)

TN(wn, Wnt1)

Now for L, <n < L,y —1 we have, on the one hand,

Qn(wo) & Quay(wh)

Qn(wn) 15 Qg (@h)
_ ﬁ Qan (") | Qg
i Qia(0) Qay . (wit?

)

)

- Qa4 (wi ™)

= Al zF) | =20 2
(k 1q(| Kl )) )

d
@Mkmxk))
(kzl;[r2 Qja (%) (3.47)

Q\Au+1 |( V+1)

(1)
(= )Q\A,,+1|( N
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where the one before last line follows from (2.2), (2.4), and the definition (3.35) of q(|Ag|, z*).

On the other hand,
Ay 1]
N Al (@n

1/—1—1 wV+1) (348)

N (Wna wn—i-l) n+1

where 75, ,|(., .) are the rates of the one dimensional lumped chain X5, ,|(t) with state
space I'|5, . ,|,1- Inserting (3.47) and (3.48) in (3.46) yields

Lyyi—1 v+1
1
Au AN (1)( ) Z QlAu+1|(w10/+]_) v+1 v+1 (349)
’ V+1’ n=L, Q|Ay+1|(w” )T|Ay+1|(Wn 7wn+1)
and, in view of formula (3.44) (or equivalently (3.45))
N 1 v+1
A= ‘Ay+1| o )Q|AV+1‘y1($ ) (3.50)

where, with the notation of (3.33), g‘_Al ol ,(2') is the last passage probability QI_Al 2@

8,

w

)Jk\/

(@)
~

P°(r&" < 72) for the one dimensional lumped chain X |A,41](t). Inserting (3.50) in (3.
proves (3.43). Lemma 3.8 is thus proven.<

Inserting (3.42) in (3.41) yields (3.34), and concludes the proof of Lemma 3.6.$

Combining Lemma 3.6 and the one dimensional estimates of Lemma 9.1 readily yields
upper bounds on last passage probabilities. We expect these bounds to be reasonably good
when the contribution of the terms £ )( ) with v > 0 in (3.34) remains negligible. Inspecting
(3.35), one sees that this will be the case when z is far enough from zero (i.e. away from the
global minimum of the potential ¥ (z) = —+ log Qy()) and thus, even more so when z is
close to Sy, provided however that the partition A does not contain too many small boxes

A, i.eprovided that the partition A is log-regular. We now make this condition precise:

Definition 3.9:(Log-regularity) A partition A into d classes (A1,...,Aq) is called log-
reqular if there exists 0 < o < 1/2 such that

d
> AT, 1<10105 5} < N (3.51)
p=1
We will call « the rate of regularity. Note that if A is log-regular there exists at least one
index 1 < g < d such that |A,| > 10log N (since supposing that |[A,| < 10log N for all
1 < p < d implies that Zi:l |A,| < N). Also note that a necessary condition for A to be
log-regular is that d < o/ N for some 1 > o/ > o (more precisely o/ = o/(N) ~a as N | o0)

while, clearly, all partitions into d < classes are log-regular with rate a.

10 logN
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Lemma 3.10: For all fized integer n, for all x € I'n 4 such that dist(z,Sq) = n, if the

partition A is log-reqular with rate «, then

P(ry <73)>1—a— IOSN (3.52)
where 0 < C' < o0 is a numerical constant. Moreover, for all x € 'y 4\ 0,
e 1]
PO(r& < 7%) > ~ [d ; T (3.53)

where 0 < ¢ < o0 1s a numerical constant.

Remark: Eq. (3.53) implies that P°(7§ < 7%) > <. In the case when |A,| = & (14 o(1))
(i.e. when all boxes have roughly same size) (3.53) implies that P° (7§ < 7¥) > cﬁ.

Remark: We see, comparing (3.1) and (3.52), that choosing o = o(1) in (3.52) yields the

correct leading term.

Proof: Eq. (3.52) is a byproduct of the following more general statement: for A a log-regular
d-partition with rate a, set Z = {k € {1,...,d} | [Ax] > 10log N} (hence |Z| # 0); then,
defining the set

fN,d = {.Z' € FN,d ‘ iulz)q(’/\k‘,fﬂk) =0 (1\}5)} (354)
S

we have, for all x € fN,d,

P < 70) 2 (1= 0 () (1= Sppr BL) ink oin,14() (3.55)

Let us first show that this result implies (3.52). Let k& € Z. Recall that q(|Ag|,2%) =

A 1
Q‘Aﬂ(xk)/(@mk‘(O) where Q|Ak|(xk) = 2~ Akl (lAkll ﬁlxk ) By Stirling formula,
2

a8k, %) = Qua () /27184 (140 (121)) (3.56)

Assume now that x is such that dist(x,S;) = n for some integer n independent of N. Then,
Qay (z%) < 271AkI|AL ™ and, for k € T and for N large enough, Q5 |(z*) < e 618N From
this and (3.56) we conclude that x € INjN7d. It remains to evaluate (3.55). By (9.3) of Lemma
9.1, inf ez oa, 1,1 (2") > infez(l — O(ﬁ)) > (1- cﬁ) for some constant 0 < ¢ < oo,
whereas 3 o7 [Ay| < N (since, by assumption, A is a log-regular d-partition). It thus
follows from (3.55) that P°(7§ < 7%) > (1—o0(5z)) (1 — ) (1 - cﬁ), which yields the
first line of (3.52).
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Let us now prove (3.55). Let x € fN,d. By (3.34),
—1

Y (alnrmoday (3.57)

E E (u)
QNd I X
neT Lv=0 ‘A(IHrV)modl‘ 21 (utymod, b

From now on let 1 € Z. Since ¢(|A,|,2"7) <1,

£ () < gl Ayl 2") < o (55) (3.58)

where we used in the last bound that z € T ~N,d- Using in addition that, for all 1 < v < d
oia,|,1(z”) < 1 and that, by (9.6) of Lemma 9.1, Q|_A1,,\ (@) < CV/]A,]| < CVN for some

constant 0 < C < oo, we get

-1
ZS(N) N —1 (x(N+V)m0dd)
’A(M+V)modd| ‘ (#+u)modd| 1

-1
|A | d—1
> Eon, (@) |14+ Cq(|Al,z") A,
N Ol Z | A(w,,)modd (3.59)
TQ\AM(@’“) [1+ CdNq(|A,l, ")~
_ A -1

a1 (@) [L+o (7))

Inserting (3.59) in (3.57),

ona@) = (1= 0(57)) Cper “Foin1 (")
1 Al (3.60)
>(1-o0(57)) (Z#g 2 ) inf ez oja, 11 (")

But this is (3.55).

It remains to prove the last line of (3.53). Reasoning as in (3.59) to bound g|4, |1 (z") but

using that 6(“)( ) <1 for all u,v

-1
Zg(“) |A1 1 x(/i-l-ll)modd) >
|A(,u+l/)modd| (u+v)mody b

From this and (3.34) we get

(3.62)

SHE
(]~

° C
P(T3<T§)>N[
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Lemma 3.10 is now proven. <

3.3. Proof of Theorem 3.2.
Theorem 3.2 will in fact be deduced from the following stronger statement

Theorem 3.11: Assume that the d-partition A is log-reqular. Then, for all x € S; and
y € I'yv.a \ z, we have, with the notation of Definition 3.3,

P° (7Y < 1§) < F(dist(z,y)) (3.63)

The following useful identity is cited from Corollary 1.6 of [BEGK1]. It will be needed in

the proof of Theorem 3.11 and in different places in the next sections.

Lemma 3.12: (Corollary 1.6 [BEGK]1]) Let I CTy 4. Forally ¢ 1,

]PJO (Tg < T}JUy)

PO(T§/<T}/):W
Ux

(3.64)

Proof of Theorem 3.11: Given an integer 0 < n < N, let y be a point in I'y 4 such that
dist(z, y) = n where, without loss of generality, we again assume that =z = (z!,...,29) € Sy
is the vertex whose components all take the value one: = = (1,...,1). Our starting point
then is the relation (3.64),

P° (Té/ < Tguo)

P (1Y <7)) = ——— 5~ (3.65)

P (Tguo < 7’3)

To bound the denominator simply note that, by Lemma 3.10,
PO (T80 <TY) = P° (1§ <7Y) >k (dist(y,Sa)) > £~ (n) (3.66)

where #(n) is defined in (3.8) (this requires choosing sy " < 1 — a(1 4 o(1)) for large enough
N, which is guaranteed by e.g. choosing &, 1 <'1/4). To deal with the numerator we first use

reversibility to write
Qn ()
Qn(y)

Since dist(x,y) = n, we may decompose the probability in the r.h.s. of (3.67) as

P° (Tg < Tguo) = P° (Tf < T;”UO) (3.67)

Y

P° (T; < ijuo) =P° (n =7, < T;”UO) + P° (n <7, < T;UO) (3.68)
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and set ; ( )
1=P° (n=1, <715
v e (3.60)
fa=P° (n < T; < T;UO)
Thus, by (3.65), (3.66), and (3.67), defining
Qn(z) -1 .
L= P° (7Y < 1Y i, 1=1,2 3.70
Eq. (3.68) yields
P° (1Y <1y) = F1 + F» (3.71)

Let us note here for later use that, by (3.67), P° (7¥ < 7,0) < Qn(2)/Qn(y) and, com-
bining with (3.65) and (3.66),

P° (1Y < 1) < k(dist(y, Sq)) (3.72)

We now want to bound the terms f;, i = 1,2. f; is the easiest: For z,2’ € T'y g4, let
rg\?)(z, 2") =P% (Xn(n) = 2') be the n-steps transition probabilities of the chain X . Then,

because y is exactly n steps away from x, we have

f1 <P° (n = T; < Tf) = rg\?) (z,9) (3.73)

To bound the term fy we will decompose it according to the distance between the position

of the chain at time n + 2 and its starting point. Namely, defining the events

A = {dist(z, Xny(n+2)) =m}, meN (3.74)
we write
fo=P° (n+2<7) <7i,) = Z P° ({n+2<7) <70} NAR) (3.75)
0<m<n+2

The only non zero terms in the sum above are those for which m has the same parity as n

or, equivalently, those for which m belongs to the set
Im)={meN"|30<peN:m+2p=n+2} (3.76)
Next observe that by the Markov property, if m # n,
P°({n+2< 7, < a0} NAR)

= Z P, ({Xn(n+2) =2} N {riou, >n+2})P° (7] <7i)
ZEOmT (377)
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while if m = n,
P° ({n+2 <7 <70} NAn)
=P° (n—|—2:7y < TIUO)

+ ) PL({Xn(m+2) =20 {rlieu, > n+2}) PO (1] < i) (3.78)
2€(0nx)\Yy
<GP @)+ Y T @, )P (17 < 20)
Ze(anr)\y

Lemma 3.13: Let 7‘](\7)( ., .) denote the n-steps transition probabilities of the chain X .

(i) For all0 <n < N,

n! Qn(2)
N© QN(.T) ’

(@, 2) =

forall €S8y, z¢€dpx (3.79)

(ii) Let m € I(n) and set p= (n+2—m)/2. Then,

1 (m+2p)!

n—+2 m
7’1(\7+ )(x,z) < 7’5\/ )(x,z)Np o

forall z€8;,z¢€ dnx (3.80)

Proof of Lemma 3.13: We first prove (3.79). Without loss of generality we may assume
that ¥ = 1 for all 1 < k < d. Given an integer 0 < n < N, choose z € 0,x. Clearly the set
Onx C 'y g is in a one-to-one correspondence with the set Qg(n) of integer solutions of the

constrained equation
np+-+ng=n, 0<np<|Ag forall 1<k<d (3.81)

Indeed, to each z = (2, ..., 2%) € T'y 4 corresponds the d-tuple of integers (ny, ..., ny) where,
by (2.1), ng = % (1-2F) = ‘Az—kl (2% —2%) is the distance from x to z along the k-th coordinate
axis, and, in view (3.2), ny +---+ng = n. Thus, a path going from z to z in exactly n steps
is a path that takes nj successive “downwards” steps along the k-th coordinate axis, for each
1 < k < d. Now the number of such paths simply is the multinomial number

n!
_ 3.82
ny!...ng! ( )

(see e.g. [Be]) and, by (2.5) of Lemma 2.2, all these paths have same probability, given by

H ¥ () H ¥ ()

1 [Aq! \Adl'
N7 (JAr] =n)t 7 (JAgl = na)!

(3.83)
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e () () - H8E ow

where the last equality follows from (2.2) and (2.4). This proves (3.79). To prove (3.80)

we likewise begin by counting the number of paths of length n 4+ 2 going from x to a point

Therefore,

z € Oz, given m € I(n). Since choosing a point z € J,, is equivalent to choosing an element
(m1,...,mq) € Q% (m), each path going from z to z must at least contain the steps of a path
going = to z in exactly m steps (namely, for each 1 < k < d, my, successive “downwards”
steps along the k-th coordinate axis). Denoting by Qg(p) be the set of integer solutions of
the unconstrained equation

pr+--+pa=p, pi=0 (3.85)

the remaining n+ 2 —m = 2p extra steps can be distributed over the different axis according
to any element (pq,...,pq) € Qq(p). More precisely, for each such element, the total number
of steps taken along the k-th coordinate axis is my + 2pg, of which the chains traces back
exactly pp!?. Therefore, for fixed (pi,...,pq) € Qa(p), the number of paths going from x to
z in Zizl(mk + 2pi) = m + 2p steps is bounded above by

(m + 2p)! <m1 + 2]?1) <md + 2pd> (3.86)
(mq1 +2p1)!... (Mg +2pg)! D1 Dd '

and their probability is of the form A¢y,, . m.)Bp.,....p) Where

_ 7T A h T |Ad La
A(m1,...,md) - H N 1 |A1| l};[l N L ‘Ad|

11=1
Aq| aj, \ A1 [ aj, Aq a Ad| [ a;
P = H V) 3 (R)- H M) Y ()
(3.87)
and where, for each 1 < k < d, (a;,), <jr<p, 182 family of integers having the following
properties:
1 <aj, <my+pk, (3.88)
and

at most one of the a;,'s takes the value my + pg,

at most two of the a;,'s take the value my + py — 1, (359)
3.89

at most pi of the ajk’s take the value my + 1.

10These steps of course need not be distinct (the chain can trace back I}, < pj times a same step) and,
clearly, they need not either be consecutive.



Potential theory on the hypercube 33
To reason this out simply note that... Thus

|Ak:\ _ \Ak a]k T Al as _ ([AN™ 1 (ms +pi)!

Jr=1

Inserting this bound in (3.87) and making use of (3.84) we get:

(n) 1 A\ [Aal\"* (m + 2p)!
A(ml,---,md)B(le-de) < Z TN (;U? z>p1! - ~pd! < N te N NPm)
(plv""pd)egd(p)

" 1 2p)! A A p1t+-+pd
NP plm! mi my
_ 1 (m+2p)!
=
(3.91)
which proves (3.80).$
Lemma 3.14: For F; defined in (3.70), with the notation of Lemma 3.13.
|
Fy < k(n) ;\zm 5o
(n+2)! NP 3.92

mel(n)

Proof: Inserting (3.79) in (3.73) and, combining the result with (3.70) for ¢ = 1 and with
(3.66), proves the bound (3.92) on F;. We next bound F5. Assuming first that m # n, and
combining the results of lemma 3.13 with (3.77), we get

m! 1 (m+2p)! Qn(z)
Nm™ NP mlpl  Qn(x)

P° ({n+2 <7 <7i0}NAnm) <
ZEOmT
n—|—2 I NP @N(Z)
- Z Nn+2 pl QN(«'E)

PO (Tyz < szuo)
(3.93)

P° ( ; < T;UO)
2EOmT

Observing that P° (77 < 77,9) < P° (77 < 75), it follows from (3.72) that, for z € Op1,

P° (Tyz < Tjuo) < H(dist(Z,Sd))gZEZ; < k(m) gzg; (3.94)
Therefore
B ({n+2< 7 <750} 1 Ay) < (m>QN(y) (n+2)! N 7‘% | (3.95)

QN (l‘) Nn+2
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In the same way it follows from (3.78) that, for m = n,

_Qu(y) (n+2)! N7
“Qn(z) N2 opl
<i(n) QW) (LN

Qn(z) Nnt2

PP ({n+2<78 <rio}nA.) < — 1+ s m)l0a2) \ y

(3.96)

7|an ‘

where we used that «(n) > 1 for all n. Finally, by (3.70), inserting (3.95) and (3.96) in (3.75)

yields
n+2)! NP
F> < k(n) E K(m)(N”H) —|8m \ (3.97)

mel(n)

This and the fact that k(m) < k(n) < k(n +2) for all 0 < m < n + 2 proves the bound on
Py of (3.92). &

The proof of Theorem 3.11 is now complete.<

a
10 1ogN

with rate o, Theorem 3.2 follows from Theorem 3.11 by choosing d < Oé()m provided that
ap < {5 for some 0 < a < 1/2, i.e. provided that o < 1/20.

Proof of Theorem 3.2: Since all partitions into d <

classes are log-regular

We are now ready to prove the lower bound on P°(7§ < 77) of Theorem 3.1 (i.e. the upper
bound of Theorem 3.1).

3.4. Proof of the upper bound of Theorem 3.1.
The upper bound of Theorem 3.1 will easily be deduced from the following lemma.
Lemma 3.15: Assume that the d-partition A is log-reqular. There exists a constant 0 <

o' < oo such that if d < a’% then, for all x € Sy,

Po(r8 < 7%) > 1 — % - %(1 +O(1/VN)) (3.98)

Proof: Let 2, be the set of paths on I'y 4 that start in  and return to x without visiting O:

Q, = U {w = (Wo, w1, ...,WL): Wy =W, = T, YockaL Wk # O} (3.99)
L>2

We want to classify these paths according to their canonical projection on the coordinate

axis. For simplicity, we will place the origin of the coordinate system at x and, as usual, we
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set x = (1,...,1). Thus, for each 1 < k < d, recalling the notation y = (y!,...,y%), we let

7, be the map y — my = ((mey)?, ..., (mey)?), where
(mey)* =o*, and (m)" =1 forall K #k
Given a path w € Q, we then call the set mw defined by

Tw = U Tpw, Trw = {mEWwo, TEW1, - - ., TEWL } (3.100)
1<k<d
the projection of this path. Now observe that the set of projections of all the paths of €,
simply is the set

{weQ:m}= [J U Em(my,...,myg) (3.101)

1<m<N (ml,...,md)EQg(m)

where, given an integer 1 < m < N and an element (my,...,mq) € QY (m) (see (3.81)),
Em(ma,...,mq) = U Em(my),
1<k<d (3.102)
Em(my) ={z,x — IAEWU’“’ e, T — %uk}

With this notation in hand we may rewrite the quantity 1 — P° (7§ < 77) = P°(7F < 7§) as
P(r¥ < 1§) = P°(Q,) which, for a given fixed M (to be chosen later as a function of N, d),

we may decompose according to the cardinality of the set 7w \  into three terms,
]P’O(Qx) =Ri1+Ro+Rs (3.103)

where
Ri=P(weQ,: |rw\z|=1)

M
Ro = Z P°(w € Qy: |mw \ x| =m) (3.104)
m=2

Ry =P°(weQy: |mw\ x| > M)
We will now estimate the three probabilities of (3.104) separately. Firstly, note that the set
{w € Qy: |7mw \ | = 1} can only contain paths of length |w| = 2. Thus

( )

x
x

~
[S)

Ri1=

[\]
I
3
A
Sh

I
M~

TN(xw%' - |2ALZZ|)71N(m - |2Aill|ax>

i
I

(3.105)

1
M-
|
2=

2| =
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Let us turn to Ro. Our strategy here is to enumerate the paths of the set {w € Q,: |[7w\ x| =
m} and to bound the probability of each path. To do so we associate to each &,,(m1,...,mq)

the set of edges:

E(Em(ma,....ma)) = | E(Em(mw)),
1<k<d (3.106)
E(&n(my)) = {(x,:c’) € Emn(my) | Jseqorgy s 2’ —x = smuk}

Next, choose w € {w € Q,: |mrw \ | = m} and, for each 1 < k < d, let us denote by [; be the

number of steps of w that project onto the k" axis: namely, if |w| = L,

lk(w): Z ]I{(ﬂ'kwl,ﬂ'kwl+1)€5m(mk)} (3'107)
0<i<L

A step along the k" axis that decreases (increases) the value of the k* coordinate will be
called a downward (upward) step. Clearly, because a path w € 2, ends where it begins,
each (non oriented) edge (w;,w;—1) of w must be stepped through an equal number of times

upward and downward. As a result such paths must be of even length. Therefore, setting
L=2n and [y =2n; forall 1<k<d (3.108)

we have

ni+-4+ng=n, ng>my forall 1<k<d (3.109)
Then
P°(w € Qy: 7w \ x| =m)

= Z P(we Qy: |w| =L, |rw\ z| =m)
L=2m

= Z Z Z P°(w € Qp: Vi mpw € En(mu) , lx(w) = 2ny)
NEM (ma,.,ma) €QG (m) ™1 Zﬁi’.llﬂ‘fﬁd :
(3.110)
The probabilities appearing in the last line above are easily bounded. On the one hand the
number of paths in {w € Q,: V{_, mw € En(mi),lk(w) = 2ni} is bounded above by the
number of ways to arrange the |w| = 2n steps of the path into sequences of nj upward steps
and ng downward steps along each of the 1 < k < d axis, disregarding all constraints. This

yields:
(2n)!

(n11)2... (ng!)?

(3.111)
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On the other hand, as used already in the proof of Lemma 3.13, the probability to step up
and down a given edge (wj,w;;1) along, say, the k*" coordinate axis, only depends on its
projection on this axis (see e.g. (3.87)) and the probability of a path in {w € Q,: V¢_, mpw €
Em(my) ,lk(w) = 2ny} is easily seen to be of the form

A6 2% )

kl]kl

where, for Q4(.) defined in (3.85), (af,...,aF, ) is an element of Q4(my) having the property

? Mg

that a;?k > 1 for all 1 < ji < my. The quantity (3.112) may thus be bounded above by

H H | Ak < Tk ) | Ak ( ik ) (|Ak!mk>‘”k—1
k=1 jp=1 | Ak N [Ak| N N
d

N LN (A= m)! \ NN

(3.113)

Inserting (3.111) and (3.113) in (3.110) we have to evaluate the resulting sum. To do so note
first that

2n)! 1 (2n)! (2(n —m))! f[ (2(nx — mp))! (nk)_Q
TTeo (ne))2 I, (mah)2 (0 = m)UTTE (2(ng — mp))! o (e — mue) D)2 Ao
22(n=m) (2n)! (2(n —m))!
i (mah? 200 = M) (20, — m))!
(3.114)
Thus
ny>my,..., ”d%’md: <n1 nd 2 k=1
2(n—m)

22(n—m) (2n)! N (3.115)
= T (mh? 2 (2 )

22(n—m) (2n)! mynem
= TTe_, (my!)? (2(n —m))! (N)

where the last line follows from Schwarz’s inequality. From now on we assume that there

exists a constant 0 < C' < 1 such that 4% < C for all m < M. Using that %xz(”*m) =

dQ(n m)+1 omn
dp2n—mr1 LT We get,

1— /4m

> (2n)! my”n-m (2m —1)!
- e (N) G (3.116)
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Finally,

P°(w e Qy: |mw \ x| =m)

d
! (2m — 1! mk'!Ak\' (3.117)
(ma,...;ma)€QL (m) VAT p—1 babe
and since
3 ( ) f[ A
(| Ak !
(mtyoesma)€QE (my N7 s N ([Ag] — mg)!
d m
[Ap[\ 7"
- 2 (ml ) 11 ( (3.118)
(ma,...,ma)€QY (m) ’ k=1 .
d m
Al
< i
< (Z s
k=1
=1
we obtain
o . . a(m) . (Zm — 1)' — —2m
Po(w € Qi fmw\ o] = m) < S22 a(m):T(l—\/ég) (3.119)

To bound the term Ro from (3.104) we still have to sum (3.119) over 2 < m < M. Writing

Ry = % + C;S;) 1+ 7; “%2,{5‘:53)] (3.120)

we have, using Stirling’s formula that, for some constant ¢ > 0,

M M M m—3 —1
a(m)/a(3) _e(m—3) (M3 M M
1+Z Nm—3 §1+Zecm (N) S”Z N < 1_N
m=4 m=4 m=4

(3.121)
. M
and, since a(2)/N? = (3/N?)(1 + O(1/V'N)), we get, for all M such that 45F < C < 1,

Ry < % (1 + 0(1/\/N)) (3.122)

It now remains to bound R3. Observe that all paths in {w € Q,: |7w \ z| > M} must
hit the set M = 0 |z (here [ | denotes the integer part of 1), Assume indeed that it

is not the case. Since mw € &y, (my,...,mq) for some m > M and (mq,...,mq) € QY (m),
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this would in particular imply that maxij<i<qmi < L%j But this in turn implies that

m=mq+ -+ mg < M, which is a contradiction. We are thus lead to write

Rs <P°(1 < 75 < 77)

=3 P (7 < houans ) PP (7 < 76)
zeM

o z z o T T
S ?éa/\)/l( P (T:L‘ < To ) ;A P (Tz < TIUOUM\Z)
z

(3.123)
< ]P)O z z
< max P? (7 < 75)

and, under the assumption that the partition A is log-regular, by Theorem 3.11,

R3 < max F(dist(z, 2)) < F(|M/d]) (3.124)

zeM

Plugging (3.105), (3.122), and (3.124) in (3.103) we have proven the following statement:

Lemma 3.16: Assume that the d-partition A is log-reqular. Then, for all x € Sq, for all
M such that 4% < C where 0 < C < 1 is a numerical constant, and for large enough N,

P < 75) = 1 + g1+ O(V)) + F((M/d)) (3.125)

It is easy to check that there exists a constant 0 < o < 1 such that for all d <

a/IOJgVN, choosing M = €N (that is & > £ logN) the bounds of Lemma 10.1 imply

that F(|M/d|) = O(1/N%). This concludes the proof of Lemma 3.15.$

o N
10 log N

are log-regular with rate «, the upper bound of Theorem 3.1 follows from Lemma 3.15 by

As in the proof of Theorem 3.2 observing that all partitions into d < classes

choosing d < aoﬁ with e.g. ap < inf {o/, 2710}

The proof of Theorem 3.1 is now complete.
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4. Estimates on hitting probabilities for the lumped chain.

In this section we pursue the investigation of the lumped chains initiated in Chapter 3.
Using the probability estimates established therein we will prove sharp estimates on the
harmonic measure and on ‘no return before hitting’ probabilities. As a warm up to these
proofs we begin in Section 4.1 by drawing some simple consequences of Theorem 3.1 and
Theorem 3.2 (Corollary 4.3). Doing so, we will show how the bound (3.3) of Theorem
3.2 gives rise to the sparsity condition. The procedure described in Section 1 will be used
repeatedly in the follow-up sections to prove estimates on: the Harmonic measure starting
from zero (Section 4.2); the Harmonic measure with arbitrary starting point (Section 4.3);
no ‘return before hitting probabilities’ of the general form P° (Tff\gc < 7F) for J C Sq and
x € I'nv g (Section 4.4).

Let us finally mention that while the results on the harmonic measure of Section 4.2 and
4.3 will be needed both in section 6 and 7, Corollary 4.3 of Section 4.1 will be crucial for the
investigation of the Laplace transforms carried out in Chapter 7 and, as mentioned earlier,

Theorem 4.6 of Section 4.4 will play a key role in Chapter 6 for the analysis of hitting times.
4.1. Generalization of Theorems 3.1 and 3.2: emergence of the sparsity condition

We begin with some notation and definitions. Recall from (3.4) that, given two points
x,y € 'y, 4, Opx denotes the sphere centered at x and of radius n for the graph distance. For

x € §; and arbitrary y € I'y 4 define

62(n) = max P* (r2 < ) (4.1)

Lemma 4.1: For all x € T'y 4, ¢, is non increasing.

Proof: Let x € §; be fixed. For all n > 1 and y € 9,11,
PO (rl < 7) <P(r, < 7Y < 7)

= Z P° (Té’ < Tguou(anx)\z> P° (72 < 715)

2E€0n
= s P* (r; <75) Z L <Téy < TgUOU(an)\z) (4.2)
2€0,
< max P? (7 < 75) (75, < Tauo)
<¢z(n)

Thus, taking the maximum over y € 9,117,

Gu(n+1) < gy(n), n>1 (4.3)
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which proves the claim of the lemma.<>
From Theorem 3.11 we immediately deduce that:

Lemma 4.2: Assume that the d-partition A is log-reqular. Then, for all x € Sy,
¢z(n) < F(n), neN (4.4)

Proof: Just note that ¢,(n) < max F(dist(z,y)) = F(n). $
yeEdnx

Now let J C 'y q and y € 'y 4, and define

Vo(y,J) = { 2 aeqy @=(dist(y, 2)), i J\y#£0

0, otherwise

. . 4.5
o Sy Fldist.2),  if J\y#0 9

U°(y,J) = .

0, otherwise
Clearly, by Lemma 4.2, under the assumptions therein,
Vo(y)J) SUO(ZU;J); JCSdayGFN7d (46)
implying that

P <) < VO(y, ) Uy, J) < maxU°(y, J) (4.7)

yeJ
z€J\y

Obviously the function maxyc; U°(y, J), J C I'n 4, strongly resembles the function Uy 4(A),
A C Sy, introduced in (1.11) to define the notion of sparseness of a set. We will see in Chapter
5 that, on appropriate sets, these two functions indeed coincide. In view of (4.7) the sparsity

condition will thus serve to guarantee the smallness of sums of the form Pe (1¥ < 7).

zeJ\y

We now use the previous observations to prove the following generalization of Theorem
3.1 and Theorem 3.2 where the exclusion point (respectively hitting point) x is replaced by
a subset J C Sy.

Corollary 4.3: Let d < dy(N). Then, for all J € 84 the following holds:

(i) For allxz € J

1 c o O X xX 1
1—N——N2—V(x,J)<P(7‘O <715) < N (4.8)
i Q)
1 c 1 0
1——— — — E Ve < P(rf<7d)<1——= 4
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for some numerical constant 0 < ¢ < 4. (Note that Q(J) = |J[]27V)

(ii) for ally ¢ J
P (7 < ) < V°(y.J) (4.10)

Moreover (4.8), (4.9), and (4.10) remain true with V°(.,J) replaced by U°(.,J).

Proof of Corollary 4.3: Note that

Po(ry <715)=P°(15 <73) — IP’O(T}”\w <71y < TE) (4.11)
where
P, <7 <) = 3 B < B < 1)
z€J\z
< Z P°(77 < 7 2)w0)
z€J\z (412)
< Y P < 75)
zeJ\z
<Ve(z,J)
Thus
Po(ry <73) =V (z,J) <P°(7§ < 77,) <P°(15 < 73) (4.13)

and, together with Theorem 3.1, this proves (4.8). Next,

P° (7—9 < 7—(())) = ZPO (TS < T(())U(J\Z))
zeJ

= ; ggg; P° (15 < 75) (4.14)

1 o z z
= 72N@(0) ;]P’ (1§ < 717)

where, for each z € J, P° (1§ < %) obeys the bounds of (4.8). Since Q(J) = |J|27%, (4.9) is

proven. Finally
Pe (7] <15) = ZIP’O(TZ@/ < T(yJ\z)uo) < Z]P’O(Tf <7d)<V°(y,J) (4.15)
zeJ zeJ

proving (4.10). In view of (4.6), (4.8), (4.9), and (4.10) remain true with V°(.,.J) replaced
by U°(.,J). Corollary 4.3 is proven. {
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4.2. The harmonic measure starting from the origin.

43

Given J C 'y qgand y ¢ J, let HS(y, z) denote the harmonic measure of the lumped chain,

namely,

HS(y,z) =P° (Ti,/ < Tg\z> , zed
Lemma 4.4: Let d < do(N). Then, for all J C Sq and all x € J,
NI (14 0L )V (a J)} < H5(0,2) < ‘31+V{1 — max V°(z J)]il
/] N e R e ] 2 ’

where, for some numerical constant 0 < ¢ < 4,

Moreover (4.17) remains true with V°(.,J) replaced by U°(.,J).

Proof: Again using Lemma 3.12

o} 0 0 o 0 0
P° (TO < 70 ) _ P (Tx < T(J\ff)U()) . P (Tw < 7_(J\:r:)u(])
T ACY Po (70 < 70 = .
(19 < 19) ZyeJP (7}9 < T(OJ\y)Uo)

We basically want to show that this last ratio behaves like

P° (7'2 < 7'8)
EyEJPO (7—?9 < 7—8)

Let us first treat the denominator of (4.19). Observe that

R,

P° (Tg < T(Oj\y)uo) =P° (1) <79) —P° (7’9\y <7y < 7'8)

and that

p° (Tg\y < 7'?9 < 7'8) = Z P° (7’2J < T((JJ\Z)UO> P (77 < 75)
z€J\y

Then, summing (4.22) over y € J,

Z]P’O (Tg\y < 7'5 < 7'(?) SZIP’O <7‘3 < T(()J\Z)U()) Z P° (T; < T[')Z)

yeJ zeJ yeJ\z
S Z]P)o <TZO < T(OJ\z)UO> VO(Z, J)
zeJ

§m€a¥ VO (z, J)P° (1) < 77)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



Section 4

44
Combining (4.23) with (4.21) and using that
POy
ZyGJ PPe (TZ(/) < T((l)) B

(4.24)

we get the bounds:

o o 0 0 o 0 0 o 0 0

(1 — rglea}(V (z,J)> Z]P’ (1, <75) < ZIP’ (Ty < T(J\y)u()) < Z]P’ (r, <75) (4.25)
yeJ yeJ yeJ

To bound the numerator of (4.19) from above we of course simply use (4.21), removing

the negative term. To get a good lower bound we do not use (4.22) directly. Instead, we use

that plugging (4.21) in the r.h.s. of (4.22) gives
=P° (7'?? <15) - Z {IPO (12 <79) —P° <7'9\z << TS)}PO (17 <75)

P () < inao)
z€J\y
>P° (Tg < r(?) — Z P° (TQ < r(?) P° (Tyz < TOZ)
z€J\y
o z z o 0 0
>{R, —maxR. Y P (r; <)} 3P () < 70)
z€J\y yeJ
(4.26)
Now by (3.65), (3.66), and (3.67), since Qn(2) = Qn(y),
Y {4 N
A Pe (¥ < 1) (4.27)

(o] z z —
F (Ty < TO) e (T;uo < TZZ) — Po(rf <

7)) T N—-1

where the last line follows from Theorem 3.1. Thus
N N
o 0 0 o Yy o
ZIP’ (Ty <T19) < N1 ZIP’ (17 <7) < N_lv (z,J)
yeJ
Plugging this back in (4.29), and collecting both upper and lower bounds, we have established

(4.28)

yeJ

that
P° (70 < 70
N J
R, —max R, V°(y,J) < (v <~ \y’uoo) <R, (4.29)
zeJ N —1 ZyGJPO(T;}<TO)

Inserting the bounds (4.25) and (4.29) into (4.19) we arrive at:
1
(4.30)

N
_ o < P° 0 0 <
By e RZN - 1V (@, J) < P <Tm < T(J\x)UO) < Ba 1 —max,c;V°(z,J)

Remark: We could of course iterate the use of (4.21) in (4.22) to bound both the numerator

and the denominator of (4.19) but we do not gain much (the maximum in the r.h.s. of (4.30)

would be raised to some power).
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It now remains to estimate the ratios (4.20). But this is simple since by reversibility,

Qi (2)P° (15 < 777)

R, = O > (4.31)
>yes Q)P (75 < 7)
and by Theorem 3.1,
cyR< R, <ciR (4.32)
where ¢ are defined in (4.18) and
= Q (x)
R= N (4.33)
ZyeJ Q¥ (y)
Now since J C (1), and since Q%,(y) = 2~ for all y € v;(I),
R (4.34)
/] '

Collecting (4.30), (4.32), and (4.34) yields (4.17). By (4.6), (4.17) remains true with V°(.,.J)
replaced by U°(.,J). This concludes the proof of Lemma 4.4. {

4.3. The harmonic measure Hj(z,y).
We now turn to the estimate of the general hitting probabilities (4.16).

Theorem 4.5: Letd < dy(N). Then, for all J € Sy, allz € J, and ally € Tn g\ J,

Cx ct -1
O oGV ] (- Vo) < Hiya) < 7 [1mas Vo) +¢>w<dist<y,x>>|
(4.35)

where c¢x; are defined in (4.18). Moreover (4.35) remains true with V°(.,J) replaced by
Ue(.,J).

Proof of Theorem 4.5:

Pe(7Y < Tg\m) =P°(ry < 7Y < Tg\x) +Po (7Y < T(yJ\ac)UO) (436
=P°(ry < TY)P°(70 < Tf}\z) + P < 70 ay00) '
This immediately yields the upper bound
P(7Y < 75 ,) SPO(r < Th,) + P(rY < 78) (4.37)

<HS5(0,2) + ¢, (dist(y, z))

To bound HS(z,y) from below we use (4.36) to write that

Pe (7Y < Tg\z) >PO(r§ < 7Y)HS5(0,2) (4.38)
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which together with

1-P°(r <7Y) :Z]P’O(T;/ < Té’u(J\Z))
zeJ

<> P <) (4.39)
zeJ

<maxV°(z,J)
zeJ

gives

zeJ
The bounds (4.35) then follow from (4.37) and (4.40) and the bounds on HS(0, z) of Lemma

44. $

POy <73\,) = (1 — max V°(z, J)) HS(0,z) (4.40)

4.4. ‘No return before hitting’ probabilities.

In Section 3.1 we proved upper bounds on ‘no return before hitting’ probabilities of the
general form P°(753, . < 77) for J C 83 and x € I'y ¢ (Lemma 3.4). We now complement this

result with a lower bound in the case x € Sy.
Theorem 4.6: Let d < dy(N). Then, for all J € S; and all x € J, the following holds:
i)
P <) 2 (1- 3 - g - Vo) (1- 77 (4.41)

where ¢y are defined in (4.18). Moreover (4.41) remains true with V°(.,J) replaced by
ve(.,J).

i) if H(J) is satisfied then

) xT xT 1 1
otherwise, if H(J) is not satisfied,
1 1
O x x < o . .
P (1%, < 75) < (1 \J!> <1+0(N)> (4.43)

Proof of Theorem 4.6: The upper bounds (4.42) and (4.43) where established in assertion
(i) of Corollary 3.5. To prove (4.41), we write
Po(The < 75) 2P°(15 <7\, <72)
=P° (5 < 77)P° (T, < 72)
(4.44)
—[1-P°(r5 < )] [1 - P°(r0 < 79,,)]

=[1=P°(j <75)][1 = H(0, )]
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Now
1-P°(r5 < 75) =P°(r5 <75) = Y P°(3 <70 y00)
yeJ\z
SP(rf <73) = 3 PO(rd < 73) (4.45)
yeJ\z
1 c o

where the last line follows from (3.1) of Theorem 3.1, and where 0 < ¢ < 4 is a numerical

constant. Thus,
P (T <72) = <1 -~ s~ V(z, J)> (1-H5(0,x)) (4.46)
where, by (4.17) of Lemma 4.4,

| = Ho(0,2) >1 — N [1- 1+ o )vee, )

/]

e S LN (L)Y (e, ) (4.47)
[JI 1IN ]
1

>1——

-

The lower bound (4.41) now follows from (4.46) and (4.47). &
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5. Back to the hypercube Sy.

Let a d-lumping ~ be given and consider the corresponding lumped chain. In this chapter
we show how the results of Chapter 4, obtained for such lumped chains, can be used to obtain
estimates on hitting probabilities for the ordinary random walk on Sy. Clearly our key tool
will be Lemma 2.4 that states that

P(rg <) =P (15 <7)7) . forall oeSy
provided that AU B is compatible with . More precisely, in analogy with Definition 1.1 and

with the notation therein:

Definition 5.1: A subset A of Sy is called v¢-compatible if and only if there exists a
partition A and a point & € Sy such that A is (A, &)-compatible.

As usual we will drop the superscripts A, £ and assume that £ is the point whose com-
ponents are all equal to 1. Inspecting the expressions of our various bounds on hitting
probabilities for the lumped chain, we see that the only lumping-dependent quantities'! (i.e.
v-dependent quantities) are the functions V°(y,J) and U°(y,J) defined in (4.5) for subsets
J of the lumped state space I'y 4.

The aim of Section 5.1 below is to show that these functions have equivalent expressions in
the hypercube setting. At the same time this will allow us to draw the correspondence between
the notions of sparseness in these two different spaces. The same question is addressed for
so-called Hypothesis H. Section 5.2 is then devoted to the statements and proofs of a number
of results for the random walk on Sy. It contains in particular the proofs of Theorem 1.4
and Corollary 1.5 of Chapter 1.

5.1. Sparseness and Hypothesis H: from the hypercube Sy to the grid I'y 4.

Recall from (3.2) that, given two points z,y € 'y 4, dist(x,y) denotes the graph distance,
d
. Akl 5w &
dist = —|z" —
ste,9) = 32 5 at

The following elementary but key lemma states that whenever the distance is measured from

a vertex x € Sy, the lumping function is distance preserving.

M1 Note that ¢, (dist(y,z)) = VO (y,z Uy).
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Lemma 5.2: For allz € Sg and y € T'y 4, for all o,m € Sn such that

we have
dist(x, y) = Dist(co, ) (5.2)

Proof: Immediate.$

Recall that for J C I'y 4 and y € I'y 4,

Vo(y,J) = { Deeny O=(dist(y,2)), i J\y#0
| 0, otherwise 53)
cmyn:{zmmFNMWd% it J\y#£0 .
’ 0, otherwise
and define, for A C Sy and o € Sy,
V(o A) = { > onevo O (Dist(o,n)),  if A\o#0
7 0, otherwise 54)
U(o, A) = { Yoneare F(Dist(a,m)), if A\o#0 -
, 0, otherwise

(where v in the definition of V (o, A) is the same lumping function as that used in (5.3)).
Note that in (5.3) we allow for the possibility that y € J; similarly, in (5.4), we may have
oec A

Remark: Recall that for the sake of brevity we chose to drop the indices N and d and write
F = Fy 4, except in the statement and proofs of the main results from Sections 1, 5, 6, and
7. The same notational rule applies to the functions V°, U°, V, and U from (5.3) and (5.4),
which will gain back the indices NV and d whenever F' does. The same again applies to the
functions U, V, U°, and V° that will shortly be defined (see (5.8)-(5.11)).

As a first consequence of Lemma 5.2 we have:

Lemma 5.3: For all y-compatible subset A C Sy, for all pairs of points y € I'n g and
o € Sy such that y(o) =y, we have, setting J = v(A) C Sy,
Vo(y,J) =V (o, A)

(5.5)
U°(y,J) = U(o, A)



50 Section 5

Proof: Immediate using (5.3), (5.4), and Lemma 5.2.{

Note now that among the quantities defined in (5.3), (5.4), the only one that does not
depend on the underlying lumping function v is U(o, A). The next lemma shows how to pass
from V (o, A) to U(o, A).

Lemma 5.4: Assume that v is generated by a log-reqular d-partition. Then, for all -
compatible subset A C Sy and for all o € Sy,

Ve, A) <U(o, A) (5.6)

Proof: Set J = vy(A) and y = (o). By assumption J C Sg and y € 'y 4. We proved in
(4.6) that if the d-partition generating ~ is log-regular then,

Vo(y,J)SUO(y,J) for all JCSd,yGFNd (5.7)

But this and (5.5) prove (5.6).$

We now want to relate the sparsity condition, defined in (1.12) for subsets A C Sy, to

corresponding quantities in the lumped state space I'y 4. To this aim recall that for A C Sy,

U(A) =maxU(n, A) (5.8)
neA
and set
V(A) = maxV(n, A) (5.9)
neA
Similarly, for J C Sy, define
UueJ) = max U(x,J) (5.10)
Ve(J) = mEaL}VO(a:, J) (5.11)

Remark: Again, among the quantities (5.8), (5.10), (5.11), and (5.9), the only one that does
not depend on 7 is (5.8).
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Lemma 5.5: For all v-compatible subset A C Sy, setting J = y(A) C Sq,
U°(J)=U(A) (5.12)

Vo(J) = V(A) (5.13)

Proof: This follows from Lemma 5.3 and the definitions (5.8)-(5.11).$

Naturally, we will say that a subset J C I'y 4 is (¢, d)-sparse if there exists ¢ > 0 such that
U°(J) < e. Thus, (5.12) entails that

Corollary 5.6: For all v-compatible subset A C Sy, setting J = v(A) C Sq, A is (e,d)-

sparse if and only J is (e, d)-sparse.

As in Lemma 5.4 the following lemma will be used to pass to the (v independent) function
Uu.

Lemma 5.7: Assume that v is generated by a log-reqular d-partition. Then, for all -
compatible subset A C Sy,
V(A) <U(A) (5.14)

Proof: Set J =~(A). By (5.7), V°(J) <U°(J), and combining with Lemma 5.5,
V(A) =V°(J) <U°(J)=UA) (5.15)

proving (5.14).$

We finally conclude this section by comparing Hypothesis H and H®, defined respectively
in (1.17) and (3.9).

Lemma 5.8: Under the assumptions and with the notation of Lemma 5.3 the following
holds. AUo satisfies hypothesis H(AUo) if and only if JUy satisfies hypothesis H°(JUy).

Proof: This is again an immediate consequence of Lemma 5.2.{

Note that in the statement above we allow for the possibility that y ¢ Sg.
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5.2. Main results.

The harmonic measure. We begin by giving a general result from which Theorem 1.4 and
Corollary 1.5 will be derived.

Theorem 5.9: Letd < dy(N). Given a d-lumping v and a ~y-compatible subset A C Sy
we have, for allm € A, and all 0 € Sy \ A,

Hafon) 25 [1 = (14 O ) Vaaln. )] (1= Vava(o. 4)

+

c -1 .
Halon) <{[1 - maxVivalo' . A)]+ 6,(Dist(o: )

(5.16)

where ¢ are defined in (4.18). Moreover (5.16) remains true with either of the following

changes:
1) replacing Vn.a(.,A) by Una(.,A) and ¢, by Fn a;

2) replacing V,q(n, A) and max,ca Vna(n', A) by Un,a(A), VNa(o,A) by Un,a(o,A), and
¢y by Fnq.

Note that in case 2), the expressions of the bounds (5.16) become independent of ~.

Proof: With the notation of Theorem 5.9 set J = v(A), x = y(n), and y = (o). By
assumption © € J C Sg and y € I'y g \ J. Next, by Lemma 2.3, Hy(o,n) = HS(y,z);
by Lemma 5.3, Vna(.,A4) = Vy ,4(.,J); and, by Lemma 5.2, Dist(o,n) = dist(y,z). The
bounds (5.16) now follow from Theorem 4.5. From this, lemma 5.4, (5.8)-(5.11), and Lemma
5.7, Assertion 1) and 2) follow. <

Proof of Theorem 1.4: Let the notation be as in Theorem 5.9 and let 0 < p < N be
given. Consider (5.16). Using Lemma 4.1 and Lemma 4.2 successively we have, for all o

satisfying Dist(o, A) > p,

Dr () (Dist(o,m)) < by (p+1) < Fnalp+1) (5.17)

Moreover this and the definition of Vi q(.,A) yields Vi 4(o, A) < |A|Fn,a(p+ 1) for all o
satisfying Dist(o, A) > p. We may thus replace Vi (o, A) by |A|Fna(p+ 1) and ¢, by
Fna(p+1)in (5.16). Now, by assertion 2) of Theorem 5.9 we also may replace Vy q4(n, A)
and max, ca Vn,a(n', A) by Un.a(A) in (5.16). Doing so yields

n

’CZ 1= (1 + O ()] (L= JAIF(p) < Halon) < Pt 1= Ua(4)|

1 + Fn.a(p)
(5.18)
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and, setting I 4(A4, p) = max {Un a(A), |A|Fn,qa(p+ 1)} we obtain,

1 ¢ Ina(A,p) < Halo,1) < (14 Ona(A, p)) (5.19)

1
a A

for some finite positive constants ¢, ¢~. Theorem 1.4 is proven.<

Proof of Corollary 1.5: If A C Sy is such that 24l < do(V) then, by Corollary 11.3, there
exists a d-partition A with d < dy(NN) such that A is A-compatible and Uy 4(A) < cm for
2
some constant 0 < ¢ < oo. Next, since Fi(1) < ko/N, using that by (10.2), F5(1) < (loi%,
we get that [A|F (1) < |A|(F1(1) + F»(1)) < Toa vz Where 0 < ¢ < 0o. Let us thus choose
p = 0 in the statement of Theorem 1.4. First note that this implies that (1.21) is satisfied
uniformly in o for o ¢ A. Next, putting together our bounds on Uy 4(A) and |A|F(1) gives
Ina(A, p) < (c+ c’)m Finally, inserting the latter bound in (1.21) yields (1.26). The

corollary is proven.

‘No return before hitting’ probabilities. Let us now consider hitting probabilities of

the form P(r},, < 7)7) for A C Sn.

Theorem 5.10: Let d < dy(N). Given a d-lumping v and a ~y-compatible subset A C Sy,
the following holds for alln € A:

i) If H(A) is satisfied then, for alln € A,

(1 _ % - - V(n,A)> <1 - |ix|> <P(rh, <m) < <1 _ ;f) <1 _ |i1|> (5.20)

where 0 < ¢ < oo is a numerical constant, whereas if H(A) is not satisfied the lower

bound in (5.20) remains unchanged, but the term 1 — % in the upper bound is replaced by
14+ 0(%)-

ii) In addition assertion i) remains true with either of the following changes in the lower

bound:
1) replacing V(n, A) by U(n, A);
2) replacing V(n, A) by Un,a(A).

Proof: With the notation of Theorem 4.6 set J = v(A) and =z = 7(n) for n € A. By
assumption x € J C §4. Next, by Lemma 2.3, P <7'Z\77 < TZ{) = P° (Tf;\x < 1Z); by Lemma
53, V(n,,A) = V°(z,J); and, by Lemma 5.8, A satisfies hypothesis H(A) if and only if
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J satisfies hypothesis H°(J). Assertion i) of Theorem 5.10 now follows from Theorem 4.6.
From this, lemma 5.4, (5.8)-(5.11), and Lemma 5.7, Assertion ii) follows.

Consider the case ii-2) in Theorem 5.10. We see that, for sparse enough sets A, the form
of the hitting probability undergoes a change when the size of A becomes, roughly, of order
N. The next corollary shows that Theorem 5.10 can yield coinciding upper and lower bounds

uniformly in 7 that are either close to 1 — ﬁ‘ or close to 1 — %

Corollary 5.11: Under the assumptions of assertion i) of Theorem 5.10, the following
holds:

(i) if % =0(1) and Uy ,q4(A) = o(ﬁ) then, for allm € A,

1 (L o(1) < P(r, < 7)< 1— o (1—o(1)) (5.21)

(i) if % =0(1) and Un,a(A) = o(=) and if H(A) is satisfied then, for all n € A,

- % (1+0(1) <P, <) < 1- % (1—o(1)) (5.22)

Proof: This is an immediate consequence of Theorem 5.10, ii)-2.<$

Remark: To understand the difference between (5.21) and (5.22) it is useful to observe that
P(r7 =2) = %

Remark: When % = o(1) and H(A) is not satisfied, we do not have coinciding upper
and lower bounds, nor do we have reasons to think that either of the bounds (5.20) will, in
general, be good. As we explained earlier, the behavior of P(Tz\n <) ) will depend on the

structure of the set A locally (see the proof of (3.12) of lemma 3.4 where this remark was

made precise).
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6. Mean times.

In this chapter we infer some basic estimates for the mean hitting times in our model,

both for the chain on the hypercube and for the lumped chain, and prove Theorem 1.6

We begin with the chain on the hypercube. Theorem 6.1 below is more general than
Theorem 1.6.

Theorem 6.1: Letd < dy(N)/2 and assume that A C Sn is compatible with a partition A
into d' classes. Then for all o ¢ A there exits a partition A into d classes, with d' < d < 2d/,
compatible with AU o. Let one such partition be fived and set

c

+
chlzlzN2

(6.1)

where 0 < ¢ < 5 is a numerical constant. Then, if Vn q(AU o) < ¢y /2, the following holds:

(i) if H(o U A) is satisfied
2N

A1 = %)

Cn 1—(1+O(%))VN,d(AUU)] <E(r]) < M,(fimcﬁ ley —2Vna(AU 2}2—)

whereas if H(o U A) is not satisfied, the term 1 — & in the lower bound must be replaced
by 14 O(%).

1

(ii) for allm € A, if H(o U A) is satisfied,
2N

TA[(1 = L)V -1+ 0 walauo)]
N

<E (7’{7’ |7 < Tz\n> =E (TX | 7 < TZ\T]) (6.3)
2N

<—— ey —2V AU -
SN o~ a4 0]

whereas if H(o U A) is not satisfied, the term 1 — & in the lower bound must be replaced
by 14 O().

Moreover statements (i) and (ii) remain true with Vi q4(A U o) replaced by Un 4(A U o)
(see (5.8) and (5.9)).

Remark: The only quantity in Theorem 6.1 that depends on the choice of d-lumping ~ (or,
equivalently, on the d-partition A) is Vn 4(A U o). As usual passing from Vy 4(A U o) to
Un.a(AU o) we get rid of this dependence.
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We now state the lumped-chain version of Theorem 6.1.

Theorem 6.2: Let d < do(N). Then, for all d-lumping ~v (or equivalently for all d-
partition A), the following holds: for all I C Sy, all z € Sy \ I, and all y € I,

E°(rf) and E° (77 |7 <7h,) (6.4)
obey the bounds obtained for
E(7%) and E(T;?’ |7y < Tg\n> (6.5)

in statements (i) and (ii) of Theorem 6.1, with |A|, H(c UA), VN a(AUo), and Uy 4(AU o)
replaced, respectively, by |I|, H°(I Ux), V} (I Ux), and Uy, 4(I U ), and with ¢t given by

(6.1).

We will see in Section 7 that, for more detailed investigations of the distributions of hitting
times (for both the chain on the hypercube and the lumped chain) we need to control some

further mean times in the lumped chain. This is the main motivation for our next theorem.

Theorem 6.3: Under the assumptions of Lemma 3.10 the following holds for ally € T'y q4:
Ford > 1,

d
Ery < CN* [ |Ax] < CNHF2 (6.6)
k=1

for some constant 0 < C < oco. If d is finite and independent of N, and if A is an equiparti-
tion, then (6.6) can be refined to

Ery <CN% logN (6.7)
for some constant 0 < C' < co. Furthermore, if d =1,

N
Ery <Erg = 7 log N(1+o(1)) (6.8)

Remark: The level of precision of (6.7) and (6.8) is not needed in the sequel.
For later reference we set

. CN2TT%_, Ay, ifd>1
{ Hk:fl’ ]f‘ 1 (69)

old) = Niog N(1+o(1), if d=1
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Theorems 6.1, 6.2, and 6.3 follow from estimates of the previous section and the following
well-known formulas from potential theory, which hold for any discrete Markov chain (see
e.g. [So]), but that we express here for the chain on the hypercube: for all subset A C Sy
and all o € Sy such that o ¢ A,

1

B2 = 0B (g <72)

pn(o)+ Y. un(mP(E <7h) (6.10)
ne(AUo)c

and for all subsets A, B C Sy, and all 0 € Sy such that o ¢ AU B,

E(ra |71 <7p)

T < 71 6.11
:MN(U)IF’(T;uB <717) pv (o) + Z i (B(73 < TXUB)M o

ne(AUBUo)¢

We prove Theorem 6.1 and 6.2 simultaneously.

Proof of Theorem 6.1 and Theorem 6.2: As in Theorem 6.1 let d’ < dp(N)/2 and
assume that A C Sy is compatible with a partition A’ into d’ classes. We first want to see
that for all o ¢ A there exits a partition A into d classes that satisfies d < d < 2d’ and
is compatible with A U ¢. This is simple. Given o ¢ A let A be the partition obtained
as follows: split each class A}, 1 < k < d’, into two non-empty classes A,j and A, , where
Af = {i € A, | 0; = £1} if and only if none of these sets is empty, and if one of them is
empty then leave A} unchanged. Clearly this partition is compatible with AUc and d satisfies
d' < d < 2d'. Now choose one such d-partition A and let v be the d-lumping generated by A.
Set x = v(0), I =~(A) and, for n € A, y = v(n). By virtue of Lemma 2.3,

E(r4) = E°(77) (6.12)

E (7’77 |7y < Tg\n> =E° (Tym |7y < T}”\y> (6.13)
Moreover, since A is compatible with AUc, x € Sy, I C S4, and y € I. Finally it follows from
(5.13) of Lemma 5.5 that V ;(I) = Vn 4(A), while by Lemma 5.2, Dist(o, A) = dist(z, I).

From this we conclude that Theorem 6.1 and Theorem 6.2 are equivalent.

We now prove Theorem 6.1. Since the proofs of the two assertions are very similar we
will prove the first assertion in detail, but only sketch the second. We start with the proof
of assertion (i). By definition of un, (6.10) reads

]. / ’
E(7r9) = —— |1 P(r¢ <79 6.14
(TA) ]P)(TZ < Tg) + IG(AZU . (TO' TA ) ( )
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Setting J = T Uz = v(AUo) € S; and using Lemma 2.4 to pass to the lumped chain we

obtain (recall the notation (4.16) for the harmonic measure),

B =1+ Y H((0),2) (6.15)

[po (T}\m < TE) e o)

Using Theorem 4.6 to express P° (Tf\z < 7F), we have to evaluate the sum appearing in the

r.h.s. of (6.15). From the upper and lower bounds of Theorem 4.5, setting

|J] .
Ri@) =20 Y ou(dist(3(0), )
o’€(AUo)¢ (6 16)
1 o '
Ro()) = 5y Y Ve(y(e), )
o’€(AUo)°
we deduce that
2N —1J| -1 2N
o / —+ o
> Hi((0).2) SCNT[l —maxV (z,J)} @) (6.17)
o’ €(AUo)°
/ - 2N 1
> H5((0),w) 2y T 1 - (14 0G))IVo(, )| (1 = Ra() (6.18)
|7
o'€(AUo)c
To evaluate R;(x) note that, by Theorem 3.2,
Y. ¢uldist(y(o),2) < Y F(dist(y(o)),x))
o'e(Aug)e o’'€(AUo)e
< Z F(dist(y(o"),z))
= (6.19)

zi(N)F

where, as defined in (3.6), F'(n) = Fi(n) + F(n). By (3.7), Z ( )Fi(n) < CN for some
constant C' < oo, and by Lemma 10.1, using that

N N n
Z ( ) (ﬁ)  <Na%e 301-1/0) , 0<a(~1.82)<2

—\n N
- (6.20)
d—2 N d n
< ><> §bed, 0<b<
—\n N

we obtain

Z (JZ) Fy(n) < N%(a® + be?) (6.21)

=1

3
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Since by construction J € Sy, and since |Sy| = 2¢ where, by assumption d < 2d’ < dy(N) <

e logN for some constant 0 < ag < 1,

N
|J]
) < —N Z < ) ) < Q—NNG(CH +be? +1) < e N2 (6.22)
Similarly, by definition of V°(y(o’), J) (see (4.5)),

R =gy S 2 byl distir(o’),1(m)

o'€(AUc)c n€EAUC

W > D F(dist(y(a").7(n)

nEAUU o'#n (623)

S (Ve

n=1

<eNV/2

where the one before last line is obtained just as the last line of (6.19). Inserting the previous
two bound in (6.17) and (6.18) yields

zeJ

> Hi((0).2) <‘(1]V‘ (cN [1 - maxVo(z, 7)) o eN/2>

o’€(AUo)c (624)
<(ch + )1 - maxV°(z, J)|
and o
Y. Hj(y(e),2) > N (1—e’N/Q)[l—(1+0(%))V°(w,J)] (6.25)

o'€(AUo)c
Finally, plugging (6.24) and (6.25) in (6.15), and using Theorem 4.6 to bound P° (Tf\m < T,
we obtain, for some constant 0 < ¢’ < 5,
2N el +e N2

=1 = & — s = Vo, )] [1 - maxees Vo(z, )|

E(r7) <

, (6.26)
2N 1+ 2

(U\—l)( — %) [1— £ —2max.c; Vo(z,J)]

(which is meaningful whenever 1 — & — 2max,c; V°(2,J) > 0) and, for all o such that

N2
H(o U A) is satisfied,
2N /

T—na=pt - § - G0V ) (6.27)

E(r3) =
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whereas if H(o U A) is not satisfied, the term 1 — & in the r.h.s. of (6.27) must be replaced
by 1+ O(). Since |J| = [y(AUo)| = |A] + 1 this proves the first assertion of the theorem.

We now turn to the second assertions of Theorem 6.1. Here, we first use (6.11) to write

1 : Py <75,)
B (77177 <7h) = Bag ooy |1 2 P <) ppeaa | 62
n n A\n o o o A p= p
P(rg < 712) oA ]P(Tn < TA\n)
Using Lemma 2.4 to pass to the lumped chain, (6.28) becomes
o 1 o HO ,.Y 0-/ 7y
B9 = s (11 H0(e) ) TEITRI )

Po(rs, < 72) Hy (z,y)

o' €(AUg)®
where z = (o), y = v(n), I = v(A) and J = y(A U o). Just as in the proof of the
first assertion the bounds (6.3) are obtained by inserting the estimates of Theorem 4.6 to
express P° (Tj\x < 7F), and those of Theorem 4.5 to evaluate the sum in the r.h.s. The only
appreciable difference is that, in addition to terms of the form (6.16), we now also have to

deal with the terms

Riey)= DS o, (dist(3(0%) 2))0, (dist(r(0"). )

: o'€(AUo)e (630)
Ry =gr Y VoG IV (e, )

o’€(AUo)e

Note however that since ¢, ( dist(v(c”),y)) < 1 we easily get, proceeding as we did to bound
Ri(x) and Ry(J), that R)(x,y) < e N4 and Ry(J, 1) < e~ N4 We leave the details to the
reader. This concludes the proofs of Theorem 6.1 and thus, of Theorem 6.2.{

Proof of Theorem 1.6: Theorem 1.6 is an immediate consequence of Theorem 6.1 when
replacing Vy,4(AU o) by Un,a(AUo) in the latter. Note that the condition Uy,4(AUo) < 1
guarantees that ¢y — 2Un,4(A U o) > 1/3. The constant % has no special significance: This

choice is made for simplicity only.

Proof of Theorem 6.3: This Theorem is proven just as Lemma 3.1 of [BEGK1]. The idea
is to evaluate E7{ using the lumped chain version of (6.10) (see (3.12) in [BEGKI1]). In the
case d > 1, the main difference between the proof of our bound (6.8) and the bound (3.7) of
[BEGK1] is that the bound (3.16) in the latter has here to be replaced by the bound (3.53)

from Lemma 3.10, i.e.,

1
>
2 LY .

v=1

~ (6.31)

Ul

° C
P(TSS<T$)>N[
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where 0 < ¢ < oo is a numerical constant. Proceeding as in the proof of Lemma 3.1 of
[BEGK1] we then get

B < ON? (14 Syery oy 1) < ON?Cnal = ON? T, Akl < ON¥2 (6.32)

The case d = 1 is of course well known (see e.g. (4.34) page 28 in [K]). Let us mention that
the bound (6.8) can be obtained along the same lines as above, but using the explicit one
dimensional formula (9.7) of Appendix A2 to evaluate carefully the right hand side of (the
lumped chain version of) (6.10). The bound (6.7) also results from a more careful evaluation
of (6.10), using Lemma 8.2 from Appendix Al to bound P°(7§ < 7¥) by a sum of one
dimensional quantities, and using Lemma 9.1 from Appendix A2 to bound each term of this

sum. Since the proof of this bound is a simple though lengthy procedure we leave it out. {
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7. Laplace transforms.

In this chapter we compute the Laplace transforms of hitting times for the chain on the
hypercube and prove Theorem 1.7 of Chapter 1 together with its corollary. In the same spirit
as for hitting times these results will be deduced (in Section 7.3) from their lumped chain
counterparts (proved in Section 7.2). In the first section we collect the statements of the

main results for both chains.

7.1. Statement of the main results.

We will see that Theorem 1.7 of Section 1 is a direct consequence of the following result

for the lumped chain.

Theorem 7.1: Letd < dy(N)/2 and assume that A C Sy is compatible with a partition A’
into d' classes. Then for all o ¢ A there exits a partition A into d classes, with d' < d < 2d’,
compatible with AU o. Let one such partition be fized. If there exists 0 < 6 < 1 such that

5
Vya(AUo) < 3 (7.1)

then for all n € A the following holds: for all € > 6, there exists a constant 0 < c. < 00
(independent of o, A, N, and d) such that, for all s real satisfying —oo < s < 1 — €, for all N

large enough,

‘E (ESTZ/ETZ ]I{T:,’<TZ\"}> — \jﬂlisl < ﬁsN,d(A,n, o) (7.2)
where
en.d(A,n,0) = ena(A, o) + [Aldy ) (Dist(o, 7)) (7.3)
and
Eva(A.0) = max {Vw a(AU o), %} (7.4)

for k defined as in (7.113), i.e.

B { 2, if H(AUo) is satisfied
S, if H(AUo) is not satisfied.

Moreover the above statement remains true with ¢.,(Dist(o,n)) replaced by F'(Dist(o, 7))
in (7.3), and with Vy q(AUc) replaced by Un 4(AUc) in (7.1) and (7.4) (see (5.8) and (5.9)).

As was already proved by Matthews [M1] (see (3.5) and (3.6) p.138) a sharper result can
be obtained in the special case where A consists of a single point. This result, which we state

below for the sake of completeness, will be derived from our more general Theorem 7.5.
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Theorem 7.2: For any pair of distinct points o,m € Sy the following holds: for all € > 0,
there exists a constant 0 < c. < oo (independent of o,m, and N ) such that, for all s real
satisfying —oo < s < 1 — ¢, for all N large enough,

o /oN 1—si c
ST /2 R \ A < € ; : _
E (6 ) 1—s(l+4)| =~ N2 if Dist(n,o) =1 (7.6)

and
1 Ce

s

N

E (e”fz’ /2% if Dist(n,o) > 1 (7.7)

Our next corollary states two key consequences of Theorem 7.1.

Corollary 7.3: Under the assumptions and with the notation of Theorem 7.1, the following
holds:

i) For all € > ¢ there exists a constant 0 < c¢. < oo such that, for all s real satisfying

—00 < s<1—¢€ and all N large enough we have

o o ]. ~
’E <€STA/ETA) — 1—3’ S CeEN,d<A7 0') (78)

If Vn,a(AU o) — 0 as N — oo this implies that 74 /ETq converges in distribution to an

exponential random variable of mean value one.

ii) Let Ay, As, ..., A, be a finite collection of non empty disjoint subsets of A. Then, for all
€ > 0, for all s; real satisfying —oco < s;, <1—¢€, 1 <i<mn, and all N large enough,

E (X0 mA/E8 ) - T (Bermai /o))

i=1

< tneEn,a(4,0) (7.9)

for some constant 0 < ¢, < 0o. Thus, If VN a(AUc) — 0 as N — oo, the random variables

(Tgi, 1 <1 < n) become asymptotically independent in the limit.

As we will prove in Section 7.3, Theorem 7.1, Theorem 7.2, and Corollary 7.3 are direct
consequences of their lumped chain counterparts, namely, Theorem 7.4, Theorem 7.5, and

Corollary 7.6, which we now state.

Theorem 7.4: Let d < dyo(N) and let v be any d-lumping (or equivalently let A be any
d-partition). Let I C Sq and y € Sy \ I be such that, for some 0 < 6 < 1,

5
VrallUy) < 4 (7.10)
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Then, for all x € I the following holds: for all € > §, there exists a constant 0 < ¢, < 00
(independent of y, I, N, and d) such that, for all s real satisfying —oo < s < 1 —¢, for all N

large enough,

B2 (/S Ly ) - |11r|1is‘ < %55’\,@(1,33,?;) (7.11)
where
enall,z,y) =y .a(L,y) + ||ox(dist(z, y)) (7.12)
and
Rea(T) = max V3 4(1Uy), 17} (713)
where

o { 2, if H°(IUvy) is satisfied (7.14)

1, if H°(IUvy) is not satisfied

Moreover the above statement remains true with ¢, (dist(z,y)) replaced by F(dist(z,y))
in (7.12), and with V¥, (I Uy) replaced by Uy, ;(I Uy) in (7.10) and (7.13) (see (5.10) and
(5.11)).

Remark: If V} ,(I) = o(1) and || max,es ¢.(dist(2,y)) = o(1) then (7.10) holds true with
6 = §(N) = o(1). Moreover, by (5.15) of Lemma 5.7, V¥ ;(I) = o(1) whenever Uy, ,(I) = o(1).

As announced earlier (7.11) can be (partially) improved when I consists of a single point.
Theorem 7.5 can be seen as a d-dimensional lumped version of the result obtained by

Matthews [M1] for the chain on the hypercube (see Theorem 7.2).

Theorem 7.5: Assume that d*> = O(N). Let x € Sy andy € T'n.q\z. Then, for all € > 0,
there exists a constant 0 < ¢, < oo (independent of y,x, N, and d) such that, for all s real
satisfying —oo < s < 1 — ¢, for all N large enough,

1
o stY /2N 1- SN d . . B
E (e / ) - m < ez if  dist(z,y) =1 (7.15)
and
N 1 c
o sTY /2 I S R . .
E (6 ) 1—s(1+ ]{])‘ <~z i dist(z,y) > 1 (7.16)

Remark: Note that Theorem 7.5 is valid not only for y € Sg \ « but for all y € I'n g \ .
When y € S; \ z then (7.15) and (7.16) simply are reformulations of (7.6) and (7.7).

As a corollary to Theorem 7.4, we have:
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Corollary 7.6: Under the assumptions and with the notation of Theorem 7.4, the following
holds:

i) For all € > § there exists a constant 0 < c. < oo such that, for all s real satisfying

—o0 < s<1—¢€ and all N large enough we have

% o__% 1

e (e5) - | < eatton (r.17)
— S b

If Vzti/,d(l Uy) — 0 as N — oo this implies that 7} JE°T{ converges in distribution to an

exponential random variable of mean value one.

ii) Let I, 1Is,...,1I, be a finite collection of non empty disjoint subsets of I. Then, for all
€ > ¢, for all s; real satisfying —oco < s; <1—¢€, 1 <i<mn, and all N large enough,

< nBvall ) (7.18)

n
E° <ezz‘:1 sq:T;JZ_ /IEOT}”’i) . H <EOeSiT?i /]EOTIyi)

i=1

for some constant 0 < ¢, < 0o. Thus, if Vjif’d(f Uy) — 0 as N — oo, the random variables

(lei,l <1 < n) become asymptotically independent in the limit.

The rest of this section is organized as follows. We will first show how Theorem 7.4 implies
Corollary 7.6; doing this will explain the role and usefulness of the special form of the Laplace
transform appearing in (7.11). Theorem 7.4 and Theorem 7.5 are themselves specializations
of a more general results, namely Proposition 7.7 and Corollary 7.8, which we next state and

prove. Lastly, we prove Theorem 7.4 and Theorem 7.5.

7.2. Laplace transforms of hitting times for the lumped chain.

Let us fix the notation for the Laplace transforms of interest. If I and J are disjoint
subsets of I'y ¢, and if y is any point in I'y 4 (we include the possibility that y € 1 U J), we
define

GY(u) =E°e"7,  GY j(u) =B vy (7.19)

for u € D C C, where D is chosen in a such a way that the right hand sides of (7.19) exist.
Note that
GY(u) = GY 1\ (u) (7.20)
el

(which of course is useful only when I does not consist of a single point) and

G y(w) =D GY 1oy (W) (7.21)

zel
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The study of the Laplace transforms (7.19) thus reduces to that of the basic quantities
Ggy‘](u), for JCTIng,2€lNa\J, and yeTlpnyg (7.22)
to which we must add
Gg(u), for =z € FN,d and y € FN,d (723)

if we want to cover the case where I consists of a single point.

Proof of Corollary 7.6: Note that for e} ,(/,2,y) and €} 4(I,y) defined in (7.12) and
(7.13), by (4.5) and (5.11),

!}I ;@&"v,d(fm y) =Enall,y) + Vyaly, I) < Oy (1, y) (7.24)
for some positive finite constant C. Thus, (7.17) of assertion (i) is a direct consequence of
(7.11) and (7.20); the fact that it implies convergence in distribution when €%, ;(1,y) = o(1) is
a classical result (see e.g. [Fe], Chapter XIII, Section 1, Theorem 2). Let us turn to assertion
(ii). In what follows Iy, Is,..., I, is a finite collection of non-empty disjoint subsets of I of
cardinality |I;| = M;, and we assume that —oco < s; <1 —¢, 1 <i <n. Let us observe that,

for all z € T Uy,

n

ﬁGi (ti(l - %)/ZN) — H(1 — Ly

=1

< n Bl 2) (7.25)

for some constant 0 < ¢, . < oo. Indeed, by (7.17), since »; €y 4(1i, 2) < €} 4(Uili, 2),

n

[[Gi (si/Bor7) = J[(1 = s0)7"

i=1 i=1

< C;L,eg?V,d(Iv Z) (726)

for some 0 < ¢;, , < 0. Since the underlying d-lumping v is assumed to be generated by a
log-regular d-partition, we may use Theorem 6.2 to write the quantities E°77 in the form

2N

E°rf, = 3f (1 + %) (140G a(Li, 2))) (7.27)

where as before €} (i, 2) is given by (7.13). Then, making the change of variable t; =
siMi(1 + O(ey 4(1i, 2))), (7.26) yields (7.25) (recall that by assumption Vy ,(I Uy) < §/4,
and this implies that VY, ;(I;Uz) < §/4 for all 1 < < n; consequently, €3, (14, 2) < §/2 for all
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1 <4 < n, and since € > §, this guarantees that z\t41 <(1—e)(140/2) < (1—€)(14+€/2) < 1—¢€

for some 0 < € < e < 1). As a consequence, (7.18) is equivalent to

E° (e ;:1 tiTZU*%)/QN> _ H(l _ J\t/Tii)—l

i=1

< cheEnally) (7.28)

n,e

for some constant 0 < ¢/ . < 0.
’

We now proceed to prove (7.28) using an inductive argument. To start the induction just
observe that, by (7.25), (7.28) is true when the collection I3, I, ..., I, is reduced to just one

of its elements; more precisely, for each 1 < ¢ < n and arbitrary z € T Uy

‘Eo (7022) (1= )7 < e Bl ) 29
Let now 1 < m < n and choose m elements in the collection Iy, I, ..., I,; without loss of

generality we may take Iy, I, ..., I,,,. We will next establish that, if for each 1 < j < m and
any z € (UL, ;1i) Uy

T tirE (1=L) 2N U
EO <621¢} fi N > — H(l — ]\t/}_)_l S cm_l,eé?\,’d(u’,ﬁ:l Ii,Z) (730)

i o

k3
P #3J
it

holds true for some 0 < ¢,—1, < 00, then (7.28) holds true with n = m. To do this we set
B, = U;”ZIIZ- and write

m

Fe (et (1=4)/2VY _ B (i tTH=R)/2N (7.31)
{TI TB \m}

j=1z€l;

Next, for each 1 < j < m and each x € I},

o oty (1—4) /2N
E (e = 7 ]I{Tm=711§ \1:})
o (L= bt (= d)/2"
-k < Liryary 2=t \x}>

Qor tTi(- N)/2N+Zz 1t71 (1-x)/2Y
=[E° ( ]I{q— TB"L\I}]I{TIIT;’;\I} (7.32)

S ot B,,L(l—N)/2N+ZZ L 67, (1—1)/2V
E° (e ]I{r )
m\z

im1 titE (1—5) /27
m Bm\fr (TBH Zt /2N> <ezq¢; B N )
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Setting M = >/ | M;, we then define

V() =GY . <TB Zt /2N> —L(1-Lym )

N m (7.33)
Tt (1-4)/2
Wi (z) = E° (ezisﬁ; fi ) — H(l — ]f/}'i)fl
i
and rewrite (7.32) as
m o’ 1 N m o
R° (GZM tiry, (1= x)/2 I[{szfgm\w}) La—Lyr b)) H(1 — )TN+ R(x) (7.34)
o
where
R(x) = Wi(2) (1= L5 )7 + Vin(2) [J(1 = 46) 7" + Vi (@) Wi () (7.35)
oy
Of course we want to make use of (7.34) in (7.31): observing first that
Z Z (1= 300 t) =TIa-+)"" (7.36)
j=1z€l; =1

=1
i#]

we arrive at

E° (62211 tiTi(l—ﬁ)/zN) _ ﬁ(l _ -1 i Z R(z) (7.37)

i=1 j=1azel;
and it remains to bound the sum appearing in the r.h.s.. By (7.11) and an appropri-

ate change of variable, |V,,(z)] < %éesNd(Bm,m,y) and, reasoning as in the proof of
(7.17), Z;nzl erlj [Vin(2)| < %cest(Bm,y). Next, by (7.30), for x € I;, [W,,(x)] <

b1, B g(Bu\jy ) and L5 S (Wi ()] € L1, 8% 0B\ s ) < e Ba (B )

In this way, one easily checks that ‘Z;nzl Zzelj R(z)| < ey En.a(Bm,y) (all the constants
Ces Cm,e» Crmy, o aDOVe being positive and finite.) Now, this proves (7.28) with n = m. Note that
we can prove in exactly the same way that (7.28) holds with n = m and x replaced by any
z € By, Uy. This completes the inductive argument that started in (7.30), and concludes the
proof of assertion (ii) of Corollary 7.6. <

We now turn to the proof of Theorem 7.4. It will heavily rely on a detailed analysis of
the basic Laplace Transforms G, ;(u) introduced in (7.22). We summarize the results of this

analysis in Proposition 7.7, which we now state. We will then immediately proceed to its
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proof, give next the proofs of Theorem 7.4 and Theorem 7.5, and close this section with the

proofs of Theorem 7.12 and Theorem 1.7 and Corollary 1.8 of Chapter 1.

Proposition 7.7:Let d < do(N) and let v be any d-lumping (or equivalently let A be any

d-partition). Let J C Sq and x € S4\ J be such that, for some 0 < 6 < 1,

i) For all u real satisfying —pu(d) < u < u for some 0 < p < 1, we have:

if J#0,
1 s(u
Gy ) = R (72 < 78) 1o P (12 < ) {5 + Ralu)
if J =10,
f Grw) = — - o (v < 70y =2 LR
T - s(u) 00— s(u) 0
where

pe (Tg < 7'9)
1—s(u)

— e R+ B (7 < 72) Ra(w] + Rafu)

and (uniformly in x,y and J)

Ro(u) = [Ri(u) +P° (7§ < 7Y,,) Ra(u)] + Ra(u)

Ro(u)

Ri(u) = O(|u|®)
Ra(u) = O([u|©)

2(u) = O (max { Vg ,(J Uz !
R ( { (JUz)

) ﬁ

—s(u)
1—s(u)

—s(u)
1 —s(u)

|ul
" u(d)
ii) Let £, = dist(0,y) For all u real satisfying u < —pu(d) for some 0 < p <1/9,

GY (u) < GY joo(w)+|JUz]

2_N+26_‘u|(ém+£y) ( 1

u(d)p(1 = 9p) N

4
1——+3max {Vﬁhd(JU:r), 5

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

D(r%)



70 Section 7

Remark: Since z € Sy, ¢, = N/2 (where we assumed to simplify that [Ag| is even for all
1 <k < d). Thus for —u large enough, more precisely for —u such that e=1*N/2 /y(d) = o(1),
the coefficient of 27V in (7.45) tends to zero, and thus the second term of (7.45) decays faster
than 277,

Remark: One might expect that u(d) ~ 1/E°70, or at least 1/0(d). We are however not

able to prove this. This is due to rather coarse estimates on G{(u) for u > 0.

Remark: The only place where we will make use of condition (7.38) is (7.72). It is used
to ensure that 1/G§ ,,;(0) = O(1) in (7.60). (We see that though (7.38) will do no arm we

could have asked less.)

Our aim in Proposition 7.7 was to make statements that are valid without assumptions on
y. This explains the special form of (7.41) and (7.42), where we kept the term P° (7¥ < 7Y )
explicit. This enables us in particular to deduce the following result, which is tantamount to

the statement of Theorem 7.5.

Corollary 7.8: Assume that d> = O(N). Letx € Sq\ J and y € Tn 4\ z. Then

VialyU) < + (1+0(§é)>

Moreover, with the notation of Proposition 7.7,

i) For all u real satisfying —pu(d) < u < u for some 0 < p < 1, we have:

d
GY(u) = Lo (1j§)((f)v)) sl )+R@(u) if  dist(z,y) =1 (7.46)
and .
GY(u) = T=s@) + Ry(u) if dist(z,y)>1 (7.47)
where

—s(u)
1 —s(u)

ul 2= s(u) |uyé}> (7.48)

Ry(u) =0 (max {le "u(d)’ 1 — s(u)

ii) For all u real satisfying u < —pu(d) for some 0 < p < 1/9,

92— N+2 f|u|(€I+£y)
u(d)p(1 —9p)

(1 + i) (7.49)

G(u) < GYo(u) +|J U N
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Proof of Corollary 7.8: Note that when dist(z,y) =1, P°(7¥ < 7¢) > rn(y,z) = %.
Together with the upper bound of Theorem 3.2 and Lemma 10.1 of Appendix A3, under the
assumption that d*> = O(IN), this yields P° (7¥ < 7§) = (1 + O(4£)) which in turn implies
that V}, 4(JUx) < L(14+0(4)) . Corollary 7.8 is now an immediate consequence of (7.42)
and (7.45) of Proposition 7.7. {

Proof of Proposition 7.7: It is rather simple to see that the minimal eigenvalue of
the generator 1 — Py of the simple random walk with Dirichlet boundary conditions on a
finite set of points is of the order of 27%; thus the Laplace transforms Gi s(u) defined in
(7.22) will have poles at distance 27V from zero on the positive real axis. This makes it
rather hard analytically to get precise information on their behavior near zero directly via
e.g. expansions. On the other hand, if we consider the generator of the lumped chain with
Dirichlet conditions at zero, it turns out that the minimal eigenvalue is polynomial in N, so
that the corresponding Laplace transforms have their first pole much farther away from zero.
Thus our strategy will be to decompose all processes at visits at zero, and to express the full
Laplace transforms as functions of Laplace transforms of processes that are killed at zero. In

practice, this yields:

Gg,JUO ()

Ga () = G5 juo(u) + GE s, (U)W (7.50)
,JUz
and
G2 o(u)
Y(u) = GY Y _ =0

To prove Proposition 7.7 we will estimate each of the Laplace Transforms appearing in the
right hand side of (7.50) and (7.51) separately. We begin by the proof of assertion (i) for
J # (. Our starting point here is (7.50). Using reversibility, (7.50) can be rewritten as

G(gJC,JUz (U,)

88% (1 - GS,JUw(u))

Gy (u) =Gy jo0(u) + GY 5, () (7.52)

Let us first consider the second term in the r.h.s. of (7.52). We call this term h(u).

Lemma 7.9: Under the assumptions of Proposition 7.7, for all u satisfying —pu(d) < u < u

for some 0 < p <1,
9

M) = T s

(f + Ra(w) (1+Ra(w) (7.53)
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where f and g can be written as

1
f:R(Tg<T§UJ):17N+ZN’d(JUSU)

. (7.54)
g =R (Tg < 7'3) = e (1 + ZN’d(JUx)>
where Zn q(J U x) obeys the bound
1Zya(7 U )] < 3masx {V 4(J U ). %} (7.55)
and ~ .
Ri(u) = O(|u[©)
= U —s(u U 7.56
Ro(u) :O<maX{V1C{,7d(JUx) - i(i) 7 [ i(i) U’(J)D (759

Remark: Note that by (7.10), for large enough N, |Zn q(J Ux)| < 3/4.

Proof of Lemma 7.9: Using a second order Taylor expansion around u = 0 to express

O . .
Go, Juz(w), and a first order expansion everywhere else, we obtain

(G801 (0) + e GY s ()] (G500 (0) + i G s (u)]

h(u) = ) y P (7.57)
Q(z) [1 B Gg,muj(o) - UEGS,:CUJ(O) - u2 du? Gg acUJ(um)]
which can be rewritten as ; P 2 g
+uf +u
h(u) = N CETyY (7.58)
—ug' (1+39")
where ar (0)
f=G0.0,0), g= ) s (7.59)
( ) [1 - Go JUw(O)}
and, for some 0 < v/, v, u" < u,
. G o)+ EHGE LW _ an Gl W) GE L (W)
Gg zUJ(O) ’ GO,xUJ(O) 7 60
d GO ( ) d? GO ( ///) ( ) )
r_ 0,xUJ g// _ duZz -0, zug\U
Gg,muj(o) 4 Gg xUJ( )
Both f and ¢ in (7.59) are probabilities, namely
R (79 <19
(72 < 76u,) =R (0 <79) and  f=R({ <74, (7.61)

g:—
R(Ta?uJ <)
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that are well controlled through the results of Corollary 4.3 and Lemma 4.4 of Section 4.
This yields (7.54).

The terms f’, f” and ¢’, ¢g"” will require some extra work. While we will clearly need to
get precise control on ¢’, rather rough bounds on f’, f”,¢” will suffice. To this aim the
next lemma collects estimates on the Laplace transforms appearing in (7.52), together with

estimates and on their derivatives.

Lemma 7.10: Let ¢(u) denote any of the Laplace transforms G¥, ;,o(u), Gg ;,,(w), G§ ;. ()}
or G§ ju.(u). Let O(d) be given by (6.9). Then, for all 0 < € < 1 and all real u satisfying
u< (1-6)/6(d),

1
o(u) < T@(d) <1/e (7.62)
Therefore, ¢(u) is analytic for u € C with R(u) < (1 — €)/O(d), and, if |u| < (1 — €)/O(d),
pu)] < = (7.63)
d O(d)
w¢(“)‘ S6(1 —€) (7.64)
and @
d? 202(d
Gztto] < 20, (7.65)

Proof of Lemma 7.10: The proof of (7.62) follows from the arguments used in [BEGK1]
(see Section 3 of [BEGK1]; see also Lemma 3.4 of [BBG2]) for bounding Laplace transforms
of positive random variables, together with the bounds from Theorem 6.3. The bound (7.63)
is then obvious since 7Y is a positive random variable, and (7.64) and (7.65) result from the

Cauchy bound for derivatives of analytic functions. {
To control the term ¢’ we further need the following result.
Lemma 7.11: With the notation of Proposition 7.7, we have:
E°r0 > %0371(0) > E°r0(1 — C|T]2~ N N2 (7.66)
for some constant 0 < C' < 0.

Proof: From the identity

Lirocroy =1 =D Mpocpo 3 (7.67)
yel
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we deduce that

G ( Z G (u y (I\y)uo(u)

yel

= 79 Qy)GY ()G (u)

yel

(7.68)

where the last line follows from reversibility together with the fact that Q(0)E°7) = 1 (see

the proof of Lemma 2.6). Taking the derivative with respect to u, evaluated at u = 0,

d o [¢] [¢] (o] [¢]
G40 (0) = E°78 —E°n) > QM) [E°78P°(rd < ) + B Ty <oy (7.69)
yel
Now
E°rdPo(rg < 77) + E°7g Lpw pvy < 2E°7¢ (7.70)
Hence

> Q) BT < 1) + B Ly | < 20D maxE°xy < |[27 NP ONT?(7.71)
yel

for some finite constant C' > 0, where the last inequality follows from Theorem 6.3. Plugging
this bound in (7.69) proves (7.66).

From now on we assume that u lies on the real half line u < (1 —€)/ C:)(d) for some fixed
0 < e < 1. Then, Lemma 7.10 together with the probability estimates (4.8) of Corollary 4.3
immediately gives, assuming (7.38) (which in fact implies that 1 — Vg, ,(J Ux) > 1/3),

f'=0(6
(A> (7.72)
f=0(6?)
and by Lemma 7.10 and Lemma 7.11, with u(d) defined in (7.39),
0<g” <3(e(1—e)%u(d) ™ (7.73)

We now bound ¢’. Observe that by (4.9) of Corollary 4.3, with Zy q(J U z) defined as in
(7.55),

o |J Uz 1
=GR () =P (75 <78) = 55503 (1- % +ZvalJUw)) (7.74)
Combining (7.74) with Lemma 7.11 then yields,
2N Q(0) 1
' = E°rg(1+ <+ Z :
g 17U TO( +N+ N,d(JUx)) (7.75)
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and since ETJQ, (0) = 1 (see the proof of Lemma 2.6),

,_ 2N

9

1
_|JUJ:| (1+ N —i—ZN,d(JUa:))

=u ! (1 + Zn.a(J U m))

(7.76)

We may now combine our estimates for f’, f”,¢’,¢"” with (7.58). Setting s(u) = u/4a,

h=ug’, and h = ug” in (7.58), h(u) can be brought into the form (7.53) with

Ri(u) = uf' +u?f"

U - 1lu luu, -
s T ey N
~ . ﬂ( h) 2 yh 2 gahh (7.77)
Ra(u) = U 1lu
Y <1+ h)
U 2u
Now, by (7.72),
Ri(u) = O(|u|O) (7.78)

and knowing from (7.73) and (7.76) that

h=1+ ZN,d(JU$)
(7.79)
0 < h < const.

one easily checks that

—s(u)
1 —s(u)

1
) ﬁ

il i) 0

for all u satisfying —pu(d) < u < u for some 0 < p < 1. This concludes the proof of Lemma
7.9.0

Ro(u) = Ra(u) = O (max {v&du Uz) ‘

1

Let us now turn to the first term in the r.h.s. of (7.52). Here, we will simply write
d B ~
Gi,Juo(U) = G?Juo@) + U%GZ,JUO(U) =R (7Y < Tj0) + Ra(u) (7.81)

where, for some 0 < 4 < u

Ro(u) = ue G o) = O(1ul) (7.82)

the last equality above being Lemma 7.10 again.

We may now collect our estimates. Adding (7.53) and (7.81) yields,

fg

) Ro(u) (7.83)

G%J(u) =R(7¥ <7Y,) +
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where

Ro(u) = 1%() [Ri(w) (1+Ra(w) + [Rafu)| + Rs(u) (7.84)

To arrive at (7.42) first observe that by (7.61), (7.84) becomes

R (TQ < 7'9)

7%0(“): l_s(u)

[Ra(w) (1+Ra(w)) +R (1 < 72, Rafu)| + Rs(w)  (7.85)

and, in view of (7.77), (7.80), and (7.82), we may choose Ri(u) = Ri(u) (1+7€2(u)),
Ra(u) = Ra(u), Ra(u) = Rs(u), and set

Ro(u) = Ro(u) (7.86)
On the other hand
=R(r§ <7y, ,)R (7] <))
=R(r§ <7 < 1Y) (7.87)
=R(7¥ <7Y) —R(7¥ < 715,0)

which, inserted in (7.83) yields (7.41). This concludes the proof of assertion (i) for J # 0.
The proof of the case J = () is a straightforward rerun of the case J # (), taking (7.51) rather
than (7.51) for starting point. The first assertion of Proposition 7.7 is proven.

Remark: Note that (7.52) implies that G%J(u) has a pole at the point u* > 0 defined as
the smallest real number that solves the equation Gg’ Juxz (1) = 1. Now our estimates imply
that u* ~ @ and, from its boundedness at u = , that G ;(u) is analytic for all for u € C
satisfying R(u) < @. One then checks that assertion (i) remains valid in the region of the

complex plane given by |u| < (1 — e)/@(d) intersected with —pu(d) < R(u) < @

We now turn to the proof of assertion (ii). Again we start with (7.52) and call the second

summand h(u). Clearly, if u <0,
Gl s () = BT Mgy SE iy = G500 (T89)

and in the same way

G oy (u) < "G o5 () (7.89)

Moreover, all Laplace transforms and their derivatives are positive monotone increasing func-

tions of w; thus, for u < —pu(d),

Go sug(u) > Go 2w (—pu(d)) (7.90)
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and, using (7.88), (7.89) and (7.90) in h(u),

G:g a:UJ(O)Gg ZEUJ((]) fg
hlu) < ’ ’ = 7.91
e S - GS,JUm(—pu(d))} 1+ pu(d)g’ (1 — pu(d)g") (7:91)

where f, g, ¢ and ¢” are as in (7.59) and (7.60) for some 0 < v < pu(d). By (7.54), (7.73),
(7.76), and (7.38),

RN v)) (7.92)

o=l (Ea+2,)
h(w) ; (1 =

= 15 (@) (/D1 — 9

and inserting (7.92) in (7.52) yields (7.45). The proof of Proposition 7.7 is done.$
We are now ready to prove Theorem 7.4.

Proof of Theorem 7.4: By (7.19), setting J = I \ = and u = s/E°7/,

Eo (esTf/EoT;* (P ) — G, (u) (7.93)

I\z

Under the assumptions of Theorem 7.4 we may use assertion (i) of Proposition 7.7 to express
the Laplace transform (7.93). We will only treat the case J # (), namely use (7.41). (The
case J = () is similar but simpler since it relies on the use of (7.42).) We first have to verify
that (7.41) is valid on the domain —oo < s < 1 — ¢, for all € > 0. Recall that (7.41) was
established for —pu(d) < u < @ for some 0 < p < 1 thus, making the change of variable
u = s/E°r{, for —pu(d)E°7{ < s < uE°7}. Now, as in (7.27), we may write

By = 2 (1+ i) (1+O0E%.a(L,y))) (7.94)

1| N ’

Note here that |I| < |Sy| = 2¢, and since by assumption d < do(N) = o(N),

2N
m > 2N(1—0(1)) (795)

Moreover, by (7.10), €% 4(I,y) < §/2. Thus, together with (7.39), (7.94) yields

BT =14+ Oy a(1,y) > 1-6/2>1—¢/2, (7.96)
and
ory 2" 1 20 N(1-o(1))
W@E T = u(d) T (14 ) 1+ 0GR ull ) 22 (7.97)

where we used that u(d) is polynomial in N together with (7.95). Clearly, for all € > 0, for
all —0o < s < 1 — ¢, choosing N large enough guarantees that —p2N(—oM) < g <1 — €/2
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Let us next consider the terms 1_;(@ and f_s((uu)) in (7.41). Using again (7.94) we have,
by (7.39) and (7.40), for u = s/E°77,

() = 4 = ey =31+ 0GR a(L.y) (7.98)

and
1 1

1—s(u):1—s

(1+O0EY.al,y))) (7.99)
Let us now consider the two probabilities R° (¢ < 79) and P° (¥ < 79 ): on the one hand
Theorem 4.5 gives

B (12 < ) = 11 (14 ZalT V) + 10 (dist(z.v))) (7.100)

while on the other hand

1
0SB (nf < 7o) S P (Y < ) < (1116 dist(z.1) ) (7.101)
where the rightmost inequality follows from (4.1). At this stage we see, inserting the estimates
(7.98)-(7.101) in (7.41), that for all e > 0 and all —oo < s < 1 —¢, for N large enough, and
for % 4(1, z,y) defined in (7.12),

Ce o

1 1
\ v < ohalln) + Ro(s/E)) (7.102)

Gw,J(“’) - m 1_s

for some constant 0 < ¢ < oo that does not depend on N, I, or d, but on € only. It remains
to bound Ro(u) for u = s/E°7{. To deal with Rq(u) and Rs3(u) (see (7.43), (7.44)) note that
by (7.94),

(@) = i (8 (1= 5 )1+ 0GR . ) (7.103

Reasoning as in (7.95) we get, for ©(d) defined in (6.8),

I? A CN(o
’QJ’V@(d) < 9~ N{-o(1) (7.104)

To bound the term |u|/u(d) in Ra(u) observe that, reasoning again as in (7.95),

|ul aone o 18lo-Na—oa
< |u|O(d)? < S~ NG—e) (7.105)
u(d) 1]

where the leftmost inequality follows from (7.39). Hence, for 1 < i < 3, for some constant

0<c< oo,

Sl o— —o(1))zo
Ri(u) SCH2 NQ@ (1))5N7d(I,y) (7.106)
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Combining (7.43) with (7.106) and the estimates on R (7§ < 7%,;) and R (7§ < 7Y,;) from
(7.54), we obtain

S
Ra(w) < ¢ 2 M08, (1) (7.107)

for some constant 0 < ¢/ < co. Putting (7.102) and (7.107) together yields

1 1

Y - -
Gm,J(u) ‘I‘ 1—g

1 [e)
and proves Theorem 7.4. {

Proof of Theorem 7.5: Theorem 7.5 follows from Corollary 7.8 in the same way that
Theorem 7.4 follows from Proposition 7.7. We skip the details..

7.3. Back to the hypercube.

To go from the lumped chain back to the chain on the hypercube we proceed as in Chapter

5, but rely on Lemma 2.5 rather than Lemma 2.4.

Proof of Theorem 7.1: We will show that Theorem 7.1 is a consequence of Theorem 7.4.
Under the assumptions and with the notation of Theorem 7.1 set I = v(A), x = v(n), and
y=7(0). Herex € I,y ¢ I, and IUy C S i.e. AU o is y-compatible (see Definition 5.1).
Now by Lemma 5.5, Vv a(AU0c) = V§ 4 (I Uy), implying that the conditions (7.1) and (7.10)
are equivalent. Next, by Lemma 2.5

sTtq /ETS
E(e‘” 8 P

o TV /E°TY
e y) =B (e Ny ) (7.109)
It thus remains to see that en q(A4,7,0) = ey 4(I,2,y). But this holds true since by Lemma
5.2, |A|¢y ) (Dist(a,n)) = |I|¢.(dist(x,y)), and by Lemma 5.8 and Lemma 5.5, x,4(A,0) =
€x.a(l,y). Hence (7.2) and (7.11) also are equivalent. Theorem 7.4 thus implies Theorem

7.1.

That (7.1) and (7.2) remain true with ¢.,(Dist(c, 7)) replaced by F(Dist(c,n)) in (7.3),
and with Vi 4(AU o) replaced by Un 4(AUo) in (7.1) and (7.4) simply follows from Lemma
5.7 and Lemma 4.2.

Proof of Theorem 7.2: Theorem 7.2 is deduced from the special case of Theorem 7.5
obtained by taking d = 1. To see this choose y(c’) = + vazl oini, o' € Sy. Setting y = v(0)
and x = 7(n), we of course have y € I'y; and € Sy. Then, by lemma 2.5 with A = {n},
using that Er,; = E°77 (see (6.12)), we get that Ee'™ /2" = Eeesm#/2" Finally by Lemma
5.2, dist(z,y) = Dist(c,n). The proof is done. {
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Proof of Corollary 7.3: Let the assumptions and the notation be those of Theorem 7.1

and its proof. Note that

A
neA zel

T9/ET9 T9/ETS o _st?/E°TY
Ee*4/F = N Ee A AN e =) B0 TH/E Tiryery ) (7.110)

The first equality in (7.110) is the analogue of (7.20) for the chain on the hypercube, and the
last follows from Lemma 2.5. Corollary 7.3 is then deduced from Corollary 7.6 in the same

way that Theorem 7.1 was deduced from Theorem 7.4. $

As announced in the Section 1 we now specialize Theorem 1.7 to the case where the starting
point o is chosen in W(A, |A|) and the condition (1.31) is replaced by Un 4(A) = o(1).

Theorem 7.12: Let d < do(N)/2 and let A" be a log-regular d'-partition. Assume that
A C Sy is compatible with A'. Then for all o € W(A,|A|) there exists an integer d with
d < d<2d such that if

Uy a(A)=0o(1), N — o0 (7.111)

the following holds for all n € A: for all € > 0, there exists a constant 0 < ¢. < oo (indepen-
dent of o,|A|, N, and d) such that, for all s real satisfying —oo < s < 1 — €, we have, for all
N large enough,

o Ipao 1 1 1 1
st4 /ET .o R R -
‘]E (e A A]I{’I'.,7 <TA\77}) |A| 1—S — ’A‘cemaX{MN,d(A)7 Nk.?’A’FN,d(p(‘A‘)—i_]‘)}
(7.112)
where
p— { 2, zf H(AUo) z:s satz’sﬁec'Z (7.113)
1, if H(AUo) s not satisfied.

We finally prove Theorem 7.12, and Theorem 1.7 and Corollary 1.8 of Section 1.

Proof of Theorem 7.12: We want to show that when restricting the starting point o
to sets of the form W(A,|A|) (see (1.23)) and when replacing the assumption (7.1) by the
stronger assumption

Vna(AUo)=0(1), N — o0 (7.114)

Theorem 7.1 entails Theorem 7.12 for all large enough N. Thus let the assumptions and the
notation be those of Theorem 7.1 but take o € W(A,|A|), assume (7.114) instead of (7.1)
(i.e. assume that § = 6(N) — 0 as N — o0), and let v be any d-lumping compatible with
AU o (recall that this in particular implies that v(AU o) € Sy).
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Proceeding as we did in the proof of Theorem 1.4 to obtain (5.17) we get, for all o €
W(A, |A]) and all n € A,

Do) (Dist(a,1m)) < &y (p(1A]) +1) < Fn.ap(|A]) +1) (7.115)
Py (o) (Dist(1,0)) < b0y (p(|A]) +1) < Fnv.a(p(|A]) +1) (7.116)

Eq. (7.115) implies in particular that

> by (Dist(o,m)) < [A[Fn,a(p(|A]) + 1) (7.117)
neA

Now by (5.9) with |A| > 1,

— 3 /
Vva(AUo) = max > ¢y (Dist(n.7)
n€(AU0)\n

= max Z (b'y(n’) (DiSt(U7 77/)) + I;leajf Z (b’y(n’) (DiSt(% 77/)> + gb'y(cr) (DiSt(nv U))

n'EA n'€A\n
(7.118)
Together with (7.116) and (7.117), (7.118) yields
VN’d(A) S VN’d(A U 0') S (|A’ + 1) Ir?eaj(FN’d@(‘A‘) + 1) + VN’d(A) (7.119)
In view of (1.23)-(1.24), (7.119) implies that
Vna(AUo) =0(1) iff Vna(A) =o0(1) (7.120)

Thus, for all 0 € W(A,|A|), assumption (7.114) is equivalent to Vy 4(A) = o(1). Let us now
consider the term ey 4(A,n,0) in (7.2). By (7.115) and (7.119), en,q(A,n,0) < En,a(A,n,0)

where

1

~ 1
En,a(An,0) = mO(max {VN,d(A)a E

Al Fxa(p(A]) + 1)} ) (7.121)

where

2, if H(AUo) is satisfied
k= (7.122)

1, if H(AUo) is not satisfied.

Gathering the previous results we conclude that, under the assumptions of Theorem 7.1,
restricting o to the set W(A, |A|), we have, for all A C Sy such that Vy q(A) = o(1) and
all n € A, that (7.2) holds true with ex 4(A,n, o) replaced by €n,q(A,n, o). This would be
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the statement of Theorem 7.12 if we could replace Vi 4(AU o) by Un 4(A U o). But this is
made possible by Lemma 5.7. Once this replacement done, all dependence on the choice of

the underlying d-lumping ~y is suppressed. Theorem 7.12 is thus proven.

Proof of Theorem 1.7: Theorem 1.7 follows from Theorem 7.1 in the same way that
Theorem 1.4 follows from Theorem 5.9. We skip the details.<$>

Proof of Corollary 1.8: Corollary 1.8 is deduced from Theorem 7.12 just as Corollary
1.5 is deduced from Theorem 1.4. Again we skip the details.{
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8. Appendix Al

We state here the two simple lemmata that are used in Chapter 3 to bound ‘no return

before hitting’ probabilities, i.e. probabilities of the form
P°(r7 <71y) for JCIng and ze€lyg)\z.

The first of these lemmata is a partial analogue, for our reversible Markov chains, of the

classical Dirichlet principle from potential theory. Let H% be the space of functions
T={h:Tna—1[0,1] | h(z) =0, and h(y) =1 for y € J} (8.1)
and define the Dirichlet form

ena(h)=5 Y, Qu)ra( YR — hy") (8.2)

Yy €l N,q

N =

Note that the function A% defined in (8.3) below is in H%:

1, if yeld

7y) =140, if y=x (8.3)
Po(ry < 1Y), if y¢JUx

The following lemma can be found e.g. in Liggett’s book ([Li], pp 99, Theorem 6.1).

Lemma 8.1: Let J CT'ng and x € Ty g\ z. Then

QN(.’E)PO(T}E < T;E) = 1nf (I)N7d(h) = (I)N,d(hﬁ) (84)
hers

Remark: Note that ‘no return before hitting’ probabilities are closely related to the notion

of capacity since, in potential theoretic language, the capacitor (x,J) has capacity

cap, (J) = [Qn (2)P°(r§ < 75)] 7 (8.5)

Clearly, guessing the minimizing function h% in (8.4) yields an upper bound on P°(7§ <
7¥). To get a lower bound we use that the d-dimensional variational problem (8.4) can
be compared to a sum of (hopefully easier to handle) one-dimensional ones. This idea was
heavily exploited in [BEGK1,2] and [BBG1]; the next lemma is quoted from [BBG1] (Lemma

4.1 of the appendix).
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Lemma 8.2: Let A, CT'ng, 1 <k < K, be a collection subgraphs of I'n q and let f”"Ak

denote the law of the Markov chain with transition rates

Fa (2 a") = { ry (2, 2", if 75 " and (2, 2") € E(Ag) (8.6)
0, otherwise
and invariant measure
@Zk(y) =Qn()/Qn(Ak), vy € Ag. (8.7)
Assume that
E(A) NE(Ap) =0, VK e{1,...,K},k#K (8.8)
and that
K
v,z € [ V(Ar) (8.9)
k=1
Then
K ~
P° (Tfj < Tyy) > Z]P’Zk (7'17{ < Tg) (8.10)
k=1

9. Appendix A2

As we just saw it is crucial in our approach to get sharp lower bounds on one dimensional

‘no return before hitting probabilities’. The next lemma provide such bounds for P°(7§ < 77).
Lemma 9.1: Letd=1andletx =x(N) e I'n; = {1 — %,O <k< N}. Then, setting

on1(x) =P (15 <73) (9.1)
the following holds: on1(z) = on1(—2) and

i) if o(N) =1,
oni(z) =1— % 4+ O(§=) (9.2)

i) if imy 0o ©(N) = 2oo > 0 then there exists constants co,c1 > 0 and c3 > 1 such that

_ 1
ona(?) < — |1+ (9:3)

< log N +C1
Nflog (155)] |~ Ve

iii) if imy 0o (N) =0 and limy 00 £(N)V N = 00,

o () < (1 +0(1)) (9.4)
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w) if imy_eo (N) =0 and x(N)vVN = O(1),

ovi (@) < Na(1 +o(1)) (95)
Gathering the previous bounds,
inf oxY(z) <CVN (9.6)
z€l'N 1

for some constant 0 < C' < 0.

Proof: Without loss of generality we may assume that N is even. Given z € I'n; set

m:%(l—x),l):%—m, and

2
wo(n)zl—ﬁ(m+n), 0<n<L

Then, formula (3.44) (or equivalently (3.45)) shows that,
S e RN S S R 0 N A I
Po(ry <75) = ;QN(wn(m)) %(1+wn(m))] - [Z ( N )N—(n+m) (9.7)

n=0 \n+m

From this explicit formula, it is a routine (though tedious task) to prove Lemma 9.1. (Note

that from this same formula we can of course also derive lower bounds on gy (z).) ¢
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10. Appendix A3

We now focus on the function F'(n) = Fy(n)+ F»(n) of Definition 3.3. This function is used
to control the smallness of (hopefully) sub-leading terms in virtually all our estimates (see
e.g. (5.20), (1.29) or (1.31)); it is in particular used through (1.11) to define the sparseness
of sets A € Sy (see Definition 1.2). For practical purposes however the complexity of the
function Fy(n) is a serious hindrance. Our main aim in this appendix is to provide simpler,

workable, expressions for Fy(n), for all d < N and N large enough.

Our main result is Lemma 10.1. It contains a collection of upper bounds on Fy(n) that
suggest very strongly that for ‘small n’, namely for n 42 < d, Fy(n) has two distinct asymp-
totic behaviors, depending on whether the ratio % goes to zero or not as N diverges. Indeed
our upper bound on Fy(n) is essentially independent of d when d—; = 0(1), but this ceases to
be true as soon as d? > ¢N for any ¢ > 0. This reflects the fact that when ‘]iV—Q = o(1) the
discreteness of the state space I'y 4 is washed out in the limit (the limit is diffusive), whereas

when d? > ¢N the discrete nature of T’ N,d 1s retained.

In contrast, for larger values of n, i.e. for n+2 < d, our upper bound on F5(n) is uniform in
d. Simplifying this bound further we show in Corollary 10.2 that, for n + 2 < d and for large
enough d, F5(n) is bounded above by a decreasing function. This feature will be extremely

useful in applications.
Finally, in Corollary 10.2, we compare the functions Fj(n) and F»(n).

Lemma 10.1: With the notation of Definition 3.3 we have:

) (n+2)! N®+2=m)/2 /4t m — 1
Fy(n) < #2(n+2) o > CETEsYoT . (10.1)
mel(n)
In particular,
a) for all d and all large enough N,
for n=1, Fy(n) §n2(3){3ﬁ!(%)+(‘i]\,ﬂ)3 } (10.2)
for m=2, Fy(n) <r*4) {5 (T4 + (&2)*)

b) If % = o(1), for all large enough N, there exists a positive constant C < oo such that,
setting

. 5 if n is even . .

pr=9 . , m*=n+2-2p (10.3)

%1 if n is odd
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e for all fixed n independent of N satisfying n®> < d — 1,

1 d\"™
Fy(n) < C5o (N) (10.4)
e foralln+2<d,
n ni2
Fa(n) < Cn+ 232 (n+2) (pna) * () (10.5)

where

ﬁn,d=2eXp{—1+fo+ 2% <1+O<\/‘j\j)>} (10.6)

e foralln+2>d,

9 nt2 ¢ q \n+2-p"
Fa(n) < Ck*(n+2) (pna) * () (10.7)
where
Pn.g = 2" A/ MED) - gnd h(z) = |zloga| + 2 +22/2, x>0 (10.8)

c) If there exists a constant cog > 0 such that, for all large enough N, % > cg, then there

exists a positive constant C' < oo such that,

e Foralln+2<d,

s mr2? [ d\"2
Fs(n) < C(n+2)2e2@=10 <N> (10.9)
e Foralln+2>d,
nt2 n+2—p”
Fo(n) < Ck%(n +2) (pn.a)? (%) (10.10)

where p is defined in (10.8).

Obviously our bounds on Fy(n) are useful only if they guarantee that F»(n) < 1. Inspecting
(10.9) and (10.10) of assertion (c) we see that this will always be the case when d < do(N).

Remark: The bound (10.9) is the worst possible bound we could derive from (10.39). It is
expected to be good only for small values of n (namely for fixed finite n indepdendent of N).

For larger values of n one can improve it by working directly with (10.39).

Although we cannot prove that F»(n), and hence F'(n), is a decreasing function, the next

corollary shows that this will be the case for suitably chosen n and d.
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Corollary 10.2: Letd > log)lgoé;VN' There exists o < 1 such that for alln+2 > d and large

enough N,

F(n) < o™ (10.11)

Proof: Consider the right hand side of (10.10). Given § < 1, let C(0) be defined by
C(8) = arginf {¢ > 0 | 2e7121(d/(n+2)) < 51 Next observe that r.h.s. of (10.10) can be
piecewise bounded above by decreasing functions as follows: denoting by C' a finite positive
constant whose value may change from line to line,

n/2
ﬁxmgcw2@80@;> if d<n+2<C(8)d

it C(0)d<nt2< (10.12)

I :

zgm)gCNQQN;

n/2
5@0§0N2<31+4U0 if n+2>%i

By the second assertion of Corollary 10.3, F(n) < 2Fy(n). Under the assumption that

d> log)ﬁ)JgVN, the bound (10.11) now easily follows. <

Of course the bound (10.11) is a very coarse upper bound on (10.7) (or (10.10)). Note
that the larger n is and the closer this bound gets to (10.7). The next Corollary contains a

trite but useful upper bound on Fs(n) that will be good for very small values of n only.
Corollary 10.3: For all d such that & = o(1) we have, for all N large enough:

i) Fy(1) > Fy(n) for alln > 1,

ii) Fy(n) > Fi(n) for alln > 3.

Proof: This is an immediate consequence of the bounds of Lemma 10.1.

Proof of Lemma 10.1: Let |Q(n)| and |Q4(n)| denote, respec., the number of solutions of
(3.81) and (3.85). As established in Lemma 3.13, |0,,z| = | Q5 (n)|. But |Q}(n)| < [Qa(n)| <
(d+z_1), proving (10.1). The bounds of (10.2) immediately follow from (10.1). To further

express (10.1) we will make use of the following lemma.

Lemma 10.4:

d+m—1 m (@-1)?
d—1)m _n
WTTWS( ) eXe=b . If m<d (10.14)
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Z (d+$—1) < (d+(2+2)) (10.15>
mel(n)

Proof of Lemma 10.4: (10.13) and (10.14) are immediate and (10.15) follows from Pascal’s

recursion formula for the binomial coefficients (see eg [Co]) since

n+2
> (= > () = >0 () = ()
mel(n) mel(n) m=1

¢

Bearing in mind that IV and d are fixed parameters, and n the only variable, let us now

distinguish the cases n +2 <det n+2 > d.

e The case n+2 > d. For m € I(n) set p=p(m) = (n+ 2 —m)/2. Note that the function
N > p — NP/pl is strictly increasing on {1,...,N}. Now, setting p* = p*(n) = max,,cs(n),

. { 5 if n is even (10.16)
P2le fnisodd '

Thus p < p* < N for all m € I(n) and all n, and

Fz(n)SRQ(n+2)Np 2 > <d+m—1>

we have

p*! N((n+2) i m
NP (n 4 2)!
2 d+(n+2) (10.17)
S K (n + 2) p*| N(n+2) ( d )
P ! d
<y T2t DT

p*! N(n+2) d!

where the last two lines follow, respectively, from (10.15) and (10.13). Using Stirling’s formula

one then gets that, for some constant 0 < C' < oo,

n+2—p~ n+2
Fy(n) < k2(n + 2)C (%) (pn.a)? (10.18)
where
Pp.q = 2e”1H2MA/(n+2)) (10.19)
and
h(z) = |zlogz| + 2z +22/2, x>0 (10.20)

Remark: Note that h(x) is strictly decreasing on [0, 2], that h(0) = 0, and 2h(1) = 3. Thus
for fixed d, py,q is a decreasing function of n that satisfies the bounds 2¢e71 < Prd < 2¢2.

Moreover, one easily sees that there exists % <a< 3—10 such that, for d < a(n+2), pnq < 1.



90 Section 10
Since (10.18) is valid for all d and all large enough N, (10.7) and (10.10) are proven.

e The case n + 2 < d. In this case, since m < n + 2, the bound (10.14) applies for each
m € I(n) and thus,

2 (n+2)! NP (d—1)™ m2
Fa(n) < 67(n +2) Gy g%)p!m!e @1 (10.21)

where, as before, p = p(m) = (n+2 —m)/2 for m € I(n). With p* as in (10.16), setting

d—1
= — 10.22
=N (10.22)
(10.21) may be rewritten as
9 (ni2)? (n+2)! P 2 2p 1
F>(n) < k“(n + 2)e2@=0 7]\7(”“)/2 E T2 2]l (10.23)

Defining
fo(z) = [zlog x—z]+[(1—22) log(1—-22)— (1 -2z)]+ (1 —x) log(n+2) — (1 —2x) log p (10.24)

we get, using Stirling’s formula,

p*

an—i-Q 2pn+;' _ZCexp{ (n+2)f(p/n)}

p=0 (10.25)
g%C’exp {—(n +2) ogi%flﬂ fp(x)}

where 0 < C < oo. It is now easy to see that info<,<i/2 fo(2) = fp(a}y 4(n)) where

T q(n) = (polna)(n)
(v,a(n) m (10.26)

qb(z)z%{(l—i—z)— a2 -1}, 220

To simplify the notation we will sometimes write 2* = 2*(n) = 2% 4(n). Using that a7} ;(n)
obeys the relation f,(z} 4(n)) = 0, (10.24) yields

. log(1 —2z*) +log(n+2) — (1 —x*) —logp, 0<z*<
et = (10.27)

2log(z*) + Llog(n +2) — (1 —2*), 0<a* <

N~ N~
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Note now that the function ¢(z) is strictly decreasing, that ¢(2)(0) = 3, lim. .o ¢(2) = 0,
and that

P(2) = %{1+z—\/§\/1+z } {1+z—\/§(1+0(z))}, >0

2 (10.28)
1 1
¢<Z>=4<1+Z>{1‘0<1+z> } s

Since (n,q4(n) is a strictly decreasing function of n, x}y ;(n) is itself strictly increasing and,

recalling that by assumption 2 < n + 2 < d,

0 < 2k 4(0) = () < iva(n) < wiyald—2) = ¢(%) < 4 (10.29)

On the other hand, by (10.27), f,(z*) is a strictly increasing function of z*, and thus

£5(0) < fo(2,a(0) = Fo($(25)) < Folaa(n) < folaald—2)) = fo(8(5%)) < Fo(3)
(10.30)
Using that § < 1 one easily checks that, by the first line of (10.28) and the second line of
(10.27), using the series expansion of log(1 + u), |u| < 1,

Fol@hald—2) = £,(3) /5% (1 +o(ﬁ)) L 4o (10.31)

From this and (10.30) we see that the range of f,(z} 4(n)) will depend on the behavior of

% and %
If CJIV—Q = 0(1) then & = o(1). Then just as before we have
Foaha(0) = fo(3) — 2% (14 OWETR)), % —0 (10.32)
and (10.30), (10.31), and (10.32) imply that, for all 0 <n < d — 2,
Folareat) — (D] < V2% (14 OWEN)) . % —0 (1033
In other words, f,(z} 4(n)) remains essentially constant for n 6 {0,...,d — 2}. If on the

contrary there exist positive finite constants cg, Ny such that > ¢ for all N > No, then
fo(z 4(n)) is no longer constant when n varies from 0 to d — 2. In particular, if ¢ W — 00
then, by the second line of (10.28) and the first line of (10.27),

FolaivaO) = £,0) = g (L +OWNTP)). % — o (10.34)
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so that f,(z} 4(n)) ranges from f,(0) to fy(z}y 4(d —2)) = fo(#(5%)) when n varies from 0
to d —2. But %4 may only vary from 0 to 1 and thus, f,(0) < f,(¢(1)) < f,(0(5%)) < fo(3).

Now

n ! n ni2
e+ 21,3 < i+ (21) (10.35)

and , s
el + 2,0} < v 72 () (10.36)

Therefore, if %2 = o(1), collecting (10.23), (10.25), (10.33), and (10.35), there exists a positive
constant C' < oo such that,

n+2

B(n) < Cn+2im+2) (5) * ()™ . % =0 (10.37)
where
pn,dzzexp{—1+g+f+ 2l (1+O(\/d2/N)>} (10.38)

Otherwise, if there exist positive finite constants cg, Ny such that > ¢g for all N > Ny,
then by (10.23), (10.25), (10.30), and (10.36),

o nt2)? (4 2)!
Fg(n) S C(n + 2)K/ (n + 2)62(d D m

exp{—(n+2)f,(¢n,a(n))} (10.39)

In particular, using that f,(z% 4(n)) > f,(0) (see (10.30)) together with (10.36), it follows
from (10.39) that for all 0 <n < d —2

3 a2 /g \"T2
Fy(n) <C(n+2)2e2@=D N (10.40)

This bound, valid for all n + 2 < d, is only reasonable however for small n (more precisely

for fixed finite n independent of N) when d—; — 00.

Since (10.38) proves (10.5) and (10.40) proves (10.9) it remains to prove (10.4). We will
treat the case n odd only; the case of even n is similar. Here m,p, and n all are fixed and

independent of N, and since 2(?7_21) < < 1, it follows from (10.14) that,

2(d )

(A=) <e(d —1)™ (10.41)

m

for some constant 0 < ¢ < co. Thus,

Fy(n) < en?(n+2) 3 %(d—l)m:cﬁ(nqt% 3 ;p(d;) (10.42)

mel(n) mel(n)
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We want to show that the leading term in the sum above is given by (m,p) = (m*,

one easily verifies that for all m > m*,

W () () - (5

Hence, for some constants ¢, c¢”, ¢ > 0,

Fz(n)éc’Nlp* (dxf1>m Z <(d_N1>2>m1

mel(n)

1 /d—1\" 2\t
< v v
< v (%) (%)

which proves (10.4) for odd values of n.

The proof of Lemma 10.1 is now complete. <

93

p*). But

(10.43)

(10.44)
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11. Appendix A4

Let A C Sy be compatible with some d-partition A. In this appendix we collect a few
ad hoc estimates on Uy 4(A) (see (1.11)) that allow to quantify the sparseness of the set A
in two cases: roughly speaking 1) when |A| is small enough and 2) when the elements of A
satisfy a certain minimal distance assumption. This estimates are derived from elementary

observations stemming from Definition 1.1 and the properties of the function Fi 4.

Case 1). Our first three results (Lemma 11.1, Lemma 11.2, and Corollary 11.3) are concerned
with ‘small’ subsets A of Sy. In Lemma 11.1 we provide a sufficient condition on the size of

A which entails that A is compatible with some d-partition A.

Lemma 11.1: Let A C Sy be such that 2141 < N. Then there exists a d-partition A with
d < 2141 such that, for any &€ € Sy, A is (A, &)-compatible. If |A| = 1 one may chose the
trivial partition A = {1,...,N}. In this case d = 1.

The next lemma allows to quantify the sparseness of sets A of arbitrary size but is clearly

useful for small enough sets only .

Lemma 11.2: Let A C Sy. For all d such that % = o(1) and all N large enough,

1 /dN3
Un.a(A) < C| A max {N, (N> } (11.1)
[A[F(n) < C|A|max 4 - (1)3 forall n>1 (11.2)
n) < max | > | or all n > .
for some constant 0 < C' < co. In particular, if d < oL~ for some constant a > 0,
log N
a \3
Un.a(A) < C’|A|(logN) (11.3)
a \3
< —_ > .
|A|F(n) < C\A|(1OgN> forall n>1 (11.4)

Finally, the corollary below is geared to the case d < dy(NN) for which most results in this

paper obtain. Combining Lemma 11.1 and (11.3) of Lemma 11.2, we can conclude that:

Corollary 11.3: Let A C Sy be such that 2141 < C’% for some 0 < C < 0o. Then

there exists a d-partition A with d < Clo]gVN such that, for any § € Sy, A is (A, §)-compatible

and

Un.a(A) < CI(IO;N)Q (11.5)
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for some constant 0 < C’ < oo.

Proof of Lemma 11.1: the case |A| = 1 is immediate. Let us assume that |A| > 2 and
call o', ..., 04l the elements of A, i.e. set A = {o',...,0/41}. We define a partition of the
set {1,...,4,...,N}intod := 2141 subsets Ag, 1 < k < d in the following way. Let us identify

the collection A to the |A| x N matrix whose row vectors are the configurations o*,

ot = (0})i=1,..n €SN, pe{l,... |Al}, (11.7)

(2

and denote by o; the column vectors
o; = (o=t e Sy, i€ {1,...,N} (11.8)

(hence o!' is the element lying at the intersection of the p-th row and i-th colum). Observe
that, when carrying an index placed as a superscript, the letter o refers to an element of
the cube Sy while, when carrying an index placed as a subscript, it refers to an element of
the cube S|4. Next, let {e1,...,ex,...,eq} be an arbitrarily chosen labelling of all d = 214
elements of S| 4. Then, since d = 2141 < N, A induces a partition A of {1,..., N} into at
most d classes A, 1 < k < d, defined by

if and only if Ay # 0. Now clearly, for any £ € Sy, A is (A, £)-compatible. {

Proof of Lemma 11.2: By Definition 3.3 and Corollary 10.4,

1 /d\3
F(n) = Fy(n) + Fy(n) < Fi(1) + Fy(1) < C'max {N, (N) } (11.10)
where the last inequality, valid for some constant 0 < C' < oo, follows from the bound (10.2)
on F5(1) and the fact that, by definition (see (3.7)), Fi(1) = £(1)+. This immediately yields
(11.2). Moreover, inserting this bound in the definition (1.11) of Uy 4(A) yields (11.1). From
this (11.3) and (11.4) are immediate.

Proof of Corollary 11.3: Since 214l < C’% < N, it follows from Lemma 11.1 that
there exists a d-partition A with d < 214l < C% such that, for any £ € Sy, A is (A, §)-

compatible. For such a d, the bounds (11.3) and (11.4) apply, proving (11.5) and (11.6).
¢
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Case 2). In what follows we consider sets A that are compatible with some d-partition A,

log N
for d 2 loglog N *

Lemma 11.4: Letd > lololg NN and let A be compatible with some d-partition A. There
g log

exists o < 1 such that for all C > 1 and all n > C'd we have, for large enough N,

|A|F(n) < 0”379 where €=1log2/C (11.11)

It is now easy to deduce a bound on Uy 4(A) when the minimal distance between the

elements of A is larger than d.

Lemma 11.5: Letd> lololg NN and let A be compatible with some d-partition A. Set
g log

n* := inf Dist(n, A\ n) (11.12)
neA
There exists o < 1 such that if n* > Cd for some C' > 1 then, for large enough N,

Un.a(A) < 0" 79 where € =1log2/C (11.13)

Proof of Lemma 11.4: Since by assumption A is compatible with some d-partition A
then |A| < 2¢. This observation combined with Corollary 10.2 of Appendix A3 proves the

lemma.<>

Proof of Lemma 11.5: Assume that n* > Cd for some C > 1. By Corollary 10.2 of
Appendix A3, F(n) restricted to the set n > n* is decreasing. By (1.11) we then have,

Un,a(A) = max F(Dist(n, 0))

neA (11.14)

where the last line follows from Lemma 11.4. $
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