A NEW REM CONJECTURE

G. BEN AROUS, VERONIQUE GAYRARD, AND A. KUPTSOV

ABSTRACT. We introduce here a new universality conjecture for levels of ran-
dom Hamiltonians, in the same spirit as the local REM conjecture made by
S. Mertens and H. Bauke. We establish our conjecture for a wide class of
Gaussian and non-Gaussian Hamiltonians, which include the p-spin models,
the Sherrington-Kirkpatrick model and the number partitioning problem. We
prove that our universality result is optimal for the last two models by showing
when this universality breaks down.

1. INTRODUCTION

S. Mertens and H. Bauke recently observed ([Mer00], [BM04], see also [BEM04])
that the statistics of energy levels for very general random Hamiltonians are Pois-
sonian, when observed micro-canonically, i.e. in a small window in the bulk. They
are universal and identical to those of the simplest spin-glass model, the Random
Energy Model or REM, hence the name of this (numerical) observation: the REM
conjecture or more precisely the local REM conjecture.

This local REM conjecture was made for a wide class of random Hamiltonians
of statistical mechanics of disordered systems, mainly spin-glasses (mean field or
not), and for various combinatorial optimization problems (like number partition-
ing). Recently, two groups of mathematicians have established this conjecture in
different contexts : C. Borgs, J. Chayes, C.Nair, S.Mertens, B.Pittel for the num-
ber partitioning question (see [BCP01], [BCMNO05a],[BCMNO5b]), and A. Bovier,
I. Kurkova for general spin-glass Hamiltonians (see [BK06a], [BK06L]).

We introduce here a new kind of universality for the energy levels of disordered
systems. We believe that one should find universal statistics for the energy levels of
a wide class of random Hamiltonians if one re-samples the energy levels, i.e. draws a
random subset of these energies. Put otherwise, our conjecture is thus that the level
statistics should also be universal, i.e Poissonian, when observed on a large random
subset of the configuration space rather than in a micro-canonical window. We
establish this new universality result (which could be called the re-sampling REM
universality or the REM universality by dilution) for general (mean-field) spin-glass
models, including the case of number partitioning and for large but sparse enough
subsets. This approach has the following interesting property: the range of energies
involved is not reduced to a small window as in the local REM conjecture. Thus
we can study the extreme value distribution on the random subset, by normalizing
the energies properly. Doing so we establish that the Gibbs measure restricted to
a sparse enough random subset of configuration space has a universal distribution
which is thus the same as for the REM, i.e. a Poisson-Dirichlet measure.
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To be more specific, we specialize our setting to the case of random Hamiltonians
(Hn(0))sesy defined on the hypercube Sy = {—1,1}". We want to consider a
sparse random subset of the hypercube, say X, and the restriction of the function
Hpy to X. We introduce the random point process

Py = Z OHY (o) (1.1)
oceX

with a normalization:

Hy(o) —an

Hy (o) = o (1.2)

to be chosen. Our conjecture specializes to the following: the asymptotic behavior
of the random point process Py is universal, for a large class of Hamiltonians Hy,
for appropriate sparse random subsets X, and appropriate normalization.

We will only study here the simplest possible random subset, i.e. a site perco-
lation cluster X = {0 € Sy : X, = 1}, where the random variables (X,),cg, are
i.i.d. and Bernoulli:

2M

P(X,=1)=1-P(X, =0) = py = (1.3)

N’
Thus the mean size of X is 2™ and we will always assume that X is not too small,
e.g. that log N = o(2™). We will sometimes call X a random cloud.

In order to understand what the universal behavior should be, let us examine the
trivial case where the Hy (o) are i.i.d centered standard Gaussian random variables,
i.e. the case of the Random Energy Model. Then, standard extreme value theory
proves that if

1
aN:\/2M10g2+210ng—log2 and bN:”M’ (1.4)

then Py converges to a Poisson point process with intensity measure

p(dt) = %e‘t\/mogzdt. (1.5)

We will now fix the normalization needed in by choosing ay and by as in .
The basic mechanism of the REM universality we propose is that the influence of
correlations between the random variables Hjy (o) should be negligible when the
two-point correlation (the covariance) is a decreasing function of the Hamming
distance
dy(o,0')=#{i < N:o; # 0.} (1.6)
and when the random cloud is sparse enough. We first establish this universality
conjecture for a large class of Gaussian Hamiltonians. This class contains the
Sherrington-Kirkpatrick (SK) model as well as the more general p-spin models. It
also contains the Gaussian version of the number partitioning problem.
Consider a Gaussian Hamiltonian Hy on the hypercube Sy = {—1,1} such
that the random variables (Hy(0))ses, are centered and whose covariance is a
smooth decreasing function of the Hamming distance or, equivalently a smooth

N
increasing function v of the overlap R(c,0’) = & 3 0;0} :
i=1

cov(Hy (o), Hy(0")) = v(R(0,0")) = y(1 - %]ga)) (1.7)
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We will always assume that ©(0) = 0 and that v(1) = 1. The first assumption is
crucial, since it means that the correlation of the Hamiltonian vanishes for pairs of
points on the hypercube which are at a typical distance. The second assumption
simply normalizes the variance of Hy (o) to 1.

This type of covariance structure can easily be realized for v real analytic, of the
form:

v(r) = Z airp. (1.8)
p=1

Indeed such a covariance structure can be realized by taking mixtures of p-spin

models. Let Hy j, be the Hamiltonian of the p-spin model given by

1
Hyp(0) = 551772 > Giineiy0i Oy Oy (1.9)

1<i1 iz, enip <N

where random variables (gil,iz,..‘,ip)1§i1,i2,..‘,ip§N are independent standard Gaus-

sians defined on a common probability space (9, F9,P). Then

1
Hy(o) = —= apHnN (0 1.10
N(o) Wi ;%:1 pHNp(0) (1.10)
has the covariance structure given in — Let us recall that the case where
v(r) = r is the Gaussian version of the number partitioning problem ([BCP01]),
the case where v(r) = r? is the SK model, and more generally, v(r) = r? defines
the pure p-spin model.
Let us normalize Hy as above (see (L.4)):

Hy(o) —an

Hyy (o) = , (1.11)
bn
and consider the sequence of point processes
Py = Z 6va(‘7)' (1.12)

ceX

Theorem 1.1 (Universality in the Gaussian case). Assume that M = o(v/N) if
V'(0) # 0, and that M = o(N) if v/(0) = 0. Then, P-almost surely, the distribution
of the point process Pn converges weakly to the distribution of a Poisson point
process P on R with intensity given by

p(dt) = %e*t\/“og?dt. (1.13)

Remark 1.2. The condition log N = 0(2) is needed in order to get P-almost sure
results.

We extend this result, in Section 5] to a wide class of non-Gaussian Hamiltonians
(introduced in [BCMNO5a] for the case of number partitioning).
The theorem has the following immediate corollary. Let us fix the realization of
the random cloud X. For configurations o belonging to the cloud we consider the
Gibbs’ weights G g(o) of the re-scaled Hamiltonian H) (o)

o BHN (o) o~ BVATHy (o)

- S e PH () - S - AVATHN ()
oeX 0EX

(1.14)

Gn,s(o)
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Reordering the Gibbs’ weights G s(o) of the configurations ¢ € X as a non-
increasing sequence (wq)a<|x| and defining w, = 0 for o > [X| we get a random
element w of the space S of non increasing sequences of non negative real numbers
with sum less than one.

Corollary 1.3 (Convergence to Poisson-Dirichlet). If 8 > \/2log2 then P-almost
surely under the assumptions of Theorem the law of the sequence w = (Wq)a>1

7v2;0g2 on S.

The fact that Theorem implies Corollary is well-known, see for instance
[Tal03] (pp.13-19) for a good exposition.

It is then a natural question to know if our sparseness assumption is optimal.
When the random cloud is denser can this universality survive? We show that our
sparseness condition is indeed optimal for the number partitioning problem and for
the SK model, and that the universality does break down.

converges to the Poisson-Dirichlet distribution with parameter m =

Theorem 1.4. [Breakdown of Universality for the number partitioning problem/

(i) Let v(r) = r. Suppose that limsup% < o00. Then P-almost surely, the

distribution of the point process Pn converges to the distribution of a Poisson point
process if and only if M = o(v/N).

[Breakdown of Universality for the Sherrington-Kirkpatrick model]
(ii) Let v(r) = r%. Suppose that limsup% < 8l;g2'
distribution of the point process Py converges to the distribution of a Poisson point
process if and only if M = o(N).

Then P-almost surely, the

We prove this theorem in Section [d] by showing that the second factorial moment
of the point process does not converge to the proper value. The case of pure p-spin
models, with p > 3, or more generally the case where v/(0) = v”(0) = 0 differs
strongly (see Theorem [4.7). The asymptotic behavior of the first three moments
is compatible with a Poissonian convergence. Proving or disproving Poissonian
convergence (or REM universality) in this case is still open, as it is for the local
REM conjecture.

The paper is organized as follows. In Section [2] we establish important combina-
torial estimates about maximal overlaps of /-tuples of points on the random cloud.
We give a particular care to the case of pairs (¢ = 2) and triples (¢ = 3) which
are important for the breakdown of universality results. In Section [3| we establish
the universality in the Gaussian case (Theorem [1.1)). We then prove, in Section
the breakdown of universality given in Theorem [I.4] Finally we extend the former
results to a wide non-Gaussian setting in Section

2. COMBINATORIAL ESTIMATES
In this section we fix an integer £ > 1 and study the maximal overlap

1 oy i ]
Ruax(0t,...,0%) lgnggfgelR(a ;7). (2.1)

For fixed N € N and R € [0,1) let us define the following subsets of S
Us(R) = {(0%,..,0") : Bma(0",...,0%) < R} (2:2)
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and
Vi(R) ={(c',...,0%) : Rmax(c",...,0%) = R}. (2.3)

More generally, let the sequence Ry € [0,1) be given (respectively, the correspond-
ing sequence of Hamming distances dy = %(1 — Ry)) and introduce the sequence
of sets Uy(Ry) and Vy(Ry) which we denote for simplicity of notation by Uy, and
V¢ respectively.

For a set Y C S§ we denote by Y its intersection with X*. In the following
theorem we study the properties of the sets

U])Vié ={(o',...,0% € X*: Rpax(c',...,0%) < Ry} (2.4)
and

Vie={(",... ,0%) € X Ryax(0!,...,0%) = Ry} (2.5)
In order to state the main result of this section (Theorem we define the function

L2log(l —z) + Y2 log(1+2) ifz € [-1,1],

J(x) = { +00 otherwise. (2.6)

Theorem 2.1. Let the sequence Ry be such that NR%, — cc.
(i) Then P-almost surely

UR | = EJUR (1 + o(1)). (2.7)

(i) If Ry = o(1) and M(N) > log N then there exists o € [0,1) and C > 0,
depending only on ¢, such that P-almost surely

Vil < CeNITENERIVE, | (2.8)

Proof. The proof is based on standard inequalities for i.i.d. random variables that
result from exponential Chebychev inequality. We formulate them without proof:
let (X;)1<i<n be i.i.d. Bernoulli rv’s with P(X; = 1) =1 —P(X; = 0) = p and let

Z = > X;. Then, for t > 0,

i=1
n _ 1—p(14t)
]P)(Z —EZ Z t]EZ) S e (P(1+t) log(1+t)+(1—p(1+t)) log ffp )7 (29)
1-p(—t)
]P)(Z —EZ < —ﬂEZ) < e_"(p(l_t) log(1—t)+(1—p(1—-t)) log T—p ) (210)

If p=p(n) — 0and t =t(n) — 0 as n — oo, the above inequalities imply that, for
large enough n,

P(|Z — EZ| > tEZ) < 2"/, (2.11)

whereas if p(n) — 0,%(n) — oo, and p(n)t(n) — 0 we get from (2.9)) that for large
enough n

P(Z —EZ > tEZ) < e~ zmp(1+1) loa(1+1) (2.12)

The proof of Theorem relies on the following elementary lemma that again
we state without proof.

Lemma 2.2. (i) For any sequence Ry € [0,1)

0
U > 2V <12<2)6§NR?V). (2.13)
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(ii) Suppose Ry satisfies NR%3 — oo and Ry = o(1). Then for some C > 0
depending only on £,

C
|Vl = 2Wﬁe*N7<RN>(1 +0(1)). (2.14)

As an elementary consequence of part (i) of Lemma one can prove that:

Corollary 2.3. P-a.s. max |R(0,0")| < dn, where n = 4\/M(N]\),10g2 + logl
o,0'€

The proof of part () of Theoremthen proceeds as follows. Let us first express
the size of the random cloud | X| as a sum of i.i.d. random variables

X[ = > 1x,-1. (2.15)

cESN

Using and the assumption that log N = 0(2™), we see that P-almost surely
|X| is given by its expected value, i.e. |X| = 2M(1 + o(1)). Therefore |X¢| =
2ME(1 + 0o(1)).

Since Uy , C X* and E|UZ ,| = piy|Un .| = 2M*(1+ o(1)), then proving part (i)
of Theorem is equivalent to proving that the set U fé ¢ coincides, up to an error
of magnitude o(2™*), with the set X*. Let us rewrite Uy , as

Use= [ Ui (2.16)
1<5<5'<¢t
where we defined
UX), = {(Ul, . of e X |R(0?,07) < Ry } (2.17)

If we prove that every set (UJ)V(,e) j;+ coincides, up to an error of order 0(2M%) with
the set X*, then the representation (2.16) implies part (i) of the theorem. We
therefore concentrate on proving that

U i) = ElUn) 5L+ 0(1),  P-as. (2.18)

Without loss of generality we can consider the case of 7 = 1 and j = 2. By definition
of (U]{,{Z)jj/ we get

—2
|(Uz)\§,£)12| = ( Z 1X01—11ng—1> < Z 1XU—1>

ol,0?eSn: ocESN
|R(c!.0%)|<Rn

0—2
=(Z Lx,=1 ) 1X62=1><21XU=1> . (219)
)JISRN

oleSn 02:|R(o1,02 oESN

As we already noted, the sum in the second factor of (2.19)) concentrates on its
expected value and is equal to 2M(=2) (14 0(1)). Let us thus turn to the first factor

in (2.19).
Introduce the set (U]{](’é)o.l ={0%? € X : |R(¢},0%)| < Rx}. Then

(U )| = > 1x -1 (2.20)
02:|R(c',02)|<RN
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The summands in this sum are i.i.d. and it follows from part (i) of Lemma
that their number is at least 2V (1 — 2e~sNE¥) = 2N(1 4 o(1)). Applying
together with the assumption that log N = o(2*) we obtain from Borel-Cantelli
Lemma, that P-a.s., for any o! € Sy,

[(UN.)or| = (1+ 0(1))E|UR ¢)o | (2.21)
From (2.19), (2.20) and (2.21]) we immediately conclude that
(UN. 12l = (1 +0(D)E|(UX 2], P-as. (2.22)

This finishes the proof of part (i) of Theorem [2.1

The proof of part (i¢) is quite similar to the proof of part (7). By definition of
VJ\){ , we get

VieS U s (2.23)
1<i<g'<t
where
(Vi = {(0% .0 € VR IR(o?,07)| = Ru . (2.24)
We claim that it suffices to prove that P-almost surely
((VRte)jr| < e*NTEIENVES) 0] (2.25)
Indeed, from (2.23) and from the above inequality we obtain that
VR < >0 VRl < DY e NTEIRIVE) . (2.26)
1<j<y'<e 1<j<y'<t
Using part (¢) of Lemma it is easy to establish that for all 1 < j < j/ </
[Vivel = [(Viv.e) s | (1 + o(1)), (2.27)
and therefore
E[Vo| = E|(VA0)js (1 + o(1)). (2.28)

Since (2.26]) and (2.28]) imply the result we concentrate on the proof of (2.25)).

Without loss of generality we can take j = 1 and j' = 2. Then, by definition of
(VASe)isr» we get

( > 1X61=11X02:1> ( > 1XU=1>Z2

ol,0?eSn: oeSN
|R(c',0%)|=Rn

-2
- < Z 1x,1=1 Z 1X02—1> ( Z ]-X(,_l) . (2.29)
)I=Rn

oleSN o02:|R(ct,02 €SN

(Vi ol

As in the proof of part (i) we see that the second part of (2.29)) concentrates on its
expected value and equals to 2M(=2)(1 + o(1)). We are thus left to treat the first
part. Introducing the set
(Vie)or ={0* € X : |R(c',0%)| = Rn} (2.30)
it is clear that
(VA ot | = Z 1x ,—1 (2.31)

02:|R(o',02)|=RNn
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There are 2((2:]) ii.d. terms in the above sum. Applying (2.12) with ¢t + 1 =
eNI(EN) where o € [0,1) will be chosen later, we obtain

P((VRe)ar] 2 eNTIE|(VEE g1 ]) < e 2FI0R Q50108040 (2.39)
From Stirling’s formula we see that for some C > 0,
N ¢ _

BV ot | = 2 ( dN) =M e NI (o), (239

and thus the exponent in (2.32) is

1 X C o
—E|(V (1 + 14+t) = — M _—(1-a)NJ(RN) 1
D) I( N,Z)cr I( t) log( t) o/ N 2%e aNJ(Ry)(1+o(1))

— §6M10g27(17a)NJ(RN)7% logNNj(RN)(l + 0(1)) (234)

If for every o! € Sy the set (VK,{ ¢)ot is empty then there is nothing to prove.
Otherwise, by Corollary we obtain that P-almost surely Ry < dn, and since
J () = 32%(1 4 O(a?)) near the origin we can choose « € [0,1) in such a way that

1
Mlog2 —(1—-a)NJ(RN) — ilogN > vlog N (2.35)

for some y > 0. Hence > e~ 2BIVR )1 1(1+D) log(14+1) 00, and we obtain from (2.32))

N
and Borel-Cantelli Lemma that P-almost surely

(VR ot | < e*NTEVE| (VR )01 (2.36)
It is easy to see that (2.36) and (2.29) imply (2.25). This concludes the proof of
Theorem 2.1 O

In part (ii) of Theorem we studied the properties of the sets Vzi)f(,e C X* for
arbitrary ¢ > 2. For £ = 2 we can improve on Theorem [2.1]

Theorem 2.4. Suppose that lim sup % < 1.
(i) If for some ¢ > 1

M log 2 _ c1log N

< 2.
J(Ry) < N N (2.37)
then P-almost surely
[Vl = (14 o(1)E[VR - (2.38)
(i) If for positive constants c1,ca
Mlog2 cilog N Mlog2 colog N
— < < .
N N = J(Ry) < N + N (2.39)
then there is a constant ¢ such that P-almost surely
Va2l < N¢ E|VR . (2.40)
(iii) If for some cy > 3
M log?2 log 2
J(Ry) > —o82 4 28 (2.41)

N N 7

then the set Vﬁz is P-almost surely empty.
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Proof. (i) By definition of VK,{Q,

Vial= D 1x,.= > 1x .1 (2.42)

ocleSn o2€Sn:|R(c1,02)|=RN

Using (2.30) the inner sum is |(V'y) 41 Since it is a sum of i.i.d. random variables
then for all t = t(N) = o(1) we get from (2.11)) that

P (||(VJ§,2)01| - E|(VJ€7{2)01 || 2 tE'(VKI(Q)Jl |) S 267t2E|(V1§,2)01 \/4 (243)
Using Stirling’s approximation
V2rn" e M I < pl < V2rn e M (2.44)

we obtain that
M log 2—NJ(RnN)

E|(Via)ot| = 2pn (g) = O(W). (2.45)
N

Further, from (2.37) and Corollarywe obtain that E|(VI§72)U1| > CNe~1/2 for
some positive constant C' > 0. Choosing ¢t = N~7 for some small enough v > 0 in
(2.43)), we conclude from Borel-Cantelli Lemma that

[(Vai2)ot| = E[(VA2)ot (1 +0(1)), P-as. (2.46)

Using (2.42)), (2.46)), and the fact that P-almost surely there are 2M(1 + o(1))
configurations in the random cloud X proves (i).

(#4) The proof is similar to the proof of part (i). In particular, from the repre-
sentation (2.42)) it is easy to see that it suffices to prove that

|(Via)ot| S NCE[(VRg)o|, P-as. (2.47)
Choosing 1 + ¢ = N°¢ we get from ([2.45]) that for some positive constant C
1
§E|(V1§f2)01 |(1+t)log(1 +t) > CN°~2~1/2]og N. (2.48)

Choosing c large enough and applying (2.12)) together with Borel-Cantelli Lemma
proves part (i4).

(731) We again use the representation (2.42). Clearly it is enough to prove that
for all o' € X the set (VJVX72)01 is P-almost surely empty. By (2.45) E|(VNX72)U1| <

CN—~1/2 for some positive constant C. Thus, choosing 1+t = W — 00
N,2/0
we obtain from ([2.12)
P (Vo] 2 1) = P (Vi) | = (14 OEIVR D) ]) < (£ + 1)1, (2.49)
By definition of ¢ and by condition ([2.41) we get
(t41)71/2 < /2 N—e2/271/4, (2.50)
Applying Borel-Cantelli Lemma proves (ii). O
In order to estimate the third moment in Theorems 1] 1.2 and [£.7] we give a

result similar to Theorem but for £ = 3, i.e. for a given sequence of vectors
(RY,, RY,, RY)) we estimate the cardinal of the set

Wi{S = {(01,02,03) € X?: R(o',0?) = RY,, R(6°,0°%) = RY;, R(0,01) = Ré\i}
(2.51)
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Below we omit the explicit dependence of the sequence (R, RY;, RY) on N and
instead of R, RY, and RY] will write R, Res and R3; respectively. In order to
formulate the theorem we introduce the following function on R? :

l+zx+y+= l+zrz—-y—=2
j(Q)(x,y,z):+log(1+x+y+z)+Tylog(1+xfy—z)
l—az4+y—=z2 l—-z—y+z

log(l—z—y+2)
(2.52)

log(l—z+y—2)+

4 4

if [1+2|>|y+z and |1 — 2| > |y — 2| and TP (2,9, 2) = 400 otherwise.

Theorem 2.5. Suppose lim sup % < 1.
(i) If for some c1 >  the sequence Ryy satisfies (2.37), and if for some (352) > 1

Mlog?2 ¢ log N
TP (Rya, Raz, R31) < Ng + J(Rys) — 2—2— Ng , (2.53)
then P-almost surely
Wi sl = (1+0(1)E[WX ). (2.54)
(i3) If for positive constants cgz), céz),
Mlog 2 P log N
82 4 J(Ri2) — a et < TP (Ri2, Ros, Ra1)
N N
M log?2 c§2) log N
< R = 2.55
then there is a constant ¢ such that P-almost surely
W 5| < NE|WR,|. (2.56)
2
(#4i) If for some cé ) > 3
M log 2 P log 2
TP (Ri2, Raz, Ra1) > g + J(Ryp) + 225 Ng , (2.57)

then P-almost surely the set W§,3 s empty.

Proof. jFrom Lemma [2.6| stated below it follows that, for arbitrary configurations
ol,02,06% € Sy, the function J® (R12, Ro3, R31) is well defined. This lemma,
whose proof we will omit, is a direct consequence of the fact that the Hamming
distance on Sy satisfies triangle inequality.

Lemma 2.6. For arbitrary configurations o',0? and o3 € Sy we have 1 + Rys >
|Ro3 + Rai1| and 1 — Ryz > |Ra3 — Ray.

The proof of the Theorem [2.7] is similar to that of Theorem [2:4, We begin by
writing the size of the set Wﬁ,{ 3 as

Waasl= Y Ix,o1 D, Ix,o1 . lx,- (2.58)

oleSn o2eSn: o3€eSnN:
R(O‘l,a'z):ng R(Uz,O'B):Rzg
R(Ul,03):R31
Let us first estimate the number of terms in the last sum. This means that, given
ot,0? € Sy with overlap R(c!,0%) = Ri2, we have to calculate the number of con-
figurations o® with R(0?,0%) = Ry3 and R(0®,0') = R3;. Without loss of generality
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we can assume that all the spins of o' are equal to 1. Further, let C(o?t, 02, 03) be
a 3 x N matrix with rows o', 02, 0. For a column vector § € {—1,1}* we let ngs

be the number of columns of the matrix C' that are equal to 6, i.e.

ne = |{j <N: (0},0%,03) = 5}| (2.59)

32959
Then the overlaps can be written in terms of ng, namely
n(1,1,1) F0a1,-1) — na-1,1) — Na,-1,-1) = N R,
ML) T =1 T (=11 R -1,y = N Ras, (2.60)
n(1,1,1) ~ 7(1,1,-1) T R(1,-1,1) — N,-1,-1) = N,
naa -1 a1 Fra-n-n = N

Solving this system of linear equations we find

n(1,1,1) = IN(1+ Riz2 + Roz + Ra1),
na1,-1) = %N(l + Ri2 — Raz — R31), (2.61)
na,-1,1) = %N(l — Ris — Ro3 + R3y), '
nai,-1,-1) = ZN(I — Ri2 + Ro3 *Rgl).

3

We notice that specifying the configuration o is equivalent to specifying the num-
bers n(1,1,1y, M(1,1,—1), 7(1,—1,1), and ni 1 1. Therefore the number of configura-
tions 0% € Sy with overlaps R(0?,0%) = Ra3, and R(03,0') = R3 is

<”(1,1,1> + ”<1,1,—1>> <"<1,—1,1> + ”<1,—17—1>>
n(1,1,0) n(1,-1,1)

(o Fraa ) (e Fna1on)!
naay!na-y! na—y!na -y

Applying Stirling’s approximation to (2.62)) one obtains that the number of terms
in the last summation in (2.58)) is of order

2NeNJ(R12)_NJ(2)(R12’R237R31) /1 — R%Q
N/P(Ri2, Ra3, Rs1)

where P(z,y,2) = (1+z+y+2)14+z—y—2)1—24+y—2)(1—x—y+2). The
rest of the proof essentially is a rerun of the proof of Theorem We skip the
details. 0

(2.62)

)

3. PROOF OoF THEOREM [I.1]

As in [BK06a] and [BCMNO5a],[BCMNO5b], the proof of the Poisson convergence
is based on the analysis of factorial moments of the point processes Py defined in
(1.12).

In general, let {5 be a sequence of point processes defined on a common prob-
ability space (2, F,Q) and let £ be a Poisson point process with intensity mea-
sure p. Define the ¢! factorial moment E(Z), of the random variable Z to be
EZ(Z —1)...(Z — £+ 1). The following is a classical lemma that is a direct conse-
quence of Theorem 4.7 in [Kal83].

Lemma 3.1. If for every £ > 1 and every Borel set A
Jim Eo(En(A))e = (u(A4))", (3.1)

then the distribution of (§n)n>1 converges weakly to the distribution of &.
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Applying Lemma [3.1] to the sequence of point processes Py = > ¢ HYy (o) the
ceX
following result proves Theorem

Theorem 3.2. Under the assumptions of Theorem[I.1], for every ¢ € N and every
bounded Borel set A

lim E(Py(A))e = (u(A)*, P-a.s., (3.2)

N—o0

where p is defined in (1.13]).
Proof. We start with the computation of the first moment of Py (A) :

EPn(A) =Y P(Hy(o) € A). (3.3)
oceX
As we saw in the proof of Theorem the size of the random cloud |X]| is P-
almost surely 2™ (14-0(1)). Since Hj (0),0 € Sy, are identically distributed normal
random variables with mean —ay /by and variance 1/by, the sum in (3.3)) can be
written as
o e—a?\,/Q

2 ————b e
V2T NA

By the dominated convergence theorem and the definition of apy it follows from
that the limit of the first moment is p(A).

To calculate factorial moments of higher order we follow [BCMNOQ5a] and rewrite
the £*" factorial moment of Py (A) as

—w*biy/2-anbNT o (1 4 o(1)), P-aus. (3.4)

E(Pn(A)e= Y P(Hy(c') € A,...,Hy(c") € A) (3.5)
ol,..,ot
where the sum runs over all ordered sequences of distinct configurations (¢, ..., 0%) €
X*. To analyze it we decompose the set SJ{, into three non-intersecting subsets
SZ = Ug(RN) U (Ug((SN)\Ug(RN)) U (U@(5N))C, (3.6)

where Uy is defined in (2.2)), oy is defined in Corollary and the sequence Ry is
chosen such that:

Ry — 0, Mv(Ry) — 0, NR% — oo. (3.7)

This is possible since we have assumed that M = o(v/N) if /(0) # 0 and M = o(N)
if 1/(0) = 0. We recall here that the function v is defined in (L.7)-(T.8).

Having specified Ry, let us analyze the contribution to the sum coming
from the intersection of X* with the sets Uy(Rx), Us(6n)\Ue(Rn), and (U(6n))C.
Firstly, by Corollary the intersection of the set (Uy(dy))¢ with X* is P-a.s.
empty and therefore its contribution to the sum is zero. Next, let us show
that P-a.s.

li P(Hy(o') € A,...,Hy(c") € A) = (u(A))* .
i 12@ (Hy(o") € A, ... Hy(o") € A) = (u(A))", (3-8)
where the sum is over all the sequences (a?,...,0%) € Us(Ry) N X*.
For every ¢ € N let B(c!,...,c") denote the covariance matrix of random vari-

ables Hy(o'),..., Hy(c"). By its elements, b;;, are given by
bij = v(Rij) (3.9)
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where we wrote R(c%,07) = R;;. Since Ry = o(1) the matrix B(c?,...,0") is
non-degenerate. We therefore get for (o, ...,0%) € Us(Ry) N X* that
1 by
o) €EA,.. €A —_—
P(Hy(o") Hi (o) )= (2m)t/2\/det B
v / f)bﬁ\,/z—aNbN(f,BflI)—a?V(T,Bfli)/zdf, (3.10)
A

where B = B(o!,. .. ,ae),:z_:' = (21,...,z¢) and T = (1,...,1)%. From the definition
of an we further get from (3.10)) that

1 e“’(f B7))(Mlog2—1/21log M)
oM Vdet B
/ /_(xB '&)b3 /2—anby (@B gz (3.11)

P(Hy(c') € A,...,Hy(o )eA)

Since the matrix B! is positive definite and since anxby — /2log2 we con-
clude from the dominated convergence theorem that for all bounded Borel sets A,
uniformly in (¢%,...,0%) € Us(Ry) N XY,

e—(i,B’li’)b?\,/Z—aNbN(f,B’lT)df

/ / V2R3 gz — ((A))L. (3.12)

To evaluate e(¢—(1.B™'1)(Mlog2-1/2log M) j we look at ((—(1, B~'1)) det B
as a multivariate function of (b;;)i1<i<;<e. It is a polynomial of degree ¢ with co-
efficients depending only on ¢ and without constant term. It implies that | —
(I, B~'1)| = O(v(Ry)) and therefore, by (3.7),

e(=(T.B' D)) (M log2-1/2log M) _ | 4 o(1). (3.13)

Combining (3.11)), (3.12)), and (3.13)) we may rewrite the sum (3.8 as

14
S s )’ (o) = PO DX (o). s

£

ol

Now it follows from Theorem . )) and Lemma [2.2] (i) that |U,(Ryx) N X*|
Concentrates around its expected value, namely 2Me(1 —|— o(1)), so that (| - im-
plies (3 .

Next, let us establish that the contribution from the second set in is negli-
gible, i.e. let us prove that

lim > P(Hy(c')€A,...,Hy(o) € A) =0, (3.15)

N—o0
ol ¢

e

FRREEIed

where the sum runs over all the sequences (c?,...,0%) € (Ug((SN)\Ug(RN) ﬂ X*.
To do this we first bound the righthand side of ( - By definition and
Corollary [2.3} . max (0, ..., 0%) < 8y = o(1). Therefore following the same rea-
soning as above we obtam from that for some constant C' > 0 and for all
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(O’l, ceey O’Z) c (Ug(éN)\Ug(RN)) nxe¢
! 1L MY (Fima) ¢
}P’(HN(U )JEA,...,Hy(c") e A) < T(H(A)) (1+0(1)). (3.16)
For fixed N the overlap takes only a discrete set of values
2k
KN_{I—N.k_O,l,...,N}. (3.17)

We represent the set Uy (dn)\Up(Rn) as a union of sets Vy(Ry ), where we denoted
Ryp=1— % € KnN(Ry,dn). Let us fix k and bound the contribution from the
set Vo(Ryx) N XY, ie.

> P(Hy(e')€A,... Hy(o") € A). (3.18)

(o1,...,0%)€
Ve(Rn,k)NX*

We obtain from Lemma (7i) that
c
\Ve(Rn1)| = QNZWQ NI(RN.) (1 4 o(1)). (3.19)
In the case M (N) < log N we can choose the sequence Ry in such a way that the

set Up(On)\Ue(Ry) is empty. Therefore we can assume without loss of generality
that M(N) > log N. Applying part (i) of Theorem [2.1| we further conclude that

ve C
Vi(Ry ) N XY < 2Ml —_e=(1=)NT(Enk) - Py, 3.20
[Ve(Rv k) N X7| < ~ (3.20)
Using (3.16) and the last inequality we bound the sum (3.18) by
C
—(1-a)NJ (RN k) ,CMv(RN, k)
e e kI 3.21
VN ( )

One can easily check that Mv(Ry ) = O(NR?VJC) for Ry, € (Rn,0n). Together
with J(z) > 22/2 it implies that for some positive constants C; and Cy we can

further bound (3.21]) by

Ch —C3NR?
e Nk, 3.22
vVIN ( )

As a consequence, we obtain an almost sure bound

> Y P(Hy(e')€A,... Hy(o") € A)

RN k€ (0F,..0%)€
KNN(RNON) Vy(Ry )X
cy —CyNR?
_a —CaNRE, 3.23
S o
N,kE

KNQ(RN,(SN)

Introducing new variables yn r = vV INRy ; we rewrite the above sum as

Cl —_C 2 2
LN e O 2 3.24
2 VN ( )

YN,k
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where the summation is over the discrete set vV NKy N (VNRy,VN6y). Since
NR3, — oo, then for arbitrary C' > 0 and for large N we can further bound this
sum by

(& —Con? 2
— e V2INKE —— 3.25
2 ?/N%C \/ﬁ ( )

Interpreting the last sum as a sum of areas of nonintersecting rectangles with one
side equal e~“2¥N.k and the other % we bound it with the integral

o

/ e~ dy (3.26)

2
C-7F

Since the constant C' is arbitrary we get that (| - is o(1). This finishes the proof
of Theorem [3.2 and therefore of Theorem [[11 O

4. PrROOF OF THEOREM [ 4]

In order to prove the breakdown of universality in Theorem we use a strategy
similar to that used in [BCMNO5D] to disprove the local REM conjecture for the
number partitioning problem and for the Sherrington-Kirkpatrick model when the
energy scales are too large. We prove that P-a.s. for every bounded Borel set A

(1) the limit of the first factorial moment exists and equals u(A);
(2) the second factorial moment E(Py(A))2 does not converge to (u(A))?;
(3) the third moment is bounded.
These three facts immediately imply that the sequence of random variables Py (A)
does not converge weakly to a Poisson random variable and so the sequence of

point processes Pn does not converge weakly to a Poisson point process. Part (i)
of Theorem [[4] is thus obviously implied by the following

Theorem 4.1 (Breakdown of Universality for the number partitioning problem).
Let v(r) = r. For every bounded Borel set A

ImE(Pn(A))1 = pu(A), P-a.s. (4.1)

Moreover, if lim sup % =¢€ < oo then P-a.s.

(i) limsup E(Py (4)) = €2 18" 2(u(4))?,
(11) limsup E(Pn (A4))3 < 0.

Similarly, part (i4) of Theorem is implied by the following

Theorem 4.2 (Breakdown of Universality for the Sherrington-Kirkpatrick model).
Let v(r) = r%. For every bounded Borel set A

ImE(Pn(A))1 = pu(A), P-a.s. (4.2)
Moreover, if limsup M =e< 810g2 then P-a.s.
2
(i) limsup E(Py(A))2 = ) .

Visieiot
(i1) limsup E(Pn (A))s <
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Remark 4.3. Condition € < @ in not optimal and could be improved. The
reason for such a choice is that for ¢ < @ the third moment estimate is quite
simple.

We will prove in detail Theorem but omit the proof of Theorem as it is
very similar and much simpler.

Proof of Theorem[{.4 We successively prove the statement on the first, second,
and third moment.

1. First moment estimate.
Since all the random variables Hy (o), 0 € Sy, are identically distributed then

E(Pn(A))1 = [X[P(Hy (o) € A). (4.3)

We saw in the proof of Theorem that for M(N) satisfying log N = o(2M),
|X| = 2M(1 + o(1)) P-a.s. Combined with (3.11)), the definition of ay, and the
dominated convergence theorem this fact implies that P-a.s.

1

E(PN<A>>1=2M<1+0<1>>7M\% eV 2N tNT gy = p(A)(1+ o(1)). (4.4)
A

Hence (4.2)) is proven.

2. Second moment estimate. Next assume that lim sup M](VN) = ¢. We now want
to calculate lim sup E(Py(A))2. For this we rewrite the second factorial moment as

E(Pn(A))2 =Y P(Hy(c") € A, Hy(0) € A), (4.5)

ol o2

where the summation is over all pairs of distinct configurations (o1, %) € X2. We
then split the set S% into four non-intersecting subsets and calculate the contri-
butions from these subsets separately (these calculations are similar to those of
Theorem (3.2)).

(1) We begin by calculating the contribution from the set S;¥, where

81:{( 0?) e 8% : |R(o', o )|<TN} (4.6)

and where the sequence 7y is chosen in such a way that N73 — 0 and e~V ™ decays

faster than any polynomial: this can be achieved by choosing e.g. 7n = m.
First, we get from (3.11)) for ¢ = 2
1 ef_:%(MlogQ—l/QlogM)
P(Hy(c') € A, Hy(0?) € A) = San >
V1 —bi
// (Z,B7'@)b%, /2—anbn (F,B~1 )dxld:cz, (47)

where bia = cov(Hy (o), Hy(0?)) = R},. If (0',0?) € S then by = o(1) and
we get from (3.12) that uniformly in (o!,0?) € S; the second line in ([4.7)) is just
(1(A))(1 +o(1)).
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Next, we represent the set S; as a union of sets Vo(Rn x) with Ry =1 — % €
Ky N[0, 7n]. Applying Theorem (i) we get that

2
Va(Ryg) N X2 =24/ W—NQQMe’NJ(RN*k)(l +o(1)). (4.8)

Therefore, up to a multiplicative term of the form 1+ o(1), the contribution from
the set S{¥ to the sum (4.5) is

L 2M2 (Mlog2—1/210g M) 2 2 oM _-NI(R
> e (1(4))2] 22V NI (rs)

Ry k

2 2015 _
-9 7.‘-71\](’“(14))2 Z e_NJ(RN»k)elerlfg (M log 2 1/210gM). (49)

RNk

Since bi2(Ry k) = R%V,k > 0 the last sum is monotone in M. As we will see below
due to this fact it is sufficient to calculate the upper limit of E(P(A))z for sequences

of the form M(N) = eN with € € (0, goz5). Thus let M = eN, e € (0, groz5)- We
obtain

2b12

1+ b12

The choice of Ty guarantees that for Ry < 7n the last term in the rhs of
is of order o(1). Moreover, for 2 < 1 we observe that J(z) = 22? + O(z*). Thus

(Mlog2 —1/2log M) = 2eN Ry ; log2 + O(NRy ;). (4.10)

Using (4.10) and (4.11) the sum (4.9) becomes
2 -
— () RZ eTENFRA(-4182) (1 4 o(1)), (4.12)
N,k

where the summation is over Ry, € Kn N[0, 7n]. Introducing new variables yn , =

VNRpy j, we further rewrite (4.12)) as
2 2 v
“ — (1—4elog2)
g —e 2 (1+0(1)). (4.13)
\/;yN,k vN

It is not difficult to see that for € < @ the sum in (4.13)) converges to the integral

x % 1 s

-5 (0-4elog2)g, — - [T 4.14
/6 y 1 4510g2\/; ( )
0

it X i (u(A)?
Therefore the contribution from the set Si* is m(l + o(1)).

We can extend this result to the case when M (N) = eN + o(N) with € < @.
Indeed, assume that ¢, T € as n — oo. Then using the above calculation for

M = ¢, N together with the monotonicity argument we have that for all n > 1
(n(4))*
E(Pn(A))y > ——————.
(Py(4) 2 v1—4e, log?2
Taking the limit in n we obtain a lower bound. With exactly the same argument
we prove the corresponding upper bound.

(4.15)
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(2) Next, we estimate the contribution from the set Si*, where
Sy ={(c',0%) € S} : |R(c",0%)| > 7y and R(c',0”) satisfies (2.37)}. (4.16)

Since the set A is bounded an elementary computation yields that for a constant
C = C(A), uniformly in (o!,0?%) € Sy,

//67(5’3_15) b?V/zfaNbN(f’B_lf)dxlde <C. (4.17)

For fixed N we let R} to be the largest value of the overlap satisfying condition
(2.37). Then representing So as a union of sets Va(Ry k), where Ry =1 — % S
Ky N[rn, RY], and using Theorem (#), we conclude that the contribution from
the set Si¢ is, up to a multiplicative term of the form 1+ o(1), bounded by

C —NIT(By x)+ 242 Mlog 2
2,/ e Nk Tty Mg 2 (4.18)
g@ 1_R?Vk:) \/1_b%2

This quantity is monotone in M. As a consequence, to show that it is negligible
in the limit N — oo it suffices to show this fact under the assumption M (N) = eN.
Thus, letting M = eN and using that J(z) > x2 we can bound the exponent in

ETS by

b12

Since 1 — b3, > 1/N and since the number of terms in ([4.18)) is at most N, we can
further bound it, for some positive constant C' > 0, by

CN 2\/56 2N7'N(1 4510g2) (420)
i

Since € < 81 5 the contribution from the set S5t is negligible by definition of 7.

—N (J(RN,;C) ¢log 2) < —%Na:Q(l — 4elog 2). (4.19)

(3) We now analyze the contribution from the set S;°, where
S3 = {(c',0%) € S} : R(c",0”) satisfies (2.39) }. (4.21)

Let R% be the largest overlap value satisfying condition (2.39). To bound the
contribution from the set S3 we represent it as a union of sets Vo(Rn ), where
Ryp=1-— W runs over the set Ky N [RY;, R%]. Proceeding as in (2) and using
Theorem [2.4] - i1), we bound it by

Z 9 / T Mlog2-NJ (R &) (4.22)
i \ /1 NS
N,k

Again, the sum is monotone in M and thus it is enough to bound it for M = eNN.
For Ry i, satisfying condition (2.39)) we can bound the exponent in (4.22)) as follows:

20,
eNlog2 - NJ(Rnyx) < eNlog2 — Nelog2 — c; log N
512 1+ b
1—bi2
= 2eNlog2 — ¢1log N < —CNelog2 — ¢; log N, (4.23)
1+ big

where C is some positive constant.
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Since 1 — b2, > 1/N and since there are at most N terms in the sum ([4.22)), we
can bound the latter by N¢t1—e exp(fC’N elog 2). Therefore, P-almost surely the
contribution from the set S5¢ is negligible as N — oo.

(4) To finish the second moment estimate it remains to treat the set
Sy ={(c",0%) € S} : R(c",0?) satisfies (241) }. (4.24)
But by Theorem (ii7), the set S is P-almost surely empty. This finishes the
proof of assertion (i) of Theorem

3. Third moment estimate. To analyze the third factorial moment we use that,

by formula (3.5) and definition ([2.51)), it can be written as

WK sl £ BT
E(PN(A))?) _ Z , 6(37(1,B 1))(M log2—1/21log M)
R12,R23,R13 23 det B
X///6—(f,B*1£)b§V/2—aNbN(f,B*1i)df’ (4_25)
A A

N

03), the covariance matrix of the vector (Hy (o1), Hx(0?), Hx(0?)),

where B = B(o!, 0
is the matrix with elements b;; = Rfj, 1 <i4,5 <3, and where the summation runs

over all triplets of overlaps (Ri2, Ras, R31) € K]?’V. To estimate this sum we rely on
three auxiliary lemmas whose proofs we skip since they are simple.

Lemma 4.4. Ife < @ then

N—ooo olo?,03€X

limsup max ///67(5’371f)b?"/%aNbN(f’BflT)df< 00, P-a.s. (4.26)
A A A

Lemma 4.5. P-almost surely for all configurations o',02,0° € X
3—(I,B7'1) < 2(R%, + R%; + R%). (4.27)

Lemma 4.6. For all o', 02%,0% € Sy
1
T Ry, Rag, Rar) > (R§2 YR+ Rgl). (4.28)

We are now ready to estimate sum . In the same spirit as for the second
moment calculation, we will split into four parts and show that every each
of them is bounded. Moreover, by monotonicity argument similar to that used in
calculation of the second moment we can restrict our attention to the case when

M =eN.
(1) We first calculate the contribution to coming from the set
S = {(01,02,03) S max{|R12|, | Ras), \R31|} < TN}, (4.29)
where 7 = Wllogj\f' Using Theorem (i) and Lemma ﬁ we obtain that the

contribution from &; is at most of order

1 S NI (Rra R Ron) 2Ryt R RE)M g2, (4.30)

N3/2
Ri2,R23,R31
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where the summation is over Rjs, Rz, R31 € Kn N[—7n,7n]. Expanding in Taylor
series we obtain that for |Rya|, |Res|, |Ra1| < v

1
._7(2)(R12,R23,R31) = §(R%2 + R%?, + Rgl) + O(Tf{,), (4.31)
and thus (4.30)) is bounded by
Ni/2 Z e~ 3 N(Ri+R33+R3,)+2e N (BT, +R35+R3, ) log 2
Ri12,R23,R31

1 —1NR?*(1—4elog?2)
— e 2 © < 0. 4.32
~ (4.32)

RNEKNN[—TN,TN]

(2) We next calculate the contribution from the set

Sy = {(01702703) € S% : Ri2, Ra3, Roy satisfy (2:53)
and max{\R12|, |R23|, |R31|} > TN}. (433)

Without loss of generality we can assume that |R13| > 7n. Then, using Theorem
(i) and Lemma [4.6] the contribution from this set is at most of order

e—NJ(Z)(R12>R237R31)

legz;Ral N3/2P(R12’ RZS’ R31)
where P(z,y,2) = l4+z+y+2)l+z—-y—2)l—-z+y—2)1—z—y+2)
and where the sum is over the triplets (Rja, Ra3, R31) € K]?(, satisfying (12.53)) and
|R12| > 7n. Then, from Lemma [4.5] we further get that the sum ([4.34) is bounded
by

2 2 2
62(R12+R23+R31)M10g27 (434)

e_%N(sz'i'R%S"‘Rgl)

Z N3/2P(R12, Ra3, R31)

|Ri2|>TN

= 2

|Ri2|>7N

e2(Riy+R3;+R3; )M log 2

e~ TN (1—8¢<log 2)(R3,+R3,+R3,)

N3/2P(R12, Ros, R31)

(4.35)

Since the number of terms in the sum is at most (N+1)3, and since e~ (1-8¢log 2)N7%

decreases faster than any polynomial it follows that the sum is of order o(1).

(3) We now turn to the contribution from the set

S3 = {(c',0%,0%) € S} : Ria, Ro3, Ry satisty (2.55) }. (4.36)
By Lemma (#i) the contribution from this set is at most of order
X
Ne E|WN,3| (3—(I,B~'1))(M log2—1/2log M)
> : (4.37)
R o g 23My/det B
12,1123,1131

where the summation is over the triplets (Ria, Res, R31) € Ky satisfying (2.55)).
Since E|W5 5| is of order

23M67N.7(2)(R12,R23,R31)

N3/2P(R12, Ros, R31)

(4.38)
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we obtain, using Lemmas [4.5] and that the sum (4.37) is bounded by
Z NcefiN(Rf2+R§3+R§1)
3/2
Ri2,R23,R31 N P(RIQ’R237R31)
It is easy to show that the triplet (Ri2, Ros, R31) that satisfy (2.55) must satisfy

either |Ra3| > 7n or |Rs1| > 7n. Therefore we can further bound the contribution
from the set S3 by the sum

>

|Rag|>7Tn OT |R31|>TN

2eN log 2(R3,+R3,+R3,) (4.39)

NCe—iN(R?2+R§3+R§1)

2eN log 2(R},+R3;+R3,) 4.40
N3/2P(R12, Ro3, R31) ' (4.40)

which is o(1) by the same argument as in part (2).

(4) To finish the estimate of the third factorial moment we have to estimate the
contribution to (4.25) coming from the set

84 = {(0170'2,0'3) S S]3V : ng,Rzg,Rgl satisfy } (441)

By Theorem (iii) the set S is P-a.s. empty and therefore its contribution is
P-a.s. zero. This finishes the proof of assertion (i) of Theorem The proof of
Theorem [£.2]is now complete. O

For comparison with the cases v(r) = rP for p = 1 and p = 2, we give here the
asymptotic behavior of the first three factorial moments for the case v(0) = v/(0) =
0, i.e for instance for the case v(r) = rP of pure p-spins when p > 3. This behavior
is compatible with a Poisson convergence theorem.

Theorem 4.7. Assume that v(0) = v/(0) = 0. For every bounded Borel set A
ImE(Pn(A))1 = pu(4), P-as. (4.42)

Moreover, if limsup% < 81;g2 then P-a.s.

(i) i E(Py (4))z = (u(4)):
(ii) T E(Py (4))s = (u(A))* < oc.

We do not include a proof of this last statement, which again follows the same
strategy as the proof of Theorem 4.2

5. UNIVERSALITY FOR NON-GAUSSIAN HAMILTONIANS

In this section we extend the results of the previous sections to the case of non-
Gaussian Hamiltonians. We are able to make this extension only for the pure p-spin
models, i.e. v(r) =rP. In this case we recall that the Hamiltonian is defined as

T4

(5.1)

1 1
Hy(0) = —=Hnyp = — Gir,y.orsinTiy - - -
VN VN 151‘1,.%9/

Our assumptions on the random variables (gi,,..i,)1<i;,....i,<N i are the
same as were made in [BCMNOQ5a] and [BCMNO05b] for the number partitioning
problem. That is, we assume that their distribution function admits a density p(z)
that satisfies the following conditions:

(1) p(zx) is even;

(2) [ 22 ple)ds = 1
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(3) for some ¢ >0

o

/ p(z) Tedx < oo; (5.2)
(4) p(z) has a Fourier transform that is analytic in some neighborhood of zero.
We write
1
—log p(z) = 5(27r)2z2 +cs(2m)*2 4+ O(|2]°). (5.3)

Note that the inequality E(X?*) > E(X?)? implies that necessarily cs < .
Under these assumptions we will show, using the method introduced by C. Borgs,

J. Chayes, S. Mertens and C. Nair in [BCMNO5b], that Theorems and still
hold.

5.1. Proof of Universality. In this subsection we fix p > 1 and prove the analog
of Theorem [I.1]in the non-Gaussian case assuming that the Hamiltonian is given by
(5.1), and that the random variables (g;, ..., )1<is,...,i,< N satisfy conditions (1)—(4)
above.

Theorem 5.1 (Universality in the Non-Gaussian case). Assume M(N) = o(v/N)
forp =1 and M = o(N) for p > 2. Then P-almost surely the sequence of point
processes Pn converges weakly to a Poisson point process P on R with intensity
given by

p(dt) = %e‘t\/%’gzdt. (5.4)

To prove Theorem [5.1 we essentially prove a local limit theorem. More precisely,
for any fixed N let us introduce the Gaussian process Zy on Sy that has the same
mean and covariance matrix as the process Hy (o) defined in (1.2)). We will prove in
Theoremthat P-a.s., for all sequences (o, ...,0%) € X*, the joint density of the
random variables Hj (c'), ..., Hy (") is well approximated by the joint density of
ZN(O'1>, ceay ZN(O'Z).

Theorem 5.2. Assume M(N) = o(v/N) forp =1 and M = o(N) for p > 2. Then
P-almost surely for every £ > 1 and every bounded Borel set A there exists ¢ > 0
such that uniformly in (o*,..., 0% € X*

P(Hjy(0?) e A, j=1,....0) =P(Zn(c?) € A,j=1,....0)

M? N
x (1 + O(Rua (0%, ... oY) + O(W)) +O(e= N, (5.5)
Applying Theorem together with Theoremwe get from formula that
E(Pn(A))e = (1(A)) (1 + o(1)) + 02" e™N") — (u(4)), (5.6)

which, by Lemma [3.1] implies weak convergence of the sequence of point processes
Py to a Poisson point process with intensity measure p, thus implying Theorem
[5-1] We therefore focus on the proof of Theorem [5.2]

Proof. First, we obtain from the definition of Hj (o) that

{H]’V(o) € (z,z + Am)} :{ Z Gir,..siyOiy - - O €

1<iy,oyip<N

(an + zby, an + (z + Ax)bN)\/ﬁ}. (5.7)
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Following [BCMNO5b] we get an integral representation of the indicator function

1y N(o)€E(z, L-‘rAI)

where, for brevity, we wrote n = N?, ay = ay+by(z+Az/2),sinc(z) = %, and

where the sum in the exponent runs over all possible sequences 1 <y,...,%, < N.

Changing the integration variable in from f to —f and applying the re-
sulting formula to the product of indicator functions we arrive at the following
representation

¢ ¢
Hlev(Uj)E(xJ,mj+Amj) = H Ax; bN\/ﬁ

j=1 j=1
e 770 o D NE)
% /// HSIHC(f]AIij\/’E) 6727”]% Z911”.1;70;1~~0'ip+27'rlf]OtN \/ﬁdfj, (59)
—o0 1

()

where oy’ = an + by (z; + Az;/2). Introducing the variables
¢
Viq,..., ip — ijﬂ'gl ...O'gp, (510)
j=1

/// e 2Tigi . ip Vi, ip HSIDC fijjf) 2mifja \/ﬁdf] (511)

0 1<y, ,2p<N
To get an integral representation of the joint density
P(H)(o') € (z1,21 + dz1), ..., Hy(0") € (x4, 70 + dzy)) (5.12)

we have to take the expectation of and then let Axz; — Oforall j =1,2,...4.
As was proved in [BCMNO05a] (see Lemma 3.4), the exchange of expectation and
integration for p = 1 is justified when the rank of the matrix formed by the row
vectors ol ... ,a‘“], is . To justify the exchange in our case we introduce an ¢ by
NP matrix, C,(c?,...,0%), defined as follows: for any given set of configurations
o, ..., ot the j- th row is composed of all N? products, o7 a] ) a] over all subsets
1 § i1,...,ip < N. By generalizing the arguments from [BCMNOSa] the exchange
can then be Justlﬁed provided that the rank of the matrix Cp(c?,...,0%) is £. As
we will see in Lemma below this holds true P-almost surely when M = o(N).

Given a vector § € {—1,1}* let ns be the number of times the column vector &
appears in the matrix Cp, :

ng =ng(ol,... of) = [{j < NP (0},...,0?) =4}|. (5.13)
With this notation we have:

Lemma 5.3. Suppose M = o(N). Then there exists a sequence Ay = o(1) such

that P-almost surely for all collections (o',... %) € X*
n
ée?i%},(l}f ne — ?‘ < nAy. (5.14)
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Proof. We first prove by induction that the following simple fact holds true: if
for a given sequence of configurations (c?,...,0") € S% the matrix Cy (o, ..., 0"
satisfies condition then necessarily the matrix Cp(cl,..., ot) satisfies
for all p > 1.

For p = 1 there is nothing to prove. We now assume that the statement is true

for the matrix Cp_1(c?,...,0") and prove it for C, (o, ..., o").
Let 0,1 < u < N denote the columns of the matrix C4 (... ,a"). For every
column vector o, let us construct a matrix C}' | = 0571(01, ...,0") with entries
(Cp_1)ij = (o) (Cp—1)ij- (5.15)

For future convenience let ns denote the variable ng for the matrix C}_ ;. ;From
the inductive assumption it follows that for all 1 <y < N

maxlntt = N1 < iy 5.16
5 ‘ 8 2! ’ - N (5.16)
Now note that the ¢ x N? matrix Cp(c!,...,0%) can be obtained by concatenating
N matrices Cgfl(al, ...,0%) each of size £ x NP~1. Therefore for any sequence of
configurations (o', .., %) with matrix Cy (o, ..., o) satisfying we have
NP NP1 NP1
ms = G| < [t = S|+ e - S|
< NPINN 4+ 4+ NPy = NPAy (5.17)

and the induction is complete.

To prove Lemma [5.3]it is thus enough to demonstrate that P-almost surely there
are no sequences (o',...,0%) € X’ such that Cy(c',...,0") violates condition
. Let us prove this by induction in /.

For ¢ =1 let us introduce the sets

N
Tn = S ‘ ——‘<N)\ . 5.18
v {oess ma fns— 5] < ¥} 619
Then by Chernoff bound
N
Tol=2 Y (N H) < 9N+1 = N((1+An) log(14+An)=An) | (5.19)
i>NAy ~2

Let us choose Ay = o(1) in such a way that M = o(N)%,) and log N = o(N%).
Then using (2.12) we obtain that

Z 1, =0, P-as. (5.20)

oeTy

which proves the statement for £ = 1. Now assume that P-a.s. for all sequences
(o',...,0t7 1) € X~ the matrix Cy (o, ..., o*~1) satisfies condition (5.14). Since
there is only a countable number of sequences (c',...,0'"1) we fix (o!,..., 07 1) €
X =1 and prove that P-almost surely there are no configurations ¢ such that
Ci(o,...,o") violates (5.14).

Let & € {—1,1}¢ be given. Define §;(8) € {—1,1}*"1 as (§1); = (§); for 1 <i <
¢ —1 and also define 62(8) € {—1,1} as d3 = (d),. Let us also introduce, for given
01 € {—1,1}1 the set

No, ={j <N:(0},...,0; ") =8} (5.21)
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By the inductive assumption we conclude that for all §; € {—1,1}*"!

‘INal\ = 1‘ < NAw. (5.22)
From the definition of Ns it is not hard to see that for all § € {—1,1}*
ne = ‘{] S N51(5) : Jf = 52(5)}’ (5.23)

Using the above relation together with (2.11)) and the assumptions on Ay we get
that P-almost surely

N, N
‘n(; | 51(5)|‘ < M (5.24)
Therefore from and -
N N, N, N N N

‘ng—?‘g‘n5—| 51(5)|‘+‘| 61(<§)|_7‘S N+TN:N)\N' (5.25)
The induction is now complete and the lemma is proved. O

Lemma implies that P-almost surely, for all (o!,...,0%) € X¥,

1 N . n

Pmin(0,...,0") = 6621{11}271 = ?(1 +O(AN)), (5.26)

and hence, for sufficiently large N, the rank of the matrix C,(c?,...,o") is £. The
exchange of integration and expectation is thus justified.

Using once again Lemma condition , and the dominated convergence
theorem we obtain that the joint density is

14
P(Hp(07) € (aj,2; + day) for j=1,...,0) = [[ by v/nda;
j=1
V4

/// o) IT e 2z Vagf;, (5.27)

0 1<iq,.. ,zp<N j=1

) = an+ bnzj. We remark for future use that a(J) =O(an)

where we redefined a(J
forall 1 <j </

It is straightforward at this point to adapt the saddle point analysis used in
[BCMNO5D] to calculate the integrals of such type. The only difference is that
instead of the matrix Cy(c!,...,0") with rows formed by row vectors o!,..., 0",
we use the matrix Cp(ol,..., o%). By analogy with Lemma 5.3 from [BCMNO5D)
we first approximate the integral in by an integral over a bounded domain,

i.e. for some ¢; > 0 depending on p; > 0

[eS) £
. rifald) o
/// H Py ,...i,) He2 ifjay fdfj _
- ila*"7ip

j=1

M1 ¢ . j
J[[TL ptons) TT 8 ag; 0 emmm). 529
j=1

THL Gy iy
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We next rewrite the integral in the r.h.s. of (5.28) as

///l: erte 1 ﬁ(fﬁ)”‘;ﬁdfg’, (5.29)

se{—1,1}¢ j=1
a(l) a(ti) .
where a = (ﬁ,...,ﬁ), f=(01,-..,fe),and where - f = a1 f1 + -+ aufe is
the standard scalar product.
Using Lemma again we can apply Lemma 5.4 from [BCMNO5b| to conclude
that given pp there are constants ¢1(p1) > 0 and s > 0 such that the following
equality holds whenever 7y, ...,n, is a sequence of real numbers with > j Injl < po

and nja%) >0forall j=1,...,¢

JI[ oo ﬁl T i (5.30)

—H1 5
M1 ) £ .
N /// ermita=ne) TT (¢ - § + in - 8)" [ df; + Oe™Fermmin).
— 5 j=1
The values of the shifts 71, ...,n, are determined by the following system:
()
ng . .. Oy )
—0,;F'(id6 - m) = 2mi—= =1,...,¢ 5.31
26: n J (7' T’) ™ \/’77, ’ J I g ( )
where we wrote F' = —log p.

Since max |R(0,0”)| is P-almost surely of order o(1) when M = o(NN) we can
o0’ €

apply Lemma 5.5 from [BCMNO5bD] and obtain that this system has a unique solu-
tion

n(@) = 5B a (14 0(|lal)). (5.32)

Moreover, for sufficiently small puq,

251 . -
/// e27rn(2f<a*’rl‘0é) H'é(f -0+ - 5)”5 H dfj
— 1 S5

j=1
1 £/2
— ¢ "Gne() (2”> (1+ O(n™Y2) + 0(a% /n) + O(Rmax)), (5.33)
yis
where n
Grlo) =Y fF(z‘& n(a)) + 2mn(a) - a. (5.34)
')
Therefore

¢ ¢
. b
P(Hy(07) € (zj, 2 + dxj) for j =1,...,0) = <N) e "Cn.e(e) dej

V2T iy
x (140 12) + 0(a% /n) + O(Rmax)) + O(biyn!/2e=5c17min), (5.35)
Expanding G, ¢ we get the approximation
4
_n -1 an
nGe(@) = (@, Ba) +0( 2 ) (5.36)
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By definition ay = O(v/M). Under the assumptions of Theorem |5.2| we get that
an = o(V/N) for p = 1, that ax = o(v/N) for p > 2, and thus that a} = o(n).
It implies that asymptotically the joint density (5.12]) is Gaussian. More pre-
cisely, it follows from the equations and (5.36]) that P-a.s., for all collections
(o!,...,0% € X4

i . bN ¢ —n(a,B '
P(Hy(07) € (zj,2; +dx;) for j=1,...,0) = <\/ﬂ> e~ BT a)/2
4

X jf[ldxj (1 + O(Rmax) + O(aﬂ)) + O(bﬁvnf/%—%cmmm). (5.37)

n

By Lemma the term O(b4nt/2e~2¢1mmin) is of order o(e“N") as N — oo. This
finishes the proof of Theorem O

5.2. Breakdown of Universality. In this subsection we follow the same strategy
as we used in the proof of Theorem [I.4] - we fix a bounded set A and study the first
three factorial moments of the random variable Py (A). In the case of the number
partitioning problem the following theorem implies that the Poisson convergence
fails as soon as limsup M/v/N > 0.

Theorem 5.4 (Number partitioning problem). Fiz p =1 and let the Hamiltonian
be given by (5.1). For every bounded Borel set A we have

HmE(Py(A)); = p(A)e dess 1082 pg g (5.38)

Moreover, if limsup % =& < 00 then P-a.s.

(i) limsup E(Py (A))p = ¢ loa2-32eaeM 10872 4y A))2;
(74) limsup E(Pn(4))s < 0.

Therefore the limit of the ratio of the second factorial moment to the square of
the first is

E(PN (A))g _ 6252 log? 2—24c4e? log? 2 _ 6252 log? 2(1—12¢4) ) (539)
E(Pn(A))T

Taking into account that ¢4 < 1—12 we conclude that the ratio is strictly larger than
one and thus there is no Poisson convergence for € > 0.

And in the case of the Sherrington-Kirkpatrick model the failure of Poisson
convergence follows from

Theorem 5.5 (Sherrington-Kirkpatrick model). Fiz p = 2 and let the Hamiltonian
be given by (5.1). For every bounded Borel set A

HmE(Py(A)); = p(A)edess 1082 pg g (5.40)
Moreover, if limsup w =e< 81§g2 then P-a.s.

67320452 log2 2

(i) limsup E(Py(A))2 = 7m(M(A))Q§
(#) limsup E(Py (A4))3 < 0.
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The ratio of the second factorial moment to the square of the first moment is
E(PN(A))Q 6—24(}462 log? 2
E(Pv(A) V- Elog2
For € > 0 the above ratio is strictly larger than one and thus convergence to a
Poisson point process fails.

We will give the proof of Theorem only since the case p = 1 is based on
essentially the same computations.

(5.41)

Proof of Theorem[5.5. As in the proof of Theorem we successively prove the
statement on the first, second, and third moment. To simplify our computations
we will assume that M = eN (Using the monotonicity argument, the case of general
sequences M (N) can be analyzed just as in Theorem [4.2] of Section[d]).

1. First moment estimate.
Following the same steps as in Subsection we approximate the density of
Hy(o) by

1 1 a3
rGnalen) — (140(—=) +0(*X)) + O(e 5.42
e e , .
=(1+0() ro(R)) roE . )
where according to the notation introduced above n = N2.

In the case M = N we need a more precise approximation of the function G, ¢
than given by formula (5.36)). Expanding the solution of the system (5.31) as

_ i -1 4& ns —1_\3p—1 5
n(e) = 5B et - ; (8.8’ B0+ O(llal”) (5.43)
and applying (5.43)) we obtain from (5.34) and (5.3)) that
- (27T)2 ns 2
G o) = —T;;(é-m
n
+e(@m) Y@ )+ 2m(n - @) + O(llall®)
5 n
1
= (B la) + et Y 225,87 )t + O(||all°). (5.44)
2 5 "
Using the approximation for G,, 1 given by formula (5.44)), we obtain
2 4 6
N, ON (‘LN
nGnJ =5 +cq - +0 712), (545)

where ay = ay + by 2. Since ok /n = 4ese?log? 2(1 4 o(1)), we see that up to an
e-dependent multiplier the density of H) (o) is given by the normal density, more
precisely, the density of Hy (o) is

ekt (10 vo()) roe . (o)

Therefore the first factorial moment of Py (A) is
pu(A)e e 105* 2(1 4 5(1)) 4 0(1) (5.47)
and ([5.40)) is proven.
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2. Second moment estimate. When analyzing the second moment
E(Pn(A)2= Y P(Hy(o') € A Hy(o%) € A), (5.48)
(o1,02)eX?

it is useful to distinguish between “typical” and “atypical” sets of configurations
(o!,...,0% € X* anotion introduced in [BCMNOQ5a].

Take some sequence 0y — 0 such that NV Gf\, — oo and consider the ¢ x n matrix
Cp(at,. .. ,o'), introduced in Subsection Then all but a vanishing fraction of

the configurations (c?,...,0%) € S§ obey the condition
n
ma ns — — | < nfy. 5.49
56{—1),(1}f 0 24’ =N (5-49)

When M = o(N), Lemma guarantees that for a properly chosen sequences
Ox, P-almost surely, all the sampled sets (o!,...,0%) € X¢ obey condition ([5.49).
It is no longer the case when M = €N and thus we have to consider the contribution

from the sets violating ([5.49)).

Fix p =2 and ¢ = 2. Let a sequence 0 — 0 be given, and define
I=Y P(Hy(c') € A Hy(0?) € A), (5.50)

ol,o2

where the sum runs over all pairs of distinct configurations (o', 02) € X? satisfying
condition 9) (the so called “typical” configurations). Also define

II1=Y P(Hy(c") € A, Hy(0?) € A), (5.51)

where the sum is over all pairs of distinct configurations (o!,0%) € X? violating
(5.49) (the “atypical” configurations). For later use we introduce the quantities
I, and 11, — the analogs of the variables I and I in the case where the random
variables (g;, i, )1<iy,in<n are i.1.d. standard normals.

Lemma 5.6. Let Oy =
and

m. Ife € (0 ,41 5) then P-almost surely 11 = o(1)

6—32(:452 log? Q(M(A))Q
V1 —4elog?2
Proof. To prove that IT is o(1) let us bound the quantity IT by II, and show that
11, is almost surely negligible for Oy = ﬁg"’l\" We start with the proof of the

second statement, for which we will need the following simple observation.
Consider a sequence Ay — 0 such that NAy — oo and define the set of config-
urations o € {—1,1}"V with almost equal number of spins equal to 1 and to —1 :

Tn = {cr € Syt |[#{oi =1} — #{oi = —1}| < N)\N}. (5.53)

I =

(1+o(1)). (5.52)

It is not hard to prove that configurations o', 0?2 € 7Ty with overlap |R(U o) <

An must satisfy (5.49) with Oy = A% Therefore the set of pairs (o!,0?) € X2
D49

violating condition (5.49) with 65 = )\ ~ Is contained in the set

{(01,02) € X%2:|R(c',0%)| > Ay or o' € T or 0 >¢€ T]\C,} (5.54)
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Thus to prove that 11, is o(1) for 5 = ~ it suffices to prove that

\/71
> P(Hy(o') € A, Hy(0?) € A) = o(1), (5.55)

ol o2

where the summation is over all pairs of distinct configurations contained in the set

" with )\N =V 6]\] m
Let us prove (5.55)). Since we already proved in Section I that the contribution
from the set

{(c",0%) € X?:|R(c",0°)| > AN} (5.56)
to the sum (5.48]) is negligible, it is enough to consider the sum (|5.48)) restricted to
the set

{(01,02) € X%: ot or 02 € (T¢)X and |R(o, 02)| < /\N}. (5.57)

By Stirling’s formula we obtain that 75| = |/-%2Ve " NIOV)(1 4+ O()\%)) and
using this fact one can prove, proceeding as in part (i) of Theorem that

(T5)¥] = EITH ¥+ 0(1) = 4/ ﬂlN 2Me= NI (1 4 0(1)). (5.58)

Thus for large enough N the contribution from the set (5.57)) to the sum (5.48) is

bounded by
[2 C e 2 1/210
9 TFN22M6—NJ(AN)22 o T (M log2-1/210g M) (5.59)

where the constant C' is from ([.17). Using that NJJ(An) = NA% + O(logiN)
we can further bound (5.59) by

[ 2
20 me—%Nva(l—4slog2)’ (5.60)

which is o(1) by the choice of Ay and €.

Our next step is to bound the sum I by II,. For this purpose we need to give
an estimate of the joint density of Hj (cl), Hjy (%) that would be valid also for
pairs (o', 02) violating condition (5.49). As we already noted for such (o', 0?) the
results of Subsection cannot be applied directly since it is no longer true that

max _|R(a,0’)| is o(1). Fortunately, we have only 2 x 2 covariance matrix B(o', 0?)
o,0'eX

and using this fact we can easily adapt the results of Subsection to the case
where max |R(c,0")] is not o(1). We start with formula (5.27)) which, in the case
o,0'€

¢ = 2, can be rewritten as

P(H}(07) € (2;,2; + daj) for j = 1,2)

= b3ndeides / / v,y )e2 V(10 +1200) ar ap, - (5.61)

o0 1<11 i2<N

We can rewrite the integral in the above expression as

/ / h [ A€ 6)m e mtap, df,, (5.62)
ooy
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where § € {—1,1}2. Since the function p is even we obtain

[IA(E-0)" = p(fr + fa) a0 pfr = fa)o-nFren, (5.63)
s

One obvious relation between nq 1), n(~1,-1),n(1,—1) and n(_11) is

n(,1) +n-1,-1) -1 F -1 =1 (5.64)
The other one we obtain by noting that
n(l’l)—&-n( 1,—-1) — Tl( 1,1) — n (1,—1) ZO’IO' = RR%Q (565)
Therefore

{ @ + R, = %n(l + Ry), (5.66)

n,—1) + 1) = zn(l — Riy).
By Theorem we conclude that P-a.s. max |R(o,0’)| < 1 and therefore, for

o,0'eX
some positive constant c,

n(ljl) + TL(_17_1) Z Tl(17_1) + n(_Ll) Z cn. (567)
The above inequality allows us to approximate (5.62)) by
M1 .
/ / 2t o) TT5(f. 8+ in - 6)" dfidfz + O(e ™). (5.68)
—H1 S

Adapting the proof of Lemma 5.5 from [BCMNO05b] we get
H1 .
// eZ‘n’n(zfa—na) Hﬁ f .6+ in - 6>n5 dflde
i

:_nwa)m (1+0()+o(). o)

sl-

Finally, we obtain that
P(Hy(07) € (zj,2; + da;) for j =1,2) = dzydzy bpe™™ Gn.2(a)

Vdet B a% —ein
x 2 (1+o( ) (7)) +O(B3ne=a").  (5.70)
From ([5.44) we see that for some constant C
n _ 16¢4 ol ab
Gnao=—(a,B™! _— O( N) B~ c, (5.1
1Gua = Flon B e) + s X+ 0(3X) = fa s ) 0 ()

and thus the joint density of H) (o), Hy (0?) is bounded by

b3V det B
2T

This last bound for the joint density clearly implies that the sum II could be
bounded by I1, plus an error resulting from the second term. But the cumulative
error coming from the second term is of order 0(22Mb?\,ne*01") which is negligible
even in the case limsup M/N > 0.

o~ B  a)/2— C(l 4 O(\f> + O( >) +O(byme™ ™).  (5.72)

To prove the second statement of the lemma we will approximate the sum I by
14, which was already calculated in Section @ We first notice that for sequences
(o1, ...,0" satisfying condition (5.49) Rmax(c?,...,0%) = O(fy). Furthermore,
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for configurations (o?, ..., c") obeying condition (5.49) it is possible to derive from
(5-44) that
1 ay
G.ela) = (o B a) + call(1+3(¢ - 1)) + o( ) + o(n2 eN). (5.73)

For the details of the derivation we refer to Subsectlon 5.4 of [BCMNO5b] and
in particular to formula (5.57) in there. Using formula (5.73) with ¢ = 2 and
substituting it into (5.35]) we obtain that

[ =1, e 3% log? 2(1+O(I)+O<ag>)' (5.74)

This finishes the proof of Lemma (I

To conclude the calculation of the second moment we notice that summing I
and II we get the second factorial moment

6—326452 log22(lu(A))2
E A
(Py(4))2 V1 —4elog?2

Assertion (i) of Theorem [5.5|is thus proven.

(1+o0(1)). (5.75)

3. Third moment estimate. To deal with the third moment
E(Pn(A)s= > P(Hy(o') € A Hy(0®) € A, Hy(0®) € A), (5.76)
(o1,02,03)€X3

we use the same strategy as we used to calculate the second moment. In particular,
we fix £ = 3 and split the sum (5.76]) in two parts:

I= Y P(Hy(c') € A Hy(o%) € A, Hy(o%) € A), (5.77)

ol,02 03

where the sum runs over all sequences of distinct configurations (o!,02,0%) € X3

satisfying condition , and
II = Z P(Hy(o') € A, Hy(0%) € A, Hy(0%) € A), (5.78)
ol,02 03

where the sum is over all sequences of distinct configurations (o!,02,0%) € X3

violating .

By exactly the same argument as in the calculation of the second moment the
contribution from the “typical” collections, I, is bounded. We therefore concentrate
on the analysis of the contribution from the “atypical” collections, 1. Since we are
interested only in the estimate of the third moment from above it suffices to bound
the joint density P(H} (¢7) € (z;,z; + dx;) for j = 1,2,3). We start with formula
which, in the case ¢ = 3, can be rewritten as

P(Hy(07) € (zj,2; + da;) for j = 1,2,3) = b3ndridrades
/// TT #0600 2™V 084200 8000) . apy . (5.79)

11,12,13

We can rewrite the integral in the above expression as

///"0 L1 o€ 0)" 2 dfydfadfs, (5.80)
s
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where § € {—1,1}3. Since the function p is even we obtain

Hﬁ(f 20)" = p(fi+ fat f3)" p(f1 + f2 — f3)™?
s
X p(f1 = fa+ f3)" p(f1 — f2 — f3)™, (5.81)

where

ny =nea,1,1) +n(-1,-1,-1)

Ng = N(1,1,-1) + N(=1,-1,1)» (5.82)
ng =n,-1,1) +N-1,1,-1),

Ng =n(—11,1) +N1,-1,-1)

By definition of the matrix Cy(o!, 02, 0?) we have

ni —|—n2—n3—n4=nR%2,
nl—ng—n3+n4:nR23,
nl—n2+n3—n4:nR31,
ny+ng+ns+ng=n.

(5.83)

Solving the system

ny = %nEI+R%2+R23+R ;
No = 7N 1+R R23 R31 5
5.84
713—% (1-R%, R23+R§1)7 (5:84)
)

ng = qn(l - R%Q + R33 — RE)).
From Theorem [2.4] we obtain that P-almost surely
limsup max J(R(c",0%)) <elog?2. (5.85)
2ex

N—ooo oho
Since the function J is monotone we obtain from (5.85)) and from assumption

e < 810g2 that P-a.s.

1
1 R(ot,0?)| < =. 5.86
ljgljllopglrgggx\ (@509 <5 (5.86)

It implies that min{n,, ny,n3,n4} > cn for some positive constant c. It allows us
to approximate the integral in (5.79) by

///M ern(iteme) TT 5(f . § + in - 6)" dfidfadfs + O(e™"). (5.87)
—H1

s
Adapting the proof of Lemma 5.5 from [BCMNO05b] we get

/ / / " e H p(E - 8 +im - 8)" dfrdfadfs
—H1
oG a(e) Vet Blo?, %) \/detB ol,0?) <1+0(\f> +O<a;;,>>. (5.88)

(27rn)3/2
Next, after a little algebra, one can derive from (5.44)) that for some constant C
nGn3 > g(avB‘la) +C (5.89)

and this estimate is enough to bound the joint density of H (a'), H\ (02), Hy (0%)
by the joint density of Zy(cot), Zn(0?), Zn(0?). Thus Theorem [5.5|is proved. [
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