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Abstract

We establish a Navier—Stokes—Fourier limit for solutions of the Boltzmann
equation considered over any periodic spatial domain of dimension two or more.
We do this for a broad class of collision kernels that relaxes the Grad small deflec-
tion cutoff condition for hard potentials and includes for the first time the case of
soft potentials. Appropriately scaled families of DiPerna—Lions renormalized solu-
tions are shown to have fluctuations that are compact. Every limit point is governed
by a weak solution of a Navier—Stokes—Fourier system for all time.

1. Introduction

We establish a Navier—Stokes—Fourier fluid dynamical limit for the classical
Boltzmann equation considered over any periodic spatial domain of dimension two
or more. Here the Navier—Stokes—Fourier system governs (p, u, 6), the fluctuations
of mass density, bulk velocity, and temperature about their spatially homogeneous
equilibrium values in a Boussinesq regime. Specifically, after a suitable choice of
units, these fluctuations satisfy the incompressibility and Boussinesq relations

Vi-u=0, p+6=0; (1.1)
while their evolution is determined by the motion and heat equations

du+u-Veu +Vp = vAcu, u(x,0) =u"(x),

DT"'Z(EJ;Q—}-M-VXG) = kA0, O(x,0)=0"(x), (1.2)

where v > 0 and « > 0 are the coefficients of kinematic viscosity and thermal
conductivity.
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This work advances the program laid out in [1-3]. One of the central goals
of that program is to connect the DiPerna—Lions theory of global renormalized
solutions of the Boltzmann equation to the Leray theory of global weak solutions
of the incompressible Navier—Stokes—Fourier system (1.1-1.2). The main result of
[3] for the Navier—Stokes limit is to recover the motion equation for a discrete-
time version of the Boltzmann equation assuming the DiPerna—Lions solutions
satisfy the local conservation of momentum and with the aid of a mild compactness
assumption. This result falls short of the goal in a number of respects. First, the
heat equation was not treated because the heat flux terms could not be controlled.
Second, local momentum conservation was assumed because DiPerna—Lions solu-
tions are not known to satisfy the local conservation law of momentum (or energy)
that one would formally expect. Third, the discrete-time case was treated in order
to avoid having to control the time regularity of the acoustic modes. Fourth, unnat-
ural technical assumptions were made on the Boltzmann collision kernel. Finally,
a weak compactness assumption was required to pass to the limit in certain nonlin-
ear terms. The present work removes all of these shortcomings. It builds upon the
recent advances found in [12,15-17,29].

In [29] Lions and Masmoudi recover the Navier—Stokes motion equation with
the aid of only the local conservation of momentum assumption and the nonlinear
weak compactness assumption that were made in [3]. However, they do not recover
the heat equation and they retain the same unnatural technical assumptions made in
[3] on the collision kernel. There were two key new ingredients in their work. First,
they were able to control the time regularity of the acoustic modes by adapting an
idea from [27]. Second, they were able to prove that the contribution of the acous-
tic modes to the limiting motion equation is just an extra gradient term that can be
incorporated into the pressure term. There are two reasons they do not recover the
heat equation. First, it is unknown whether or not DiPerna—Lions solutions satisfy
a local energy conservation law. Second, even if local energy conservation were
assumed, the techniques they used to control the momentum flux would fail to
control the heat flux.

In [12] Golse and Levermore recover the Stokes—Fourier system (the line-
arization of (1.1-1.2) about zero). There were two key new ingredients in their
work. First, they control the local momentum and energy conservation defects of
the DiPerna—Lions solutions with dissipation rate estimates that allowed them to
recover these local conservation laws in the limit. Second, they also control the heat
flux with dissipation rate estimates. Because they treat the linear Fourier-Stokes case
in [12], they did not need either to control the acoustic modes or a compactness
assumption, both of which are used to pass to the limit in the nonlinear terms in
[29].

At the same time as this work was being carried out, Golse and Saint-Raymond
[15,17] were able to recover the Navier—Stokes—Fourier system without making
any nonlinear weak compactness hypothesis. In addition to building on the ideas in
[29 and 12], their proof uses the entropy dissipation rate to decompose the collision
operator in a new way and uses a new L! averaging theory [16] (which has its
origins in [33,34]) to prove the compactness assumption. Their result in [15,17] is
restricted to a narrow class of bounded Boltzmann kernels that only includes the
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special case of Maxwell molecules with a Grad small deflection cutoff from among
all kernels that are classically derived from an interparticle potential. They have
recently extended their result to the case of hard potentials [18].

In the present work we also recover the Navier—Stokes—Fourier system, but for
a much wider class of collision kernels than was treated in [15,17,18]. In particu-
lar, we are able to treat all classical collision kernels with a weak cutoff that arise
from inverse power-law potentials. It is the first treatment of soft potentials in this
program, and the first treatment small deflection cutoffs that are weaker than those
of Grad. It treats all classical collision kernels to which the DiPerna—Lions the-
ory applies. Our result goes beyond the results mentioned above by combining the
ingredients from [12,15-17,29] with some new nonlinear estimates. More specifi-
cally, here we adapt the control of the acoustic modes found in [29], the dissipation
rate controls of both the heat flux and the conservation defects found in [12], the
averaging theory found in [16], and the entropy cutoff technique found in [15,17],
which traces back to [33,35].

The next section contains preliminary material regarding the Boltzmann equa-
tion, including the formal scaling that leads from the Boltzmann equation to the Na-
vier—Stokes—Fourier system. Section 3 states all our technical assumptions regard-
ing the collision kernel. These assumptions are satisfied by all classical collision
kernels with a soft cutoff. Section 4 reviews the DiPerna—Lions theory of global
solutions for the Boltzmann equation [9] and the Leray theory of global solutions
for the Navier—Stokes—Fourier system. Section 5 presents precise statements of our
results. Section 6 gives the proofs of our results modulo five results: one that pro-
vides our nonlinear compactness, one that removes the local conservation defects,
two that control the fluxes, and one that controls the limits in the quadratic terms.
Sections 7 through 11 establish these results, thereby completing our proof.

2. Boltzmann equation preliminaries

Our starting point is the Boltzmann equation. In this section we collect the basic
facts we will need about it. These will include its nondimensionalization and its
formal conservation and dissipation laws.

2.1. The Boltzmann equation

Here we will introduce the Boltzmann equation only so far as to set our nota-
tion, which is essentially that of [3]. More complete introductions to the Boltzmann
equation can be found in [6,7,10,11]. The state of a fluid composed of identical
point particles confined to a spatial domain  C R? is described at the kinetic level
by a mass density F over the single-particle phase space R? x Q. More specifi-
cally, F (v, x, t) dv dx gives the mass of the particles that occupy any infinitesimal
volume dv dx centered at the point (v, x) € R? x Q at the instant of time # > 0.
To remove complications due to boundaries, we take €2 to be the periodic domain
TP =RP/LP, where L? ¢ RP is any D-dimensional lattice. We refer to [22,32]
for treatments of bounded domains with a Maxwell reflection boundary condition.
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If the particles interact only through a repulsive conservative interparticle force
with finite range, then at low enough densities this range will be much smaller than
the interparticle spacing. In that regime all but binary collisions can be neglected
when D = 2, and the evolution of F = F (v, x, ) is governed by the classical
Boltzmann equation [7]:

% F +v-VoF =B(F,F), F(v,x,0)=F"(v,x)=>0. 2.1

The Boltzmann collision operator B acts only on the v argument of F'. It is formally
given by

B(F, F) = // (F{F' — F\F)b(w, v — v) dodvy, (2.2)
SD—1,RD

where vy ranges over R? endowed with its Lebesgue measure dv; while  ranges
over the unit sphere SP~! = {w € R? : |w| = 1} endowed with its rotationally
invariant measure dw. The F|, F', Fy, and F appearing in the integrand designate
F (-, x, t) evaluated at the velocities v’l, v/, vy, and v respectively, where the primed
velocities are defined by

Vi =v —ww- (v —v), V=v+ow (v —), (2.3)

forany given (w, v1, v) € SP~! x R x RP. Quadratic operators like B are extended
by polarization to be bilinear and symmetric.

The unprimed and primed velocities are possible velocities for a pair of par-
ticles either before and after, or after and before, they interact through an elastic
binary collision. Conservation of momentum and energy for particle pairs during
collisions is expressed as

vt =0+, o= P 2.4)

Equation (2.3) represents the general nontrivial solution of these D + 1 equa-
tions for the 4D unknowns vi, v/, vy, and v in terms of the 3D — 1 parameters
(w, v, V).

The collision kernel b is positive almost everywhere. The Galilean invariance
of the collisional physics implies that b has the classical form

b(w,vi —v) = v —v[ E(|w-nl, Jv; —v]), (2.5)

where n = (vi — v)/|v] — v| and X is the specific differential cross-section. Tech-
nical conditions on b will be imposed in Section 3.

2.2. Nondimensionalized form

We will work with the nondimensionalized form of the Boltzmann equation
that was used in [3]. That form is motivated by the fact the Navier—Stokes—Fourier
system can be formally derived from the Boltzmann equation through a scaling in
which the density F is close to a spatially homogeneous Maxwellian M = M (v)
that has the same total mass, momentum, and energy as the initial data F’ in, By an
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appropriate choice of a Galilean frame and of mass and velocity units, it can be
assumed that this so-called absolute Maxwellian M has the form

M (v) exp(—3v[*). (2.6)

- (271)0/2
This corresponds to the spatially homogeneous fluid state with its density and tem-
perature equal to 1 and bulk velocity equal to 0. This state is consistent with the
form of the Navier—Stokes—Fourier system given by (1.1-1.2).

It is natural to introduce the relative kinetic density, G = G (v, x, t), defined
by F = MG. Recasting the initial-value problem (2.1) for G yields

1 .
€0,G+v-ViG = EQ(G, G), G(v,x,0)=G"(v,x). 2.7)

The positive, nondimensional parameter € is the Knudsen number, which is the
ratio of the mean-free-path to the macroscopic length scale determined by setting
the volume of T? to unity [3]. The collision operator is now given by

9(G,G) = // (G1G' = G1G) b(w, v — v) dw M dv;. (2.8)
SP-1\RD

Under the assumptions we will make in Section 3, the nondimensional collision
kernel b can be normalized so that

/// b(w, vy —v)dw Midvy Mdv = 1. 2.9)
SP-IxRDPxRD

Fluid dynamical regimes are those where the mean free path is small compared
to the macroscopic length scales—that is where the Knudsen number ¢ is small.
The long-time scaling in (2.7) is consistent with a formal derivation of either the
Stokes—Fourier or Navier—Stokes—Fourier systems [2].

This nondimensionalization has the normalizations

Mdv =1, / drx =1, (2.10)
RP TP

associated with the domains R? and TP respectively, (2.9) associated with the
collision kernel b, and

// G" Mdvdx = 1, // v G Mdvdx =0,
RDOXTD RDOXTD

// PG Mdvdx = 2. 2.11)
RDPxTDP

associated with the initial data G'".
Because Mduv is a positive unit measure on R”, we denote by (£) the average
over this measure of any integrable function & = &(v):

) =/ §(v) Mdv. (2.12)
RD
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Because dyu=b(w,v; — v)dw Midvy Mdv is a positive unit measure on
SP=1x RP x RP, we denote by ((E)) the average over this measure of any inte-
grable function E = E(w, vy, v):

((E))=/// E(, vy, v) du. (2.13)
SP—IxRDxRP

The collisional measure du is invariant under the transformations
(@, v1,0) = (@, 0,01), (©,01,0) = (@, v}, V). (2.14)

These, and compositions of these, are called collisional symmetries.

2.3. Formal conservation and dissipation laws

We now list for later reference the basic conservation and entropy dissipation
laws that are formally satisfied by solutions the Boltzmann equation. Derivations
of these laws in this nondimensional setting are outlined in [3], and can essentially
be found in [6] (Sec. 11.6-7), [10] (Sec. 1.4), or [11].

First, if G solves the Boltzmann equation (2.7) then G satisfies local conserva-
tion laws of mass, momentum, and energy:

€9(G)+ V- (vG) =0,
€ (vG)+ V- (v®vG) =0, (2.15)
€ 3 (5Iv*G) + Vi (v3[v|*G) = 0.

Integrating these over space and time while recalling the normalizations (2.11) of
G'" yields the global conservation laws of mass, momentum, and energy:

/ <G(t)>dx=/ (G™Mydx =1,
TD TD

/ED<U G (1)) dx =/ (vG"ydx =0, (2.16)

TD
/ (S G (1)) dx =/ (SwPGmydx = 2.
TP TD

Second, if G solves the Boltzmann equation (2.7) then G satisfies the local
entropy dissipation law

€9,((G1og(G) — G + 1)) 4+ V¢- (v (G log(G) — G + 1))

= ee(CY 66— cion) <o 2.17)
\1 %\ G,c )™ = '

Integrating this over space and time gives the global entropy equality

t
H(G()) + eiz/ R(G(s))ds = H(G™), (2.18)
0
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where H (G) is the relative entropy functional
H(G) =/ ((Glog(G) — G + 1))dx, (2.19)
']I‘D

and R(G) is the entropy dissipation rate functional
R(G) / b 610" (G\G' — G1G))d (2.20)
= —log{ —— — . .
V4 \ GG ! 1

3. Technical assumptions on the collision kernel

In this section we give all of our additional assumptions regarding the collision
kernel b. These assumptions are satisfied by many classical collision kernels. For
example, they are satisfied by the collision kernel for hard spheres of mass m and
radius r,, which has the form

(2ry) P!
b(w, v —v) = |o-(v1 — V)| ——. (3.1)
2m
They are also satisfied by all the classical collision kernels with a small deflection
cutoff that derive from a repulsive intermolecular potential of the form c¢/r* with
k > Zg—jr}. Specifically, these kernels have the form

b(w, v1 —v) = b(wn) lvy —v|f with p=1-2271, (3.2)

where b(w-n) is positive almost everywhere, has even symmetry in w, and satisfies
the small deflection cutoff condition

/SDill;(arn) dw < oo. 3.3)

The condition k > 23—4__} is equivalent to 8 > — D, which insures that b(w, vi —v)
is locally integrable with respect to vy — v. The cases § > 0, 8 = 0,and 8 < 0
correspond respectively to the so-called hard, Maxwell, and soft potential cases.

The works of Golse and Saint-Raymond cover the case of hard potentials with
a Grad small deflection cutoff [17,18]. The Grad small deflection cutoff is much
more restrictive than the cutoff (3.3) which merely guarantees the local integrabil-
ity of b. Our work therefore relaxes their small deflection cutoff condition for hard
potentials and treats for the first time the case of soft potentials. It thereby covers
all classical collision kernels to which the DiPerna—Lions theory applies.

We have already stated that the collision kernel b is positive almost everywhere
and has the form (2.5)—assumptions clearly met by the hard sphere and inverse
power kernels given by (3.1) and (3.2). Our additional five assumptions on b are
technical in nature—that is, they are required by our mathematical argument. We
therefore examine which of the commonly studied physical collision kernels satisfy
these assumptions. We also give some consequences of these assumptions that will
play an important role in what follows.
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3.1. DiPerna—Lions assumption

Our first assumption is that the collision kernel b satisfies the requirements of
the DiPerna—Lions theory. That theory requires that b be locally integrable with
respect to dw M1dv; Mdv, and that it moreover satisfies

lim 5 / b(vi —v)dv; =0, forevery compact K C RP, (3.4
lv|—oo 1+ |V|* Jk

where b is defined by
b(vy —v) E/ b(w, v — v) do. (3.5)
sb-1

Galilean symmetry (2.5) implies that b is a function of |v; — v| only. This condition
is met by the hard sphere kernel (3.1) because in that case b(v; — v) is proportional
to |v; — v| and therefore grows like |v| as |[v| — oo. It is also met by the inverse
power kernels (3.2) with 8 > —D because in that case b(v; — v) grows like |v|#
as |[v]| > ooand B < 1.

The DiPerna—Lions assumption implies that the measure b(w, v{ —v) dw M1dv;
Mduv is finite. The nondimensional kernel b can therefore be chosen to satisfy the
normalization (2.9).

3.2. Attenuation assumption

A major role will be played by the attenuation coefficient a, which is defined
by

a(v) E/ b(v; — v) Midv| = // b(w,v; —v)dw Midv;. (3.6)
RD SD—1yRD

A few facts about a are readily evident from what we have already assumed. First,
a must be positive and locally integrable. Because (3.4) holds, one can show that

im W, (3.7)
=00 1 4 |02
Next, the normalization (2.9) implies that a satisfies

/ aMdv=1. 3.8)
RD

Finally, Galilean symmetry (2.5) implies that a is a function of |v| only.
Our second assumption regarding the collision kernel b is that a is bounded
below as

Ca(1+10))* < a(), (3.9)

for some constants C, > 0 and @ € R. This condition is met by the hard sphere
kernel (3.1), for which (3.9) is satisfied with @ = 1, and by all the inverse power
kernels (3.2) with 8 > — D, for which (3.9) is satisfied with @ = S.

An immediate consequence of the attenuation assumption (3.9) is that %é €
L?P(aMdv) for every p € [1, oo) whenever |£(v)| is bounded above by a polyno-
mial in |v].
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3.3. Loss operator assumption

Another major role in what follows will be played by the linearized collision
operator £, which is defined formally by

Li=-20(1,%) = // (8+8 —& — &) b(w, vi —v)do Midv;.
SD—1xRD

(3.10)
One has the decomposition
1
—L=T+K —-2K%, (3.11)
a
where the loss operator X~ and gain operator K are formally defined by
1 -
/C_gz—/ g1 b(vy —v) Mdvy, (3.12)
a JRrb
1
Ktg = —// (&' + 1) b(w, vi — v) dw M;dv;. (3.13)
2a ) Jsp-1,RrD

By using the Holder inequality it can be easily shown that for every p € [1, o0]
KT : LP(aMdv) — LP(aMdv) are bounded with [|[KF|| < 1.  (3.14)

If then follows from (3.11) that %E : LP(aMdv) — LP(aMdv) is bounded with
||$£,|| < 4 forevery p € [1, c0].
Our third assumption regarding b is that there exists s € (1,00] and
Cp € (0, 00) such that
b(v; — v)

(/RD a(vy) a(v)

Because this bound is uniform in v, we may take Cp to be the supremum over
v of the left-hand side of (3.15). This condition is met by the hard sphere kernel
(3.1) and by the inverse power kernels (3.2) with 8 > —D. For hard and Maxwell
potentials (2(D — 1) < k) condition (3.15) is satisfied with s = oo, taking the form

N

1
a(vl)Mldvl) < Cp. (3.15)

E(vl — ) <
a(y)a(v) ~
D-1

This is very similar to the bound assumed in [12]. For soft potentials (2 7 <
k < 2(D — 1)) condition (3.15) is satisfied for every s in the interval 1 < s <
D/(w —1). Thecases € (1, oo) in (3.15) therefore allows these soft potentials
to be considered.

Our third assumption (3.15) has several immediate implications for the loss
operator K~, which we now express formally as

Cp. (3.16)

15(1)1 —v)

]C—g:/ K™ (vi,v) graiMidvy, where K™ (v, v) = .
RD a(vy) a(v)

(3.17)
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It is clear that K~ is symmetric (K~ (v, v) = K~ (v, v1)) and positive almost
everywhere. An interpolation argument shows that whenever there exist p, g, r, t €
[1, oo] with r < ¢ such that

1 1 1 1 1

1
—+-+-=14+-, —+—=1, p*,q € [rtl], (3.18)
p r t q p P

1
L T
Cy = (/ (/ K~ (v1, v)|" a1M1dv1) aMdv) < 00, (3.19)
R2 \JRPD

K~ : LP(aMdv) — L%(aMdv) isbounded with [K™|| £ C,;.  (3.20)

then

Moreover, whenever r and 7 in (3.19) are both finite (that is—when [r, t] C [1, 00))
then

K~ : L?(aMdv) — L9(aMdv) is compact. (3.21)

Assertion (3.21) follows from assertion (3.20) because when [r, f] C [1, 0c0) then
the expression for C,; given in (3.19) defines the norm for a Banach space of kernels
in which finite-rank kernels are dense.

Because aMdv is a unit measure, the assumed bound (3.15) clearly implies that
(3.19) holds with C,; < Cj, for every r € [1,s] and ¢ € [1, oo]. Three immediate
consequences of this are

K~ : L?(@aMdv) — LP(aMdv) is compact for every p € (1, 00), (3.22)
K™ :LP(aMdv)— Lp*(aMdv) is bounded with ||~ || £ C,, for every p*e[l, 2s],

(3.23)
K= :LP(aMdv) — L (aMdv) is compact for every p* € [1, 2s). (3.24)

The first of these follows from (3.21) by setting ¢ = p in (3.18) and choosing
r € (1, s] such that p, p* € [r, r*] and then setting r = r*. The second follows
from (3.20) by setting ¢ = p* in (3.18) and observing that as r ranges over [1, s]
while 7 ranges over [1, co] then p™* given by L* = %(% + %) will range over [1, 2s].
The last follows from (3.21) by excluding tﬁe cases r = oo and t = o0 from the
preceding consideration.

3.4. Gain operator assumption

Our fourth assumption regarding b is that
K+ : L*(aMdv) — L*(aMdv) is compact. (3.25)

This condition is met by the hard sphere kernel (3.1) and by the cutoff inverse power
kernels (3.2) that derive from a repulsive intermolecular potential of the form ¢/ r¥.
For D = 3 this fact was demonstrated by HILBERT [20] for hard spheres, by GRAD
[19] for hard potentials (k = 4) with a Grad small deflection cutoff, and by GOLSE
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and Poupaubp [14] for soft potentials with k > 2 with a Grad small deflection
cutoff. For general D this fact has recently been demonstrated by Sun [25,36] for
kernels (3.2) that satisfy the small deflection cutoff (3.3). Even when D = 3 this
extends the result of Golse and Poupaud for soft potentials with Grad cutoffs to
k>1.

Animmediate consequence of our fourth assumption (3.25) on the gain operator
KT is that

Kt : LP(aMdv) — LP(aMdv) is compact for every p € (1, 00). (3.26)

This assertion follows from (3.14) and (3.25) by interpolation.
When our gain operator assumption (3.25) is combined with our loss operator
assumption (3.15), we conclude that

1
—L: L?(aMdv) — L?(aMdv) is Fredholm for every p € (1,00). (3.27)
a

This assertion follows from the decomposition %L =7+ K~ — 2K™ given by
(3.11) because the operators X~ and KT are compact by (3.22) and (3.26).
3.5. Saturated kernel assumption

Our fifth assumption regarding b is that for every § > 0 there exists Cs such
that b satisfies

Blvr —
(”EI(U v) > < Cs(1+a@n)(1 +a@) foreveryvy,veRP. (3.28)
.
46—
+ 1+ v; —vf?

This condition is met by the hard sphere kernel (3.1) and by the inverse power
kernels (3.2). For hard and Maxwell potentials it follows from (3.16) that condition
(3.28) is satisfied with C5 = C},. For soft potentials one has b(v; —v) = Cglvi—v |
for some B < 0. In that case the left-hand side of (3.28) is bounded above, whereby
(3.28) holds with Cs equal to this bound.

3.6. Null spaces

Here we characterize the null space of the Fredholm operator éﬁ considered
over L?(aMdv) for every p € (1, 00). One can use the collisional symmetries
(2.14) to show that }lﬁ is formally symmetric and nonnegative definite with respect
to the L2(aMdv) inner product. In particular, for every g € L?(aMdv) one shows
that

o e - . o a2

gLg) =i{E+a-g-g))=zo (329)
One can show (see [6], Chapter IV.1) that the null space of Cllﬁ s L2 (aMdv) —
Lz(aMdv) is Null(£) = span{l,v,,...,v,, |v|2}. Moreover, our first, third, and

fourth assumptions combine to show that for every p € (1, co)

1
the null space of —L : LP(aMdv) — L?(aMdv) is Null(£). (3.30)
a
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Indeed, because assumption (3.4) implies that Null(£) C L?(aMdv) for every
p € [1,00), it is clear that Null(£) is contained in the null space of %E :
LP(aMdv) — L?(aMdv)forevery p € [1, 00).Because L? (aMdv) C L*(aMdv)
forevery p € [2, 00), and because the null space of 1 £ : L2(aMdv) — L*(aMdv)
is given by Null(£), it therefore follows that the null space of alﬁ : LP(aMdv) —
L?(aMdv) is also given by Null(£) for every p € [2,00). Now observe that
the adjoint of %E over L”(aMdv) is %E over L (aMdv). Because by (3.27)
these operators are Fredholm, their null spaces for must have the same dimen-
sion. In particular, when p € (1, 2] the dimension of the null space must be
equal to the dimension of Null(£). It therefore follows that the null space of
%E : LP(aMdv) — LP(aMdv) is also given by Null(£) for every p € (1, 2].

3.7. Coercivity

We will make use of some coercivity estimates the operator £ satisfies. If we
let A > 0 be the smallest nonzero eigenvalue of l—llﬁ considered over L2(aMdv)
then one has the coercivity estimate

ra (PFg)?) < (gLg) forevery § € L2 (aMdv). (3.31)

Here P- = T — P, and P, is the orthogonal projection from L?(aMdv) onto
Null(£), which is given by

| 2 2
vlav b e (o ~ (aoP) ).

Stalv?) (alv*) = (alv|

Pag = (ag) +
(3.32)

This follows from the Fredholm property (3.27), the fact that 51[, is symmetric in
L?(aMdv), and the characterization of Null(£) given by (3.30).
One can show that for some £ > 0 the operator L satisfies the coercivity estimate

tla(P2)?) < (gL3) forevery g € L*(aMdv). (3.33)

Here P = 7 —P and P is the orthogonal projection from L*(Mdv) onto Null(£),
which is given by

PE= (@) +v- (@) + (31 = D) ((FPF-1Dg). (3.34)

Indeed, assumption (3.9) ensures that P and P+ are bounded as linear opera-
tors from L2(aMdv) into itself. Because P+ = PLPj, we then have that every
g € L*(aMdv) satisfies

HPLg ” L2(aMdv) — “PLPLg ” L2(aMdv) = ”7)L ” L2(aMdv) HPLg ” L2(aMdv)’

denotes the operator norm of P, It therefore follows from
in (3.33).

where ”PL ” L2(aMdv)

(3.31) that we may take € = A/ | P |72, yra0)
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3.8. Psuedoinverse

We use a particular pseudoinverse of £ defined as follows. The Fredholm prop-
erty (3.27) implies that for every p € (1, 00)

L : LP(aMdv) — LP(a'"?Mdv) is bounded,

and that for every & € L”(a' =P Mdv) there exists a unique & € LP(aMdv) such
that

LE=Pre, PE=0. (3.35)

For every £ € LP(a'~? Mdv) we define £L7'& = é‘ where é is determined above.
This defines an operator £~! such that

L7V LP(a'"PMdv) — LP(aMdv) is bounded,
L7 =Pt over LP(aMdv), LL'=PL over LP(a'"PMdv),
(3.36)

and Null(£~") = Null(£). The operator £~! is the unique pseudoinverse of £
with these properties.

4. Global solutions

In order to mathematically justify the Navier—Stokes—Fourier limit of the
Boltzmann equation, we must make precise: (1) the notion of solution for the
Boltzmann equation, and (2) the notion of solution for the Navier—Stokes—Fou-
rier system. Ideally, these solutions should be global while the bounds should be
physically natural. We therefore work in the setting of DiPerna—Lions renormal-
ized solutions for the Boltzmann equation, and in the setting of Leray solutions
for the Navier—Stokes—Fourier system. These theories have the virtues of consid-
ering physically natural classes of initial data, and consequently, of yielding global
solutions.

4.1. DiPerna—Lions solutions

DIPERNA and LIoONs [9] proved the global existence of a type of weak solution
to the Boltzmann equation over the whole space R? for any initial data satisfy-
ing natural physical bounds. As they pointed out, with only slight modifications
their theory can be extended to the periodic box T?. Their original theory has
been strengthened, most notably in [26,30]. Here we give a version of their theory
relevant to this paper.

The DiPerna—Lions theory does not yield solutions that are known to solve the
Boltzmann in the usual weak sense. Rather, it gives the existence of a global weak
solution to a class of formally equivalent initial-value problems that are obtained by
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multiplying the Boltzmann equation in (2.7) by I''(G), where I" is the derivative
of an admissible function I':

(€d +v-V)T(G) = éF’(G)Q(G, G), G, x,0)=G",x)=0. (4.1

A function I" : [0, o0) — R is called admissible if it is continuously differentiable
and for some constant Cp < oo its derivative satisfies

Cr

II"(2)| < for every Z > 0. (4.2)

The solutions lie in C ([0, c0); w-LY(Mdv dx)), where the prefix “w-" on a space
indicates that the space is endowed with its weak topology. We say that G = 0 is a
weak solution of (4.1) provided that it is initially equal to G*", and that it satisfies
(4.1) in the sense that for every Y € L (dv; C'(TP)) and every [11, 2] C [0, 00)
it satisfies

I
e/ (F(G(tz))Y)dx—e/ (T(G(1) Y)dx—/z/ (T'(G)v-V,Y) dx dt
TD TP 1 JTP

15
= %/2/T (r'(G)Q(G, G) Y)dx dr. 4.3)
11 D

If G is a weak solution of (4.1) for one such I" with I'” > 0, and if G satisfies certain
bounds, then it is a weak solution of (4.1) for every admissible I". Such solutions
are called renormalized solutions of the Boltzmann equation (2.7).

Specifically, cast in our setting, the theory of renormalized solutions yields the
following.

Theorem 4.1 (DiPerna-Lions renormalized solutions). Let b satisfy

lim / b(w,vi—v)dwdv; =0, forevery compact K C RD,
[v|>o0 14|v|? D1y :

K
4.4
Given any initial data G'"" in the entropy class
E(Mdvdx) = {G™ 20 : H(G"™) < oo}, (4.5)

there exists at least one G > 0 in C([0, o0); w-L' (Mdv dx)) that for every admis-
sible function U is a weak solution of (4.1). This solution satisfies a weak form of
the local conservation law of mass

€3(G) + V- (vG) = 0. (4.6)

Moreover, there exists a matrix-valued distribution W such that W dx is nonneg-
ative definite measure and G and W satisfy a weak form of the local conservation
law of momentum

€X(WG)+ V- WRVG)+ V- W =0, 4.7)
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and for every t > 0, the global energy equality

/(%|v|2G(t))dx+/ %tr(W(t))dx:/ ($w*G™) dx, (4.8)
TD TD TD

and the global entropy inequality

t
H(G(t))+/ %tr(W(t))dx—i—%/ R(G(s))ds < H(G™). (4.9
TP € Jo

DiPerna-Lions renormalized solutions are not known to satisfy many proper-
ties that one would formally expect to be satisfied by solutions of the Boltzmann
equation. In particular, the theory does not assert either the local conservation of
momentum in (2.15), the global conservation of energy in (2.16), the global entropy
equality (2.18), or even a local entropy inequality; nor does it assert the uniqueness
of the solution. Nevertheless, as shown in [17], it provides enough control to estab-
lish a Navier—Stokes—Fourier limit theorem for bounded collision kernels and, as
shown here, to do so for a much larger class of collision kernels.

4.2. Leray solutions

The DiPerna—Lions theory has many similarities with the Leray theory of global
weak solutions of the initial-value problem for Navier—Stokes type systems [8,23].
For the Navier—Stokes—Fourier system (1.1-1.2) with mean zero initial data, the
Leray theory is set in the following Hilbert spaces of vector- and scalar-valued
functions:

H = weLz(dx;RD):Vx~w=O,/

wdx:O],
TD

H = X€L2(dx;R):/ de:o]’
TD

<
|

w e H) :/ |wa|2dx<oo},
TD

V=1xeH :/ |Vxx|2dx<oo].
: o

LetH=H, ®H, and V =V & V. Then in our setting the Leray theory yields the
following.

Theorem 4.2 (Leray Solutions). Given any initial data (u'™, 0'™) € H, there exists
at least one (u,0) € C([0, co); w-H) N L2(dr; V) that is a weak solution of the
Navier-Stokes—Fourier system (1.1-1.2) in the sense that for every (w, x) € HN
CY(TP) and every [t1, 1p] C [0, 00) it satisfies
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/w~u(t2)dx—/ wu(tl)dx—// Veiw:(u ® u)dx dt
TD

=—v// Vew: Viudx de, (4.10)
TD
/XO(tg)dx—/ XQ(n)dx—// Viex-(u6)dxdet
TP TD 1 JTP
4]
:—DLHK// Ve x - ViB dx dt. 4.11)
11 TP

Moreover, for everyt > 0, (u, 0) satisfies the dissipation inequalities

l .
/ %|u(t)|2dx+// v|qu|2dxds§/ SuFdx, (412
TD 0.JTP TD
[ .
/ DT+2|e(t)|2dx+// K|Vx9|2dxds§/ DEjgin2dx. (4.13)
TP 0.JTP TP

By arguing formally from the Navier—Stokes—Fourier system (1.1-1.2), one
would expect these inequalities to be equalities. However, that is not asserted by
the Leray theory. Also, as was the case for the DiPerna—Lions theory, the Leray
theory does not assert uniqueness of the solution.

Because the role of the dissipation inequalities (4.12) and (4.13) is to provide a
priori estimates, the existence theory also works if they are replaced by the single
dissipation inequality

t
/ %|u(t)|2+DT+2|9(t)|2dx+// V| Veu|? + k| Vi0]% dx ds
TD 0JTD
g/ 3™ 4+ 22167 dx. (4.14)
’]I‘D

It is this version of the Leray theory that we will obtain in the limit.

5. Main results

5.1. Formal derivation

The Navier—Stokes—Fourier system (1.1-1.2) can be formally derived from the
Boltzmann equation through a scaling in which the fluctuations of the kinetic den-
sity F about the absolute Maxwellian M are scaled to be on the order of €. More
precisely, we consider families of initial data G for and families of solutions G
to the scaled Boltzmann initial-value problem (2.7) that are parameterized by the
Knudsen number € and have the form

G"=1+eg", G.=1+eg., (5.1)

One sees from the Boltzmann equation (2.7) satisfied by G, that the fluctuations
gc satisfy
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1
€08 +v-Vige + gﬁge = Q(8e, &), (5.2)

where L is the linearized collision operator defined by (3.10).

A formal derivation in the style of [2] can be carried out by assuming that
ge — g with g € L°°(dr; L?>(Mdv dx)), and that all formally small terms vanish.
One finds that g has the infinitesimal Maxwellian form

g=vu+ (- 22)0, (5.3)

where (u, 6) solves the Navier—Stokes—Fourier system (1.1-1.2) with the coeffi-
cients of kinematic viscosity and thermal conductivity given in terms of the linear-
ized collision operator £, and the matrix-valued function A and the vector-valued
function B defined by

A) =v®v— 5v*I, B() = v — 2. (5.4)

Because egch entry of A and B is in L?(a~"Mdv), we can define thE matrix-valued
function A € L2(aMdv; RP*P) and the vector-valued function B € LZ(aMduv;
RP) by

A=L""A, and B=L"'B, (5.5)

where £ is the unique pseudoinverse of £ that satisfies (3.36). Because PA = 0
and PB = 0, it follows from (3.35) that A and B are respectively the unique
solutions of

LA=A, PA=0, and LB=B, PB=0. (5.6)

Because Each entry of A and B is in Lp(al’pMdv) for every p € (1, 00), each
entry of A and B is therefore in L? (aMdv) for every p € (1, o0). The coefficients
of kinematic viscosity v and thermal conductivity « are given by

1 A-rA 1L [B.rR

In this section we state our main results, which proves this formal relationship.

5.2. Statement of the main theorem

Our main theorem is the following.

Theorem 5.1. Let the collision kernel b satisfy the assumptions of Sect. 3.
Let G be a family in the entropy class E(Mdv dx) given by (4.5) that satisfies
the normalizations (2.11) and the bound

H(G") < ci"e?, (5.8)

for some positive constant C'". Let gé” be the associated family of fluctuations
given by (5.1). Assume that for some (u'", 0'"") € H the family gl" satisfies

. i 1 2 i i i . TN
elgrb (H(v gé”), ((m|v| -1 gé")) =(u'",0'") in the sense of distributions.

(5.9)
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Let G¢ be any family of DiPerna—Lions renormalized solutions of the Boltzmann
equation (2.7) that have Gi" as initial values. Let g¢ be the family of fluctuations
given by (5.1).

Then the family g¢ is relatively compact in w-Llloc (dt; w-L' (o0 Mdv dx)), where
o = 1 4 |v|%. Every limit point g of g¢ in w—L}UC(dt; w-L' (o Mdv dx)) has the
infinitesimal Maxwellian form (5.3) where (u,0) € C([0, co0); w-H) N L%dr; V)
is a Leray solution with initial data (u'™, ') of the Navier—Stokes—Fourier system
(1.1-1.2) with v and «k given by (5.7). More specifically, (u, 0) satisfies the weak
form of the Navier—Stokes—Fourier system given by (4.10-4.11) and the dissipation

inequality

t
/ Hu® P + 22101 dx +// V|Veul? + k| V0| dx ds
TD 0.JTP
1 . ,
< liminf — H(G!") < C™. (5.10)
e—>0 €
Moreover; every subsequence g, of ge that converges to g as €, — 0 also satisfies

M{vge) — u in C([0, 00); D'(TP; RP)), (5.1
(5oz v = D gg) = 0 in C([0, 00); w-L! (dx; R)). (5.12)

where T1 is the orthogonal projection from L*(dx; RP) onto divergence-free vector
fields.

In the next section we will reduce the proof of our theorem to a sequence of
propositions, the proofs of which will be given in subsequent sections.

Remark. The dissipation inequality (5.10) is just (4.14) with the right-hand side
replaced by the lim inf. We can recover (4.14) in the limit by replacing (5.8) and
(5.9) with the hypothesis

g — v+ ($v]* — 252) 0™ entropically at order € as € — 0. (5.13)

The notion of entropic convergence, was introduced in [3] and is defined as follows.

Definition 5.1. Let G be a family in the entropy class E(Mdv dx) given by (4.5)
and let g, be the associated family of fluctuations given by (5.1). The family g is
said to converge entropically at order € to some g € L>(Mdv dx) if and only if

1
ge — ginw-L'(Mdvdx), and lim — H(Ge) :/ %(gz)dx. (5.14)
e—~0¢€ TD

Proposition 4.11 of [3] showed that entropic convergence is stronger than norm
convergence in L' (o Mdv dx)). It is therefore a natural tool for obtaining strong
convergence results for fluctuations about an absolute Maxwellian [4,5,11,12,17,
24,27,28]. With the addition of hypothesis (5.13), it is clear from (5.10) and (5.14)
that (4.14) is recovered. Moreover, one can prove in the style of Theorem 6.2 of
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[12] that if (4.14) is an equality for every ¢ € [0, T'] then as ¢ — 0 one obtains the

strong convergences

g(t)—> U-u(t)—i—(% |v|2— %) 0(t) entropically at order € for every ¢ € [0, T],
G.,G. —GGe . 1
1 - O:Vyu+WV-V,0 inL ([0, T]; L' ((0 +o01)dudx)),

e=(1 + 3€8¢)2

where ® = A+ A — A’ + A} and ¥ = B 4 By — B’ + Bj. In particular, one
obtains these strong convergences for so long as (u, 6) is a classical solution of the
Navier-Stokes—Fourier system.

Remark. The Stokes—Fourier and acoustic limit results of [12] can be extended to
the class of collision kernels considered here. Moreover, their scaling hypotheses

can be weakened to G, = 1 4 8. gc where §¢ = o(¢) ase€ — 0, and §, = O(e%) as
€ — (respectively, which is formally optimal in the first case but not in the second
[21].

6. Proof of main theorem

In order to clarify the structure of the proof, we defer the proofs of many tech-
nical details to later sections.

6.1. Fluctuations

Because the family G satisfies the entropy inequality

1 [t . 4
H(Ge(0) + 6—2/ R(Ge(s))ds S H(GY) < cine?, (6.1)
0
Proposition 3.1 (1) of [3] implies that the family
oge isrelatively compact in w-L} (dt; w-L'(Mdv dx)), (6.2)

where 0 = 1+|v|%. We will show that every limit point of the family g, is governed
by a Leray solution of the Navier—Stokes—Fourier system.

We will also consider the associated family of scaled collision integrands
defined by

G.,G. — GG

> (6.3)

Qe =
The entropy inequality (6.1) and Proposition 3.4 (1) of [3] imply that the family

o qe
e

is relatively compact in w-L} (dt; w-L'(dp dx)), (6.4)

loc

where n, = 1 + %6 ge, and du = b(w, vi — v) dw Mdv; Mdv is a positive unit
measure.
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Consider any convergent subsequence of the family g, still abusively denoted
ge» such that the sequence g /./7¢ also converges. Let g be the w-L! (dr; w-L!

loc

(0 Mdv dx)) limit point of the sequence g., and g bethe w-L! (dr; w-L'(odu dx))

loc

limit point of the sequence ¢, /./nc. Then the entropy inequality (6.1) and Propo-
sition 3.8 of [3] imply that g is an infinitesimal Maxwellian given by

g=p+vu+ G- 50, 6.5)

for some (p, u, 6) € L(dr: L2(dx; R x RD x R)) that for every ¢ = 0 satisfies
LpOP 4L )2 +216() dx
’]1‘[)
1
1 2 N
= /11‘0 5(lg@F)dx < llgl_}(l)lf 6—2H(G€(t)), (6.6)

while Proposition 3.4 (2) of [3] implies that g € L?(dp dx dr). We will show that
(p,u,0)is a Leray solution of the Navier—Stokes—Fourier system (1.1-1.2) with
initial data (u'", 6'").

6.2. Nonlinear compactness by averaging

Key to our proof is the fact the sequence

2
a i—e is relatively compact in w—Ll]OC(dt; w-L'(Mdv dx)), 6.7)
€
where ne = 1 + %e ge. We establish this fact in Sect. 7 by employing the entropy
inequality (6.1) and the L' velocity averaging theory of Golse and Saint-Raymond
[16]. They used this averaging theory to prove analogous compactness results while
establishing Navier—Stokes—Fourier limits for collision kernels with a Grad cutoff
that derive from hard potentials [17,18].

6.3. Approximate conservation laws

In order to prove our main theorem we have to pass to the limit in approximate
local and global conservation laws built from the renormalized Boltzmann equation
(4.1). We choose to use the normalization of that equation given by

r(Z) = z-1 (6.8)
BN ENVASIE '
After dividing by €, Eq. (4.1) becomes
- - 1
€018c +V-Vige = 6_2 F,(Ge) (G, Go), (6.9)
where g = I'(G¢) /€. By introducing N = 1 + ezgez, we can write
~ g 2 1
ge= T'Go= (6.10)

N2 N
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When the moment of the renormalized Boltzmann equation (6.9) is formally
taken with respect to any ¢ € span{l,v,,...,v,, |v|?}, one obtains

~ 1 . 1

0 (¢ ge)+ — Vir (¢ 8) = — (£ T'(GO) ge))- (6.11)

This fails to be a local conservation law because the so-called conservation defect
on the right-hand side is generally nonzero.

It can be shown from (4.3) that every DiPerna—Lions solution satisfies (6.11)

in the sense that for every x € CH(TP) and every [t1, ] C [0, 00) it satisfies

15 1
/ X(Cge(h))dx_/ X(gge(ﬁ»dx:/ / = Vix- (v ge)dxds
TP TD n JTD €
%) l
+/ / x —(¢T"(Ge) ge) dx dr. (6.12)
151 TP €

This is the sense in which we understand (6.11) is satisfied. Approximate global
conservation laws are obtained by setting x = 1 above.

The fact that the conservation defect term on the right-hand side of (6.12) van-
ishes as € — 0 follows from the fact x is bounded, the fact ¢ is a collision invariant,
and the compactness result (6.7). Specifically, we show that

1 ,
- (¢T'(Ge)ge) — 0 in L), .(dr; L' (dx)) ase — 0. (6.13)

loc

This fact is established by Theorem 8.1, which is stated and proved in Sect. 8 using
the compactness result (6.7).

6.4. Establishing the global conservation laws
By (6.13) the right-hand side of (6.12) vanishes with € uniformly over all [¢1, #3]

contained in any bounded interval of time. By setting x = 1 it follows that the
sequence

/ (¢ ge(1)) dx is equicontinuous in C([0, 00); R). (6.14)
TD

The fact gc = I'(G¢) /e with T given by (6.8) and the entropy bound (6.1) imply
that

/ (ge(H?)dx £3C™ forevery t 2 0. (6.15)
’]I‘D

It then follows from the Cauchy—Schwarz inequality that for every ¢+ = 0 the
sequence in (6.14) is also equibounded in C ([0, 00); R). The Arzela—Ascoli theo-
rem then implies that the sequence

/ (¢ ge(t)) dx is relatively compact in C ([0, 00); R).
TD
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Now setting 1 = O and x = 11in(6.12), letting ¢ — 0, and using the normalization
(2.16) shows that for every ¢ = 0 we have the limiting global conservation law

/ (€ g(1)) dx = / (¢ g(0)) dx = 0. 6.16)
TD TP

The infinitesimal Maxwellian form (6.5) then implies that, as stated by the Main
Theorem 5.1,

/Tupdx:O, /Tuudx:O, /TDdezo. (6.17)

6.5. Establishing the incompressibility and Boussinesq relations

We know that g is a infinitesimal Maxwellian of the form (6.5) parameterized
by its associated (fluctuation of) velocity field u, mass density p, and temperature
6. By proceeding as in the proof of Proposition 4.2 of [3], multiply (6.12) by e,
pass to the limit, and use the infinitesimal Maxwellian of the form to see that these
functions satisfy

Vi-u=0, Vi(p+6)=0. (6.18)

The first of these is the incompressibility relation while the second is a weak form
of the Boussinesq relation. By (6.17) we see that

/ p 46 dx = 0.
’I[‘D

In other words, for every ¢ = 0 the function (p + 0)( -, ¢) is an element of L?(dx)
that is orthogonal to the constants. Because (6.18) states that Vi (p +6) = 0, a
classical argument based on Fourier series shows that

p+6 =0 foralmostevery (x,?) € TP x [0, 00). (6.19)

By (6.5), this implies that both the incompressibility and Boussinesq relations (1.1)
hold, and that g is of the form (5.3) as stated by the Main Theorem 5.1.

6.6. Establishing the dissipation inequality

By passing to the limit in the weak form of (6.9) while using the facts that
I'(Ge) ge — ginw-L! (dt; w-L'(odp dx)) andthatg, — ginw-L} (df; w-L!

loc loc

(o0 Mdv dx)) as € — 0, we find that
v~ng=// g b(w, vy —v)dw Mdv;. (6.20)
SD—14RD

It then follows from (6.5) and (6.18) that for every é € L?(aMdv) we have

(& q) = (£ A):Veu + (€ B)-V,6. (6.21)
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Then by arguing as in the proof of Proposition 4.6 of [3] we obtain

// VIVeul? + k| V02 dx ds < // 2} dx ds
’]I‘D

1
< lim 1nf — (Ge (s)) ds, (6.22)
0

e—0

where v and « are given by (5.7). The dissipation inequality (5.10) asserted by the
Main Theorem 5.1 follows by combining (6.1), (6.6), and (6.22).

6.7. Approximate dynamical equations

The difficulty in passing to the limit in (6.11) is that the fluxes are order 1/e.
This difficulty is overcome by using the same strategy as in the formal deriva-
tions [1,2]. First, we pass to the limit when { = v, fori = 1,..., D or when
¢ = (% lv]? — DTH). In other words, we pass to the limit is the approximate motion
and heat equations

3r(ve) + ¢ Vi (A ga + 1 Vel lvPge) = £ (v I7(Go) e, (6.23)

3 (5101 = PF2) ge) + ¢ Vi <B ge) = (Gl = BTG ge).  (6.24)
Second, the approximate momentum equation (6.23) will be integrated against
divergence-free test functions. The last term in its flux will thereby be eliminated,

and we only have to pass to the limit in the flux terms above that involve A and
B—namely, in the terms

1 1
—(Ag), —(Bge). (6.25)
€ €

Recall that A = LA and B = LB where A and B are defined by (5.5) and that
each entry of A and B is in L? (aMdv) for every p € [1, 00).
6.8. Compactness of the flux terms

Let s € (1, co] be from the assumed bound (3.15) on b. Let p = 2 + = 1,

that p = 2 when s = oo. Leté € LP(aMdv) and set & = £.§. We claim that the
sequence of moments

— (€ g¢) isrelatively compact in w- -L! (dt; w-L'(dx)). (6.26)

loc

Because each entry of the flux terms (6.25) has this form, it follows that

1 1
the entries of — (A gc) and — (B gc) are
relatively compact in w—Lloc(dt; w-L! (dx)). (6.27)
Claim (6.26) will follow from the observation that

(€ ge) = ((C8) &e) = (€ Lae) = (€ (8c + &er — &, — &L1)), (6.28)
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once we establish the fact that the sequence

£ (8 +8e1 — &, — &) isrelatively compactin w-L} (df; w-L'(dp dx)).
(6.29)

M| =

To establish assertion (6.29), define the symmetrically normalized collision
integrand g, by

Ge = qe _ 1 G40 —GaGe (6.30)
¢ N/N/NoqNe € N,N/NaNc ' '
and define T by
! (~ % g —g')=2.8 — 82 q T. 6.31
g ge"‘gel_ge_ggl)—gelge_gelge_Qe"‘ € (6.31)

The compactness result (6.7) and Lemma 9.2 imply that the sequences
£5,,g, and &g g are relatively compact in w-L},.(df; w-L'(dp dx)).
The compactness result (6.7), Lemma 9.2, and Proposition 10.1 imply that

ET.— 0 inL) (df; L'(dpdx)) ase — 0. (6.32)
Finally, Lemma 10.2 of [12] implies the sequence g, is bounded in L2(du dx dt).
It follows that the sequence

é ge 1s relatively compact in w-L}OC (dt; w-L! (dp dx)). (6.33)

We have thereby established assertion (6.29).

6.9. Convergence of the density terms

The densities term corresponding to (6.23) and (6.24) are
M(vge) and ((zlv]* = BF2) g). (6.34)

Here IT is the Leray projection onto divergence-free vector fields in L?(dx; RP).
The sequences (6.34) are convergent in w-Ll20 (dz; w-Lz(dx)).

We use the Arzela—Ascoli theorem to establish that these sequences are conver-
gent in C ([0, 00); w-L2(dx)). Indeed, it follows from the L bound (6.15) and the
Cauchy-Schwarz inequality that for every t = 0 the sequences (6.34) are pointwise
relatively compact in w-L?(dx). That they are also equicontinuous follows from
the weak forms (6.12) of the approximate motion and heat equations upon noting
that the flux terms are relatively compact in w-L 110 (dt; w-L'(dx)) by (6.27) while
the conservation defects vanish by (6.13). It then follows from the Arzela—Ascoli
theorem that the sequences (6.34) are relatively compact in C ([0, 00); w—Lz(dx)).

Because they are convergent in the weaker w—LZZOC(dt; w-L?(dx)) topology, they
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must be convergent in C ([0, 00); w-L2(dx)). We thereby conclude that as € — 0
one has

(v3.) — u in C ([0, 00); w-L2(dx; RPY),
(G? =252z — 226 in C(]0, 00); w-L?(dx)). (6.35)

The limits asserted in (5.11) and (5.12) of Theorem 5.1 then follow. Moreover, by
combining these results with (6.1), (6.6), and (6.22), we conclude that (u, 6) €
C ([0, 00); w-H) N L2(d¢; V), as asserted by Theorem 5.1. By hypothesis (5.9) of
Theorem 5.1 we also can argue that

u(x,0) = u"(x), 6(x,0) =6"(x), foralmostevery x, (6.36)

as asserted by Theorem 5.1.

6.10. Convergence of the flux terms

Upon placing (6.31) into the right-hand side of (6.28), the moments (6.26)
decompose as

~

"0 = (E (@8~ 2ag)) - Ead +(E 7). (637)

The first term in this decomposition is quadratic in g., the second is linear in g,
while the last is a remainder that vanishes as € — 0 by (6.32).

Because the sequence g is bounded in L?(du dx dr), we conclude from (6.4)
and (6.30) that g — ¢ in w-Lz(d,u, dx dr). This fact allows us to pass to the limit
in the linear term in the decomposition (6.37). Indeed, by using (6.21) we see that
as € — 0 one has

(Ede) = (Eq) = (6 A):Veu+ ( B)- Vi inw-L} (dr; w-L?(dx)).  (6.38)

loc
In particular, we see that as € — 0 one has
(A
(B

where v and « are given by (5.7).
We now focus on the passage to the limit in the quadratic term in the decom-
position (6.37). This term has the equivalent form

qe» — Vv [qu + (qu)T] in w-LIZOC(dt; w-Lz(dx; RDXD))’
Ge) = K V0 in w-L? (dr; w-L*(dx; RP)),

(& (20,8, — ge12e)) = (€ OQGGe. &o))- (6.39)

This passage to the limit is the most difficult part of establishing the limit of the
flux.
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6.10.1. Approximation by infinitesimal Maxwellians

We decompose g into its infinitesimal Maxwellian Pg, and its deviation P g,
as

ge = Pg. +Prie, (6.40)

where P is the orthogonal projection from L?(Mdv) onto Null(£) given by (3.34)
and P is its complement given by P+ = Z — P. We claim that

PLge — 0 in L}, (dt; L*(aMdvdx)). (6.41)

Indeed, consider the identity

o . (8t 81 —8. — &
(geﬁge>=<<6ge(g g16g g1)>>.

The term inside the parentheses above is relatively compact in w-L lloc(dt; w-L!

(didx)) by (6.29). Because € g is bounded and vanishes almost everywhere as
¢ — 0, we see that

lim (g £26) =0 in L},.(dr; L' (dx)).
€—>
The coercivity bound (3.33) then immediately implies that

lim {a (P+3)’) =0 in L} (ds; L' (dx)),

which establishes claim (6.41).

6.10.2. Quadratic approximation by infinitesimal Maxwellians
When decomposition (6.40) is placed into the quadratic term (6.39), it yields

(€ Q(3c. 8))=(E Q(Pge. PE)+2(E Q(P&c. P12o))+(E Q(P*3c. P+ 30)).
(6.42)

Here we show the last two terms above vanish as € — 0. Recall that the colli-

sion kernel b satisfies assumption (3.15) for some C,, < oo and s € (1, oo]. Let

p=2+ ﬁ, so p = 2 when s = co. Lemma 9.1 of Sect. 9 then combines with
(6.39) to yield the basic quadratic estimate

1

£ .

I 0@ W) <2C)7 @IEP)r (@g?)? @h?)2, (6.43)
where % + # = 1land g, h € L?*(aMdv). It follows from (6.41) and the basic
estimate (6.43) that

(£ Q(Pge, Prga)) — 0

(£ QPHge, Prgo)) — 0

So all that remains to be done is to pass to the limit in the first term on the right-hand
side of (6.42)—the one that is quadratic in Pge.

] in L] _(dt; L'(dx)).
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6.10.3. Passing to the limit

The infinitesimal Maxwellian P g, has the form
Pie = pe + v-iie + GlvI* — 26, (6.44)

where p, il¢, and 01 are defined by

Pe = (B die = (WEe) O = ((HIV)* = 1) &e). (6.45)
One can show [2] that if g is an infinitesimal Maxwellian then it satisfies the identity
(€ 0Q(5.9) = FELEH) = HLEPHEY). (6.46)

Because Pg. is an infinitesimal Maxwellian, we can use the identity (6.46) to
express the first term on the right-hand side of (6.42) as

(E Q(Pge, Pgo)) = 1
= 1(EA) (e ® i) + (£ B)-ilf + 1(EC) 02, (647

where C(v) = % lv]*— % lv|2+ w. Itis easily checked that C is in Null(£) .
We thereby have reduced the problem to passing to the limit in the terms

fie @i, ficfe, 62. (6.48)

We are unable to pass to the limit in the above terms in full generality. However,
Proposition 11.1 of Sect. 11 yields that

lime_o 11V; - (ite ® iie) = MVy- (1 ® u)

: B . TP
lim,_o V.. (éé ie) = V- (00) ] in w-L;,.(dr; D'(TY)),

where IT is the Leray projection onto divergence-free vector fields in L?(dx; RP).
It follows that

lime—.o 11V, (A Q(Pge, Pgo)) = NVs- (w @ u)

. S in w-L},.(dr; D'(TP)).
lime—o Vo (B Q(Pge, PE)) = 22V, (0 u)

We thereby obtain the limiting fluxes for the Navier—Stokes—Fourier motion and
heat equations, thereby completing the proof of the Main Theorem 5.1. O

7. Compactness from averaging

Here we establish the compactness assertion (6.7) with the following proposi-
tion.

Proposition 7.1. Under the hypotheses of Theorem 5.1, the sequence

2
a ge is relatively compact in w-L! (dt; w-L'(Mdv dx)). (7.1)

e loc
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Proof. Let y,. be defined by /G = 1 + € y. Then g = 2y, + ¢ yéz and

g_€2:y2 4+ 4e ye +€27/2
ne A

Because € y. = —1, it follows from the above that

2
8
ne

II/\
A
NS] e}

V2. (7.2)

NSI[O¥)

ve

Assertion (7.1) is therefore equivalent to the assertion that the sequence
aye2 is relatively compact in w—LllOC(dt; w-Ll(Mdv dx)). (7.3)

We will prove these equivalent assertions in two steps.
We begin by showing that the sequence ay, 2 lies in L }Oc(dt; L'(Mdv dx) and

is equi-integrable in v. Specifically, we show that the sequence
ay? isbounded in L} .(dr; L'(Mdv dx)), (7.4)

and that for every [0, T'] C [0, c0)

lim / / sup (Isay, )dx df =0 uniformly in €, (7.5)
n—0 TP (15)<n

where the supremum is taken over all measurable S C R x TP x [0, T]. These
assertions are established below by Proposition 7.2.
It follows from (7.2) and (7.5) that

2
Jim 1= r) @ 8¢ _0 in L},.(dt; L' (Mdvdx)) uniformly ine. (7.6)
— 00 n

€

Because a is bounded above and below by positive constants over every set of
the form {|v| £ R} for some R > 0, the relative compactness assertion (7.1) will
follow once we prove that for every R > 0 the sequence

2
1y 1<py i—€ is relatively compact in w-L},.(dz; w-L'(Mdvdx)).  (7.7)
€

This fact is established below by Proposition 7.3, thereby proving Proposition 7.1.
i

The proof of Proposition 7.2 rests solely on the entropy bound (6.1). A key tool is
the relative entropy cutoff that was first introduced by Saint-Raymond in her study
of the incompressible Euler limit [35]. The proof of Proposition 7.3 will also rest
on the L' velocity averaging theory of GOLSE and SAINT-RAYMOND [16].
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7.1. Equi-integrability proposition
The equi-integrability in v of the family ay€2 asserted in (7.4) and (7.5) is
established by the following proposition.

Proposition 7.2. Under the hypotheses of Theorem 5.1, the sequence
ay? is bounded in L}, (dt; L' (Mdv dx)), (7.8)

and that for every [0, T] C [0, c0)

lim / / sup lsay€ ydx dt =0 uniformlyin e, (7.9)
T

n—0 D (I5)<n
where the supremum is taken over all measurable S C R2xTP x [0, T].

Proof. Let [0, T] C [0, 00). We employ the decomposition y. = Py, + PLye
in order to exploit the facts that Py, is well-behaved in v and that Py, is small.
Then for every measurable S € RP x TP x [0, T] this decomposition yields

(1say?) = (s ayePye) + (Is aye Pye). (7.10)

The first term on the right-hand side above can be bounded as

1

(Is alyePyel) < (v2)?(1s 02(7’1’6)2)%-

Now let {{i}i':gl be the orthonormal basis for Null(£) = span{1, v,, ..., v,, [v|?}
inLZ(Mdv) givenby (o = 1,¢; = v, fori =1,..., D,and{py1 = \/%(Mz—D).
Then

D+1 D+1 D+1
(Pye)* = (Z Gi{Cive ) (Z Z; )(Z ¢ mz) < DA+ [H ().
i=0

Upon placing this estimate into the previous estimate, we bound the first term on
the right-hand side of (7.10) as

1

(15 alyePyel) < (D1sa*(1 + [v|h)(2). (7.11)

Now let us consider how we might control the second term on the right-hand side
of (7.10). An application of Cauchy—Schwarz gives

(s alyePLyel) < (s ay2) {aPryo?)?. (7.12)

At first glance, this estimate might look unproductive because the first factor on
the right-hand side is exactly the object that we are trying to control. However, the
idea is that because the second factor is small, we can employ a rough control of
the first factor.
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We begin by bounding the second factor on the right-hand side of (7.12). We
do this with a coercivity bound. For every § > 0 we introduce a saturated collision
kernel bs(w, vi — v) by

b _ b(w, vy —v)
s(w,v1 —v) = B0 —v) (7.13)
15— =
1+ vy — vl

We let Qs and L5 denote the associated operators given by

Q(s(G, G)Z// (G/lG/—GlG)bg(a), 1] —v)da)Mldvl,
§D—1xRD

ﬁagI// (g—i—gl—g/—g/l)bg(a), vy —v)dw M dv. (7.14)
SD—-1RD

Because bs(w, v; — v) has the form (7.13), the operators Qs and L5 share most of
the formal properties satisfied by Q and L. In particular, we show in Lemma 7.1
that for every sufficiently small § there exists a £5 > O such that Ls satisfies the

coercivity bound
ts(a(P+%)%) < (3L58) forevery g € L>(aMdv). (7.15)

We now fix § small enough that this bound holds for some ¢5 > 0.
When the bound (7.15) is combined with the fact /G, = 1 + € ¥, and the
identity

1 1
- Lsve = Qs(Ve, Ye) — ) Qs (\@ \@)

we obtain

V4
f(wﬂmz) < [((PLye) Qs(re, o))

+ 5 [P0 @ (Vae VEr))|. (7.16)

To bound the first term on the right-hand side of (7.16), we use saturated kernel
assumption (3.28) to see

bs(v) —v) = / bs(w, v1 —v)dw
SD—]

N ) < Cs(1+an) (1 + a)).
b(vy —v)
14— ="
14 v —v]?

We thereby obtain the bound

b
((PLye) Qs(e, vo))| ’<<75 Py (vLvl — V51V6)>>‘

< 2|(PHyo?)? <<%s v3 J/e2>>é

< 2C5(a(73l)/e)2)%((1 +a)y?).
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‘We bound the second term on the right-hand side of (7.16) as

(Ptv0 (Ve var)) = [% @ (Jaue. - Voaa.) |

<{(Phvo) << (Vouo.- W)»
< a(Pye?)? <<( G.,G. — M)2>>2.

Upon collecting the above estimates, we obtain the bound

1
12 1 1 2\2
2aPy?)} <205 ({r)+ ) + 6—2<<(\/ GLiGL /G G.) >>
(7.17)

Because (vY — X X)* < 1(Y — X)log(Y/ X) for every X, Y > 0, it follows from
the entropy bound (6.1) that the sequence

1 2
= ( G.,G. —\/GélGé) is bounded in L'(du dx dr). (7.18)

Because the sequence (ye ) is bounded in L}U (dz; L'(dx)), it follows from the
bound (7.17) that the second factor on the right-hand side of (7.12) is € times a
sequence that is at best bounded in Llloc (dr; LY (dx)).

We now bound the first factor on the right-hand side of (7.12). First, because

72 <2z + z%| for z = —1, and because g = 2y, + € y.2, we have the bound

ey’ < lgel.

Second, for every o > 0 Young’s inequality yields

o «f 4
algel = - [h (;) + h(e ge)] (7.19)

By combining the above bounds we obtain the rough bound

(lsay’) < = [<1S h( )> + (h(e ga)]. (7.20)

Hence, the first factor on the right-hand side of (7.12) times € is bounded in
L% (dr; L%(dx)).

Given the bound (7.17) on the second factor of the right-hand side of (7.12), the
rough bound (7 20) on the first factor is not enough to bound the right-hand side
of (7.12) in L! 1oc(dt; L'(dx)). This problem can be overcome by using a relative
entropy cutoff. Let 7 > 0. For every A > 0 define the sets

QF ={(x,1) e TP x [0, T1 : (h(ege)) < 27},

N 7.21
QF ={(x,) e T? x [0, T] : (h(ege)) > 1*}, v
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and introduce the decomposition
(lsay?) = 15, (15 ay?) + 12 (15 ay,). (7.22)

We use the rough bound (7.20) to bound the first term on the right-hand side of
(7.22) as

o a
Ig{lsar?) < [1§é<1s h(5)> + (e ga)} . (7.23)
The Chebychev inequality and the entropy bound (6.1) shows that

_ T T h(ege)) ercint
AR _ < ( 8e <
meas(Qe) /O /T g dvdr < /0 /T A S . (129)

By combining (7.23) with & = 1, (7.24), and the entropy bound (6.1) we see that

T 5 1 ~, T
/0 /TD lgzé(aye )dx dr 2 [meas(QE)(h (a))—i—/o /TD (h(e g€)>dx dtj|

in

A

T .
< @)+ e,

It follows that for every A the sequence

lfzé aysz is bounded in L}oc (ds; LY (Mdv dx)). (7.25)

We use (7.10), (7.11), and (7.12) to bound the second term on the right-hand side
of (7.22) as

1 1

lg:(1s ay2) < 1gs(D1s a1+ [0 (r2) + 1gs(1s ay2) {a (P ye?) . (7.26)

For every A < 1 we can use the rough bound (7.20) with « = 1/ and the
superquadratic property of 4* to bound the first two factors of the last term on
the right-hand side above as

1 A
lﬂé(ls ayf) < 192 2 [(ls h*(ha)) + Az] < 192\ 2 [(15 h*(a)) + l].
The last factor of the last term on the right-hand side of (7.26) satisfies the inequality
(7.17). We thereby obtain the bound

1
1:(Is ay?) < 1 (DIs a® (1 + [v[%)? (v2)

1

A2 1
gy - [(Ash*@) + 1]°

ettt & (- ) ).

(7.27)
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This implies that for every A that satisfies

A%ZE—?[(h*(a))+l] §% A<, (7.28)

we obtain the bound

lgifay?) < [2(Da (1 + [o[h) + 1] (1)
11 2\2
fe_2<<( GG, — /Gl Ge) >> . (7.29)
This bound shows that for every A that satisfies the bounds (7.28) the sequence
lg; ay? isbounded in L}, .(dr; L' (Mdv dx)). (7.30)

This result combined with (7.25) implies that assertion (7.8) of the Proposition
holds.

Now let n > 0 and let S € R” x TP x [0, T] be any measurable set such that
(1s) < n.Because h*(a/a) and a®(1 + |v|*) are in L?(Mdv), the Cauchy-Schwarz
inequality yields

<13’“*(§)>§<1s>5<h*(§)2>{ (15 Da>(1+[ol) < 1) (D%a* (140 ?)

Upon combining these inequalities, the bounds (7.22) (7.23), (7.27), (7.29), and
the fact that (1) < 5, for some positive constant C we obtain the bound

2, 4
(lsar?) < 15 0 %<h(§) > + 5 (e go) + nh (Dt of2)

cateftys L|(oue: - vaaa) | |

It follows from the bounds (7.24) and (6.1) that

< ’72 * a 2% in
. su[<))7 (lsay2)dxdr < rER A b +1|aC™T

1 . .
+ 3 (D24 (1+ M) T + 22 C[4CT + C'T7],

where the supremum is taken over all measurable S ¢ R” xT? x [0, T]. By
exploiting the arbitrariness of & and A one can deduce assertion (7.9) of the Prop-
osition from this inequality, thereby completing the proof. O
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7.2. Coercivity bound lemma

We now establish the coercivity bound (7.15).

Lemma 7.1. Let b satisfy the assumptions of Sect. 3. Let bs and Ls be defined by
(7.13) and (7.14) respectively. Then for sufficiently small § there exists €5 > 0 such
that L satisfies the coercivity bound

C5(a(PL3)?) < (3L58) forevery § € L2 (aMdv). (7.31)

Proof. We have
1 _ + 1 as _ 4
-L=T+K —-2K", —Ls=—-I+K; —2K], (7.32)
a a a

where the integral operators K~ and KT are defined by (3.12) and (3.13), while
the integral operators Ky and IC are defined for every /i € L2(aMdv) by

a

~ 1 -
/Cgh = —/ hibs(vy —v) Mdvy, (7.33)
RP

IC+h——// h + i )ba(w v] — v) do Mdvy, (7.34)
sD- IXRD
and the attenuation coefficient as(v) is defined by
%@):/‘Eﬂm—wOMﬂm. (7.35)
RD

One can show for every g, h € L*(aMdv) that

1

< Nyfag?)*ai?)?

fea e — )i = °52 g
ear = k)i = {252 2+ 1) <

1

< Nofag?)*(a?)?.

veRD]SL (7.36)

It follows that |~ — Ky || £ Ns and |KT — IC;’H < Njs, whereby (7.32) implies
||%£ — %ﬁaﬂ < 4N;. Whenever N5 < A—I‘K one can derive the coercivity bound
(7.31) for L5 with £5 = £ — 4N from the coercivity bound (3.33) for £. The result
will follow upon showing that Ns — 0 as § — 0.
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Let r(v; — v) = b(v; — v)/(1 + |v; — v|?). We then use the bound (3.15) to
obtain the pointwise bound

a(v) — as(v) _/ Srr—v) bi—v)
aw)  Jro 1+ 8r(w —v) a@ya(y !
s* i*
< (/ M alMldvl)A
re |1+ 6r(vy —v)
rP |a(v)a(vy)

1

< (/ 8§ r (v —v)alMldvl)s Cy. (7.37)
RD

By again using the bound (3.15), we see that

a(w)a(vy) by —v)
r(vy —v)aMdvy = a1 Mdv
/RD (v1 —v) aiMdv, /RD1_|_|1;1—v|2 a@a@p

(.
(L.
o,

It follows from (3.7) that right-hand side above is uniformly bounded. It then fol-
lows from the bound (7.37) and definition (7.36) that Ns — 0 as § — 0, thereby
completing the proof. O

away) |~
1+ v — v|2
b(v; — v)
a(v)a(vy)

A

1
a1M1dv1) '

N

alMldvl)

ap) |

1+ v —v]?

A

1
alMldvl)j Cyp.

7.3. Relative compactness proposition

The relative compactness of the sequence ge2 /n¢ for bounded velocities asserted
by (7.7) is established by the following proposition.

Proposition 7.3. Under the hypotheses of Theorem 5.1, for every R > 0 the
sequence

2
I{IU\ER} i—i is relatively compact in L}oc(dt; LY (Mdv dx)). (7.38)

Proof. Let R > 0. Let x be a C*®([0, 00)) cutoff function that satisfies 0 <
x(@s) S 1fors 20, x(s) = 1for0 < s < 1,and x(s) = 0 for s = 2. Let
h(z) = (1 +z)log(l + z) — z. For every A > % one can show that

2 2

‘ h(z), forevery zsuch that

1, = 1 1 =ye
1+§Z_h(§)t) 1+§Z_
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It then follows from the entropy bound (6.1) that for every A > % we have

2 2 2.2 2
/ g—e—g—e)(éi de/ 1002 45 ) dx
TP \ Re Ne AN = Jrp {%zk} Ne
A1
€ dx
_h(%)\,) 62 D< ( gé))
A1 )
= — H(Ge) = "
h(31) € h(31)
We therefore see that
g—ez—g—ezx(ﬁ) < ¢ as A — 00
ne  ne "\ Ane J|po@nLi(Mdvdyy)  108(4)

The relative compactness result will therefore follow if for every A > % we can
show that

2 2.2

€

1{‘U|<R}g—€ x( . Ee ) is relatively compact in Llloc(dt; L! (Mdvdx)). (7.39)
=" ne Ne

Because for every A > % we have

€ 9pl + v Vel = YL, (7.40)
where
5 = & . gl
€ ne ane )’

1 1+n 62 2 62 2 62 2
w2=6—2@(G€,G€>g€ [x( g€)+ 8¢ x’( g)] (7.41)

Ne  Ne Ane Ane Ane

the relative compactness (7.39) will follow from the L' velocity averaging theory
(see [16]) once we show that 1;,/<g¢% is equi-integrable in v and that ¥ is

bounded in L}, .(dr; L' (Mdv dx)).

Because a is bounded below by a positive constant over {|v| < R}, the fact that
1 (i< R}ysz is equi-integrable in v follows directly from Proposition 7.2. Because
(7.41) implies that ¢ is bounded by g2/n. while (7.2) implies that g2/ne is
bounded by yez, it thereby follows that 1 < R}¢é‘ is equi-integrable in v.

To show that the sequence tﬁf is bounded in L}OC (dr; LY(Mdv dx)), we use the
fact that

2 \
élGé_GelGe:( G/elG/e_\/ GEIGE) +2 (\/ G;lG/g_\/GGIGG) \/G61G€1
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and the fact that /G¢1 = | + € Y, to deduce that
1 2
ij = _2//SD—1XRD ( G/GIG’€ — w/Ge1Ge) bdw M dv, &X?
VGe
/ / M
//SD . (‘/GE]G \/GelG)bda) 1dv1\/_

- AT M
€2 //SD—IX]R[) ( GglGe M) yelbd(l) 1dvy \/E \/—Xe’
(7.42)

where x2 is defined by

X* _ 1+ n. . Ezgez . e2g€2 y e2g€2
€ Ne AN AN Ane '
To bound the three terms on the right-hand side of (7.42) we use the fact that the
sequences

€ 8e v Ge X}L € 8¢
ne = Jme "7 Jne
where the last bound above follows because Xek is supported within the set where

2ge2 /ne < 2A. We also use the fact that, by Proposition 7.2 and bound (7.2), the
sequences

Xe are bound in L°°(Mdv dx dr),

2
a g—e, ay? areboundin L},
Ne

(dt; LY (Mdv dx)).
Finally, we use the fact (7.18) that the sequence
1
— ( G.,G. - \/GHGE) is bound in L?(dp dx dr).

The first term on the right-hand side of (7.42) is bounded in L 110 (dt; L'(Mdvdx))
by the above bounds on (,/G.,G. — /Ge1Ge), € ge/ne, and x’. The second
term on the right-hand side of (7.42) is bounded in L} (dt; L'(Mdv dx)) by the
above bounds on ( G/EIG’G — «/GelGe), agez/ne, VGe/Jne, and X?- The third
term on the right-hand side of (7.42) is bounded in L} (dt; L'(Mdv dx)) by the
above bounds on (,/G.,G. — /Ge1Ge), ay>, /Ge//ne, and (€ ge//me) x2.
Therefore, for every A > 0 the sequence W? is bounded in L 110 (dt; LY(Mdv dx)),
thereby completing the proof. O

Remark. The fact that the L velocity averaging theory of [16] applies to the torus
TP was pointed out in section 7 of that paper. This is the setting in which we apply
it above.
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8. Removal of the conservation defects

8.1. Conservation defect theorem

The conservation defects have the form

1(<§F’(G) ))_1§ 2 1

e € eCIe—E Nez N. ge|)

where ¢ € span{l,v,,...,v,, |v|2} and N = 1 + e2g€2. In order to establish
momentum and energy conservation laws from the scaled Boltzmann equation we

must show that these defects vanish as € — 0. This is done with the following
proposition.

Proposition 8.1. Let b be a collision kernel that satisfies the assumptions of Sect. 3.
Let G. = 0 be a family of functions in C ([0, 00); w-L'(Mdv dx)) that satisfies the
entropy bound (6.1). Let g and q. be given by (5.1) and (6.3). Let Nc = 1 + ezgez.
Assume that the family g. satisfies

2
\/]GV_ is relatively compact in w-Llloc(dl; w-L'(aMdv dx)). 8.1)
€
Then forn =1 and n = 2 and for every ¢ € span{l,v,, ..., v,, |v|2} one has
e 9N Lo imwl! (@rnwLdo)ase — 0 (8.2)
c I Ng’ inw-L,;,.(dt; w- X)) ase . .

Proof. The case n = 1 is treated first. The proof simply exploits the collisional
symmetries (2.14) and the fact ¢ is a collision invariant to decompose the defect
into three parts, each of which is dominated by a function that is then shown to
vanish as € — 0. The case n = 2 proceeds similarly, with each part being dom-
inated by the same function that dominates the corresponding part for the n = 1
case. The estimates on these dominating functions are obtained from the entropy
inequality (6.1) through the bound on the dissipation rate and from the compactness
hypothesis (8.1). For the case n = 1, begin with the elementary decomposition

<<§ ;—i>>:<<§ G;f%»*«; N:IlEN€>>' 83)

Because ¢ is a collision invariant, the collisional symmetries (2.14) can be used to
rewrite the second term on the right-hand side of (8.3) as

e N1l oy 9 Vo1 g gy NelNe = Nale N g
NaN| ™ 2 YV NaN 2 VIUNNINaN, T

‘We now observe that
N[N/ = NeiNe = €*(g7 + 81> — 84 — 82) + €* (sl18* — 85182)
= €e*((gl; + g% — (ge1 + 80)%)
2 4 2 2
—26%(gl180 — ge186) + €' (eiel” — g5180)
= 63QE (g;l + gé + ge1 + ge) - Ez(gélgé - ge]ge) Je, (8.5)
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where J, is given by

Je=24¢€(g\ +8 + 81+ 8g)—€X(gl 18, + ge180). (8.6)

Upon placing (8.5) into (8.4), using collisional symmetries and the fact ¢ is a
collision invariant, and placing the result into (8.3), we obtain the decomposition

1 ge Egezlck 62(86] +ge)q€2 , egélgé qe
€\ Ne Ne1Ne N/ N/Ne¢1 N N N/Ne¢1 N
This decomposition is derived in the same spirit as was decomposition (9.12) in
[12]. The difference in the two arises because the role played by N = 1 + ezge2
here was played by ne =1 + %e ge there.
We now dominate the integrands of the three terms on the right-hand side
of (8.7). Because for every ¢ € span{l,v,,...,v,, |v|?} there exists a constant

C < oo such that |¢| £ Co where o (v) = 1 + |v|?, the integrand of the first term
is dominated by

5 € 8521|CI6| ‘
Ne1Ne

(8.8)
Because

€lger 8l 5

N/ N!NaNe

the integrand of the second term is dominated by

2
€q;

O —.
N/ N/Nei N

8.9)

Finally, because
| Je|

———=38,
N/ N/Nei Ne

the integrand of the third term is dominated by

/ /

. (8.10)
N/ N/NN.

Hence, the result (8.2) for the case n = 1 will follow once we establish that the
terms (8.8), (8.9), and (8.10) vanish as € — 0.
The term (8.9) can be treated easily. Lemma 9.3 of [12] implies that

2
€q;

P O(e|log(e)]) in L}, (dr; L'(dpdx)) ase — 0.
el’teltellte
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By the elementary inequality n/eln’ene]ne <2, /Ne/1 N/N¢1 N, the above estimate
implies that

2
o—=9¢  _ 0(e|log(e)l) in L (dr; L' (dpdx)) as e — 0.

/N!|N/Nei Ne

The terms (8.8) and (8.10) require much more work. Lemmas 8.2 and 8.3 respec-
tively will yield the limits

o € gezlck
Ne1Ne
o €818 qe

[N/ N/NeiNe

These lemmas are stated and proved in the next subsection, thereby establishing
the result (8.2) for the case n = 1.
The case n = 2 follows similarly. Begin with the elementary decomposition

<< 1?/_;>>=<<§ % (1 * Nlel)>>+<<§ N§11€N62>>' (8.13)

Because ¢ is a collision invariant, the collisional symmetries (2.14) can be used to
rewrite the second term on the right-hand side of (8.13) as

ge qe
<<; Nz N€2>>= %<<(c +¢1) Nz N2>>

_ e s gy NaNE = NaNe NONL + NaNe
4 NélNéNelNe NélNéNelNé A

— 0 in L},.(dr; L'(dudx)) as € — 0, (8.11)

— 0 in L},.(df; L'(dudx)) ase — 0,  (8.12)

Upon placing (8.5) into the above, using collisional symmetries and the fact ¢ is a
collision invariant, and placing the result into (8.13), we obtain the decomposition

l<< ‘1_€>>:<<§6831qe(1+L)>>+<<§ 62(g61+g€)q3( Lo )>>
€ st N¢i N Nei Né’lNéNelNe Ne/lNe/ N¢i Ne
€ / / 1 l
—<<4“/ /g“/geqe fe( o T )>> (8.14)
N N{Ne1Ne NN,  NeiNe

where J¢ is given by (8.6). Because the factors in parentheses above are each
bounded by 2, by arguing as was done for the case n = 1, the result for the case
n = 2 will also follow upon establishing (8.11) and (8.12). The proof of Proposi-
tion 8.1 will therefore be complete upon proving Lemmas 8.2 and 8.3. O
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8.2. Conservation defect lemmas

The proofs of Lemmas 8.2 and 8.3 use the compactness hypothesis (8.1) of
Proposition 8.1 through the following lemma.

Lemma 8.1. Let b, g¢, and N, be as in Proposition 8.1. Let s* € [1, 00) be given
by % + Si* = 1 where s € (1, o0] is from the assumed bound (3.15) on b. Then for

every w € LS (aMdv) one has that

w(vy) g2

VNe

Proof. By hypothesis (8.1) we can pass to a subsequence such that

is relatively compact in w-Llloc(dt; w-L' (dp dx)). (8.15)

g2

VNe

It is then straightforward to show that the corresponding subsequence

is convergent in w-Llloc(dt; w-L! (aMdv dx)).

w(vy) g2

VNe

Indeed, one simply uses the fact that for every Y € L (df; L*°(du dx))

loc

2 2
wi 8¢ 8¢
Y dudx = y aMdv,
///SD‘IXRDXRD ~/ Ne RD "~ A/Ne¢

00
loc

is convergent in w—Llloc(dt; w-Ll(d,u dx)).

where y € L9 (dt; L (aMdv dx)) is given almost everywhere by

1
a(v)

y(, x,1) = // Y(w, v, v, x, 1) w(vy) b(w, vi — v) dw Mdv;.
SD-14RD

The L°° bound on y follows because for almost every (v, x, t) one sees from the
Holder inequality and from the bound (3.15) on b that

b(v — v)
- OSSN
ly(v, x, )| £ ”YHOO/RD w(vy) a(vy)a(v)

<Yl (/R |w(v1)|3*a(v1>M1dv1)

(L

S 1Y oo ||w

a(vl) Mldvl

*"—‘

s

b(v; — v) B
a(vpa(v)

L5 (aMdv)

s
a(vl)Mldvl)

Cp.

The compactness assertion (8.15) then follows. O
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The proofs of Lemmas 8.2 and 8.3 also crucially use the fact that the entropy
inequality (6.1) implies that the dissipation rate R satisfies the bound

1 [ 4
—4/ R(Go)dr = C'.
€ Jo

More specifically, following [3], these proofs use the definitions of R and g, given
by (2.20) and (6.3) respectively, to re-express this bound as

1 [ 1 €2q. .
— - G Ge)dxdr £ C', 8.16
64/0 /]I'D<<4r(GelGe) <l €>> = ( )

where the function r is defined over z > —1 by r(z) = zlog(1 + z) and is strictly
convex.

The proofs of Lemmas 8.2 and 8.3 are each based on a delicate use of the
classical Young inequality satisfied by r and its Legendre dual, r*—namely, the
inequality

pz Sr*(p) +r(z), forevery p e Randz > —1.

Uponsetting p = €2y/a and z = €2|gc|/(G¢1G¢) above, and noticing that r (|z]) <
r(z) for every z > —1, for every positive o and y one obtains

o 62 o 62
ylLI€|<6_4r*(7y) GelGe+6_4r(G lqé )GelGe. (8.17)
e1Ue

This inequality is the starting point for the proofs of Lemmas 8.2 and 8.3. These
proofs also use the facts, recalled from [3], that r* is superquadratic in the sense

r*(p) < A2r*(p), forevery p > 0and 2 € [0, 1], (8.18)
and that »* has the exponential asymptotics r*(p) ~ exp(p) as p — oo.
Lemma 8.2. Let b, g¢, qc, and N, be as in Proposition 8.1. Then

2
€814
o el 1€

0 in L} (dt; L'(dpd 0.
N.iN. —>0 in L;,.( (dudx)) as e —

Proof. For the proof of this lemma we use inequality (8.17) with

_ o €8
YT 45t NaNe
where s* € [1, 00) is as in Lemma 8.1. We then use the superquadratic property
(8.18) with
3,2
€
_ 8 and p = i’
o Ne1Ne 4s*
where we note that A < 1 whenever € < «. This leads to
2 2,4 2
o €g€1|q6|<1 €8 *(0) o €°qc
— < - r'’\-—)GaGe+ — GaGe. (8.19
4s* NeytNe — a NANZ2  \ds* et Al GaG.) e (8.19)
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Because G¢1G¢ < 24/N¢| N, we can bound the first term on the right-hand side
above by

2€2g€21 gezl P (i)
o Ne1 /Neq 4s%) "

The first factor above is bounded by 2/« and tends to zero almost everywhere

as € — 0. Because r*(p) ~ exp(p) as p — oo one sees that r*(o/4s*) €

L*" (aMdv). Hence, we can thereby apply Lemma 8.1 with w = r*(o/4s*) to see

that the remaining factors satisfy

8 o
el x (—) is relatively compact in w-L}OC(dt; w-L' (dp dx)).
Nel 4s*

The first term on the right-hand side of (8.19) thereby converges to zero in L} (dt;

loc

L'(djudx)) as € — 0 by the Product Limit Theorem of [3]. On the other hand,
the dissipation bound (8.16) implies that the integral of the second term on the
right-hand side of (8.19) is bounded by 4a C'*. The Lemma therefore follows from
the arbitrariness of «. O

Lemma 8.3. Let b, g¢, qc, and N, be as in Proposition 8.1. Then
€ 8c18e qe

O" —_—
/N!,N/NeiNe

Proof. For the proof of this lemma we use inequality (8.17) with

—0 in L}, (dt; L'(dpdx)) as € — 0.

o’ €|gélgé|

y=— —
4% N/ NIN.iN.

where s* € [1, 00) is as in Lemma 8.1. We then use the superquadratic property
(8.18) with

/

g 8¢l and p=2

o [N/ NN Ne as7

where we note that A < 1 whenever € < «. This leads to

A=

o elgiigelladl 1 €gigl’ r*(a’) G
Aok = - elUe
4s* NélNéNelNE aNélNéNelNe 4s*
2
a €qe
+—=r Ge1Ge. 8.20
P (GelGe) clte (8.20)

Because G¢1Ge < 24/N¢1 Ne, we can bound the first term on the right-hand side

above by
202 &} (o
_r —
a N/ N/ 4%
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The first factor above is bounded by 2/« and tends to zero almost everywhere
as € — 0. We can again apply Lemma 8.1 with w = r*(o/4s*) to see that the
remaining factors satisfy

gt
VN
The first term on the right-hand side of (8.20) thereby converges to zero in L lloc(dt;
L'(dpdx)) ase — 0 by the Product Limit Theorem of [3]. On the other hand,
the dissipation bound (8.16) implies that the integral of the second term on the

right-hand side of (8.20) is bounded by 4o C*". The Lemma therefore follows from
the arbitrariness of . 0O

/
r* (40—*) is relatively compact in w-LllvC (dr; w-L! (dp dx)).
s

9. Bilinear estimates

Key tools in our work are the following two lemmas dedicated to controlling
terms that are quadratic in g.. The first lemma provides a direct L' bound on such
terms.

Lemma 9.1. Let the collision kernel b satisfy assumption (3.15) for some Cp < 00
and s € (1,00].Letp:2+ﬁ, so p =2 whens = 0.

Let 8 = E(w,v1,v) be in LP(dw) and let g and h be in L*(aMdv). Then
E g1 hisin L'(dp) and satisfies the L' bound

1

B A < C/NEIP) @ @) (@ i)E, ©.1)

where % + # = 1 and g| denotes g(vy).

Proof. The Holder inequality yields

RV E ((|E|”>>%(<|§1}~z|p*))#*. 9.2)

In order to bound the last factor on the left-hand side above, we first observe that
{|g1 A" ))=// |81 4|”" b(v) — v) Mdv; Mdv
RDxRD

= // K~ (v1,v) 12117 |h|P" ay Midvy aMdv
RDOxRP

= {a (K™1217") 1217"), 9.3)
where the integral operator L~ and its kernel K~ are given by (3.17).
Next, let r = % e (1,2) and % + rl* = 1. Observe that because % + % =

1+ rl* by (3.23) the operator X~ : L" (aMdv) — L"" (aMdv) is bounded with
I~ |l £ Cp. Use this fact after another application of the Holder inequality to find

(a (K117 ) 1R1P") = (a (K7 1217) 1R1F) < | K 1817

. 1 ~9 1
< Cplaghr (ah?)r.

~ 2
L™ (aMdv) ” |hl-

L (aMdv)
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When the above bound is combined with (9.3) we obtain the key bound

*
2

Y < Cpla g T (ah?)

(217 9.4)

The L' bound (9.1) then follows when the above inequality is applied to the last
factor on the left-hand side of (9.2). O

The next lemma provides w-L! compactness of certain terms quadratic in fluc-
tuations, provided those fluctuations satisfy a weaker compactness hypothesis.

Lemma 9.2. Let the collision kernel b satisfy assumption (3.15) for some Cp < 00

andse(1,oo].Letp=2+ﬁ,sop:thens:oo.

Let 2 = E(w, v1, v) bein LP(dp) andlet e = 3 (v, x, 1) andhe = he (v, x, 1)
be families that are bounded in LIZOC (dr; L*(aMdv dx)). If the family

(ag’f) is relatively compact in w—LllOC(dt; w-L' (dx)), 9.5)
then the family
E gel fze is relatively compact in w—Llloc(dt; w-L! (du dx)). (9.6)
Here g.1 denotes g.(v1, x, t).
Proof. To establish the w-L' compactness assertion (9.6) we must show that the

family E g¢; he is equi-integrable. Begin with the classical Young’s inequality,
which for every n > 0 yields

P R
gethe|” .

p*nP”
1
Now let « > 0 be arbitrary and set n = ( g3> ? /a above to obtain

|

IEIP (a g2y + — . 9.7)

paP ¢ p* (5,2)%
€

—_

Ol_p* |g€1]’~le

The last term on the right-hand side above is a bounded family in Llloc(dt;
L (dp dx)) because by the key bound (9.4) of Lemma 9.1 one has

{|8e1he p*)) P PPN
(g2)

&
52 2,1 L N D
= Cplage)™ (ahd)r §Ch[r—*<age)+;<ahe)} 9.8)

Because g, and fze are bounded families in leo (dz; Lz(a Mdv dx)), the last expres-
sion above is clearly bounded in LY (dr; LY(dx)).

loc
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Next, we integrate inequality (9.7) over an arbitrary measurable set Q C
SP-1x RP x RP x TP x [0, T] and use (9.8) to obtain

- i i
[ |2z anarar < —/// 17 (@ 82) dudx di

1 72
//11‘0 = ag?) ;(ahe) dx dz.

We now use this inequality to argue that the left-hand side above can be made
arbitrarily small uniformly in € by picking the measure of €2 sufficiently small. To
begin, because g and he are bounded families in L? Toc(dt; L?(aMdv dx)), the terms
on the second line above can be made arbitrarily small uniformly in € by a suitable
choice of «. Next, by hypothesis (9.5), (a gf) is equi-integrable with respect to
dx dr over TP x[0, T'] while, because E € L?(du), |E|? is integrable with respect
to du over SP~! x RP x RP, one thereby sees that |E|” (a §2) is equi-integrable
with respect to du dx dr over SP~! x RP x RP x TP x [0, T']. The first term on
the right-hand side above can therefore be made arbitrarily small uniformly in € by
picking the measure of €2 sufficiently small. We conclude that the family E g¢; he is
equi-integrable with respect to dj dx d, whereby the w-L! compactness assertion
(9.6) is established. O

10. Removal of the flux remainders

The flux remainders have the form
(& 7).

where é is an entry of either A or B and where T, is defined by

9e 1 ~/ ~/ ~ ~ ~/ o~/ ~ o~
Te = W - ;(851 + 8. — 81 — &) — (8,18, — 8e18¢).  (10.1)
In order to establish momentum and energy conservation laws from the scaled
Boltzmann equation we must show that these remainders vanish as € — 0. This is
done with the following proposition.

Proposition 10.1. Let b be a collision kernel that satisfies the assumptions of
Sect. 3. Lets € (1, oo] be asinthe assumed bound (3.15)onb. Let p = 2+1/(s—1),
so that p =2 when s = oo.

Let G¢ 2 0 be a family of functions in C ([0, 00); w-L Y(Mdv dx)) that satisfies
the entropy bound (6.1). Let g and g be given by (5.1) and (6.3). Let N, = 1+62g€2,
8¢ = g¢/Ne, and T be given by (10.1). Assume that the family g, satisfies

2
<a ]gv—e> is relatively compact in w-Llloc(dt; w-L'(dx)). (10.2)

€

Then for every E € LP(dp) one has that T, given by (10.1) satisfies
ET.—0 in Llloc(dt; LY(djdx)) ase — 0. (10.3)
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Proof. The key to the argument is to find a decomposition of 7, for which each
component can be bounded by one of the sequences

|ge18el YA |ge]
VNaNe \/NélNé \/Ne/lNE/NEIN€

times a bounded sequence that vanishes almost everywhere as € — 0. Assertion
(10.3) will then follow from the Product Limit Theorem of [3] upon showing that | E|
times each of the sequences in (10.4) is relatively compact in w—L}OC (dr; w-L! (dx)).
For the first two sequences in (10.4) this relative compactness follows from assertion
(9.6) of Lemma 9.2 and the compactness hypothesis (10.2). For the last sequence

in (10.4) this relative compactness follows directly from the fact that it is bounded

in L2(dp dx dr) by the elementary inequality nln.neine < 2. /N/ N/ N¢jNe and
the fact that Lemma 10.1 of [12] implies that the sequence

(10.4)

qe
/ /
N N NelNe

is bounded in L?(dp dx dr).

We begin by decomposing 7, given by (10.1) as

o i G/GIG/G_GGIGG 1 (gél 8e 8el ge)

e
€2 N/ N/NeiNe €

(8 8 _ et &
N/, N/ Ne Ne

=Tie —T], +Toe — Ty, + T3c — T4, (10.5)

where Ti¢, T, and T3, are defined by

1 +
Tléz—(gL_F&_—gel gg)7
Nel Ne NelNe

T _l gel+g€_ 8el + 8¢
* 7 e\NaN. N NINan.)’

( 8el8e 8el8e )
T3 = BEENTAENT, s
NeNe N/ N/NN.
and where T/

{.» Ty, and T5_ are defined by simply exchanging the roles of the
primed and unprimed quantities in the respective definitions of T, T», and T3.

It is easy to obtain the desired bounds for T, T]’ T3¢, and T3’ . For T we
have

M | =

€’

| = €1ge1 + el 18e18el _ |ge18e| €18e1 + gel
¢ NelNe \/NelNe \/NelNe

The last factor above is a sequence that is bounded by 2 and that vanishes almost
everywhere as € — 0. For T3, we have

|ge18el 1
|T3e| - €oe 1-— 7 B
NN, N/|N!
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The last factor above is a sequence that is bounded by 1 and that vanishes almost
everywhere as € — 0. The bounds for 7, and T, are obtained by simply exchang-
ing the roles of the primed and unprimed quantities in the respective bounds of 77,
and Tx,.

To treat 75, and T2’ . we need the further decompositions

€ (ge1 +80) (817 + gl* + €%(gl,8L)%)

T = =Ty — T Tee, (10.6
2e NélNéNelNe 4e 5¢ + Tee ( )
;€80 +80) (¢4 + 82 +€*(ga180)?) T
2¢ — N’ N'N.iN. — Y4e 5S¢ 6e
e1tVelVellVe

where Ty, Ts¢, and Tg, are defined by

€ (ge1 + ge) (28L,80)
N/ N/Nei Ne

€ (ge1 + ge) (8/4 + gL)?
N! NN N,

€3(ge1 + 8e) (8/,81)°
N! NN N,

)

Tye = , Ts5e =

Toe =

)

and where T, , Ts , and T,  are defined by simply exchanging the roles of the
primed and unprimed quantities in the respective definitions of Ty, Ts., and Tg.

It is easy to obtain the desired bounds for 75, Ts’e, Tse, and T6’ .. For Ts. we
have

€181 + 8el128718c|  18018cl €2 1ge1 + gel

|T5€| = 7 B - / /
N/ N/NeiN. N/ N/ NaN.

The last factor above is a sequence that is bounded by 2 and that vanishes almost
everywhere as € — 0. For Tg. we have

T = lgz18¢] (Igélgél e|g51+ge|)
=
\/NélNS/ \/Ne/lNe/ NSINE

The factor in parenthesis above is a sequence that is bounded by 1 and that vanishes
almost everywhere as € — 0. The bounds for 7%, and T, are obtained by sim-
ply exchanging the roles of the primed and unprimed quantities in the respective
bounds of T5. and Tge.

The trick now is to not treat Ty, and T, separately. Rather, we use the decom-
position

€(ge1 +8) (8L +80) (8L + 8. — 8e1 — &&)
Ty — T — € € € € =T + Te. — T! )
4e 4e NélNéNelNe Te 8e 8¢

(10.7)
where 77, and T3, are defined by

€%(ge1 + 8¢) (811 + 8L) 8e18e
N/ N!N¢i N,

€2(ge1 + 8¢) (8L + 81) qe

T =
e N! NN N,

, Tge =

’
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and where Ty, is defined by simply exchanging the roles of the primed and unprimed
quantities in the definition of Tg,.

Finally, it is easy to obtain the desired bounds for 77, T3¢, and T8/ .- For T7c we
have

|| €*get + gellgl, + g
JNONINaNe [N NING N

|T7e| =

The last factor above is a sequence that is bounded by 4 and that vanishes almost
everywhere as € — 0. For T3, we have

|T8€| =

1ge18el (Elgel + gel €lg;, +gé|)
\/Nele

\/NelNe Ne/lNe/

The factor in parenthesis above is a sequence that is bounded by 2 and that vanishes
almost everywhere as € — 0. The bound for Tg_ is obtained by simply exchanging
the roles of the primed and unprimed quantities in the bound of Tg..

We therefore obtain from (10.5), (10.6), and (10.7) the decomposition

Te = Tie — Tl/e + T3E - T?,/e - TSe + Ts/e + Tée - Tée + T7e + TSe - Tg/ea

with the desired bounds on each component. This proves the Proposition. O

11. Quadratic limits

In order to establish our main result, Theorem 5.1, we need to pass to the limit
in certain of quadratic terms containing it ® i, and i, 6. Recall that we have the
weak limits

Zf : Z] in w-L2 (dr; w-L3(dx)) as € — 0. (11.1)
These limits have to be strengthened in order to pass to the limit in any quadratic term
containing either i, ® i or i, 0. We follow [29], which adapted to the kinetic set-
ting an idea introduced in [27] to pass to an incompressible Navier—Stokes—Fourier
limit from the compressible Navier—Stokes—Fourier system. The main result of this
section is the following.

Proposition 11.1. Under the hypotheses of Theorem 5.1, we have the limits

lime_o IV (ite @ ) =MVe- u@u) | . I a7y (D
lime—o Ve (6. i) V.. 0w in w-L},.(dt; D'(TP)), (11.2)

where T1 is the Leray projection onto divergence-free vector fields in L*>(dx; RP).
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Proof. We employ a mollifier over the periodic space variable. Recall that T =
RP/LP, where L? c RP is some D-dimensional lattice. Let j € C>®°(RP?) be
such that j = 0, fRDj(x) dx = 1, and j(x) = O for |x| > 1. We then define
J? € C(TP) by

. 1 x+1
JB(X)=6—DZJ( ; )

lelLP

In this section all convolutions are taken only in the x variable.
Define i’ = j® % iic and §° = j® % O. It will follow from Proposition 11.2 that
lims_oal =

lim 95 ] in Lluc(dt; Lz(dx)) uniformly in €. (11.3)
§—0

iie
fc

It will follow from Proposition 11.3 that for every § > 0

limeo NV, (@ @ @) = NV, - (b @ ud) ] . | D
e -L ; D(TY)), (114
lime o Ve (B @) = V- (6°ud) i w-Lipe(dt; DALY, - (114)
where u® = j® xu and 6% = j® % 0.
By first using the uniformity of the L2 limits in (11.3) to commute limits and
then using the limits (11.4), we obtain

lim MV (e ® dic) = lim lim M1V, (i@l ® @) = lim lim M1V, (i@ ® @)

= lim M1V,- (W ®u’) =TV, (w@u) in w-L}, (dr; D'(TP)),
and
lim V- (0c iic) = lim lim V- @ al) = lim lim V- (@2 a?)

=811n6vx- (0°u’) = V- (Ou) inw-L)]

loc

(dz; D'(TP)).

This proves assertion (11.2) and thereby establishes the proposition modulo the
proofs of Propositions 11.2 and 11.3, which are given in the subsequent subsec-
tions. O

11.1. Uniformity of mollification limits

Now define gé = j% % 3. and g® = j® x g. By basic properties of mollifiers we
know that for every & € L?(Mdv) one has the L? limits

lims ool 22 = (€3] 2 4. g2
lims ot g%) = (£ g) | " Fioc(drs LG (11.5)

The main result of this subsection is the following assertion that for certain & the
top limit above is uniform in €.
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Proposition 11.2. For every ¢ € span{l, v,, ..., v, |v|2} one has

(}in}) (€ &) = (¢ &) in L} (dt; L*(dx)) uniformly in €. (11.6)

Proof. We see from (6.2) and (6.4) that the sequences ¢ g. and ¢ I''(G¢) Q(Ge, Ge¢)
are relatively compact in w-L} (df; w-L'(Mdvdx)). An application of the

loc
L'-velocity averaging result of [13] to the renormalized Boltzmann equation (6.9)

then implies that for every T € (0, co) one has

lim // |(§ g )x —y, 1) — (¢ ge)(x, t)| dxdt =0 uniformly in €.
y=0.J.JTPx[0,T]

Because

// 10 8) — (¢ 3| dx dt
TDX[O‘T]

é/// (Cge)(x — v, 1) = (£ g)(x, )] jo(y) dydxdr,
TPxTPx[0,T]

it therefore follows that

Blir% (£8%) = (¢ &) in L. (dr; L'(dx)) uniformly in e. (11.7)
0

This is the L' analog of assertion (11.6).
In order to replace L' by L?in (11.7) we now use the fact that (a gﬁ) isrelatively
compact in w-L! (dt; w-L'(dx)) to establish the fact that

loc
(¢ g§>2 is relatively compact in w—Llloc(dt; w-L! (dx)). (11.8)

Indeed, for almost every (x, ¢) one has the pointwise bound
(€ 8200 1) = // (€ 200D (£ 3) 2. 1) PP — y1) P — y2) dyr dya

TPxTP

< // 1 20200 073 — ) 72 (x — y2) dyr dys
TPxTP

+ / / 10 222 073 — ) 72 (x — y2) dyr dya
TPxTP
- 1 ) -
= %% ((£8))) (x, 1) < <; §2>J8 *(ag2)(x, 1.

Because the family (a §€2) is relatively compact in w—Llloc(dt; w-L'(dx)), if fol-
lows easily that the doubly indexed family j° x (a g3> is as well, whereby the above
inequality implies that (11.8) holds.

Assertion (11.6) follows from (11.7) and (11.8) upon applying the following

lemma to the doubly indexed family (¢ gf) — (¢ ge). O

The above proof of Proposition 11.2 required the following lemma.
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Lemma 11.1. Let ¢ be a family in L3, (dt; C*°(TP)) doubly indexed by € > 0
and § > 0 such that

(wf)z is relatively compact in w-L}oc(dt; w-L'(dx)), (11.9)
lim w8 =0 in L},.(dr; L' (dx)) uniformly in €. (11.10)
—
Then
lim Vv =0 in L3 (dr; L*(dx)) uniformly in . (11.11)

Proof. Let T € (0, 00). Because the family (Wf)2 is relatively compact in
w-L! (dt; w-L'(dx)) one has that

loc
1
5|2 2
M = sup |w€| dx dt < 00.
TP x[0,T]

For every A > 0 define
Q) ={(x,1) e TP x [0, T] : [y2(x, )| > }.

The Chebychev inequality then yields
M2
meas{Q2 (1)} < SER

Now let n > 0 be arbitrary. Because (wf)z is relatively compact in w—L}OC(dt;

w-L'(dx)), by the above inequality we may pick A large enough to insure that
512 n
|y2|"dxdr < = forevery € and 6.
() 2

The assumed uniform L'-limit (11.10) implies we may pick 8, > 0 small enough
to insure that § < §, implies

Ui
Yildxdr < — for every €.
//JI‘DX[O,T]‘ e’ 2X

The above two inequalities show that § < §, implies

// |1/f3|2dxdt§// |1/ff|2dxdt+)»// |3 | dx de
TP x[0,T] Q) TD x[0,T]

n n
< -4+ i1— =n forevery e.
_2+ o n very

Because n was arbitrary while 6, was independent of €, the assertion (11.11)
follows. O
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11.2. Mollified quadratic limits

The main result of this section is the following proposition, which is adapted
from [29] (also see [28,30]).

Proposition 11.3. For every § > 0 one has

lime—o V- (i1 @ i%) = Vy - (u® @ u?)

: B . (TP
limeo V- (022) =V (67 u) in w-Lioe (i DCTT). (11.12)

Proof. Introduce the new fluid variables

]

i
N o, Mo

= i’

€

=008 58, A =p 462, (11.13)

=5 _ pl~s
v, =IT"ug,

where IT is the Leray projection onto divergence-free vector-fields in L2 (dx; RP).
Here 0! and ﬁg are respectively the divergence-free and gradient components of ﬁg ,
while 66‘3 and ﬁf are the infinitesimal entropy and pressure fluctuations associated

with 2.
Because for every ¢ € span{l,v,,...,v,, |v|?} one has (¢ g) — (¢ g) in
w—LIZUC (dr; w-L*(dx)) as € — 0, it can be easily shown that for every s = 0 and

8 > 0 one has
ggy:£>=<¢g% in w-L7,.(dt; w-H* (dx)), (11.14)

where H*(dx) denotes the s’ Sobolev space. In particular, for every s > 0 and

& > 0 the families 11)2, f)g, 665, and frf satisfy

lime_o @} = u® lime022 =0, | . ’
. N ' . 5 ’ -L? (dr; w-H*(dx)), (11.15
lime—o 068 = D;—295’ lime—o 7758 =0, e IOC( v (dx), ( )

where u? = j® % u and #° = j% % 6. Because i and 53 decompose as
=+ 0, 2P0 =50 + 72, (11.16)

the quadratic terms &1 ® #® and 6278 decompose as

el =0l +ileil+ilewl +i e,
DR g3l = 50wl + 6200 + mlwd + 7260 (11.17)

We will consider the limit of each term on the right-hand sides above as € — 0.
It follows from (6.11) that w?, 92, 52, and 79 satisfy the approximate conser-
vation laws

~ 1 ~
dwd =17, 8,0 + -7l =12,
€

0,60 = R?

. 1 - ~
S a,n3+g%vx-n§=13 (11.18)
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where I°, J®, and K % are defined by

€’ Ve

~ 1

2= (I5RPTUG 4] = F- (B &o).
~ 1

P= i (TGO g - Vi (4 ga),

€

<~
Il

1
RE == (IGIP = 2 TG ) — Vi (BEa).  (1119)

Because J¢ J and K 5 are relatively compact in w- Lloc(dt; w-H’(dx)), it follows
from the first column of (11.18) that the families @’ and & are equicontinuous
in C([0, 00); w-L?(dx)). Because these e-families are also bounded in L2(dx) at
every r = 0, the Arzela—Ascoli Theorem implies that they are relatively compact
in C([0, 00); w-L%(dx)). Because (11.15) holds for s = 0, it follows that

lim %% = u’, 1lim &) = 226°, in C([0, 00); w-L*(dx)). (11.20)

e—0 e—0

Because for every s > 0 one has the continuous embedding
w- Lloc(dt w-H*(dx)) N C([0, c0); w- -L? (dx)) — ngc(dt; Lz(dx)),

the limits (11.15) for s > 0 and (11.20) imply that the families wﬁ and &3 satisfy
the strong limits
elii%wﬁ =u’, 6113655 =D28% in L} (dt; LA (dx)).  (11.21)

When this result is combined with the weak limits for the families 3° and 770 found
in (11.15), we obtain

lime o0 ® 0d = u® @ u®,

lime_o ¢ ® 30 = limeod @ We =0, | .

lim. o 55 B = Dgys in LL_dr: L'@dn).  (11.22)

lime_,0 0, v‘s

¢ =limeoal wd =0,

These limits treat all but the last term on the right-hand side of each decomposition
in (11.17).

It follows from the second column of (11.18) that the families 3¢ and 72 satisfy
the

VX‘(52®5§)=%VX|5S| D+2V( ) — € 3y 0 (7 02) + € o
x (@ T+HI2 4+ 92 1Y),
Vi (70 B) = _Eat( |v5| + 2022( J) ) +e (U T2 + D?—2~£I€8)
(11.23)
Because the e-families f)f and ﬁf are bounded in L (ds; L(dx)) N C([0, 00);

H?(dx)), while the e-families 7 and J¢ are bounded in L}, (dz; L?(dx)), and
because 1V, = 0, it follows from the above relations that

lime_,o TTVy- (22 ® 98) =0

i 1 . (D
lime 0 V- (JT(S v‘s) = ()] in w-L;,.(de; D(TY)). (11.24)
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These limits treat the last term on the right-hand side of each decomposition
in (11.17). Assertion (11.12) of the proposition follows by using decomposition
(11.17) along with the limits in (11.22) and (11.24). O
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