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Abstract

Motivated by [P. Constantin, N. Masmoudi, Global well-posedness for a Smoluchowski equation coupled with Navier—Stokes equations in 2D,
Comm. Math. Phys. 278 (2008) 179-191; F. Lin, Ping Zhang, Zhifei Zhang, On the global existence of smooth solution to the 2-D FENE dumbbell
model, Comm. Math. Phys. 277 (2008) 531-553], we prove the global existence of smooth solutions to a coupled microscopic—macroscopic model
for polymeric fluid in 2D under the co-rotational assumption. Furthermore, we provide an estimate on the time growth of these solutions. Our
method is general and can be applied to the co-rotational FENE model and to the rod-like model without the co-rotational assumption.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we study the global smooth solutions for a coupled microscopic—macroscopic model for polymeric fluid in 2D.
The micro-mechanical models for polymeric liquids often consist of beads joined by springs or rods [2,8]. In the simplest case, a
molecule configuration can be described by its end-to-end vector Q. Taking into account the elastic effect together with the thermo-
fluctuation, the distribution function (¢, x, Q) of molecule orientations Q satisfies a Fokker—Planck equation. The convection
velocity u satisfies the Navier—Stokes equations with an elastic stress which reflects the microscopic contribution of the polymer
molecules to the overall macroscopic flow fields. Mathematically, this system reads (one may check [12] for a formal energetic
variational derivation)

ur+u-Vu+Vp=»~Au+V-rt, xeRz,
V-u=0, xecR?% (1.1
Vi +u-Vy=Apy — Vo (S@)QY — VoUy), (x,0) € R? x R,

where S(u) and the polymer stress T are given by

Vu — Vu'
Su)y=——>—, =] VoUQ® Qvydo, (1.2)
2 R2
and U(Q) = U(|Q|?) is the potential.
Existence results for micro-macro models of polymeric fluids are usually limited to small time existence and uniqueness of
strong solutions [17] or global existence of weak solution [16] (see also [15] for the Oldroyd B model). In the setting when the last

* Corresponding author. Tel.: +1 212 529 3327; fax: +1 212 995 4121.
E-mail addresses: mamsoudi @cims.nyu.edu (N. Masmoudi), zp@amss.ac.cn (P. Zhang), zfzhang@math.pku.edu.cn (Z. Zhang).

0167-2789/$ - see front matter (©) 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.physd.2008.03.020


http://www.elsevier.com/locate/physd
mailto:mamsoudi@cims.nyu.edu
mailto:zp@amss.ac.cn
mailto:zfzhang@math.pku.edu.cn
http://dx.doi.org/10.1016/j.physd.2008.03.020

1664 N. Masmoudi et al. / Physica D 237 (2008) 1663-1675

equation of (1.1) is formulated as a stochastic PDE, we refer to [10] (see also [9] for a polynomial force). With regards to PDE
coupled systems, we refer the reader to the earlier work [18].

In the work [12] (see also [17]), the authors proved the global existence of smooth solutions to (1.1) near equilibrium, which
is a sort of an extension of a related result for the Oldroyd model [11], and which corresponds to the Hooke dumbbell model. In
two space dimensions, Constantin, Fefferman, Titi and Zarnescu [6] proved the global existence of smooth solutions to a coupled
nonlinear Fokker—Planck and Navier—Stokes system when the convection velocity « in the Fokker—Planck equation is replaced by
a sort of time averaged one. Later this assumption was removed by Constantin and Masmoudi [7]. At the same time, Lin, Zhang
and Zhang [13] independently proved the global regularity for the 2D co-rotational FENE model. The main ideas in [7,13] are
the so-called losing derivative estimate from [1,5]. In this paper, we treat the case where Q € R%. Our observation here is that an
adaptation of this method enables us to get not only the global existence of smooth solutions but also the time growth estimate for
thus obtained solution as in (1.12). We also point out that there is a new difficulty for the model (1.1) which lies in the fact that in
order to get regularities for the solutions of (1.1), we need to do momentum estimate for the distribution function v (¢, x, Q). One
of the main limitation of our result is the fact that we have to take the antisymmetric part of Vu which explains the terminology
co-rotational model. A more physical model would be the case where S(u) = Vu. However, we do not know how to get global
solutions in that case. Besides, our method of proving the time growth estimate also holds for the 2D co-rotational FENE model
and the 2D rod-like model. For the 2D rod-like model [7], there is no need for the co-rotational assumption since, we have an L™

bound on the extra stress tensor 7.

Let M dzefe_U. After renormalization, we will assume that fRz M dQ = 1. In what follows, we will seek the solution of (1.1)

with the form
v =M+~VMf. (1.3)

We assume that fRz ¥ (0, x, Q)dQ = 1; then formally from (1.1), there holds fRz ¥ (t,x, Q)dQ = 1, which together with (1.3)
yield

/ZVMfdQ=O. (1.4)
R
Plugging (1.3) into (1.1) and using the fact that S(u) Q - VoU = 0, we get the new system for (u, f):

uy+u-Vu+Vp=~Au+V-1, x€R2,
V-u=0, xeRz,

fz+u-Vf+VQ~(S(u)Qf)—(AQ—i—%— 'VQ4U|2>f=0, (x, 0) € R? x R, o
with the polymer stress T given by
r=/R2 VoU ® QVM fdQ, (1.6)
together with the initial conditions:
uli—o =uo(x).  fli—o= fox. Q). for(x,Q) e R® xR%. (1.7)

Before presenting the main result of this paper, we introduce some basic notations that will be used in the rest of the paper. We
shall denote R)% by RZ, and R2Q by D. Also as in [12], to avoid additional technicalities, we assume that

10| < C(1+ |VoUY)), AU < C+8|VoU* withs < 1,
/ IVoU?e7YdQ < C, / l0*e"Vdo < C, (1.8)
D D

and

u

2
IVo(QVoU)l = C(QIIVUI+ 1), /D\vg (eveue?)[ao=c

|VoU?
vEkla,U—
Q( 0 >

< C(+|VoUP), (1.9)

for all integers 0 < k < 2. More precisely, we only need k = 0 in (1.9) for Theorem 1.1, and 0 < k < 2 in (1.9) is required for
Theorem 1.2. In particular, these conditions hold for the Hooke model, namely the case U = |Q|?/2.
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For the convenience of the readers, let us recall some basic facts about the Littlewood—Paley theory — check [3] and [4] for

more details. Let BE (& € R?, [&] < 4} and CE(E € R?, 3 < |&] < ). Let x € C°(B) and ¢ € C2°(C) which satisfy

XE+Y 9Q7e) =1, £eR.

j=0

We denote h déf]—' ~ly and = F~x. Then the dyadic operators A j and S can be defined as follows
Ajf =¢Q@7/D)f =2% f h@/y) f(x = y)dy, for j =0,
R

S/ =x@7D)f = Y Af =2 [ F@Iye -y wd Af =S (110

—1<k<j-1 R

With the introduction of A; and S;, we can define the following space:

Definition 1.1. Let s € R, we define

C*R%: L*(D) = (f e SRZxD); | flls < o0},

(/ IAjflde>2
D

Now we state our main result as follows.

with

I flls = sup 2/*
j>-1

Ly

Theorem 1.1. Let 1 <s < 2. Letug € H'(R)NC*(R?), fo € H'(R%; L2(D)NC*~1(R%; L2(D)), and | Q| fo € L®(R%; L2(D)).
Then (1.5)—(1.7) has a unique global solution (u, f) such that for any T > 0, there hold

u € C([0, +00): H'(R*) N C*(R?)) N L2((0, T); H*(R?)),
f € C([0, +o0); H'(R*; L*(D)) N C°~1(R%; L*(D))),

(1.11)
1
|01 f € L%((0, 4+00) x R%; L*(D)), and (vQ + EVQU) f e L*((0,T); H (R* L*(D))).
Furthermore, there holds
lu@lles + 11 f @ lls—1 < Col + lluolles + Il folls—)PED, Vi < oo (1.12)

where Co only depends on |luo|I 7> + 1l foll7> + 101+ 10D fol ] e 2, 2

Remark 1.1. Compared with [7,13], the new ingredient in the above theorem is the time growth estimate (1.12), which is not
possible via a Lyapunov functional argument. Actually the method of the proof of (1.12) can be extended to the Rod-like model
(without the anti-symmetric assumption on S(u) in (1.1)) and co-rotational FENE model. But as there are already global well-
posedness results in [7,13], we chose to present the estimate (1.12) for the model (1.1).

With smoother initial data together with higher momentum integrability on fy, we can prove further regularity of the solutions
(u, f) obtained in Theorem 1.1. For a clear presentation, we will only give a proof of the following theorem

Theorem 1.2. Under the assumptions of Theorem 1.1, we assume further that uy € H2(R?), fo € H%(R?; L2(D)) and
|01 fo € H' (R*; L2(D)), /1 + |02V fo € L®(R?; L>(D)). Then for any T > 0, we have

u € Cioc ([0, +00); H*(R*) N L*((0, T); H(R?)),
[ € Cioe([0, +00); H*R* L2D))), 1+ 101>V f € L¥((0, T) x R* L*(D), (1.13)

and <VQ + %VQU) f e L*((0, T); H*(R*; L*(D))).

As can be seen from the proof of Theorem 1.2, we can also get higher regularity, namely for any integer s, s > 3, we have
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Theorem 1.3. Under the assumptions of Theorem 1.1, we assume further that uy € H°(R?), fo € H*(R%; L%*(D)) and
10| fo € H'(R*; L2(D)), 1+ |02V fo € L®(R?; L>(D)). Then for any T > 0, we have

u € Cioe([0, +00); H*(R*) N L*((0, T); H'(R%),
f € Cioc(10, +00); H' (R L* (D)), /1 +102Vof € L*((0, T) x R*; L*(D)), (1.14)
and (VQ + %VQU> f € L*((0, T); H*(R?*; L*(D))).

The proof of Theorem 1.3 will be left to the reader (see also Remark 2.1)
Let us end this section by some notations used in the sequel:

Notations: We will denote [a; b] the commutator between a and b, 3 the derivatives with respect to x variables, and

1

1 2
— i _ a2
o= ([ w0 arao)”. el = (fR 3 10l dde) ,

xD o] <s

and ||u|| gs the standard Sobolev norm of # when u depends only on the x variable. We shall use the convention (f, g) to denote
both the inner product on R?, fRz fgdx, and on R? x D, fszD fgdx dg. And we will denote C... a uniform positive constant
which depends on the listed variables, but may change from line to line.

2. Proof of Theorems 1.1 and 1.2
Let us first recall the following lemma from [12], which will be constantly used in the sequel.

Lemma 2.1. Let f satisfy fD fVMAQ =0, and U satisfy (1.8). Then

’

1
1Al +IVoUSfll2 + Vo fll2 = € H (VQf + §VQUf> .
L

1
IVoUQflly> < € H(l +1oP)? (ng + EVQUf>

L2
Now let us present the proof of Theorem 1.1.

Proof of Theorem 1.1. As the existence of solutions to (1.5)—(1.7) can be essentially proved from the a priori estimates, for
simplicity, we only present the a priori estimate for smooth enough solutions to (1.5)—(1.7).

Step 1. The estimate of ||u(¢)| g1 and | ;.
Standard energy estimate applied to the first equation of (1.5) gives

1 d 2 2 .
5 g 1l + IVully = ‘0;1 [~ (8% ul - Vu, 8%u) + (3%dive, 8%u)]
< CUIVullzellully + 1F 1 IVul go). (2.1)
where we used (1.6) and (1.9) such that

2 \?
dQ) lfli = Clfh.

u
el < (/D VoU ® 0e™%

Similarly, we apply 8% with |a| < 1 to the third equation of (1.5), and take L?(R? x D) inner product of the resulting equation with
3% f to get

1d 1 1
Eam% + [ngﬁ — HZ] 3 ((AQ U-— §|vQU|2) o, aaf)]

== [@"@-Vf).0%f)+ @ Vo - (S@)Qf). )] 2.2)

| <1

By integration by parts, we get

1
—5 (8o U £, 0 f) = (VoUO™ . Vi f).
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Thus the dissipation due to the Fokker—Planck kinetic dynamics is given by

2

1 1 1
Vofli=3 3 ((AQ U- §|VQU|2> 8" f, 8“f> - ‘va +35VoUf

lee|<1 1

Since divu = 0, we have

Y@@V, =Y @u-VEOUf) < | Vull £17.

le|=<1 o] <1

Then, we notice that divu = 0 implies that divy (S(u) Q) = 0. Hence, we get

D @Yo - (S@)Qf), 0% f) = — Y ((*Sw)Qf, 3“Vo f)

| <1 | <1

(/D IQflde)%

Therefore, for any § > 0, we get by summing (2.1) and 6 x (2.2)

=<

IVullg11Vo fli
LOC

d 1 2
3 (el + 8171 + 1 Vullgy) + 25 ‘va +5VoUf

1

N\
(f 1orrac)
D
Step 2. The estimate of || fD |Qf 12O 1o~.
Multiplying the f equation in (1.5) by f, we get by integrating the resulting equation over D that

< C(L+ IVullz=)(lull?, + 1 f1D) +8 IVull 11V .

LOO

2
dg = —/DVQ (S Qf)fdQ =0,

1 1 1
s [1rarag s v [irwrag+ [ vor+ 3vous
D D D

which together with the standard L? estimate of the transport equation gives

3 3
H(/ If(t,x, Q)Ide) (/ | folx, Q>|2dQ>
D D
o) 2
/ /2/ dexdt§2/2/|fo|2dex.
0 R JD R JD

Similar to (2.4), we have

, forp=2,00, and
Lp

=<
Lp

1
Vof +5VoUs

1 1
53’/ |Q|2If(t)|2dQ+§u-V/ 1011 f()1*dQ
D D

1 1
—/(AQ+§AQU—Z|VQU|2) f|Q|2fdQ=—/VQ-(S(M)Qf)IQI2fdQ~
D D

Moreover, we get by integration by parts

2

dQ

1
Vof + EVQUf

1 1 2 2 _ 2
—/})(AQ+5AQU—Z|VQU| )fIQI fdQ—/DIQI
-2 24 VoU - 2dQ.

/lel Q+/D oU - 01 17dQ

Using the fact that divg (S(u) Q) = 0 and S(u) is an antisymmetric matrix, we get

1
fDVQ'(S(u)Qf)IQIZfdQ E/DS(u)QVQIfIZIQIZdQ

—/DS(u)Q - QIfI*dQ =0.

So we get by summing up (2.4) and 1 x (2.6) that

1667

(2.3)

2.4)

(2.5)

(2.6)



1668 N. Masmoudi et al. / Physica D 237 (2008) 1663-1675

1 1 1 2
58,/1)(1 +lePIf®)1Fdo + i V/Du +n|QI2)|f(t)|2dQ+/D(1 +1101») |Vof + ;VeUf| do
= Zn/ | f12dQ — n/ VoU - Q| f*dQ. (2.7)
D D
On the other hand, thanks to (1.8) and Lemma 2.1, we have
1 2
/D<z _VoU- Q)IfIPdQ < cha 1 VU fIPdQ < ch ‘VQf +3VoUs| do
Therefore, by taking n sufficiently small, we deduce from (2.7) that
t 1 2
fD(l +n1QPIf(E, $(x), Q) dQ +f0 fDu + 010 (vQ + EVQU) f@t, &(x), Q)| dodr’
< /D(l + 10D folx, 0)PQ. 2.8)
where &, (x) is determined by
d
{aqﬁtw = u(t, &,(x)).
Qst(x)|t=0 =X.
Thanks to Lemma 2.1 and (2.8), we get by taking § small enough in (2.3) that
d 2 2 1 2 1 2 2 2
3 (el +8UF D + SIVullyy +8 Vo f + 5VoUf| = CA+ [ Vulle)(lullyy: + 1. (2.9)
1

Step 3. Here, we estimate (u, f) in C* x cs! by using some estimates in the spirit of the losing derivative estimate in [5]. Given
any 0 < Ty < T, let us first recall the following estimate of u from [13]: for any A > 0, there holds

1 —
M)S\’[TO,T](M) < Cllu(To)llcs + C (X + ”u”L?To T](L4)> M)SH[TO,T](M) + CM)SL,[}O,T](I)’ (2.10)

" f : .
where Mj ;1) S sup 2" PO A (@)L with
j>—11elTy.T]

dr”
L ’

/Du FIoP)IFaRdQ

t t
@A(t,t/)déf)»/ (1+ ||Vu(t/’)||Loo)dt//+A/
t t
def
By.(1) = $u(t, To).

On the other hand, thanks to (1.9), we have

2 (5= D)=B(1) (2.11)

(/Dm,-f(r,x, Q)Ide)z

This reduces the estimate of  to that of f. In order to do so, let us set f; LA i f. Then we get by applying A; to the f equation
in (1.5) that

s—1
Mi’[TO‘T](r) <C ~sup
Jj=—1,1€[Ty,T]

Lo

DpU  |VoUJ?
atf,-+u-Vf,-—(AQ+QT—%)fj=—[Aj(u-Vf)—u-Vf,-]—Aj[VQ-(S(u)Qf)].

Multiplying the above equation by f;, and integrating the resulting equation over D, we obtain

2
dg

1 1 1
53;/ |fj|2dQ+§u~V/ |f,'|2dQ+/ ‘Vij-I—EVQUfj
D D D
=—/D[Aj(qu)—u~Vf,-]fde—/DA,- [Vo - (St Q)] f;d0

e
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Set F;(t, x) déffD | fit, x, Q)|2dQ. Then the proof of (4.13) in [13] ensures

(/ | f] dQ)

1= CFi07 |23 14l
J'ZJ

1
IVl Y Fp@? |,

L>® lj'—Jj1<5

and the proof of (4.14) in [13] gives

(f |Q|2|f|2dQ>2
D L

Therefore, we obtain

11| <C

1
2 . . v
(/DIVijIZdQ) < [ Y2 Ajullie +277 Y22 | Aju o

J'Zi V'S

2
dg

1
at/ |fj|2dQ+M'V/ |fj|2dQ+2/ ‘Vij+—VQUf,~

(f | f] dQ)

Y 2 Apulipe +277 Y 22 Ajull o +e/ Vo fi12dO,

L=z 'S

1
+IVule Y Fp(n)?

L> lj'=Jjl=5

= CF0 |21 14 ull

J'2i

/ 0PI/ PdQ
D

which together with Lemma 2.1 gives

1
+IVulle D Fp)?

lj'=jl=5

1
Bz/DIfjldeJru'Vflejlde < R0} |2 Y 14jul

/>j

([ IfIZdQ)

Y 2 Al +270 Y 22 Apuf | L (212)

L= 1z VY

+C H[ 1017 f1*dQ
D

Set
1

‘/lejl Loo>2-

Using that 1 < s < 2 and using the standard L? estimate for the transport equations, we get after multiplying (2.12) with
92j(s—=D=2P1(1) that

1 .
MiS[TO) () = ( sup 92j(s=1)=29,(1)
j>—1,t€[Ty,T]

t
M ) 1 (OF < sup 227D Fj(To)ll e + CIMY 7 1 @)] sup / 2”“’“” / A+10PIf @) dr’
j=-1 telTy,T1J Ty D L>®
FCIME ) (D sup f 220001 4 [ Vulr') | e)dr
te[Ty,T]
< IfF Tl + = ([M“[TO n(OP + M 70 @)1,
from which, we deduce for A sufficiently large that
D 2 C s 2
[M (f)] = C”f(TO)”s 1+ [MA,[TO,T](“)] . (2.13)
Plugging (2.13) in (2.11) and using (2.10), we get
s— 1 c s
M}, 1(0) = CIS o) oot + = gy @), and
M5 17,7100 = CQCT)lles + 17 @) llsmt) + Cllull g, M5 7, 770 (2.14)

Step 4. The closed estimates of [|u(¢) || g1, | £ (D1, lu(@®)|lcs and || f(#) ||ls—1-
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First, thanks to (2.9), we get by applying Gronwall inequality that

1 t t 1 2
lu@)113,, +5|f(z)|%+§/0 ||vu(,/)”§{1dﬂ+5/0 <VQ+EVQU> | ar
1
t
< (ol + 81 fol}) exp <C /O 1+ ||Vu<t’>||Loo>dr’). 2.15)
On the other hand, taking 7Ty = 0 in (2.14), we find for A > 1
M; (u)(T) < CBy + ClluIIL?O_T](U)Mi(M)(T), (2.16)

where M; (u)(T) = M5 1o (), and Bo lugllcs + |l folls—1. Next using (1.6), (1.9) and (2.5) and applying Lemma 2.1, we get
that

*© 2 2
f T2, df < 11 foll2.
0

This bound, together with the proof of Theorem 3.1 of [14] imply that u € C([0, T']; L2 (R*)NL2([0, T1; H' (R?)) forany T < oo.
Moreover, there holds

t t
a3 + /O IVu@)I72dt" < lluoll7 + /0 IT@)II72de" < Cllluoll72 + 11 foll72). (2.17)

from which and the standard interpolation inequality we get

1 1
u < C|llu|? Vu|? .
[ ||L?0,T](L4)_ l ”L[OS),T](Lz)” ||L%0’T](L2)

Hence, we deduce that there exists a small number § which only depends on (””0”i2 + || fo||i2) such that if T < §, then
|lu ”L?o,n(“) < % Hence, using (2.16) we get that

M; (u)(T) < 2CBy. (2.18)
With (2.18), we get by repeating step 4 of [13] and using (2.13) that

sup [lu()llcs < C(T) and  sup || f(D)lls—1 < C(T)
1€[0,T] 1€[0,T]

for some constant C(7) which depends on By and ||(1 + |Q]) foll Loo(R2: L2(D))- Moreover, (2.15) ensures that (1.5)—(1.7) has a
unique solution (u, f) on [0, T] with

2
dr’
1

t t 1
w1110 + I FOIF +IFOI; + fo IVu(e')1%,de’ + fo '(VQ + EVQU> £

<C (T, luoll gines- 1ol Il folls—1. I/ 1 + |Q|2fo||Lio(L@> . and (2.19)
2 2
IVIHIQPf Dl ez < CINVT+IQP foll g2

Now let us denote T* the maximal time of existence of (u, f) such that (2.19) holds. Then if T* < oo, we have

lim |lu(®)|cs = oo. (2.20)
t—T*

2
dr < o0,
1

Otherwise, sup; o 7+ ll4(#)llcs < oo. Then thanks to (2.15), we have

T* 1
sup [u(®)[?,: + £ (O] +f [nwa)u%,l + ‘(vg + EVQU> f@
te[0,T*] 0
and (2.13) gives

Mo+ (f) < o0

Notice that from (2.8), we deduce that

B(T*) < CAT™ |:1 + sup Ju(@)lcs + HfD(l +10P) folx, Q) dQ

te[0,T*]

L°°i| ’
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therefore, we obtain

sup || f(D)lls—1 < oo,
1€[0,7%]

which contradicts the assumption that 7* is the maximal time of existence.
In what follows, we shall prove that

sup flu(@)fcs =C <T*, luoll riness I folls—1, Iy 1+ |Q|2f0||L30(L2Q)) ; (2.21)
)

1e[0,T*

which contradicts (2.20), and therefore 7* = co. The main idea of the proof of (2.21) follows the argument of step 4 of [13] (see
also [7]). The new observation here is that not only can we prove (2.21), but we also get a time growth estimate for ||u(¢)||cs and
Il f(®)]ls—1 for t large enough. For completeness, we are going to present the details here.

Let T < T* with T* — T <« 1. Then thanks to (2.17) and the proof of Theorem 3.3 of [5] (namely, Lemma 3.5 of [5]),
we conclude that for any ¢ > 0, there exists 9 > 0 which only depends on C( ||uo||i2 + || f0||i2) such that for 7o < T and
0 < T — Ty < do, there holds

def i
IVullzy, oo = i YNAjull L gry 11,100 R) < € (2.22)

On the other hand, we can always take §o < & and hence, thanks to (2.13) and (2.14), a proof similar to the proof of (2.18)
ensures that

—1
M 70 @) + MY )7, (F) < CB(Tp),

def
where B(1) S u(®)llcs + 1f () lls-1-
Therefore, we get by using (2.8) that

t
B(t) < CoB(Tp) exp (Cof 1+ IIVM(I’)IILw)dt’> , fort e [Ty, T],
To

where Cqy depends on ||u()||i2 + ||f0||%2, 11+ |Q|)f0”i°°(R2;L2(D)) and may change from one line to an other. It follows that

t
log(e + B(t)) < Co + log(e + B(Tp)) + Co/ 1+ |[Vu()||g=)dt’, fort e [Ty, T, (2.23)
Ty

Next, we will assume that 8p/2 < T — Ty < &9 which allows us to replace the first Cy of the right hand side by Co(T — Tp).
Using Littlewood—Paley theory, for any integer N, which will be determined later on, we can decompose u into three parts: low
frequency part, middle frequency part, and high frequency part:

N
u=A_1u —i—ZAju + Z Aju,
=0 =N

which implies
N

IVulloo < Cllullg2 + Y 1A Vulo + €27V Vufies,  fors > 1,
Jj=0

from which, we deduce that

t

IV ledt’ < Clully, o+ N+ DIValg, o
0

+C(T —T0)27 VS Dlull e sy, forTy<t<T. (2.24)

[To-1]
Now we choose N such that 1 < 2~Ne—=1 ||u||L<[>; 4(C) <2 ie.
0>
log(e + ||M||L[°;0v”(cx))

(s —1)log?2
Then, we get by substituting (2.24) into (2.23) that

~

log(e + [EIIHT%,XT] B(t)) < log(e + B(Tp)) + CO”u“LETO.T](LZ) + Co(T — Tp) + COHV’/‘”ZETO.T](CO) log(e + tGI[nTgf&T] B(1)).
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Thus, if we choose ¢ small enough, we get by using (2.17) and (2.22) that
log(e + hax B(1)) =< 2log(e + B(To)) + Co(1 + lluolz2 + Il foll .2)(T — To)
0,

< 2log(e + B(Tp)) + Co(T — To) (2.25)
for 80/2 < T — Ty < 8p. This implies that
log(e + B(1)) < 2*/%(log(e + B(0)) + Cy),
for any ¢t < oo. This proves (1.12) and the proof of Theorem 1.1 is ended. W
Now let us turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. As the regularity of the solution («, f) constructed in Theorem 1.1 can essentially be obtained by estimates,
here we only present the a priori estimates for smooth enough solutions of (1.5)-(1.7).

Step 1. The estimate of [/1 + |Q2f(1)];.
We first get by a similar proof of (2.2) that

55|Qf|2 l;/ (( Ag+ = AQU——|VQU|2) 3 £, 10 8°‘f)dQ

== 2 [@" G- V10 ) + @Yo - (S Qf). 10 f)].

| <1

It is easy to observe that

D@V, 10PN < Vull= | Qf 1},

la|=<1

and as S(u)Q - Q = 0, we get by integration by parts and using (1.8) that
D 1%V - (SO, 1QP* Hl = D I(@*S@)Q - Vo f, |QI70% )

<1 jal=1
2
IVull g 1917 f11

(/ |QVQf|2dQ)2
D Lo

< CIQVo Il IVullm (1 +1QVoUD 11
Therefore, thanks to Lemma 2.1, (2.4) and (2.7), we obtain

1 2
1+1012f17 + ‘\/1 +10/? <va+ EVQUf> 1

< CUVullL= T +I1QP I+ 19V f Iz I Vullyo)- (2.26)

IA

This reduces the estimate of |/1 + |Q|? f|1 to that of ||\/1 + |Q|2VQf”L°°(L2Q)- In order to do so, we first apply Vg to the third
equation of (1.5) and integrate the resulting equation over D to get

1 1
—a,/ |va|2dQ+—u-Vf |vgf|2dQ+/vQ<S(u>Q-va)-vadQ
2 Jp 2 D D

1 1
- / [VQ <AQ +5 80U - Z|VQU|2> f] Vo fdQ =0.
D
Similar to (2.6), we can get by integration by parts

vaQ<S(u>Q Vo f)-VofdQ =0,

and

1 1
—/ [VQ <AQ +5 80U - Z|VQU|2) f] Vo fdO
D

2
=/ dQ—i—%/ [AQ (AQU— %lVQUlzﬂ |fPdQ.
D D

1
<VQ + 5VQU> Vof
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Therefore, we obtain
2

do

a,/ |va|2dQ+u-v/ |va|2dQ+2/ ‘(VQ+1VQU> Vof
D D D 2

_ ! Yo ovel e
= Z/D[AQ<AQU 51VoUl )]m dQ

< c/a VU P)IfI2dQ, 227)
D

where in the last step we used the assumption (1.9) on U.
On the other hand, we get by a similar proof of (2.27) that

2
do

1
o [ 1021V0 a0 +u- [ 101905 Pa0 +2 [ 107 (Vo + 3900 ) Vos

<c fDa + VU NIV /1240 + C /Da + IVoUPIOPIf Q. (2.28)
So, for any n > 0, we get by summing up (2.4), nx (2.27) and nzx (2.28) that

a,/D[|f|2+n(1+n|Q|2>|va|2]dQ+u-v/D[|f|2+n<1+n|Q|2>|va|2]dQ

2
+2/ U(vg + %VQU) f }dQ
D

< C[n/l)(1+IVQU|2)|f|2dQ+n2 (/D(1+|VQU-Q|)|va|2dQ+c/D(1+|VQU|2|Q|2)|f|2dQ)]. (2.29)

2
+n(1+nlQ1%

1
(VQ + EVQU) Vof

Thanks to Lemma 2.1, we get by taking 1 small enough in (2.29) that

BZ/D[IfIZJrn(l+n|Q|2)IVQfI2]dQ+u~V/D[|flz+n(1+77IQ|2)|VQf|2]dQ

1 2 2
+/DU(VQ+§VQU>f ]dQ

+ (1 + 1|0
§C/(1+|Q|2)
D

1
(VQ + EVQU> Vof

2
do,

<VQ + %VQU) f

from which and (2.8), we deduce

fD[|f|2+n<1+n|Q|2>|va|2]dQ < /D[Ifo|2+n(1+77IQI2)IVQfoI2]dQ

L()O

t
+c/0 fD(l F1OP) Vo (t, B (x), Q)2 dQdr’

< cnfD[(l+|Q|2)|fo|2+n<1+n|Q|2>|vao|2]dQ||Loo, (2.30)

which together Theorem 1.1 and (2.26) implies that

t 1 ,
|mf(r>|%+/o Ji+iop (va+§vQUf> )

where C(t) < oo for any fixed t < oo.

Step 2. The estimate of | f (7)]2.
We first get by a similar proof of (2.1) and (2.2) that

2
dt’ < C(t), forVt < oo, (2.31)

1

1d
5 3 1l + IVl < CAVulle gy + 1121 Vul g2), (2.32)

and
2

1d 1
S 11+ vaazf +5VURS| == [@ -V ).02 ) + @V (SWQf). 02 f)]. (2.33)

L2
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As divu = 0, we get by applying Lemma 3.1 of [13] that

(0% - V), 32 ) = [([8% ulV £, 3*f)]
< CUVullL=1f 12 + 1 gz IVl g2)If 2.

Note that Vg - (S(u) Q) = 0, we have

@*(Sw)QVo f), 32 f) = (3*S(u) Qf. Vd* f) + (3S(u) Qdf, Voo f),
Observe that W11 (R?) < L2(R?), we obtain

3 1 1
||Q3f||L4(L2Q) <C (/ / |Q3fQ32f|dex> < C|Ofl; ||Q32f||22,
x R2 RZ

from which, we deduce that

108 (w)Qofll2 < ||3S(M)||L4||Q3f||L§(L2Q) < C(||VM||L°0|Qf|1)%(||VM||H2||Q32f||L2)%,
and

|(32(S(M)QVQf), 3’ f) < C(f)(||Qf||L§>o(L2Q)||VM||H2 + (||VM||H2||Q32f||L2)%)||VQ32f||L2,

where we used Theorem 1.1 and (2.31). Therefore, we obtain

d
G 107 fl72 +2 < CcO(f13+ IVull) + (100 FlI7, + IV0d* £117.).

2
L2

‘(vQ + %VQU> P f@)

Lemma 2.1 applied gives

2
> < CeOUfB+ 1Vull?) (2.34)
L2

d 3 1
ananniz +3 ” (VQ + —vQU> P f(t)

by taking ¢ small enough.
Now let us fix any T < oo and § > O such that § x C.(T) < % Then we get by summing up (2.32) and § x (2.34) that

< CeO(lull? + 81 £13).

d 2 2 £2 2 1 2
g el + 3007 12) + IVullyye 6 1{ Vo + 5VoU | 9°f ,
L

for t+ < T. Gronwall inequality applied gives

2
L2

te[0,T]

T 1
sup (lu()[132 +8119° £ (D7) + /0 IVu@Il,, + 8 H (VQ+§VQU) P f () } dt < C(T).

Due to the arbitrariness of 7', this completes the proof of Theorem 1.2. B

Remark 2.1. In this remark, we explain how we can use the same argument to prove Theorem 1.3 when s > 3. The only difficulty
is to control (0°(S(u)QVp f), d° f). We have to use Leibniz formula to compute the first terms. If the s derivatives hit on f,
then the term cancel as above. The term (8°~!S(u) Qdf, Vd* f) can be treated exactly as above. Let us only explain how to treat
(0Su)Qd*~! £, Vd* f). We can control this term by putting 9S() in L{°Ly, putting Q8°~' f in L7L{ L7, and putting Vd® f in
L7L3L7,. We leave the details to the reader.
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