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Abstract

We prove local and global well-posedness for the FENE dumbbell model for a very general
class of potentials. Indeed, in prior local or global well-posedness results conditions on the
parameter b were made. Here we give a proof in the case b = 2k > 0. We also prove global

existence results if the data is small or if we restrict to the co-rotational model in dimension
2.

1. INTRODUCTION

Systems coupling fluids and polymers are of great interest in many branches of applied
physics, chemistry and biology. Although a polymer molecule may be a very complicated
object, there are simple theories to model it. One of these model is the FENE (Finite Exten-
sible Nonlinear Elastic) dumbbell models. In this model, a polymer is idealized as an “elastic
dumbbell” consisting of two “beads” joined by a spring which can be modeled by a vector R
(see Bird, Curtis, Amstrong and Hassager [3], Doi and Edwards, [10] and Ottinger [28]). At
the level of the polymeric liquid, we get a system coupling the Navier-Stokes equation for the
fluid velocity with a Fokker-Planck equation describing the evolution of the polymer density.
The coupling comes from and extra stress term in the fluid equation due to the microscopic
polymers. This is the micro-macro interaction. There is also a drift term in the Fokker-Planck
that depends on the spatial gradient of the velocity. This is a macro-micro term. The coupling
satisfies the fact that the free-energy dissipates which is important to get energy estimates.

The system obtained attempt to describe the behavior of this complex mixture of polymers
and fluid, and as such, it presents numerous challenges, simultaneously at the level of their
derivation, the level of their numerical simulation and that of their mathematical treatment.
In this paper we concentrate on the mathematical treatment and more precisely at the well-
posedness for the FENE dumbbell model (1).

An approximate closure of the linear Fokker-Planck equation reduces the description to
closed viscoelastic equations for the added stresses themselves. This leads to well-known non-
Newtonian fluid models such as the Oldroyd B model. that has been studied extensively.
In Guillopé and Saut [17] and [18], the existence of local strong solutions was proved. Also,
Fernandez-Cara, Guillén and Ortega [13], [12] and [14] proved local well posedness in Sobolev
spaces. In Chemin and Masmoudi [6] local and global well-posedness in critical Besov spaces
was given. For global existence of weak solutions, we refer to Lions and Masmoudi [26]. We
also mention Lin, Liu and Zhang [23] where a formulation based on the deformation tensor is
used to study the Oldroyd-B model.

At the micro-macro level, there are also several works. Indeed, from mathematical point
of view, the model was studied by several authors. In particular Renardy [31] proved the
local existence in Sobolev space where the potential U is given by U(R) = (1 — |R|?)}~°
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for some o > 1. W. E, Li and Zhang [11] proved local existence when R is taken in the
whole space and under some growth condition on the potential. Also, Jourdain, Lelievre and
Le Bris [21] proved local existence in the case b = 2k > 6 for a Couette flow by solving a
stochastic differential equation (see also [19] for the use of entropy inequality methods to prove
exponential convergence to equilibrium). Zhang and Zhang [32] proved local well-posedness
for the FENE model when b > 76. Moreover, Lin, Liu and Zhang [24] proved global existence
near equilibrium under some restrictions on the potential. Global existence of weak solutions
was also proved in [27] for the co-rotational model (see also [2]).

We end this introduction by mentioning other micro-macro models. Indeed, a principle
based on an energy dissipation balance was proposed in [7], where the regularity of nonlinear
Fokker-Planck systems coupled with Stokes equations in 3D was also proved. In particular
the Doi model (or Rigid model) was considered in [29] where the linear Fokker-Planck system
is coupled with a stationary Stokes equations. The nonlinear Fokker-Planck equation driven
by a time averaged Navier-Stokes system in 2D was studied in [8]. Also, the Doi model was
considered in [9].

1.1. The FENE model. A macromolecule is idealized as an “elastic dumbbell” consisting of
two “beads” joined by a spring which can be modeled by a vector R (see [3]). The micro-macro
approach consists in writing a coupled multi-scale system of the

ou+ (u-V)u—vAu+ Vp =divr, divu =0,
(1) A + u. Ve = divg [ — Vu- R+ BV + vu¢] :

i = [5(Ri @ ViU)p(t,z, R)AR (VU + BV).n = 0 on IB(0, Ro).

In (1), ¢ (t, x, R) denotes the distribution function for the internal configuration and F(R) =
VU is the spring force which derives from a potential /. Besides, 3 is related to the tem-
perature of the system and v > 0 is the viscosity of the fluid. In the sequel, we will take
g =1.

Here, R is in a bounded ball B(0, Ry) which means that the extensibility of the polymers is
finite. Moreover, U(R) = —klog(1 — |R|?/|Ro|?) for some constant k > 0. We have also to add
a boundary condition to insure the conservation of 1, namely (—VuRy + VU + V).n =0
on 0B(0, Ry). The boundary condition on 0B(0, Rp) insures the conservation of the polymer
density and should be understood in the weak sense, namely for any function g(R) € C!(B),
we have

2) o, /B gdR + u.V, /B gbdR = — /B YRy [ —Vu- Ry + VY + vuw} dR.

Notice in particular that it implies that ¢ = 0 on dB(0, Ry) and that if initially [¢(t =
0,2z, R)dR = 1, then for all ¢ and z, we have [(t,z, R)dR = 1. We will see later an other
way of understanding this singular boundary condition.

If Vu is replaced by W (u) (the anti-symmetric part of Vu, namely W(u) = in
the second equation of (1), then we get the so-called co-rotational FENE model. The fact of
putting W (u) instead of the whole Vu in (1) allows to get better estimate on 1. This will
only be done in theorem 2.3. Also, we point out that, if R is in the whole space, we get the
Hooke model for which /(R) = k|R|? and the model reduces to the Oldroyd-B model (see [6]
and [26] for some local and global existence results).

When doing numerical simulation on the FENE model, it is usually better to think of the
distribution function 1 as the density of a random variable R which solves (see [28])

(3) dR + u.VRdt = (VuR — VRU(R))dt + V2dW;

Vu—;Vu)
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where the stochastic process W; is the standard Brownian motion in R and the additional
stress tensor is given by the following expectation 7 = E(R; ® V,;U). Of course, we may need
to add a boundary condition for (3) if R reaches the boundary of B. This is done by requiring
that R stays in B (see [20]). Using this stochastic formulation has the advantage of replacing
the second equation of (2.1) which has 2N + 1 variables by (3). Of course one has to solve
(3) several times to get the expectation 7 which is the only information needed in the fluid
equation. This strategy was used for instance by Keunings [22] (see also [15]) and by Ottinger
[28] (see also [16]).

In the sequel, we will only deal with the FENE model and we will take § =1 and Ry = 1.

2. STATEMENT OF THE RESULTS

In this paper, we present three different results which all hold for any & > 0. The first one
deals with local existence in Sobolev spaces. The second one deals with global existence if
the data is small or more precisely if the initial state is close to equilibrium. The third result
treats the global existence in 2d for the co-rotational FENE model.

2.1. Local existence. The system (1) has to be complemented with an initial data u(t =
0) = up and ¥ (t = 0) = 1)g. Before stating our results, let us mention that local well-posedness
for (1) was considered by Renardy [31], by Jourdain, Lelievre and Le Bris [21], by Zhang and
Zhang [32] for b = 2k > 76 and by Lin, Zhang and Zhang [25] for b > 12.

We take, s > % + 1. Notice that (u,) with u = 0 and
o—U(R)

4 00 ]

8 ool ) = T g

defines a stationary solution of (1).

Theorem 2.1. Take ug € H*(RN) and ¢y € H¥(RY; L2(42)) with [odR = 1 a.e in
x. Then, there ezists a time T and a unique solution (u, ) of (1) in C([0,T%); H®) x
C([O,T*);HS(RN;LQ(g—Z))) Moreover, u € L2 ([0,T*); H*1) and ¢ € L2 ([0, T*); H*(RN; H'))

*S
gb

loc loc

2.2. Global existence for small data. The local existence result of the previous section
gives global existence if the data is small or more precisely if it is close to equilibrium (0, 1) ).

Theorem 2.2. There exists a constant ¢y such that forug € H*(RN) and vy € H*(RY; LQ(%)),
[wodR =1 a.ein x, if

(5) vlug|%s + [to — wooIQHS(LQ(%)) < co(vmin(1,v)?),
then the solution constructed in theorem 2.1 is global.

We refer to Lin, Liu and Zhang [24] for a similar result under some restrictive condition on
the potential.

2.3. Global existence for the co-rotational model in 2d. In dimension N = 2, we also
have global existence if we restrict to the so-called co-rotational model, namely, we replace
Vu by W (u) in the second equation of (1)

(6) @¢+wv¢:dwRL4vaR¢+ﬁvw+vu¢.

This extends the result of Lin, Zhang and Zhang [25] to the case b > 0. We also refer to
Constantin and Masmoudi [9] for a similar result concerning the Doi model. The two results
mentioned above use losing regularity estimates in the spirit of [6] and [1].
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Theorem 2.3. Take ug € H*(R?) and vo € H*(R% L™ N L%%)) for some r such that

(r—1)k > 1 with [¢odR =1 a.e in x. Then, the solution constructed in theorem 2.1 for the
co-rotational model (the second equation of (1) is replaced by (6)) is global.

Remark 2.4. 1) The assumption [odR = 1 a.e in x in the 3 previous theorems is not
essential and can be replaced by the fact that [odR < Cy which follows from the fact that
Yo € HY(R* L (1)),

2) The regularity assumption s > % +1 can be weakened to prove existence in some critical
spaces as was done in [6]. This will be done elsewhere.

The paper is organized as follows. In the next section, we give some preliminaries where we
prove three inequalities and study the linearized operator in the R variable. In section 4, we
give some a priori estimates for the full model (1) which are needed for the proof of theorems
2.1 and 2.2. In section 5 we prove theorems 2.1 and 2.2 by using a fixed point argument.
Section 6 is devoted to the study of the co-rotational model in 2d.

3. PRELIMINARIES

3.1. Notations. We will use the following notations. For a € NV, 9% will denote a; deriva-
tives in z1, ... and ap derivatives in zy. Also for s € N, 9° will denote all the derivatives 0%
for |a| < s.

(7) ul? = / 0%ulde

|| <s

) wk= 3 [ [ 1oreP it

|al<s

9) W= X [ [ vl Va P aRds

la|<s

We will also use the notation Cr(H*), L2.(H*) to denote C ([0, T]; H*(RYN)), L?(0,T; H*(RY)).
We also recall that s (R) = e ¥/ [ e = (1 — |R|?)¥ which behaves like (1 — |R|)* when
R goes to the boundary of B.
We will also denote H = L%%) and

{w /zwoo‘

For r > 1, we denote £" and L' the spaces

:{w ’“T:/%‘Ji
{weﬁ’”! [, = /woo'

Notice that H = £? = L*( di) and H! = £, Finally, we denote C5°(B) = D(B) the set
of C*° functions on B with compact support.

2
+;foodR<oo}

dR<oo}

dR<oo}.



WELL POSEDNESS FOR THE FENE DUMBBELL MODEL OF POLYMERIC FLOWS 5
3.2. Some inequalities. One of the main ingredients of the proof is the use the following
Hardy type inequality. We denote x = 1 — | R|
Proposition 3.1. For all € > 0, there exists a C. such that

(10) (/B ‘;MdR)zg /woo v gy

woo B woo

Remark 3.2. 1) In the case k > 1, we can take ¢ = 0 in proposition 3.1 since, we have

(1) </Bl’_¢"R‘dR) <c [ IWF 4

2) As can be seen from the proof, we only need the radial part of the gradient in (10)

Vep—— dR+C’

Proof. The proof is a simple consequence of the following 1d inequality

1¢ 2 1 e 12 L o2

To prove (12), we have to distinguish between three cases.
Case k > 1: In this case, we can take ¢ = 0 and we have just to use Cauchy-Schwarz
inequality, namely

1 1,2 1/2 1 1/2
(13) /Oijdm§</0 ?{dw) (/0 kudaz>

and the last integral converges since k > 1.
Case k < 1: We make the following change of variables y = x'~* hence dy = (1 — k)z~*dz.
We also denote g(y) = ¢(z)/x*. Hence

6

Moreover, denoting o = %, we get

2 1
dzr = (1 - k)/o g (y)*dy

") 1 ()
(15) /0 . dx—l_k/Oyydy
1,2 T 1
(16) /0 ww(k g = : i k/o y*g(y) dy

Hence, it is enough to prove that for all ¢ > 0, there exists C. > 0 such that for all g € H'(0, 1),
we have

(17) (/01 y‘”g(yy)dy>2 < 6/019’(y)2dy + Cs/o1 v g(y)*dy.

We prove this by contradiction. Assume that for some € > 0, (17) does not hold. Hence, there
exists a sequence g, € H'(0,1) such that

01 yagn( )dy =1

(18) fo Y**gn ( )?dy — 0
fo gn(y (y)?dy is bounded.
Extracting a subsequence, we deduce that g, converges weakly to some g in H'(0,1). More-

over, from the second relation of (18), we deduce that y“g, converges to 0 in L? and hence
g = 0. Besides, by compact embedding, we deduce that g,, converges to 0 in L*>°(0, 1). Since,
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y*~1isin L', we deduce that fol y* g, (y)dy — 0 when n goes to infinity and this yields a
contradiction. Hence, there exists a C. > 0 such that (17) holds

Case k = 1: We make the following change of variables x = e™¥ hence dx = —e Ydy. We
also denote ¢g(y) = v (z)/x. Arguing as in the case, k < 1, we see that (13) is equivalent to
the existence of C. such that for g € H H(R,), we have

(19) ( /0 N g(y)eydy>2 <e /O )2y + C. /0 " gly)Pe My

We prove this by contradiction. Assume that for some € > 0, (19) does not hold. Hence, there
exists a sequence g, € H'(R ) such that
f gn 6 Ydy =1
(20) fO gn(y 2 _dey — 0
o gn(y )Qdy is bounded.

Extracting a subsequence, we deduce that g,e™¥ converges to 0 in L?(R,). Hence, g, con-
verges to 0 in L} (Ry). Since g, is bounded in H'(R.), we deduce that g,(0) goes to zero
when n goes to infinity. Besides,

(21) 0n(y) < gu(0) + y'/? /O " )y,

Hence, we deduce that fooo gn(y)e ¥dy — 0 when n goes to infinity and this yields a con-
tradiction. Hence, there exists a C. > 0 such that (19) holds. This end the proof of the

Proposition O
We point out that in the case, k > 1, we have a similar change of variable, namely y = z'~*
and hence denoting o = ﬁ, we see that (12) is equivalent to

(22) (/loo ;’ffldy>2 < s/ooo g (y)?dy + C. /OOO

Remark 3.3. We called our inequality (10) a Hardy type inequality even though it is of a
different nature. We would like here to explain this more and compare (10) to the Hardy
inequality. We assume that 1) € H!.

Case k > 1: First, we focus on the 1d problem and denote x = 1 — |R|. Notice that when
k > 1 and we denote f(zx) = ¥(z)/z*/?, we get that f(0) = 0 and f € H'(0,1). Indeed, if
we make the change of variable y = x'=%, we get by Cauchy-Schwarz that for each & > 0,
9(y) <eyy+ Ce. Hence, f(x) < e/ + C.z*/2. Moreover, after integration by parts we get

N SO
24 = [rwrs (55 S -t

If k > 2, we get easily a bound on fo f'(z)? and then on fol 5—2 by the Hardy inequality. If
1<k <2, we use Hardy z'nequality to control the second term of the right hand side and get
1

(25) ’;f2(1)+/0 o (j;) dr> (k1) /f ) Ly

0 z?
Of course, the f2(1) of the left hand side can be replaced by fo f?(x)dx modulo some constant.
Hence, written in the R variable, we get

¢2
B @Z)ool‘2

(26) dR < Cl¢l3,.



WELL POSEDNESS FOR THE FENE DUMBBELL MODEL OF POLYMERIC FLOWS 7

12
fl(2) \ dr 1
f2(1) does not imply a bound on fol f'(z)? and on fol i—; as can be seen by taking v = Ys.
However, we have a weaker Hardy estimate, namely

Case k < 1: If k <1, we can not use Hardy inequality and a bound on fol T

1,2
Y
2 < - —
(27) ; xzkxﬁd:C C/ ( ) dac—l—C/O xkdx
or in the original variables
2 w 2 w?

28 /dRSC/ 00 <V> dR + C dR < C
28 B ¥3.a” B v (@Z}oo B Yoo Ve

for any B < 1. This inequality can be easily deduced, in the case k < 1, from the following
inequality in the y variable

1g2(y) ! 1N2 ! 20 2
(29) /0 wdySC/O q ) dy+0/0 y=g(y)“dy

and where we denote v = ﬁ k < 1. In the case k =1 it can be deduced from

(30) / g(y) —-(- ﬂ)ydy < C’/ dy+ C/ _Zydy
0

The inequalities (29) and (30) can be proved by an argument similar to the one in the proof
of the proposition. In Remark 3.8, we will prove an improved version of (28) using logarithmic
terms.

For the global existence result, we will also need the following Poincare inequality with
weight.

Proposition 3.4. There exists a constant C such that, for all ¥ € H' with fBi/NJ =0, we
have
2

dR

VRw

|92
(31) dR</¢oo -

B e’}

Proof. By contradiction. Assume that there exists a sequence, v, € H!, / B Yn =0, and

[nl®

1/1n
(32) o dR=1L / Yoo

Yoo

Hence, \/@bOOVR = goes to 0 in L?(B) and VR = goes to 0 in L? (B). Hence

some constant ¢ in LZQOC( ) Since, ¥, is bounded in L?(B), we deduce that 1, goes to ¢ in
L'(B) and using that fB ¥, = 0, we deduce that ¢ = 0.
From the Hardy inequality (26) if & > 1 or (28) if £ < 1, we deduce in all cases that

Ver—| dR — 0.

$; goes to

loc

712
(33) /B 1‘;@5 dR < C

for some 0 < B < 1. This gives some tightness of the sequence

712
%’i . Hence, we deduce from

(B) to 0 that \/%L converges to 0 in L?(B). This gives a

the strong convergence of ¢n in Ll e

contradiction with (32). Hence, (31) holds.
(]
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For the global existence for the co-rotational model in 2d, we will need the following in-
equality. If p is such that pk > 1 then

Proposition 3.5. If p is such that pk > 1 then

p+1 TJlrl
(34) /B|;MdR§ C (/B ‘ﬂ& dR)

Proof. The proof is based on Holder inequality. Indeed, using that z ~ z!=*#/ (P+1>¢£é(p H),
we get

9] 1 9]
(35) /B TR < O f R
D _1
1 p+1 |¢;|P+1 1
(36) = C(/B x1+1/pk> (B o dR
and the result follows. O

3.3. The linearized problem in R. One important ingredient in proving our existence
result is the study of the following linear operator in the R variable

(37) L= —dw(d)oon)
on the space H = LQ(%) and with domain
(38) D(L) = {@Z) € H|YooV 1;/) eH, div(pV ¢¢ )EH andd)OOVibB = 0}

We also define the Hilbert spaces H' and H? by
2
Y R oo}

(39) {wr [ ‘ >

(40) H? = {¢ cH!| / (dwwwvz;i)f Zi < oo}

The boundary condition ¢mv¢%|ﬁB = (0 should be understood in the weak sense, namely for
any ¢ € C'(B), we have

_ ¥
(41) /BqﬁLw dR = /B%ov%o.vgb dR
and for any ¢ € H!, we have
(42) / gde) Q/JOOV— V— dR.

Notice that for any ¢ € C1(B), QSwoo € Hl and hence (41) follows from (42).

Proposition 3.6. L is self-adjoint and positive. Moreover, it has a discrete spectrum formed
by a sequence (L) such that £, — oo when n — oo.

Proof. Let us prove that L is self-adjoint. First, it is easy to see that D(L) is dense, indeed
C§°(B) € D(L) and is dense in H. Next, to see that L is symmetric, we notice that for
¢, € D(L), we have

(43) / ¢L¢ / %OV—V dR / qub
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Next, we use Riesz representation theorem (or Lax-Milgram) to deduce that for all f € H,
there exists a unique ¢ € H' such that for all ¢ € H', we have

(44) / ¢OOV— vi + ﬁ ar= | ii

By taking ¢ € D(B), we deduce that —dw(woo ) + 1 = f and then that (42) holds.
Hence, we have

) {<L+nw=f

¢oov¢% ’83 =0.

This insures that the operators L + 1 and L are closed. Moreover, —1 is in the resolvent of L
which implies that necessary L is self-adjoint (see for instance Chapter X, p137 of [30])

To prove that L has a discrete spectrum, we define the operator K by for f € H, K f is the
unique solution ¢ of the equation (L + 1)y = f in D(L). Hence, it is easy to see that K is
compact and symmetric. Hence, it has a discrete spectrum formed by a decreasing sequence
An > 0 which goes to zero when n goes to infinity. Besides, it has a countable orthonormal
basis of eigenvectors w,. This implies that L has the same basis of eigenvectors with the
eigenvalues ¢, = 1/\, — 1, namely Lw, = {,w,.

O

We end this subsection by two remarks about the space H! and about the boundary condi-
tion for L. These two remarks will not be used in the existence proof but they are interesting
in themselves.

Remark 3.7. If kK > 1 then

(46) o =

We will only give the proof when k = 1. The other case is simpler. First, we notice that (28)
can be improved, namely

P 2
47 ———dR < C
) J, Fiogga = Clofa
Indeed, this is a consequence of the followmg inequality

(48) /0 y)%dy + C / Ve 2Vdy.

Wedeﬁnethefunetwnxbyx()—1f0r0<t<1X =2—tfor1<t<2andx(t)=0
fort>2. For € H', we take

—log(1— |R
v(B) = p(R)x(— 2L,
It is clear that 1, € H'. Moreover,
(49) o= wall < VP ar
e |R|<e—n 23 log(x)?

which goes to 0 when n goes to infinity. Now, it is easy to see that v, can be approrimated

in H' by a sequence of C§°(B). This ends the proof of (46).
It is clear that (46) does not hold when k < 1 since oo is not in @H

1

Remark 3.8. We point out that if k > 1 (which is equivalent to b > 2), then the boundary
condition woovw%y@,g = 0 is a consequence of the fact that 1 € H? and hence D(L) = H?>.

For the proof, we use the fact that for all ¢ € H?, the relation (42) holds when ¢ € C§°.
Then, we use that any ¢ € H' can be approzimated in H' by a sequence ¢, € Cg°. Then, we
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pass to the limit and deduce that (42) holds for all ¢ € H'. This implies that me%’é)B =0
and hence, D(L) = H>.

The fact that the boundary condition ¢oov¢%|33 = 0 is not needed when k > 1 should be
related to a similar property of the stochastic differential equation (3). Indeed, in [20], it is
proved that when k > 1, then the process Ry defined by (3) does not reach the boundary almost
surely. Besides, when k < 1, the process R; reaches the boundary in finite time almost surely.
This explains why we need a boundary condition for the operator L when k < 1. Notice that in

this case the inclusion D(L) C H? is strict. Indeed, we can notice that for k < 1, Q,Z)l/k € H?
but does not satisfy the boundary condition and hence it is not in D(L).

3.4. Solution for the linear equation in R. Now, we can solve the following linear problem
in R.

Proposition 3.9. Assume that A(t) € C([0,00)) is a matriz valued function and that f €
C([0,00); HY), then

(50) { Op = —divg(A(t)R) — L(¥) + divr(f)

I

with the initial value 1 (t = 0) = ¢o(R) € H has a unique very weak solution ¢ in C([0,00); H)
(see the definition below). Moreover, ¢ € L2 ([0,00); H').

Before giving the proof, we have to give a sense to (50). For, ¢ € C([0,00); H)NLZ (0, 00; HY),
we say that 1 is a weak solution of (50) if for all T > 0, ¢ € C’l([O T); HY), ¢(T) = 0, we have

(51) — BWj / /"w”j // wa—wmvwi vzj;_fvwi dRdt

For ¢ € C([0,00); H), we say that ¢ is a very weak solution of (50) if for all " > 0, ¢ €
CL([0,T); D(L)), ¢(T) = 0, we have

(52) BWb //MM5 //A R¢VW—£OL(¢) fvio dRdt

Proof. The proof uses a Galerkin approximation based on the eigenfunctions of the operator
L. Let us denote Vi the space spanned by the eigenfunctions w,, of L with eigenvalue ¢,, < N.
Let Py be the orthogonal projection onto V. We consider the Galerkin approximation of
(50)

(53) { 0N = —Pn(divr(A(t)RxnYn)) — L(¥n) + Pn(diver(xn f))

Yn(t=0) = Pn(1o)

where yn (R) € C!(B) is a cut-off function which is used to insure that divg(A(t) Rxnv¥n ), dive(xn f) €
H. It satisfies, xy = 1 on B(0,1— %) and yy = 0 for [R| > 1 — %. The equation (53) is
an ODE which can be solved locally in time. Moreover, the solution is global because of the
following estimate

Yk N ’ on |’ N
s o[ oh — [ awmaene Y - e[ VI vl dn
2
(55) RO T S ET D

and

(56)/3%0 //¢°°‘ Voo

SUB% /le Pds) ¢C i 1AG)ds.
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Besides we have for T > 0, ¢ € C1([0,T]; Vi), ¢(T) = 0,

/pN / [ e / J I e e A e L

Extracting a subsequence and passing to the limit when N goes to infinity, we recover a weak
solution 9 € L§° ([0,00); H) N L2 ([0, 00; H') to (50).

loc

To see that ¢ € C([0,00); H), we first notice that, ¢ € C(]0,00);w — H) where w — H is
the space ‘H equipped with the weak topology. Then

[
2

(59) < / Cla@m)? /B ey ww\vﬁo e

and hence |¢(s)|2, goes to |1(t)|? when s goes to ¢. This yields that ¢ € C([0, 00); H).

To prove uniqueness in C([0, 00); H), we use the dual problem. Let ¢ be a very weak solution
of (50) in C([0, 00); H) with zero initial data and with f = 0. For ¢ € C([0,T]; D(L)) and
o(t =T) =0, we have

_ @b@tcb K N
(60) /0 d —/ /A R¢VR +dwR(T/Joovaoo)¢oo

For F € C([0, T]; ’H), let ¢ be the solution of the following backward equation

{ ~0i6 = Yoo A() RV r — L(¢) + F

YooV g = 0: ¢<t— T)=0

The solution ¢ can be constructed using the same Galerkin approximation as above. Moreover,
due to the fact that ¢ € L2 ([0,00;H'), we see that the force term wooA(t)R.VR%O + Fis

in L2 ([0,00; H) and maximal regularity results insure that ¢ € L2 ([0,00; D(L)) and d;¢ €
L2 ([0,00; H). Hence, ¢ can be used as a test function in (52) and yields that fOT I5 ¢¢% =0
and hence ¢ = 0. This ends the proof of the uniqueness and the proof of the proposition.

O

(58) 3[R — kol

(61)

Next, we prove a proposition giving the regularity in the x variable, namely
Proposition 3.10. Given u € C([0,00); H*) N L% ([0,00); H*1). Then,

Y + u.Vyp = —divg(VuRy) — L(v)

@boovw%bB =0

with the initial value 1 (t = 0) = Yo(x, R) € H*(2;'H) has a unique solution v in C(]0,00); H*(Q2;H)).
Moreover, 1 € L _([0,00); H*(Q; H)).

(62)

Proof. First, we define the flow associated with w, namely ®(¢,z) such that

O®(t,x) = u(t, ®(t,x))
(63) { O(t=0,z) =z
Making the change of variable ¢(¢,z, R) = ¢ (¢, ®(t,x), R), we see that ¢ (¢, z, R) solves (62)
if and only if ¢(¢, z, R) solves

{ Oy = —divr((Vu)(t, @(t, 2)) Rp) — L(¢)

64
( ) ¢mv¢%|83 =0
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Using Proposition 3.9 for each x, we deduce the existence and uniqueness of ¢(t,z, R) in
C([0,00); H)). Integrating (56) with ¥ replaced by ¢(t,x, R), we deduce that

(65) /Q><B 1/100 / /QXBwOO’Voo

Hence, ¢(t,z, R) € C([0,00); L*(Q; 1)) N Lj,,.([0, 00); L*(Q; H))
To prove regularity in the x variable, we use difference quotients
¢(t7 z + h@k, R) — d)(tv z, R)
h
Vu(t,®(t, z + her)) — Vu(t, ®(t, z))
h

2 W2
< / Y0 4R o i IVu()E s ds
Ox B woo

(66) ¢n = Dig(t,x,R) =

(67) (Vu)p = Dp[Vu(t,®(t,z), R)] =
for h > 0and 1 <k < N. Hence, ¢, solves

o { B, = —diva((Vu)(t, ®(t, z))Ren) — dive((Vu)nRe(t, @ + hey, R)) — L(ép)

Dn _
YoV =0

Applying proposition 3.9, we deduce that ¢, € C([0,00); L?(Q;H)) N L?

loc

([0, 00); L*(Q; HY)).
Hence, taking the limit & to zero, we deduce that ¢ € C([0, 00); H'(Q; H))NLE ([0, 00); H (S HY)).

This gives a similar bound on ¥(t, z, R). Moreover, we can take higher order derivatives and
we can argue in a similar manner to prove the regularity of ¥ stated in the proposition.
O

4. A PRIORI ESTIMATES

From the first equation of (1), we deduce that

C
(69) Aulul2 + vlul3y < Clul} + IT@-
From the second equation, we get

2

(70) 6t/BQZidR v uV/ dR+/woo‘VRJ;

(71) < |Dul </B KdR)l/z (/ w‘”‘v%i 2>1/2

(72) < CyDuP( 5: )+2 </ %O‘V%i 2)
We define the flow @ by

(73) { %((I())(;)w):x u(t, ®(t, z))

Integrating along the flow, we deduce that

V2 (t) ! ’ Eak
5 o dR“‘ip/o /Bd’“) VR o

Taking s derivatives in « and taking the L? norm in R, we get

2
(74i1 (S, (I)(S,x))ds < sup/ EdRecfot |Dul? o
B

T o0
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o5 2 o 2
(75) & /B ( d)i) dR +u.V /B ( m@ -

(76) - - % / dive(DOuRO%Y)
o +181<s 7 B

drR + /¢W‘VR
B

804-&-5 w
Yoo

Integrating by part and using the Cauchy-Schwarz inequality, the right hand side can be
controlled by

3.2 1/2 2\ 1/2
)
lal +]8/<s B e B >
2 @%9)*\ | 1
(78) < ) 2[Do%| (/ >+4 /z,z)oo'vR
o +[Bl<s
Integrating in the x variable, we get
2 1 2 p?
(79) |l +§|¢| 1 < O (| Dulfool 7 + [uleyy sup @TdR
We choose T such that
T
0 |+ 1D+ ful, < 4
0
for some fixed constant A. Hence,
(81) sup/dR < sup/ vt —0 dReC4

Besides, integrating (79) in time and applying Gronwall lemma, we get

1 t
(52) R+ [ B < Wol2e + 0 [ iz,

Moreover, we have from (69)

9
(83) O +v / sy < (Juol2 + / r[2)eC Jo s

and from (10

t t t t
(84) / 72 < e / 2, 4 C / W2 < (e + C.T)e2CA(C + / ul?,)
0 0 0 0

Hence, if € and T" are chosen small enough, we get

t
14
(55) a0 +5 [ T < (ol + €)e
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4.1. Small data. Here, we explain the changes we have to make in the small data case.

Instead of using v, we will use 1/; =Y — Vo
We have to use inequality (10) and (31) to bound the stress tensor 7. Hence

(86) T2 < 19121 + IR < CIOIZ,

We assume that || Dul|3. < &, that sup, [ %dR < &v? and that |u|s; < % for some € small

enough. Hence, (69) and (79) yield

(87) o2 + %W;@l <eldl + 5V2|1f|§+1
Orlul? + viulZyy < evlulZ + SR
Multiplying the second equation of (87) by ;%= and adding the first one, we get

min(1, v)
8

if € is taken small enough compared to C. Hence, if the initial data satisfies [{g|2 + 1 uol?

2. Y2 72 ) <
(33) O + 5 lul?) + (12 + o lul?) < 0

%Vmin(l, V)2, we see that the assumptions made before (87) hold and hence || + 1= ul?

2 . _ o
1osvmin(1, v)2e~MIN(LY)t/8

5. EXISTENCE PROOFS

VANVA

In this section, we prove theorem 2.1 and 2.2. To prove the existence and uniqueness
of a solution in theorem 2.1, we use a fixed point argument. For 7" > 0, we define X =
Cr(H*)NLA(H* ™) xCp(H?*(H)). We define the operator ® from X to X by ®((u, ¢)) = (v,1)

where 1 is the unique solution in Cp(H*(H)) N LA (H*(H')) of

oy + u.Vyp = —divg(VuRy) — L(v)
(89) d’oovw%bB =0

Y(t=0)=10
Then v is the unique solution of the following linear problem

Ov + u.Vo — vAv = div(r)

(90) dive =0
v(t =0) =ug
where 7 is deduced from . Let Xg be given by
T
v
O)  Xo={(wo) e X| swp uf+ ) [ [y <O+l sup [0 < A1)
0<t<T 0 0<t<T

where A1 = (1 + %)e\w\%. We assume that T satisfies
<

~ C(9%uolz +1)°

If (u,¢) € Xo, then (v,9)) = P(u, ¢) satisfies

(92) T

93 LA U8 4 o€ I ol? < el 2
(93) SUP/Q[) Ssup/w e do TH0ls < efghy 5.

t,x

Moreover,

1 T 2 t
O s WOE+g [ R < olerCesip [ T=ar [uz, < A

0<t<T
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Hence,
T t t
(95) / 2 <e / W2, + / G2 < 26 + C.T A,
0 0 0
v (T C
(96) sup [v(t)]2 + / w21 < (Juol? + — A1 (26 + C.T))e.
0<t<T 2 Jo v

We take e such that %Aﬂs < 1/8 and then T such that %Alch < 1/8. Hence, the right
hand side of (96) is bounded by 9|ug|? + 1. Next, we have to prove that ® is a contraction on
Xo. We put the L? norm on X, namely

T
14
(97) 1(u, §)llx, = sup HUH%2+2/ lullFpn + sup [|6]1Z2 4y
0<t<T 0 0<t<T

We want to prove by similar energy estimates that if 7" is taken even smaller then

(98) [@(u1, d1) — uz, ¢2)lxo < 1/2[|(u1, ¢1) — (u2, d2)| x,

Indeed, we denote (v, ¥;) = ®(u;i, ;) for i = 1 or 2 and define (v,v) = (v — v1,12 — 1) .
Hence, (v,9)(t =0) =0 and

({9)9157# +u2. Vo) + (ug — u1).Vathy = —divg(Vug RY) — dive(V(uz — ur) Ripr) — L(y))
00 + u2. Vv + (ug — up).Vyvy — vAv + Vp = V(e — 11).

A simple computation, similar to the H* estimate, yields that
Oe([vf§ + [V13) + [VoI§ < C(Jvf§ + [¥1F + luz — wilf + |62 — d1[5).

Hence, taking 7" smaller if necessary, we see that (97) holds. This proves that ® is a contraction
and yields the existence an uniqueness of a solution in the space X.

To prove that the solution is actually, unique in C([0, T*); H*)xC([0, T*); H*(R"; LQ(%))),
we can use the same computation (99) were (v;, ;) = (u;, ¢;). Without loss of generality, we
can assume that the solution (vg,2) is the solution given by the fixed point argument in X.
Hence, Gronwall lemma implies that (v,%) = (0,0) which gives the uniqueness.

5.1. The small data case. Now, we turn to the proof of the global existence if the data
is small. Using the local existence result of the previous subsection, we get a solution (u, )
on a time interval [0,7%). We would like to prove that we can take T* = oo, The a priori
estimate of subsection 4.1 implies that (1|2 + 15|ul?) decreases on the time interval [0, 7).
Then using that the existence time 7" in the previous subsection only depends on |ug|? and
\120\3, we see that we can iterate the argument and prove the global existence. This proves
theorem 2.2.

Remark 5.1. An other way of proving the global existence for small data is to use a fized
point argument on [0,00) and take advantage of the fact that the data is small to prove that
® is a contraction on some Xo (which is global in time) to be chosen accordingly.

6. THE CO-ROTATIONAL MODEL IN 2D

Let us start by explaining the idea of the proof of theorem 2.3. The main difference between
the full model (1) and the co-rotational model is that we have here an extra a priori estimate,

namely for r > 1
T B r/2 2
dR:—M/ Voo v<¢>
B woo

(100) &, /B w‘”’f . iR

dR—l—u.V/ Voo
B

'w
Yoo
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T
This yields an L> bound on [ ¢ ‘w%‘ dR. Combining this with (34) when (r—1)k > 1, we

get and L* bound for the additional stress 7 which is uniform in time. In [6], while studying
the Oldroyd-B model, the authors proved that a control on the L norm of 7 yields global
existence in the 2d case. The ideas of [6] were then used in [25] and [9] in the micro-macro
case.

Here, we follow the proof of [9]. For this theorem we use the Littlewood-Paley decomposi-
tion.

6.1. Preliminaries. We define C to be the ring of center 0, of small radius 1/2 and great

radius 2. There exist two nonnegative radial functions x and ¢ belonging respectively
to D(B(0,1)) and to D(C) so that

(101) )+ e(279) =1,
q>0
(102) lp —q| > 2= Supp ¢(27%) N Supp ¢(277:) =

For instance, one can take x € D(B(0,1)) such that y =1 on B(0,1/2) and take
p(§) = x(£/2) = x(&)-

Then, we are able to define the Littlewood-Paley decomposition. Let us denote by F the
Fourier transform on R®. Let h, h, Aq, Sq (¢ € Z) be defined as follows:

h:]:71(p and ffl:]:ile
Agu = F Hp(279€) Fu) = 29 / h(2%y)u(z — y)dy,

Syu=F (21 Fw) = 20 [ Byt - y)dy.
We use the para-product decomposition of Bony ([4])
w=T,w + Tyu + R(u,v)

where
T’U—ZSQ 1wAgv  and  R(u,v) Z Agulgv.
q€Z la—q'|<1
We define the inhomogeneous and homogeneous Besov spaces by

Definition 6.1. Let s be a real number, p and r two real numbers greater than 1. Then we

define the following norm

def
lullg, < NSoullio + | 1 Agul0) e

er(N)
and the following semi-norm

€
lullsg, = @ 1agullz)ges],, -

Definition 6.2.

e Let s be a real number, p and r two real numbers greater than 1. We denote by E;T
the space of tempered distributions u such that ||ul| 5, s finite.
D,

o Ifs<d/p ors=d/pandr =1 we define the homoiqeneous Besov space By, as the
closure of compactly supported smooth functions for the norm || - \|st7 i

We refer to [5] for the proof of the following results and for the multiplication law in Besov
spaces.
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Lemma 6.3.
1 1
Al < 29G=0)9| Ayullpe forb>a>1

" Agull o < €27 | Agull s
The following corollary is straightforward.

Corollary 6.4. Ifb > a > 1, then, we have the following continuous embeddings

a

sfd(lf%)
s
B, CB,, :

17

Definition 6.5. Let p be in [1,00] and r in R; the space Eg(cr) is the space of distributions u

such that

def
Hu”ip(o’T;Cr) = Sl;p 2quAquHL’%(L°°) < 0.

We will use the following theorem from [6]

Theorem 6.6. Let v be the solution in L2(H') of the two dimensional Navier-Stokes system

ov

E‘FU‘V’U—VAU = —Vp+f
(NSy) dive = 0
V=0 = vp.

with an initial data in L? and an external force f in LL(C~1) N L3(H™Y); then, for any e,

a Ty in the interval |0, T[ exists such that

IVollzs (o) < &

6.2. A deteriorating regularity estimate. The main part of this subsection is the proof
of a deteriorating regularity estimate for transport equations in the spirit of [1] and [6]. After

this proof, we will apply this estimate in order to prove Theorem 2.3.

Theorem 6.7. Let o and (3 be two elements of |0, 1] such that o+ < 1. A constant C exists
that satisfies the following properties. Let T and A be two positive numbers and v a smooth

divergence free vector field so that

(103) o— )‘HVUHFT(CO) >3 and o+ )‘”VUHFT(CO) <1-3.
Consider two smooth functions f and v so that f is the solution of
] T . e
(104) { of+v-Vf divg(W(v)Rf) + dive(Yeo V)
f\t:O = fo-
Then we have, if X > 3C and |fo|pe(cry < C,
g 3C (2
(105) M3 (f) < 3”f0HBg,OO(U) + TM,\H(U)
where
(106) MI(w) ¥ s 29720 A () and
t€[0,7],q
(107) M) sup 2O A () with
tel0,T],q
d t
108)  uatt) YN [USa Vot + 1", @y (0) = 4 2,0).
tl
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Proof. The proof is the same as the proof of theorem 2.1 of [9], the only difference is that we
have to replace the space H~® in the R variable by the space £" and that we have to split
the rest term into 2 parts and use integration by parts to estimate one of them. We give a

sketch of the proof here. We will use the notation f, def A, f. Applying the operator A, to
the transport equation (104), we get

(109)
8tfq + Sq_lv . qu + diVR(W(Sq 1U)Rf) + dIVR(I/JOO ) + R ( f) + diVR(Rq(U, f)) =0
fq|t:0 = Agfo-

where R, (v, ) + divg(R,(v, f)) is a rest term which will be computed later. We denote

(110) Nyt = [ v Ja |

Voo = ‘fq|2“

Hence, multiplying (109) by Ja and integrating in R, we get
oo

- 4( 1) _ - fo )\ i

@N;)‘quflU'VNq ‘fq Y Rq(vvf) - _Rq(v v
B ¢oo @Z)oo
The right hand side is controlled by
11 r_1 T

(112) C(|fq|ml|Rq’U' + [ fqlzr 1 falzra | Ryler)
Hence, we get
(113) 0Ny + Sq-10 - VNg < C(Ng + || Ryl er + |1 Rqllr)

We also recall from (100) that | f|pse(reo(cr)) < [folree(zry < C.
To prove theorem 6.7, we have to prove the following lemma to control the rest term and
then argue exactly as in [9] to conclude

Lemma 6.8. R (v, f) and Ry(v, f) satisfy

297200 (|| Ry (u(8), F(E)]lo(2r) + [ Ra(0(E), (1) [ 1o(cry) < Ce” 1 NEhe®
(114) < (70 + (14 18,90l + X 18Tl )M,
l¢’—q|<N

To prove Lemma 6.8, we have to split Rq + divr(Ry) into several terms and analyze each
one separately. Here, we will only focus on the term which is not in [9]. Indeed, as in [9], we
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have

3 6
Ry(v,f) = ZRS(v,f) and divr(Ry(v, f)) = ZdiVR(Rg(v,f)) with
(=1

(=4

Ré(vv f) - Z Aq(Tajfvj)7

d
R(v,f) = Z[Aq,Tw@']f

d
Ré’(vvf) = Z F)+ 810705811 f — Dg2t? 9581 £
=1
d
Ry(v,f) = D AJTfW(v
1,7=1

d
Ri(v. f) = ZAq,TW

i,7=1

RS(U7f> = Z < +Aq 1W(v ) Agi1fqg — Ag- 2 W (v ) q— lfq)

The first three terms are exactly treated as in [9]. The last three terms come from
6
Ag(divr(W(W)RS)) = divg (D" Ri(v, f) + dive(W (Sg-10)fy)-
(=4
Here, we only explain the estimate for Ré(v, f) and R;;’(v, f). The estimate for Rg (v, f) is the
same as f%g’(v, f). We have

1RG (w(t), F ()|l

IA

C > 1Sy—1fllreen Ay Vob)lle

lg—q'|<2

C Y AyVot)|e

lg—q'|<2

and hence (114) holds for R4. For R} (v, f), we have

[Aqv TW Z Z q]Aq’f-

Jj=1 ¢

IN

The terms of the above sum are equal to 0 except if lg — ¢'| < 2. We also recall that
2W (v ) = 9;v" — ;0. By definition of the operators A,, we have

[Sg—10;0", Ag]Ag f () = 2 /Rd h(2%(z — ) (Sy—105v" (z) — Sy_1050" (y)) Ay f (y)dy
So we infer that

IR (0, Dller < 27912, qvf22((27]- | x [h(27)]) * A Fller ) (@).

Hence,
1R (v, Pl eery < 279IV2Sy1vlloe | Ag fll oo (2ry-
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Then, we have,
2970 x| H R (v, f)l| 1o
<0 Y 2N E O R A T ()] Ay Fl ooy,

lg—q'|<2

q""<q'-1

Hence,

Qqaf(b‘lv)‘(t)HHRZ(U, f)HLP(D") < C Z 2*5(61*(1//)M5\7+1(U)||f”Loo(£r)
q"<g+1

and the sum is uniformly bounded since o — 1+ A||V||7, (coy < =8 < 0. This ends the proof
T

of Lemma 6.8 and of theorem 6.7.
O

6.3. Proof of theorem 2.3. The proof follows the same ideas as in Chemin and Masmoudi
[6], Lin, Zhang and Zhang [25] and Constantin and Masmoudi [9]. We will only sketch the
proof.

First, we notice that theorem 2.1 yields the local existence of a solution with u € L§° ([0,7%); H*)N

loc
L2 ([0, T*); H¥™1) and ¢ € L{2,([0,T*); H*(H)). Moreover, estimating 9°t in £, we deduce
that ¢ € LS ([0,7*); H*(L")). (see (79) for a similar estimate when 7 = 2). Besides, from reg-
ularity estimates for the heat equation, we have for all 0 < Ty < T', u € L2 ((Tp, T*); HST17¢).
To prove that we can extend the solution beyond the time T™. It is enough to prove that
Vu € L*>®((0,T%) x R?).

By Sobolev type embeddings of Corollary 6.4, we have
(u9) € Lis.(1To, Tl Bysd < Byzl(£).

This implies that (u, ) € L2 (C+7 x C7(L")) for any 0 < o < 1. We fix such a 0. So we

loc
can apply Theorem 6.6 and we can choose Ty such that, with the notations of Theorem 6.7,

we have ( )
min(c — 3,1 —0c—p0
IVl g ooy < o) ‘

The deteriorating regularity estimate of Theorem 6.7 applied with ¢ and between Ty and T
tells exactly that 1) satisfies

(115) M3 (@) < 3|Yllcoery + TMAH(U)

Now, we have to estimate Vu using that u solves the two dimensional Navier-Stokes equation.
Arguing as in [6] and [9] and using that M{(7) < MY (1)), we deduce that

3C c ¢ C
o+1 o~ . ~ ~ ~ o+1
M) < uollorss + 5 Wollon + (5 455+ Selllly ) JMFH

Now it is enough to choose Tj such that the quantity
Sl
—+ — 4+ —u
X ow L E e

is small enough. Then as o is greater than 0, u is such that Vu belongs to L>®([Tp, T] x R?);
this concludes the proof of Theorem 2.3.
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