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Abstract. The paper deals with the diffusion limit of the initial-boundary value
problem for the multi-dimensional semiconductor Boltzmann-Poisson system. Here,
we generalize the one dimensional results obtained in [6] to the case of several dimen-
sions using global renormalized solutions. The method of moments and a velocity
averaging lemma are used to prove the convergence of the renormalized solutions to
the semiconductor Boltzmann-Poisson system towards a global weak solution of the
Drift-Diffusion-Poisson model.
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1 Introduction and Main results

In this paper, we study the diffusion limit of the initial-boundary value problem for
the semiconductor Boltzmann-Poisson system (see [27, 31]). The model we consider
here is associated with a linear low density approximation of the electron-phonon
collisions. In other words it is a low density approximation of the physically correct
Fermi-Dirac system. When the potential is given and is smooth enough, Poupaud
[31] has proved the convergence of the rescaled Boltzmann equation towards a linear
Drift-Diffusion model. Let us recall that the Drift-Diffusion equation is a standard
model for semiconductors physics, and suited for numerical computations since it
does not involve the kinetic variable v. We refer to [10, 16, 17, 27| for a discussion
about Drift-Diffusion models.

In the one dimensional case, the convergence results of [31] are extended in [6] to
the semiconductor Boltzmann system with a Poisson coupling. In [6] the solutions
considered are defined in a weak sense [1, 5, 6]. The entropy inequality and a
hybrid-Hilbert expansion are used to approximate the entropy production term due
to the boundary and allow to prove the convergence of the rescaled Boltzmann
equation towards the Drift-Diffusion for self-consistent potential. The method is
based essentially on the fact that solutions to the limit system are smooth, which
gives useful uniform bounds on all terms of the Hilbert expansion and then allows
to obtain a strong convergence and also to exhibit a convergence rate. The multi-
dimensional case is different. Indeed, if we want to work with global solutions, we can
only deal with solutions to the semiconductor Boltzmann-Poisson which are defined
in the renormalized sense (see [12, 29]). Indeed, due to the presence of the Poisson
term and the Boltzmann collision term in the equation for the density, we can not
prove global uniform bounds in any LP space for p > 1. On one hand, we can see
that if we remove the collision term than we can easily get a priori estimates for f in
any L>((0,7T); LP(dzdv)), 1 < p < co. On the other hand, if we remove the Poisson
term, then we can get a priori estimates for f in any L*((0,7T); LP(dxM'Pdv)),
1 < p < . Hence, we can see that, mathematically, these two terms can not be
treated in the same spaces. This is one of the major mathematical difficulties of this
model.

Before recalling the Boltzmann-Poisson system, let us mention that Drift-Diffusion
models can also be derived from other singular limits. We refer for instance to [32]
where the Drift-Diffusion model is derived from a Vlasov-Fokker-Planck system.

1.1 Formulation of the problem

In this paper we study the parabolic limit of the rescaled Boltzmann-Poisson system.
Hence, the rescaled system, defined on the phase space Q = w x R? where d > 1,
reads as follows

O f* + é (0:Vaf* = Va6 + 6,) Vo7 - Qgs) =0 (@vee 1)

where ¢ is a small parameter related to the mean free path and f(¢, z, v) denotes the
electron distribution function. The time variable ¢ is nonnegative. The position x



belongs to an open set w of R?, assumed to be smooth and bounded and the velocity
v belongs to R?. This equation has to be complemented with initial and boundary
conditions which take into account how particles are injected in the semiconductor
device. We assume that the boundary Ow is sufficiently smooth. We denote by
n(x) the outward unit normal vector at the position x € dw and do, the Lebesgue
measure on Jw. The outgoing and incoming parts are defined as

I'* = {(x,v) € 0Q; +v.n(z) > 0}.
The initial data is assumed to be known and depend on the mean free path e:
50, z,0) = fi(z,0), (z,v) € Q. (2)

The incoming boundary data is assumed to be a well prepared function [5, 6, 31],
in the sense that

F(t ) = otz v) = py(t, )M (v),  (2,0) €T 3)
where M is the normalized Maxwellian
e—lv?/2
)= Gy

and py(t,z) is a boundary data. The precise assumptions we choose on the initial
and boundary conditions will be detailed later on. The linear operator () describes
physical conservation properties during collisions. Here, we only assume that the
charge is conserved during the collision [2, 27]. A typical model for such situation
is the linear approximation of the electron-phonon interaction, given by

QN)(v) = /Rdd(v,v’)(M(v)f(v’) — M) f(v))dv'. (4)

The cross section o is assumed to be symmetric (micro-reversibility principle) and
bounded from above and below:

o(v,v) =a(V,v), (v,0)e€R¥,

()

do1,00>0 / 0<o0; <0< o0,

Here, we are making an other approximation, by assuming that ¢ is bounded from
below and above instead of taking delta measures concentrated on balls of constant
kinetic energies (see [4, 7]).

The mean free path is defined to be an average of the collision frequency A(v)
given by

A(v) = /Rd o(v,v" )M (v")dv'.

Here, for all v, we have o7 < A(v) < 09. Hence, the mean free path in (1) is of
order 1/e. We refer to [5, 6, 31] for the detailed properties of these kind of collision
kernels. We assume that the potential ¢° is self consistent:
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The potential ¢Sb is given in w. It takes for instance into account the distribution of
positive background charges.

We define the charge density p® and the current density j° associated to the
distribution f¢ by

pS(t,x) = | fo(t,z,v)dv, J(t,x) = 1/ vfe(t,x,v)dv.
Rd

R4 9

1.2 Assumptions and preliminaries

Throughout the paper we shall make the following assumptions and notations
Al: f§>0, / fo(1+ |v* + |logfs|) < C and ¢°(t = 0) is bounded in H'(w).
Q

A2: (/py, Oipy) € LS. (RY; HY?(0w) x L*(0w)) and the density is bounded from

loc

above and below : there exist ¢ and ¢ such that 0 < ¢ < pp(.,x) < ¢, for z € Jw.
A3: ¢, > 0 and (¢, Ody) € Lis, (RT3 Wh2(@) x L>(@)).

loc

We define the total charge (or mass), the kinetic energy and two distances to the
local equilibrium by

:/ﬂfg(t,x,v)da:dv, lCa(t):/ﬂgfe(t,x,v)dxdv,
:%/Ot/ﬂ<\/ﬁ—\/pE_M>2da:dvds (7)

RiE(t) = %/o /Q(fs — p*M ) (logf® — log(p°M) ) dzdvds.

The entropy and entropy fluxes through the inflow and outflow boundaries are de-
fined by

[o[*

eﬁ<t>:1||vx¢6<t>||;(w>+ [ (e + 54 ) o

/ / I (10g o+ E + (bb) lv.n(x)| dodvds.
I+

We also define the quasi-Fermi level (defined on the boundary dw)

Er(t.a) = o (Fo055 ) + (). 9

Let us recall two lemmas about the collision kernel (see [31])

Lemma 1.1 (H-Theorem). Assume that (5) holds, then the operator Q is bounded
in L'(dv) and satisfies for all f € L'(dv), f >0 and f(Jlogf| + |v]?) € L (dv)

4



where p = [ f(v)dv. Moreover,
H(f) =0 Q(f) =0« f(v) = pM(v).
Lemma 1.2 . Assume that (5) holds, then
1. —Q is a bounded, symmetric, nonnegative operator on L?(R%; M~'dv),
2. Ker@Q =R M,
3. —Q is coercive on R(Q) = KerQ+.

1.3 Statement of the result

Our motivation in this work is to prove the convergence of renormalized solutions
(f5, ¢%) to (1-6) towards (pM, ¢) where (p, ¢) satisfies the following Drift-Diffusion-
Poisson system [16, 21, 31]:

( atp + Vx‘](pa ¢) = 07
J(p,#) = =D[Vaup + pVa(d+ )],

(DD-P) D= —/ v® QN (vM)dv > 0,
Rd

_A$¢ =P

[ p(t=0)=po, (p,9)jow = (p5,0).

Definition 1.3 We say that (p, ¢) is a weak solution to the Drift-Diffusion-Poisson
system (DD-P) if

p € L™®(0,T; LlogL(w)) N L*(0,T; L*(w)),
Vb € LA(0,T; H' (),

Op € L*(0,T; Wt w)),

¢ € L*(0,T; Hy(w)).

and (p, @) satisfies (DD-P) in the weak sense. O

We recall here the definition of the space LlogL(w),

LlogL(w) = {f|f > 0and /[f (14 |logf])] is finite} (10)

and that p € L>(0,T; LlogL(w)) if and only if | p(t) (1+ [log p(t)]) dz < C where
C' is independent of ¢t € (0,T).

We also point out that due to the fact that 9,p € L'(0,T; W~ !(w)), we deduce
that p is continuous in time with values in W~'!(w) and hence the initial data for
p makes sense. The main result of this paper is the following theorem

5



Theorem 1.4 Assume that Assumptions (A1), (A2) and (A3) hold. Let (f¢,¢°) be
a renormalized solution of (1-6), (in the sense of Theorem 2.2). Then,

fe—pM in L'((0,T) x ), .
O —¢ in L((0.T);W'(w)), Vp<2 (1)

where (p, ) is a weak solution of the Drift-Diffusion-Poisson system (DD-P).
Moreover,

¢ € L>(0,T; Hy(w))NL*0,T; H*(w)).

O
The proof of this Theorem is as follows. In Section 2 we prove the existence of
renormalized solutions to the semiconductor Boltzmann-Poisson system. In Section
3 we establish some a priori uniform estimates. These estimates generalize the
estimates obtained in [6]. To get the convergence we argue in a different manner
as in [6]. Indeed, in the one dimensional case the energy estimate of section 3 and
the convergence are deduced from an hybrid-Hilbert expansion which is based on
the regularity of the limiting system. In the present case, the solution to the Drift-
Diffusion-Poisson is not regular enough and the solutions of the initial system are
only renormalized. Instead, the method of moment and velocity averaging are used
to pass to the limit (¢ — 0). In section 4, we use a velocity averaging lemma to prove
the compactness of the charge density p. In section 5, we pass to the limit weakly
in the equation. In section 6, we recover the boundary condition for p. Finally,
section 7 is devoted to the proof of the regularity estimates on (p, ¢) and that the
limit solution (p, ¢) is a weak solution of (DD-P).

2 Existence of renormalized solutions

For the existence of renormalized solutions to the full Boltzmann-Poisson system we
refer to [12, 29]. It is noteworthy that even though the Boltzmann kernel we are
considering here is linear, the combination of the Boltzmann term and the Poisson
term makes the existence of weak solutions to (1-6) with uniform bounds a difficult
problem and we were not able to construct such kind of solutions. This is coming
from the fact that the Poisson term can be well treated in LP(dv) type of spaces
whereas the linear Boltzmann term can be well treated in LP(M!'~Pdv). This incom-
patibility is responsible for the lack of estimates. We notice then, that the entropy
bound given in (15) is not enough to give a sense to V¢ fe.

Before stating an existence theorem for (1-6) let us give a definition for renor-
malized solution or more precisely the definition we are going to use.

Definition 2.1 We say that (f¢, ¢°) is a renormalized solution to the semiconductor
Boltzmann-Poisson system if it satisfies

1.V B eC' R, |B(t) < CWEt+1), and |B(t)| < C, B(f?) is a weak solution



0 B(f°) +v.VuB(f?) = Vou(Val(6° + &) B(f2)) = B'(f2) XL
B - = BUfE), (12)
Bt =0) = B(f5),

2. VA>0, 0., =[5+ AM satisfies

QU , M
2696)\ 295 >\

€005+ 0.V o0: 1 — V. [Va(¢°F + ¢)0.0] = V(65 + ¢p). (13)

Theorem 2.2 The semiconductor Boltzmann-Poisson system (1-6) has a renor-
malized solution in the sense of definition 2.1 which satisfies in addition

1. the continuity equation

Dupf + V.5 =0, (14)

2. the entropy inequality

{/Qfe (qb L P +logf6) +%vabanig};_glz/Ot/QQ(fe)log <%>
//@mf ——/ [t (¢b+72+10gf5>( o

Proof. For the convenience of the reader, we give an idea of the proof in the
Appendix. We also refer to [29] for more details.

(15)

3 Uniform energy estimates

Lemma 3.1 Assume that assumptions A1, A2 and A3 are satisfied. Then, any
renormalized solution (f€, ¢°) of the semiconductor Boltzmann-Poisson system (1-6)
satisfies

ME(t) + K5(t) + Ve (t)II7

/ Hj H 1ds <CT (16)
uniformly in €, where M, K° and R are defined in (7).

Proof. Starting from the entropy inequality (15), one can write the entropy dissi-
pation in the following form

()= o () vebi) (5 v




Using the Jensen inequality

Q(fg)log (1‘7\;) < —% g M (log/f - log%) (/f - %)
Applymg the relation
(a— Dlog(a/b) > (va Vb )2 (17)
oo / /Q (f%) (logff s ) > 01 Ri(t) > o1 RE(t). (18)

Moreover, we have also to approximate the entropy production term by the bound-
ary, (I — I7)(t), defined in (7). We write this quantity as follows

)= [ [ ol sronos (L) + 70 - ey gnte.n)]

Using the inequality alog(a/b) > a — b for a,b > 0, we obtain

(1 =12)(1) 2/0 . [on(@)[[f*(v) = fF(=0)] (1 + Ep(t, x))doy dvds. (19)

Then, we can replace (15) according to (18) and (19) and obtain

e+ 2R0 < [ [odr -1 [ [ patllre) - r-olo e

(20)

where

&) =3 IVl + [ 5 (1o + B+ d) 0

and
Er(t,z) =log (%) + ng(t, x).

We extend the quasi-Fermi level on @ (denoted by £r) and replace py, by its harmonic
extension, (in w), pp. According to assumptions A2 and A3, V, Er and 9,&, r, defined
on w by

OEr = (Oupy + Po Oscon) / P,

Vie€r = (Vapy + po Vads)/ po

are bounded. By multiplying (14) by (1 + Ep(t,x)) and integrating by parts, we
obtain

L [arenrw - repa@l = [ [agess [ [viées
— [/Ld(1+6'~p)pa];

(21)



and then (20) is equivalent to

ol 2R < [ [or ] - [ [vges - [ 22,

which implies, according to (A1), (A2) and (A3) that

o R o g
E(t) + > <Crl14 | M(s)ds+ 175(s)|| 1 ds
0 0
where Cp depends only on T'. Let us estimate the current density in the following
way
t
/ 15°(s) [l ads = / (VI = VM) (VF + \/p’fM)‘
0
1 o\ 1/2
S-ﬂﬁy@(ZlAWFQU%+VﬁM>)

€

The Young’s inequality (ca® + =b% > ab, Vo > 0), gives

[ 1556l ds < SR+ 5 [ (M0G0 + 600 (22)

where « does not depend on € (for example o = 1/2). Then, one can deduce

Ss(t)+R2;()<CT(1+/M ds+/lC5 > (23)

and bound M°? and K¢ in terms of £° using that

/quog <#) > M — |w|€/]Rd e/ (24)

Hence, we deduce

ME(E) + K5 (t) + || Vot (8)]122 + R;(t) < Cr <1 +/0 Ma(s)ds+/0 ICE(s)ds) .

The Gronwall inequality leads to a uniform bound of M®, K¢, e72 R$ and ||V,.¢°|| 2.
Then we get the L' —bound on j¢ using (22). O

Corollary 3.2 The renormalized solution satisfies

[P +tosr D+ [ [+ + og (e < Cr.
Q 0 JI't

Moreover, f* and its trace f{ — are weakly relatively compact in LY((0,T) x Q)) and
LY(0,T) x T'F, |v.n(z)|dtdo,dv)) respectively. O



Proof. Let us remark that

/ Flogfl= [ fFlogrr— [  flogf (25)
fe>1 fe<1
Estimates (16), (23) and (24) imply
E5(t)] < Cr,
fellog fe| = — [ flog(fe/e ) +/ v|? f¢
fe<1 fe<1

< /|v|2f5dxdv + |w| /e"”de < Cr
and

fflog f7 < |€°(H)] + fllog f7| < Cr.

ezl o<1

The Dunford-Pettis Theorem [15] implies the weak compactness of f¢ in the men-
tioned space. We obtain the bound and the weak compactness of ffp . by a similar

argument. Indeed, from the entropy bound we can deduce that

[ Lol ) promaase:

and then, we can argue as above. a
The above Corollary will be used to approximate uniformly f¢ by bounded func-
tion. Indeed, let (s be an approximation of the identity, namely [s(s) = %5(55)
where 3 is a C§° function satisfying ((s) = s for s <1, 0 < §'(s) < 1 for all s and
B(s) =2 for s > 3. As a consequence of the equi-integrability of f¢, we deduce that
(Bs5(f9))se is weakly relatively compact in L'((0,7) x Q)). Indeed, we have

/OT/Q|55(fE)—f€|SC/fE>1/5f5—>0, as d — 0
s [ s aien

uniformly in . Up to extraction of a subsequence, we also have

Bs(f) —f° —0, a.e. asod — 0,
Gs(fe)  — 1, a.e. asd — 0.
More precisely
sup 185(f) = fllze,, =0 asd —0. (27)
e<

10



Proposition 3.3 The renormalized solution (f¢, ¢°) satisfies
1. p° is weakly relatively compact in L*((0,T) x w).
9 QU

£

8. V¢° is relatively compact in L*(0,T; LP(w)) for all1 <p < 2.

is weakly relatively compact in L*((0,T) x Q)).

Proof. Let log™s = max(0, log s). Applying the Jensen inequality we get

plogt p® = / (% Mdv) <log+/%Mdv) < /falong%dv.

The uniform energy bound (16) and Corollary 3.2 lead to

t
/ /pa(l +log"p°) < Cr
0 Jw

which implies the L*((0,7) x w) weak compactness of the sequence p*.
Let us define

- JFH
evM
Hence, from the energy bound (16), we deduce that r. is bounded in L*((0,T) x

Q, Mdtdxdv). Extracting a subsequence if necessary, we denote by r its weak limit.
Using r., we can rewrite

Te :

fE=p"M+2eM\/pFr. +er’M
and

Q(f*)

3

— 2/ Q(r. M) + £ Q(r2M)

where r2M and r. M are respectively bounded in L' and L*(M~'dv). The operator
Q is bounded in L' and L?*(M ~'dv). This implies that @ is bounded in L} and

Q(f7)

3

= 2\/EQ(T€ M) + O(g)Ll(O,T)XKL
Moreover, let a > 0, then

and choose C' such that %HQQ(EM) [zr, . < /2. For such fixed a and C' the equi-
integrability of p*M implies -

36 >0,VAC(0,7) xQ, |A] <(5:>C/p5]\/[§04/2.
A

11



So, \/p* Q(r. M) is equi-integrable. Besides, if Qg := w x B(0, R), then

1/2

T 1/2 T
[ [ wrewani<iey ([ ) (/ QmWWM*> 0
0 JO5 b \J B(O,R)® 0 Jag

as R goes to infinity uniformly in €. This proves the weak compactness of %fs) i
LY((0,T) x Q).

The third assertion of the proposition is a consequence of the Lions-Aubin theo-
rem (see [25] lemma 5.1). Indeed, using that V,¢° is bounded in L*(0,T; L?(w)) and
A, ¢ is bounded in L?(0, T, L'(w)) we deduce that V,¢¢ is bounded in L*(0, T’; L?(w)N

1—r

Wni(w)) for some ¢ > 1 and 0 < 7 < 1 such that === > 1 — %. And, using that

OV, = Vi (A,)'V,.(5%) we see that 0;V,¢° is bounded in L'(W, 7F(w)) for
some p > 1and s > d — g. Hence, V,¢° is compact in L*(0,T; L} (w)) for some
1 < ¢ < 2. And using that V,¢° is bounded in L?(0,T; L?(w)) we deduce the

compactness in L*(0,7T; LP(w)) for all p < 2. O

n

Proposition 3.4 r. is such that e|r.|*|v|> M is bounded in L*((0,T)xQ) and \/e|r.|*|v|M
is bounded in L*((0,T) x Q).

Proof. The proof uses Young inequality (see [8] and [26] where a similar ar-
gument is used to control the distance to the Maxwellian). Let us denote r(z) =
zlog(1 + z) and

(p) = sup (= = r(2)

its Legendre transform. Hence 7*(p) behaves like e? when p goes to +o00. Moreover,
r*(p) has a superquadratic homogeneity, namely for 0 < o < 1 and p > 0, we have

r*(ap) < o®r*(p). We also denote z. = pZ—EM —1and z. =0 if p. = 0. Hence
1
elrellol < Zpelzlfvl” (28)

By Young inequality, we have

1 4p,
coeloPled < [ GloP) + (e

4p. 2
< Hler P ere)
which is clearly bounded in L'((0,T) x Q,dtdxMdv) by using the growth of r*
and the entropy dissipation bound R(t) < Ce?. This proves the first assertion.

Interpolating with the fact that r. is bounded in L*((0,T) x Q, dtdz Mdv), we deduce
the second bound. This ends the proof of the proposition. a

4 Compactness by velocity averaging

Proposition 4.1 The density p° is relatively compact in L*((0,T) xw): there exists
p € L'((0,T) x w) such that, up to extraction of a subsequence if necessary,

p° — p in L'and a. e. O

12



Using (27), it suffices to show the compactness of (85(f¢)). for all (fixed) 6 > 0. This
is a consequence of the averaging lemma (see [20, 14]) and the continuity equation.
Let us recall the following averaging lemma

Lemma 4.2 Assume that h® is bounded in L*((0,T)xSY), that hi and h are bounded
in L'((0,T) x Q), and that

eOhE + 0.V I = hS + V, . EE. (29)

Then, for all 1 € C°(RY),

||/ (h*(t,z +y,v) = h°(t, z,v) ) Y(v)dv|| 1 — Owheny — Ouniformly ine
Rd *

(30)
where he(t,z,v) has been prolonged by 0 for x & w.

Remark 4.3 The above lemma only gives the compactness in the x variable of the
averages in v of h*(t,x,v). This is due to the presence of an € in front of the time
deriwative in (29). We also refer to [21] and [8] for similar averaging lemmas where
there is only gain of regqularity in the x variable.

This lemma can be deduced from the proof of theorem 1.8 of [9] or from the proof
of theorem 6 of [14] (see also the proof of theorem 3 of [14]). The only difference
here is the presence of the time derivative which comes with the factor ¢ in front and
hence does not imply regularity in time as in theorem 6 of[14]. Actually, following
the proof of theorem 3 of [14] with ¢ = m = 1, p = 2, 7 = 0, and writing the problem
in the whole space R, x R%, we can prove that [, ¢(v)h(t,z,v)dv is in the Besov
space L">((0,T); B3l ,,) where r = 2 and s = . For the definition of the Besov
space B3, we refer to [14]. A sketch of the proof will be given in the appendix.
This, of course, yields the compactness stated in (30).

Proof of Proposition 4.1. Let ¢ be a (fixed) nonnegative parameter. Let us
verify that the rescaled Boltzmann equation (in the renormalized sense) satisfies the
assumptions of Lemma 4.2. Indeed, [s(f°) is a weak solution of

€0 B5(f7) + 0.V B5(f°) = hg + V. b3

where

Q(f7)

3

hg = B5(f9)  and  h§ = V(¢ + by) Bs(f).

The sequences (85(f¢)). is bounded in L>°NL((0,T) x ) and hence in L2((0,T) x
Q). Moreover, hj is weakly relatively compact in L;,, and by applying Holder’s

t,x,v

inequality and using the uniform bound of 35(f¢) in L? (for fixed d), we obtain

C .
1P 21 (0,7) xwiL2(may) < 7 fgg V(6% + o) (t)]] 2-

13



Since we are using a compactly supported function to localize in space, the L? bound
in v also yields and L* bound.

Assumptions of Lemma 4.2 are satisfied and hence we get the L!'-compactness
in @ of [p.¥(v)B3s5(f°)dv, namely (30) holds with h® replaced by 35(f¢) .

Next, using that (8s(f¢)). is bounded in L>(0,7T; L*((1 + |v|?)dzdv)), we see
that we can take ¥ (v) to be constant equal to 1 in (30) and hence we deduce, after
also sending § to 0 and using the equi-integrability of f¢, that

llp*(t,x +y) — ps(t7$)||L%@ — Owheny — Ouniformly ine

Finally, using that 9;p° = —V,. .j¢ is bounded in L*((0,T); W11 (w)), we deduce
that p° is relatively compact in L'((0,T) x w) and Proposition 4.1 is proved. O

5 Passing to the limit

Using the previous section, there exists p € L'((0,T) x w) such that

p°—p in Lt{x and a.e.
2
The inequality <\/_ — \/T)) < |a — b| leads to

VPF—/p inLi, anda.c.
The entropy dissipation given by (15) leads to

ff—=pM inL;

t,x,v

and a.e. (31)

Moreover, we have

W) _ ovFQu M) +2QuM)) — 2/5Q( M), in L

€

where 7 is the weak limit of r¢ in L?((0,7T) x Q, M (v)dtdzdv). So, one can pass to
the limit in (13) for A > 0, up to extraction of a subsequence, and gets

vV /(0 + MM = Vo (Va6 + 00)/(p - A M) = VPRI M)
(p+ )M )
+AMU.V$(¢ + )
2y/(p+A)M

where V¢ is the L7 ,—weak limit of V,¢°. Sending A to 0, we infer that

1 .
(Tovp+ §VBValo +8) ot = Q).
Using that Q(r M) is bounded in L*((0,T) x Q, M~ (v)dtdrdv), we deduce that
Va/P+ 5/ Va(¢ + @) is bounded in L((0,7) x w). Besides, the current density
is given by

s :2\/55/ radev—l—e/r?dev.
Rd
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Using Proposition 3.4, we deduce that
J°=2p rvMdv + O(\/E)Ll((oyT)XQ) — 2\/5/ roMdv, in L;m.
R4 R4

The function vM € R(Q) := KerQ*, therefore

/rdev:/Q('rM)Ql(vM)dMU

and
i = 90,0 =25 | [ (we Q@ e (Vavis jvaviier ).
Passing to the limit (¢ — 0) in (14) and the Poisson equation —Ag® = p°, we obtain
Op +VaJ(p,9) =0,
J(p,6) =2/ |-D (Var/5+ 3P Vul0 + d))]

D= —/ (v Q Y vM))dv and — A.p=p.
Rd

6 The limit boundary condition

In this section, we want to pass to the limit in the boundary condition and prove
that p = p, on dw. First notice that from the fact that V,,/p + %\/ﬁvx(qﬁ + ¢5b) is
bounded in L*((0,T) x w), we deduce that V,,/p is bounded in L'((0,T) x w) and
hence the trace of |/p makes sense on dw.

For each sequence (g.)., g will denote the weak limit of (g.). when e goes to
zero, extracting a subsequence if necessary. In particular f_TF denotes the weak limit

of f5. in LY(0,T) x TF, |v.n(z)|dtdo,dv)). We recall that 85(f¢) is a weak solution

of the renormalized semiconductor Boltzmann equation:

Q(f7)

OGH([7) + 0 Vabsl5) = Vel + ) Vuls(r) = “LL557) ()

with the following boundary condition and initial data

Bs(f),- = Bs(ppM) and  Bs(f7),_, = Bs(f5)-

Passing to the limit in (33), we infer

v.VaBs(pM) — Va(d + ). VolBs(pM) = 2y/p Q(r M)B5(pM). (34)

On one hand, using £(¢, z,v) € C([0,T] x €), as a test function in (34) we get
T T .
[ [ oo [ [ orvaior d).v.g
o Ja o Ja
T T
- [ [2vpaemngomne+ [ [ enoanwa =o.
o Ja o Joq
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On the other hand, using {(t, z,v) as a test function in (33) and passing to the limit,
we deduce that

Bs(pM ) o0 = Bs(f9) a0 (35)

From Corollary 3.2, we deduce that f5, € L*(0,T; LlogL(|v.n(z)|do,dv)) and
hence B5(f)jon = Bs(fiaq) € L>(0,T; LlogL(|v.n(z)|do,dv)) uniformly in &,4.
Hence, 35(pM )|sq is uniformly bounded in L*°(0,T’; LlogL(|v.n(x)|do,dv)) and con-
verges to (pM)jsq when § goes to 0.

Using, ¥ (t, z) € C*(]0,T] x @) as a test function in (33) and passing to the limit,
we get

/OT/QW'OM oVt /OT /Q 2/ Qr M)B5(pM)y
- /OT /F+ v (W— 56(PbM)> (v.n(z))

Sending ¢ to 0 and using that

/OT/Qva.Vx@ZH—/OT/QQ\/ﬁQ(rM)w:O,

lim /0 ' /F [T = )] @atee = o (36)

we deduce that

0—0
Using (35) and the fact that

1
M(v.n(z))dv = —
/Rdﬂ{v.n(w)ZO} 2m

/OT /Bw [p1ow — Pt =0 (37)

we infer

and hence p = p, on Jw.

7 Regularity of the density
In this section we shall prove that the limit p € L*(0,T; L*(w)) and that \/p €
L*0,T; H'(w)).

We assume that p,(t, x) is defined in the whole domain w. We can for instance

extend /pp(t, ) in w as a harmonic function. Hence, p,(t, x) satisfies

pp € L®((0,T) x w) and +/p, € L*(0,T; H'(w)).

16



Lemma 7.1 Let w be a regular and bounded open subset of R? and p a positive
function of L>=(0,T; L'(w)) satisfying

Vovp+ 3Vahy/p =G € L*(0,T; L*(w)),

~Bat = p; (38)
V.0 € L>(0,T; L?)
p=p, onow.
Then
p€ L*0,T; L*(w)), Vp € L*0,T; H'(w))
and Vo,/pe L*0,T; L*(w)). O

Proof. The first and third equations of (38) imply that V,,/p € L' and hence the
boundary condition p = p, on dw makes sense. Let us take (s as in the proof
of Corollary 3.2. But since we will deal with possibly negative values, we take
Bs(s) = 36(ds) where § is a C* function satisfying §(s) = s for =1 < s < 1,
0 < fF'(s) <1 forall sand 3(s) =2 for |s| > 3.

We denote ¢ = \/p — \/py. Hence

VaBs(1h) = Varh B5().

Hence, after subtracting ,/p, from ,/p, we can renormalize the first equation ap-
pearing in (38) , it gives

VLs(0) + Vb5 ()0 = G(W) (39)

where G = G — Va/Po — sVo0y/py 18 also in L?(0,T; L*(w)). Then using that for
fixed 6 > 0,

1
V.08 < [Vl € L?
we deduce that V,85(¢)) € L? for fixed §. Taking the L? norm of (39), we get

1 T ~
IV 030 + V0Bl + [ [ V.ovam@sw) < 16T @0
Let (3 be given by 5(s) = [; 70/(7)%dr and f5(s) = 53(ds). Hence, (5(s) goes to &

when ¢ goes to 0.
Computing the third term in (40), we get

/ V0.V BB = / V..V B () = / oBs().

Hence, we deduce that for all § > 0,

1 Tr o ~
IV B5 ()17 + ZHVIWS(@DWH%Z) +/0 /wpﬁa(w < [|G[7=-
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Letting 0 go to zero, we get that

Va5 =Vl + §IV:0(/5 =V [+ 5 [ [ o= v < G

Using that /p, is bounded, we conclude the proof of the lemma. a
Now, using the lemma, we can see easily that we can rewrite the current

10.6) =25 | =D (Vovi+ 5B V200 + 90 | = ~DITap  9ul0+ )l

Finally, the regularity of ¢ can be easily deduced from that of p and this ends
the proof of the main Theorem 1.4.

Appendix 1 : Existence of renormalized solution

We present here a proof of the existence of renormalized solution to (1-6) satisfying
the conditions of Theorem 2.2. We refer to [29] for the existence of renormalized so-
lution to the Vlasov-Poisson-Boltzmann system with a nonlinear Boltzmann kernel.

To simplify the notations we take ¢ = 1. We begin by regularizing the collision
operator, and both Boltzmann and Poisson equations. Let us define

Qr(f) = /Rd or(v, V)Y (Mf — M f)dv (41)

where
or(v,v") = o (v,0") 1y <r(V)Lw<r (V). (42)
the regularized semiconductor Boltzmann-Poisson system reads

4

Oufan+ (Ve = Valban + 3) Vofar) = Qulfar),

_(1 — an)ZmAxQSa,R = Pa,R = / fOc,Rd'Uv

lv|<R

(VBp)a,R fa,R(07x7U> = f0<:[j,’()), (513‘,1)) €

fa,R(t>x>v) = fb(t,x,v), (13,U> cl~

\ ¢a,R = Axgba,R = ... = Aimgba,R - 07 T € Jw

where « is a nonnegative parameter and m € IN*. We refer to [1, 6, 33| for further
details about this approximation.

A simple computation gives the following H-Theorem

18



Lemma 7.2 The collision operator Qg is bounded in L' and L™ and satisfies

Qr(f)dv = » Qr(f)dv =10

[v|<R

and

2
I f /
\u|<RQR(f)logM = /Rd Qr(f 1OgM < —3 (\/?— M/ fdv> :

As a consequence of these conservation properties, one can prove, by a fixed point
procedure and by using the characteristic method, that the modified system (VBP), r
has a weak solution (fs g, ¢a.r). More precisely, multiplying the semiconductor
Boltzmann equation by (1+|v|>/2+1og fa.r), and integrating with respect to dtdzdv,
we get

{ /|1—aAmV ba,rl* (s /faR(logfaR+%+¢b>():|;
//Hfa,R(logfa,RJr'%Jr(;;b)]vn \+—// \/faR_\/paRM)
/ /_ o (log fo+ |— + gbb) lv.n(z)]

For fixed «, the solution is weak. one can pass to the limit R — oo and shows that
there exists a weak solution (fy, pa, ¢a) of

( atfa + U'foa - VI(¢01 + dgb)-vvfa = Q(fa)a
—(1 = alA)?Ardg = po = fadv,

R4
fa(0,z,v) = fo(z,v), (z,v) €,

fa(t,z,v) = fi(t,z,v) (x,v) e T~
\¢a:Ax¢a:--~:Aim¢a:O, x € Jw

(VBP),

Moreover, this weak solution satisfies equations (12), (13) and (14) and

B/Ju_ammvx%ﬁ(tH/Qfa <10gfa+%+¢b>( )I)

[ [ e (ostat w0 oo+ 2 [ [ (Vi Vot

/ / I (logf” v +¢) lv.n(z)] < Cr.

As a consequence of this identity we get the following proposition

Proposition 7.3
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1. f, and falﬁ are respectively weakly relatively compact in L'((0,T) x Q) and
LY(0,T) x T, Ju.n(z)|dtdodv).

2. |Vedallzze < (1 — AL)"Vaidal|lrz < Cr and V., is relatively compact in
LP((0,T) x w), for all p < 2.

8. pa is relatively compact in L'((0,T) x w).

The proof of this proposition follows the same lines as the proofs of compactness
given in the paper (see the proofs of Corollary 3.2, Proposition 3.3 and Proposition
4.1). Notice however, that we do not get immediately the compactness of f, as in
(31). O

Using this Proposition, we can end the proof of Theorem 2.2.

Let f, p, ¢ and j be the weak limits of subsequences of f,, pa, ¢o and j* =
[ vfadv. To prove that (f,¢) satisfies (12) and (13), we argue as in [24] (see also
[29]). The method is based on a double renormalization. First, we write the equa-
tion satisfied by f(s(f.) where (35 was defined in section 3 and then weakly pass to
the limit when a goes to zero. Then, we renormalize the resulting limit equation
using the function § or the function v/s + AM. Finally, we let o go to zero and
recover (12) and (13). The continuity equation (14) can be easily deduced from the
continuity equation for p, and the entropy inequality (15) can be deduced from a
classical convexity argument (see also [29]). This ends the proof of Theorem 2.2.

Appendix 2 : Sketch of the proof of lemma 4.2

Here we would like to prove lemma 4.2.

Step 1 : First, we rewrite the problem in the whole space in ¢ and x. This
step only uses the equiintegrability of h.. Indeed, for @ small enough, we can find
C cut-off functions xi(¢) and x2(x) such that x; =1 on («,T — «), has compact
support in (0,7") and x2 = 1 on {x € w, |, dist(x,0w) > a and has compact support
in w. Denoting x(t, ) = x1(t)x2(x) and ke = x(t, z)hs, we get

£ OhE 4+ 0. Vh® = xhi + V. (xhS) + (€0, + v. V) xR, (43)

Moreover, due to the uniform bound of h¢ in L?, we have
I [ (Bt 0) =t ,0) ) e0)dvl o — 0
R

when « goes to zero, uniformly in e.

Step 2: From step 1, we see that it is enough to prove the lemma when, we
replace (0,7) X w by R; x R? since the extra term on the right hand side of (43)
is in L?. Notice also that since we localize in the v variable by integrating against
¥(v), the L? norm controls the L' norm.
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More precisely, we can prove that under the conditions of the lemma,
Jra V()R (t, 2, 0)dv € L™((0,T); B, ) where r = 2 and s = + (see [14] for the
definition of the Besov space built on the Lorentz space L™*). One way of proving
the bound in the Besov space is to use the Littlewood-Paley decomposition and
follow the proof of theorem 3 of [14]. The only difference is that £.v should be
replaced by e7 + £.v and that we take the Fourier transform in ¢ and z (see also
theorem 1.8 of [9]).

Here, we would like to sketch a proof which follows the idea used in [22]. Adding

Ah® to both sides of (29), we get

AR + e 0h® + 0.V, h® = hg+ V, . h] + Ah°.

Hence,
/ Bt 2, 0)(0)dv = Ty (B + V- b + ARE) (44)
R4
where -
Thg(t,x) = / / g(t —es,x — sv,v)e M¢(v)dv ds. (45)
0o Jrd
Applying Proposition 3.1 of [22], we deduce that
IT(6) e < ON 2l e (16)
HT)\(Q)||,\*2L%W;1’1+)\*1Lt1L910 < C“g||L1(Rt><]Rg;W*171(Rd)) (47)
Hence,
[ e uoto = p =g+ 7 (19)
Rd
where
1l e < CNV2RE) e (49)
1o 2wy riininpe < CURGNL + [IRT]lL) (50)

This can also be written as p* = p? + p3, where

P3N Ly < CA2(IBG ]2 + (1P 120) (51)
lp2llzrzy < CATH(IIRG Iy + (A5 ] 20)- (52)

We would like to deduce that p € [L2HY2, LYW =11, /5 o), the real interpolation
of order (1/5,00) of the couple (L2HY2 L'W~=11). For all t € Ry, we define the
function

K(t) = inf ||a1||L2H1/2 —I—t||a2||L1W71,1 (53)
ai1taz=p

To conclude it is enough to prove that K (t) < Ct'/®> For t > 0, we take A such that
t=M\/2,

If 0 < t < 1, then p3 also satisfies HP%HL}W;l*l < C)X\? and hence taking a; = p'
and ay = p?, we deduce that K(t) < Ct'/°.
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If t > 1, then we write p3 as the sum of two terms p2 = p2 + p? such that
p2 € A2LYW b and p? € AV2LYW3/21, Hence, if we define

Ky (t) = o nf larll 2 gz s pwsrza + tllazl|piw—1 (54)

we get that K, (t) < Ct'/® by taking a; = p* + p? and ay = p? + p2.

This proves that p € [L2HY? + L1W3/2’1,LlW*Ll](l/g,,oo). This is of course
enough to get the compactness stated in the lemma.
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