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Abstract

The immersed boundary method is both a mathematical formulation and a numer-
ical scheme for problems involving the interaction of a viscous incompressible 
uid
and a (visco-)elastic structure. In [1,2], Lai and Peskin introduced a formally second
order accurate immersed boundary method, but the convergence properties of their
algorithm have only been examined computationally for problems with non-smooth
solutions. Consequently, in practice only �rst order convergence rates have been
observed. In the present work, we describe a new formally second order accurate
immersed boundary method and demonstrate its performance for a prototypical

uid-structure interaction problem, involving an immerse d viscoelastic shell of �-
nite thickness, studied over a broad range of Reynolds numbers. We consider two
sets of material properties for the viscoelastic structure, including a case where the
material properties of the coupled system are discontinuous at the 
uid-structure
interface. For both sets of material properties, the true solutions appear to possess
su�cient smoothness for the method to converge at a second order rate for fully
resolved computations.
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1 Introduction

Many problems of interest in bio
uid mechanics involve the dynamic interac-
tion of a viscous incompressible 
uid and an elastic or viscoelastic structure.
One approach to modeling and simulating such interactions is provided by the
immersed boundary method [3{9]. In the immersed boundary formulation of
such problems, the con�guration of the elastic structure isdescribed by La-
grangian variables (i.e., variables indexed by a coordinate system attached to
the elastic structure), whereas the momentum, velocity, and incompressibility
of the coupled 
uid-structure system are described by Eulerian variables (i.e.,
in reference to �xed physical coordinates). In the continuous equations of mo-
tion, these two descriptions are connected by making use of the Dirac delta
function, whereas a smoothed approximation to the delta function is used to
link the Lagrangian and Eulerian descriptions when the continuous equations
are discretely approximated for computer simulation.

A formally second order accurate version of the immersed boundary method
was introduced in the Ph.D. thesis of M.-C. Lai [1,2]|prior t o this work,
computations performed with the immersed boundary method typically em-
ployed a variety of genuinely �rst order accurate schemes. The second order
accuracy of the method of Lai and Peskin is formal in the sensethat second
order convergence rates are expected only for problems where the true solu-
tion is su�ciently smooth. However, the rate of convergenceof the immersed
boundary method has almost always been assessed in situations where the true
solutions do not possess enough regularity for the formal convergence rate to
be attained.

In the present work, we introduce a new formally second orderaccurate ver-
sion of the immersed boundary method and demonstrateactual second or-
der numerical convergence rates for a prototypical 
uid-structure interaction
problem. In our computational convergence study, we consider the interaction
between a viscous incompressible 
uid and a viscoelastic shell (i.e., a body
which, although thin, is not in�nitely thin). The numerical performance of
the method is examined over a broad range of Reynolds numbersfor shells
with two sets of elastic properties. For the �rst set of elastic properties, the
sti�ness of the shell tapers to zero at its edges, so that there is a continuous
transition in material properties between the 
uid and the structure. We also
consider the case where the sti�ness of the shell is constant, so that there
is a sharp discontinuity in the material properties of the coupled system at
the 
uid-structure interface. At least at low and moderate Reynolds numbers,
in each situation the true solution appears to be su�ciently regular for the
numerical method to converge at its formal order of accuracyas the compu-
tational grids are re�ned.
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To our knowledge this is the �rst time that convergence ratesin excess of �rst
order have been documented using the immersed boundary method, although
higher order convergence rates have been observed for related methods [10{
13]. Unlike the problem considered in the present work, previous convergence
studies for the immersed boundary method have typically considered the case
of an in�nitely thin elastic membrane (i.e., an elastic boundary or interface).
The analytic solutions to such interface problems possess discontinuities in
the pressure and in derivatives of the velocity, and the immersed boundary
method does not accurately capture these discontinuities.By considering the
interaction between a viscoelastic shell and a viscous incompressible 
uid, we
avoid these di�culties and are able to obtain second order convergence rates.

The numerical scheme we present is essentially a re�nement of the formally sec-
ond order method of Lai and Peskin [2]. Several modi�cationsare made to the
method detailed in [2] in an attempt to reduce the occurrenceof nonphysical
oscillations in the computed dynamics. The simplest of these modi�cations is
our use of a strong stability-preserving Runge-Kutta method [14] for the time
integration of the Lagrangian equations of motion (i.e., the equations that
specify the evolution of the con�guration of the elastic structure).

We more drastically depart from [2] in our treatment of the Eulerian equations
of motion, namely the incompressible Navier-Stokes equations. In the present
work, the solution of these equations is by a projection method that makes use
of an implicit L-stable discretization of the viscous terms [15,16] and a second
order Godunov method for the explicit treatment of the nonlinear advection
terms [17{19]. Generally speaking, projection methods [20{22] are a class of
fractional step algorithms for incompressible 
ow problems that update the
velocity by �rst solving the momentum equation over a time interval without
imposing the constraint of incompressibility. Doing so yields an \intermediate"
velocity �eld that is generally not divergence free. The \true" updated velocity
is then obtained by solving a Poisson problem to enforce the incompressibility
constraint. Mathematically speaking, this process projects the intermediate
velocity onto the space of divergence free vector �elds.

When an \exact" projection method is used, the discrete divergence of the
updated velocity is identically zero (to within roundo� error). In the present
work, we employ a projection method that is not exact but rather is \approx-
imate" in the sense that the discrete divergence of the velocity only converges
to zero at a second order rate as the computational grid is re�ned. When such
methods are used with the immersed boundary method, we have found that
it is bene�cial to determine the updated velocity and pressure in terms of the
solutions to two di�erent approximate projection equations at each timestep.
This so-called hybrid approach was originally proposed by Almgren et al. for
inviscid 
ow [23], and our approach is essentially an extension of their algo-
rithm (\version 5") to the viscous case. A more traditional projection method
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would employ only a single projection at each timestep. Consequently, when
compared to more traditional projection algorithms, hybrid methods require
the solution of additional systems of linear equations at each timestep, al-
though this additional expense can be made modest. In the present context,
we have found that the use of a more traditional projection method can result
in spurious oscillations in the computed pressure. These oscillations, some-
times considered to be characteristic of the immersed boundary method [13],
can be dramatically reduced by making use of the hybrid approach we present.
Notably, this is an improvement that holds for thick structures (such as shells)
as well as the more challenging thin interface case.

The remainder of the paper begins with a presentation of the immersed bound-
ary formulation of the continuous 
uid-structure interaction equations in Sec-
tion 2. Formally second order accurate spatial and temporaldiscretizations
of the continuous equations are then described in Section 3,although some
important numerical details regarding our treatment of thenonlinear advec-
tive terms are postponed to an appendix. In Section 4, we verify that the
scheme attains second order rates for a prototypical 
uid-structure interac-
tion problem, using two di�erent sets of elastic material properties and several
smoothed delta functions, and in Section 5, we demonstrate in the context of
a thin interface problem that the hybrid projection method we employ reduces
the magnitude of nonphysical pressure oscillations when compared to a more
standard projection method. Conclusions and directions for future work are
discussed in Section 6.

2 The Continuous Equations of Motion

Consider a system comprised of a viscoelastic structure immersed in a viscous
incompressible 
uid. We assume that the 
uid has uniform density, � , and
uniform dynamic viscosity,� . The structure is taken to be incompressible and
neutrally buoyant, and the viscous properties of the structure are assumed
to be identical to those of the 
uid in which it is immersed. Consequently,
the momentum, velocity, and incompressibility of the coupled system can be
described via the incompressible Navier-Stokes equations, augmented by an
appropriately de�ned body force. (Even in the more complicated case in which
the mass density of the structure di�ers from that of the 
uid, the momentum,
velocity, and incompressibility of the coupled system can still be described by
the incompressible Navier-Stokes equations; see [9]. The case in which the
viscosity of the structure di�ers from that of the 
uid can al so presumably be
done by a generalization of the methods proposed here, but this has not yet
been attempted.)

The immersed boundary formulation of this problem employs an Eulerian de-
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scription of the velocity and incompressibility of the 
uid-structure system and
a Lagrangian description of the con�guration of the immersed elastic struc-
ture. In particular, the velocity of the entire coupled system is described in
terms of an Eulerian velocity �eld, u(x; t), wherex = ( x; y) are �xed physical
(Cartesian) coordinates (i.e.,u(x; t) refers to the velocity ofwhichevermate-
rial is physically located at positionx at time t), whereas the con�guration of
the immersed elastic structure is described in terms of a curvilinear coordinate
system. Let (r; s) be material curvilinear coordinates attached to the elastic
structure so that �xed values of (r; s) label a material point for all time t, with
X (r; s; t ) referring to the Cartesian position of such a material point at time t.
The physical domain consists of a regionU � IR2. For simplicity, we take U to
be the unit square and impose periodic boundary conditions.The curvilinear
coordinates are restricted to some region of (r; s)-space, here denoted 
� IR2.
The con�guration of the elastic structure at time t is denoted byX (�; �; t), and
the curvilinear force density (i.e., the density with respect to ( r; s)) generated
by the elasticity of the structure is taken to be a known functional of this
con�guration.

The equations of motion for the system can be written in the following form:

�

 
@u
@t

+ ( u � r )u

!

+ r p = � r 2u + f ; (1)

r � u = 0; (2)

f (x; t) =
Z



F(r; s; t ) � (x � X (r; s; t )) dr ds; (3)

@X
@t

(r; s; t ) = u(X (r; s; t ); t) (4)

=
Z

U
u(x; t) � (x � X (r; s; t )) dx;

F(�; �; t) = F [X (�; �; t)]: (5)

Equations (1) and (2) are the incompressible Navier-Stokesequations written
in Eulerian form, wherep(x; t) is the pressure andf (x; t) is the (Cartesian)
elastic force density. Equation (5) formalizes the assumption that the curvi-
linear elastic force density,F(�; �; t), is a given functional of the structure con-
�guration, X (�; �; t). A generalization that we do not consider here would be
to allow F to be a time-dependent functional.

Equations (3) and (4) describe the interaction between the Lagrangian and
Eulerian variables. The two-dimensional Dirac delta function, � (x) = � (x)� (y),
appears in both of these equations. In each case, it acts as a kernel of an inte-
gral transform that facilitates conversions between Eulerian and Lagrangian
quantities. Equation (3) converts the curvilinear force density into the Carte-
sian force density. Note that their numerical values are generally not equal at
corresponding points. Nevertheless, the Cartesian and curvilinear elastic force
densities are equivalentas densities. Recalling the de�ning property of the
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Dirac delta function,

Z

V
� (x � X ) dx =

8
><

>:

1 if X 2 V ;

0 otherwise;

whereV � U is an arbitrary region of physical space, we see that the densities
are indeed equivalent via

Z

V
f (x; t) dx =

Z

V

Z



F(r; s; t ) � (x � X (r; s; t )) dr ds dx

=
Z



F(r; s; t )

� Z

V
� (x � X (r; s; t )) dx

�

dr ds

=
Z

X � 1
(V;t)

F(r; s; t ) dr ds;

where
X � 1(V; t) = f (r; s) j X (r; s; t ) 2 V g:

The second of the interaction equations, equation (4), relates the material
velocity of the elastic structure to the Eulerian velocity �eld for the coupled
system. Sinceu(x; t) is the velocity of whichever material is physically located
at position x at time t, for any (r; s) 2 
,

@X
@t

(r; s; t ) = u(X (r; s; t ); t):

We may evaluate the velocity atX (r; s; t ) by making use of the delta function,

u(X (r; s; t ); t) =
Z

U
u(x; t) � (x � X (r; s; t )) dx;

so long asu is continuous. For the coupled system, continuity of the velocity
follows from the presence of viscosity in both the 
uid and the structure.

Before concluding this section, we mention the particular elastic force density
functional that will be used in this work. Suppose that the immersed elastic
structure consists of a collection of elastic �bers, where the material coordi-
nates (r; s) have been chosen so that a �xed value ofr labels a particular �ber
for all time. Let � denote the unit tangent vector in the �ber direction,

� =
@X =@s

j@X =@sj
: (6)

Since the �bers are elastic, the �ber tension,T, is related to the �ber strain,
which is determined by j@X =@sj. The �ber tension can be expressed by a
generalized Hooke's law of the form

T = � (j@X =@sj ; r; s) : (7)
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One can show [5,9] that the corresponding curvilinear elastic force density
functional can be put in the form

F [X (�; �; t)] =
@
@s

(T� ) : (8)

Since T and � are both de�ned in terms of @X =@s, F is a functional that
maps the structure con�guration to the curvilinear force density, F(�; �; t).

3 The Discrete Equations of Motion

3.1 Lagrangian and Eulerian Discretizations

In the immersed boundary approach to 
uid-structure interaction problems,
the solution to the continuous equations of motion, (1){(5), is approximated by
discretizing the Eulerian equations on a Cartesian grid andby discretizing the
Lagrangian equations on a discrete lattice in the curvilinear coordinate space.
In most work using the immersed boundary method, these discretizations are
�xed throughout the computation [5,24{26]. However, therehas been work on
utilizing structured adaptive mesh re�nement in the solution of the Eulerian
equations [27].

In the present work, the physical domain is taken to be the periodic unit
square. It is described using a �xed Cartesian grid with uniform meshwidths
h = � x = � y. The centers of the Cartesian grid cells are the pointsx i;j =�
(i + 1

2)h; (j + 1
2)h

�
, wherei; j 2 f 0; 1; : : : ; N � 1g and h = 1=N.

For a quantity  (x; t) de�ned on the Cartesian grid, we employ the notation
 n

i;j �  (x i;j ; tn ), where tn is the time of the nth timestep. The timestep size
is implicitly de�ned by � tn = tn+1 � tn , although our convergence studies
will employ a �xed uniform timestep � t. Note that quantities are occasionally
de�ned at \half-timesteps", tn+ 1

2
= tn + 1

2 � tn .

The curvilinear coordinate space is discretized on a �xed lattice in ( r; s)-
space with uniform meshwidths (� r; � s). Unless otherwise noted, from now
on the curvilinear coordinate indices (r; s) will refer to the \nodes" of the
curvilinear computational lattice, so that (r; s) = ( r0; s0) + ( m� r; n � s) for
�xed constants r0 and s0 and integer values ofm and n.

Although the discretization of the curvilinear coordinatespace is �xed, it is
important to note that the physical locations of the nodes ofthe curvilinear
mesh,X n (r; s) � X (r; s; t n ), are free to move throughout the physical domain.
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In particular, the physical positions of the nodes of the curvilinear mesh are
in no way required to conform to the Cartesian grid.

3.2 Cartesian Grid Finite Di�erence Operators

We now introduce �nite di�erence approximations to the spatial di�erential
operators appearing in the Eulerian equations of motion, beginning with the
discretization of the divergence and gradient operators. Both approximations
employ second order accurate centered di�erences. The divergence of a vector
�eld, u = ( u; v), is approximated by

(D � u) i;j =
ui +1 ;j � ui � 1;j

2h
+

vi;j +1 � vi;j � 1

2h
; (9)

and the gradient of a scalar function, , is approximated by

(G ) i;j =

 
 i +1 ;j �  i � 1;j

2h
;
 i;j +1 �  i;j � 1

2h

!

: (10)

The Laplacian of  is approximated using standard second order accurate
�nite di�erences, denoted by

(L ) i;j =
 i +1 ;j +  i � 1;j � 2 i;j

h2
+

 i;j +1 +  i;j � 1 � 2 i;j

h2
: (11)

Note that L doesnot equal D � G.

The discrete vector Laplacian of a vector �eld is (Lu) i;j = (( Lu) i;j ; (Lv ) i;j ),
whereu = ( u; v). It is simply the application of the discrete scalar Laplacian
to the individual components ofu.

3.3 The Discrete Approximate Projection Operator

Like all projection-type methods for incompressible 
ow, our method for the
incompressible Navier-Stokes equations makes use of the Hodge decomposition
theorem. This result says that an arbitrary smooth vector �eld can be uniquely
de�ned as the sum of a divergence free vector �eld and the gradient of a scalar
function. The discrete analog of this decomposition is

w = v + G'; (12)

where w is an arbitrary vector �eld on the Cartesian grid and v satis�es
(D �v) i;j � 0 on the grid. Equation (12) implicitly de�nes a projection operator,
P, given by

v = Pw =
�
I � G (D � G)� 1 D �

�
w: (13)
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Since (D � v) i;j � 0, for any vector �eld w, P2w = Pw, so P is a projection.

In practice, the application of the operator de�ned by equation (13) requires
the solution of a system of linear equations of the formD � G' = D � w. For
a two dimensional periodic grid with an even number of grid cells in each
direction, D � G has a nontrivial four-dimensional nullspace. This complicates
the solution process when iterative methods (such as multigrid) are employed
to solve for ' . Moreover, whenP is used in the solution of the incompressible
Navier-Stokes equations, this nontrivial nullspace results in the decoupling of
pressure �eld on four sub-grids, leading to a so-called \checkerboard" insta-
bility.

To avoid these di�culties, it was originally proposed in [28] that the foregoing
exact projection be replaced by a carefully chosen \approximate" projection
operator. In the present work, we use a cell centered approximate projection
operator of a type �rst introduced by M. F. Lai [29] (see also [30]). This
approximate projection operator, ~P, is de�ned by

~Pw =
�
I � G (L)� 1 D �

�
w: (14)

It is important to note that this operator is not a projection, sinceL 6= D � G.
However, L and D � G agree to second order inh so that for smooth w,
D � ~Pw = O(h2). Moreover, kPw � ~Pwk ! 0 ash ! 0. On a uniform grid
with periodic boundary conditions, it can be demonstrated that k ~Pwk � k wk,
so the cell centered approximate projection operator is stable [29]. Another
important issue with regards to the stability of the overall method is the
question of which quantity is to be (approximately) projected [23]; we address
this issue below in Section 3.6.

3.4 A Discrete Curvilinear Force Density

The continuous version of the elastic force density functional that we employ in
the present work is given by equations (6){(8). To approximate this functional
on the curvilinear computational lattice, we introduce a �nite di�erence ap-
proximation to di�erentiation in the s curvilinear coordinate direction, de�ned
by

(Ds	)( r; s) =
	

�
r; s + 1

2 � s
�

� 	
�
r; s � 1

2 � s
�

� s
; (15)

where 	( r; s) is a function de�ned on the curvilinear computational lattice.

Given a structure con�guration, X , the unit tangent vector, (6), is approxi-
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replacemen
� IB

4 (r )

r

-2 0 2
0

0.5

1

� IB
6 (r )

r

-2 0 2
0

0.5

1

� C
4 (r )

r

-2 0 2
0

0.5

1

Fig. 1. Three choices among many for� (r ) when constructing a smoothed approxi-
mation to the Dirac delta function using equation (19). These functions are de�ned
by equations (20), (21), and (22), respectively.

mated at \half-integer" multiples of � s by

�
�

r; s +
1
2

� s
�

=
(DsX )(r; s + 1

2 � s)
�
�
�(DsX )(r; s + 1

2 � s)
�
�
�
: (16)

Similarly, the �ber tension, (7), is approximated by

T
�

r; s +
1
2

� s
�

= �
� �

�
�
�(DsX )

�

r; s +
1
2

� s
� �

�
�
� ; r; s +

1
2

� s
�

: (17)

Finally, equations (16) and (17) may be used to approximate the curvilinear
elastic force density, (8), at integer multiples of �s by

F(r; s) = ( Ds (T� )) ( r; s): (18)

Note that the half-integer multiples of � s that appear in the foregoing are only
intermediate values. In the end, the evaluation of (18) at the nodes of the curvi-
linear computational lattice requires only the values ofX (r; s) at the nodes of
the curvilinear computational lattice, i.e., for (r; s) = ( r0; s0) + ( m� r; n � s)
for �xed constants r0 and s0 and for integer values ofm and n.

3.5 Smoothed Versions of the Dirac Delta Function

In its treatment of the interaction equations that connect the Lagrangian and
Eulerian frames, the immersed boundary method makes use of asmoothed
approximation to the Dirac delta function. In the computational results below,
we will employ several such functions, though our choices are by no means
exhaustive. In each case, the smoothed delta function, denoted � h(x), is of the
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form

� h(x) =
1
h2

�
� x

h

�

�
� y

h

�

; (19)

recalling that x = ( x; y) and that h = � x = � y. Our particular choices for
� (r ) are displayed in Figure 1 and are de�ned presently.

In [9], a collection of axioms (including moment conditionsand a quadratic
condition) are described that lead to the unique de�nition of a particular
smoothed delta function with �nite support. A family of such functions may
be generated by imposing additional moment conditions and correspondingly
broadening the support. The �rst member of this family, the so-called four-
point delta function, � IB

4h (x), satis�es two discrete moment conditions with a
support of four meshwidths in each spatial dimension (i.e.,a support of a total
of sixteen grid cells in two dimensions). It is de�ned in terms of the function
� IB

4 (r ), where

� IB
4 (r ) =

8
>>>>><

>>>>>:

1
8

�
3 � 2 jr j +

q
1 + 4 jr j � 4r 2

�
; 0 � j r j < 1;

1
8

�
5 � 2 jr j �

q
� 7 + 12 jr j � 4r 2

�
; 1 � j r j < 2;

0; 2 � j r j :

(20)

By requiring the smoothed delta function to satisfy two additional discrete
moment conditions, a six-point delta function is obtained.This delta function,
�rst employed by Stockie [31], is denoted� IB

6h (x) and is de�ned in terms of

� IB
6 (r ) =

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

61
112 � 11

42 jr j � 11
56 jr j2 + 1

12 jr j3

+
p

3
336

�
243 + 1584jr j � 748jr j2 � 1560jr j3

+ 500 jr j4 + 336 jr j5 � 112jr j6
� 1

2 ;

0 � j r j < 1;

21
16 + 7

12 jr j � 7
8 jr j2 + 1

6 jr j3 � 3
2 � IB

6 (jr j � 1); 1 � j r j < 2;
9
8 � 23

12 jr j + 3
4 jr j2 � 1

12 jr j3 + 1
2 � IB

6 (jr j � 2); 2 � j r j < 3;

0; 3 � j r j :

(21)

In [32], Tornberg and Engquist examine the use of smoothed delta functions
in the regularization of singular source terms in a variety of settings. One
smoothed delta function that provides them with particularly good results is
a piecewise cubic function,� C

4h(x), de�ned in terms of

� C
4 (r ) =

8
>>>>><

>>>>>:

1 � 1
2 jr j � j r j2 + 1

2 jr j3 ; 0 � j r j < 1;

1 � 11
6 jr j + jr j2 � 1

6 jr j3 ; 1 � j r j < 2;

0; 2 � j r j :

(22)
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This smoothed delta function has a support of four meshwidths in each spatial
dimension and satis�es four moment conditions, but it does not satisfy all of
the axioms prescribed in [9]. In practice, it is also less costly to compute than
the other delta functions considered as it does not require the evaluation of
any square roots.

3.6 Timestepping

At the beginning of timestep n, we possess approximations to the values of
the state variables at timetn , namelyun and X n . The pressure (which is not a
state variable) must be de�ned at half-timesteps to obtain aconsistent second
order accurate method. Thus, at the beginning of each timestep n > 0, we
also possess an approximation to a \time-lagged" pressure,pn� 1

2 .

To advance the solution forward in time by the increment �t, we �rst compute
X (n+1) (r; s), a preliminary approximation to the locations of the nodes of the
curvilinear mesh at timetn+1 . To do so, equation (4) is approximated by

X (n+1) (r; s) = X n (r; s) + � t
X

i;j

un
i;j � h (x i;j � X n (r; s)) h2: (23)

A discrete approximation to F [X (�; �)] provides the curvilinear elastic force
densities corresponding to structure con�gurationsX n and X (n+1) , respec-
tively denoted Fn and F (n+1) . The equivalent Cartesian elastic force densities
are obtained by discretizing (3) and are given by

f n
i;j =

X

r;s
Fn (r; s) � h (x i;j � X n (r; s)) � r � s; (24)

f (n+1)
i;j =

X

r;s
F (n+1) (r; s) � h

�
x i;j � X (n+1) (r; s)

�
� r � s: (25)

A timestep-centered approximation to the Cartesian elastic force density is
de�ned by

f n+ 1
2 �

1
2

�
f n + f (n+1)

�
: (26)

We next determineun+1 and pn+ 1
2 by integrating the incompressible Navier-

Stokes equations in time via a second order projection method similar to the
method introduced by Bell, Colella, and Glaz [22], a method that in turn is a
second order accurate version of Chorin's original projection method [20,21].
Our algorithm extends to the viscous case the hybrid approximate projection
method (\version 5") introduced by Almgren et al. for the incompressible
Euler equations [23]. In particular, as in [23], we obtain the values ofun+1 and
pn+ 1

2 in terms of the solutions todi�erent projection equations, as follows.
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Given un , f n+ 1
2 , and pn� 1

2 , we �rst obtain the approximation to the updated
velocity, un+1 . We do so by discretizing the momentum equation (1) over the
time interval � t without imposing the constraint of incompressibility onun+1 .
Instead, the gradient of the time-lagged pressure providesan approximation to
the true pressure gradient. The nonlinear advection term istreated explicitly,
and a version of the implicitL-stable method of Twizellet al. [15] introduced
by McCorquodaleet al. [16] is used to integrate the viscous terms in time.
With � � �=� , the discretization of (1) is

(I � � 2�L )( I � � 1�L )u � =

= ( I + � 3�L )un + � t(I + � 4�L )

 

� N n+ 1
2 +

1
�

�
f n+ 1

2 � Gpn� 1
2

�
!

; (27)

where N n+ 1
2 is the explicit approximation to [(u � r )u]n+ 1

2 detailed in Ap-
pendix A, and

� 1 =
a �

p
a2 � 4a + 2

2
� t; � 2 =

a +
p

a2 � 4a + 2
2

� t;

� 3 = (1 � a) � t; � 4 =
� 1

2
� a

�

� t;

with a = 2 �
p

2 � � , where� is machine precision.

The solution to equation (27) yields an \intermediate" velocity �eld, tradition-
ally denoted u � , that is generally not discretely divergence free. In formulat-
ing a projection method, one may project either the velocityincrement (i.e.,
un+1 � u � ) or the intermediate velocity itself. Although either choice yields
the same value forun+1 when exact projections are employed, this is not the
case when approximate projection operators are used. Several studies have
found that a more stable algorithm is obtained by approximately projecting
the intermediate velocity [23,30], and we follow this approach. In particular,
un+1 is obtained by making use of the approximate projection operator, ~P,
de�ned by equation (14), yielding

un+1 = ~Pu � : (28)

Although it is possible to determine the value of the updatedpressure in terms
of the approximate projection ofu � , we have found that it is bene�cial to
determine pn+ 1

2 by approximately projecting a second intermediate velocity
�eld that is given by a second treatment of the momentum equation. This
alternate treatment of (1) is identical to (27) except that it does not include
any approximation to the pressure gradient, i.e.,
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(I � � 2�L )( I � � 1�L )~u � =

= ( I + � 3�L )un + � t(I + � 4�L )

 

� N n+ 1
2 +

1
�

f n+ 1
2

!

: (29)

The solution to this equation, ~u � , is the intermediate velocity that we project
to obtain pn+ 1

2 . We emphasize that~u � is only used to computepn+ 1
2 and is not

used in determining our �nal approximation to the velocity at time tn+1 . The
approximate projection of~u � , however, generates analternate approximation
to the velocity at time tn+1 ,

~un+1 = ~P ~u � = ~u � � G ~';

i.e.
~u � = ~un+1 + G ~'; (30)

where ~' is de�ned as the solution to a discrete Poisson problem,

L ~' = D � ~u � :

Since ~P is an approximate projection operator, in general~un+1 6= un+1 .

The pressure consistent with (29) and (30) is the scalar function pn+ 1
2 that

satis�es

(I � � 2�L )( I � � 1�L )~un+1 =

= ( I + � 3�L )un + � t(I + � 4�L )

 

� N n+ 1
2 +

1
�

�
f n+ 1

2 � Gpn+ 1
2

�
!

: (31)

Following [33], a second order accurate approximation to the updated pressure
is determined by substituting (30) back into (29) and comparing the result to
(31). Doing so, the discrete pressure gradient is seen to satisfy

(I + � 4�L )Gpn+ 1
2 =

�
� t

(I � � 2�L )( I � � 1�L )G ~':

Consequently, we obtainpn+ 1
2 via

pn+ 1
2 =

�
� t

(I + � 4�L )� 1(I � � 2�L )( I � � 1�L ) ~': (32)

Since � 4 = (
p

2 � 3
2 + � )� t < 0, pn+ 1

2 is well-de�ned by (32). Note that ~'
is proportional to a �rst order accurate approximation to the time centered
pressure. Full second order accuracy is obtained by solvinga system of linear
equations in (32). Althoughpn+ 1

2 has no in
uence on the value obtained for
un+1 , it is used in the next timestep, when computingun+2 .

14



Having obtained the valuesun+1 and pn+ 1
2 , we complete the timestep by com-

puting X n+1 via

X n+1 (r; s) = X n (r; s) (33)

+
� t
2

0

@
X

i;j

un
i;j � h (x i;j � X n (r; s)) h2 +

X

i;j

un+1
i;j � h

�
x i;j � X (n+1) (r; s)

�
h2

1

A

Note that the evolution of the structure con�guration via (23) and (33) takes
the form of a second order accurate strong stability-preserving Runge-Kutta
method [14]. Equation (33) is an explicit formula forX n+1 , since X (n+1) is
already de�ned; see equation (23).

Finally, we must discuss the initial timestep. The initial state of the system
is completely determined by the initial values ofu and X . To ensure that the
initial velocity at least approximately satis�es (D � u0) i;j � 0, we �rst replace
u0 by its approximate projection,

u0  ~Pu0: (34)

Next, the pressure must be determined from the values ofu0 and X 0. We ob-
tain the pressure iteratively as follows. First, the pressure is provisionally set
to be identically zero. We then perform a preliminary timestep. The computa-
tion of this preliminary timestep yields a �rst approximation to the pressure
at time t = 1

2 � t0. We then iteratively re-compute the initial timestep, always
using the most recent approximation to the pressure. After asmall number
of iterations (we use a total of �ve), we obtain a su�ciently accurate ap-
proximation to the pressure at timet = 1

2 � t0 to achieve overall second order
accuracy.

3.7 Implementation Issues

Before concluding this section, there are a few issues we wish to address re-
garding our software implementation of the foregoing algorithm. The imple-
mentation of the present version of the immersed boundary method makes
extensive use of the SAMRAI (Structured Adaptive Mesh Re�nement Appli-
cation Infrastructure) library, a C++ framework for developing parallel scien-
ti�c applications which provides support for block structured adaptive mesh
re�nement (AMR) [34,35]. Although our implementation allows us to make
use of the parallel and AMR capabilities provided by SAMRAI,we do not
do so in the present work since our focus is on the order of accuracy of the
immersed boundary method itself and not on further enhancements to the
basic method.
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In our implementation, SAMRAI provides a mechanism for organizing com-
putations on the Cartesian grid. To manage Lagrangian quantities de�ned on
the curvilinear mesh (i.e.,X and F), we additionally make use of PETSc (the
Portable, Extensible Toolkit for Scienti�c Computation) [36{38]. All numer-
ical quantities de�ned on the curvilinear mesh are stored inPETSc vectors,
allowing for parallel communication of data on the curvilinear mesh. Addition-
ally, by making use of the linear and nonlinear solvers provided by PETSc,
it is straightforward to solve systems of equations on the curvilinear mesh,
potentially facilitating the implementation of e�cient fu lly implicit time dis-
cretizations for the immersed boundary method.

At each timestep, it is necessary to compute the solution to several discrete
Poisson and Helmholtz type systems of linear equations. TheHelmholtz prob-
lems we encounter are generally well conditioned, and it is possible to solve
them e�ciently via red-black Gauss-Seidel iterations. Theparticular solver
we use for these problems is provided by SAMRAI. The Poisson problems
are more challenging and require a more sophisticated solution method. For
these problems, we make use of the structured multigrid solvers provided by
the hypre project, a library of high performance preconditioners [39,40]. (See
[41] for an introduction to multigrid methods that includes a description of
red-black Gauss-Seidel.)

4 Computational Convergence Results for Smooth Test Proble ms

Typically, the convergence of the immersed boundary methodhas been stud-
ied computationally for problems which do not possess a su�cient degree of
smoothness for the method to attain its formal convergence rate. In particu-
lar, most previous convergence studies have focused on the case of a viscous
incompressible 
uid interacting with an in�nitely thin ela stic membrane (i.e.,
an elastic interface or boundary). The true solutions to such problems possess
discontinuities at the interface in the pressure and in the normal derivative of
the velocity, and these discontinuities are not accuratelycaptured by the im-
mersed boundary method. An alternative approach is taken bythe immersed
interface method [10,13], where such discontinuities are explicitly accounted
for by the method in a manner that yields higher order accuracy.

In order to assess the performance of the present scheme in a setting where we
can expect convergence rates that correspond to the formal order of accuracy
of the method, we consider the interaction between a viscousincompressible

uid and a viscoelastic shell of �nite thickness. Since the shell is thin but
not in�nitely thin, the discontinuities present in the true interface problem do
not arise in this situation. The elastic properties of the shell are described in
terms of a continuum of anisotropic elastic �bers. In Section 4.1, we specify
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the sti�ness of the �bers so that the �ber tension smoothly tends to zero at
the edges of the shell. As long as the structure does not become too distorted,
the resulting Cartesian elastic force density,f , will be a continuous function
of x. In Section 4.2, the �ber tension is taken to be a constant multiple of
j@X =@sj. In this case, the resulting Cartesian elastic force density is only
piecewise continuous due to the sharp discontinuity in material properties that
occurs at the 
uid-structure interface. For low and moderate Reynolds number

ows, we observe second order convergence rates inboth situations. At higher
Reynolds numbers, it appears that under-resolution of the velocity prevents
the method from attaining full second order convergence rates, although in
all cases empirical convergence rates in excess of �rst order are observed.
Presumably, second order convergence would be observed even for the high
Reynolds number cases on su�ciently �ne grids.

Before proceeding to the speci�cation of the two sets of elastic properties
in Sections 4.1 and 4.2 and the corresponding computationalresults, we �rst
describe the common aspects for both sets of computations, including the com-
putational meshes used to describe the Cartesian and curvilinear coordinate
spaces, the initial conditions, and the choice of timestep.

Recall that the physical domain,U, is speci�ed to be the periodic unit square
and is described using a �xedN � N Cartesian grid with uniform meshwidths
h = � x = � y, where h = 1=N. For this computational study, we likewise
take the curvilinear coordinate space to be 
 = [0; 1] � [0; 1]. We employ a
�xed Nr � Ns computational lattice in the curvilinear coordinate space, where
Nr = 3

8N and Ns = 75
16N . With � r = 1=NR and � s = 1=Ns, the \nodes" of

the curvilinear mesh are the points

(r; s) = ( r0; s0) + ( m� r; n � s) =
� � r

2
;
� s
2

�

+ ( m� r; n � s) ;

wherem 2 f 0; 1; : : : ; Nr � 1g and n 2 f 0; 1; : : : ; Ns � 1g. Here, the shift by � r
2

avoids having �bers at the exact edges of the shell, while theshift by � s
2 is for

notational consistency only.

As discussed in Sections 2 and 3.4, the elastic force densitygenerated by the
structure con�guration is de�ned in terms of a continuum of elastic �bers, and
the curvilinear coordinates, (r; s), are chosen so that a �xed value ofr labels
a particular �ber for all time t. So that each �ber forms a closed loop, 
 is
taken to be periodic in thes-coordinate direction. Note thats is not equal to
arc length along the �bers. For this particular Lagrangian elastic force density
functional, no boundary conditions are imposed in ther -coordinate direction.
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The initial con�guration of the viscoelastic body is given by the mapping

X (r; s; 0) =
� 1

2
;
1
2

�

(35)

+
��

� + 

�

r �
1
2

��

cos(2�s );
�

� + 

�

r �
1
2

��

sin(2�s )
�

;

with � = 0:2, � = 0:25, and 
 = 0:0625. This mapping de�nes the initial
con�guration of each �ber to be an ellipse, so that the initial con�guration
of the entire structure is a \thick" elliptical shell. The value of 
 determines
the thickness of the shell and is chosen so that the thicknessof the initial
con�guration is approximately four Cartesian meshwidths on the coarsest grid
considered.

In all computations, the initial velocity of the system is taken to beu(x; 0) � 0.
After being released att = 0, the shell undergoes damped oscillations and
tends toward its resting con�guration, a circular shell. The uniform density of
the 
uid-structure system is taken to be � = 1:0, and the uniform viscosity,
� , is successively assigned the values 0:05, 0:005, and 0:0005. Using the �ber
tensions speci�ed in either Section 4.1 or Section 4.2, the corresponding 
ows
have Reynolds numbers of approximately 10, 100, and 1000.

The computation is halted and convergence is assessed att = 0:4. For each
parameter regime considered, the shell will have approximately completed its
�rst oscillation at this point in the computation. In all cas es, we employ a
uniform timestep that is chosen so that the computed velocity satis�es

� t kuk1 < 0:1h: (36)

This is a more severe restriction than our explicit treatment of the nonlinear
advection term requires; however, since we are treating theelastic force den-
sity in an explicit manner, the hyperbolic stability restriction is not the only
stability constraint that the timestep must satisfy. Although (36) may not be
su�cient to ensure stability in the limit as h ! 0, it appears to be adequate
for the values ofh considered here.

For most of the following computations, equation (36) is satis�ed for � t =
0:08=N, and this choice generally appears to result in stable computations for
the grid spacings and parameter ranges we consider. The soleexception is for
the computations in Section 4.2 that employ the piecewise cubic delta function
for the case� = 0:0005. We found that in under-resolved computations, the
piecewise cubic delta function can introduce strong oscillations in the com-
puted velocity near the 
uid-structure interface. In this particular case, we
found that it is necessary to reduce the size of the timestep to � t = 0:04=N
in order to satisfy (36).

Below, we present empirical convergence rates foru, v, p, and X in appropri-
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ately de�ned discreteLp norms for p = 1; 2. The discreteLp norm of a scalar
valued function de�ned on the Cartesian grid, , is given by

k i;j kp =

0

@
X

i;j

j i;j jp h2

1

A

1=p

:

For a vector valued function de�ned on the curvilinear mesh,W (r; s) =
(W1(r; s); W2(r; s)), the discrete Lp norm is likewise

kW i;j kp =

 
X

r;s

�
�
�W 2

1 (r; s) + W 2
2 (r; s)

�
�
�
p=2

� r � s

! 1=p

:

For a computed quantity, q, let ep[q; N ] denote the discreteLp norm of the dif-
ference in the approximation toq obtained using anN � N Cartesian grid (and
the corresponding curvilinear mesh and uniform timestep) and the approxi-
mation to q obtained using a 2N � 2N Cartesian grid (and the corresponding
curvilinear mesh and uniform timestep), i.e.,

ep[q; N ] = kqN � I 2N ! N q2N kp; (37)

where I 2N ! N denotes interpolation from �ner to coarser spatial grids. An
empirical estimate for the convergence rate ofq in this norm is given by

rp[q; N ] = log2

 
ep[q; N ]
ep[q; 2N ]

!

: (38)

4.1 Tapered Elastic Sti�ness

In the �rst set of computations, we set the �ber tension,T, via

T = � (j@X =@sj ; r; s) = (1 + sin(2 �r � �= 2)) j@X =@sj :

Recalling equations (6){(8), the resulting Lagrangian elastic force density is
given by

F =
@
@s

(T� ) = (1 + sin(2 �r � �= 2))
@2X
@s2

:

In the absence of sharp corners in the elastic �bers that comprise the shell, this
Lagrangian force density smoothly tapers to zero asr approaches 0 or 1, i.e.,
there is a continuous transition in material properties at the 
uid-structure
interface. As long as the structure does not become too distorted, the resulting
Cartesian elastic force density,f , will remain a continuous function ofx.

Table 1 summarizes the empirical convergence rates in the discreteL1 and L2

norms observed foru, v, p, and X at time t = 0:4. These rates are obtained
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� = 1:0, � = 0:05, tapered elastic sti�ness
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� = 1:0, � = 0:005, tapered elastic sti�ness
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� = 1:0, � = 0:0005, tapered elastic sti�ness
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Fig. 2. The discrete L 2 norm of the di�erence in the values computed for anN � N
Cartesian grid (with the corresponding curvilinear mesh and uniform timestep) and
for a 2N � 2N Cartesian grid is plotted at t = 0 :4 for N = 64, 128, and 256, for
u, v, p, and X . For these computations, the sti�ness of the elastic �bers comprising
the shell tapers to zero at the edges of the structure. Secondorder convergence is
generally indicated except for� = 0 :0005. See also Table 1.
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� = 0 :05 � = 0 :005 � = 0 :0005
� h q r1[q; 128] r2[q; 128] r1[q; 128] r2[q; 128] r1[q; 128] r2[q; 128]

� IB
4h

u 2.15 2.16 2.11 2.20 0.77 0.51
v 2.12 2.15 2.08 2.12 0.47 0.34
p 2.00 1.89 2.20 1.86 3.76 3.32
X 2.13 1.98 1.82 1.74 2.04 1.79

� IB
6h

u 2.10 2.08 2.13 2.14 2.63 2.86
v 2.21 2.33 2.36 2.45 2.83 3.25
p 3.37 3.57 2.72 3.01 2.16 2.08
X 2.60 2.35 2.32 2.03 1.47 1.16

� C
4h

u 2.15 2.13 2.14 2.20 2.19 2.15
v 2.28 2.45 2.31 2.52 2.25 2.49
p 3.51 3.83 2.77 2.97 2.38 2.37
X 2.72 2.49 2.45 2.17 1.66 1.52

Table 1
Empirical convergence rates foru, v, p, and X in the discrete L 1 and L 2 norms at
time t = 0 :4. In these computations, the sti�ness of the elastic �bers comprising
the shell tapers to zero at the edges of the structure, so thatthere is a continuous
transition in material properties at the 
uid-structure in terface. Convergence rates
are obtained via equations (37) and (38).

via (38) with N = 128. Figure 2 includes the values ofe2[q; N ] that were
used to obtain these rates. The values fore1[q; N ] are similar and not shown.
Second order convergence rates are observed for� = 0:05 and 0:005 in nearly
all quantities. For � = 0:0005, somewhat less than second order accuracy is
observed in some variables, especially for� IB

4h . This is likely due to inadequate
resolution of the 
ow for N = 128 in the vicinity of narrow bands of high
vorticity that form near the 
uid-structure interface.

As shown in Table 1, when we employ delta functions which satisfy four mo-
ment conditions (i.e., � C

4h and � IB
6h ) we observe convergence rates for the Eu-

lerian quantities that are in excess of second order. In particular, third order
convergence rates are observed for the pressure in several cases. One possible
reason for these high rates may be the rapid dampening of oscillations in the
computed pressure asN increases. Recall that both� C

4h and � IB
6h possess nega-

tive \tails" (see Figure 1). For the coarser grid computations, these negative
tails appear to induce oscillations in the computed Eulerian quantities near
the 
uid-structure interface. As the spatial resolution is increased, these os-
cillations rapidly die out, possibly resulting in somewhatin
ated convergence
rates.

Representative results for this particular set of materialproperties are dis-
played in the left-hand columns of Figures 4{6, corresponding to t = 0:08,
0:2, and 0:32, respectively. These computed values were obtained using the
six-point delta function, � IB

6h , for � = 0:005 andN = 512, although similar
results were obtained for the other delta functions.
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4.2 Constant Elastic Sti�ness

� = 0 :05 � = 0 :005 � = 0 :0005
� h q r1[q; 128] r2[q; 128] r1[q; 128] r2[q; 128] r1[q; 128] r2[q; 128]

� IB
4h

u 1.78 1.81 1.75 1.80 1.73 1.84
v 1.81 1.83 1.73 1.76 1.80 2.00
p 1.94 1.48 1.79 1.65 1.59 1.51
X 2.00 1.83 1.71 1.67 1.14 1.05

� IB
6h

u 1.80 1.80 1.64 1.64 1.94 1.64
v 1.86 1.86 1.60 1.56 2.02 1.77
p 2.02 1.55 1.83 1.56 1.92 1.75
X 2.41 2.05 2.05 1.77 1.51 1.10

� C
4h

u 1.90 1.91 1.50 1.52 1.50 1.17
v 1.98 2.03 1.48 1.57 1.61 1.41
p 2.29 1.90 1.77 1.63 1.13 0.88
X 2.60 2.19 1.91 1.65 1.11 0.87

Table 2
Empirical convergence rates foru, v, p, and X in the discrete L 1 and L 2 norms at
time t = 0 :4. In these computations, the sti�ness of the elastic �bers comprising
the shell is constant throughout the structure, so that there is a sharp transition in
material properties at the 
uid-structure interface. Conv ergence rates are obtained
via equations (37) and (38).

In the second set of computations, we set the �ber tension,T, via

T = j@X =@sj ;

i.e., the sti�ness of the �bers doesnot taper to zero at the edge of the shell.
Recalling equations (6){(8), the resulting Lagrangian elastic force density is
given by

F =
@
@s

(T� ) =
@2X
@s2

:

In this case, the Cartesian elastic force density is only a piecewise continuous
function of x due to a sharp transition in material properties at the 
uid-
structure interface.

Note that when the piecewise cubic delta function,� C
4h, is used with� = 0:0005,

we set � t = 0:04=N in order to satisfy the constraint (36). In all other cases,
� t = 0:08=N.

For this particular choice of material properties, Table 2 summarizes the em-
pirical L1 andL2 norm convergence rates observed foru, v, p, and X at t = 0:4.
These rates are obtained via (38) withN = 128. Figure 3 includes the values
of e2[q; N ] that were used to obtain these rates. The values fore1[q; N ] are sim-
ilar and not shown. In this case, the empirically observed convergence rates
are generally not as high as when the sti�ness of the elastic �bers compris-
ing the shell is tapered near the edge of the structure. This is not surprising
since, unlike the tapered case, the Cartesian force densityin this case is in
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� = 1:0, � = 0:05, constant elastic sti�ness
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� = 1:0, � = 0:005, constant elastic sti�ness
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� = 1:0, � = 0:0005, constant elastic sti�ness
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Fig. 3. Same as Figure 2, except for these computations, the sti�ness of the elastic
�bers comprising the shell is constant throughout the structure, yielding a sharp
transition in material properties at the 
uid-structure in terface. Second order con-
vergence is indicated for� = 0 :05, although somewhat less than second order rates
are observed in the other cases. See also Table 2.
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fact discontinuous. Nonetheless, convergence rates at or near second order
are generally indicated for� = 0:05. For the other values of� considered, it
is possible that second order convergence rates are not observed due to the
under-resolution of the velocity in the vicinity of very narrow vorticity layers
that form near the 
uid-structure interface. Note that these vorticity layers
appear well resolved forN = 256 and 512 but not forN = 128.

Representative results for this choice of elastic properties are displayed in
the right-hand columns of Figures 4{6, corresponding tot = 0:08, 0:2, and
0:32, respectively. These computed values were obtained using the six-point
delta function, � IB

6h , for � = 0:005 andN = 512, although similar results were
obtained for the other delta functions.

5 Hybrid Approximate Projection Methods

Historically, projection methods have generally used the solution to a single
projection equation at each timestep to determine both the updated velocity
and the updated pressure (see [20{22], among many others). One alternative
approach is to de�ne the updated pressure in terms of a projection that is
di�erent from that used to obtain the updated velocity. When exact projec-
tion operators (i.e., projections that exactly enforce thediscrete incompress-
ibility of the updated velocity to machine precision) are used with periodic
computational domains, there is generally no reason to employ an additional
projection, since the value of the computed velocity,un+1 , is una�ected by the
approximation made to the true pressure gradient used to obtain the inter-
mediate velocity, u � . This is because the approximation to the true pressure
gradient used to obtain the intermediate velocity isexactly removed fromu �

by the exact projection. Even when physical (i.e., non-periodic) boundaries
are present, the approximation to the true pressure gradient typically in
u-
ences the velocity primarily near the physical boundary. When approximate
projections are used in place of exact ones, the situation ismore complicated,
since the approximation to the true pressure gradient used to computeu � is
only approximatelycorrected by the projection.

It is well known that even exact cell centered projection methods can intro-
duce nonphysical oscillations because the operatorD �G possesses a nontrivial
nullspace (resulting in so-called checkerboard modes). Approximate cell cen-
tered projection methods can exacerbate this problem by producing computed
velocities that are contaminated by components that are nonsolenoidal with
respect to the cell centered divergence operator. A common approach to deal-
ing with these di�culties is to stably �lter the undesirable components (i.e.,
the components corresponding to the nonsolenoidal and checkerboard modes)
from the computed velocity [29,42,43]. An alternative approach to improving
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Fig. 4. Computed values ofu, p, and f for a shell with tapered (left-hand column)
and constant (right-hand column) elastic sti�nesses, displayed at t = 0 :08. The ve-
locity and pressure are displayed in the top row, whereas thex- and y-components of
f are displayed in the middle and bottom row, respectively. For these computations,
we use� IB

6h with � = 1 :0, � = 0 :005, andN = 512.
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Fig. 5. Data as in Figure 4, except here displayed att = 0 :2.
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Fig. 6. Data as in Figure 4, except here displayed att = 0 :32.
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the quality of the computed solution was suggested by Almgren et al. [23],
who introduced a hybrid approximate projection method for the incompress-
ible Euler equations. The approximate projection method presented in Section
3.6 is an extension of this method to the viscous case. At eachtimestep, such
hybrid methods determine two di�erent intermediate velocities from two dif-
ferent treatments of the momentum equation. Each intermediate velocity is
approximately projected, with the �rst projection determining the updated ve-
locity and the second yielding the updated pressure. This approach is clearly
more computationally demanding than simply determining the velocity and
pressure in terms of a single approximate projection. To justify this additional
computational cost and algorithmic complexity, we demonstrate below that
nonphysical oscillations can occur in the computed pressure when a more \tra-
ditional" projection method is used (i.e., a projection method that obtains the
updated velocity and pressure in terms of the solution to a single projection at
each timestep). These oscillations, sometimes consideredto be a characteristic
of the immersed boundary method [13], are virtually eliminated by making
use of our hybrid method.

5.1 A More Traditional Approximate Projection Method

Before demonstrating the reduction in nonphysical oscillations provided by
our hybrid method, we must brie
y describe a more traditional second order
projection method that we will compare to the hybrid scheme.This method is
essentially a version of the projection method of Bell, Colella, and Glaz (BCG)
[22], making use of a modi�cation similar to one suggested byBrown et al. [33]
to obtain full second order accuracy in the pressure. We refer to the resulting
scheme as a \BCG-like" approximate projection method. For this method, the
velocity, denoted�u, and pressure, denoted �p, are both obtained in terms of the
solution to the same projection equation. It is important toemphasize that
since we are making use of approximate projections, it is generally the case
that �u 6= u and �p 6= p, whereu and p are the velocity and pressure obtained
via the hybrid approximate projection method of Section 3.6.

In the BCG-like method, the intermediate velocity is determined by

(I � � 2�L )( I � � 1�L ) �u � =

= ( I + � 3�L ) �un + � t(I + � 4�L )

 

� N n+ 1
2 +

1
�

�
f n+ 1

2 � G �pn� 1
2

�
!

:

Next, �un+1 is given by approximately projecting�u � , i.e.,

�u � = �un+1 + G �';
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Fig. 7. The pressure at t = 0 :4 for an elastic interface interacting with a viscous
incompressible 
uid. The pressure plotted in the left-hand column is obtained via
a BCG-like projection method. Damped oscillations are evident. In the right-hand
column, the hybrid approximate projection method of Section 3.6 is used, virtually
eliminating the oscillations in the pressure. Note that the lower plots o�er a mag-
ni�ed view of the pressure neary = 0 :25. For these computations, we use� IB

4h with
� = 1 :0, � = 0 :005, andN = 256.

where

L �' = D � �u � :

The pressure consistent with this treatment of the incompressible Navier-
Stokes equations can be obtained in a manner similar to that used above to
determine the updated pressure in the hybrid scheme. In thiscase, the updated
pressure is the scalar function �pn+ 1

2 given by

�pn+ 1
2 = �pn� 1

2 +
�

� t
(I + � 4�L )� 1(I � � 2�L )( I � � 1�L ) �':
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5.2 Reducing Nonphysical Oscillations via a Hybrid Projection Method

To demonstrate the e�ectiveness of our hybrid approximate projection method
in reducing nonphysical oscillations when compared to a BCG-like projection
method, we restrict the curvilinear coordinate space to 
 = [12; 1

2] � [0; 1],
so that the structure is a true elastic interface. This is a situation where
the immersed boundary method can produce nonphysical oscillations in the
computed pressure near the interface [13]. As with the previous computations,
the initial con�guration is given by (35), although here restricted to r � 1

2 so
that the initial con�guration is an ellipse. Following its release att = 0, the
membrane undergoes damped oscillations until eventually settling in a circular
con�guration. We compute the motion of the coupled system upto t = 0:4,
at which time the elastic structure has completed one full oscillation and is
beginning its second. The material properties are as described in Section 4.2,
with � = 1:0, � = 0:005, andN = 256. The smoothed delta function employed
for this comparison is� IB

4h .

The computation is �rst performed using the BCG-like approximate projection
method. When this method is employed, oscillations are readily observed in
the computed pressure plotted in Figure 7. It is clear that these oscillations
continue for many grid cells away from the interface before dying out. When
we perform the computation again, this time using the hybridapproximate
projection method of Section 3.6, the oscillations are virtually eliminated from
the computed pressure.

6 Conclusions

In the present work, we have introduced a new formally secondorder accu-
rate version of the immersed boundary method and examined the performance
of the scheme for a prototypical 
uid-structure interaction problem with two
sets of elastic properties. The new algorithm makes use of several numerical
methods intended to reduce the occurrence of nonphysical oscillations in the
computed dynamics. In particular, we use a strong stability-preserving Runge-
Kutta method for the time integration of the structure con�guration, an im-
plicit L-stable discretization of the viscous terms in the momentumequation,
and a second order Godunov method for the explicit treatmentof the nonlinear
terms in the momentum equation. We also employ a new hybrid approximate
projection method for the incompressible Navier-Stokes equations|a method
that can reduce the occurrence of oscillations in the computed pressure when
compared to more traditional projection methods.

By considering 
uid-structure interaction problems whichpossess su�ciently
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smooth solutions,actual second order convergence rates were demonstrated
in our numerical tests of the method at low and moderate Reynolds numbers.
Even for higher Reynolds numbers 
ows, empirical convergence rates gen-
erally exceeded �rst order. Unlike previous convergence studies, we did not
consider the interaction of a trueinterface and an incompressible 
uid. When
the immersed boundary method is applied to such problems, second order
convergence rates are not observed because of the inabilityof the method to
properly capture discontinuities in the pressure and normal derivative of the
velocity across the interface. We avoided these discontinuities by considering
the interaction of a viscoelastic shell of �nite thickness and an incompressible

uid. Although such problems are in some sense not as di�cultas interface
problems, they are relevant to many application areas wherethe immersed
boundary method is used. A particular example is the work of Peskin and
McQueen, who have used the immersed boundary method to studycoupled
blood-muscle-valve dynamics in the beating heart [3{5,24,8]. Although elastic
surfaces are used in their work to describe the heart valve lea
ets, their de-
scription of the muscular heart wall is analogous to a viscoelastic shell|albeit
one with complex, time-dependent elastic properties.

In our computational convergence study, we considered viscoelastic shells with
two types of material properties. In the �rst case, the elastic properties of
the shell were de�ned so that there is acontinuous transition in the mate-
rial properties at the 
uid-structure interface. The resulting Cartesian elastic
force density,f , is a continuous function ofx. We also considered a case where
there is asharp discontinuity in the material properties at the 
uid-struc ture
interface, resulting indiscontinuous f . Convergence results were obtained for
a wide range of Reynolds numbers using several di�erent smoothed versions
of the Dirac delta function. For both sets of material properties, empirical
second order convergence rates were generally observed except for the highest
Reynolds number cases. In most cases, good performance is obtained for the
piecewise cubic delta function,� C

4h , introduced in [32]. This is notable in part
because this piecewise cubic function can be computed more e�ciently than
the other delta functions considered. This delta function should be used with
some care, however, as in some cases we have found that it can introduce large
oscillations, especially when used for true interface problems. The rather ex-
pensive six point delta function,� IB

6h , produces essentially equivalent numerical
results for the problems examined in the present work. It also does not seem
to result in the same di�culties as the piecewise cubic function for interface
problems.

Though not a phenomenon limited to the immersed boundary method, �ne
spatial grids appear to be required to adequately resolve the dynamics at
higher Reynolds numbers. At least for the problems which we have considered
here, we believe this requirement to be localized near thin bands of high vor-
ticity that occur near the 
uid-structure interface. Away f rom these regions,
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the velocity and pressure are generally slowly varying compared to the res-
olution of the Cartesian grid. Consequently, we feel that these problems are
good candidates for the use of adaptive local mesh re�nement. Even though
the results presented in this work were for uniform grid computations, our
present software actually allows for adaptive block structured re�nement in
the Cartesian computational grid.

Finally, in order to use the immersed boundary method to model and simu-
late complex three dimensional systems, parallel computing is a necessity. Our
implementation of the present algorithm allows for distributed memory paral-
lelism. Although we have not made use of this capability in the present work,
it will prove necessary when we make use of this software for more complex
problems.
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A An Explicit Second Order Godunov Method

Even though the explicit Goudnov method that we employ to treat the nonlin-
ear advection terms appearing in the incompressible Navier-Stokes equations
is based on well-established methods introduced by Colella[17] and modi�ed
by Minion [18,19] and Martin and Colella [30], it is hard to �nd a single place
where they are brought together in the particular way that wehave done in
this work. The purpose of this Appendix, therefore, is to document what we
have done for the convenience of the reader.
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Fig. A.1. Locations of cell centered and face centered quantities about Cartesian
grid cell (i; j ).

A.1 Face Centered Notation and Finite Di�erence Operators

Throughout the foregoing discussion, all Eulerian quantities have been de-
scribed at thecenters of the cells of the Cartesian grid. To describe the par-
ticular Godunov procedure used to approximate the nonlinear advection term
in equations (27) and (29), we additionally make use of Eulerian quantities
described at thefaces of the Cartesian grid cells (or really theedgesof the
grid cells in the two dimensional case that we consider here).

If a quantity  (x; t) is de�ned on the faces of the Cartesian grid cells, we
employ the notation  n

i � 1
2 ;j �  (x i � 1

2 ;j ; tn ) to indicate the evaluation of  on

the x-faces of the grid, i.e., at the pointsx i � 1
2 ;j =

�
i h; (j + 1

2)h
�
. Similarly,

 n
i;j � 1

2
�  (x i;j � 1

2
; tn ) indicates the evaluation of on the y-faces of the grid,

i.e., at the points x i;j � 1
2

=
�
(i + 1

2)h; j h
�
. Recall that i; j 2 f 0; 1; : : : ; N � 1g

index the centers of the Cartesian grid cells.

By convention, a vector �eld de�ned on the Cartesian grid in terms of those
vector components that are normal to the faces of the grid cells is called a
MAC vector �eld [44]. That is to say, if uMAC = ( uMAC ; vMAC ) is a MAC
vector �eld, uMAC is de�ned at the points x i � 1

2 ;j =
�
i h; (j + 1

2)h
�
, whereas

vMAC is de�ned at the points x i;j � 1
2

=
�
(i + 1

2)h; j h
�
. In contrast to this stag-

gered griddescription, the components of the Eulerian vector �elds previously
encountered, such asu and f , have beenco-locatedat cell centers.
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In the present work, when a MAC vector �eld is de�ned by interpolating
u i;j = ( ui;j ; vi;j ) from cell centers to cell faces, the individual componentsof
uMAC are obtained by linear interpolation (averaging). We employ the notation

uMAC
i + 1

2 ;j = ( Ac! fu) i + 1
2 ;j =

ui;j + ui +1 ;j

2
;

vMAC
i;j + 1

2
= ( Ac! fu) i;j + 1

2
=

vi;j + vi;j +1

2
;

and say in this case thatuMAC = Ac! fu. Notice that only the normal compo-
nent of uMAC is de�ned at a given cell face.

Similar to their purely cell centered counterparts, the cell centered divergence
of a MAC vector �eld is approximated by centered di�erences,i.e.,

(D f! c � uMAC ) i;j =
uMAC

i + 1
2 ;j � uMAC

i � 1
2 ;j

h
+

vMAC
i;j + 1

2
� vMAC

i;j � 1
2

h
;

whereas the MAC gradient of a cell centered scalar quantity is approximated
at cell faces by

(G c! f ) i + 1
2 ;j =

 i +1 ;j �  i;j

h
; (G c! f ) i;j + 1

2
=

 i;j +1 �  i;j

h
:

It is important to note that for a cell centered scalar quantity,

(D f! c � G c! f ) i;j = ( L ) i;j ;

whereL is the cell centered approximation to the Laplace operator introduced
in Section 3.2. This correspondence allows us to easily compute the exact
projection of a MAC vector �eld. In particular, the MAC proje ction of wMAC

is given by

vMAC = PMAC wMAC =
�
I � G c! fL � 1D f! c�

�
wMAC :

This is an exact projection, since (D f! c � vMAC ) i;j � 0. Note that in prac-
tice, the application of this exact MAC projection does not require the use
of any additional linear solvers beyond those required by the cell centered
approximate projection, ~P, described in Section 3.3.

A.2 An Auxiliary MAC Velocity

Before describing the Godunov procedure used to approximate [(u � r )u]n+ 1
2

in our treatment of the incompressible Navier-Stokes equations, we describe
an auxiliary MAC velocity, denoted uMAC , that is maintained in addition to
the cell centered velocity,u. This MAC velocity was not introduced in the
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initial discussion of the approximate projection method asit is only used in
the Godunov extrapolation procedure.

The auxiliary MAC velocity is obtained in the process of computing the cell
centered velocity, u. In our approximate projection method, recall that an
intermediate cell centered velocity,u � , is determined by solving equation (27).
The true cell centered velocity,un+1 , is then obtained in equation (28) as the
approximate projection ofu � . To compute uMAC ;n+1 , we �rst interpolate u �

from cell centers to cell faces, obtaining

uMAC ;� = Ac! fu � :

uMAC ;n+1 is then obtained by computing the MAC projection ofuMAC ;� . Luck-
ily, this does not require the solution of an additional system of linear equa-
tions! To see why this is so, recall that the approximate projection of u �

requires the solution of a discrete Poisson problem of the form

L' = D � u � : (A.1)

Since (D f! c � uMAC ;� ) i;j � (D � u � ) i;j , (A.1) is the same equation that must be
solved in order to projectuMAC ;� . The solution to (A.1), ' , may simply be
re-used to directly evaluate

uMAC ;n+1 = uMAC ;� � G c! f ':

The initial value of uMAC may be obtained from the initial value ofu analo-
gously. Before projecting the initial velocity in (34), we �rst compute

uMAC ;0 = Ac! fu0:

We then approximately projectu0 and, as above, re-use' to exactly project
uMAC ;0.

A.3 An Explicit Godunov Extrapolation Procedure

In order to simplify the description of the Godunov procedure, we temporarily
restrict our attention in this section to the advection-di�usion equation,

@q
@t

+ ( u � r )q = � r 2q+  ; (A.2)

where q is a scalar quantity, u is a speci�ed advection velocity,� � 0 is the
di�usion coe�cient, and  is a given source term. Our goal in this section is to
describe an explicit second order accurate procedure that uses values de�ned
at time tn to extrapolate the face centered value ofq at time tn+ 1

2
. Although
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described only for the advection-di�usion equation, the following procedure
is usedwithout modi�cation as part of our approximation to the nonlinear
advection term appearing in the incompressible Navier-Stokes equations.

The particular procedure we employ is an explicit Godunov method introduced
by Colella [17,30] and modi�ed by Minion [18,19]. The idea isto extrapolate
q from cell centers to cell faces by using Taylor expansions for q about the
Cartesian cell centers. Notice that this extrapolation process is ambiguous:
at every cell face, there aretwo nearest cell centers and hence two Taylor
expansions to choose from. The ambiguity is resolved by using the expansion
that is about the cell center that lies in the upwind direction|a method
motivated by the solution to the Riemann problem for the one dimensional
Burgers' equation.

In order to obtain a stable explicit extrapolation scheme, the timestep must
satisfy a condition of the form � t = O(h). Consequently, the Taylor series for
q(x; t), taken about the point x i;j and evaluated at cell facex i + 1

2 ;j and at time
t = tn+ 1

2
, is

q
n+ 1

2 ;L

i + 1
2 ;j = qn

i;j +
h
2

(qx )n
i;j +

� t
2

(qt )
n
i;j + O(h2):

Note that in this expansion, the face centered value ofq is obtained in terms of
cell centered quantities that lie to theleft of cell facex i + 1

2
. The time derivative,

qt , can be eliminated by making use of equation (A.2), yielding

q
n+ 1

2 ;L

i + 1
2 ;j = qn

i;j +

 
h
2

�
� t
2

un
i;j

!

(qx )n
i;j �

� t
2

vn
i;j (qy)n

i;j

+
� t
2

�
� (r 2q)n

i;j +  n
i;j

�
+ O(h2); (A.3)

where u = ( u; v). A similar expansion aboutx i;j +1 , evaluated at facex i;j + 1
2
,

yields the top state,

q
n+ 1

2 ;T

i;j + 1
2

= qn
i;j +1 �

 
h
2

+
� t
2

vn
i;j +1

!

(qy)n
i;j +1 �

� t
2

un
i;j +1 (qx )n

i;j +1

+
� t
2

�
� (r 2q)n

i;j +1 +  n
i;j +1 )

�
+ O(h2): (A.4)

Similar expansions de�ne theright and bottom states,q
n+ 1

2 ;R

i + 1
2 ;j and q

n+ 1
2 ;B

i;j + 1
2

.

Following [18,19], a second order approximation to each of the proceeding
Taylor expansions is computed in two steps. The resulting scheme is stable so
long as the timestep satis�es a CFL condition of the formkuk1 � t � h. Note
that the stability restriction is independent of the value of � � 0.
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In the �rst step of the scheme, (A.3) is approximated by

q̂
n+ 1

2 ;L

i + 1
2 ;j = qn

i;j +

 
h
2

�
� t
4

�

uMAC ;n
i + 1

2 ;j + uMAC ;n
i � 1

2 ;j

� !
�
D 0

xq
� n

i;j

+
� t
2

�
� (Lq)n

i;j +  n
i;j

�
;

whereD 0
x is a fourth order centered di�erence operator de�ned by

�
D 0

xq
� n

i;j
=

2
3

�
qn

i +1 ;j � qn
i � 1;j

�
�

1
12

�
qn

i +2 ;j � qn
i � 2;j

�
:

Similarly, (A.4) is approximated by

q̂
n+ 1

2 ;T

i;j + 1
2

= qn
i;j +1 �

 
h
2

+
� t
4

�

vMAC ;n
i;j + 3

2
+ vMAC ;n

i;j + 1
2

� !
�
D 0

yq
� n

i;j +1

+
� t
2

�
� (Lq)n

i;j +1 +  n
i;j +1

�
:

Analogous approximations de�ne ^q
n+ 1

2 ;R

i + 1
2 ;j and q̂

n+ 1
2 ;B

i;j + 1
2

. Note that each of these
values includes approximations only to those derivative terms that are normal
to the cell face where the expansion is being approximated. For now, transverse
derivatives are not included.

At each cell face, ^qn+ 1
2 is de�ned by choosing the upwind state, namely

q̂
n+ 1

2

i + 1
2 ;j

=

8
>>>>><

>>>>>:

q̂
n+ 1

2 ;L

i + 1
2 ;j if uMAC ;n

i + 1
2 ;j > 0;

q̂
n+ 1

2 ;R

i + 1
2 ;j

if uMAC ;n
i + 1

2 ;j
< 0;

1
2

�

q̂
n+ 1

2 ;L

i + 1
2 ;j + q̂

n+ 1
2 ;R

i + 1
2 ;j

�

if uMAC ;n
i + 1

2 ;j = 0;

(A.5)

and

q̂
n+ 1

2

i;j + 1
2

=

8
>>>>><

>>>>>:

q̂
n+ 1

2 ;B

i;j + 1
2

if vMAC ;n
i;j + 1

2
> 0;

q̂
n+ 1

2 ;T

i;j + 1
2

if vMAC ;n
i;j + 1

2
< 0;

1
2

�

q̂
n+ 1

2 ;B

i;j + 1
2

+ q̂
n+ 1

2 ;T

i;j + 1
2

�

if vMAC ;n
i;j + 1

2
= 0:

(A.6)

The second step in the extrapolation procedure introduces approximations to
the transversederivative terms. These approximations are obtained by di�er-
encing the initial extrapolation, q̂n+ 1

2 . In particular,

~q
n+ 1

2 ;L

i + 1
2 ;j = q̂

n+ 1
2

i + 1
2 ;j �

� t
4h

�

vMAC ;n
i;j + 1

2
+ vMAC ;n

i;j � 1
2

� �

q̂
n+ 1

2

i;j + 1
2

� q̂
n+ 1

2

i;j � 1
2

�

;

and

~q
n+ 1

2 ;T

i;j + 1
2

= q̂
n+ 1

2

i;j + 1
2

�
� t
4h

�

uMAC ;n
i + 1

2 ;j +1
+ uMAC ;n

i � 1
2 ;j +1

� �

q̂
n+ 1

2

i + 1
2 ;j +1

� q̂
n+ 1

2

i � 1
2 ;j +1

�

;
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Similar formulas yield the remaining values. Finally, on each cell face, the
value of ~qn+ 1

2 is obtained by choosing the upwind state as in (A.5) and (A.6).

A.4 Computing the Advection Term

In order to compute the explicit approximation to the nonlinear advection
term, [(u � r )u]n+ 1

2 , used in the solution of the incompressible Navier-Stokes
equations, we employ a timestep centered \advection" velocity, denoted uADV .
This advection velocity is a discretely divergence free MACvector �eld and is
obtained in two steps:

The �rst step in obtaining uADV employs the Godunov scheme detailed in
Appendix A.3. This procedure usesuMAC ;n to extrapolate the cell centered
velocity, un

i;j = ( un
i;j ; vn

i;j ), to cell faces. This is performed component-wise, i.e.,
we �rst employ the Godunov procedure withun

i;j replacingqn
i;j and employ the

corresponding source term,

 n
i;j =

1
�

�

(f 1)n
i;j � (Gxp)

n� 1
2

i;j

�

;

where f = ( f 1; f 2) is the discrete Cartesian elastic force density andGp =
(Gxp; Gyp) is the discrete pressure gradient. This yields a timestep centered
approximation to u at each cell face in the Cartesian grid. Next, we perform the
analogous procedure forv, i.e., we replaceqn

i;j with vn
i;j and use the appropriate

source term,

 n
i;j =

1
�

�

(f 2)n
i;j � (Gyp)

n� 1
2

i;j

�

;

yielding a timestep centered approximation tov at each cell face in the grid.
These extrapolated velocities are denoted by ~un+ 1

2 and ~vn+ 1
2 .

The second step in obtaininguADV discardsthe transverse components of the
extrapolated velocity �eld. This yields a MAC velocity, denoted ~uADV ;� . This
velocity �eld will generally not be discretely divergence free (with respect
to D f! c�, the MAC divergence operator). To enforce incompressibility, the
advection velocity is de�ned to be the MAC projection of~uADV ;� , i.e.,

uADV = PMAC ~uADV ;� = ~uADV ;� � G c! f ~';

where ~' is the solution to a discrete Poisson problem,

L ~' = D f! c � ~uADV ;� : (A.7)

This completes the procedure for computinguADV .

With uADV in hand, we nextre-extrapolatethe timestep centered normal and
transverse velocities at each cell face, using the timestepcentered advection
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velocity, uADV , in place ofuMAC ;n . Except for this one di�erence, the extrapo-
lation procedure is identical to that previously used to obtain ~un+ 1

2 and ~vn+ 1
2 ,

again making use of the Godunov procedure of Appendix A.3. Doing so yields
a second approximation to the timestep centered normal and transverse ve-
locities at each cell face in the Cartesian grid. These extrapolated values are
denoted �un+ 1

2 and �vn+ 1
2 .

Next, the solution to (A.7), ~' , is used toapproximately enforce the incom-
pressibility constraint. For the velocities normal to the cell face where they
are de�ned, we set

u
n+ 1

2

i + 1
2 ;j

= �u
n+ 1

2

i + 1
2 ;j

�
1
h

( ~' i +1 ;j � ~' i;j ) ;

v
n+ 1

2

i;j + 1
2

= �v
n+ 1

2

i;j + 1
2

�
1
h

( ~' i;j +1 � ~' i;j ) ;

whereas for the transverse components, we have

u
n+ 1

2

i;j + 1
2

= �u
n+ 1

2

i;j + 1
2

�
1

4h
( ~' i +1 ;j � ~' i � 1;j + ~' i +1 ;j +1 � ~' i � 1;j +1 ) ;

v
n+ 1

2

i + 1
2 ;j

= �v
n+ 1

2

i + 1
2 ;j

�
1

4h
( ~' i;j +1 � ~' i;j � 1 + ~' i +1 ;j +1 � ~' i +1 ;j � 1) :

Note that in each case, the appropriate component of the discrete gradient of
~' is being used to approximately enforce the incompressibility constraint.

At long last, the approximation to the nonlinear advection term,

N
n+ 1

2
i;j =

�

(N1)
n+ 1

2
i;j ; (N2)

n+ 1
2

i;j

�

� [(u � r )u]
n+ 1

2
i;j ;

is de�ned by non-conservative di�erencing via

(N1)
n+ 1

2
i;j =

1
2h

�
uADV

i + 1
2 ;j + uADV

i � 1
2 ;j

� �

u
n+ 1

2

i + 1
2 ;j

� u
n+ 1

2

i � 1
2 ;j

�

+
1

2h

�
vADV

i;j + 1
2

+ vADV
i;j � 1

2

� �

u
n+ 1

2

i;j + 1
2

� u
n+ 1

2

i;j � 1
2

�

;

(N2)
n+ 1

2
i;j =

1
2h

�
uADV

i + 1
2 ;j + uADV

i � 1
2 ;j

� �

v
n+ 1

2

i + 1
2 ;j � v

n+ 1
2

i � 1
2 ;j

�

+
1

2h

�
vADV

i;j + 1
2

+ vADV
i;j � 1

2

� �

v
n+ 1

2

i;j + 1
2

� v
n+ 1

2

i;j � 1
2

�

:

Since uADV is discretely divergence free, we could have employed conserva-
tive di�erencing here to approximate the advection term. Wedo not do so,
however, as we �nd that the use of non-conservative di�erencing produces
lower errors when we test the approximate projection methodagainst known
analytic solutions to the incompressible Navier-Stokes equations.
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