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Abstract

The immersed boundary method is both a mathematical formulation and a numer-
ical scheme for problems involving the interaction of a viscous incompressible fluid
and a (visco-)elastic structure. In [1,2], Lai and Peskin introduced a formally second
order accurate immersed boundary method, but the convergence properties of their
algorithm have only been examined computationally for problems with non-smooth
solutions. Consequently, in practice only first order convergence rates have been
observed. In the present work, we describe a new formally second order accurate
immersed boundary method and demonstrate its performance for a prototypical
fluid-structure interaction problem, involving an immersed viscoelastic shell of fi-
nite thickness, studied over a broad range of Reynolds numbers. We consider two
sets of material properties for the viscoelastic structure, including a case where the
material properties of the coupled system are discontinuous at the fluid-structure
interface. For both sets of material properties, the true solutions appear to possess
sufficient smoothness for the method to converge at a second order rate for fully
resolved computations.
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1 Introduction

Many problems of interest in biofluid mechanics involve the dynamic interac-
tion of a viscous incompressible fluid and an elastic or viscoelastic structure.
One approach to modeling and simulating such interactions is provided by the
immersed boundary method [3-9]. In the immersed boundary formulation of
such problems, the configuration of the elastic structure is described by La-
grangian variables (i.e., variables indexed by a coordinate system attached to
the elastic structure), whereas the momentum, velocity, and incompressibility
of the coupled fluid-structure system are described by Eulerian variables (i.e.,
in reference to fixed physical coordinates). In the continuous equations of mo-
tion, these two descriptions are connected by making use of the Dirac delta
function, whereas a smoothed approximation to the delta function is used to
link the Lagrangian and Eulerian descriptions when the continuous equations
are discretely approximated for computer simulation.

A formally second order accurate version of the immersed boundary method
was introduced in the Ph.D. thesis of M.-C. Lai [1,2]—prior to this work,
computations performed with the immersed boundary method typically em-
ployed a variety of genuinely first order accurate schemes. The second order
accuracy of the method of Lai and Peskin is formal in the sense that second
order convergence rates are expected only for problems where the true solu-
tion is sufficiently smooth. However, the rate of convergence of the immersed
boundary method has almost always been assessed in situations where the true
solutions do not possess enough regularity for the formal convergence rate to
be attained.

In the present work, we introduce a new formally second order accurate ver-
sion of the immersed boundary method and demonstrate actual second or-
der numerical convergence rates for a prototypical fluid-structure interaction
problem. In our computational convergence study, we consider the interaction
between a viscous incompressible fluid and a viscoelastic shell (i.e., a body
which, although thin, is not infinitely thin). The numerical performance of
the method is examined over a broad range of Reynolds numbers for shells
with two sets of elastic properties. For the first set of elastic properties, the
stiffness of the shell tapers to zero at its edges, so that there is a continuous
transition in material properties between the fluid and the structure. We also
consider the case where the stiffness of the shell is constant, so that there
is a sharp discontinuity in the material properties of the coupled system at
the fluid-structure interface. At least at low and moderate Reynolds numbers,
in each situation the true solution appears to be sufficiently regular for the
numerical method to converge at its formal order of accuracy as the compu-
tational grids are refined.



To our knowledge this is the first time that convergence rates in excess of first
order have been documented using the immersed boundary method, although
higher order convergence rates have been observed for related methods [10—-
13]. Unlike the problem considered in the present work, previous convergence
studies for the immersed boundary method have typically considered the case
of an infinitely thin elastic membrane (i.e., an elastic boundary or interface).
The analytic solutions to such interface problems possess discontinuities in
the pressure and in derivatives of the velocity, and the immersed boundary
method does not accurately capture these discontinuities. By considering the
interaction between a viscoelastic shell and a viscous incompressible fluid, we
avoid these difficulties and are able to obtain second order convergence rates.

The numerical scheme we present is essentially a refinement of the formally sec-
ond order method of Lai and Peskin [2]. Several modifications are made to the
method detailed in [2] in an attempt to reduce the occurrence of nonphysical
oscillations in the computed dynamics. The simplest of these modifications is
our use of a strong stability-preserving Runge-Kutta method [14] for the time
integration of the Lagrangian equations of motion (i.e., the equations that
specify the evolution of the configuration of the elastic structure).

We more drastically depart from [2] in our treatment of the Eulerian equations
of motion, namely the incompressible Navier-Stokes equations. In the present
work, the solution of these equations is by a projection method that makes use
of an implicit L-stable discretization of the viscous terms [15,16] and a second
order Godunov method for the explicit treatment of the nonlinear advection
terms [17-19]. Generally speaking, projection methods [20-22] are a class of
fractional step algorithms for incompressible flow problems that update the
velocity by first solving the momentum equation over a time interval without
imposing the constraint of incompressibility. Doing so yields an “intermediate”
velocity field that is generally not divergence free. The “true” updated velocity
is then obtained by solving a Poisson problem to enforce the incompressibility
constraint. Mathematically speaking, this process projects the intermediate
velocity onto the space of divergence free vector fields.

When an “exact” projection method is used, the discrete divergence of the
updated velocity is identically zero (to within roundoff error). In the present
work, we employ a projection method that is not exact but rather is “approx-
imate” in the sense that the discrete divergence of the velocity only converges
to zero at a second order rate as the computational grid is refined. When such
methods are used with the immersed boundary method, we have found that
it is beneficial to determine the updated velocity and pressure in terms of the
solutions to two different approximate projection equations at each timestep.
This so-called hybrid approach was originally proposed by Almgren et al. for
inviscid flow [23], and our approach is essentially an extension of their algo-
rithm (“version 57) to the viscous case. A more traditional projection method



would employ only a single projection at each timestep. Consequently, when
compared to more traditional projection algorithms, hybrid methods require
the solution of additional systems of linear equations at each timestep, al-
though this additional expense can be made modest. In the present context,
we have found that the use of a more traditional projection method can result
in spurious oscillations in the computed pressure. These oscillations, some-
times considered to be characteristic of the immersed boundary method [13],
can be dramatically reduced by making use of the hybrid approach we present.
Notably, this is an improvement that holds for thick structures (such as shells)
as well as the more challenging thin interface case.

The remainder of the paper begins with a presentation of the immersed bound-
ary formulation of the continuous fluid-structure interaction equations in Sec-
tion 2. Formally second order accurate spatial and temporal discretizations
of the continuous equations are then described in Section 3, although some
important numerical details regarding our treatment of the nonlinear advec-
tive terms are postponed to an appendix. In Section 4, we verify that the
scheme attains second order rates for a prototypical fluid-structure interac-
tion problem, using two different sets of elastic material properties and several
smoothed delta functions, and in Section 5, we demonstrate in the context of
a thin interface problem that the hybrid projection method we employ reduces
the magnitude of nonphysical pressure oscillations when compared to a more
standard projection method. Conclusions and directions for future work are
discussed in Section 6.

2 The Continuous Equations of Motion

Consider a system comprised of a viscoelastic structure immersed in a viscous
incompressible fluid. We assume that the fluid has uniform density, p, and
uniform dynamic viscosity, p. The structure is taken to be incompressible and
neutrally buoyant, and the viscous properties of the structure are assumed
to be identical to those of the fluid in which it is immersed. Consequently,
the momentum, velocity, and incompressibility of the coupled system can be
described via the incompressible Navier-Stokes equations, augmented by an
appropriately defined body force. (Even in the more complicated case in which
the mass density of the structure differs from that of the fluid, the momentum,
velocity, and incompressibility of the coupled system can still be described by
the incompressible Navier-Stokes equations; see [9]. The case in which the
viscosity of the structure differs from that of the fluid can also presumably be
done by a generalization of the methods proposed here, but this has not yet
been attempted.)

The immersed boundary formulation of this problem employs an Eulerian de-



scription of the velocity and incompressibility of the fluid-structure system and
a Lagrangian description of the configuration of the immersed elastic struc-
ture. In particular, the velocity of the entire coupled system is described in
terms of an Eulerian velocity field, u(x, t), where x = (z,y) are fixed physical
(Cartesian) coordinates (i.e., u(x,t) refers to the velocity of whichever mate-
rial is physically located at position x at time ¢), whereas the configuration of
the immersed elastic structure is described in terms of a curvilinear coordinate
system. Let (r,s) be material curvilinear coordinates attached to the elastic
structure so that fixed values of (7, s) label a material point for all time ¢, with
X(r, s,t) referring to the Cartesian position of such a material point at time t.
The physical domain consists of a region U C IR?. For simplicity, we take U to
be the unit square and impose periodic boundary conditions. The curvilinear
coordinates are restricted to some region of (r, s)-space, here denoted Q C IR?.
The configuration of the elastic structure at time ¢ is denoted by X(-, -, ), and
the curvilinear force density (i.e., the density with respect to (r, s)) generated
by the elasticity of the structure is taken to be a known functional of this
configuration.

The equations of motion for the system can be written in the following form:

p(%—?—l—(u-V)u)%—Vp:uV%—l—f, (1)
V-u=0, (2)
f(x,t) = /Q F(r,s,1)6(x — X(r,5,8))drds,  (3)
aa—)f(r, s, t) =u(X(r,s,t),t) (4)
- /Uu(x, 1) 8(x — X(r, 5, 1)) dx,
F(, 1) = FX( - 1)l (5)

Equations (1) and (2) are the incompressible Navier-Stokes equations written
in Eulerian form, where p(x,t) is the pressure and f(x,t) is the (Cartesian)
elastic force density. Equation (5) formalizes the assumption that the curvi-
linear elastic force density, F(-, -, ), is a given functional of the structure con-
figuration, X(+,-,¢). A generalization that we do not consider here would be
to allow F to be a time-dependent functional.

Equations (3) and (4) describe the interaction between the Lagrangian and
Eulerian variables. The two-dimensional Dirac delta function, 6(x) = §(z)d(y),
appears in both of these equations. In each case, it acts as a kernel of an inte-
gral transform that facilitates conversions between Eulerian and Lagrangian
quantities. Equation (3) converts the curvilinear force density into the Carte-
sian force density. Note that their numerical values are generally not equal at
corresponding points. Nevertheless, the Cartesian and curvilinear elastic force
densities are equivalent as densities. Recalling the defining property of the



Dirac delta function,

1if X eV,
/6(X—X)dx:
v

0 otherwise,

where V' C U is an arbitrary region of physical space, we see that the densities
are indeed equivalent via

/Vf(x,t) dx:/v/QF(r, 5,0)6(x — X(r, 5,1)) dr ds dx
= /QF(T’,S,t) (/V d(x — X(r, s,1)) dx) dr ds

= /Xl(v,t) F(r,s,t)drds,

where

XNV, t) = {(r,s) | X(r,s,t) € V}.

The second of the interaction equations, equation (4), relates the material
velocity of the elastic structure to the Eulerian velocity field for the coupled
system. Since u(x,t) is the velocity of whichever material is physically located
at position x at time ¢, for any (r,s) € €,

0X
E(n S, t) - U(X(’m S, t)a t)

We may evaluate the velocity at X(r, s,t) by making use of the delta function,
u(X(r,5,8),1) = [ u(x,t)8(x = X(r,5,1)) dx,
U

so long as u is continuous. For the coupled system, continuity of the velocity
follows from the presence of viscosity in both the fluid and the structure.

Before concluding this section, we mention the particular elastic force density
functional that will be used in this work. Suppose that the immersed elastic
structure consists of a collection of elastic fibers, where the material coordi-
nates (r, s) have been chosen so that a fixed value of r labels a particular fiber
for all time. Let 7 denote the unit tangent vector in the fiber direction,

0X/0s
=" 6
7= 19X /05| (©6)
Since the fibers are elastic, the fiber tension, T, is related to the fiber strain,

which is determined by |0X/0s|. The fiber tension can be expressed by a
generalized Hooke’s law of the form

T =o0(0X/0s|;r,s). (7)



One can show [5,9] that the corresponding curvilinear elastic force density
functional can be put in the form

0
FIX( )] == (TT1). 8
X\, 0] = 5 (T7) 8
Since T" and 7 are both defined in terms of 0X/ds, F is a functional that
maps the structure configuration to the curvilinear force density, F(-, -, t).

3 The Discrete Equations of Motion
3.1 Lagrangian and Eulerian Discretizations

In the immersed boundary approach to fluid-structure interaction problems,
the solution to the continuous equations of motion, (1)—(5), is approximated by
discretizing the Eulerian equations on a Cartesian grid and by discretizing the
Lagrangian equations on a discrete lattice in the curvilinear coordinate space.
In most work using the immersed boundary method, these discretizations are
fixed throughout the computation [5,24-26]. However, there has been work on
utilizing structured adaptive mesh refinement in the solution of the Eulerian
equations [27].

In the present work, the physical domain is taken to be the periodic unit
square. It is described using a fixed Cartesian grid with uniform meshwidths
h = Az = Ay. The centers of the Cartesian grid cells are the points x; ; =

(G+2)h.(j+ Hh), where i, j € {0,1,...,N — 1} and h = 1/N.

For a quantity ¢ (x,t) defined on the Cartesian grid, we employ the notation
Vi = (X, tn), where t, is the time of the n'" timestep. The timestep size
is implicitly defined by At, = t,.1 — t,, although our convergence studies
will employ a fixed uniform timestep At. Note that quantities are occasionally
defined at “half-timesteps”, ¢, 1=t A+ %Atn.

The curvilinear coordinate space is discretized on a fixed lattice in (7, s)-
space with uniform meshwidths (Ar; As). Unless otherwise noted, from now
on the curvilinear coordinate indices (r,s) will refer to the “nodes” of the
curvilinear computational lattice, so that (r,s) = (rg, so) + (mAr,nAs) for
fixed constants ry and sy and integer values of m and n.

Although the discretization of the curvilinear coordinate space is fixed, it is
important to note that the physical locations of the nodes of the curvilinear
mesh, X"(r, s) = X(r, s,t,), are free to move throughout the physical domain.



In particular, the physical positions of the nodes of the curvilinear mesh are
in no way required to conform to the Cartesian grid.

3.2 Cartesian Grid Finite Difference Operators

We now introduce finite difference approximations to the spatial differential
operators appearing in the Eulerian equations of motion, beginning with the
discretization of the divergence and gradient operators. Both approximations
employ second order accurate centered differences. The divergence of a vector
field, u = (u,v), is approximated by

Uit1,j — Ui—1,5 Vi j+1 — Vij—1
(D-u),; = ]2h = 2h = ©)

and the gradient of a scalar function, v, is approximated by

R ¢i+1,j B QZ]i—l,j ¢i,j+1 _ wi,j—l
(G’¢)Z,] - ( 2h ) 2h :

The Laplacian of 1 is approximated using standard second order accurate
finite differences, denoted by

Yig1j; F Vi1 — 2¢i; Ui i — 290
(Lip)iy = — % ’ Ly it h; .

Note that L does not equal D - G.

(10)

(11)

The discrete vector Laplacian of a vector field is (Lu); ; = ((Lu);j, (Lv); ),
where u = (u,v). It is simply the application of the discrete scalar Laplacian
to the individual components of u.

3.8 The Discrete Approrimate Projection Operator

Like all projection-type methods for incompressible flow, our method for the
incompressible Navier-Stokes equations makes use of the Hodge decomposition
theorem. This result says that an arbitrary smooth vector field can be uniquely
defined as the sum of a divergence free vector field and the gradient of a scalar
function. The discrete analog of this decomposition is

w=v+ Gy, (12)

where w is an arbitrary vector field on the Cartesian grid and v satisfies
(D-v);; = 0 on the grid. Equation (12) implicitly defines a projection operator,
P, given by

v=Pw=(I-G(D-G)'D)w. (13)



Since (D - v);; = 0, for any vector field w, P*w = Pw, so P is a projection.

In practice, the application of the operator defined by equation (13) requires
the solution of a system of linear equations of the form D - Gy = D - w. For
a two dimensional periodic grid with an even number of grid cells in each
direction, D - G has a nontrivial four-dimensional nullspace. This complicates
the solution process when iterative methods (such as multigrid) are employed
to solve for . Moreover, when P is used in the solution of the incompressible
Navier-Stokes equations, this nontrivial nullspace results in the decoupling of
pressure field on four sub-grids, leading to a so-called “checkerboard” insta-
bility.

To avoid these difficulties, it was originally proposed in [28] that the foregoing
exact projection be replaced by a carefully chosen “approximate” projection
operator. In the present work, we use a cell centered approximate projection
operator of a type first introduced by M. F. Lai [29] (see also [30]). This
approximate projection operator, P, is defined by

Pw=(I-G(L)"'D:)w. (14)

It is important to note that this operator is not a projection, since L # D - G.
However, L and D - G agree to second order in h so that for smooth w,
D - Pw = O(h?). Moreover, |Pw — Pw| — 0 as h — 0. On a uniform grid
with periodic boundary conditions, it can be demonstrated that || Pw| < ||w|],
so the cell centered approximate projection operator is stable [29]. Another
important issue with regards to the stability of the overall method is the
question of which quantity is to be (approximately) projected [23]; we address
this issue below in Section 3.6.

3.4 A Discrete Curvilinear Force Density

The continuous version of the elastic force density functional that we employ in
the present work is given by equations (6)—(8). To approximate this functional
on the curvilinear computational lattice, we introduce a finite difference ap-
proximation to differentiation in the s curvilinear coordinate direction, defined
by

v (r,s + %As) -V (7’, s — %As)

As ’

where W(r, s) is a function defined on the curvilinear computational lattice.

(DsW)(r,s) = (15)

Given a structure configuration, X, the unit tangent vector, (6), is approxi-
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Fig. 1. Three choices among many for ¢(r) when constructing a smoothed approxi-
mation to the Dirac delta function using equation (19). These functions are defined
by equations (20), (21), and (22), respectively.

mated at “half-integer” multiples of As by

1 (D X)(r,s+ sAs)
T (T’S " §A8) (DX (s + 3| (16)

Similarly, the fiber tension, (7), is approximated by

T (7’, s+ %As) =0 <’(DSX) <7’, s+ %As) T, S+ %As) ) (17)

Finally, equations (16) and (17) may be used to approximate the curvilinear
elastic force density, (8), at integer multiples of As by

F(r,s) = (Ds(TT)) (r,$). (18)

Note that the half-integer multiples of As that appear in the foregoing are only
intermediate values. In the end, the evaluation of (18) at the nodes of the curvi-
linear computational lattice requires only the values of X(r, s) at the nodes of
the curvilinear computational lattice, i.e., for (r,s) = (rg, so) + (mAr, nAs)
for fixed constants 7y and sy and for integer values of m and n.

3.5 Smoothed Versions of the Dirac Delta Function

In its treatment of the interaction equations that connect the Lagrangian and
Eulerian frames, the immersed boundary method makes use of a smoothed
approximation to the Dirac delta function. In the computational results below,
we will employ several such functions, though our choices are by no means
exhaustive. In each case, the smoothed delta function, denoted J,(x), is of the

10



form

- o 2) 1) o

recalling that x = (x,y) and that h = Ax = Ay. Our particular choices for
¢(r) are displayed in Figure 1 and are defined presently.

In [9], a collection of axioms (including moment conditions and a quadratic
condition) are described that lead to the unique definition of a particular
smoothed delta function with finite support. A family of such functions may
be generated by imposing additional moment conditions and correspondingly
broadening the support. The first member of this family, the so-called four-
point delta function, 61¥(x), satisfies two discrete moment conditions with a
support of four meshwidths in each spatial dimension (i.e., a support of a total
of sixteen grid cells in two dimensions). It is defined in terms of the function

!B (r), where

(3—2|r|+\/1+4|r|—4r2), 0<|r| <1,

1
3

Py = t(5=2p| =\ /-T+12[r|—42), 1< | <2, (20)
0 2§‘7“|.

Y

By requiring the smoothed delta function to satisfy two additional discrete
moment conditions, a six-point delta function is obtained. This delta function,
first employed by Stockie [31], is denoted dfy (x) and is defined in terms of

2 3
iz~ = sl + sl

+ 32 (243 + 1584r| — 748|r|* — 1560 |r[* 0 < |r| <1,

—— +500 [r[* + 336 [r|” — 1121r(*)*
6 (1) = 21 |, 7 7102 L 1.3 3 4B (21)
Tt =gl el =506 (Ir| = 1), 1<r| <2,

2 3
s B+ =Gl 4503l —2), 2< I <3,

Oa 3§|7"

In [32], Tornberg and Engquist examine the use of smoothed delta functions
in the regularization of singular source terms in a variety of settings. One
smoothed delta function that provides them with particularly good results is
a piecewise cubic function, §5; (x), defined in terms of

L= gl =+ 51, 0<|r] <1,
o) = L=+ P =L’ 1< <2, (22)
07 2§|’f"

11



This smoothed delta function has a support of four meshwidths in each spatial
dimension and satisfies four moment conditions, but it does not satisfy all of
the axioms prescribed in [9]. In practice, it is also less costly to compute than
the other delta functions considered as it does not require the evaluation of
any square roots.

3.6 Timestepping

At the beginning of timestep n, we possess approximations to the values of
the state variables at time ¢,,, namely u” and X". The pressure (which is not a
state variable) must be defined at half-timesteps to obtain a consistent second
order accurate method. Thus, at the beginning of each tlmestep n > 0, we
also possess an approximation to a “time-lagged” pressure, p" -3,

To advance the solution forward in time by the increment At, we first compute
XD (r 5), a preliminary approximation to the locations of the nodes of the
curvilinear mesh at time ¢,,;. To do so, equation (4) is approximated by

X (1 ) = X(r, s) + AtZu" n (x5 — X™(r, 8)) h*. (23)

7]

A discrete approximation to F[X(-,-)] provides the curvilinear elastic force
densities corresponding to structure configurations X" and X("+1), respec-
tively denoted F" and F"*V . The equivalent Cartesian elastic force densities
are obtained by discretizing (3) and are given by

= Z F"(r,s) 6 (x;; — X"(r,s)) ArAs, (24)
f (n+1) ZF D (1 5) 8, (x” — XD (p, s)) Ar As. (25)

A timestep-centered approximation to the Cartesian elastic force density is
defined by

1

e = % (£ + £ (26)
We next determine u™*! and p"+% by integrating the incompressible Navier-
Stokes equations in time via a second order projection method similar to the
method introduced by Bell, Colella, and Glaz [22], a method that in turn is a
second order accurate version of Chorin’s original projection method [20,21].
Our algorithm extends to the viscous case the hybrid approximate projection
method (“version 5”) introduced by Almgren et al. for the incompressible
Euler equations [23]. In particular, as in [23], we obtain the values of u"** and
p’"‘*% in terms of the solutions to different projection equations, as follows.

12



Given u”, f"+%, and p”_%, we first obtain the approximation to the updated
velocity, u"™!. We do so by discretizing the momentum equation (1) over the
time interval At without imposing the constraint of incompressibility on u™*!.
Instead, the gradient of the time-lagged pressure provides an approximation to
the true pressure gradient. The nonlinear advection term is treated explicitly,
and a version of the implicit L-stable method of Twizell et al. [15] introduced
by McCorquodale et al. [16] is used to integrate the viscous terms in time.
With v = p/p, the discretization of (1) is

(I =mevL)(I —mvL)u" =

1 1 1
= ([ +nsvL)u™ + At(I + L) <—N”+% + P (f”+5 - Gp"_5)> , (27)

where N™2 is the explicit approximation to [(u - V)u]"Jr% detailed in Ap-
pendix A, and

— Va2 -4 2 Vaz —4 2
m:a a2 a + At, 772:@—1— a2 a —+ At,

ns = (1 —a) At, n4:<%—a) At,

with @ = 2 — /2 — ¢, where ¢ is machine precision.

The solution to equation (27) yields an “intermediate” velocity field, tradition-
ally denoted u*, that is generally not discretely divergence free. In formulat-
ing a projection method, one may project either the velocity increment (i.e.,
u"™! —u*) or the intermediate velocity itself. Although either choice yields
the same value for u"™! when exact projections are employed, this is not the
case when approximate projection operators are used. Several studies have
found that a more stable algorithm is obtained by approximately projecting
the intermediate velocity [23,30], and we follow this approach. In particular,
u"*! is obtained by making use of the approximate projection operator, ]5,
defined by equation (14), yielding

u"t = Pu*. (28)

Although it is possible to determine the value of the updated pressure in terms
of the approximate projection of u*, we have found that it is beneficial to
determine p"+% by approximately projecting a second intermediate velocity
field that is given by a second treatment of the momentum equation. This
alternate treatment of (1) is identical to (27) except that it does not include
any approximation to the pressure gradient, i.e.,

13



(I —novL)(I —mrvL)a* =

1
= (I +nsvL)u™ + At(I +muvL) <—N”+% + —f"+%> . (29)
p

The solution to this equation, @, is the intermediate velocity that we project
to obtain p"*z. We emphasize that G* is only used to compute p"*2 and is not
used in determining our final approximation to the velocity at time ¢, ;. The
approximate projection of *, however, generates an alternate approximation
to the velocity at time ¢,,1,

"t = Paf=u" - G,

ie.
o =a"" + Gy, (30)
where ¢ is defined as the solution to a discrete Poisson problem,
Lp=D-u".
Since P is an approximate projection operator, in general " # u"t!.

The pressure consistent with (29) and (30) is the scalar function p"*z that
satisfies

(I —nevL)(I —mvL)a"™ =

1 1 1
= ([ +nsvL)u™ + At(I +muvL) <—N”+% + = (f”+§ — Gp"+§)> . (31)
p

Following [33], a second order accurate approximation to the updated pressure
is determined by substituting (30) back into (29) and comparing the result to
(31). Doing so, the discrete pressure gradient is seen to satisfy

(I + 7]4VL)Gp”+% = é([ —mavL)(I —mvL)Ge.
Consequently, we obtain p”*é via
ptE = Ait([ + v L) (I = nevL)(I — mvL)@. (32)

Since s = (V2 — 2 + €)At < 0, p"2 is well-defined by (32). Note that @
is proportional to a first order accurate approximation to the time centered
pressure. Full second order accuracy is obtained by solving a system of linear
equations in (32). Although p"*2 has no influence on the value obtained for
u”*! it is used in the next timestep, when computing u™*+2.

14



Having obtained the values u"*! and p”*é, we complete the timestep by com-
puting X" via

X" (r, 5) = X"(r, s) (33)
+ % (Z u;; op (x;; — X"(r,5)) h? + Z ufjl On, (Xm' — X(”H)(r, s)) h2>
i,J 4,

Note that the evolution of the structure configuration via (23) and (33) takes
the form of a second order accurate strong stability-preserving Runge-Kutta
method [14]. Equation (33) is an explicit formula for X" since X is
already defined; see equation (23).

Finally, we must discuss the initial timestep. The initial state of the system
is completely determined by the initial values of u and X. To ensure that the
initial velocity at least approzimately satisfies (D - u®); ; = 0, we first replace
u' by its approximate projection,

u’ — Pu’. (34)

Next, the pressure must be determined from the values of u® and X°. We ob-
tain the pressure iteratively as follows. First, the pressure is provisionally set
to be identically zero. We then perform a preliminary timestep. The computa-
tion of this preliminary timestep yields a first approximation to the pressure
at time t = %Ato. We then iteratively re-compute the initial timestep, always
using the most recent approximation to the pressure. After a small number
of iterations (we use a total of five), we obtain a sufficiently accurate ap-
proximation to the pressure at time ¢t = %Ato to achieve overall second order
accuracy.

3.7 Implementation Issues

Before concluding this section, there are a few issues we wish to address re-
garding our software implementation of the foregoing algorithm. The imple-
mentation of the present version of the immersed boundary method makes
extensive use of the SAMRAT (Structured Adaptive Mesh Refinement Appli-
cation Infrastructure) library, a C++ framework for developing parallel scien-
tific applications which provides support for block structured adaptive mesh
refinement (AMR) [34,35]. Although our implementation allows us to make
use of the parallel and AMR capabilities provided by SAMRAI, we do not
do so in the present work since our focus is on the order of accuracy of the
immersed boundary method itself and not on further enhancements to the
basic method.
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In our implementation, SAMRAI provides a mechanism for organizing com-
putations on the Cartesian grid. To manage Lagrangian quantities defined on
the curvilinear mesh (i.e., X and F), we additionally make use of PETSc (the
Portable, Extensible Toolkit for Scientific Computation) [36-38]. All numer-
ical quantities defined on the curvilinear mesh are stored in PETSc vectors,
allowing for parallel communication of data on the curvilinear mesh. Addition-
ally, by making use of the linear and nonlinear solvers provided by PETSc,
it is straightforward to solve systems of equations on the curvilinear mesh,
potentially facilitating the implementation of efficient fully implicit time dis-
cretizations for the immersed boundary method.

At each timestep, it is necessary to compute the solution to several discrete
Poisson and Helmholtz type systems of linear equations. The Helmholtz prob-
lems we encounter are generally well conditioned, and it is possible to solve
them efficiently via red-black Gauss-Seidel iterations. The particular solver
we use for these problems is provided by SAMRAI The Poisson problems
are more challenging and require a more sophisticated solution method. For
these problems, we make use of the structured multigrid solvers provided by
the hypre project, a library of high performance preconditioners [39,40]. (See
[41] for an introduction to multigrid methods that includes a description of
red-black Gauss-Seidel.)

4 Computational Convergence Results for Smooth Test Problems

Typically, the convergence of the immersed boundary method has been stud-
ied computationally for problems which do not possess a sufficient degree of
smoothness for the method to attain its formal convergence rate. In particu-
lar, most previous convergence studies have focused on the case of a viscous
incompressible fluid interacting with an infinitely thin elastic membrane (i.e.,
an elastic interface or boundary). The true solutions to such problems possess
discontinuities at the interface in the pressure and in the normal derivative of
the velocity, and these discontinuities are not accurately captured by the im-
mersed boundary method. An alternative approach is taken by the immersed
interface method [10,13], where such discontinuities are explicitly accounted
for by the method in a manner that yields higher order accuracy.

In order to assess the performance of the present scheme in a setting where we
can expect convergence rates that correspond to the formal order of accuracy
of the method, we consider the interaction between a viscous incompressible
fluid and a viscoelastic shell of finite thickness. Since the shell is thin but
not infinitely thin, the discontinuities present in the true interface problem do
not arise in this situation. The elastic properties of the shell are described in
terms of a continuum of anisotropic elastic fibers. In Section 4.1, we specify
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the stiffness of the fibers so that the fiber tension smoothly tends to zero at
the edges of the shell. As long as the structure does not become too distorted,
the resulting Cartesian elastic force density, f, will be a continuous function
of x. In Section 4.2, the fiber tension is taken to be a constant multiple of
|0X/0s|. In this case, the resulting Cartesian elastic force density is only
piecewise continuous due to the sharp discontinuity in material properties that
occurs at the fluid-structure interface. For low and moderate Reynolds number
flows, we observe second order convergence rates in both situations. At higher
Reynolds numbers, it appears that under-resolution of the velocity prevents
the method from attaining full second order convergence rates, although in
all cases empirical convergence rates in excess of first order are observed.
Presumably, second order convergence would be observed even for the high
Reynolds number cases on sufficiently fine grids.

Before proceeding to the specification of the two sets of elastic properties
in Sections 4.1 and 4.2 and the corresponding computational results, we first
describe the common aspects for both sets of computations, including the com-
putational meshes used to describe the Cartesian and curvilinear coordinate
spaces, the initial conditions, and the choice of timestep.

Recall that the physical domain, U, is specified to be the periodic unit square
and is described using a fixed N x N Cartesian grid with uniform meshwidths
h = Az = Ay, where h = 1/N. For this computational study, we likewise
take the curvilinear coordinate space to be 2 = [0, 1] x [0, 1]. We employ a
fixed N, x Ny computational lattice in the curvilinear coordinate space, where
N, = gN and Ny, = %N. With Ar = 1/Ng and As = 1/N;, the “nodes” of
the curvilinear mesh are the points

(r,8) = (10, S0) + (MAr,nAs) = (%, %) + (mAr,nAs),

where m € {0,1,...,N, — 1} andn € {0,1,..., Ny — 1}. Here, the shift by %
avoids having fibers at the exact edges of the shell, while the shift by % is for
notational consistency only.

As discussed in Sections 2 and 3.4, the elastic force density generated by the
structure configuration is defined in terms of a continuum of elastic fibers, and
the curvilinear coordinates, (r,s), are chosen so that a fixed value of r labels
a particular fiber for all time ¢. So that each fiber forms a closed loop, € is
taken to be periodic in the s-coordinate direction. Note that s is not equal to
arc length along the fibers. For this particular Lagrangian elastic force density
functional, no boundary conditions are imposed in the r-coordinate direction.
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The initial configuration of the viscoelastic body is given by the mapping
11
X 0)=1(=,= 35
5.0 = (5:5) (3)

+ ((oz + <r — %)) cos(2ms), <ﬂ + <7’ — %)) sin(27rs)> :

with o = 0.2, § = 0.25, and v = 0.0625. This mapping defines the initial
configuration of each fiber to be an ellipse, so that the initial configuration
of the entire structure is a “thick” elliptical shell. The value of v determines
the thickness of the shell and is chosen so that the thickness of the initial
configuration is approximately four Cartesian meshwidths on the coarsest grid
considered.

In all computations, the initial velocity of the system is taken to be u(x, 0) = 0.
After being released at ¢t = 0, the shell undergoes damped oscillations and
tends toward its resting configuration, a circular shell. The uniform density of
the fluid-structure system is taken to be p = 1.0, and the uniform viscosity,
1, is successively assigned the values 0.05, 0.005, and 0.0005. Using the fiber
tensions specified in either Section 4.1 or Section 4.2, the corresponding flows
have Reynolds numbers of approximately 10, 100, and 1000.

The computation is halted and convergence is assessed at t = 0.4. For each
parameter regime considered, the shell will have approximately completed its
first oscillation at this point in the computation. In all cases, we employ a
uniform timestep that is chosen so that the computed velocity satisfies

At ||ulls < 0.1h. (36)

This is a more severe restriction than our explicit treatment of the nonlinear
advection term requires; however, since we are treating the elastic force den-
sity in an explicit manner, the hyperbolic stability restriction is not the only
stability constraint that the timestep must satisfy. Although (36) may not be
sufficient to ensure stability in the limit as h — 0, it appears to be adequate
for the values of h considered here.

For most of the following computations, equation (36) is satisfied for At =
0.08/N, and this choice generally appears to result in stable computations for
the grid spacings and parameter ranges we consider. The sole exception is for
the computations in Section 4.2 that employ the piecewise cubic delta function
for the case p = 0.0005. We found that in under-resolved computations, the
piecewise cubic delta function can introduce strong oscillations in the com-
puted velocity near the fluid-structure interface. In this particular case, we
found that it is necessary to reduce the size of the timestep to At = 0.04/N
in order to satisfy (36).

Below, we present empirical convergence rates for u, v, p, and X in appropri-
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ately defined discrete L? norms for p = 1,2. The discrete LP norm of a scalar
valued function defined on the Cartesian grid, v, is given by

1/p
[ (ZWM” h2> :
Z7-]

For a vector valued function defined on the curvilinear mesh, W(r,s) =
(Wi(r, s), Wa(r,s)), the discrete LP norm is likewise

1/p
p/2
HWZ-,]-HP:(Z’Wf(r,s)—i—Wf(r,s)’ mm) .

T8

For a computed quantity, ¢, let e,[¢; N| denote the discrete LP norm of the dif-
ference in the approximation to ¢ obtained using an N x N Cartesian grid (and
the corresponding curvilinear mesh and uniform timestep) and the approxi-
mation to ¢ obtained using a 2N x 2N Cartesian grid (and the corresponding
curvilinear mesh and uniform timestep), i.e.,

epla; N1 = |lg™ — "N, (37)

where Z?V =N denotes interpolation from finer to coarser spatial grids. An
empirical estimate for the convergence rate of ¢ in this norm is given by

rlgs N = log, (%) | (39)

4.1 Tapered Elastic Stiffness

In the first set of computations, we set the fiber tension, T, via
T =0 (|0X/0s|;r,s) = (1 4 sin(2nr — 7/2)) |0X/0s]| .

Recalling equations (6)—(8), the resulting Lagrangian elastic force density is
given by

3} 9?X

F = % (TT) = (1 +sin(2rr — w/2)) 5az

In the absence of sharp corners in the elastic fibers that comprise the shell, this
Lagrangian force density smoothly tapers to zero as r approaches 0 or 1, i.e.,
there is a continuous transition in material properties at the fluid-structure
interface. As long as the structure does not become too distorted, the resulting
Cartesian elastic force density, f, will remain a continuous function of x.

Table 1 summarizes the empirical convergence rates in the discrete L' and L?
norms observed for u, v, p, and X at time t = 0.4. These rates are obtained
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Fig. 2. The discrete L? norm of the difference in the values computed for an N x N
Cartesian grid (with the corresponding curvilinear mesh and uniform timestep) and
for a 2N x 2N Cartesian grid is plotted at ¢ = 0.4 for N = 64, 128, and 256, for
u, v, p, and X. For these computations, 2he stiffness of the elastic fibers comprising
the shell tapers to zero at the edges of the structure. Second order convergence is
generally indicated except for g = 0.0005. See also Table 1.



1 =0.05 1= 0.005 1 = 0.0005

S | a || 7ala: 128] | rala; 128] | 7alq; 128] | ralg: 128] || ri[q; 128] | rolg; 128]

U 2.15 2.16 2.11 2.20 0.77 0.51

sIB v 2.12 2.15 2.08 2.12 0.47 0.34

h | p 2.00 1.89 2.20 1.86 3.76 3.32

X 2.13 1.98 1.82 1.74 2.04 1.79

U 2.10 2.08 2.13 2.14 2.63 2.86

sIB v 2.21 2.33 2.36 2.45 2.83 3.25

6h | p 3.37 3.57 2.72 3.01 2.16 2.08

X 2.60 2.35 2.32 2.03 1.47 1.16

U 2.15 2.13 2.14 2.20 2.19 2.15

sC v 2.28 2.45 2.31 2.52 2.25 2.49

4h | p 3.51 3.83 2.77 2.97 2.38 2.37

X 2.72 2.49 2.45 2.17 1.66 1.52
Table 1

Empirical convergence rates for u, v, p, and X in the discrete L' and L? norms at
time t = 0.4. In these computations, the stiffness of the elastic fibers comprising
the shell tapers to zero at the edges of the structure, so that there is a continuous
transition in material properties at the fluid-structure interface. Convergence rates
are obtained via equations (37) and (38).

via (38) with N = 128. Figure 2 includes the values of ey[g; N] that were
used to obtain these rates. The values for e;[g; N| are similar and not shown.
Second order convergence rates are observed for g = 0.05 and 0.005 in nearly
all quantities. For p = 0.0005, somewhat less than second order accuracy is
observed in some variables, especially for §13. This is likely due to inadequate
resolution of the flow for N = 128 in the vicinity of narrow bands of high
vorticity that form near the fluid-structure interface.

As shown in Table 1, when we employ delta functions which satisfy four mo-
ment conditions (i.e., §5, and Jtp) we observe convergence rates for the Eu-
lerian quantities that are in excess of second order. In particular, third order
convergence rates are observed for the pressure in several cases. One possible
reason for these high rates may be the rapid dampening of oscillations in the
computed pressure as N increases. Recall that both §5; and 6i2 possess nega-
tive “tails” (see Figure 1). For the coarser grid computations, these negative
tails appear to induce oscillations in the computed Eulerian quantities near
the fluid-structure interface. As the spatial resolution is increased, these os-
cillations rapidly die out, possibly resulting in somewhat inflated convergence
rates.

Representative results for this particular set of material properties are dis-
played in the left-hand columns of Figures 4-6, corresponding to ¢t = 0.08,
0.2, and 0.32, respectively. These computed values were obtained using the
six-point delta function, &g, for p = 0.005 and N = 512, although similar
results were obtained for the other delta functions.
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4.2 Constant Elastic Stiffness

=005 = 0.005 = 0.0005
on | q || rilg; 128] | rolq; 128] || r1lg; 128] | ralg; 128] || ri[q; 128] | ralq; 128]

U 1.78 1.81 1.75 1.80 1.73 1.84

sm| v 181 1.83 1.73 1.76 1.80 2.00

h | p 1.94 1.48 1.79 1.65 1.59 1.51

X 2.00 1.83 1.71 1.67 1.14 1.05

U 1.80 1.80 1.64 1.64 1.94 1.64

sm | v 186 1.86 1.60 1.56 2.02 1.77

60 | p 2.02 1.55 1.83 1.56 1.92 1.75

X 2.41 2.05 2.05 1.77 1.51 1.10

U 1.90 1.91 1.50 1.52 1.50 1.17

sC |V 1.98 2.03 1.48 1.57 1.61 1.41

dh | p 2.29 1.90 1.77 1.63 1.13 0.88

X 2.60 2.19 1.91 1.65 1.11 0.87

Table 2

Empirical convergence rates for u, v, p, and X in the discrete L' and L? norms at
time ¢ = 0.4. In these computations, the stiffness of the elastic fibers comprising
the shell is constant throughout the structure, so that there is a sharp transition in
material properties at the fluid-structure interface. Convergence rates are obtained
via equations (37) and (38).

In the second set of computations, we set the fiber tension, 7', via
T =10X/0s|,

i.e., the stiffness of the fibers does not taper to zero at the edge of the shell.
Recalling equations (6)—(8), the resulting Lagrangian elastic force density is
given by
0 0?X
F=—(T71)=—.
03( 7) 0s?

In this case, the Cartesian elastic force density is only a piecewise continuous
function of x due to a sharp transition in material properties at the fluid-
structure interface.

Note that when the piecewise cubic delta function, 65}, is used with g = 0.0005,
we set At = 0.04/N in order to satisfy the constraint (36). In all other cases,
At = 0.08/N.

For this particular choice of material properties, Table 2 summarizes the em-
pirical L' and L? norm convergence rates observed for u, v, p, and X at ¢ = 0.4.
These rates are obtained via (38) with N = 128. Figure 3 includes the values
of e5]q; N] that were used to obtain these rates. The values for e;[g; N| are sim-
ilar and not shown. In this case, the empirically observed convergence rates
are generally not as high as when the stiffness of the elastic fibers compris-
ing the shell is tapered near the edge of the structure. This is not surprising
since, unlike the tapered case, the Cartesian force density in this case is in
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Fig. 3. Same as Figure 2, except for these computations, the stiffness of the elastic
fibers comprising the shell is constant throughout the structure, yielding a sharp
transition in material properties at the fluid-structure interface. Second order con-
vergence is indicated for = 0.05, altho?igh somewhat less than second order rates
are observed in the other cases. See also Table 2.



fact discontinuous. Nonetheless, convergence rates at or near second order
are generally indicated for g = 0.05. For the other values of p considered, it
is possible that second order convergence rates are not observed due to the
under-resolution of the velocity in the vicinity of very narrow vorticity layers
that form near the fluid-structure interface. Note that these vorticity layers
appear well resolved for N = 256 and 512 but not for N = 128.

Representative results for this choice of elastic properties are displayed in
the right-hand columns of Figures 4-6, corresponding to t = 0.08, 0.2, and
0.32, respectively. These computed values were obtained using the six-point
delta function, 6%, for g = 0.005 and N = 512, although similar results were
obtained for the other delta functions.

5 Hybrid Approximate Projection Methods

Historically, projection methods have generally used the solution to a single
projection equation at each timestep to determine both the updated velocity
and the updated pressure (see [20-22], among many others). One alternative
approach is to define the updated pressure in terms of a projection that is
different from that used to obtain the updated velocity. When exact projec-
tion operators (i.e., projections that exactly enforce the discrete incompress-
ibility of the updated velocity to machine precision) are used with periodic
computational domains, there is generally no reason to employ an additional
projection, since the value of the computed velocity, u™*!, is unaffected by the
approximation made to the true pressure gradient used to obtain the inter-
mediate velocity, u*. This is because the approximation to the true pressure
gradient used to obtain the intermediate velocity is exactly removed from u*
by the exact projection. Even when physical (i.e., non-periodic) boundaries
are present, the approximation to the true pressure gradient typically influ-
ences the velocity primarily near the physical boundary. When approximate
projections are used in place of exact ones, the situation is more complicated,
since the approximation to the true pressure gradient used to compute u* is
only approrimately corrected by the projection.

It is well known that even exact cell centered projection methods can intro-
duce nonphysical oscillations because the operator D -G possesses a nontrivial
nullspace (resulting in so-called checkerboard modes). Approximate cell cen-
tered projection methods can exacerbate this problem by producing computed
velocities that are contaminated by components that are nonsolenoidal with
respect to the cell centered divergence operator. A common approach to deal-
ing with these difficulties is to stably filter the undesirable components (i.e.,
the components corresponding to the nonsolenoidal and checkerboard modes)
from the computed velocity [29,42,43]. An alternative approach to improving
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Fig. 4. Computed values of u, p, and f for a shell with tapered (left-hand column)
and constant (right-hand column) elastic stiffnesses, displayed at ¢ = 0.08. The ve-
locity and pressure are displayed in the top row, whereas the z- and y-components of
f are displayed in the middle and bottom row, respectively. For these computations,
we use 5(15}2 with p = 1.0, g = 0.005, and N = 512.
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Fig. 5. Data as in Figure 4, except here displayed at t = 0.2.

26



Vector f B - B B E . Vector

2 02m8 ° 7 o T s . o 2 4 ° 5 o 02952 <
01818 . - ° s - s ozis ~
. -l - ' - . . N .
oz 4 AN 4 . o7
.8, . -~ . . S \
oceors 5 C e e C 0 N \
' I
\
00002078 0 { ' 00002735 U \ '
Max 02423 ' ' Mox: 02952 '
Min: 00002078 v i ' Min: 00002735 ' ‘ )
' 0 I
\ s Pseudocalor \ J B
vorp | 0.6, , vorp 0.6, . i
> . | .
1000 1000 [ - . o
6000 | — N 6000 [ AN ~
. R . N
2000 41 N 20000 4 X
' \ 1 f 1
' |
-2 ' 2000
Mox: 5497 ' LY ' Max 5318 0 f '
Min: -1.138 | ' Min:-1.112 ! B
' '
' X 0 I ’
0 ' ' '
0.2, > . 0.2 i
. - . \ n )
.8
Peudocolor Pseudocolor
Var. 0 Var: 10
2200 200
oo 100
0000 0000
100 100
y 2200
Max 1660 Max: 9338
Min: 1660 Vi, 93,38
Pre Pseudocolor
Var. 1 Var 11

1500
0000
1500
3000 3000
Max: 2360 Max: 1355
Min: 2360 Min: -136.5

Fig. 6. Data as in Figure 4, except here displayed at ¢t = 0.32.

27



the quality of the computed solution was suggested by Almgren et al. [23],
who introduced a hybrid approximate projection method for the incompress-
ible Euler equations. The approximate projection method presented in Section
3.6 is an extension of this method to the viscous case. At each timestep, such
hybrid methods determine two different intermediate velocities from two dif-
ferent treatments of the momentum equation. Each intermediate velocity is
approximately projected, with the first projection determining the updated ve-
locity and the second yielding the updated pressure. This approach is clearly
more computationally demanding than simply determining the velocity and
pressure in terms of a single approximate projection. To justify this additional
computational cost and algorithmic complexity, we demonstrate below that
nonphysical oscillations can occur in the computed pressure when a more “tra-
ditional” projection method is used (i.e., a projection method that obtains the
updated velocity and pressure in terms of the solution to a single projection at
each timestep). These oscillations, sometimes considered to be a characteristic
of the immersed boundary method [13], are virtually eliminated by making
use of our hybrid method.

5.1 A More Traditional Approximate Projection Method

Before demonstrating the reduction in nonphysical oscillations provided by
our hybrid method, we must briefly describe a more traditional second order
projection method that we will compare to the hybrid scheme. This method is
essentially a version of the projection method of Bell, Colella, and Glaz (BCG)
[22], making use of a modification similar to one suggested by Brown et al. [33]
to obtain full second order accuracy in the pressure. We refer to the resulting
scheme as a “BCG-like” approximate projection method. For this method, the
velocity, denoted 1, and pressure, denoted p, are both obtained in terms of the
solution to the same projection equation. It is important to emphasize that
since we are making use of approximate projections, it is generally the case
that 1 # u and p # p, where u and p are the velocity and pressure obtained
via the hybrid approximate projection method of Section 3.6.

In the BCG-like method, the intermediate velocity is determined by

(I = nevL)(I —mvlL)a” =

1 1
= (I +nsvL)a™ + At(I + nyvL) <_Nn+§ 4z (f"+% B Gﬁ”_%)> ‘
p

Next, u"! is given by approximately projecting @*, i.e.,

a* =u"" + G,

28



BCG-like proj., z =0.5,t = 0.4 hybrid proj., z = 0.5, ¢t = 0.4
6.0 6.0

4.0 N//\ 4.0
2 2.0 2 20
0.0 0.0 \J [/
-2.0 -2.0
0 02 04 06 08 1 0 02 04 06 08 1
Y Y
BCG-like proj., x = 0.5, t = 0.4 hybrid proj., z = 0.5, t = 0.4
-1 1 -1t
1.1 ] 11}
1.2 1 1.2
I, 2,
-1.3 1 -1.3¢}
1.4 ] 1.4}
-1.5 1 -1.57¢
0.18 0.2 022 024 0.26 0.18 02 022 024 0.26
Y Y

Fig. 7. The pressure at ¢ = 0.4 for an elastic interface interacting with a viscous
incompressible fluid. The pressure plotted in the left-hand column is obtained via
a BCG-like projection method. Damped oscillations are evident. In the right-hand
column, the hybrid approximate projection method of Section 3.6 is used, virtually
eliminating the oscillations in the pressure. Note that the lower plots offer a mag-
nified view of the pressure near y = 0.25. For these computations, we use (ﬁ% with
p=1.0, p = 0.005, and N = 256.

where
Lp=D-u".

The pressure consistent with this treatment of the incompressible Navier-
Stokes equations can be obtained in a manner similar to that used above to
determine the updated pressure in the hybrid scheme. In this case, the updated
pressure is the scalar function ]5"+% given by

=" E 4 (T D) (0 = D) (I = L),
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5.2 Reducing Nonphysical Oscillations via a Hybrid Projection Method

To demonstrate the effectiveness of our hybrid approximate projection method
in reducing nonphysical oscillations when compared to a BCG-like projection
method, we restrict the curvilinear coordinate space to Q = [%, %] x [0, 1],
so that the structure is a true elastic interface. This is a situation where
the immersed boundary method can produce nonphysical oscillations in the
computed pressure near the interface [13]. As with the previous computations,
the initial configuration is given by (35), although here restricted to r = % SO
that the initial configuration is an ellipse. Following its release at ¢t = 0, the
membrane undergoes damped oscillations until eventually settling in a circular
configuration. We compute the motion of the coupled system up to t = 0.4,
at which time the elastic structure has completed one full oscillation and is
beginning its second. The material properties are as described in Section 4.2,
with p = 1.0, p = 0.005, and N = 256. The smoothed delta function employed
for this comparison is §}7.

The computation is first performed using the BCG-like approximate projection
method. When this method is employed, oscillations are readily observed in
the computed pressure plotted in Figure 7. It is clear that these oscillations
continue for many grid cells away from the interface before dying out. When
we perform the computation again, this time using the hybrid approximate
projection method of Section 3.6, the oscillations are virtually eliminated from
the computed pressure.

6 Conclusions

In the present work, we have introduced a new formally second order accu-
rate version of the immersed boundary method and examined the performance
of the scheme for a prototypical fluid-structure interaction problem with two
sets of elastic properties. The new algorithm makes use of several numerical
methods intended to reduce the occurrence of nonphysical oscillations in the
computed dynamics. In particular, we use a strong stability-preserving Runge-
Kutta method for the time integration of the structure configuration, an im-
plicit L-stable discretization of the viscous terms in the momentum equation,
and a second order Godunov method for the explicit treatment of the nonlinear
terms in the momentum equation. We also employ a new hybrid approximate
projection method for the incompressible Navier-Stokes equations—a method
that can reduce the occurrence of oscillations in the computed pressure when
compared to more traditional projection methods.

By considering fluid-structure interaction problems which possess sufficiently
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smooth solutions, actual second order convergence rates were demonstrated
in our numerical tests of the method at low and moderate Reynolds numbers.
Even for higher Reynolds numbers flows, empirical convergence rates gen-
erally exceeded first order. Unlike previous convergence studies, we did not
consider the interaction of a true interface and an incompressible fluid. When
the immersed boundary method is applied to such problems, second order
convergence rates are not observed because of the inability of the method to
properly capture discontinuities in the pressure and normal derivative of the
velocity across the interface. We avoided these discontinuities by considering
the interaction of a viscoelastic shell of finite thickness and an incompressible
fluid. Although such problems are in some sense not as difficult as interface
problems, they are relevant to many application areas where the immersed
boundary method is used. A particular example is the work of Peskin and
McQueen, who have used the immersed boundary method to study coupled
blood-muscle-valve dynamics in the beating heart [3-5,24,8]. Although elastic
surfaces are used in their work to describe the heart valve leaflets, their de-
scription of the muscular heart wall is analogous to a viscoelastic shell—albeit
one with complex, time-dependent elastic properties.

In our computational convergence study, we considered viscoelastic shells with
two types of material properties. In the first case, the elastic properties of
the shell were defined so that there is a continuous transition in the mate-
rial properties at the fluid-structure interface. The resulting Cartesian elastic
force density, f, is a continuous function of x. We also considered a case where
there is a sharp discontinuity in the material properties at the fluid-structure
interface, resulting in discontinuous f. Convergence results were obtained for
a wide range of Reynolds numbers using several different smoothed versions
of the Dirac delta function. For both sets of material properties, empirical
second order convergence rates were generally observed except for the highest
Reynolds number cases. In most cases, good performance is obtained for the
piecewise cubic delta function, &5, introduced in [32]. This is notable in part
because this piecewise cubic function can be computed more efficiently than
the other delta functions considered. This delta function should be used with
some care, however, as in some cases we have found that it can introduce large
oscillations, especially when used for true interface problems. The rather ex-
pensive six point delta function, 6L, produces essentially equivalent numerical
results for the problems examined in the present work. It also does not seem
to result in the same difficulties as the piecewise cubic function for interface
problems.

Though not a phenomenon limited to the immersed boundary method, fine
spatial grids appear to be required to adequately resolve the dynamics at
higher Reynolds numbers. At least for the problems which we have considered
here, we believe this requirement to be localized near thin bands of high vor-
ticity that occur near the fluid-structure interface. Away from these regions,
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the velocity and pressure are generally slowly varying compared to the res-
olution of the Cartesian grid. Consequently, we feel that these problems are
good candidates for the use of adaptive local mesh refinement. Even though
the results presented in this work were for uniform grid computations, our
present software actually allows for adaptive block structured refinement in
the Cartesian computational grid.

Finally, in order to use the immersed boundary method to model and simu-
late complex three dimensional systems, parallel computing is a necessity. Our
implementation of the present algorithm allows for distributed memory paral-
lelism. Although we have not made use of this capability in the present work,
it will prove necessary when we make use of this software for more complex
problems.
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A An Explicit Second Order Godunov Method

Even though the explicit Goudnov method that we employ to treat the nonlin-
ear advection terms appearing in the incompressible Navier-Stokes equations
is based on well-established methods introduced by Colella [17] and modified
by Minion [18,19] and Martin and Colella [30], it is hard to find a single place
where they are brought together in the particular way that we have done in
this work. The purpose of this Appendix, therefore, is to document what we
have done for the convenience of the reader.
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(i—%3.4)+ (.45) —+ (i+3.7)

Fig. A.1. Locations of cell centered and face centered quantities about Cartesian
grid cell (3, 7).

A.1  Face Centered Notation and Finite Difference Operators

Throughout the foregoing discussion, all Eulerian quantities have been de-
scribed at the centers of the cells of the Cartesian grid. To describe the par-
ticular Godunov procedure used to approximate the nonlinear advection term
in equations (27) and (29), we additionally make use of Eulerian quantities
described at the faces of the Cartesian grid cells (or really the edges of the
grid cells in the two dimensional case that we consider here).

If a quantity ¢(x,t) is defined on the faces of the Cartesian grid cells, we

employ the notation ¢ ; - = (x,_ 1 tn) to indicate the evaluation of ¥ on
> P

= (ih, (j+ $)h). Similarly,

the x-faces of the grid, i.e., at the points X L

sz?"”j_ 1 = (x5 1 t,) indicates the evaluation of ¥ on the y-faces of the grid,
P 2 ’
i.e., at the points X;j 1= ((2 + %)h,jh). Recall that 4,5 € {0,1,...,N — 1}

index the centers of the Cartesian grid cells.

By convention, a vector field defined on the Cartesian grid in terms of those
vector components that are normal to the faces of the grid cells is called a
MAC vector field [44]. That is to say, if uMAC = (4MAC yMAC) is a4 MAC

vector field, ©uMAC is defined at the points x;, 1, = (z h, (5 + %)h), whereas

1_57]
vMAC is defined at the points X;j-1 = ((z + %)h, J h). In contrast to this stag-
gered grid description, the components of the Eulerian vector fields previously
encountered, such as u and f, have been co-located at cell centers.
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In the present work, when a MAC vector field is defined by interpolating
u;; = (u;,v; ;) from cell centers to cell faces, the individual components of
uMAC are obtained by linear interpolation (averaging). We employ the notation

WMAC _ (gemty) C Uig t Uigr

i+5.d i+3.5 2 ’
WMAG _ (ge-ty) = Vij + Vijt1

and say in this case that uMA¢ = A°~fu. Notice that only the normal compo-

nent of uMA€ is defined at a given cell face.

Similar to their purely cell centered counterparts, the cell centered divergence
of a MAC vector field is approximated by centered differences, i.e.,

MAC _ , ,MAC yMAC _  MAC
(Df—>C MAC) Z+%7.] i_%uj 7‘7]""% i:j_%

i,j — h h )

whereas the MAC gradient of a cell centered scalar quantity is approximated
at cell faces by

ok Vit — Vi et Gijer — Uiy
(G ¢)z+§] = #, (G ¢)”+% = %

It is important to note that for a cell centered scalar quantity,
(D™ GM)ij = (L),

where L is the cell centered approximation to the Laplace operator introduced
in Section 3.2. This correspondence allows us to easily compute the exact
projection of a MAC vector field. In particular, the MAC projection of wMAC
is given by

yMAC _ pMACZMAC _ (I _ Gc_>fL—1Df—>c_) wMAC
This is an ezact projection, since (Df_>C . VMAC)i’j = 0. Note that in prac-
tice, the application of this exact MAC projection does not require the use

of any additional linear solvers beyond those required by the cell centered
approximate projection, P, described in Section 3.3.

A.2  An Auxiliary MAC Velocity

Before describing the Godunov procedure used to approximate [(u - V)u]"Jr%
in our treatment of the incompressible Navier-Stokes equations, we describe
an auxiliary MAC velocity, denoted uMA€, that is maintained in addition to
the cell centered velocity, u. This MAC velocity was not introduced in the
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initial discussion of the approximate projection method as it is only used in
the Godunov extrapolation procedure.

The auxiliary MAC velocity is obtained in the process of computing the cell
centered velocity, u. In our approximate projection method, recall that an
intermediate cell centered velocity, u*, is determined by solving equation (27).
The true cell centered velocity, u"™!, is then obtained in equation (28) as the
approximate projection of u*. To compute uM*“"+1 we first interpolate u*
from cell centers to cell faces, obtaining

uMAC,* _ AC_)fll*.
uMAC+1 s then obtained by computing the MAC projection of uMA%*, Luck-
ily, this does not require the solution of an additional system of linear equa-
tions! To see why this is so, recall that the approximate projection of u*
requires the solution of a discrete Poisson problem of the form

Ly=D-u". (A.1)

Since (D¢ . uMACH), . = (D - u*),;, (A.1) is the same equation that must be
solved in order to project uMAC*. The solution to (A.1), ¢, may simply be
re-used to directly evaluate

uMAC,n-{—l — uMAC,* o Gcaf(p'

The initial value of uM*¢ may be obtained from the initial value of u analo-

gously. Before projecting the initial velocity in (34), we first compute
uMAC,O — AC—>fu0'

We then approximately project u® and, as above, re-use ¢ to exactly project
MAC,0
u A,

A.8  An FExplicit Godunov Extrapolation Procedure

In order to simplify the description of the Godunov procedure, we temporarily
restrict our attention in this section to the advection-diffusion equation,

Jq 2

5 T V)g=vVig+d, (A.2)
where ¢ is a scalar quantity, u is a specified advection velocity, v > 0 is the
diffusion coefficient, and v is a given source term. Our goal in this section is to
describe an explicit second order accurate procedure that uses values defined
at time ¢, to extrapolate the face centered value of ¢ at time ¢, L1 Although
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described only for the advection-diffusion equation, the following procedure
is used without modification as part of our approximation to the nonlinear
advection term appearing in the incompressible Navier-Stokes equations.

The particular procedure we employ is an explicit Godunov method introduced
by Colella [17,30] and modified by Minion [18,19]. The idea is to extrapolate
q from cell centers to cell faces by using Taylor expansions for ¢ about the
Cartesian cell centers. Notice that this extrapolation process is ambiguous:
at every cell face, there are two nearest cell centers and hence two Taylor
expansions to choose from. The ambiguity is resolved by using the expansion
that is about the cell center that lies in the upwind direction—a method
motivated by the solution to the Riemann problem for the one dimensional
Burgers’ equation.

In order to obtain a stable explicit extrapolation scheme, the timestep must
satisfy a condition of the form At = O(h). Consequently, the Taylor series for
q(x,t), taken about the point x; ; and evaluated at cell face x; 1 and at time
t=t,, 1 is

n—i—%,L h At

Gty =45+ 5 (@) + 5 (@), + O).

Note that in this expansion, the face centered value of ¢ is obtained in terms of
cell centered quantities that lie to the left of cell face x; L1 The time derivative,

q¢t, can be eliminated by making use of equation (A.2), yielding

n+3.L n h At n " At " "
qz’+§,j =q;; T <_ - —u”> (Q:c)i,j - 7%;’ (Qy)z‘,j
+ = UV, + 4r,) + O(h?), (A.3)

where u = (u,v). A similar expansion about x; ;.1, evaluated at face X i1
yields the top state,

n—i—l,T n h At n n At n n
qi,jf% =441 — <§ + 7”z’,j+1> (qy>i7j+1 - 7“1,j+1 (qr)i,j-l-l
At n "
+ > (V(V2Q>z’,j+1 + ¢z‘,j+1)) + O(h?). (A.4)

1 1
Similar expansions define the right and bottom states, qf:f;.R and q?;rfiB.

27 ’ 2
Following [18,19], a second order approximation to each of the proceeding
Taylor expansions is computed in two steps. The resulting scheme is stable so
long as the timestep satisfies a CFL condition of the form [Ju||At < h. Note
that the stability restriction is independent of the value of v > 0.
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In the first step of the scheme, (A.3) is approximated by

il h At [ \iacw MAC.n 0.\"
qi+;j =i <§ 4 <ui+%,j U 34 ) (qu)i,j
At n n
+ > (V(LCI)M + @bi,j) )

where D? is a fourth order centered difference operator defined by

n 2
Dd)q) ==
( xq)i,j
Similarly, (A.4) is approximated by

oAt .
— (5 + (UM.A% +

Z7]+§

1
A7’L+§,T n
qi,j+% =4 j+1

MAC,n
Yig+d )) (
+ % (ML + W)

7

Analogous approximations define ¢ +1 :

3 (Q?-H,j - qy—l,j) 112 (qz—i-?d Q?—QJ) )
DSq)Z]’H

and q +2’ . Note that each of these

values includes approximations only to those derlvatlve terms that are normal
to the cell face where the expansion is being approximated. For now, transverse

derivatives are not included.

At each cell face, cj"*é is defined by choosing the upwind state, namely

n+1 L MAC,n

Qi1 1fuz+27] >0,
nt+s ) .n+iR MAC,n A
ity = Gty 1fu+27 <0, (A.5)
1 1
1 n+5,L n+3.R MAC,n
2 (qi—i-%,j Ty lfu+2, =0,
and
;B if pMAC™ 5
j+d i t3 ’
nt+s ) 3T MAC,n
Gijri =\ Yigrd o541 <0, (A.6)
l A?”L-‘,—%,B + ATL—‘,—%,T f MAC n 0
2 \Jij+s T 9ijed ity T

The second step in the extrapolation procedure introduces approximations to
the transverse derivative terms. These approximations are obtained by differ-

encing the initial extrapolation, q”+2 In particular,

gn+%,L B c}n+% Y JMACH _ MACn n+l
it+3.] i+t3.0 4R \ it ij—3 ity
and
n+3,T  n+i At [ \aca MAC,n n+3
q. .51 =(q..°5 — — o tu q. 1.
7’7]+§ Z7]+§ 4h Z+§7]+l 7'_57]—"_1 Z+§7]+1
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Similar formulas yield the remaining values. Finally, on each cell face, the
value of "2 is obtained by choosing the upwind state as in (A.5) and (A.6).

A.4  Computing the Advection Term

In order to compute the explicit approximation to the nonlinear advection

term, [(u - V)u]"Jr%, used in the solution of the incompressible Navier-Stokes
equations, we employ a timestep centered “advection” velocity, denoted u*PV.
This advection velocity is a discretely divergence free MAC vector field and is
obtained in two steps:

The first step in obtaining u*PV employs the Godunov scheme detailed in

Appendix A.3. This procedure uses uMA®" to extrapolate the cell centered
velocity, ui; = (uf;, v7;), to cell faces. This is performed component-wise, i.e.,
we first employ the Godunov procedure with u;'; replacing ¢;’; and employ the
corresponding source term,

oty =5 (0 = Gl ).

where f = (f1, f2) is the discrete Cartesian elastic force density and Gp =
(Gup, Gyp) is the discrete pressure gradient. This yields a timestep centered
approximation to u at each cell face in the Cartesian grid. Next, we perform the
analogous procedure for v, i.e., we replace ¢;'; with v'; and use the appropriate
source term,

n 1 n n—3
i o ; <(f2)1] - (Gyp)i,j 2) )
yielding a timestep centered approximation to v at each cell face in the grid.
1 1
These extrapolated velocities are denoted by 4”2 and 0"*"2.

The second step in obtaining u*PV discards the transverse components of the
extrapolated velocity field. This yields a MAC velocity, denoted @*PV*. This
velocity field will generally not be discretely divergence free (with respect
to D¢, the MAC divergence operator). To enforce incompressibility, the

~ADV %

advection velocity is defined to be the MAC projection of u , l.e.,

uADV — PMACﬁADV* _ ﬁADV,* . Gc—>f¢’

where ¢ is the solution to a discrete Poisson problem,
L@ — Df—>c . ﬁADV,*' (A?)

This completes the procedure for computing uPV.

With u*PV in hand, we next re-extrapolate the timestep centered normal and
transverse velocities at each cell face, using the timestep centered advection
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velocity, uPV, in place of uMAC™ Except for this one difference, the extrapo-

lation procedure is identical to that previously used to obtain u”+2 and 773,
again making use of the Godunov procedure of Appendix A.3. Doing so ylelds
a second approximation to the timestep centered normal and transverse ve-
locities at each cell face in the Cartesian grid. These extrapolated values are
denoted 4"z and v"*3.

Next, the solution to (A.7), @, is used to approzimately enforce the incom-
pressibility constraint. For the velocities normal to the cell face where they
are defined, we set

n+% _n+% 1 ~
H‘z’] uH%’j h (SOZ—H,] @z,g) )
n+§ o ,TL-‘:—% 1

,Ui,j-i-% - Ui,j-i—% - ﬁ (907«,]4-1 9074]) )

whereas for the transverse components, we have

n4 _nt2 1 ~ ~ ~ ~

u, =0 0 = (%+1j — Pi-1,; T Pit1,j+1 — Pi—1 j+1) )
7’7]"’_5 27]-"_5 4h 7 ? ? §
n+% n+% 1

I
Sl

Z+%,] 2+%,] 4h (902,]—}-1 902,] 1 sz—i-l,]—l—l QOH-L] 1)

Note that in each case, the appropriate component of the discrete gradient of
© is being used to approximately enforce the incompressibility constraint.

At long last, the approximation to the nonlinear advection term,
n+3 n+i nta nti
NITE = (VI (V) ) ~ (e V)l

is defined by non-conservative differencing via

TL-‘r 1 ADV ADV TL+ n+l
N. 2 T ( ) 2 2
( 1) 2% uz—i— \J +uz—%,] z+2,] uz %,j
1 n+i n+l
+ (UADV AD_V;) (O 1),
2h 7’7]""2 2¥) 2 7]“1‘2 7.] 2
ntd 1 ( ADV v) STt
(N2)iy on Wil T Wi-15) \Visd; — Viet
+ i (UADV ADv1 "+2 _ .t
oh \ ity =3 ,]+2 ,j—% :
Since u”PV is discretely divergence free, we could have employed conserva-

tive differencing here to approximate the advection term. We do not do so,
however, as we find that the use of non-conservative differencing produces
lower errors when we test the approximate projection method against known
analytic solutions to the incompressible Navier-Stokes equations.
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