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Abstract

We study systems of n points in the Euclidean space of dimension d > 1 interacting via
a Riesz kernel |z|7% and confined by an external potential, in the regime where d — 2 <
s < d. We also treat the case of logarithmic interactions in dimensions 1 and 2. Our
study includes and retrieves all cases previously studied in [SS4] [SSE, [RS]. Our approach
is based on the Caffarelli-Silvestre extension formula which allows to view the Riesz kernel
as the kernel of a (inhomogeneous) local operator in the extended space RI+1.

As n — 00, we exhibit a next to leading order term in n' /¢ in the asymptotic expan-
sion of the total energy of the system, where the constant term in factor of n'+5/¢ depends
on the microscopic arrangement of the points and is expressed in terms of a “renormalized
energy.” This new object is expected to penalize the disorder of an infinite set of points
in whole space, and to be minimized by Bravais lattice (or crystalline) configurations. We
give applications to the statistical mechanics in the case where temperature is added to
the system, and identify an expected “crystallization regime.” We also obtain a result of
separation of the points for minimizers of the energy.

1 Introduction

We study the equilibrium properties of a system of n points in the full space of dimension
d > 1, interacting via Riesz kernel interactions and confined by an “external field” or potential
V. More precisely, we are considering energies (or Hamiltonians) of the form

(1.1) Hy(2y,..zn) =Y gz —z) +n Y Vi)
=1

i#j
where z1,...,, are n points in R? and the interaction kernel is given by either
(1.2) g(x) = BE max(0,d — 2) < s < d,
or
(1.3) g(x) = —log|z| in dimension d =1,
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or
(1.4) g(x) = —log|z| in dimension d = 2.

We are interested in the asymptotics n — oo of the minimum of H,,. Note here that the factor
n in front of second term in puts us in a mean-field scaling where the potential term
and the pair interaction terms are of the same order of magnitude. This choice is equivalent
to demanding that the pair-interaction strength be of order n~!. One can always reduce to
this situation in the particular case where the confining potential V' has some homogeneity.

The case s = d — 2 for d > 3 and the case correspond to the Coulomb interaction
cases in dimension d > 2. The cases d — 2 < s < d correspond to more general Riesz
interactions. Systems of points with Riesz interaction have particularly attracted attention
in approximation theory. We refer to the forthcoming monograph of Borodachev-Hardin-
Saff [BHS], the review papers [SK| BHS] and references therein. Such systems are mostly
studied on the d-dimensional sphere or torus, but studying them in Euclidean space with
an external confining potential V' is also of interest, as it can also correspond to physically
meaningful particle systems, or can provide tools to study such interactions on manifolds.
The Coulomb case was already studied in [RS| [SS4], while the case was studied in [SS5].
We refer to these papers and the book of Forrester [Forr] for references on these classical
cases of Coulomb and log gases and their importance in mathematical physics and random
matrix theory. Here we generalize these approaches, in particular that of [RS], to the case of
non-Coulomb interaction, and we retrieve by the same token most of the results obtained in
[SS4), [SS5L RS].

In approximation theory (cf. references above) the whole range s € R is of interest. The
case s > d is called the hypersingular case and the case s < d the potential case (cf. [Land]).
When s — oo the problem connects with best packing problems, and when s — 0 it connects
by means of (|-|7*—1)/s — —log|-| to the logarithmic interaction — 3, ,; log |2; — x|, whose
minimization is equivalent to the maximization of the product of distances [, £ |z — 4], ie.
to Fekete points. These are related to orthogonal polynomials and are of major interest in
interpolation theory. The cases f which we study here correspond exactly to one and
two-dimensional weighted Fekete points (cf. [SaTo]) or physically to the “log gas” systems
mentioned above (cf. [Forr]).

It is well-known since |[Cho] that to leading order

(1.5) min H, = n?&(uy) + o(n?)

in the limit n — oo, where

(1.6) // gz —y)du(z) du(y /V ) dp(x
Rded

is the mean-field energy functional defined for Radon measures p, and the equilibrium measure
iy is the minimizer of € in the space of probability measures on R?, denoted P(R?). This is
true only for s < d, which is the condition for to make sense and to have a minimizer.
This is why this case is called the potential case.

In this paper we characterize the next to leading order term, by showing among other
things the following sample result (for more details, see Theorem :



Theorem 1. Assume (1.2) and that V is such that the equilibrium measure py exists and
satisfies some suitable regqularity assumptions (in particular has a density, cf. below). Then
we have the expansion

(1.7) min H, = n?&(uy) + nHiCd,S,V + o(nH%)

where
1+3
Cas,v = Ed,s Py (z) dx
R

and the number £; s depends only on d,s and is characterized as the minimum of a function
W described below.

The fact that the next order term lies at order n!™*/¢ is not difficult to guess by scaling,

but the existence of an asymptotic limit for it was the main open question. In the context
of the Riesz energy on the sphere, this is listed as a conjecture (with a precise conjectured
value for the constant if d = 2,4,8,24) in [BHS|, Conjecture 3]. In addition to finding the
existence of the asymptotic term, we exhibit a new object, called “renormalized energy” and
denoted W, which governs this order in the energy for arbitrary (possibly non minimizing)
configurations.

Our method relies on expressing the interaction as a quadratic integral of the potential
generated by the point configuration via

g*Zézi

and expanding this integral interaction to next order in n to obtain a next order asymptotic
limit of the energy, by an exact splitting formula, as done in [SS4, [SS5, [RS]. The main
difference is that here the Riesz kernel g is not the convolution kernel of a local operator,
as in the Coulomb case s = d — 2 or (L.4), where g is the kernel of the (inverse) Laplacian
operator. Instead it is the kernel of a nonlocal one, more precisely a fractional Laplacian.
It turns out however that if d — 2 < s < d, this fractional Laplacian nonlocal operator can
be transformed into a local but inhomogeneous operator of the form div (Jy|*V-) by adding
one space variable y € R to the space R?. In the particular case of s = d — 1 then v = 0
and this corresponds to using a harmonic extension, a relatively common procedure which
seems to have originated in the probability literature in [MOJ] . In the more general setting,
the extension procedure is due to Caffarelli and Silvestre [CS], and has been much used to
study nonlocal PDFE’s involving fractional Laplacians. Using it in our context is in the line
of [SS5] where the harmonic extension from dimension 1 to 2 was used to transform the one-
dimensional logarithmic interaction into the two-dimensional Coulomb interaction. We note
that the boundaries of the constraint s € [d — 2,d) we inherit from this approach, are quite
natural: d — 2 is the Coulomb case, and s < d is the regime for which a potential theory
associated to the Riesz kernel exists [Land|]. The constraint s € [d— 2, d) also appears in most
of the results on the sphere in [BDS2].

Transforming the nonlocal relation into a local one (in an extended space) allows us to
follow the strategy of [SS4, [RS], however work is required to show that the strategy still works
in an extended space and with an inhomogeneous operator. Also, [RS] relied on Onsager’s
lemma, which itself relies on Newton’s theorem (that any point charge generates outside of
a ball the same Coulomb potential as the same charge which has been radially smeared out



in the ball), only valid for Coulomb potentials. Here, we replace that use with a simple
truncation procedure (a simplification which works in the Coulomb case too).

The proof of our main result relies on first proving lower bounds for the next order in H,
of a generic configuration in terms of a limiting energy W that we introduce, and second in
constructing test configurations which allow to achieve the value min W. Just as in [SS4] [RS]
the upper bound construction relies on a “screening procedure” of a generic configuration.
The proof of this screening takes up a large part of the paper, since it needs to be completely
redone in the extended space R4t with the corresponding inhomogeneous operator.

As a byproduct of these matching lower and upper bounds, we not only obtain the asymp-
totic expansion but we also obtain information on the minimizers themselves: after a
suitable rescaling, they have to minimize W. W is an appropriate average of a quantity W,
which itself is the energy of an infinite configuration of discrete points in the whole space R,
with a suitable uniform “neutralizing background” corresponding to the average point density.
It is the Riesz analogue of the renormalized energy that was introduced in the 2D Coulomb
case first by Sandier-Serfaty [SS3| [SS4], and then in higher dimension by Rougerie-Serfaty
[RS].

Our analysis thus leads to the question of minimizing W itself. While we know how
to prove the existence of minimizers of VW and a few of their qualitative properties, the
identification of its minimum remains widely open. The only few exceptions are the case
of the one-dimensional logarithmic interaction (this could very likely be extended to Riesz
interactions), for which the minimum is proven in [SS5] to be achieved at the perfect lattice
configuration Z (for some uniqueness result, see [Leb]), and the two-dimensional Coulomb case
in [SS3] where it is shown that within the class of configurations of points that are forming
a perfect lattice, the minimizer is the “Abrikosov” triangular lattice (with 7/3 angles). This
relies heavily on the corresponding result from number theory [Cas] which asserts that in
dimension 2 the minimum of the Epstein Zeta function of a lattice of fixed volume is uniquely
achieved by the triangular lattice. |I| These results led to conjecturing in [SS3] that the
triangular lattice indeed achieves the minimum of W among all possible configurations. By
mapping the plane to the 2-sphere, Bétermin [Bet] showed that that conjecture is equivalent
to the conjecture of [BHS], itself formulated on the sphere. Here we prove the analogous
result to that of [SS3] in the more general Riesz case, i.e. that the triangular lattice is the
minimizer of ¥V among lattices of volume 1. We may then naturally extend the previous
conjecture to one that says that in dimension 2 the minimum of W for all 0 < s < 2 is
achieved by the triangular lattice. For general dimension, we may also conjecture that the
minimum of W for all max(0,d — 2) < s < d is always achieved by some lattice, which in
dimensions 4, 8, 24 is the lattice D4, Fg, and Leech respectively; this can be expected to also
be equivalent to Conjecture 3 in [BHS| in the corresponding cases. Note that the fact that
these special lattices should be minimizing for a broad class of interaction kernels appears e.g.
in the Cohn-Kumar conjecture [CK]. Finally, let us mention that a few such cristallization
results are known mostly in one dimension, e.g. one-dimensional Coulomb gases (i.e. with the
one-dimensional Coulomb interaction kernel |z| which is not treated here) [BLL [Lenll Len2],
zeroes of orthogonal polynomials [ALS|, and in dimension 2 and 3 for some very particular
interaction kernels [Thel Rad, [FT].

'Some analogous special lattices exist in dimensions 4,8 and 24: the lattice Dy in dimension 4, Fg in
dimension 8 and the Leech lattice in dimension 24. They are proven in [SaSt] to be local minimizers of the
Epstein Zeta function among lattices of fixed volume.



As mentioned, the approach used here allows to retrieve all previous results [SS4) [SS5, [RS]
in one unified approach, but also brings a few simplifications :

e we use a simple definition of the renormalized energy by truncation. This allows to
bypass the use of Onsager’s lemma and Newton’s theorem in [RS]. As in [RS], this
also avoids the use of mass displacement of [SS4l [SS5] since the energy thus defined is
immediately bounded below.

e by proving a monotonicity in the truncation parameter, we easily deduce that W is
bounded from below without having to first prove that minimizing configurations have
well separated points (which we do prove later).

e our proof of screening, which has many features in common with that of [SS5] and
with that of [RS] is also more general than both of them in that we screen (almost)
arbitrary configurations and not only those that have well separated points, a result of
independent interest.

e the assumptions on the equilibrium measure are weakened, and we distinguish more
precisely those that suffice for the lower bound and those that are needed for the upper
bound.

In addition to our main results about minimizers, we obtain two additional results, which
are stated at the end of the introduction. One is an independent result of good separation
of points for energy minimizers. The other is an application of our method to the statistical
mechanics model of particles interacting via H,, with temperature, in particular a next order
expansion of the partition function.

Let us now get into the specifics.

1.1 The equilibrium measure and our assumptions

We first place assumptions on V that ensure the existence of the equilibrium py from standard
potential theory:

(1.8) V is L.s.c. and bounded below
(1.9) {z : V(x) < oo} has positive g-capacity
(L.10)lim 4| oo V() = 400, Tesp. lim|y o0 @ —log|z| = 400 in cases ([1.3]) — (|1.4])

The following theorem, due to Frostman (cf. also [SaTo]) then gives the existence and
characterization of the equilibrium measure:

Theorem 2 ([Ero]). Assume that V' satisfies (1.8)—(1.10)), then there exists a unique mini-
mizer py € P(RY) of £ and E(uy) is finite. Moreover the following properties hold:

o 3 := Supp(uy) is bounded and has positive g-capacity,
o forc:=E(py) — [ Yduy and W (z) := [ g(z — y)duy (y) there holds

{h“‘/—i—gzc q.e. ,

h“‘/—i-%:c g.e. on 2.

ot



We will write
(1.11) Ci=hv+Y¥ —c>0.

We will assume that py is really a d-dimensional measure (i.e. ¥ is a nice d-dimensional set),
with a density, and just as in [SS4, [RS], in order to make the explicit constructions easier, we
need to assume that this density (that we still denote uy) is bounded and sufficiently regular
on its support. More precisely, we make the following assumptions (which are technical and
could certainly be somewhat relaxed):

(1.12) oy is C1
(1.13) py has a density which is C%% in ¥,
(1.14) e, eo,m > 0 s.t. epdist(z, 0X)* < py (z) < min(cadist(x, 0X)*, M) < 0o in X,

with the conditions

28d
1.15 0 <1 0<a< .
(1.15) <B <1, Sas< g

Of course if @ < 1 one should take 5 = «a, and if a > 1, one should take 8 =1 and o < %.
These assumptions are meant to include the case of the semi-circle law %\/ 4 — 952]l|r‘<2 arising
for the quadratic potential in the setting . We also know that in the Coulomb cases, a
quadratic potential gives rise to an equilibrium measure which is a multiple of a characteristic
function of a ball, also covered by our assumptions with o = 0. Finally, in the Riesz case,
it was noticed in [CGZ, Corollary 1.4] that any compactly supported radial profile can be
obtained as the equilibrium measure associated to some potential. Our assumptions are thus
never empty.

We also note that the problem of minimizing £ can be recast as a fractional obstacle
problem [Sill [CSS| [CRS], thus the regularity of h*V and the free-boundary 9% as a function
of V' are known.

1.2 The extension representation for the fractional Laplacian

In what follows, k will denote the dimension extension. We will take k = 0 in all the Coulomb
cases, i.e. s=d—2and d > 3 or . In all other cases, we will need to take k£ = 1. Points
in the space R? will be denoted by z, and points in the extended space R%* by X, with
X = (z,y), € RY, y € R*. We will often identify R? x {0} and R?. By balls Br or B(X, R)
we will mean balls in the space R** unless otherwise specified.

The extension representation of [CSS| relies on the remark that if d —2 + k + v > 1,
a function of the form C/|z|?~2T*+7 appears as the y = 0 restriction of the fundamental

solution o
+d+k
Gv(xay) - 5 . oy iR
(|| + |yl*) 2
of the operator div (|y|"Vu) on R? x R*. Here C, = 7%/?T(¢/2 — 1)/4. What we mean by
fundamental solution is that it solves

div (Jy["Vu) = 0 on R? x (R*\ {0}) ,
— limy, 9 ]y\”*kilayu(yy) = dp on R x {0},

6



where Jg denotes the Dirac mass at the origin. It follows that if + is chosen such that
(1.16) d—2+k+vy=s,

then, given a measure p on R, the potential h#*(x) generated by p defined in R? by

(1.17) W) =g sn(o) = [

/
Rd ‘x _ x/|5 d/’L(x )

can be extended to a function h*(X) on R** defined by

1
1.18 hM(X) = — du(x
and this function satisfies
(1.19) —div (|y|"Vh*) = cq,sp10Ra

where by dga we mean the uniform measure on R? x {0} i.e. udga acts on test functions ¢ by

/ (X d(8pa)(X) = / o(2,0) du(),
Rd+k

Rd
and
Wi st2-d
2s 221}“57”2) for s > max(0,d — 2) ,
2
(1.20) Cds = o s

(d—2)m fOI'S:d—2>0,
27 in cases (1.3)), (1.4) .

In particular g(X) = |X|~* seen as a function of R¥** satisfies
(1.21) —div (Jy["Vg) = ca,s00.

In order to recover the Coulomb cases, it suffices to take k =~y =0. If s > d—2 we take k = 1
and v satisfying . In the case , we note that g(x) = —log |z| appears as the y =0
restriction of —log | X|, which is (up to a factor 27) the fundamental to the Laplacian operator
in dimension d + k = 2. In this case, we may thus choose k =1 and v =0, ¢4 5 = c1,0 = 27,
and the potential h* = g * u still satisfies , while g still satisfies . This is the
procedure that was used in [SS5], and we see that this case naturally embeds into the Riesz
setting we are studying.
To summarize, we will take

(1.22) in the case max(0,d —2) <s<d, then k=1, y=s—-d+2—k,
(1.23) in the case (1.3)), then k=1, v=0,

(1.24) in the case (1.4) ord > 3,s=d—2, thenk=0,v=0.

We note that the formula always remains formally true when taking the convention
that s = 0 in the case g(x) = —log |z|, and we also note that the assumption d —2 < s < d
implies that in all cases v € (—1,1).

Through this extension procedure, we will be led to studying equations of the form .
These are degenerate elliptic equations, however they are associated to weights which are in
the Muckenhoupt class Ay for which there is a good elliptic theory [FKS].



1.3 Definition of W

Before defining our renormalized energy W, we define the truncated Riesz (or logarithmic)
kernel as follows: for 1 >n > 0 and X € R Jet

(1.25) Fa(X) = (9(X) —g(n)) -

We note that the function f, vanishes outside of B(0,7) and satisfies that
1

(1.26) 50 = —div (|y["V ) + b
d,s

is a positive measure supported on dB(0,7), and which is such that for any test-function ¢,

1
/ 61 = / S(X)Nyl"d ().
Cd,S 83(0777)

(Here and later, since g is radial we abuse notation by writing ¢’ for the derivative of g seen

as a function on R.) One can thus check that 587) is a positive measure of mass 1, and we

may write
(1.27) —div ([y'V ) = ca(6o — 67)  in RIHE,

We will also denote by 61(,77) the measure 5[()77) (X — p), for p € R? x {0}. Again, we note that

this includes the cases f. In the Coulomb cases, i.e. when k = 0, then 5[()77) is
simply the normalized surface measure on 0B(0,7), it is thus a particular case of the radially
symmetric smearing out performed in [RS], and thus the renormalized energy we will define
next is the same as in [RS].

The renormalized energy of an infinite configuration of points is defined via the gradient
of the potential generated by the point configuration, embedded into the extended space
R*+* . That gradient is a vector field that we denote E (like electric field, by analogy with
the Coulomb case). In view of the discussion of the previous subsection, it is no surprise that
FE will solve a relation of the form

(1.28) —div (|y]'E) = ca.s ( SN, - m(x)aRd) in RO+,
peEA

where A is some discrete set in R? x {0} (identified with RY), N, are positive integers, and
m(z) is to be specified. For any such E (defined over R** or over subsets of it), we define

(1.29) Ey:=E-)Y NVfy(z—p).

peEA
If E happens to be the gradient of a function h, then we will also denote
(1.30) hyi=h=>_ Npfylx —p).

peEA

We will write ®,, for the map that sends F to Ej, and note that it is a bijection from the
set of vector fields satisfying a relation of the form (|1.28)) to those satisfying a relation of the
form

(1.31) —div (|y]"Ey) = cas ( 3N, — m(x)aRd) in R4HF,
peEA



Remark 1.1. If h = g (> | 0z, —m(x)dga) then the transformation from h to h, amounts
to truncating the kernel g, but only for the Dirac part of the r.h.s. Indeed, letting g,(x) =
min(g(z), g(n)) be the truncated kernel, we have

hay = gy * (Z 0z,) — g * (MOpa).
i=1

Definition 1.2 (Admissible vector fields). Given a number m > 0, we define the class A,
to be the class of gradient vector fields E = Vh that satisfy

(1.32) —div (|y|"Vh) = cas ( S NG, - méRd) in REHH
pEA

where A is a discrete set of points in R? x {0} and N,, are integers in N*.

This class corresponds to vector fields that will be limits of blown-ups of those generated
by the original configuration (z1,...,2,), after blow-up at the scale n'/¢ near the point =
where m = py (x) and can be understood as the local density of points. We note that since
such vector fields blow up exactly in 1/|X|*T! near each p € A (with the convention s = 0 for
the cases 7), such vector fields naturally belong to the space LfOC(RdJFk,Rd*k) for
p< iff . In fact, to ensure stability in that class, we will need to take p < min(2, %, iff)

We are now in a position to define the renormalized energy. In the definition, we let Kg

denote the hypercubes [~R/2, R/2]°.

Definition 1.3 (Renormalized energy). For Vh € A,;, and 0 < n < 1, we define

. 1
(1.33) W, (Vh) = limsup <Rd/ \y|7|th\2 — mcdﬁg(n))
R—oo Kpr xRk
and
(1.34) W(Vh) = lim W, (Vh).
n—0

This is a generalization of the renormalized energy defined in [RS]. As in [RS] it differs
from the one defined in [SS3| [SS5] for the one and two-dimensional logarithmic interaction,
essentially in the fact that the order of the limits R — oo and n — 0 is reversed. We refer to
[RS] for a further discussion of the comparison between the two.

By scaling, we may always reduce to studying the class A;, indeed, if £ € A,,, then
E= m_%E(-m_l/d) e A and

(1.35) Wy(E) =m!"T D a(B)  W(E) = m!' P/ 9W(E).

in the case , and respectively
- 2
(1.36) Wy(E) =m (Wmn(E) — % logm> W(E)=m (W(E) - — logm)

in the cases (1.3])—(1.4).

2with the convention s = 0 in the case (T.3)




We denote

(137) gd,s =

The name renormalized energy (originating in Bethuel-Brezis-Hélein [BBH]| in the context of
two-dimensional Ginzburg-Landau vortices) reflects the fact that [ |y|?|Vh|? which is infinite,
is computed in renormalized way by first changing h into h, and then removing the appropriate
divergent part cqsg(n) per point.

We will prove the following facts about W.

Proposition 1.4 (Minimization of W). 1. The limit in (1.34)) exists.

2. {Wy}tn<1 are uniformly bounded below on Ay by a finite constant depending only on s
and d.

3. W and W, have a minimizer over the class A;.

4. There exists a minimizing sequence for W (resp. W; ) formed of periodic configurations
(in R?) with period N — co.

We can also note that WV does not feel compact perturbations of the points in A. As already
mentioned the questions of identifying min 4, WV is open, and we expect some (Bravais) lattice
configuration to achieve the minimum. In view of Proposition to identify the value of
the minimum it would suffice to compute min W over periodic configurations with larger and
larger period, for which we have an explicit formula:

Proposition 1.5 (Periodic case). Let ay,...,any be N points, possibly with repetition, in a
torus T of volume N in R%, for d > 1. On R? consider the configuration corresponding to the
T-periodic repetition of the configuration aq,...,an. Then the following hold:

1. If the points a1,...,an are not distinct then for all E such that

N
—div (Jy|"F) = c4s <Z 0a; — (5Rd> in T x R¥
i=1
(we call such E compatible with the points) there holds W(E) = +o0.

2. 1If all points are distinct then let H be the function satisfying

—div (Jy|"VH) = cas (g: Sa; — 5Rd> in T x R¥, / H=0.

i—1 Tx{0}

Then for any vector field E = Vh compatible with ay,...,an there holds
W(E) >W(VH) ,

with equality precisely when E = NV H. Moreover there holds

2
_ Cs . 2 1 _9(@)
(1.38) W(VH) = N ;G(az aj) + Cd.s ilg(l) (G(x) Cod ) )

10



where G satisfies

(1.39) (— A)aG—éo—m in T /G—O

where o = $(2 — v — k).

3. In case d =1 we have

- N20-1 o0 21 (el cos (2Fz) — 1)
(1.40) G(z) = 2(27T)2a[‘(2a)/0 1 — 2et cos (3 3 ) + et a

In the periodic case, VW can thus be seen as a function of the points rather than of the
vector fields F, via the formula . We note that it would suffice to check that G given
by is convex to apply the same proof as in [SS5] to obtain that the minimum of W in
dimension 1 is achieved over the class A; by the lattice Z. We did not pursue this.

Moreover, specializing to the case of Bravais lattice configurations (i.e. N = 1), we
are able to prove the analogue of the result of [SS3] in dimension 2:

Theorem 3. Assume d = 2. For any 0 < s < 2, the minimum of W (seen as a function
of the Dpoint configuration via ) over lattices N = GZ + bZ of volume 1 (i.e. such that
det(d, b) = 1) is uniquely achzeved (up to rotation) by the triangular lattice, i.e the one for

which d = (%) 1/2(1,0) and b = (i) 1/2(%’ \{)

As in [SS3] the proof consists in connecting the minimization to that of finding the min-
imimizer over lattices of volume 1 of the Epstein Zeta function of the lattice A, (a(s) =
ZpEA\{O} ﬁ, which was proved in [Cas| [Dial Ranl [Ennll [Mon| to be the triangular lattice.

1.4 Connection to the original problem and splitting formula

We reproduce here the framework of [SS4] [SS5 [RS|]. The renormalized energy will appear as
a next order limit of H,, after a blow-up is performed, at the inverse of the typical nearest
neighbor distance between the points, i.e. nt/d. Tt is expressed in terms of the potential
generated by the configuration x1,...,x, and defined by

(1.41) hn(X) = g <Z 8(ei0) — nwaRd> .
=1

For the blown-up quantities we will use the following notation (with the convention s = 0 in

the cases ((1.3) or (|1.4)):

(1.42) o =ntly X'=pliX o) =pt/dy,
(1.43) py (@') = pv(z)
(1.44) P(X") =n"dh,(X).

We note that in view of (1.41)), (1.17), (1.19)), h,, and hl, satisfy

(1.45) —div (Jy]"Vhy) = cd,s(z% —nwaRd) in RIF
i=1
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(1.46) —div (jy["VH,) = cd’s(z 5 — M’VcSRd) in R
=1

while in view of (1.27), hy, and b7, ,, defined from h, and k], via (1.30]), satisfy

n,n?
(1.47) —div (|y[" V) = cas ( S s - nwéRd> in R
=1
(1.48) —div ([y|"Vhy,,) = cdvs(ZcSiZ) - M/(SRd) in Rk
i=1

with the usual embedding of R? into R4+,
The next proposition connects H,, with these quantities via an algebraic identity.

Proposition 1.6 (Splitting formula). For any n, any x1,...,x, distinct points in R? x {0},
letting hy, be as in (1.41) and hy,, deduced from it via (1.30]), we have in the case (|1.2)

(1'49) Hn(xlv cee awn) = 77‘25(/“/) + 2”2 C(xz)
=1

s 1 1
+5 - YNV, |2 —
e Cd,s (n /Rd+k WPV hngl" = casgl) )

respectively in the cases (|1.3)—(1.4)

- n
(1.50) Hp(z1,...,20) = n2E(py) + Qniz_;((xi) -3 logn

.1 /1
+ n lim < / IyIV\VhLMZ - Cd,sg(n)) :
, n Jrd+k

Recalling that ¢ defined in is nonnegative and 0 in ¥ (it acts like an effective
potential whose only role is to confine the points to X), we see that this formula easily allows
to get a next order lower bound for H,,, and that there remains to take the n — oo limit in
the parenthesis in the right-hand side of , which will lead to W.

In order to make this rigorous, we need to introduce a VW at the level of the “electric field
process”, and a way of averaging VW with respect to blow-up centers in X..

More precisely, given any configuration x, = (z1,...,2,), we denote v, = > i | 0s,.
The configuration generates (at the blown-up scale) an electric field E,, given by Vh! (X')
above. As already mentioned, such electric fields naturally live in the spaces of vector fields
LfOC(Rd+k, R4*) for p € [1, min(2, %, gi]f)) Choosing once and for all such a p, we define
X =X x LI (R¥F RITF) the space of “marked” electric fields, where the mark z € %
corresponds to the point where we center the blow-up. We denote by P(X) the space of
probability measures on X endowed with the topology of weak convergence, which can be
seen as the space of random marked vector fields.

12



We may now naturally associate to each configuration x,, = (z1, ..., x,) a “marked electric
field process” P, via the map

(1.51) i - (RT)" — P(X)
(1.52) Xn = Py = {5,045, (n1/dz 1)) 0T,

i.e. P, is the push-forward of the normalized Lebesgue measure on ¥ by z — (z, E,, (n'/%z+
-)). Another way of saying is that each P,, (x, -) is equal to a Dirac at the electric field generated
by x,,, after centering at the point x.

The nice feature is that, under an energy bound on the sequence (x,),, the sequence
{P,, }n will be tight as n — oo, and thus converge to an element P of P(X’). In a probabilistic
point of view, P is a marked electric field process. In an analysis point of view, P is similar
to a Young measure on micropatterns formed by the configuration, as e.g. in [AM].

By construction, such a P = lim,,_,, P, satisfies three properties, which are summarized
in the following definition:

Definition 1.7 (admissible probabilities). We say P € P(X) is admissible if
e The first marginal of P is the normalized Lebesgue measure on .
e It holds for P-a.e. (v, E) that £ € A, (x)
e P is T)(,)-invariant.
Here T)(,)-invariant is a strengthening of translation-invariance, related to the marking:

Definition 1.8 ( T),)-invariance). We say a probability measure P on X x L;foc(]Rd+k,]Rd+k)
is T(z)-tnvariant if P is invariant by (z,E) — (2, E(\(z) +)), for any A(z) of class C*
from ¥ to RY.

Note that from such an admissible electric field process, using that E solves one
can immediately get a (marked) point process by taking the push-forward of P(z, E) by
Ew— idlv (ly|"E) + pv(x)dpa.

For each P € P(X), we may then define

1=l

(1.53) W(P) =
Cd,s

/ W(E)dP(z, E)
if P is admissible, and +o0o otherwise.

With these definitions at hand, we may state our main result on minimizers of H,, which
improves Theorem (1] It identifies the next order I'-limit (in the sense of I'-convergence) of H,,
and allows a description of the minimizers at the microscopic level. Below we abuse notation
by writing v, = Y. | dz, when it should be v, = > | 0

Timn*

Theorem 4 ( MlCI‘OSCOplC behavior of Riesz energy minimizers). Let the potential V' satisfy

assumptions . and - - Let (x1,...,x,) minimize H,, and let P, be as-

sociated via . Then any subsequence of { P, }» has a convergent subsequence converging
as n — 0o to an admissible probability measure P € P(X) and, in the case (1.2)),

(154) lim 0~/ (Hy(2y,... 2) —n*E(py)) =W(P) = min W= &zs/ 1+s/d,

n—r00 P admissible
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respectively in the case (1.3[)—(1.4])
(1.55)  lim n~! (Hn(xl, o xn) —n2E(uy) + glog n)

n—oo
—~ 1
= P = 1 = —_ 1 N
W(P) = min W=CEy 7 / py log pv;

and P is a minimizer of VN\/, and E minimizes W over A for P-a.e. (z,E).

wv (@)

Thus, our result reduces the original question to the minimization of W hence that of w,
which we already discussed. If one believes in the conjecture that minimizers of VW are Bravais
lattices, then from the formal statement “E minimizes W over A, ()" it can be expected
that after zooming at the right scale around z, minimizing configurations look like a cristal
with the appropriate density py (z).

We conclude our introduction with the two additional results. The first one states that
minimizers have points that are well-separated at the expected scale of their typical distance,
i.e. n=Y4 We provide a short proof of this result based solely on the extension representation
and maximum principle arguments. This is to be compared with the analogous statements
in [BDS2] for points on the sphere, which rely on fine potential theory arguments.

Theorem 5 (Point separation). Assume V' satisfies (1.8)—(1.10) and py has a density which
satisfies ||py||pe < ™. Let (z1,...,x,) minimize Hy,. Then for each i € [1,n], x; € ¥, and
for each i # j, it holds

where r is some positive constant depending only on s and d.

The last result concerns the application to statistical mechanics. As in [SS4., [SS5L RS], our
method can be used to obtain as well next order information on such a system of particles
with temperature. More precisely, let us consider the Gibbs measure

1

(1.56) dP, g(z1,...,2n) = Z—Be_*BH"(m"”"”") dxy...,dz,
n’

where 3 > 0 is an inverse temperature and Z,, g is the partition function of the system, i.e. a
number that normalizes IP,, 3 to a probability measure on (R9)™. Then, under the additional
assumption that there exists 51 > 0 such that

{f e~ PV()/2 42 < 00 in the case (1.2))

1.57 I
(1.57) fe_’Bl(V(z }~logl7) dy < 0o in the cases (1.3)—(1.4),

we can obtain the following:

Theorem 6 ( System with temperature). Assume all the previous assumptions on V, i.e.

. , -, and - Let B = llmsupn_,+ooﬁns/d Iand assume 0 < <

~+00. There emsts Cz > 0 depending only on V', d and s, with limp_,0c C5 = 0 and Coo =0
such that the following hold.

3always with the convention s = 0 in the case (T.3)
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log Z —~
(1.58) limsupn /¢ —% —n2&(py) — n* /% min W' < Cp,
n—oo
respectively in the cases (|1.3])—(|1.4)
) _ log Z n o~
(1.59) hﬁsolipn ! _Tn,ﬁ —n?E(uy) + ¥l logn — nmin W‘ < Cp.

2. For fixed B > 0, letting m denote the push-forward of Py, g by in (defined in ),
{I@;Tg}n 1s tight and converges as n — 0o, up to a subsequence, to a probability measure
on P(X) which is concentrated on admissible probabilities satisfying W(P) <minW +
Cs.

We could also express our results in terms of next order correction to mean field theory
exactly as in [RS]. This extension is left to the reader.

To our knowledge, there is no such result in the literature beyond the much studied case
of systems with logarithmic interactions in one and two dimensions, also called S-ensembles
(cf. [SS5] and [SS4] for the references).

This theorem indicates that there is a transition temperature regime 3 > n~%/ beyond
which the system tends to concentrate on minimizers of W, hence should be expected to
cristallize. For lower § on the contrary, it is expected that temperature creates disorder.

The rest of the paper is organized as follows. We start by proving the splitting formula
and preliminaries on W. In particular we show that WV, is essentially monotone in 7. This
fact directly provides a uniform lower bound on W;,. In Section |3| we study the periodic case
and prove Proposition [1.5] and Theorem |3, In Section 4, we prove Theorem [5| and an anal-
ogous separation result for minimizers of W with periodic boundary condition. In Section
we show the general next order lower bound corresponding to the main result, using the
approach based on the ergodic theorem initiated in [SS3]. Section |§| is devoted to the proof of
the general screening result. In Section [7] using the screening result we make the construction
that allows to obtain the upper bound for the minimal energy.

Additional remarks and acknowledgements: After this work was completed, we
learnt of a related forthcoming work by Hardin, Saff, Simanek and Su [HSSS|, who obtain
the existence of the same order asymptotic expansion of the minimal energy for the Riesz or
logarithmic interaction on a flat torus for any s < d.

This paper benefited from comments and discussions with Thomas Leblé, whom we would
like to warmly thank here.

The first author was supported by a postdoctoral fellowship of the Fondation Sciences
Mathématiques de Paris. The second author was supported by a EURYI award.

2 Splitting formula and preliminaries on W

In the whole paper, whenever possible we treat all the cases (|1.22])—(1.23])—(1.24) in one unified
way. We thus need to carry the extension dimension as k = 0 or 1. We note that in Sections
to o, we only use weak assumptions on py: that py has an L® density, and that it is
continuous at almost every point of ¥. In the statements of all these sections where the
parameter s appears, the convention is that s should be taken to be 0 in cases f.
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2.1 Proof of the splitting formula

Proof. We let v, = Y"1 | 5,. Denoting by A the diagonal in R? x R, we may write

n

Hy(zy, ... 2n) = ;g($i_$j)+nz;‘/($i)
— ] st - wim@dn) +n [V,
= n’ //Cg(:v—y)duv(w)duv(y) +n2/Vduv

+ 20 [ gw -y @)~ nin o) +n [Vl — )

(2.1 + [ oo =gyt — )@t = ) 0)
We now recall that ¢ was defined in (1.11]) by

V |4
(2.2) g—h“V+2—c—/g(m—y)duv(y)+2—c

and that ¢ = 0 in X (with the assumptions we made, one can check that ¢ is continuous, so
the q.e. relation can be upgraded to everywhere).
With the help of this we may rewrite the middle line in the right-hand side of (2.1]) as

20 [[ gt = pduv @, = n) )+ 1 [ Vi, — )
Vv
=2n [ (K" + i)d(yn —nuy) =2n [ (¢ + c)d(vy — nuy)
= 2n/§d1/n - 2n2/§d,uv + 2nc/d(1/n —nuy) = 2n/(dun,
and this relation can be seen as a relation on integrals on R¢ (with the restriction of ¢ to R%).
The last equality is due to the facts that ¢ = 0 on the support of puy and that v, and nuy
have the same mass n. We also have to notice that since yy (when seen as a measure on R?)
has an L density with respect to the Lebesgue measure, it does not charge the diagonal A

of RY x R? (whose Lebesgue measure is zero) and we can include it back in the domain of
integration. By that same argument, one may recognize in the first line of the right-hand side

of (2.1)), the quantity n2&(uy ).
We may thus rewrite (2.1)) as

(2.3) Hp(w1,...,an) = n?E(uy) + 2n Z ()

=1
+ // ) g(x — y)d(vn — nuy)(x)d(vn — npy)(y).

Next, we show that

// . g(x — y)d(vy — nuy ) (x)d(vn — nuy)(y) = lim (1 /Rd+k ][V |? — ng(n)) '

n—0 Cd,s
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To this aim, we compute the right-hand side of this relation. Let us extend the space dimension
by k and choose R so that all the points are in [-R 4 1, R — 1]¢, and 7 small enough that
2n < min;z; |z; — x;|. Since hy,, = hy, (defined in (1.41])) at distance > 7 from the points, by
Green’s formula and , we have

oh .
2o | (V= | P~ [ [ by (97 Vi)
[ R )+ o[~ R )+ O Ji-RRa+k

oh
/a[R,RW v /[—R,RW ; (Z C Rd)

It is easy to check that, since the total mass on the right-hand side of is 0, h,, decreases
like ¢'(]X]) i.e. like | X|75~1 at infinity, and Vh,, like ¢”(|X|) i.e. |X|~=2 (with the conven-
tion s = 0 in the logarithmic cases) and thus in all cases the boundary integral, split into
(0[-R, R]* x [-R, R]*) U ([~ R, R]* x 8[—R, R]¥), can be bounded by CRYk~1+d=25=3 hence
tends to 0 as R — oo in view of . We thus find

2. NV hnnl? = cas h, PIC)
(2.5) /RM Y[V hayl™ = cq, /RM m <; a) — W Opd
= C4s By — — 8D — iy Oa | -

Since fy(z — ;) = 0 on 0B(z4,1n) = Supp(ég(g?)) and outside of B(z;,7n), and since the balls
B(x;,n) are disjoint, we may write

NV hpn|? = / ha 8 — 6 —8/ — 2;) by Oa.
/RdH!yH " =cq, - <; o T VOR: | = Cas [ an(l‘ T3) 1y Oga

d+k %
=1

Let us now use (temporarily) the notation h!(z) = h,(z) — g(z — x;) (for the potential
generated by the distribution bereft of the point ;). The function hf is regular near x;,

hence [ hi 6 5 ki (2;) as 5 — 0. Tt follows that

2.6 . B, 8 — iy bpa | — / — )y o
(2.6) cq, /RM <; vl — BV Rd> cd, RdJrkiZlfn(x ;) v Oga

= neasg(n) + cas Y i (xi) = Cd,s/ hnpOga + O(nl|pv | o) / |[folOpa + 0y (1) -
=1 Rd+k B(0,n)

In the case ([1.2)) we have fB(o . | f4|6ra < Cn®=* while in the cases (T.3)—(T.4) we have
fB(o ” | fn] < fB(O n S n? logn|, and thus, letting  — 0, we find

! "
2.7 g = [ ool ng() = Y b )~ [ v,
Rd+k =1 R

n—0Cq s d+k

Now, from the definitions it is easily seen that

(28) e = [, ot~ )w),
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from which it follows that

J[ ot =t = mp) )t — ) )

Rd+k

= Z/ 9(zi — y)d(vn — npv)(y) — n/ hin piv Oga
i=1 R\ {z;}

= Z hl () — n/ hon oy O .
=1 R+

In view of (2.7), we conclude that the claim holds.
The final step is to blow up and note that, using the relation v = s+ 2 —d — k and a
change of variables, we have

/ 7 [Vhnof? = n / [V, 2
Rd+k Rd+k

with the convention s = 0 in the cases (1.3)(T.4), where £ = nn~/?. We may thus write

lim (/ Y[Vl — n0d,sg(n)> = lim </ Y17V Iy 17y — nccz,sg(n‘l/dn))
n—0 Rd+k n—0 Rd+k )
= lim (nft / ]y\'y\Vh;mF — ncdysg(nl/dn))
Rd+k ’

and, combining with the above and rearranging terms, this completes the proof.

2.2 Coercivity of W

In this subsection, we show that VW controls the discrepancy between the number of points
in a ball and the (suitably rescaled) volume of the ball. We start with two lemmas

Lemma 2.1 (Average density of points). If Vh € A, and W,(Vh) < 400 for some n < 1
then

hm ZPEAQKR Np - m
R—o0 Rd

Proof. We note that in the case k = 0, the result is proven in [RS| Lemma 3.1]. We thus
assume in the rest of the proof that k = 1. We denote Kp = [-R/2,R/2]% x {0} and
Kr = [-R/2,R/2]%T*. We also recall that E,, = Vh, satisfies

(2.9) —div (ly"Ey) = a0 ( 30 NooP = miga),
peEA

and denote v = 3\ Npdp. Since W, (E) < +oo we have fKRXRk ly|"|Ey|? < CR® for any
R > 1 (where the constant C' may depend on 7). Thus, by a mean value argument, we may
find ¢ € [R — 1, R] such that

(2.10) [ wrmPs [ PiER s ort
0K xRk KrxRF
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and then L € [1,+/R] such that

e.11) / WPIEL <RV [ PP < onth
I{RX(')[—L,L}IC KRXRk

Let us next integrate (2.9)) over K; x [—L, L] and use Green’s theorem to find

(2.12) / S NG — ] K| = ——
K

y"E, - U
tX[—L,L]k pEA Cd,S /8(Kt><[—L,L]) ! ’

where v denotes the outer unit normal. Using the Cauchy-Schwarz inequality and (2.10])—
([2.11]), we deduce that

(2.13)

1/2 1/2
/ S N —ml|| < € ( / |y|7> ( / |ymEn|2>
Kix[—L,L]* 0K X[—L,L]* OKix[—L,L]*

peEA
1/2 1/2
e ( / W) ( / ry|V|En|2>
Kyxd[—L,L]* Kixd[—L,L]k

<CL™* R"7 R® + CL*R3R?™ 1 = o(RY)

as R — oo, in view of the bound on L and the fact that v < 1. Since n < 1, by definition of
v and since the 5,(,77) are supported in B(p,n), we have v(Kgr_s) < fKtX[_L o0 ZpeA Np(s,(,") <

v(Kry1). The result thus follows from (2.13)), after dividing by R? and letting R — oo.
O

Lemma 2.2 (Controlling the discrepancy). Assume E satisfies a relation of the form
—div (|y|"E) = cqs ( SN, - m(x)aRd)
pEA

in some subset U C R¥T* for some m € L>®(U), and let E, be associated as in (1.29). Then
Jor any 0 < n <1, L > 2 and a € R? x {0}, denoting Br(a) = Br(a) x [-L/2,L/2], if
Byr(a) C U we have

2
(214) Lo wnie 2 P i (1, 26
By (a) L

Ld
for some C' depending only on d,s and ||m| e, where D(a, L) denotes the discrepancy

Z Np—/BL(a) m(z) dz.

peEANBL(a)

Proof. The proof follows [RS, Lemma 3.8]. For simplicity of notation we denote B;(a) = B;.
We first consider the case that D := D(a, L) > 0. We first note that if

. D\
<t<T:= by —
(2.15) L4+n<t<T: m1n<2L, ((L+77) +2C’> >

“with the convention s = 0 in the cases (T.3)—(T.4)
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with C well-chosen, we have

[ wrmer - —/ div (jyP Ey) —cds/ SN — m(a)pa)

peEA

Cds | D= / m(z)dx | > cqsD —C (td - Ld) > fsp
Bi\BL 2

if we choose the same C in (2.15). By the Cauchy-Schwarz inequality there holds (with the

convention s = 0 if (1.3)—(1.4))

T -1 2
[owrer = [ ([ ) ([ ) a
Bor L+n \JOK; 0B

T
_ oD /L+ (=D g — OD? (gL + ) — ¢(T))
n

v

using the previous estimate and ((1.16). Inserting the definition of 7" and rearranging terms,
one easily checks that we obtain ([2.14)). There remains to treat the case where D < 0. This
time, we let

e D\yi
T<t<L-u, T::((L—n)—%)

and if C is well-chosen we have

- 7E-I?’:—/div "Ey) —cs/ N5 1)
| wrE, [ Py = s [ (X ()i

peEA

Cd,s (D —/ m(x) dx) < C;’SD,
B \Bs¢

and the rest of the proof is analogous, integrating from T to L — 7.

IN

2.3 Monotonicity of W,

Next, we prove that applying the n truncation to the energy is essentially monotone in 7 (this
is natural if we recall that it is almost truncating the kernel at level 7).

Lemma 2.3. For any z1,...,2, € R%, and any 1 > n > o > 0, letting hn,h;“7 be as in
(T44), (1.46), (T.48), we havd)]

d—s
— Onlluyllpen’s < ( / |y|7|w;,a|2—ncd7sg<a>) - ( / |y|7|Vh;,n|2—nCd,sg<n>)
Rd+k Rd+k

d—s .
<Cnllpylen® +ecas Y, min(g(a),g(lz; — 2| — o)) — g(|z} — 25| +n).
i |l —at | <2n

where C' depends only of d and s.

Swith the convention s = 0 in cases (L.3))—(L.4)
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Proof. As in the introduction we use the notation g, (z) = min(g(z), g(n)), and we note that
since g, = g — f, (recall (1.25) and (1.27)) we have

(2.16) —div ([y["Vgy) = cq.05".

We then let fo,, := fo — f;. We note that f,, vanishes outside B(0,7), and

(2.17) g(n) —gla) < g = fan <
and fo solves (cf. (1.27))
(2.18) —div (Jy]'V fam) = cas(d” — 567).

In view of (L1.30)), we have Vh;, , = Vhy, , + > Vfa,(- — ;) and

(2.19) —div (|ly|"Vhy, ) = (Z(S — uvéRd).

Thus,

(2.20)
Lo P = [ PGB+ 3D [ Y (X ) ¥ o (X =)
.3

n
#2320 [ VX el T
i—1 /R ’
Using (2.18]), we first write
S [ 0V X =) fonl(X =)
4,

(2.21)
--y / Fan(X = 2)div (Y'Y fay(X — 2}) = cas Y / Fam(X —af)(8 — 5.
i,j Rd+k i,j Rd+k J j

J

Next, using (2.19)), we write

222 23 [ W Vay(X =) VL f—zz fon(X = 2)div 1y VI, )
=1

R+
= 2, z; /R - fan(X =) > 5 — ).
i= j=

These last two equations add up to give a right-hand side equal to
(2.23)

chs/ fan(X—a] )(6(a)+(5 QCdSZ/fm, (X —x; )MV(SRd—l—ncds/ fan( 5(a)+5( ))
i#]

21



We then note that ffam(é(()a) + 5(()77)) =— ffné(()a) = —(g(a) — g(n)) by definition of f, and
the fact that (5(()a) is a measure supported on 9B(0,«) and of mass 1. Secondly, we bound
fRd-s-k fa,n(X - x;)'u/v(st by

oy || = / 1l < Cllav |l max(n®™*, ) log )
Rd+k

according to the cases, as seen in the proof of the splitting formula. Thirdly, we observe that
in view of (2.17)), the first term in (2.23]) is nonpositive, and that only the terms for which
|7; — 2| < 27 contribute. We now bound its absolute value using (2.17) and (2.16)

S as / Fan(X — 2 (6©) 480
it Rd+k J J

- Z /Rd+k(ga — gn)(X — 2})div (|y|"(Vga(X — 953) + V(X — m;)))
1#]
B Z /Rd+k 9" (Vga = Vigy)(X — ;) - (Vga + Vgn) (X — x;)
i%s
= Z/Rd+k [y|"Vga (X — x;) -Vga(X — :U;) — |y‘7Vgn(X _ ;C;) . Vgn(X _ x;)
i%s

where we noted that the other terms cancel out in the sum when exchanging the roles of i

and j. Integrating by parts again using (2.16)), and using the fact that (59(677) is a measure of
mass 1 supported on 0B(x,n), we are led to

> [

FanX =)0+ 60) = cas 3 [ gal0X ol — gn(X — alpsl?
i# TR ! i# R '

J d+k J
<cs S gallzl— 2| — )= gyllzl — 2|+ )

<cqs Y, min(g(e),g(|z} — | — ) - g(|=} — | + ).
it || <2n

where we used the fact that g and g, are radial decreasing.
We conclude that

=5 n%logn)|)

< ( I ncd,sg<a>) - ( [ W19H ncd,sgm))
Rd+k

=5 n?logn|)

teas Y min(g(a), (2 — 2| — ) — g(lz} — 2] +n),
il —a|<2n

— Ol ]|~ max(y

< Onl|pv || o= max(n

d—s

and this finishes the proof, noting that in all cases we have max(n?=*,n%/logn|) <n 2 if one
takes the convention s = 0 in the logarithmic cases. O
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The next proposition expresses the same fact at the level of the limits.

Proposition 2.4. Let E € A,,,. For any 1 >n > a > 0 such that W,(E) < 400 we have
Wy(E) < Wo(E) + Cm?y7"

where C' depends only on s and d; and thus lim, o W,(E) = W(E) always exists. Moreover,
Wi, is bounded below on Ay, by a constant depending only on s,d and m.

We note that this proves items 1 and 2 in Proposition

Proof. Let us consider F satisfying a relation of the form

—div (Jy|"E) = cd7S(ZNp5p — m(w)éRd> in Kp x RF
pEA

for some m € L®(Kp). Let E, be associated via (1.29). Assume 1 > 1 > a > 0. Let
Kr=[-R/2,R/2]%x {0} and Kr = [-R/2, R/2]%t%. Let x r denote a smooth cutoff function
equal to 1 in K r—3 and vanishing outside K Rr—2, with [Vxg| < 1. As in the previous proof
we note that

Ey=Eo+Y NV fan(z—p)
pEA

and insert to expand

(2.24) / Xl |Eyl? / Xl | Eal?
Rd+k

= 3 NN, / RV foon(& =)V fam(a—)+2 S N, / Y XRY fa(@—p)-Ea.
RA+F +k

d
p,qEA peEA R

Integrating by parts and using the properties of xg, we find that

(2.25) / Xrly|"| Eyl* — / XrlY|"|Bal* = Error + Main,
Rd+k Rd+k
where
Main := — Z NpN, /Rd+k XRfan(z —p)div (|y|” fan(z —q))
p,qEN

23N, [ nfanle ~ p)div (47 Ea)

peEA Rd-+

|Error| < C Z N,N, /d ) Y| fan(x = )| fam (@ — )]
p.g€(Kp_o\Kgr_3)NA R+

D DIy UL

pe(Kr—2\Kr—3)N
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We will work on controlling Error just below, and for now, using the fact that f, , is supported
in B(0,n), we may write as we did in the proof of Lemma

Main == 32 NNy [ Xifonl = p)iv (Y fonf — 0)

P,qEA
- 2ZN /XRfa,n T — )diV (|y”yEa)
pEA
= Cd,s Z NN /XRfan xr — )(5(77)"1'5( o) _2CdsZN /XRfa,n(x_p)m(:U)éRd'
p,qEN pEA
Using (2.17)) we have

260.(9() = 9(0)) < [ funlie ~ PO + 5() <
min (07 /(gn — ga)(T — p)5§°‘)> < (g(n) —g(lp—q/ +a))-.

Combining these two relations, we obtain

d—s
(226) —Cllmllz=n= > Np+2cqs(g(n) - g(a)) > N,N,
PEANKR_2 PAIEANKR_2,|p—q|<2n
< Main—cqs Y. Nylg(n) — g(e))
pEAﬂKR,g
d—s
<Clmlen= > Npteas >, NNe(gm) —g(lp—al + ).
pEANKR_3 p#qEANKR_o

Next, to control Error, we partition Kr_1\Kgr_4 into disjoint cubes C; of sidelength
centered at points y; and we denote by N; = ZpeAij Np. By Lemma we have that

/\/'j2 < C + Ce; where

o= | Pl
Ba(y;)x(—R/2,R/2)k

Using that the overlap of the Ba(y;) is bounded, we may write

ZN2<CRd 1+Zej <CR&! 4 / Bl

Kpr\KRp-s5

We then may deduce, by separating the contributions in each C; and using the Cauchy-Schwarz
inequality and [ |fa.n? < Cn?g?(a), that
(2.27) Error < Cg(a ZN2+CZ77d/2g / < Cntg?(a ZN2+Z(3]

< Cng? () (Rd_l Jr/}~< i Iy!'y\EaP) :
R R—5
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Returning to (2.25)) we have found that

d—s
(228) —Clmlien= > Np+eas . NpNlg(lp—al +a) — g(n))+
pEANKR_4 pAqEANKR_3

— Cyg(a) (Rd_l +/ ) |y|V|Ea!2>
Kr\KRr_5

< / RN — s Y Npglo) | - / RPN —cae S Npgln) | <

PEANKR_4 PEANKR_4
d—s
2cq,s(g(cr) — g(n)) > NpNg+Clmll=n= > N,
pF#qEANKR_2,|p—q|<2n PEANKR_4

+Cng*(a) (R‘H +/ ) Iyl”’!EOzz)
Kr\KRr_5

and it easily follows that

(229) cas Y. NpN(g(lp — al + @) — g(n))+
p#GEANKR_3

< / Y| Eal® = casng®(@) D> Ny |- / Y 1By * = casgn) Y N, |+error
KRXRk pEAﬁKR KRXRk pEAﬂKR

< 2cq,5(g9(a) — g(n)) Z NpNy
p#qEANKR_2,|p—q|<2n

with

d—s
error] < O mlli= S0 Np+Cola) SN,
peEANK R PEAN(KR\KR5)

+ O+ g(a)) / 1By ? + [y | Bl
(Kp\KRr—5)xR¥F

where C depends only on s and d.

Let us now specialize to F € A,,. In view of Lemmawe have that limp_,oo R™% Zpe Anky Np =
m and Hmp oo B3 crn(kp\Kp_s) Np = 0. In addition, since Wy (E) < oo and by defini-

tion of W,, we must have limp_,oo R~¢ IKR\RR—S ly|"|Esl? = 0. We deduce that

a=s . .1
(230) —CmPn= +liminf—zeas D, NpNy(g(lp —al +a) = g(n)+
p#qEANKR_3

d—s . 1
< WalB) = Wy(E) < CmPis + 2cq,4(g(a) — g(m)) lim sup - > N, N,.
Rroo p#AGEANKR _2,lp—q|<27n

It then immediately follows that W, has a limit (finite or infinite) as n — 0, and that W, (E)
is bounded below by, say, W jo(£) — C'm, which in view of its definition is obviously bounded
below by —cqsm — Cm. O
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3 The periodic case

We consider now the case of periodic configurations of charges A an prove Proposition [I.5]
and Theorem [3]

3.1 Proof of Proposition

We start by proving the second point, by a modification of the calculations of the proof of
Proposition [1.6| By using the periodicity we see that we just have to compute

(3.1) g | [ WV - caNoto)
T xRk

n—0

We may take n < 2 min;4; |a; — aj|. We remark that

N
Hn(m) = Z (Cd,sG(x a ) fn(w - az)) ,
=1
where G is the solution in T x R¥ of
_ 1
(32) —div (‘y”YVG) = (50 - m(st,

with f’JI‘ka Goga = 0. By the extension representation, one may check that the trace G on
R? of G solves (1.39). Inserting into ([3.1)), we can compute via an integration by parts:

/ Y \VH,[? = - H,div (jy|"VH,)
TxRk TxRF
N
- Cdvs/<z(0d,sH(x—a) fo(x = ai) ><Z(5(’7 —5Rd)
i=1

Now we may continue exactly like in the proof of Proposition with >, G(x —a;) in the
place of h,(x) and with 1 in the place of py. As an analogue of h! (x) we thus have

Cd,s Z G(.ZL' - aj) + N |:}"I\§O (Cd,sé(x) - g(.’IJ)) ;
i

therefore, since G has zero average, we obtain the following analogue of , where we write
G instead of GG since all the quantities can be computed on the trace:

1 | "
lim —— |:/11‘><Rk ly|"|VHy|? — Neasg(n } ZG —aj) +Ni1—r>% (G(x) _9( )) .

n—0 Cd,s i Cs,d

This is equivalent to (1.38). Now assume that E = Vh is another periodic vector field
(in the first d coordinates) which is compatible with the points aq,...,ay. We have that
Vu = Vh — VH solves div (Jy|"Vu) = 0 and is periodic. We may then write

Lol vmP = [ v [ omp
TxRF TxRF TxRF
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where the cross-term has vanished by using the periodicity of H, and of Vu, and div (|y|"Vu) =
0. It is then straightforward to deduce that W(Vh) > W(VH), which finishes the proof of
item 2.

We now turn to the proof of item 1. Suppose that the points a1, ...,ayN are not distinct.
Without loss of generality, we have k points aq,...,a; with multiplicities Ny,..., Ny with
Zle N; = N,max; N; > 2. The left hand side of in our periodic case then contains a
first term equal to cqs9(n) Zle NZ, which is not cancelled by the negative cgsNg(n) term
any more. The remaining terms in are respectively positive, zero, and o,(1), therefore
we have

k
/’Jl‘ R 1" IV Hy|* = ca,s9(n) (Z N7 - N) +op(l) = +o0, (n—0),
X i=1

as desired.

For the third item, we generalize the proof of [BS, Prop. 2.10]. We solve the equation
(1.39)) satisfied by G by Fourier transform. We choose the following normalization for Fourier
transforms and series:

ﬂ®=i/f@k%mﬁm

a(f)= [ fla)e " da.

Ty

Then the Fourier inversion formula is f(z) = [ f(g )e2mE d¢ and

f@) = 5 Y enne

keZ
If G solves (|1.39) then G has to satisfy

2mm \ 2 ~ — o 1
N G(m) = 5(0,0) - 6mN )

with 69, by definition equal to 1 if m = 0 and 0 otherwise. Combining these facts, we obtain

The undetermination of G(0) corresponds to the fact that G is only determined by (|1.39) up
to a constant. By Fourier inversion with the above normalization, it follows that

for m # 0.

N2e=1 22 cos(2nEx)
: =2 N
(3 3) G(CC) (27.(-)204 — kQOc

+ c.

We see that the condition fTN G = 0 gives ¢ = 0. We next use the following formula found in
[PBMI1, p. 726]:

. cos ky 1 o ta=l(elcosy — 1)
= dt .
0

— ke - T(a) 1 —2etcosy + e
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Applying it to a = 2« and y = %ﬂx we obtain

N2a—1 00 t2a—1 (et cos (27#1,) _ 1)
-9 N dt
G(z) (2m)2°T (2cx) /0 1 — 2e¢t cos (%”:L"

~—
+
9y
4

which is the desired formula (1.40)).

3.2 The two-dimensional case

In the case N = 1 of Proposition the first term in the expression of W(VH) does
not appear and the lattice A is such that T has volume 1. Then the minimum W-energy
corresponding to the configuration A can be expressed as follows, using the Fourier series
expression for the function G = G5 obtained like in the above proof:

) . 62i7r q-x
(3.4) W(A) = cqs lim (ca,sGa(T) — g(x)) = cas lim | cas e/\z\:{o} [2rg?e g(z) |
q *

where A* denotes the dual lattice to A. In dimension d = 2 we may use like in [SS3] the
number theory results from [Cas, [Ennll Ran, [Mon] to characterize the lattice of smallest WW-
energy, allowing to prove Theorem Recalling that g(z) is the solution to (—A)%g = ¢4
in R?, we have that Uy := G — ¢;9() is regular near 0 and we have W(A) = cisUA(O).

Instead of the function g(z) we will use a function g, (z) which has the following properties
(where F denotes the Fourier transform):

(3.5) { Fg.(&) = Fg(¢) outside By, and Fg, is finite in By

g(z) — g«(x) is C*.

To construct g, it suffices to note that both g(x) and Fg(£) are in L. (R?\{0}) for our range
of exponents, since s,2a € (0,2). It follows that for 7 smooth with support in By, equal to 1
in a neighborhood of the origin, 7(§)Fg(&) is a compactly supported distribution therefore its
inverse Fourier transform is C (see [H, 2.1.3]). We then define g.(z) := g(z) — F 1 (nFg)(x)

and the above properties are easily verified.

By replacing g, for g in the definition (3.4) of W, we define the functional

eQ’LTI‘ q-x

2 _g*(x) _ 2 0 _9*(x)
3O W)=t (Gaw) - B ) — g [ 3 ST L
geA*\{0} ’

Note that W, and W differ by a constant thus have the same minimizers, since g(z) — g«(z)
is a regular function near zero. It thus suffices to prove the result for W,.

3.3 Minimum of the Epstein zeta function in 2 dimensions

We now recall a result from [Cas| regarding the analytic continuation of the Epstein zeta
function. Without loss of generality, we may just consider lattices of the canonical form

(3.7) Ar =y Y2((x,y)Z + (1,0)Z), with 7 = z +iy,y > 0,z € [0,1).
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Let us denote the corresponding Epstein zeta function with exponent 2o by

Q

1
(3.8) Zr(a):= 7 3 ((mx+n§’2 T

qeA-\{0} (m,n)€Z>\{0}

This series converges only for Re(a)) > 1. We note that Z, is formally periodic in x of period
1. The following formula is stated in [CS], proved in [BG], and obtained by manipulating the
Fourier series in x of Z:

o o L(3)l(a— 3
(3.9) Zr(a) = 2y°¢(20) + 2y (20 — 1)—2 () 2+ Q(z,y,a)
where ((u) := Y32, 2 is the Riemann zeta function,
o, —1/2
Qr,y,a) == sy 7‘0‘7%01_204(7’)1( _1(2mry) cos(2mrz)
I'(«) — @73

and og(k) = 3 g d? and K,(z) = Jo~ et cosh(vt)dt is the so-called modified Bessel
function on the second kind, which for positive real v, z decays exponentially. However if we
consider the expression for Z, we see that the terms involving the Riemann zeta function
again converge only for Re(a)) > 1, i.e. precisely outside our interest range. But we may use
the functional equation

¢(s) = 2°7° L sin (%) T(1-s)¢(1—s)

to extend the Riemann zeta function to Re(a) < 1. The formula then gives the analytic
continuation of Z; («) to a meromorphic function on all & € C\ {1}, which has a pole of residue
7w at 1. Note that the value given by formula coincides with the one given by as
long as it is defined, by uniqueness of the analytic continuation and since there are no branch
points. The useful point to note is that for (z/,y") # (x,y) the difference Z.(a) — Z(a)
extends by continuity in a over 1, the two poles cancelling each other.

We are then able to use the following result

Theorem 7 (|[Cas,[Ennl]). Let o € C,Re(c) > 0. Under the same assumptions and notations
on T,A; as above, if Z-(a) is the analytic continuation in o as above then for all x € (0,1)
and y > 0 there holds

(3.10) ZT(Oé) - Z m/g(a) >0 y

e

with strict inequality for T # ¢™/3.

The lattice Az corresponding to 7 = €™/3 or (z,y) = (1/2,1/3/2) is the triangular lattice.

3.4 Relation between W, and Z, and proof of Theorem

Theorem [3] will follow from Theorem [7] once we prove the following proposition.

Proposition 3.1. Let d = 2, = %3 € (0,1) and assume that A, C R? is a unit volume

lattice. There holds

(3.11) Wi(Ar) = WelApi) = =25 (Zo(@) — Zoinss(a))
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Proof. The left-hand side and right-hand side of (3.11]) agree for o = % > 1, because in
view of ({3.6]) the following holds

6227r q-x 627,71' q-x

— . g 2 i T 19~ 1912
Wi (AT) W (Atm) Cd,s }3% Z |27Tq|2a Z ’271-(]‘204
qeA\{0} a€A; M0}

1 1
_ 2 _ -
- Cd,s Z |27Tq|20‘ Z |2ﬂ-q’2a
qeA*\{0} qeA;\{0}
2

= (o r0) = Zle).

This is justified since the above sums giving the traditional definition of Z(«) converge abso-
lutely. For the same reason, the above formula for W, (A) — W, (A4) can be extended to the
complex half-plane Re(a) > 1. We also have that the right hand side of is analytic in
« for a # 1, thus we only need to show that the left hand side is analytic in « too. To prove
this we use a smoothed sum method, via a very basic Euler-Maclaurin type error estimate
valid in two dimensions.

To that aim, let us consider a positive Schwartz function 1 : R? — [0, 1] such that = 1 on
B/, and 7 = 0 outside By. Then the inverse Fourier transform ¢ of 1 is a Schwartz function
with integral equal to 1 and the functions @y (7) := N2¢p(Nz) = (F~'n)(¢/N) approximate
a Dirac mass at the origin. The following holds:

lim (GA(x) - c;ig*(x)> = lim on(z)(Ga(x) — cg;g*(w))dw

z—0 N—oo Jr2

= lim [ n(&/N)(FGCA() - c; Fgu(€))de .

N—oo Jr2

We may write the integral of the last line as a sum over the Voronoi cells K, := {z € R? :
|z — p| = minyep~ |z — p'|} for p € A* and use (3.5), to get

@MﬂMG%@—%?ﬁm%=

n(p/N) ne/N) [ n(/N)
S X[ wemrn@des 3 Q%mw Z;m@wﬂﬁ

pe(A*\{0})NB, pEA*ﬂBl pEA*\ B

=LA )+ I2(A ).

We note that the term I (A, @) is just the sum of a finite (depending on A = A7 but locally
bounded with respect to 7) number of terms, in particular it is analytic in « and converges
uniformly in NV for 7 in a fixed compact set and « in a fixed compact subset within Re(«) > 0.
Therefore it suffices to focus on the term I3(A, ). The terms in the sum defining it are of

the form [ (o) ey
MY = — d¢, pe A"\ By .

2mpPe 272

For real a > 0, define fn(&) := |2m€|72%n(E/N), on = fn — Jny2 which by choice of 7 is
supported in By \ Byy4. Its Taylor expansion is

on(p) —on(E) + Don(p) - (€ —p) = En(€)
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with
(3.12) IEN| oo,y < CID*on |l Lok, max € = pl* = CaAllD*on |l () »

and by a direct computation we have

1 1 1
2
(3.13) DNl Lo (k,) < Chan <N2|p2a + Nppa+t + ’p|2a+2> :

Choosing now N = 20 we may write fny = fory, + ZZZkAH Jor — for-1 = fora +
ZZ:kA+1 por and thus

h
(3.14) MY < /K JENCENOETNDS /K 1B (€

k:kA-i-l

where we used the fact that since the domain K, is symmetric with respect to p the integral
of the first order term in the Taylor expansion is zero. We now sum the bounds f
for the contributions over p € A* such that K, intersects Byr \ Bgr—2. In this case
2k=2 — Op < |p| < 2% + C, and since each K, has volume 1, the number of such p’s is
< (2% + Cp)?. Choosing kx minimal such that 2¥4 > 8C), we have

h
h
> MG < CapatCa) > 1Dl 1)
PEA*\B1 k=kp 2k=2—C, <|p|<2k+C
L 1
< Capa+Ca Z (2k + CA)QW
k=kn

o0
< Capa+ Ca Z 92(k+1)—(2+20)k
k—ka

—2k /
= Ca77]7A + 2 AacA;Ot :

In the last estimate we used the fact that o > 0 thus the series Y 3o, 272%¢ converges. The
same reasoning easily extends to the case Re(a)) > 0.

We thus see that the series in M[J,V converges absolutely and uniformly in N for 7, « inside a
fixed compact set respecting the given constraints. Since n had bounded support, just finitely
many terms contribute to each sum and by Morera’s theorem the series gives a function which
is analytic in a. By local uniformity of the convergence the limit in /N remains analytic in «
for Re(a) > 0.

As discussed at the beginning of the proof, the left-hand side and the right-hand side
of agree for Re(a) > 1, while they are both analytic on Re(a) > 0, so by analytic
continuation they must also agree on Re(«) > 0. This completes the proof. O

4 Separation of points

The proofs in this section follow RS, [RNS], which themselves are inspired by [Li].
The first lemma expresses that if a configuration minimizes H,,, each point must be a
minimum for the potential generated by the rest.
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Lemma 4.1. Let x1,...,2, € RY minimize H,. Let z} be the blown-up points and h., be
associated as in (L.44) and let U(X) = h(X) — g(X — 2}). Then, for any T € R? and
' = n'%%, we have

(4.1) n® U (2h) + 2n¢(21) < 0¥ U () + 2nl(Z)

Proof. Let us denote hy,, = g x (Z?:Q 53;; + 0z — u"/(SRd). We note that hy, and h,, correspond

to the potential generated by a zero total charge, so they both decay like |z|=71

while their gradients decay like |z|~572.

We also let A(X) = hp(X) — hn(X) = g(X — ') — g(X — ), and note that it decreases
in the same way at infinity.

Expanding the square, we write

as r — 0

@2) [ WP = [ WPV [ IR 2 [ ooy T,
Rd+k Rd+k RdJrk Rd+k

Using Green’s theorem and the decay of h and Vh at infinity, we have, if 2’ # 2/

Lo P19k = o [ (680X ) ~g(X—a1)) = 2.0 ~2.9(a a5 o(1)
as 17 — 0. On the other hand, still if ' # =7,
Lo 7y Ty = cae [ (X =) = gX = aD))(30 67 = i)
=1

= Cds <Z g(z; — &) — g(zf — 2}) — g(n) + g(z) — f'))
1=2

o / (9(X — 7') — g(X — 24l Ba + 0(1),

as 7 — 0. We deduce that if 7’ # 2/,

lim [ |yl |Vl — / 7 [Vh2 = U(@) — U(a)),
2 Rd+k

n—0 Rd+

and of course there is equality as well if Z/ = 2. Combining with the splitting formula
Proposition it follows that (4.1]) holds for minimizers. O

We now state a maximum principle proven in [FKS| Theorem 2.2.2] for operators with
weights in the Muckenhoupt As class, which contain the operator —div (Jy|?V-) that we are
using.

Lemma 4.2. Assume that h satisfies
—div (Jy|"Vh) >0
in some open subset U of R*  and I ly["|Vh|?> < +00. Then h does not have any local

minimum in U.
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We are now in a position to deduce the

Proof of Theorem[3 First we prove that all the points are in ¥ x {0}. Take a minimizing
configuration, blow it up, and let U be as in Lemma Let also ¥ be n!/?%, the blown-
up of the equilibrium measure support. Since h!, satisfies , we see that U satisfies
—div (Jy|"VU) = g * p1, where p is a measure of total mass —c,4 , and compactly supported in
R? x {0}. Thus U must be asymptotic to —g at infinity. In the cases 7, this implies
that U — 400 as | X| — 400, and in the case (1.2), this implies that U(X) < 0 for |X| large
enough while U(X) — 0 as |X| — +oc0. In addition U(X) — +oo as X — z for some i # 1.
In both cases, it follows that U must achieve a minimum somewhere in R4**\ U, {x/}. But
from (T.46)), we have that —div (Jy|"VU) > 0 in R*™¥\ (X' x {0} UUP_,{x}}) which is an open
set. Also |y|7|[VU|? is locally integrable away from the points 2. The maximum principle,
Lemma thus applies to U away from the points z}, and implies that the minimum must
be in X’ x {0} (because it can’t be at any 2/ for i > 2). Call Z’ this point and z = n~ /47’
In view of Lemma since ((z) = 0, we have

U(x') < U(h) < U@) — 2n'*/9¢(a1)

which implies (since ¢ > 0) that U(2})) = U(z") and thus 2] is also a point of minimum of U.
Thus z} € ¥/ by the maximum principle. Since the system is invariant under relabelling, this
shows that all the points z; are in ¥, as claimed.

We next prove the separation result. Now that we know that all the points are in X, (4.1))
gives that for any 7’ € RY,

(4.3) U(zh) <UE) + 209 (z).

-

where wy is the volume of the unit ball in dimension d, and m is the

Letp:( 1)

wqm
constant in ([1.14). Let 2/, be some point in the collection and let us assume that 2} € B(z}, p)
(up to relabelling). Note that the choice of p ensures that mH (B (x5, p) "R x {0})) < 1.
We next split U into

(4.4) U — UTL@G/I" + UT(im
where

e — g (51/2 - mllB(:c’g,p)éRd)

n
Urem = g « (Z 6:% — //V(S]Rd + m]lB(xé,p)(st) .
1=3

One may observe that
—div (|yPVU™™) > cas (Tl p(ay ) — ) Oga 2 0 in (S)° U B(ah, p)
because we always have m > pf,. Moreover, since — [ div (|[y|YVU"*™) = cq 5(—3 +Mwgp?) is

a negative number C' < —2c¢,4 s by choice of p, U™™ is asymptotic to % g at infinity. By the
same reasoning as above it follows that U™ achieves a minimum somewhere. By Lemma [4.2
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this minimum is at some point Z’ which cannot be in (X')¢ U B(x4, p) hence is in the closure
of (X'\B(z%,p)) x {0}. Thus

(4.5) urem(@’) U (a)  ¢(x) =0.

We next turn to U™ and show that if |z['/¢ is smaller than some constant 7 > 0
depending only on d and s, then

4.6 U™ (z) > max U™,
0 2 S

By change of origin, we may assume that =, = 0. By scaling, it also suffices to prove this for
m=1and p= wgl/d. We note that then U™ < g+ C', where the constant depends only on
s,d and can be taken to be 0 in the Riesz cases (it is there to account for the possible negativity
of —log|z| in the logarithmic case), so that maxpg g e U™ < g(p) +C = g(wgl/d) +C. On

the other hand, in the Riesz case,

Ut (a) = g(x) - /

oy =) dy > g(o) — [ 4(v) dy > g(x) — Clp+ )™
y€B(0,p)

y€B(0,|z[+p)

and the conclusion follows immediately. One easily checks that the conclusion holds as well in
the logarithmic cases, and one can also note that an explicit estimate of the best 7 is possible.

If 7 is taken as above, then if 2} € B(zh,rm %), this implies from that U™ (z') <
Un™ear (z)). Combining this with and ([4.4)), it follows that U(z') < U(z}) and {(z) = 0,
a contradiction with . Thus, for any pair of points z}, x5 (up to relabelling), we must
have |2} — 25| > rm~1/4. Scaling down concludes the proof. O

Proposition 4.3. Assume E is a minimizer of W over the class of vector-fields in Ay which
are R-periodic, for some given R such that |Kgr| € N. Then, letting A be the associated set of
points, we have

min —qg|l >
P,gEN,pFq p—dlz

where 1 is a positive constant depending only on s and d (the same as in Theorem @
Note that such a minimizer exists by the explicit formula in Proposition [1.5

Proof. The argument is the same as above. First we note that the points of £ must have
single-multiplicities, otherwise W(E') would be infinite by Proposition Second, we let h be
the periodic potential generated by the N = | Kr| minimizing points x1,...zy, and G be the
periodic Green function of the operator —div (Jy|?V:) as in (3.2]). Let U(X) = h(X)—-G(X —
z1) and let h = G+ (sz:Q 8a, + 65 — 5Rd) and h(X) = h(X)—h(X) = G(X —1)— G(X —1).
Computing exactly as in Lemma we find that W(Vh) — W(Vh) = U(Z) — U(z}), hence
since (x1,...,2y) minimize W, we must have that z} is a minimum of U.

Next we assume by contradiction that there is a point in the collection, say x2, such that
x1 € B(wa,r) where r is as in Theorem |5, and write

(47) U — UTLGU,T' + Urem
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where
Unear‘ — G * (5$2 — ]1B(I27p)5Rd)

Urem = @G « ( Z (5961 + (]lB(xQ,p) - 1)5Rd).
i#1,2

By definition of G, we have

—div (Jy|"VU"™™) = ¢4, Z Oz; + <ﬂB<x2,p> —1-—
i#1,2

> ¢4, (Lp(ag,p) — 1)0Ra)

where we used that |B(z2,p)| < 1, i.e. —div (Jy|?VU™™) > 0 in B(zz,p) U (R%)¢. Moreover,
since G has average 0 in each periodicity cell of R%, U™ too, so U™ takes negative values
unless it is constant. But U™ is periodic in the z € R direction and tends to 0 as |y| — oo
(like G), so U™ must achieve a minimum at some point. By Lemma this minimum Zz
can only be in (R¥\B(z2,p)) x {0}. On the other hand, we saw in the proof of Theorem
that U™ (1) > maxpg, e U It follows that if |z1 — x2| < r, we have U(z) < U(z1), a
contradiction.

x2,p

O

5 Lower bound with the ergodic theorem approach

In this section, we turn to obtaining a lower bound for the energy of arbitrary (non neces-
sarily minimizing) configurations. From Proposition and Lemma we already have the
following: for all n < 1,

(5.1) Hy(x1,...,z,) — n?E(uy)

n
s (1 d—s
>2n ) () +n'ta (= Y|V, > = casgn) —Cn'z ),
i=1 R+t

n

respectively in the cases (1.3])—(1.4)),

(5.2) Hy(xy,...,xzn) —n?E(uy) + %logn

. 1
>y cle) ([ WIVELP = gl - O,

i=1

where C' depends only on d,s,V. We recall that from Lemma there is equality if
min#j ]a;, — l‘j‘ > 2n.

In this section we will take the limits n — oo and 7 — 0 in the above relations to provide
the lower bound for the energy. This is done as in [RS] according to the method for “lower
bounds for 2-scale energies” initiated in [SS3) [SS4] and inspired by Varadhan. The idea is to
rewrite the energy as an average of energies computed on finite size balls after blow-up. More
precisely, consider a radial smooth probability density y : R* — R* supported in the unit
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ball of) R?. We may rewrite the energy of h;m (which is the function defined using (|1.30) and
(1.44)) as:

[ i = [ (/ x(x—f:)d:z) W[V, (X)2dX
Rd+k Rd+k

B / / )y |Vhy, (X + (%,0))]*dF dX

/ / / )yl |Vhy,, (X +( ‘ dz dy dz,
nl/dy JRE JRA

where we discarded the integral over the complement of n!/?% which we guessed to be unim-
portant. Changing variables, we obtain

v

(5.3) / ||V, n\2>n2|][/ |y\7‘Vh' (a:nl/d+a; y)’ d7 dy dz .
Rd+k

The method then consists in examining the local energies thus defined, i.e.
1/d 2
o XNl [VH (w04 3, 5 dy
Rd+k ’

which have natural limits and to rewrite as an average over x € X of these energies.

More precisely, given some conﬁguratlon of points and A, nn 1ts assomated truncated blown-
up potential, the local energy is defined as follows based on , for (z,Y) € X (X is the
space X x LV (RIT* RItK) ag specified in the introduction):

Jrao XIlTIVP i P(X) = Vi, (X + (an!/4,0)),
fon(z,Y) =
+00 else,
where 0y, A € RY is the group of translations of Rd, which acts on X by
OV (X) = V(X +(1,0)).

To separate scales we also consider scale-n!/? coupled actions of the R?-translations on R x X
defined as follows:

TV (z,)) = (m +n1/d)\,c9,\y) .
The global energy is defined as an average of the local ones by:

F”ﬂ?(y) = ]é fn,n (-T, le/dy) dzx

and (b.3) translates into the upper bound
1
5.4 F < VR 12
(5.4 )< g [ P19,
if Fp,y(Y) # 4o00. In view of (5.4) and (5.1)), to bound the energy from below, it suffices
to bound from below F,, ,,. Theorem 7 in [SS4] is precisely designed to obtain lower bounds

on such energies from input at the microscopic scale (i.e. on f,). The idea is that F,,, is
roughly [ £, ,(z,Y)dP,,(z,Y) where P, , is the push-forward of P,,, as defined in (1.52)) by
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the map ®, (defined just after (1.30]) as the one that maps E to Ej), or in other words the
push-forward of the normalized Lebesgue measure on 3 by

T (:17, Vh'nm(nl/d(az,()) + )) .

Then it suffices to obtain some tightness for {P,,} and pass to the limit in this average
[ £,dP,, to obtain a lower bound by [ f,dP, where f, is identified as the liminf of f, .
More precisely, if (Z,,V,) — (Z,)) in X we have

liminf £, , (20, V) > £(2,9) |
where
/ xly|?"|Y|* if & € ¥ is a point of continuity of py
R4
and Y = ¢, (F) for some £ € A

pv ()

fﬂ(‘%vy) =

0 if ¥ is a point of discontinuity of uy,

400 otherwise.

Showing that the limit P = & 1(P,) is admissible will ensure in particular that it is
translation-invariant, and that we may apply the multi-parameter ergodic theorem to conclude
with the desired lower bound.

The first step is to obtain the tightness of { P, ;, }. This will be obtained from the following
compactness result for the local energies, analogous to [RS, Lemma 4.2].

Lemma 5.1.

Assume py has compact support ¥ and a density which is bounded continuous on 3. Let
h;m; be the truncated blown-up potential generated by a configuration of points and let v, =
S 595;- Assume that for every R > 1 and for some n € (0,1), we have

2
(5.5) sup [ [ ((245,0) +)| < G
R

n

and that the centering point &, — & € R* as n — oo. Then {v,((n"/%%,,0) + )} is locally
bounded and up to extraction converges weakly as n — oo, in the sense of measures, to

V= Z Nyé,

pEA

where A is a discrete set and N, € N*. In addition, there exists E, E, € LP (Rd+k) forl<

loc
p < min(2, %, ‘;ff), with E, = ®,(F) such that up to further extraction of a subsequence,

(5.6) Vh!, ((nl/d:cn,O) + ) — F weakly in LI as n— oo,

and

(5.7) A ((nl/dxn,0> + ) — B, weakly in L and L|2y|"f,loc as n — oo.
Moreover E is a gradient, and if £ € X is a point of continuity of py, we have
(5.8) —div(|y|"E) = cqs(v — py (%)) in RTF

hence E € A, (3)-
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Proof. By a mean-value argument, we deduce from the bound (5.5)) that there exists ¢ €
[R — 1, R] such that

/ W[V H, (0195, 0) + X)[2 < Cy .
(Bex[—t,t]%) ’

This is true for kK = 1, and for £ = 0 the integral should be understood as on 0B;. On the
other hand, integrating (1.48)) over B(n Vg, ¢ t) and changing variables we have

Cd.s / o (Z 8 (0%, 0) + X) dX — phy ("7, + X)aRd>
BtX tt

- / WVH,, (0. 0) + X) - 7
(B x[—t,t]¥) '

It follows from the above relations and the Cauchy-Schwarz inequality (together with the
integrability of |y|?) that

< Cn,Rv

/ 25((;‘7/) O)(< 1/di.7ho> ‘l’X)dX — /’LV(jn _i_n*l/dw) dx
BtXRk Bt

for some constant that depends on 7, R and the constant in (5.5). Since uy is bounded it
follows that, letting v, := vl (nY4%,,0) + -), we have

Vp(Br-1 X R¥) < Cyllpv || o R? + Cp .

This establishes that {v},} is locally bounded independently of n. In view of the form of v},
its limit after extraction of a subsequence can only be of the form v = Zpe A Npop, where N
are positive integers, and A is a discrete set contained in R? x {0}.

From the bound (5.5), up to a further extraction, we have that Vh;, , := Vh;, . ((n Vg, 0)+

-) is locally weakly convergent in the weighted space L| l”’ and converges (locally) to some
vector field ;. Using Holder’s inequality, we note that Llyh(B r) (where Bg denotes the ball
of radius R in R4**) embeds continuously into L(Bpg) for 1 < ¢ < min(2, ~ Jrl) It thus follows
that m;w is bounded in L  and converges to E, also in the sense of distributions. We next
deduce that Vi, := VR, ((n 1/23:”, 0) +-) is bounded in LP(Bpg) for 1 < p < min(2, %7 glff)
Indeed, Vh;, = Vh;, , — > V(X — (2,0)), Vf, is in LP(Bg) for any p < ‘iff, and the
number of z}’s in (n 1/‘l:t:n,O) + Bpr is bounded by v/ (Br x RF), hence bounded. We thus
deduce that, up to a further extraction, Vh/, converges weakly in LP(Bg) for such p’s, to
some vector-field E, which must be a gradient. Moreover, E, = ®,(E) because ®, commutes

with the weak convergence in Lfoc of Vh!,. Indeed by definition

@, (Vhy,) = Vh, + Z NpV fu(- = D) ,

pEAL

where A, is the set of points associated with ﬁ Since all these points have limits, one may
check that the sum in the right-hand side converges to ZpEA NV fy (. — p), at least weakly
in L{ .. Taking the limit, we deduce

E,=E+Y NVfn(.—p),
peEA
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ie. E, = ®,(F) as desired.

There remains to show that (5.8) holds. For that we start from (1.48) and translating the
equation by n'/ 4(%,,0) and integrating against a smooth compactly supported test function
v, we find

VH — () 1 1/d ]
[ Vo T = a0 (S0, 00, 0) 4 ).

In view of the L|2 [y convergence of Vh!, . the weak convergence in measures of v}, and the
continuity of py at & = lim, oo Ty, taking the n — oo limit in this relation yields

Vo Byl = cas / ZN 50 — iy ()0za |

Rd+k

where A, N, are associated to v. It thus follows that

—div (|y|"Ey) = cas »_ Npo{? — iy (#)0ga  in RTH
peEA

in the sense of distributions. Since £ = &, 1(E,), the relation ) follows.
O

At this point, the rest of the proof is identical to [RS]. We thus only state the main steps.
The assumptions of the abstract Theorem 7 of [SS4] are satisfied thanks to Lemma This
theorem then ensures that P, ;, as defined above is tight and converges up to extraction to a
Borel probability measure P, on X, and P := &, L(P,) is admissible (for this we need that
P-ae. (v,E), E € Ay, (). This is ensured by Lemma assuming that a.e. point in ¥ is a
point of continuity of uy. Theorem 7 of [SS4] also yields that

(56.9)  liminfF, ,(Y) > /fn(x, V)dP,(z,Y) = / < lim ][ £, (z,0,)) d)\> dP,(z,Y).
n—0 R—+o0 /K,

The second relation is an application of Wiener’s multiparameter ergodic theorem as in [Bel,

in view of the translation-invariance of P and thus of P, and it is part of the result that the

limit exists. Finally, combining this with the definition of f, and (5.4]), we are led to

1
hnnilor.}fmm/ Y|V hy > hm][ E)|*dP(z, E).
Inserting into (5.1) and using the fact that [y = 1 and the first marginal of P is the
normalized Lebesgue measure on X, we obtain

s

|m/w )dP(z, E) — Cp'7,

liminfn='"d (Hn(xl, ceyTy) — E(MV)

n—o0

and the analogous statement in the cases (1.3)—(1.4]). It then remains to let n — 0. Since
P-ae. (v,E)isin A, () and py is bounded, in view of (L.35)—(1.36) and Proposition
we have that W, is bounded below independently of 7 for P-a.e. (z, E). We may thus apply

Fatou’s lemma to take the 7 — 0 limit. In view of the definition of w (1.53]) we thus obtain
the following general lower bound result.
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Proposition 5.2. Assume V satisfies (L.8)—(1.9)—(1.10), and that uy is a measure with an
L> density and a.e. continuous. Let z1,...,z, € R and define P, asin (1.52). Then up

to extraction of a subsequence, P, converges weakly in the sense of probability measures to a
measure P € P(X) which is admissible, and

(5.10) liminf n ™' "4 (Hy (21, . .., 2,) — n2E(uy)) > W(P) incase(T.2),

n—oo

respectively

1 N
(5.11)  liminf — (Hn(xl, o xp) — 2 (py) + L logn> > W(P) in cases(1.3)) — —(1.4).

n—oo 1 d

6 Screening

Starting with this section, we turn to the upper bound part of the proof. We now need to
use the further assumptions on uy, f.

In this section, we prove the screening result. More precisely, we consider an “electric”
vector field in a strip K x R* for R large. We would like to prove that up to errors on the
energy which can be made negligible as R — oo, we may modify F in a neighborhood of the
boundary of the strip in such a way as to obtain E-v = 0 on 0K x R¥. This allows to later
patch together several copies of the so-constructed E without creating new divergence. We
also want to ensure that the construction preserves the “good separation” of the points.

Constants C' will mean positive constants which may only depend on d and s.

Proposition 6.1 (screening). Let 0 < ¢ < 1/2 be given. Assume Kr C R? x {0} is a
hyperrectangle whose sidelengths are in [2R, 3R] and such that |KRg| is an integer, and that E
is a vector field defined in Kg x R* with Kg := {z € Kg,dist(z,0Kg) > 3R} and satisfying

—div (|y[”’E) = Cd,s(Z Npép — 5Rd> m KR X Rk
pEA

for some discrete set A C R and positive integers N,. There exists no > 0 depending only
on d such that for any 0 < n,n" <o, the following holds. Let E,, E,» be associated to E as

in (1.29) and let
1
Macy =g | 715
o Rl Krx[-e2Re2R)* !

and in the case k =1

1
(6.1) S yP 1B
1R Jipx (R\(~1e2R, 1e2R))

There exists Ry > 0 such that if
(6.2)

Ry RoMp. RoMY? c=d=3/2 ifk=0
R > max <20, 0?,6,17) , R> 0 Ren 1/(1—ry) =i=2d+y 27 1/(1—n) f )

€ € max(RoMp_, e 17 Reelve/p V) ifk=1

then there exists a vector field E € LY (RIF RITF) (with p as in the introduction) such that

o F-U=0 ondKp x RE, where 7 is the outer unit normal, and E = 0 outside K x R¥.
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e There exists a subset A C Kp and positive integers N, such that E satisfies

—div (Jy"E) = coa( D Npdy — dpa) in Kp x RE.
pEA

o E = E in a hyperrectangle Kl x[—e?R, e?R)* where K, contains {x € Kg,dist(z, 0Kg) >
2¢R}. In particular AN Kl = AN K,

o The minimal distance between the points in A N (Kr\Kp') and between them and OKg
is bounded below by ng. The minimal distance between points in A counted with multi-
plicity, and between points in A and OKpg is bounded below by the minimum of ng and

of the minimal distance between the original points of A counted with multiplicity. In
other words, if the points of A are simple and well-separated, so are those of A.

e Letting E, be @n(E), we have
(6.3)

/ B2 < </ |y7\E7,2> (14 Ce) + Cg(n)(1+ My, )eR + Ceo peR?,
KRXRk KRX]Rk

where C' depends only on s and d.

Remark 6.2. In this result, one should think of Mg, as being bounded above by a constant
times g(n), and e g as bounded by a constant. Then the conditions of R are that it has to be
large enough, so much so as € and n are small. In a first reading, one may also take ' =1
in the statement and obtain

/ || By * < </ !yl”IEn|2> (1+ Cg(n)e) + CeR%.
KpxRF KpxRF

Since [ |y|Y|Ey|? blows up like g(n) as n — 0, this gives an additive error in g(n)?. But one
may also prefer to choose say ' = 1/8 and n small and meant to tend to 0. For a vector field
E € Ay of finite energy, Mg,y will be bounded by a constant depending on the choice 1/8
and W(E). The formulation then gives in that case a bound

JRETE ( / ry|7|En|2) (14 Ce) + Cgln)eR".
KRXRk KRXRI"

The additive error term then blows up like g(n) as n — 0 instead of g(n)?.

6.1 Preliminary lemmas

We start with a series of preliminary results which will be the building blocks for the con-
struction of F.

Lemma 6.3 (Subdivision of a hyperrectangle). Let H = [0, ¢1] % - -x[0, 4] be a d-dimensional
hyperrectangle of sidelengths ¢;. Fix a face F' of H. Let m > 0 be such that m|H| € N, and
for all i, £; > 2m~Y¢. Then there is a partition of H into m|H| subrectangles R;, such that
the following hold

e all rectangles have volume 1/m.,
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e the sidelengths of each R; lie in the interval [2-9m=1/4 24m=1/4],

e all the R;’s which have a face in common with F' have the same sidelength in the
direction perpendicular to F'.

Note that in general, even if the area of H; is assumed to be an integer, it is not possible to
divide it into congruent rectangles of sidelengths in [C~!, C] with a constant C' independent
of H;, see the lower bound in Theorem 8 of [Chn| in case d = 2, but we may however divide
it into rectangles of comparable sizes. A question which we don’t answer is whether one can
achieve a bound on their sizes independent of the dimension.

Proof. The statement is obvious in dimension 1. We prove the statement for d > 2 by
induction on the dimension. Up to relabeling the directions, we may suppose that F' is one
of the faces where all the first d — 1 coordinates are constant.

We use the induction hypothesis for the hyperrectangle H' := [0,¢1] x -+ x [0, £4_1] with
the choice i

,_ T
| H'|

with does satisfy m/|H’| € N. We note that from the assumption ¢; > 2m

d— d—
m' € [%mTl,mTl]. We thus obtain a subdivision into rectangles R; of volumes all equal

to 1/m’ and sidelengths belonging to [2_(d_1)(m’)_ﬁ,2d_1(m’)_ﬁ]. We then split the
interval [0, £4] into [{gm/m'] — 1 adjacent equal intervals of length m'/m, plus a remaining
interval of length ¢ € [m’/m,2m//m|. By taking the cartesian product of the first group
of intervals with the R;-, we obtain hyperrectangles of volume 1/m, and of sidelengths in
[Q—dm—l/d’ 2dm—1/d]

The remaining strip is of the form H’ x [0,¢'] and has again volume in %N. We may
apply the induction hypothesis to H’, this time with m” = m#', since m"|H'| = ml'|H'| € N.
We thus obtain a subdivision of H' into hyperrectangles R’ of volume 1/m” and sidelengths

—1/d e have

1 1
in [2=@=D(m/)"a1,2¢-1(m/)"@1]. Taking the cartesian products of these rectangles with
[0, '] concludes the proof. The last point of the thesis is also true, because the rectangles R;
with a face in common with F' are all making up the same strip.
O

Lemma 6.4 (Correcting~ fluxes on rectangles). Let H be a_ hyperrectangle of R with side-
lengths in [€/2,3(). Let H := H x [—(,{]F. Let g € Lfy‘w(ﬁH) and m be a function on H of
average mq such that

(6.4) —cqamolH| = / .
OH

Then the mean zero solution to

(6.5) —div (|y|"Vh) = cq smipa in fI~
: Oh=g on OH
satisfies
(6.6) /H ly[Y|Vh|? < Ot /M ly71g]* + CLH T Im = mo | e 1)

where C' depends only on d and s.
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Proof. First we note that in the case where k& = 0 (which goes along with v = 0), this was
proven in [RS| Lemma 5.8]. We may thus focus on the case k = 1.
We may split h as hy 4+ ho + hs where h; solves

—div (]y\VVhl) = cd73m05Rd in Er s

(6.7) Oyt = 1= =470 on H x 9[—4,/] ,

o,h1 =0 on the rest of OH ,

ho solves R
—div (|y|"Vhe) =0 in H ,

Oyhys =g—c on H x 9[—¢,1] ,
Oyho =g on the rest of OH ,
and hg solves
—div ([y["Vhs) = cq.s(m — mo)dga in H
(6.8) Oyhsz =0 on H x 9[—¢,1] ,
Oyhs =0 on the rest of OH ,

We note that the first equation has a unique solution up to constants, and an explicit
solution is hy = Amyg|y|'~7, with

C _Csd
A= 0= LI
mo(1 — ) 2(1—7)

Then |Vhi| = (1 — v)Amoly|~" and with straightforward computations

(6.9) /H 7|V [2 < Cm3et+io,

with C' depending only on d and s. Next we note that he can be obtained as the minimizer
with average 0 of the functional § [} [y[Y|Vh|>— [, |y[7hg where g is the boundary condition.
Comparing he with the choice h = 0 we obtain, using Cauchy-Schwarz,

1 _
5 [rivnl < [ Wil
H oOH

1 1
2 2
( /| rmw?) ( /| ry|7|g|2> ,
OH OH

and we estimate this in weighted spaces via

(6.10)

IN

(6.11) / Jyl7hel? < €1 / VAol
OH H

We postpone the proof of this inequality to the end. Inserting into (6.10f), we obtain

/ 7| Vhal? < C1 / Pl
H OH
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and inserting the definition of g and ¢, we are led to

(6.12) / W Vha|?2 < C1 / ]9l + Cmett
H OH

Next, we apply Cauchy-Schwarz again to obtain from (6.4]) that

1 / 2 i
2 _ dy Y112
my = —5——> !y|”g> <Y / |7 gl
O3 HP ( off ot

and combining with (6.12)), we deduce

(6.13) / 7| Vhal? < C1 / gl
H OH

For hs, we first assume the following trace inequality, whose proof is postponed to the
end:

(6.14) [ o <o [ upivat
H H

Assuming this, let us multiply by hs and integrate by parts to obtain

/ \y|7|Vh3‘2 = Cd,S/ (m —mg)hs.
H Hx{0}

Combining with the Cauchy-Schwarz inequality and (6.14)), we easily deduce
/H [y Vhs|* < CE lm — mol oo gy [ H| = CLH[m = mo | 2o gy,

which, combined with and (6.13)), gives the result.
Let us now prove (6.11]) and (6.14]). First we may again reduce to the case k = 1 (otherwise

the inequality is standard). For any function h let us apply for each y > 0 the standard trace
inequality to h on H x {y} to obtain

/ \h—hy|? < C¢ |V.h|?
OH x{y} Hx{y}

where h, is the average of h on H x {y}. Integrating against |y|? and using the triangle
inequality in L?, we deduce that

/ y[h? < 2C¢ / 7[R + 2 / [y 2
AH x[—£,0] H OH x[—£,0)
0|

< / a2 + o2 / jy7h?
i |H| Jq

where we used that by Jensen’s inequality, |hy|2 < ﬁ f Hx{y} h?. Next, we note that the
Sobolev inequality in weighted spaces for functions of zero average

(6.15) [|y|7|h|2 <o / |V
H H
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holds by [FKS], since |y|? is an Ay weight. This yields

(6.16) / ly['h% < e / Iy VR
OH X [—£,0] i
Next we need to prove the same relation in H x {—¢,¢}. For any x € H, let us denote
hy = f[ ¢ g] ). By Cauchy-Schwarz, we have

dy 1
611 el < g [ e or [ <omm [y

In addition, for each x € H, we may write
(6.18)

|h<m,£>—hm|2§(/_iwayh< ) /m 9,h(a |2/i‘ k= e”/ " [Vh(a. )

Integrating this over x € H, we obtain

/ Olh = hyl? < cz/ Wy [VAJ2.
Hx{t} H

On the other hand, integrating (6.17) over z € H yields

/ Olhgl? < €1 / W2 < Cr / [V
H H H

where we used (6.15). With the triangle inequality, we deduce that

/ l7h? < Ct / VA2,
Hx {0} i

Combining with (6.16)) and using the symmetry, we conclude that (6.11)) holds. We then note
that we may slightly modify the last proof to obtain (6.14)): instead of (6.18]) we can write

v 2 Y
(2, 0) — hal? < ( / 1oyl ->\) <cpo / P IVh(a P

On the other hand, as seen above [}, [hg|* < C0*™7 [ |y[7|Vh|?, so integrating over H and
using the triangle inequality yields (6.14])). O

The following lemma is straightforward, therefore we omit the proof.

Lemma 6.5 (Adding a point without flux creation).
Let R be a hyperrectangle in R? of barycenter 0 and sidelengths in [a,b] with a,b > 0, let
R =R x[-1,1], m=1/|R| and let X € B(0, ; min(a,b)). The mean zero solution to

—div ([y"Vh) = cq (6x —mdga) in R
d,h =0 on OR
satisfies

lim
n—0

/7i Y1Vl — cang(m| < C

where C' depends only on d,a,b.
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Lemma 6.6 (Completing charges near the boundary). Let R be a hyperrectangle in R of
center 0 and sidelengths in [a,b] with a,b > 0, let R = R x [=1,1]*. Let F be a face of
R and F := F x [-1,1]F. Let Ax C R? x {0} be a discrete set of points contained in an
n-neighborhood of F, with n < 1, and N, € N* for p € Ag. Let c be a constant such that

(619 o [ =cae [ 3 N
R penr

The mean-zero solution to

—div ([y"Vh) = cas Y penn Npdy?  in R,

oh=0 on OR\ F,
oh=c on F
satisfies
(6.20) / wl"1vaP < Clotn) + (Y W)
PEAR

where C' depends only on d, s, a,b.

Proof. We may write h = hy + ho where

—div (|y["Vhi) = cas ZpeAR Npéz()n) — C5,qmiga  in R
Oyh1 =0 on R
and
—div (|y|"Vha) = csgmége in R
(6.21) Byhs = 0 on OR\ F
O,ho = ¢ on
where m is chosen so that
ceam(R] = cas [ 32 oo =c [ 1P
R penr
In view of Lemma (or its proof) we have that
/ | Vha|* <CE < C(D> - N)
pEAR

where C' may depend on d, a,b and we used (6.19)) to bound ¢. There remains to control hj.
First we note that hy(X) = ZpEA'R N,G,(X,p) where for p € R x {0}, G,,(X, p) denotes the
solution with zero average on R x {0} of

—div (ly]'VGy) = coa (87 = (00" )0ps) i R

(6.22) i
0,Gp, =0 on OR .
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The desired estimate will thus follow provided we show that

(6.23) AQMWVGMQSC@W»+D.

We recall that the truncated function g, (X) = min(g(X),g(n)) = g(X) — f(X) is a
solution to —div (|y|"Vg,) = (5(()77). We may thus compare G, with g,(z —p). If p is at
distance > ¢ from the boundary of R, then g,(xz — p) has Neumann derivative ¢ which is
bounded on R, and Gy — gn(z — p) is solution to the equation

—div (|y["Vu) = —csa(f5 5(77) )oga in R
ou = on IR

with ¢ bounded. In view of Lemma [6.4 we thus have

A@MW%—%WﬁC

where C' depends only on d, a,b. In that case, the result follows easily since one may compute
that [z [y"|Vgn|* = cas9(n) + C.
We now turn to the case where p is close to the boundary of R.

Without loss of generality we may assume that one vertex of R is at the origin in R% and that
it is the one that p is closest to. We then consider the 2% — 1 points p1,...pya obtained by
symmetry of p; := p with respect to the coordinate axes in R?. In other words if (p',...p%)
are the coordinates of p, we let the p; be all the points with each jth coordinate equal +p7.
We define R’ the rectangle obtained by taking all the same reflections of R (its sidelengths
are thus double of those of R, and R’ = R’ x [—1,1]*. We may write R’ = U?ilRi where R;
is the image of R by the same symmetry that mapped p to p'. We also let R; = R; x [—1, 1]*.
We can extend G, by multi-reflection to a function on R/, and write it as uy + v, where

. d . ~
—div ([y["Vuy) = ¢sq (Zle o5, — 205, ([ 0f 5Rd) in ®',

(6.24) N
Oyuy =0 on IR/,

where K, is a cube centered at the origin of sidelengths min(a/2, 3) (recall that we assume
that the point p is included in K,)

—div ([y]"Vvy) = s ( (2" g, 7 — 2" ) (e O )5Rd in R,

(6.25) -
Oyv, =0 on OR’.

By the estimate in Lemma we have fﬁ, ly|"|Vv,|? < C, with C depending only on d and
s. Thus there remains to estimate the same for u,. For this we build sub and super-solutions
to the equation (|6.24]).

For a supersolution, we take Gn = Z?il gn(x — p;) which satisfies
2d
—div (Jy|"VGy) = cqs Y 05 > —div (jy]'Vu,) in R'.

=1
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For a subsolution we use the explicit solution hy; = Q(Cldfv)M ly|!=7 as in the proof of Lemma

but with M = —cg,429/|K,| > T%T, which is bounded since v < 1 and satisfies

—div ([y'V (uy — har)) < 0.

By the maximum principle Lemma we deduce that Cjn — uy and wu, — hps achieve their
minimum on the boundary of R’. Up to adding a constant to u,, we also assume that its
minimum in R’ is 0. We may thus write

har + min(uy — har) < uy < Gy — min(Gy — uy)
OR! OR!

which yields, in view of the properties of én and hyy,

(6.26) 0 < uy < C+2%(n) + maxu, — minu,.
OR’ OR/

But u, being the solution of whose right-hand side is 0 in R/ \f(a satisfies a Harnack
principle (cf. [FKS, Theorem 2.3.8]), which asserts that maxx u, < Aming u, for each
compact set K, and for some constant A > 0 independent of u,,. Since we have zero Neumann
boundary condition we can in principle extend the solution by reflection across the boundary,
so this relation holds in fact up to the boundary of R/, so for some K containing OR’, and
we now consider such a K. Standard arguments then imply that

(6.27) max u, — minu, < (1 —6)(maxu, —minu,) = (1 — 0) maxu,
OR! OR/ R/ R/ R/
for § = 1%4 < 1 where A is the constant in the Harnack inequality. Indeed, either w, >
f maxj u, in K, in which case we deduce maxg u, — ming u, < (1 — 0) maxg u, and this
implies ; or else, ming u; < ¢ maxgp uy,, in which case the above Harnack inequality
yields maxy u, < Af maxj u, = (1 — ) max; u, by choice of 6, which again implies (6.27).
Inserting then into , we deduce § max, u, < C + 24g(n) i.e.

0<u, <C(l+g(n) R

for some positive constant C' depending only on d and s. Multiplying (6.24)) by w,, integrating
by parts and inserting this bound, we find

2d
(M _ od 1 (n) +
y”Vu2—078/u 5(52- 21 — /5775 <C(1+g(n),
/~/’ V| ds [ W P P KQ‘KG‘( _ 9% )Oa ( (n))

where again C depends only on d and s. Combining with the estimate on v,, we deduce
S5 [y VGy|* < C(14g(n)) with C' depending only on s and d, which is the desired estimate
(16.23]).

O

6.2 Proof of Proposition [6.1

Step 1. Finding a good boundary.
We note that there exists a constant C' > 0 depending only on d and a hyperrectangle
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K}, C Kpr C Kp whose faces are at distance t € [%6R,€R} from those of K and parallel
to them, such that, denoting by (0K})r the L-tubular neighborhood of its boundary and
assuming eR > 2?72 (which may be included in the condition (6.2))) we have

(6.28) ylE)* < CMpeye 'R,

/81(3% x[-e2R,e2 Rk

IA

(6.29) Y| Ey|? CMpge e 'R

/('8](;%)244'_2 X [—€2R,€2R}k
Indeed, we obtain that
/ P Eyl? < OMp e RO
(BK;{)QdJ'_Q X [—EQR,€2R}I€

hold simultaneously for  and 7’ by a pigeonhole principle on a subdivision of [%ER, eR] into
2~ (d+4)¢ R pieces of size 22, We then use the mean value principle to get (translating
the faces of 0K, if necessary). We note that K}, contains {x € Kg,dist(x,0Kgr) > 2¢R} as
desired.

In the case k = 1, by a mean-value argument on , we find that there exists ¢ €
[3e?R,e?R] such that

(6.30) / WP BP < 260 pe? RO,
Kpx{—6,0)

In the sequel, we choose this ¢, or in the case k = 0 we choose ¢ = ¢2R. In all cases we have
¢ < £2R. We also note that by the assumption (6.2]), we have R > eR > £ > 1.

Step 2. Subdividing the domain.
We consider the following regions, on each of which we will perform different constructions
to build E:

Dy = Kpx[=£4",
Dy = (Kgx[—£,0%\ Dy,
D = (KRX[—R,R])\(DQUDa) .

Of course the set D does not exist in the case k = 0. We let Ag C A be given by those points
whose smeared charges touch 0K, i.e.

(6.31) Ao={peA: B(p,n)N(0Ky) #0} .

We may also denote Ajne = (A N Kp)\Ag. The goal of the construction is to “complete”
outside Dy the smeared out charges whose centers belong to Ag, and place an additional

1 .
(6.32) No = |al = KR+ = [ yPE, -7 [ 3 N
Cd,s JoDy D§ peng

points in the set Kr\K}. Integrating the relation satisfied by E, over Dy yields that

— ly|"E -ﬁ:cdj/ N(S(")—cch ]K’]
/wo ) SN~ cuilich

peEA
= Cds Z N, — Cd,s/ Z Npéygn) — cas|Kg|

PEAintUAo D5 peno
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with 7 the outer normal, hence

No=|Krl— > N,
PEAintUAo

which proves, since |Kr| € N that Ny is indeed an integer.
In the case kK = 1 we also define the constant Cy to be

8_7
(6.33) Co—= / WE, -7
2(|Kgr| — |KR|) Jpoxaj-e, !
- L
= cd,sNa —/ y["E "7+Cd,s/ Np 5 — 5t
2(|Kr| — | Kp]) K[l ZA 2

where for the second equality we have used . Whenever Cj appears below, we will mean
Cop = 0 in the case k = 0.

Next, we split Kr\K} into hyperrectangles H; with sidelengths € [¢/2,2¢] (this can be
done by constructing successive strips, in the style of the proof of Lemma . We then let
H; = H; x [—£,{]F. We also let

nz—cds/ ZN

“ p€Ao

and let m; be such that
(6.34) cas(ms — D)|H;| = / WIPE, - 5 — 2Co0 | H| — .
ODoNOH,;

We note that n; = 0 unless H; has a face in common with 0Dg. We will check below that
Im; —1] < % Since the sidelengths of H; are of order ¢, as soon as ¢ is large enough, modifying
the boundaries of the H; a little bit, we can ensure that in addition each m;|H;| € N. Indeed,
combining (6.34) and (6.32]), we may check that >, m;|H;| = Ny, hence is an integer. Once
we prove later that |m; — 1| < %, this will imply that Ny > 0.

Since m; € [5,3] and my;|H;| € N, if £ > £y = 2(3)~ 1/d we may apply Lemma This
places a condition on £2R being large enough, which is fulfilled by taking Ry large enough in
(6.2). For the H; which have some codimension-1 face F; in common with dDg, we choose
such an F; to play the role of F' in the notation of Lemma Each H; is then divided into
rectangles Rq,a € I; of sidelengths bounded above and below by positive constants which
depend only on d, and volumes 1/m;. We let Ra = Ra ¥ [—1,1]*. For each R, we denote

(6.35) n —cds/ > N

* pEAo

so that n; = Zaelv ey

Step 3. Defining E
Over each H we deﬁne E as asum F; 1 + E; 2 + E; 3+ F; 4, some of these terms being zero
except for H; that has some boundary in common with 0Dy.
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The first vector field contains the contribution of the completion of the smeared charges
belonging to Ag. We let

Ei,l = Z ]lﬁthLa

OLGIZ‘,a

where hi o is the solution of
—div (Jy['Vhra) = cas X pen, Npoy”  in Ra,
(636) thLa =0 on 87% \ 0Dy s
&,hl’a = wiiﬁa on (97?,(1 N aDO,
ORaN

aDy [y

We note that the definition of i, makes this equation solvable and that by construction of the
R, the constant [, OR a9 Do ly|” is bounded above and below by positive constants depending
only on d and s.

The second vector field is defined to be Fj; 2 = Vhy with

—div (]yWVhQ) = —257005Rd in I:IZ s
8,,h2 = C() on Hi X 8[—@, f] s
Oyhs =0 on the rest of 0H; ,

Of course, E; > = 0 in the case k = 0.
The third vector field is defined to be E;3 = Vhg with

—div (|y|"Vhs) = (cas(m; — 1) +207Co)pa  in H; ,
Oyhs =0 on H; x 9[—¢,(]F |
&,hg = 0g; on 8Hl X [—E,g]k,

where we let g; = 0 if ﬁi has no face in common with 0Dy and otherwise

R N
(6.37) gi=—Ey i+ S 1y e
O%;i * Joranon, Y

with E, - U taken with respect to the outer normal to dDy. We note that this is solvable in
view of and the definition of 1, and n;.

Finally, the fourth vector field consists of contributions from almost equally spaced and
screened charges over the R,. To define it, let p, be the barycenter of each hyperrectangle
7%0“ a € I; and define a function hy , as solving

o1

—div (|y|"Vhaa) = csq 5(77) M Opd in 7~€a
655 Iy Vo) = coa (05 = midga ) ~
Ovhan =0 on OR, .

We note that this equation is solvable because we have chosen |Ra| = 1/m;. We then define
in Hz
Eig=)Y 1z Vhia.

a€El;
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This finishes defining En over Dy. To define En over Dy (in the case k = 1) we let E, = Vh
with

—div (Jy|"Vh) =0 in Dy,
(6.39)

Oyh=—¢ on 0D .
where
(6.40) ¢ = 1ap,nap, Ey - ¥ + Lap,nap, Co,

with the outer normal taken to be outer to Dg. Again this equation is solvable in view of
(6.33). This completes the construction of En.

We note that the normal components are always constructed to be continuous across
interfaces, so that no divergence is created there, and so En thus defined (and extended by 0
outside of Dy U Dy U Dy) satisfies

—div <|y]”/E,7) = Csd <Zpef\ Npéz(jn) - 5Rd) in Kp x R¥,

En-l/:() on OKr x R¥ |

(6.41)

where R
A= (AN KR\Ao) UAg U (Ui Uaer, {pa})-

We note that by construction the distance between the new points of A and between them
and 0K and them and the original points is bounded below by a constant depending only
on the sidelengths of R;, hence on d, call it 27g. So if the original points of A are simple and
well separated, so are those of A. We then define

E=o(E)=E;+ Y NVfy(a—p)
pEAR,n

where f; is as in - Since A is at distance > no from OKpg, and since f, is supported
in B(0,n) with n < ng, we have that E = E at distance > 7 from A and in particular on
d(Dg U Dy). In particular E solves

div (\ym@) = Cod (zpe ANy, — 5Rd) in Kp x RE,

E-7=0 on OKp x RF

(6.42)

as desired. We note that we may as well choose for p,, instead of the barycenter of the ﬁa,
any point at distance < 70/2 from it, and have the same conclusions verified if n < 7.

Step 4. Controlling the constants.
To control Cy, we use (6.30) to obtain with the Cauchy-Schwarz inequality, from (6.33]),

(6.43) |Co| < CLIR U PR 0P RY? = Cellpe RS
To control 7y, we note that || < Cn, where n, = ZpEAo,dist(p,'Ra)Sn N,. Since the
sidelengths of R, are bounded by 27|m;|~*/¢ and m; > %, we may choose L > 1 such that the
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L-fattened rectangles (Rq)r, are contained in (0K})qd+2. Combining Lemma [2.2 with (6.29)
and recalling that p, is the barycenter of R, we obtain

6.44) > D ()<Y > n2<C> Y (na— LY <CY D(pa, L)

1 a€l;p i a€l;p i a€l;p [NeY

< CZ/ ly[Y| By |? < c/ ly|"|Ey|* < CMp e *RIL.

R)Q 3d>< é,é]k

Finally, to control m; we write that in view of (6.34))

(6.45) Im; — 1| < Ce™@ </ ly|"|Ey |> +201Col + 7Y g
8D008H

a€cl;

We note that the last term can be controlled by (6.44) using that n, < n2 since n, is an
integer, by CMpg . 77/5_3R_1 This can be made small if (6.2 . ) holds, choosing Ry large enough

there. The second term (when it ex1sts) can be bounded by e_ L2 R = &7 which is small as soon
as RO is chosen large enough in . The first term can be bounded by Cauchy-Schwarz and

, first in the case k =0 by

CeriMy? VPR <OMY? IR

and in the case k =1 by

dysl/2 _—1/2 pd=t d=1 147 1/2 prt 1y
COIMYZ e VPR Ty < MYZ RT e .

These terms are all small as soon as (6.2)) holds with Ry chosen large enough.

Step 5. FEstimating the energy of En-

Forl=1,---,4, using the previous notation, we define £} := >, F; ;. We control successively
the energy of each Ej. For a € I; yp, we use Lemma and from the estimate ([6.20)) therein
we obtain,

(6.46) / 7 [V ol? < Clg(n) + 1)n

«

From ([6.44)) we thus obtain (absorbing the 1 into the g(n)) that the total contribution is
(6.47)

/ Y| By ? = Z/ Y| Vhin* < CMpeyg(n)e 'R < CMp . yg(n)eR
KR\KkX[—f7£]k i Hi

where for the last inequality we used ([6.2)).
For E5, we use Lemma and control the number of H,’s by CeR%~? to obtain, with
(6.43)

(6.48) / W Bal? < CeRAAC20T1H < C, e R
(Kr\K ) x4
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For E3 we use ([6.37) and Lemma to get

(6.49) /IymEsl2 < CEZ/ ly|"g?

OH; x [—£,0)

<ce / Y| Eg*+CL D> () < CUMRentMpeny)e 'R < C(Mpey+Mpe.y)eR".
OK ' x[—£,0]k

i,a€l;

where we have used (| -, , and the geometric properties of Ra.
For E; we use Lemma [6 and multiply by the number of R,, which is proportional to
the volume of the region, hence bounded by CeR?, to obtain

(6.50) / WrIEE = 3 / 7| Vhaal? < Co(n)eR".

i,a€l;

Finally, in D, we use the obvious analogue of Lemma [6.4] to obtain
(6.51)
[owrigp<cr [ wriep<cor([ e, R+ G - i)
D1 0D1 0DoNoDy

< Ce. re’R + Ce. geR® < Ce. peR®

where we used ((6.30) and (6.43]).
Combining (6.47)—(6.51)) we conclude that

[ WPUEP S [ B+ (M + DR+ (M + cc)oR)
KprxRF K xRF

and since it is clear by construction that En =, (E), the desired result holds. This concludes
the proof of Proposition

Remark 6.7. It follows from the discussion in the proof that if the points in An (Kr\K%)
are each displaced by a distance < ng/4 (with ny as in the statement of the proposition), there
exists a vector field E compatible with the modified configuration and satisfying the exact same
conclusions. Indeed one may displace the barycenters py of the Re in the proof by a quarter
of their minimal distance without changing the conclusions.

7 The upper bound on the energy

We are now in a position to use Proposition to construct a test-configuration approximat-
ing min H,.
We will need the following result along the lines of [SS5, Lemma 5.4].

Lemma 7.1.

Assume we are in one of the cases for which k = 1. There exists E a minimizer of W, over
Ay which satisfies

1
lim lim / y7E2:0
2500 R—o00 R Krx(R\(-2,2)) WIIE]
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Proof. We claim that there exists P, an R%translation invariant probability measure on
vector fields P which is concentrated on minimizers of A;. Assuming this, the result follows
by applying the multi-parameter ergodic theorem as in [Be] on the cubes K = [~ R/2, R/2]¢
to the function f,(E) = f[—l,l}X{\y|>Z} ly["|E|* with z > 1. Indeed, the multi-parameter

ergodic theorem yields that [ f.(E)dP(E) = [ f*(E)dP(E) with

and we may check that

1
£(8) 2 C i gy [ yPEP.
’ Roo RY [y flyl>2)

But for any E € A;, the family of function {f,(F)},>1 decreases to 0 as z increases to 400
and is dominated by f1, thus by dominated convergence, we have lim,_, [ f.(E) dP(E) = 0.
Combining with the above, it follows that

1
lim hm/ y|"|E? | dP(E) =0
2Z—+00 (R*)OO Rd KRX{\y|>z}’ ‘ ‘ | ) ( )

and by Fatou’s lemma, for P-a.e. £ we must have

1
lim lim / ly|"|E|? = 0.
500 oo R Jicp e flyf>2) .

The result follows, since P is concentrated on minimizers of W, on A;.

For the existence of P, we start from some E minimizing W, over A;. The existence of
such an E can be proven exactly as in [RS, Appendix]. We let K,, be the cubes [-n/2,n/2]?
in R? x {0}, and P, be the push forward of the normalized Lebesgue measure on K, by the
map = — E((z,0) 4+ -). We also let as in Section

o) = [ Xl P

if Y(X) = E(X + (2,0)) for some x € K,, and +oo otherwise. Then the exact same
arguments as in Section [5{ apply to this setting (the only difference is that we have from the
beginning an infinite number of points), in particular we have the obvious compactness result
analogous to Lemma This ensures that the abstract result [SS3| Theorem 3], can be
applied and it yields at the end

lim inf
n—00 |Kn| KX

W By? > / W, (E) dP(E)
R

with P an R%translation invariant probability measure. The left-hand side in this relation is
W, (E) = min W, by definition. It follows that P is concentrated on minimizers of W,. [

Remark 7.2. With the same reasoning and Fatou’s lemma, we could prove the same for a
minimizer of W itself.
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This proposition implies that we can find a minimizer E of W, over A; for which given
e, we have e. g < 1 as soon as R is large enough (in terms of ). We may now conclude the
proof of Proposition For the existence of minimizers of YW and W, over A1, as mentioned
we may argue as in [RS, Appendix]. The existence of sequences of periodic minimizers then
follows exactly as in [SS4, [RS] (so we don’t give all details): we take a minimizer of W, over
A; satisfying the results of Lemma apply Proposition to it with some R large enough,
then multi-symmetrize it by reflexion and periodize the result to obtain some periodic Eg,,
with almost the same energy, i.e. given € > 0, if R is large enough depending on 7 and ¢, we
have W, (Ery) < ming, W, + . This implies that there is a periodic minimizing sequence
for min W), over A;. Taking a diagonal sequence 1 — 0, R — oo, we may also conclude that
there exists a periodic minimizing sequence for W, and this finishes the proof of Proposition

L4

We are now going to prove the matching upper bound corresponding to the lower bound
given in Proposition [5.2}

Proposition 7.3. Assume (1.8)—(1.10) and (1.12)—(1.14)). For any € > 0, there exists r >

0 such that for n € N* there exists A, C (RH)" with |A,| > n! (“Trd>n such that for all
(x1,...,2y) € Ay, there holds

(7.1) limsupn 174 (Hn(z1,...,20) — nQS(MV)) <minW +e¢,

n—o0

in the case ([1.2)), respectively

(7.2) limsupn ! (Hn(xl, o) — 2 (py) + %log n) <minW +e¢,

n—oo

in the cases (|1.3)—(1.4)).

The proof follows precisely the strategy of [RS Section 6], with some care to be taken
about the extra dimension introduced in our case. The main difficulty comes from the possible
degeneracy of uy near 9% that we allow, as in [SS5]. Indeed, we need to partition ¥/ = nl/dy;
into nondegenerate regions in which [ p{, € N, in which we can paste a screened minimizer
of W provided by Proposition When g, becomes very small these regions may have to
become very large, or worse, very elongated in some direction, and this would prevent the
application of Proposition As in [SS5| this is overcome by allowing an exceptional narrow
boundary layer in which the construction is less optimal but induces only negligible errors.

Proof. Step 1. Subdividing the domain.
For t > 0 we define the tubular neighborhood of 9% and its boundary to be

S = {x e ¥, dist(z,05) <t}  T;={ze¥ dist(z,d%) = t}.

Since (1.12)) holds, I'; is C! for ¢ < ¢, small enough.
Pick 1 > m > 0 a small number. By assumption (1.14), if a > 0 in that assump-

tion, rescaling by n'/4, if dist(z, 0%") > %ml/a where ¢ is the constant in (1.14]), then

1
i () > m while if dist(z,0%’) < %l/dml/“ we have uy(r) < Zm. We may even find
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T e [le//jml/a, %m”a] such that p,(X7.) € N, and pf, > m in X/.. We note that we may

have téken m smlall enough so that T' < t. and
1
(7.3) 5%d—l(az’) < HITHO%) < 2HTHOY!) forallt < T.

If & = 0 in assumption (1.14)) then yj, is bounded below by a positive constant on its support
and we simply take T = 0. For shortness, in what follows we denote H9~1(9%') by |0%'|.

Step 2. Defining a vector field in ..
In the region Y., we have the lower bound py > m and there is no degeneracy. We may then
proceed as in [SS4] [RS]. We start by subdividing ¥/, into rectangles of size comparable to R
for R large enough, then producing a rescaled version of the construction of Proposition [6.1
on each such rectangle. We make sure the points all remain well-separated so as to ensure
that we stay in the equality case in Lemma and in formula (5.1)).

The next lemma is a straightforward modification of [SS4, Lemma 6.5].

Lemma 7.4 (Tiling the interior of the domain). There ezists a constant Cy > 0 depending
on m and M such that, given any R > 1, there exists for any n € N* a collection IC,, of
closed hyperrectangles in X, with disjoint interiors, whose sidelengths are between 2R and

2(R+ Cy/R), and which are such that

(7.4) {z € X7 :d(z,05h) > CoR} C ) K=y,
Keky,
(7.5) U K C {a: ey :d(z,0%) > ;COR} :
Kek,
and
(7.6) VK € Ky, / wy € N.
K

For each K € K,, as above we denote

(7.7) mi ::][ 1y
K

and note that mg|K| € N. By Proposition given € > 0 as in the statement of Proposition

we may find a periodic £ in A; such that W(E) < ming, W+ =7. If k = 1, we note
4m?®

that by periodicity of F, we must have

1
(7.8) lim lim / ly["|E|* = 0,
R Jgpx(R\(~2,2))

z2—00 R—o0

hence the assumptions of Proposition are satisfied for F if R is large enough. Also, by
Proposition the points in F are well-separated, and the screening construction preserves
that property, and makes the points well separated from the boundary. By Proposition [2.4]
we have

(7.9) W, (E) < W(E) + Cnz".
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For each K € K,, we thus apply Proposition to E with Rm}(/d and over the hyperrect-

angle m}(/dK . We may do this since mg|K| = [} p1y, is an integer by (7.6), and its sidelengths

are indeed in [2Rm}(/d, 3Rm}</d] if R is chosen large enough depending on Cy. We call the
result of this screening E and we define Eg to be
(7.10) Ex =Vhg +0mE  on K xRF

where o, denotes the rescaling of a vector field to scale m as follows:

s+1
omE =m i E(ml/d'>
and hg is introduced to correct for the difference between my and MQ/ as the solution to

—div ([y["Vhi) = cas (mx — pi0ga)  in K x [=1,1]%
{ Oyhg =0 on O(K x [~1,1]%).
By Lemma we have
(7.11) HVhKHB(KxRMym <Cr HmK - /A/HLoo(Kka) < Crn P/ )
using assumption .

The fact that E has been chosen to be an almost minimizer of W over A;, ([7.8)) and the
conclusions of Proposition and ([7.9) yield

R 2
7.12 7 ‘E
1/d d—s

. 13
< TTLK|K| (Hjlle'f‘C(mK 77) 2 + W +Cn0R(1)) ,

d
—mg | K| Cd,sg(m% n)

where or(1) tends to 0 as R — oco. By change of scales, we have

2 S
713 7( E) _md/ V’E

with the convention s = 0 in the cases ([1.3)—(1.4).
The scaling of W ((1.35))—(1.36), together with (7.11)), (7.12)) thus yield

I

(7.14) / (B )l? < mi | Kleasg(n)
KxR

it

+ Cmy nT + C’noR(l)> .

. 1+s/d
+ K| (ﬁgW—i—mK o7

The interior electric field is then set to be Eing = Y e i, Erxlixr and it satisfies

(7.15) —div (|y|"Eint) = cds Z op — ,ulv]lzgméRd in Rk
pEAint
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for some discrete set Ay, made of well-separated points (i.e. points whose distance to each
other is bounded below by a constant independent of R and 7). Indeed, no divergence is
created at the interfaces between the hyperrectangles since the normal components of Vhg
and E are zero.

Step 2. Placing the points in X'\X!

int -

Since 0%/ € C' as seen in the first step, the set
{aound = 2/T\E;nt

is a strip near 90X/ of volume < Cn®T and width > %COR by Lemma Since fz’ €N
T
and (7.6) holds, [,  uf is also an integer. We now need to place [¢,  uf, points in
bound bound

Yhound: 2l separated by distances bounded below by some constant ro > 0 independent of n,

n, and R (up to changing ry if necessary). Proceeding as in [SS4, Section 6.3, Step 4], using

the fact that 9%/ is C'! and making several layers, we may split ¥} . into regions C; such

that fc, wy, =1 and C; is a set with piecewise C' boundary, containing a ball of radius C}

and contained in a ball B; of radius Cy, where C7,Cy > 0 depend only on the dimension.
We continue with examining ¥'\¥/, in the case T'# 0 (i.e. if & > 0 in (1.14))). For 3 as

defined in Step 1, let us set
(7.16) 10 = [ o)

In view of the assumption ((1.14]) we have

> /Ot ,del(rs) <nf/d>a ds.

In view of ([7.3)) and the scaling we deduce that

d—l—«a
n d

(7.17) f(t) > 102

> m( a+1)

We now define inductively a sequence of t’s terminating at 1 let {9 = 0 and let ¢; be the
smallest such that f(¢1) € N and

o , ed-d d=1(]__a )
f > T () > |08 |nderd = 9% T 055,

In view of (7.17)) we may satisfy this condition with t; < Cn T@id where C depends only on
c1 and a. We let N1 = f(¢1) and note that from the above discussion we have

a(l—d) a(l—d)
(7.18) ’82"nd(a+d) <N < C|62,’nd(a+d)‘
We write
(7.19) nToFD) < ) — tg < Cndas,

Let 7 > 2. Given t;_; we then let ¢; be the smallest so that
-5

tp >t +ndt 5 f(t) - ft;1) €N
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and we define N; = f(t;) — f(t;-1). Since i, is bounded below in (£}, _ )¢ by clt?‘_ln_% in
view of (1.14)), we deduce that

1 _ 1 d—1 _a o
(7.20) Nj > 501’82/’(tj —tj_l)(tj_ln 1/d)a > icl\aEln d t?‘_ln d n d? tj,

R

c d?2—d—adta 2(d=1) c d—
- S 2

where we have inserted that ¢;_1 > t; > nfﬂaid). The exponent in the right-hand side is
positive, and so we conclude that, as soon as n is large enough, we may make N; > 1 while
keeping

[o —

tj—tj—1 < 2ndt; Y

We thus write, for all j > 2

Q@ — [oY—

(7.21) nalt, 4 <t —tjq < 2Tt

e
ale

[y

. _a . o (e q)_o
and we note that since t;_1 > t; > ndle+d) we have % < 2nd? n( i Viara — 2 hence

(7.22) tio1 < 1 < 3.

To bound ¢; — t;_1 from below, we write ¢; —t;_1 > naZT—o/d = 2_a/dc%/dm_d and we may
write

(7.23) 9 /Al <t < opAeED,
(7.22) implies, in view of (1.14)), that
—a/d —a/d .
(7.24) cn~* ¥ < py < 3%an o/ tiq in S A\%

or in other words, using (|7.21)) that
(7.25) Oty —tj-) < py <Oty —t5-1)™7 I Z\E

for some positive C, C’ depending only on the previous constants.
We may also bound N; from above, using the upper bound in (|1.14)) and (7.3) :

Nj = f(t;) = f(tj—1) < 2ca(t; — tj_1)|0% |n" 79

and combining this with ((7.20)) and (7.22]) we deduce

1
(7.26) SC1lO%|(t; — L)t =t < Nj < 62|08 |(ty — tj—1)t5_yn /.

This construction terminates at t; = T, and if (7.21) is not satisfied at j = J we may
always merge the last two steps to have it satisfied up to a factor 2 in the right-hand side.

The next step consists, for each 1 < j < J, in partitioning Zgj \Zy | into Nj; regions of

L
sidelength comparable to t; —t;_1, in such a way that fCi py = 1 in each region. To do that,
we partition I'y,_, into N; regions, and we deduce a partitioning of E;J,\Et;__l by going along

the normals to I';;_, on the boundaries of the partition of Lty Given a cell C on [y, we
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denote by C the corresponding cell in Egj\Zt;;l obtained this way. We claim that we can

construct N; such cells C; such that fCi uy = 1 for each ¢ and the sidelengths of the cells are
comparable to ¢; — t;_1. First, we note that if j > 2, from (7.3), (7.26) and (7.21)) we have
that |I'y;_,[/N; is bounded above and below by constants times (t; — ti—1)? 1 If j = 1, the
same holds using instead ((7.19) and (7.18)). We may thus subdivide I';,_, iteratively, the same
way we did for Lemma EL or above as in [SS4, Section 7.3, Step 4], except we are on a curved
hypersurface instead of a flat one. In order to ensure that the result can be achieved, we need
a lower and upper bound on the density of xj, by a constant times (t; — tj_l)_d, provided
precisely by in the case j > 2. In the case j = 1, then we replace the lower bound by
a bound on the integrated density of u{, along the normal to 9I'g = 9%X': for x € 9’ and v
the inner normal at z, we have

t1 , . n d(a+d) s a cl _ /d a(at1) a(l—d)
wy (x+ sv)ds > ¢ (—) ds = — _p~/dpdard) — pdlatD)
0 0 nl/d

:1+a

which is comparable to tcll_l as desired.
Thus we may indeed partition Zéj \Et;;l into N; cells C;, which are contained in a ball B; of

radius Cy(t; —t;—1) and contain a ball of radius C1(t; —t;_1), for some Cy, Cy depending only
on the above constants cy, o, , d, and in which fCi p, = 1. We may add the cells obtained
this way for j ranging from 0 to .J, to the ones obtained at the beginning of the step in 3 ..

We call r; their diameter scale, i.e. r; = 1 in the case of the cells obtained in E{Dound, and

ri = t; —tj—y for the cells in 3} \X} . From (7.23) we have 0 < ¢ < r; < 2n@+d. We let
p; be the center of each inner ball included in C;. This way p; is at distance > c¢r; from 0C;,
and thus all the points are separated by distances independent of R,n and n.

Step 3. Completing the construction.
We then let v; solve

{ —div (]yWVfui) = Cd,s (5101 — MQ/]lciéRﬂ in Bi X [—Ti,Ti]k y

(7.27)
Vo, -7 =0 on OB; x [—ri, i,

and we set
Evound = Z ]101- Vo;.
i

This way, we globally have

(7.28) —div (|y]” Epound) = Cd.s (Z Sp; — ,/V]lci> in R+

)

We now evaluate the energy generated by these vector fields. For each cell i, we write
v; = h; + u; where

—div (|y|"Vhi) = cas <5pi — <][ ,u/V(SRd> 1C¢5Rd> in B; X [—ri,ri}k
C;

and

—div (|y|"Vu;) = cas <<][ m/éRd) — ,u/V> 1¢,0pa in B; X [—ri,ri]k
Ci
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with the same zero Neumann boundary data. The energy of u; is estimated using assumption
(1.13) and r; < 2ndletd

_ 28 o(2d—s+2B) —2Bd+2ad—sa
/ Y| [ Vu |2 < Cr2d=sp26y=28/d < =0 et = 7 et <1
B x[—ri,ri]

i

where for the last inequality, we used ((1.15). The energy of h; is estimated by scaling as in

[713) to be

cms/? in case (|1.2))
T(Vh)nl? < ¢ + !
Aix ]k ‘y| |( Z)T]| — d,sg(n) {_6(23 logmz + C ln cases ' o "

Combining these estimates and using (1.35)—(1.36)), we find that in all cases

ming,, W .
———— = C, + |C;| min,

[ Wi, P <0+

Ci K

since [, py, =1 and m; = f, py = ﬁ
The total contribution of the cells in X/

boun
there m; is bounded below), itself proportional to the volume of that strip i.e. n“a . The
number of cells in ¥'\X/, is on the other hand bounded by

4 is bounded by the number of those cells (since

J J T
D> N, < ClOY Y (4 — o)t < C|az’|n—a/d/ t dt
j=1 j=1 0

d—1—«

1—
7 T1+a < Cm1+1/an

= C|0X|n

where we have used the properties ((7.22)) and inserted the upper bound 7' < Cmt/ont/d As
soon as n is large enough, we may thus bound the total contribution of all the cells C; as
follows

(7.29) [ W01, Bt < Gyt 112+ 3 i gin .

Finally, setting
E = Epound + Fing  in RATF

and letting

A = A U J{pi}

then A is made of fz, py, = n points, which are all well separated, and E satisfies

(7.30) —div (|y|"E) = cas | Y 0p— ty0pa | in RTF.
peEA
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Combining the estimates (7.14) and ([7.29)), we have

(7.31) / 7B, 2
Rd+k

: I+s/d__€ +5+1—5 d=s
< Z mK|K|(Cd,sg(n)+Cn0R(1))+ Z ‘K| (g}iﬁwanK s/ 4ms/d+chd 2 2d77 5 >
KeKn Keky,

+ Cnnm1+1/°‘ + Z [ r}tlin W + C’T,nmlﬂ/o‘.
i i

First we note that
(732 > mull= [y <n.
Kek,, Zint

Second, in view of the continuity of uy and that of m — ming, W (see (1.35)—(1.36])) we
may recognize a Riemann sum and write (using the fact that myx < m by (1.14))

(7.33)
: ne s des
/]Rd-*-k \?JMEn’? < neqsg(n) + 8 AH}I?> Wdzx + T +Cnnml+l/a+0n03(n) +Cmbtag
wy, (z
8 S —S
< ncd,sg(n) +n < AHliIl Wdx + 4) + Cnnmprl/a 4 OUOR(n) + Cm%+ﬁnd2
3 Ay (x)

Step 4. Conclusion.
We may now define our test configuration as

x = {z; = n Y92} | where A = (2,...,2)

and let h], be the associated potential as in ((1.44)). Note that the configuration depends on

R and 7, and that the points 2} are separated by distances independent of R,n and n. For n
small enough, we are thus in the equality case in Lemma [2.3] and using the splitting formula

(1.49), we deduce that
(7.34) limsup pis/d (Hn(:nl, R nQE(#V))

n—oo

< lim sup <

n—oo

d—s
L P10 = ) ) + €'

ncd7 s

in case (1.2)), respectively

(7.35) limsupn ' (Hn(xl, o) — 2 (py) + L log n)

n—oo d

d
2

L P19 = ) ) + Cnt

in the cases ([1.3)—(1.4]), where we used that all the points are in ¥ where the function ¢
vanishes. We now note that projecting £ onto gradients decreases the energy:

/Rd+k |ymE77’2 - /RdJrk |y|’Y|Vh;LJI|2 + /]Rd+k |y|7’E77 - Vh;%n‘Q + 2/Rd+k |y"YVh;W7 ’ (E77 - Vh;%n)

< limsup (

n—oo Nncq,s

(7.36) > / VI, 2~ 2 / i, div (P (Ey — VH,,)) = / VR,
Rd+k Rd+k Rd+k
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where we have used that —div (|y|?(E, — Vh;,,)) = 0 by definition of hj,, and (7.30).
Combining (7.34)), (7.35), (7.36)) and (7.33)), the proof is concluded by taking successively n —
00, then R large enough, m small enough and 7 small enough (and changing the configuration
of points accordingly) to conclude that we can get

1
limsupn ' ~%/¢ (Hp(z1,...,2n) — n28(uv)) < min Wz + = ,
n—o00 Cd,s J¥ Auy (@) 2

and the analogue in the cases —. Finally, inserting — and the defini-
tion of W we obtain the upper bound result, together with the fact that indeed min W =
i fz min Ay () W (by comparing the upper bound with the lower bound result Proposition
. Since the points are well-separated, we may also move each of them by a distance r
small enough and keep the same estimate up to an additional error €/2, in a neighborhood
Ay, of the configuration. The details are identical to [RS].

This concludes the proof of Proposition [7.3 O

Theorem [ then follows by comparison with Proposition [5.2} Theorem [f follows from all
the previous results exactly as in [RS|]. The details are left to the reader.
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