Suppose u is a smooth function on R? with compact support or decays fast enough
and Au = f, according to a theorem of Calderon and Zygmund, for 1 < p < oo there is a
constant C(d,p) such that
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The heat kernel in d dimension is given by.

the semigroup by
(Tef) (@)= [ fy)p(t,z,y)dy

Rd
and Ry the resolvent by

uw) = ()@ = [ [ N pteydt= [ e @

It solves the equation
1
Au — §Au =f
Since || T f|| < ||f|lp for every ¢ > 0 and 1 < p < oo, [[ARASlp < ||fllp- Au = 2(Au — f)
and ||Aull, < 4| f|lp- In particular for 1 < p < oo there is a constant C(p, d) such that for
all f € L,(RY),4,5=1,...,dand A >0,
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Let €(p,d) = ﬁ(?ﬁ)' Then if sup, ; , |a; j(x) — 6; ;| < e(p, d)
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1
[ARx — LRx — I||psp < B

Implies ARy — LR, is an invertible operator L, — L,. In particular since R maps smooth
functions into smooth functions, for any A > 0 the range of A\u— Lu as u varies over smooth
functions with compact support is dense in L,,.

If P, P, are two solutions on (C[[0, T]; R%, F;) with P;[x(0) — zo] = 1 that make

a martingale for smooth u, then for smooth u

e Mu(z(t)) — u(2(0)) — /0 e (M — Lu)(x(s))ds

is a martingale and

EFi [/000 e (M — Lu)(x(s))ds] = u(xo)

We want to conclude that

B[ e als)ds) = B[ e fa(s)as

0

for sufficiently many f and therefore by the uniqueness result for Laplace transforms con-
clude that

EP[f(x(t)] = B [f(x(t)]

Since the set of functions f in the range of A\ — L is dense in L, we need to show that for
any solution P the probability measure

p(A) = / e MPlx(t) € Aldt
0
is in L, where % + % = 1. For Brownian motion the singularity at the origin is ~ |z|?~¢.
For A > 0 there is exponential decay at oo so that p € L, if ¢(d —2) < d or ¢ < d%‘gor
p > %. Fix py > %. If P is a solution for

1 0% f
L= 5 ; ai’j (.’17) 8x18xj
and
lai j(z) = 6 5] < e(po, d)
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so that for any A > 0, the range of A\u— Lu as u ranges over smooth functions with compact
support is dense in L,,. Let gy satisfy pgl + qo_1 = 1. Let P be a solution for L with
P[z(0) = o] = 1. Then we know that if f = \u — Lu,

ulan) = BV e f(alo)ds] = [ Faan(da)
where 5 (A) = [;° e MP[z(t) € Aldt.
(O = Lo} f)zo) = B [~ MO = DA Lo) (0
=EF /OOO e M[(M — Lo+ Lo — L)(A — L)~ f](z(¢)dt

=B [ ML~ (L L)\~ Lo) el
0
=< fipn > — < (L= Lo)(A = Lo) ™" f, pux >
Let us take supremum over f with || f|, < 1. Then

lexllq < clq, d) + e(p, d)|[pallq

Either [|pally = 0o or [|ually < (1 — €(p,d)) " te(p,d) We have an a priori bound, but we
need to approximate P by P, satlsfymg the same bound and pass to the limit. We know
that there is a BM such that with oo* = a, 0 = az.

t
o(t) =20+ [ ola(s)) - da(s)

0

we can approximate by
t
o) =0+ [ a"(s,0)-dB(s)

0

where a"(s,w) = 0" (s,w)o"(s,w)* satisfies d®sup; ;, , |a}';(t,w) — 6; j| < €(p, d).

Let p%(A) = [;° e MPla™(t) € Aldt.
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(M — Lo) "' fl(zo) = E¥ /OOO e M[(N — %Zaﬁj(t,max?ax‘))( — Lo) " fl(a" (t)dt
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Let us again take supremum over f with [|f]|, < 1. Then

X llq < g, d) + e(p, d) || uxllq

But ||l < o0 and ||ually < (1 — €(p,d)) " te(p, d) We can now pass to the limit

A similar argument holds for time dependent situation where we have a; ;(t,z) and then
the Laplace transform is not useful. We need to solve the Cauchy problem

0%u
wt s Z(t ) g = ~f(ta) or s < T and u(T.2) =0

u(t, z(t)) — u(s,z(s)) + / f(o,z(0))do

is a martingale with respect to any solution P with Plz(s) = xo] =1
tionsatt =sandt =T

u(s,a) = B[ | (o, 2(0)do]

If enough expectations are determined, then P is unique. The equation

. Equating expecta-

1
ut+§Au: —fiu(T,z)=0

has the solution

(y —x)?
(s 2) //fty 27?25—8)) p oxPl= gy vt

One has analogs of Calderon-Zygmund estimates (Ben Franklin Jones) that estimate
uellp, [[tay o llp on R x [0,T] in terms of ||f||, on R

x [0,T] for 1 < p < oo. This
allows the perturbation to work. We need to pick a p such that for ¢ = 2=

2
/ / exp[—%]dydt < oo
Rd o Qt
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