
Problems. Feb 25, 2020.

1. Let X be the Banach space Lp[0, 1] with Lebesgue measure. 1 < p < ∞. Show that the

dual X∗ is Lq[0, 1] where
1

p
+ 1

q
= 1. For g ∈ Lq[0, 1], Λg(f) =

∫
1

0
f(x)g(x)dx. Λn ∈ X∗

converges weakly to Λ if Λn(f) → Λ(f) for all f ∈ Lp[0, 1]. Show that if Λn tends weakly
to Λ and ‖Λn‖ → ‖Λ‖ then ‖Λ− Λ‖ → 0. What if p = 1 or ∞?

2. Show that the dual of the space of continuous functions on [0, 1] with ‖f‖ = supx |f(x)|

is the space of signed measures µ of finite variation. Λ(f) =
∫
1

0
f(x)µ(dx). ‖Λ‖ =

supA[|µ(A)|+ |µ(Ac)|] where A varies over all Borel sets.
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