Let C(X) be the space of continuous functions on a compact metric space X. Let
A(f) be a non-negative linear functional on C'(X). Then there is a measure p on the Borel
sets B of X such that

A(f) = / fdu
for all f € C(X).
We define for closed sets C' € X

a(C) =inf [A(f), f:[f>1c],

and

B(G) =sup [a(C), C:C C G}]

for open sets G. Finally we define
pi(A) =sup [a(C), C:C C A] <inf [B(G), G:G D A] = pu*(4)

and show that on B p*(A) = p«(A) and p(A) is a countably additive measure on B.

Step 1.
04(01 U CQ) S 06(01) + 04(02)

If 01 N 02 == (Z), then
04(01 U CQ) = (l/(01> + 04(02)

Proof: If, for i = 1,2, f; are chosen such that A(f;) < «(C;)+e€, then f = f1+ fo > 10,00,
and A\(f) < a(C1) + a(C3) + 2¢. This implies

a(C1 U Cy) < A(f) < a(Ch) + a(Ca) + 2.

On the other hand if C'; and C5 are disjoint then we can find ¢ with 0 < ¢ <1 and ¢p =1
on C; and 0 on Cy. If f is chosen such that f > 1¢, ¢, and

A(f) < 05(01 U 02) + €

then fi = ¢f > 1¢, and fo = (1 — ¢)f > 1c,. We have A(f;) > a(C;) and f = fi + fo.
This means
oz(Cl U CQ) +e> 04(01) + Of(CQ)

Since € > 0 is arbitrary we are done.

Step 2. 5(G1 UGs3) < B(G1) + B(G2) with equality for disjoint open sets. If G = U;G; is
a countable union of disjoint open sets, then

B(G) = Zﬁ(Gi)
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Proof: Let G = G; UGy and C' C G. Then
Cr={x:2 € C&d(z,GY) > d(z,GS)}

and

={z:2 e C&d(z,G]) < d(z,GS)}
define sets C; € G;. In particular if a(C) > (G) —

B(G) <a(C)+e< a(Cr) +a(C) +e=0(G1) + B(Ga) + €

and we are done. If G; and Gy are disjoint and C; C Gi, with «(C;) ~ ((G;), then
B(G) =z a(C1U C2) = a(Ch) + a(C2) ~ B(G1) + B(Ga).

Clearly for countable union G of disjoint open sets sets G,
B(G) > BU}_, Gy) Zﬁ

for every n. We need to show that for any union
G) <Y B(G))
J

Let C' C G be such that 3(G) < a(C) + €. U;G; covers C' which is compact, and will be
covered by U7_;G; for some n. Then

B(G) < +E<ZB +e<25

Step 3. If C C G, GNC€ is open and B(GNC) = B(G) — a(C).

Proof: First note that if B € G N C¢ is closed then C, B are disjoint closed sets, with
BUC C G. Therefore 5(G) > a(C U B) = o(C) + a(B). This is true for all B C GUC°.
Hence

B(G) = a(C) + B(G N C7)

On the other hand, for a given ¢, if f is chosen such that, 0 < f < 1, f > 1¢ and
A(f) < a(C)+ethen f > (1+¢€) 11y for some open set U containing C and if B C U we
have A(f) > (1 +¢)"ta(B). This yields 3(U) < supg a(B) < (1 + e)A(f) < A(f) +e <
a(C) + 2¢

B(G) <pBU)+B(GNCY) <a(C)+B(GNCY) +€

Step 4.We now show that A= {A :supgc.cc4 @(A) =infg.aca B(G)}, is a o-field and

HA) = 2, o= B PO



is a countably additive measure on A. To show that A € A, all we need is to find for given
€ a closed set C' and an open set G such that C C A C G and

BGNCY) =6(G)—a(C) <e
The condition is symmetric in A and A€ because (G¢)¢ = G. Clearly if
B(GNCY) = B(Gi) —a(Ci) < ¢

works for A; then G = UY|G; and C = UYN | C; works for UN | A; withe=)".¢. Aisa
therefore a field. If {A;} is a finite collection of disjoint sets in .4, from the additivity of
a(C) for finite disjoint collection sets {C;} it follows that if A; € A and {A;} are disjoint

Uz lA Z/J’

To show that it is a o-field, let A; be a countable disjoint sequence of sets in A. Clearly
vazl w(A;) = p(UN,A;) < A(1) < oo Therefore for some finite N

N oo
> u(A) =) (A -
i=1 i=1
Now if we construct C;, G; such that C; C A; C G;
a(C;) < p(4;) < B(Gy)

it is easy to see that

and B3(G;) — a(C;) < 5

21 b
and

BUZGi) — OC(U£V:1Ci) < 2e
proving that A is a o-field and p is countably additive on it.

Step 5. Finally we need to prove, that A(f) = [ f dp. Can assume that 0 < f < 1.
Enough to prove A\(f) > [ f du, because if at the same time A(1 — f) > [(1 — f)du and
A1) = u(X) we have equality.

Let [a;, b;] be a finite collection of disjoint subintervals in [0,1] with b; — a; < € abd
pl{z @ f(z) AnUla;, bi]}] <e Let C; = {z: f(x) € [ai, b;]}. Construct functions ¢; such
that ¢; = 1 on C; satisfies 0 < ¢; < 1 and is 0 on every other C;. Define ¢; = ¢; and
%‘ = (1_¢1)"'<1_¢j—1)¢j for 2 S] S n — 1 and wn = (1_¢1)"'<1_¢n—1)' Then
> i—1%j=1and¢; =1onCj.

Then f =37, fu; =3, fj and f; = f; > aj1c,. Therefore
/fdu<2bm +e<sz,u +2G<ZA (f;) + 2¢ < A(f) + 2

Hence \(f) > [ f dp



