
Let C(X) be the space of continuous functions on a compact metric space X . Let
Λ(f) be a non-negative linear functional on C(X). Then there is a measure µ on the Borel
sets B of X such that

Λ(f) =

∫

f dµ

for all f ∈ C(X).

We define for closed sets C ∈ X

α(C) = inf
[

Λ(f), f : f ≥ 1C

]

,

and

β(G) = sup
[

α(C), C : C ⊂ G}
]

for open sets G. Finally we define

µ∗(A) = sup
[

α(C), C : C ⊂ A
]

≤ inf
[

β(G), G : G ⊃ A
]

= µ∗(A)

and show that on B µ∗(A) = µ∗(A) and µ(A) is a countably additive measure on B.

Step 1.

α(C1 ∪ C2) ≤ α(C1) + α(C2)

If C1 ∩ C2 = ∅, then

α(C1 ∪ C2) = α(C1) + α(C2)

Proof: If, for i = 1, 2, fi are chosen such that λ(fi) ≤ α(Ci)+ǫ, then f = f1 +f2 ≥ 1C1∪C2

and λ(f) ≤ α(C1) + α(C2) + 2ǫ. This implies

α(C1 ∪ C2) ≤ Λ(f) ≤ α(C1) + α(C2) + 2ǫ.

On the other hand if C1 and C2 are disjoint then we can find φ with 0 ≤ φ ≤ 1 and φ = 1
on C1 and 0 on C2. If f is chosen such that f ≥ 1C1∪C2

and

Λ(f) ≤ α(C1 ∪ C2) + ǫ

then f1 = φf ≥ 1C1
and f2 = (1 − φ)f ≥ 1C2

. We have λ(fi) ≥ α(Ci) and f = f1 + f2.
This means

α(C1 ∪ C2) + ǫ ≥ α(C1) + α(C2)

Since ǫ > 0 is arbitrary we are done.

Step 2. β(G1 ∪G2) ≤ β(G1) + β(G2) with equality for disjoint open sets. If G = ∪iGi is
a countable union of disjoint open sets, then

β(G) =
∑

i

β(Gi)

1



Proof: Let G = G1 ∪G2 and C ⊂ G. Then

C1 = {x : x ∈ C&d(x,Gc
1
) ≥ d(x,Gc

2
)}

and
C2 = {x : x ∈ C&d(x,Gc

1
) ≤ d(x,Gc

2
)}

define sets Ci ∈ Gi. In particular if α(C) ≥ β(G) − ǫ,

β(G) ≤ α(C) + ǫ ≤ α(C1) + α(C2) + ǫ = β(G1) + β(G2) + ǫ

and we are done. If G1 and G2 are disjoint and Ci ⊂ G1, with α(Ci) ≃ β(Gi), then
β(G) ≥ α(C1 ∪ C2) = α(C1) + α(C2) ≃ β(G1) + β(G2).

Clearly for countable union G of disjoint open sets sets Gj ,

β(G) ≥ β(∪n
j=1

Gj) =

n
∑

j=1

β(Gj)

for every n. We need to show that for any union

β(G) ≤
∑

j

β(Gj)

Let C ⊂ G be such that β(G) ≤ α(C) + ǫ. ∪jGj covers C which is compact, and will be
covered by ∪n

j=1
Gj for some n. Then

β(G) ≤ α(C) + ǫ ≤
n

∑

j=1

β(Gj) + ǫ ≤
∑

j

β(Gj) + ǫ

Step 3. If C ⊂ G, G ∩ Cc is open and β(G ∩ Cc) = β(G) − α(C).

Proof: First note that if B ∈ G ∩ Cc is closed then C,B are disjoint closed sets, with
B ∪C ⊂ G. Therefore β(G) ≥ α(C ∪B) = α(C) + α(B). This is true for all B ⊂ G ∪Cc.
Hence

β(G) ≥ α(C) + β(G ∩ Cc)

On the other hand, for a given ǫ, if f is chosen such that, 0 ≤ f ≤ 1, f ≥ 1C and
Λ(f) ≤ α(C) + ǫ then f ≥ (1+ ǫ)−11U for some open set U containing C and if B ⊂ U we
have Λ(f) ≥ (1 + ǫ)−1α(B). This yields β(U) ≤ supB α(B) ≤ (1 + ǫ)Λ(f) ≤ Λ(f) + ǫ <

α(C) + 2ǫ
β(G) ≤ β(U) + β(G ∩ Cc) ≤ α(C) + β(G ∩ Cc) + ǫ

Step 4.We now show that A = {A : supC:C⊂A α(A) = infG:A⊂G β(G)}, is a σ-field and

µ(A) = sup
C:C⊂A

α(A) = inf
G:A⊂G

β(G)
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is a countably additive measure on A. To show that A ∈ A, all we need is to find for given
ǫ a closed set C and an open set G such that C ⊂ A ⊂ G and

β(G ∩ Cc) = β(G) − α(C) ≤ ǫ

The condition is symmetric in A and Ac because (Gc)c = G. Clearly if

β(Gi ∩ C
c
i ) = β(Gi) − α(Ci) ≤ ǫi

works for Ai then G = ∪N
i=1

Gi and C = ∪N
i=1

Ci works for ∪N
i=1

Ai with ǫ =
∑

i ǫi. A is a
therefore a field. If {Ai} is a finite collection of disjoint sets in A, from the additivity of
α(C) for finite disjoint collection sets {Ci} it follows that if Ai ∈ A and {Ai} are disjoint

µ(∪N
i=1

Ai) =
N

∑

i=1

µ(Ai)

To show that it is a σ-field, let Ai be a countable disjoint sequence of sets in A. Clearly
∑N

i=1
µ(Ai) = µ(∪N

i=1
Ai) ≤ Λ(1) <∞ Therefore for some finite N

N
∑

i=1

µ(Ai) ≥
∞
∑

i=1

µ(Ai) − ǫ

Now if we construct Ci, Gi such that Ci ⊂ Ai ⊂ Gi

α(Ci) ≤ µ(Ai) ≤ β(Gi)

and β(Gi) − α(Ci) ≤
ǫ
2i , it is easy to see that

∪N
i=1

Ci ⊂ ∪∞

i=1
Ai ≤ ∪∞

i=1
Gi

and
β(∪∞

i=1
Gi) − α(∪N

i=1
Ci) ≤ 2ǫ

proving that A is a σ-field and µ is countably additive on it.

Step 5. Finally we need to prove, that λ(f) =
∫

f dµ. Can assume that 0 ≤ f ≤ 1.
Enough to prove λ(f) ≥

∫

f dµ, because if at the same time Λ(1 − f) ≥
∫

(1 − f)dµ and
λ(1) = µ(X) we have equality.

Let [ai, bi] be a finite collection of disjoint subintervals in [0, 1] with bi − ai ≤ ǫ abd
µ[{x : f(x) 6 in ∪ [ai, bi]}] ≤ ǫ. Let Ci = {x : f(x) ∈ [ai, bi]}. Construct functions φi such
that φi = 1 on Ci satisfies 0 ≤ φi ≤ 1 and is 0 on every other Cj . Define ψ1 = φ1 and
ψj = (1 − φ1) · · · (1 − φj−1)φj for 2 ≤ j ≤ n − 1 and ψn = (1 − φ1) · · · (1 − φn−1). Then
∑n

j=1
ψj = 1 and ψj = 1 on Cj .

Then f =
∑n

j=1
fψj =

∑

j fj and fj = fψj ≥ aj1Ci
. Therefore

∫

f dµ ≤
∑

i

biµ(Ci) + ǫ ≤
∑

i

biµ(Ci) + 2ǫ ≤
∑

i

Λ(fi) + 2ǫ ≤ Λ(f) + 2ǫ

Hence λ(f) ≥
∫

f dµ
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