Real Variables Fall 2007.
Assignment 6. Due Oct 15.
Problem 1. We have a measure space (X, F, i) which is not a finite set of points. More
precisely assume that there is a countable collection of disjoint measurable sets {A;} such

that 0 < pu(A;) < oo for each j. The goal is to prove that in such a case not every bounded
linear functional A(f) defined on L (X, F, p) is of the form

A(f) = /X F(2) b(a)dy

for some ¢(z) € L1(X,F, ). This is to be carried out in several steps.

Step 1. Find a closed subspace B C Lo (X, F, i) which is isomorphic to /., the space of
all bounded sequences {a, } of real numbers with [[{a,}|| = sup; <, |@nl-

Step 2. Use Hahn-Banach theorem to construct a linear functional on ¢, satisfying

liminfa, < A({a,}) <limsupa,
Step 3. Show that A({a,})) cannot be of the form

Afan}) = " aup

for some sequence {p,} with Y [p,| < oco.

Step 4. Transplant A on B and extend to L. (X, F, ) again by Hahn-Banach theorem.
Show that the extension cannot be of the form

A(f) = /X F(2) b(a)dy

for some ¢(z) € L1(X,F, p).

Problem 2. Let (X, F.u) be a non-atomic measure space (i.e. one in which every set A
of finite non-zero measure can be divided into two disjoint sets whose measures are equal)
which is o-finite but NOT finite, i.e. u(X)=o00. If 1 < p; < p2 < 00, show that there are
functions f, fo such that

fl < Lpl(X7f':u)7¢ LP2<X7fN)

and
f2 € Lpz(X7f':u)7¢ Lpl(XvF-N>

What is the situation when pu(X) < co?



