Hereafter we will be concerned with a countably additive measure i on a space X
defined for E € 3, a o—field of subsets of X . We assume that pu(X) < oco. In fact
p(X) = 1.

A sequence of measurable functions f, can converge to f in different senses.

A sequence of bounded measurable functions f,(-) converges uniformly to f(-) if

lim sup |fn(z) = f(2)| =0

n—roo wGX

A sequence of measurable functions f,(-) converges pointwise to f(-) if for each x € X

lim f,(z) = f(x)

A sequence of measurable functions f,(-) converges almost everywhere to f(-) if
ple s lim fo(z) = f(z)] =1

i.e. fo(z) — f(x) except possibly for z in an exceptional set of measure 0.

A sequence of measurable functions f,(-) converges in measure to f(-) if for any € > 0

Jim pfz s |fu(2) = f(2)]| 2 ] =0

Uniform convergence = Pointwise convergence = Almost everywhere convergence = Con-
vergence in measure.

Lemma. If f,,(-) — f(-) in measure then there is a subsequence n; such that f,, () — f(x)
almost everywhere.

Proof. We use repeatedly the observation that if a,, is nonnegative and a,, — 0 there is a
subsequence ay; such that j On; < 00. By diagonalization we can choose a subsequence
such that for every integer k > 1,

1
X 1oy (o) = J0)] 2 ] < o

Denoting by Ej . the set [z : |f,, (z) — f(2)| > 7], we have
plNe gz Bjp] < lim > ulEjr] =0
Jj=t
which is the same as

ple < timsup o, (2) — f(2)] 2 3] =0

n—oo



for every k.

Problem 1. Find a sequence f,(x) on [0, 1] such that f,(-) — 0 in measure with respect
to the Lebesgue measure but limsup,, f,(z) =1 for every .

We will now consider integrals of unbounded measurable functions. First nonnegative
functions. If f > 0 and measurable we define

/ fdp = Sup / gdp

g bounded

i.e the supremum of integrals of nonnegative bounded measurable functions dominated by
f. Note that if f is bounded then g = f is the best choice and we recover [ fdu. Of course
the supremum need not be finite. If it is finite f > 0 is said to be integrable. Otherwise
not integrable.

Lemma. If fi, fo > 0, [(fi + fo)dp = [ frdu+ [ f2dp.

Proof. If g1 < f; and g2 < fs, then g1 + 9o < fi + fo and the integral is additive
for bounded measurable functions. g = ¢; + g2 is an admissible choice. Conversely if
g < f1+ fois given on f; + fo = 0 we can take g1 = go = 0 and on f; + fo > 0 we define

g1 = flnglfz’gQ = flgffz so that g1 < f; and go < fo and g1 + g2 = g.

Fatou’s Lemma. If f, > 0 and f, — f,then

/fd,ugliminf/fnd,u
n—oo
Proof.. Let g be bounded and 0 < g < f. Then min{g, f,} — min{g, f} = ¢g. But

min{g, fn,} < fn. Also min{g, f,,} is uniformly bounded by a bound for g. Therefore for
any such g

/gd,u = lim/min{g,fn}d,u < liminf/fnd,u
n n— oo
Taking sup over g,

/fd,ugliminf/fnd,u
n—oo

Monotone Convergence Theorem. Let f, > 0, f, 1 f then [ f,du — [ fdu as
n — oo. Clearly 0 < f < g implies [ fdu < [ gdu. Therefore [ fodp < [ fdu and by
Fatou’s lemma lim inf,, ffnd,u > ffdu. Follows that

lim [ fody = / fdy
n—oo

Similarly if f,, > 0, f, | f and if f,, is integrable for some n, say n = 1, then [ f,du —
[ fdp as n — oco. Consider g, = f1 — fn T f1 — f. Therefore [(f1 — fn)dp — [(f1 — f)dp.
But [(fi — fa)du + [ fadp = [ frdu. If [ fidu < oo it follows that lim,, oo [ frdp =
[ fdp.

If f is not non negative then f = f* — f~ where f* = max{f,0} and f~ = —min{f, 0}.
[ is integrable only if both f* and f~ are integrable and [ fdu = [ f*du— [ f~du. Note
that f is integrable if and only if | f| is integrable and [ |f|dp = [ fTdp+ | f~dp.



Verify that [ fdu = A(f) is linear. i.eif f and g are integrable so is f+g and [(f+g)du =

[ fdu+ [ gi. f=f*—f—and g = g* g~ |],]g] are integrable and so | /19| < | £ +]g
is integrable too. f+g=(fT+g") = (f"+g )=(+9) "= (f+9)

fT+9)-(f+9T="+9)—(f+9) =h>0

We see that

/(f+g)du= /(f+g)+du— /(f+g)‘du = /[(f+g)+ + hldp — /[(f+g)‘ + hldu
=/(f++g+)du—/(f‘+g‘)du=/fdu+/gdu

Dominated Convergence theorem.
If f,, — f in measure and sup,, |f,(x)| < g(z) with g integrable, then f frndp — f fdu

Proof. g¢(z) + fu(z) > 0 and g + f, — g+ f. By Fatou’s lemma, [(g+ f)du <
liminf [(g+ f)dp. Since [ gdp < oo we can subtract it from both sides to conclude

liminf/fnd,uZ/fdu

n— oo

Since g(z) — fn(x) > 0 as well, it works with — f,, replacing f,.

lim sup / Fudpt < / fdy
n—oo
Problem 2.

Consider f,(z) = nPx™(1 — z) on [0,1]. lim, s fn(z) = 0 for z € [0,1]. Determine the
values of p for which f[o I fn(z)dz — 0. Are these the same as those for which sup,, f,.(z)
is integrable on [0, 1]7

Uniform Integrability.

A collection A of intgrable functions {f} is said to be uniformly integrable if
1. supseq [ 1fldp < C < oo

2. Given any € > 0 there is a § > 0 such that for any E € ¥ with u(F) < §

sup [ |7ldn <
E

feA

Lemma. If f is integrable then for any € > 0, there is a § > 0 such that, if u(F) < 4,
Jplf(@)|dp <e.



Proof. Can assume f > 0. Then f, = min{f,n} 1 f and [ |f — fn|du — 0. Pick k such

that [ |f — frldu < §. fi is bounded by k. If u(E) < 5, then

[E fdu = /E (f = fo)du + [E frdi < [ (7 = )du-+ bu(B) <

DO

Lemma. Let f, > 0, and f,, — f in measure. f,, f are integrable. Then the following
are equivalent.

L [|fa— fldp—0

2. {f.} are uniformly integrable.

8.[ fudp — [ fdu

Proof. 1 = 2. Let € > 0 be given. Since f is integrable there is §g > 0 such that u(FE) < dg
implies fE fdu < 5. There is k such that for n > k, fE |fn — fldp < 5 and therefore for

any such F, fE frndp < e. Since f1,..., fr are integrable for a given € there are d1,..., 0k
that work. Since k is finite 6 = min{dg, 01, ..., 0} works.

2 = 3. We saw earlier that for any ¢ > 0 as n — oo
ple | fo(z) — f(2)] = €] = p[En] = 0

Uniform integrability of f, and the integrability of f imply that [, |fn — fldu — 0. The
integral over E¢ is at most eu(X) and € > 0 is arbitrary.

3. = 2. If not ( along a subsequence) there are sets F, with pu[E,] — 0 but [, fh.du >
e > 0. Let g, = fn(1 — xg, )(z). Then g, — f in measure because it differs from f,, only
on E,, and u[E,] — 0. By Fatou’s lemma

/fdu < liminf/gnd,u = liminf[/ fndu —/ frndp] < /fdu —€
n—oo n—oo En

A contradiction.
2. = 1. If f, — f in measure then the set

{z: (@) 2k} C{a: |folz) = flo)| 2 1} U{e: (o) = k- 1}

Let € > 0 be given. p[{z : |fu(z) — f(x)| > 1}] < § for n > ng. Choose k such that
piz | f(x)] >k —1}] < 5. Then p[{z : |fu(x)| > k}] < € for n > ng. In other words

lim sup pfz : |fu(x)] > k] =
k—oo p

Replace f,, by min{f,,k}. Use bounded convergence theorem. Use uniform integrability
to control the integral of f, on the set where it is larger than k£, which has small measure.



