Riesz Representation Theorem. Let A(f) be a bounded linear functional on C(X) the
space of continuous functions on a compact metric space X.Then there is a signed measure
i on the Borel o-field B of X, such that

A(f) = /X f () dp

This is done in several steps. A is non-negative if for every f > 0, A(f) > 0.

First we need a result called partition of unity. We will deal only with functions that
satisfy 0 < f < 1. We always assume it is so.

Lemma. Let X be compact metric space. Let {G;} be a finite collection open sets with
U G D C where C is a closed set. Then there are nonnegative continuous functions h;
with its support contained in G; such that Y. h; =1 on C.

Proof. For each z € C there is some open set GG; that contains xz, and therefore a ball
B(z,6(z)) around x of radius §(z) whose closure B(x,d(x)) is contained in G;. Such balls
provide a covering of C' and we extract a finite sub cover. Each ball is contained in some
G; and we divide them in to n groups depending on which G; it is contained in. If there
are several possibilities choose any one.. Let their unions be W; with closures W; C G;.
There are functions g; that are 1 on W; with support contained in G;. We define

hi=g1,he =92(1—=g1)," -, hpn =gn(1 —g1) -~ (1 — gn_1)
Then
hi+hy+- -+ hy=1-1~g1) - (1—gn)
Since some g; = 1 at every point of C' we are done.
1. Any bounded A can be written as AT — A~ where A* are both non-negative.

Proof. For f > 0, define
AT(f) = sup A(g)

0<g<f

AT (fr+ f2) = AT (f1) + AT (f2)

For ¢ >0
AT (cf) = AT (f)

For arbitrary f we write f = (f + C) — C and AT (f) = AT (f +C) — AT(C). Tt is
well defined does not depend on C'.

One defines A= (f) = AT(f) — A(f) so that for f € C(X
is easy to verify that for f >0, A=(f) > 0 because AT (f) >

), A(f) = AT(f) = A= (f). It
A(F).
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AT+ AT = AT (1) + A7 (1)
=AT(1)+ AT(1) — A1)
= sup A(f)+ sup A(g) — A(1)

0<f<1 0<g<1
= sup A(f)+ sup A(g—1)
0<f<1 0<g<1
= sup A(f)+ sup |[A(—g)|
0<f<1 0<g<1
= sup A(f—g)= sup A(f)=|A|
8353% 0<|fI<1

The problem now is reduced to proving that a non-negative linear functional which is
bounded by A(1) has the representation in terms of a non-negative measure .
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2. For any open set G we define

w(G) = sup  A(f)
0<f<1
support fCG

Support f is {z : f(x) # 0}.

Remark. We could take the sup over the larger class of f with f = 0 on G¢. Then
{z : f(z) < €} will be a closed set in G. And g = (f — €)™ with A(g) > A(f) — € can
replace f. The supremum will be the same.

3. For any set E we define
u(E) = inf u(G)

GDE
G open

4 We say F € ¥ if
p(E) = sup p(C)

CCE
C closed

5. If {E;} is any countable collection of subsets of X
p(U2 Ey) <) u(E;)
i=1

Proof. Let us first show that if G;, G5 are open
w(G1UGa) < pu(Gr) + u(G2)
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Given € > 0, there is a function g.(x), 0 < g. < 1, with support C, contained in G; U G2
with A(ge) > u(G) — €. There are two non negative functions hq, ho with their supports
contained in G7 and G2 with h; + ho =1 on Ce. g. = gchy + geho.

1(G1) + 1(G2) = A(geh) + A(gehe) = A(ge) = p(GLUG2) — €

We can assume that Y, u(E;) < oco. Pick open sets V; D E; such that u(V;) < p(E;)+e27".
Let V' =U;V;. Let f be such that the support D of f is contained in V and A(f) > u(V)—e.
Since D is compact and contained in V' it is contained in U}, V; for some finite n.

A(f) S (Ui Vi) <> n(E) +e <Y ulE) +e
i=1 i=1
Since this is true for every f with support contained in V'
AE)SAV) <Y u(E:) +e
i=1

€ is arbitrary.

6. If C is a closed set then
p(C) =inf{A(f):0< f<1,f=1onC}

Proof. Since

pu(C) =inf{u(V): V open ;V > C}
We need to show two things.

Given any f, such that f = 1 on C, for any € > 0, {z : f(z) > 1 — €} is an open set
V. D C. If g is any function supported in V;, (1 —€)g < f or A(g) < (1 —€)"tA(f). Since
w(V.) = {sup A(g) : support g C V.} it follows that (V) < (1 —€)"LA(f).

In the reverse direction given V' O C by Urysohn’s lemma there is an f that is 1 on C with
support inside V. Then A(f) < u(V).

7. If G is open
w(G) = sup u(C)

cca
Cclosed

Proof. Since
1(G) = sup{A(g) : 0 < g < 1; support g C G}

We need to show two things.

G is an open set and 0 < g < 1 is a function supported on a closed subset C of G. If
f=1on C, then f > gand A(f) > A(g). If W D C is any open set there is an f that is
1 on C and supported in W. Makes u(W) > A(g). True for every W O C. Follows that
1(C) = A(g).



Conversely if C' C G is any closed subset of G, there is a function g, 0 < ¢g < 1 with
support contained in G and

Alg) > (G) —e > pu(C) —¢

8. If {E;} are in ¥ and pairwise disjoint £ = U$°, F; € ¥ and
= u(E)
i=1

Proof. Let (7 and (5 be closed sets that are disjoint. There is a function f, 0 < f <1,
f=1on C; and 0 on Cy. Let g equal 1 on C; U Cy with A(g) < pu(Cy U Cy) + e
A(gf) =z p(Ch) and A(g(1 — f)) = u(C2). Adding p(C1UC2) + € = A(g) = p(Cr) + u(Ch)
Letting € = 0, u(C1 U Ca) > A(g) > pu(Ch) + pu(Cs). We already have the other half.

Since E; € X there are closed sets D; C E; with u(D;) > p(E;) — €27 {D;} are
pairwise disjoint as well.

w(E) 2 p(Uis, Ei) = p(Uis, D;) ZM Z - GZ 27"]

with n — oo and € — 0 -
> WE
i=1
We have the other half. Easy to check that E € M. G; D E; D D;, u(G;) — u(C;) <
€27 Then U2, G; D U E; D UM, D;.

9. For any E € ¥ and any € > 0 there is an open set GG and a closed set C' such that
CCFECGand u(G-0C) <e.

Proof. From our definitions we can find C' and G such that C C F and F C G and

G = CU(G—C) is a disjoint union and both are in 3. u(G) = u(C)+u(G—C). Therefore
WG —C)<e

10. X is a Field.

Proof. If E,, F> € %, for any € > 0 can find Cy,Cs, G1, G2 such that C; C E; C GG; and
wWGi—C;) < 5. ((G1UG2)—(C1UCs)) C ((G1—C1)U(G2—C2)). p((G1—Cr)U(G2—C3)) <

€. (E1 U Ey) € ¥. Similarly intersection and complementation.
11. ¥ is sigma field and p is a measure on .

Proof. Done.



12. [ fdp = A(f)

Proof. It is enough to prove A(f) < [ fdu. We can add constants to both sides A(1) =
p(X). Can assume f > 0. Divide by a constant 0 < f < 1.

Let € > 0 be given. Let {0 = yo < y1 < --- < y, = 1} be the interval [0, 1]
divided into n equal parts such that % <e Let B; ={z:y—1 < f(zr) <y;}. We can
include f_l(O) in F1. E; are disjoint sets, X = U; ;. There are open sets GG; O FE; with
w(Gi) < p(E;) + £ and f(x) < y; +e Since {G;} is a covering of X, there is a partition of
unity {h;} with ) . h; = 1, and h; supported inside G;. We have f = >". h;f. Note that
A(hi) < p(Gi) < p(Es) + -

ZA hif) < Z yi + )A(hy) SZ(yi—e-l-%)[u(Ei)-i-%]-l-QE

<Z E;)+2+¢€e(l+e) < /fd,u-l-?)e-l-e

Dual of L, spaces. Let (2, %, 1) be a measure space where 4 is a finite measure on the
o-field ¥ of subsets of Q. X be the Banach space L,(Q2, %, 1) of ¥ measurable functions
that satisfy [, |f(w)[Pdp < oo with the norm

i =| [ If(W)IpduF

for 1 < p < oco. Let A(f) be a bounded linear functional on L, (2,3, ). If 1 < p < o0
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for some g € L (€, 3, ) where % + % =1. [|[A]| = |lgllq- If p=1, ¢ = 00 and it is still true

that
=/mw

but g € Loo(€2,3, ). Lo consists of functions g that are essentially bounded, i.e. there
is a bound M such that plw : |g(w)] > M] = 0. ||g|lec is the smallest M that works.
IA]l = llglloc- Since

| / Fodpl < £l

for conjugate pairs p, ¢ the functions ¢ in L, do define bounded linear functionals with
the correct bound. We concentrate now on the converse. Since p is a finite measure,
14(w) € L. Define

A(A) = ALa(w))

IAA)] < Cl1a(wllp
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T I=

sup [A(A)] < Csup [[La(wllp = Clu(Q)]
AeX AeX

To prove A is a countably additive signed measure, we need to check that for a countable
collection of pairwise disjoint sets A;, with U2, A; = A, we have

H(Z 14,(w)) —1a(w)|p — 0.

The difference is the indicator of the set Ug2, . A; whose measure tends to 0 and so does
its L, norm for 1 < p < co. A(A) is a signed measure. A << p. There is a Radon-Nikodym
derivative.
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with ¢ € Li. A(f) = [ fgdp for simple functions and then for bounded measurable
functions. Take f = (sign g)|g|q_11|g|§M. Then f is bounded and pg = p + ¢

tﬂmwz/ IW“W:/ gl%d
lg|<M lg|<M

A = q q E
(f) /MM lg|%dp < C[/IglgM 9] du]

1

U \g\qdu] "<c
lg|l<M

Let M — o0. g€ L, and |g||, < C
Ifp=1,|AA4) <Cu(Ah). g= %. lg| < C a.e. or ||g]leo < C.

¢, spaces. The space of sequences & = {a,}:n > 1.
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The Dual of ¢, is £;. pg =p + q. [|{]|cc = sup,, |an|-
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