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1 INTRODUCTION

A considerable literature about random matrices focuses on Hermitian or symmetric matrices with indepen-
dent entries. These models are paradigms for local eigenvalues statistics of many random Hamiltonians, as
envisioned by Wigner. The study of non-Hermitian random matrices goes back to Ginibre, then in Princeton
and motivated by Wigner. Ginibre’s viewpoint on the problem was described as follows [12]:

Apart from the intrinsic interest of the problem, one may hope that the methods and results will provide
further insight in the cases of physical interest or suggest as yet lacking applications.

In fact the eigenvalues statistics found by Ginibre, in the case of Gaussian complex or real entries,
correspond to bidimensional gases, with distinct temperatures and symmetry conditions; this is therefore
a model for many interacting particle systems in dimension 2 (see e.g. [10] chap. 15). The spectral
statistics found in [12] in the complex case are the following: given a N x N matrix with independent

entries \/—lﬁzij, the z;;’s being identically distributed according to the standard complex Gaussian measure

g = %e*|z‘2dA(z) (where dA denotes the Lebesgue measure on C), its eigenvalues pi,...,un have a
probability density proportional to
[T — oy Pe ™ 2 el

i<j
with respect to the Lebesgue measure on CV. This law is a determinantal point process (because of the
Vandermonde determinant) with an explicit kernel given by (see [12,16] for a proof)

N-1
N Nx%)"
Knv(z1,7) = e~ il 3 %

£=0
with respect to the Lebesgue measure on C. This integrability property allowed Ginibre to derive the circular
law for the eigenvalues, i.e., the empirical spectral distribution converges to the uniform measure on the unit
circle,

%]l|z|<1dA(z). (1.1)

This phenomenon is the non-Hermitian counterpart of the semicircular law for Wigner random Hermitian
matrices, and the quarter circular limit for Marchenko-Pastur random covariance matrices.

In the case of real Gaussian entries, the join distribution of the eigenvalues is more complicated but
still integrable, allowing Edelman [7] to prove the limiting circular law as well; for more precise asymptotic
properties of the real Ginibre ensemble, see [4,11,21]. We note also that the (right) eigenvalues of the
quaternionic Ginibre ensemble were recently shown to converge to a (non-uniform) measure on the unit ball
of the quaternions field [3].

For non-Gaussian entries, there is no explicit formula for the eigenvalues. Furthermore, the spectral
measure, as a measure on C, cannot be characterized by computing Tr(M®M?). Thus the moment method,
which is the popular way to prove the semicircle law, cannot be applied to solve this problem. Nevertheless,
Girko [13] partially proved that the spectral measure of a non-Hermitian matrix M with independent entries
converges to the circular law (1.1). The key insight of this work was the introduction of the Hermitization
technique. This allows him to translate the convergence of complex empirical measures into the convergence
of logarithmic transforms for a family of Hermitian matrices. More precisely, if we denote the original
non-Hermitian matrix by X and the eigenvalues of X by i, then for any ¢ function F we have the identity

1 & 1
¥ > F(uy) = e /AF(Z) Trlog(X* — 2*)(X — 2)dA(z). (1.2)
j=1



From this formula, it is clear that the small eigenvalues of the Hermitian matrix (X* — z*)(X — z) play a
special role due to the logarithmic singularity at 0. The key question is to estimate the smallest eigenvalues of
(X*—2*)(X — 2), or in other words, the smallest singular values of (X — z). This problem was not treated in
[13], but the gap was remedied in a series of papers. First Bai [1] was able to treat the logarithmic singularity
assuming bounded density and bounded high moments for the entries of the matrix (see also [2]). Lower
bounds on the smallest singular values were given in Rudelson, Vershynin [19,20], and subsequently Tao, Vu
[22], Pan, Zhou [17] and Gotze, Tikhomirov [14] weakened the moments and smoothness assumptions for
the circular law, till the optimal L? assumption, under which the circular law was proved in [23].

The purpose of this paper is to prove a local version of the circular law, up to the optimal scale N—1/2t¢
(see Section 2 for a precise statement). Below this scale, detailed local statistics will be important and that is
beyond the scope of the current paper. The main tool of this paper is a detailed analysis of the self-consistent
equations of the Green functions

Gij(w) = [(X* = 2*)(X — 2) — w]".
Our method is related to the proof of a local semicircular law in [9] or to a local Marchenko-Pastur law in
[18]. We are able to control G;;(E + in) for the energy parameter E in any compact set and sufficient small
7. This provides sufficient information to use the formula (1.2) for functions F at the scales N~1/2¢. We
also notice that a local Marchenko-Pastur law for X*X was proved in [5], simultaneously with the present
article.

Finally, we remark that the local circular law demonstrates that the eigenvalue distribution in the unit
disk is extremely “uniform”. If the eigenvalues are distributed in the unit disk by a uniform statistics or
any other statistics with summable decay of correlations, then there will be big holes or some clusterings
of eigenvalues in the disk. While the usual circular law does not rule out these phenomena, the local law
established in this paper does. This implies that the eigenvalue statistics cannot be any probability laws
with summable decay of correlations

2 THE LOCAL CIRCULAR LAW

We first introduce some notations. Let X be an IV x N matrix with independent centered entries of variance
N~1. The matrix elements can be either real or complex, but for the sake of simplicity we will consider real
entries in this paper. Denote the eigenvalues of X by p;, j =1,..., N. We will use the following notion of
stochastic domination which simplifies the presentation of the results and their proofs.

Definition 2.1 (Stochastic domination). Let W = (Wx)n>1 be family a random variables and ¥ = (U n)n>1
be deterministic parameters. We say that W is stochastically dominated by ¥ if for any o > 0 and D > 0
we have

IP’UWN| > N"\IIN} < NP

for sufficiently large N. We denote this stochastic domination property by
W < U, or W=0<(D).

In this paper, we will assume that the probability distributions for the matrix elements have the uniform
subexponential decay property, i.e.,

sup P (|\/NX”\ > )\) <9 le’ (2.1)
(i,5)€[1,N]?



for some constant ¥ > 0 independent of N. This condition can of course be weakened to an hypothesis
of boundedness on sufficiently high moments, but the error estimates in the following Theorem would be
weakened as well. We now state our local circular law, which holds up to the optimal scale N—1/2+¢,

Theorem 2.2. Let X be an N x N matriz with independent centered entries of variance N 1. Suppose that
the probability distributions of the matrix elements satisfy the uniformly subexponentially decay condition
(2.1). We assume that for some fized 7 > 0, for any N we have T < ||z0] — 1| < 771 (20 can depend on
N). Let f be a smooth non-negative function which may depend on N, such that ||f|lcc < C, ||f'|lce < N¢
and f(z) = 0 for |z| = C, for some constant C independent of N. Let f, (z) = N?*f(N%(z — 29)) be the
approximate delta function obtained from rescaling f to the size order N~ around zy. We denote by D the
unit disk. Then for any a € (0,1/2],

NS fali) = % [ £o@)dAG) | < N AT . (22)
J

3 HERMITIZATION AND LOCAL GREEN FUNCTION ESTIMATE

In the following, we will use the notation
Y,=X—z2I

where I is the identity operator. Let \;(z) be the j-th eigenvalue (in the increasing ordering) of Y'Y,. We
will generally omit the z—dependence in these notations. Thanks to the Hermitization technique of Girko
[13], the first step in proving the local circular law is to understand the local statistics of eigenvalues of Y'Y,
for z strictly inside the unit circle. In this section, we first recall some well-known facts about the Stieltjes
transform of the empirical measure of eigenvalues of Y;'Y,. We then present the key estimate concerning
the Green function of Y'Y, in almost optimal spectral windows. This result will be used later on to prove
a local version of the circular law.

3.1 Properties of the limiting density of the Hermitization matrix. Define the Green function of Y'Y, and
its trace by

G(w) = G(w,z) = YV, —w)™', m(w) :=m(w,z2) = %T&G(w,z) = %Z 3 !

J

j=1
We will also need the following version of the Green function later on:
G(w) :=G(w,z) = (V.Y —w) ™"

As we will see, with high probability m(w, z) converges to m.(w, z) pointwise, as N — oo where m¢(w, z) is
the unique solution of
myt = —w(l+me) + [2]*(1L+me) ™! (3.1)

with positive imaginary part (see Section 3 in [14] for the existence and uniqueness of such a solution). The
limit m.(w, z) is the Stieltjes transform of a density p.(z,z) and we have

mc(w,z)—/Rpc(x’Z)dx

Tr—w



whenever 1 > 0. The function p.(z,z) is the limiting eigenvalue density of the matrix Y'Y, (cf. Lemmas
4.2 and 4.3 in [1]). Let

A = A (2 ::M o= +/1+8|z|2. 3.2
L= im g i VTR 3.2)

Note that A_ has the same sign as |z| — 1. The following two propositions summarize the properties of p.
and m. that we will need to understand the main results in this section. They will be proved in Appendix
A. In the following, we use the notation A ~ B when ¢B < A < ¢~ !B, where ¢ > 0 is independent of .

Proposition 3.1. The limiting density p. is compactly supported and the following properties regarding pe
hold.

(i) The support of pe(x, z) is [max{0, \_}, A\4].
(ii) As x — My from below, the behavior of pe(z, z) is given by pe(x,2) ~ /Ay — .
(iii) For any e >0, if max{0,\_} + e <& < Ay —¢, then p.(z, z) ~ 1.
(iv) Near max{0,A_}, the behavior of p.(x,z) can be classified as follows.
o If |z| > 1+ for some fited T > 0, then A_ > (1) > 0 and pe(x,2) ~ Lysn /7 — A_.
o If|z| <1—7 for some fized T > 0, then A\_ < —e(7) < 0 and pc(x,z) ~ 1//x.
All of the estimates in this proposition are uniform in |z| < 1—7, or 771 > |2| > 1+ 7 for fized 7 > 0.
Proposition 3.2. The preceding Proposition implies that, uniformly in w in any compact set,
me(w, z)| = O(|w|~*/?)
Moreover, the following estimates on m¢(w, z) hold.
o If|z| = 14 7 for some fized T > 0, then m. ~ 1 for w in any compact set.

‘71/2

o If|z| <1—7 for some fizred T > 0, then m. ~ |w for w in any compact set.

3.2 Concentration estimate of the Green function up to the optimal scale. We now state precisely the
estimate regarding the convergence of m to m.. Since the matrix Y'Y, is symmetric, we will follow the
approach of [9]. We will use extensively the following definition of high probability events.

Definition 3.3 (High probability events). Define
¢ = (log N)lsloe N (3.3)

Let ¢ > 0. We say that an N-dependent event Q holds with (-high probability if there is some constant C
such that
P(2°) < N exp(—¢°)

for large enough N.
For o > 0, define the z-dependent set
S(a) = {w € C : max(A_/5,0) < E <5y, "N me|™! <y <10}, (3.4)

where ¢ is defined in (3.3). Here we have suppressed the explicit z-dependence. Notice that for |z] < 1—e¢,
as |me| ~ |w| =2 we allow 1 ~ |w| ~ N~20* in the set S(a). This is a key feature of our approach which
shows that the Green function estimates hold until a scale much smaller than the typical N~! value of 7.



Theorem 3.4 (Strong local Green function estimates). Suppose T < ||z|—1| < 77 for some 7 > 0 independent
of N. Then for any ¢ > 0, there exists C; > 0 such that the following event holds with (-high probability:

1

N {mtw) = mew) <% -}, (35
N7

weS(Ce)

Moreover, the individual matriz elements of the Green function satisfy, with (-high probability,

I . 1
() §max|Gy — medij| < 9% e — )b (3.6)
1] Nn Nn
weS(C¢)

4  PROPERTIES OF p. AND m,

We have introduced some basic properties of p. and m. in Proposition 3.1 and 3.2. In this section, we
collect some more useful properties used in this paper, proved in Appendix A. Recall that w = E + in,
a = 4/1+ 8|z]? from (3.2), and define x := r(w, z) as the distance from F to {A;, A_}:

k=min{|E — A_|,|E — A¢|}. (4.1)
For |z] < 1, we have A_ < 0 (see Proposition 3.1), so in this case we define x := |E — A|.

Lemma 4.1. There exists 7o > 0 such that for any 7 < 79 if |2| < 1—7 and |w| < 77! then the following
properties concerning me hold. All constants in the following estimates depend on 7.

Case 1: E>2 Ay and |[w— Ay | = 7. We have

|[Remc| ~1, —= < Rem.<0, Imme~n. (4.2)

N |

Case 2: lw — Ay| < 7 (Notice that there is no restriction on whether E < Ay or not ). We have

2 [satop
3+a a3+ a)?

me(w, z) = (w—A )2+ 00y —w), (4.3)

and

% ifk>=mnand E > Ay,
Imm,. ~ (4.4)
VIooifrk<nor E <AL,

Case 3: |w| < 7. We have
(L2 1202
C ’ = S 4
me(w, z) =1 — + 2 + O(Vw) (4.5)

as w — 0, and
Imme(w, z) ~ |w| "2, (4.6)



Case 4: |lw| =7, |lw—=Ap| =7 and E < A\y. We have

Ime| ~

1, Imm,~ 1.

(4.7)

Here Case 1 covers the regime where F > A and w is far away from A;. Case 2 concerns the regime
that w is near Ay, while Case 3 is for w is near the origin. Finally Case 4 is for w not covered by the first

three cases.

Lemma 4.2. There exists 7o > 0 such that for any 7 < 79, if |2| = 1+ 7 and |w| < 771 then the following
properties concerning m. hold. All constants in the following estimates depend on 7. Recall from (3.2) that

_ (a=3)3
A = oy > O

Case 1: E =2 Ay and |w— Ay| = 7. We have

|[Remc| ~1, —

N

Case 2: E < A_ and |w—A_| > 7. We have

< Reme <0, Imme~n.

|[Rem.| ~1, 0<Rem., Imm.~n.
Case 3: |k +n| < 7. We have
2 8(1 + a)3 .
= A2 00 —
me(w,2) = St Ta@s pap WA HORe —w),

% Zfﬂ}’l]ﬂ/lldE%[)\_7)\+],
Imme ~ (4.8)
VI oife<nor Ee A ]

Case f: |lw| =7, |lw—Ai| =7 and A\_ < E < Ay, We have

[mel ~ 1, Imme~ 1.

Here Case 1 covers the regime E > A4 and w is far away from A, . Case 2 concerns the regime E < A_
and w is far away from A_. Case 3 is for w near AL. Finally Case 4 is for w not covered by the first three
cases.

The following lemma concerns the two cases covered in Lemmas 4.1 and 4.2, i.e., z is either strictly
inside or outside of the unit disk.

Lemma 4.3. There exists 7o > 0 such that for any T < 79 if either the conditions |z| <1—71 and |w| < 77!
hold or the conditions |z| > 1+ 7, |w| < 771, Rew > A_/5 hold, then we have the following three bounds
concerning m. (all constants in the following estimates depend on 7):

[me + 1] ~ |me| ~ \w|_1/2, (4.9)
Imé < Clmme, (4.10)
w(1+me)
—92 —9 VEFT
—14122 - — > . 4.11
e (e g7 ) (me 525 ) |2 Y a11)



5 PROOF OF THEOREM 2.2, LOCAL CIRCULAR LAW IN THE BULK
Our main tool in this section will be Theorem 3.4, which critically uses the hypothesis ||z| — 1| > 7:
when z is on the unit circle the self-consistent equation (which is a fixed point equation for the function
g(m) = (1 +wm(1+m)?)/(|z|* — 1) see (6.21) later in this paper) becomes unstable

We follow Girko’s idea [13] of Hermitization, which can be reformulated as the following identity (see e.g.
[15]): for any smooth F'

N
NP = o [ AFG) Y logle - m)(z - m)dAG) = gy [ AFG)TrlogYIV.AAR)  (5)

Jj=

We will use the notation z = z(§) = zp + N~ *¢. Choosing F' = f,, defined in Theorem 2.2 and changing
the variable to &, we can rewrite the identity (5.1) as

N—lzf%(uj) = %N‘l““/(Af)(f) Trlog YY,dA(¢) = %N‘HZG/(Af)(ﬁ)Zlog)\j(z)dA(g).

Recall that A\;(z)’s are the ordered eigenvalues of Y'Y,, and define +,(z) as the classical location of A;(z),
ie.

75 (2)
/o pe(x, z)dz = j/N. (5.2)

Suppose we have

[ 880 | S toer () - S togn(:(€)) | dAE©)| < IAf] (5.3

Thanks to Proposition 3.1, one can check that uniformly in |z| < 1 —7, and also in the domain 1+ 7 < |z]| <
771 (1 > 0), for any § > 0 we have

S tog;2) - N ([ Gogalpeta e < v°
J
for large enough N. We therefore have
NS ) = 5 [ 166 ([ Gos0npite2)a0) ar(e) + 0 1, 6.0
j
where we have used that

v [an(©) [ togearan©) = - [ 166 ([ tosn)Ap(e2)dc) are),

It is known, by Lemma 4.4 of [1], that

| to0).pu(e. 21 = o). (5.5)

Combining (5.4) and (5.5), we have proved (2.2) provided that we can prove (5.3). To prove (5.3), we need
the following rigidity estimate which is a consequence of Theorem 3.4.



Lemma 5.1. Suppose 7 < ||z| — 1| < 771 for some 7 > 0 independent of N. Then for any ¢ > 0, there exists
C¢ > 0 such that the following event holds with -high probability: for any %< < j < N — ¢ we have

VjopCc S A SVl (5.6)

and in the case |z| < 1—7,

A — s CpCe
Vi J(L—= )3
in the case |z| = 1+,
Ai — s CpCe
1Aj =l <— L ) (5.8)
Vi (min{4,1 - £ HV/EN
Proof. First, with (3.5) and the definition (3.4), for any ¢ there exists C¢ > 0 such that
max  n|m(E +in) — me(E + in)| < Cp?“cN~L, (5.9)
BtineS(Ce)
holds with with ¢-high probability. It also implies that for 7 = p“< N~!m.|71,
nImm(E +in) < Cp*“ N1, (5.10)

Then using the fact that nImm(F + in) and nImm.(E + in) are increasing with 1, we obtain that (5.10)
holds for any 0 < n < O(p% N~1|m.|~!) with ¢-high probability. Notice that Imm and Imm, are positive
number. Define the interval

Ip = [E, Eo] = [v5,4)4]

and define n; > 0 as the smallest positive solution of
n; = 20 |me(E; +iny)| TN =1, 2.

Since
#{j: E—n< )\ < E+n} <CNnplmm(E +in),

we have by (5.10) that
#Er—m <N < BEr+mt+#{: Ba—n2 <\ < Ba +mp} < . (5.11)

Using the Helffer-Sjostrand functional calculus (see e.g. [6]), letting x(n) be a smooth cutoff function
with support in [—1, 1], with x(n) = 1 for || < 1/2 and with bouded derivatives, we have for any ¢ : R — R,

_ i/ iyq" (z)x(y) +i(q(x) +iyq'(2))x'(y)
2w R2 A—x— iy

q(N) dzdy.

To prove (5.6), we choose ¢ to be supported in [E4, Es] such that ¢(z) = 1 if € [Ey + m1, B2 — 12] and
Id'| < C(mi)~1, |¢"] < C(ni)~2 if |[# — E;| < ;. We now claim that

‘/q(A)Ap(A)d)\‘ < CP*° N~ where Ap=p—pe, p= %Zéki(z)' (5.12)
J



Combining (5.12) and (5.11), we have for any 1 < j < N,
#{k A > 5} = (N = j) = O(¢%)

which implies (5.6) with C, in (5.6) replaced by 2C.
It remains to prove (5.12). Since ¢ and x are real, with Am =m —m,

‘/q(A)Ap(A)dA’ <C/RQ (lg(B)] + Inllg (E)) IX' (]| Am(E + in)|dEdny
+OZ
+C>

/ / nq" (E)x(n) Im Am(E + in)dEdn
[nl<n: /| B=Ei| <ns

b

[ e mAm(E + in)dEdy
[nZn: JIE—E;|<n:
The first term is estimated by

/RZ(ICJ(E)\ +llg' ()N (| Am(E +in)|dEdn < CN ™1,

using (3.5) and that on the support of x’ isin 1 > |n| > 1/2.
For the second term in the r.h.s. of (5.13), with |¢”] < Cn; 2, (5.9) and (5.10), we obtain

second term in r.h.s. of (5.13) < CN 1%,

(5.13)

(5.14)

(5.15)

We now integrate the third term in (5.13) by parts first in E, then in 1 (and use the Cauchy-Riemann

equation 8% Im(Am) = —% Re(Am)) so that

[ A s = [ i (2 Re(am (B < in)as

- / (X' (1) + (1) () Re(Am(E + in))dEdy

We therefore can bound the third term in (5.13) with absolute value by

Y / mil¢'(E)|| Re Am(E + i) [dE
. YIE—=Ei<n;

st [ [ Ream(E+wlaBdy+ [ alld (B ()| Am(E + in)ldEan
i i << JE—Ei[<ni R?
where the last term can be bounded as the first term in r.h.s. of (5.13). By using (5.9) we have

1
(5.16) SCN 1% + CN 1% anl/ | dE —dn < ON "ttt
p E—-E;[<n:

ni<n<t MV

(5.16)

where we used 1; > N~¢. Together with (5.14) and (5.15), we obtain (5.12) and complete the proof of (5.6).

10



Now we prove (5.7). Using (5.2) and Proposition 3.1, we have

PV N -\
'yj:O(]ZN 3, j< N2 Vj:)\Jr—O(N,]) , j=NJj2. (5.17)

One can check easily that

R j
Vi~ i1 N5/3(N — j)1/3
and for j > 2
c
v — Yy <Cj—1N1/3(N_J-)—1/3< ’ C@_C .
% J—$)is
Combining (5.18) with (5.6), we obtain (5.7).

For (5.8), the proof is similar to the above reasoning, but simpler: in this case v; ~ 1 for j < N/2. For
j = N/2, v; is bounded as (5.17), and one can check if 1 + 7 < |z| < 77!, Proposition 3.1, we have

i "
'y]—’y]_:L:O((mln{N,l—N}) N_1>

which implies (5.8). O

(5.18)

We return to the proof of the local circular law, Theorem 2.2. We now only need to prove (5.3) from
Lemma 5.1. From (5.7) and (5.8), we have

N — CpCe
log Ay (=) — log ()] < =l ¢ _ €2
I TC R R TE

2| <1—-7

and O

i — s ¢

llog \j(z) — log;(2)] <C’| i~ < — LA ; -1
w1 ADAN

Notice that, for large enough C, there is a constant ¢ > 0 such that for any j we have

1+7<|z|<7

A < N¢

with probability larger than 1 —exp(—N€) (for this elementary fact, one can for example see that the entries
of X are smaller that 1 with probability greater than 1 — ¢~ te= ! by the subexponential decay assumption
(2.1) and then use Y A\; = TrY*Y'), so together with the above bounds on [log \;(z) — log~;(z)| this proves
that for any ¢ > 0, there exists Cc > 0 such that

Z (log \;(2) — log;(2))| < ¢*“¢ (5.19)
i
with (-high probability. Furthermore, one can see that or estimates hold uniformly for z’s in this region.

On the other hand, the following important Lemma 5.2 holds, concerning the smallest eigenvalue. It
implies that

Z [log A\j(2)] <1
i<ee

11



holds uniformly for z in any fixed compact set. It is easy to check that for any § > 0, for large enough N,

Z |log vj(2)| < N°.
J<pe

Hence we can extend the summation in (5.19) to all j > 1, which gives (5.3) and completes the proof of
Theorem 2.2.

Lemma 5.2 (Lower bound on the smallest eigenvalue). Under the same assumptions of Theorem 2.2,
[log Ay (2)] < 1

holds uniformly for z in any fized compact set.

Proof. This lemma follows! from [20] or Theorem 2.1 of [22], which gives the required estimate uniformly

in z. Note that the typical size of \; is N2 [20], and we need a much weaker bound of type P(A\;(z) <

e N7) < N~ for any €,C > 0. This estimate is very simple to prove if, for example, the entries of X

have a density bounded by N¢. Then, from the variational characterization A1 (z) = min,—1 | X (2)ul|?, one
easily gets

M2 N2 min dist(X(2)en, span{X (2)er, € 7 k) = N7V2 min [(X()er un ()

where ug(z) is a unit vector independent of X (z)ex. By conditioning on uy(z), the result of this lemma is
straightforward since the matrix entries have a density. O

6 WEAK LOCAL GREEN FUNCTION ESTIMATE

In this section, we make a first step towards Theorem 3.4, with a weaker version of it, stated hereafter.

Theorem 6.1 (Weak local Green function estimates). Under the assumption of Theorem 3.4, the following
event hold with (-high probability (see (3.4) for the definition of S):

1/4

N G (w) — me(w)6i] < 95— '] b> 5C (6.1)
m ij — M ijl S ) . .
i?x j(w me(w)o;; ® |w1/2| N7 ¢

weS(b)

This theorem will be proved in the subsequent subsections.

6.1 Identities for Green functions and their minors. There are many different ways to form minors for the
matrices Y*Y and YY™*. We will use the following definition (where we use the notation [a,b] = [a,b] N Z).

Definition 6.2. Let T,U C [1,N]. Then we define YTV as the (N — |U|) x (N — |T|) matriz obtained by
removing all columns of Y indexed by i € T and all rows of Y indexed by i € U. Notice that we keep the
labels of indices of Y when defining Y (T:U)

1Strictly speaking, this bound was proved for identically distributed entries, but the proof extends to the case of distinct
distributions, provided that, for example, a uniform subexponential decay holds.
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Let y; be the i-th column of Y and ygs) be the vector obtained by removing y;(j) for all j € S. Similarly
we define y; be the i-th row of Y. Define

QU — [(Y(T,U))*Y('H‘,U) _ w} , mTY = NTY G,

g(TU) — [Y(’H‘,U)(Y(’H‘,U))* _ w} , m(gnr,u) == Tr g(TV).

By definition, m(®%) = m. Since the eigenvalues of Y*Y and YY* are the same except the zero eigenvalue,
it 1s easy to check that

(T.0) ro) , |U = |T|
mg (w) = mé; + T No (6.2)
For |U| = |T|, we define
mTY = 0 = SV (6.3)

By definition, G(™Y) is a (N — |T|) x (N — |T|) matrix and GTY) is a (N — |U|) x (N — |[U|) matrix. For

(T,U)

iorjeT, Gg’U) has no meaning from the previous definition. But we define G;;"" = 0 whenever either ¢

or j € T. Similar convention applies to gz.(f’U), which is zero if ¢ or j € U.
Notice that we can view Y,Y} = (W,-)*W.- where W,. = Y7, so all properties of G(™Y) have par-
allel versions for G(UT). We shall call this property row-column reflection symmetry, i.e., we interchange

GUD Y, 2 y; by GTU Y* 2* y.. Here y; is a N x 1 column vector and y; a 1 x N row vector. The
following lemma provides the formulas relating Green functions and their minors.

Lemma 6.3 (Relation between G, G(T? and GO, Fori,j #k (i =j is allowed) we have

k.0 GG 0.k GirGr;j
GZ(-J- ) = Gij — Tk]’ gi(j )= Gij — Gin z, (6.4)
‘ ) (v, ‘ 0,0) g (v G(0.)

(0,5) _ (GY'L) (ylG) — (0,4 _ (G yZ) (yl )

GO = TEOET. G=G (s (6.5)
and » "
(i0) _ (Gyi) (vi9) ey (G9Dy) (vt gD
G =G+ -—"—"""— G=¢ oD .
1-y;0yi 1+y;GDy;

Furthermore, the following crude bound on the difference between m and mgj’m holds: for U, T C [1, N]
we have U
o+ T

N7
Proof. By the row-column reflection symmetry, we only need to prove those formulas involving G. We first

prove (6.4). In [8]-[9], was proved a lemma concerning Green functions of matrices and their minors. This
lemma is stated as Lemma B.2 in Appendix B. Let

U,T U,T
im —m& |+ |m —mGP| (6.6)

H:=Y"Y (6.7)

For T C [1, N], denote H!™ as the N —|T| by N — |T| minor of H after removing the i-th rows and columns
index by i € T. Following the convention in Definition B.1, we define

G = (H™ — )=t (6.8)

13



By definition, we have
Gl = gm0, (6.9)

Then we can apply (B.4) to G(T? and obtain (6.4).
We now prove (6.5). Recall the rank one perturbation formula

-1 = g1 ATVIvATH
(A+viv)==4 1+vA-1lv*

where v is a row vector and v* is its Hermitian conjugate. Together with

G = vy —wl = Y yiy, - wl = (GO0) iy,
J

we obtain (6.5).
We now prove (6.6). With (6.4), we have

o 1255 GG
a — = =

Moreover, by diagonalization in an orthonormal basis and the obvious identity [(A—w)™2| = 7! Im[(A—w)~}]
(A € R), we have

> GiiGi| = 6%l = ==,

so we have proved that
(6.10)

By (6.3), (6.10) holds for m(gi’m) as well. Similar arguments can be used to prove (6.6) for mg’j), mg’j) and
the general cases. This completes the proof of Lemma 6.3. O

The next step is to derive equations between the matrix and its minors. The main results are stated as
the following Lemma 6.5. We first need the following definition.

Definition 6.4. In the following, Ex means the integration with respect to the random variable X. For any
T C [1, N], we introduce the notations

ZZ(T) = (1 - EYL)YET)G(T7i)y(T)*

i 7

and

20 1= (1- By )y g DyD.

Recall by our convention that y; is a N X 1 column vector and y; is a 1 X N row vector. For simplicity we
will write

zi=79  z =20

14



Lemma 6.5 (Identities for G, G, Z and Z). For any T C [1, N], we have

G0 = ! [1 +mG™ 4 22600 + ZZ?T)} - (6.11)
G§Y = —wG PGS (v gDy i, (6.12)
where, by definition, gfj’m =0 ifi € T. Similar results hold for G:
{QZ-(Z-T’@)] - —w [1 + mgr’i) + |z|2GZ(-?’i) + ZZ-(T)} (6.13)
G0 = —wgPg! Y (yﬁT)G(T’“)yﬁT)*) ., i# g (6.14)

Proof. By the row-column reflection symmetry, we only need to prove the G part of this lemma. Furthermore,
for simplicity, we prove the case T' = (), the general case can be proved in the same way.

We first prove (6.11). Let H = Y*Y. Similarly to (6.7) and (6.8), we define G and H!l. Then using
(B.2) and (6.9), we have

[Giirl =hy —w— Z hikG;(j[mhlr

k£
From the definition of H, we have h;; = y;yx. Then ’
Gal " =yiyi —w -y YODOGED (Y(i’w))* Vi (6.15)
For any matrix A, we have the identity
A(A*A —w) A =1+ w(AA* —w) ™, (6.16)
and as a consequence
YEOGED (YE0) =1 4 wgo), (6.17)
Combining (6.15) and (6.17), we have
Gii] ' = —w—wy¢" Py, (6.18)

We now write ‘ _
yiG" Wy =Eyy;6"Vyi + 2
By definition
, 1 _ . , ,
Eyyi6"Vy; = = TG0 + 12650 = mG? + |26
which complete the proof of (6.11).
We now prove (6.12). As above, using now (B.3), we have

0, T 0,T i, T 3,0
Gij ):Gz(‘i )G§j ) hij - Z hikGl(clJ )hlj

kl£ij
where - .
hij — Z hixG IO h = yry, — yry 0 G0 (ym,w)) vi.
kiij
Then using (6.16) again, we obtain (6.12). O
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6.2  The self-consistent equation and its stability. We now derive the self-consistent equation for m(w) and
its stability estimates. Following [9], we introduce the following control parameter:

Definition 6.6. Define the control parameter

Imm.+ A 1
g TR ) A= - me
< N7 +Nn>’ [m = me|

Notice that all quantities depend on w and z. Furthermore, if A < C|my| then for w € S(b) (see (3.4)),

LR Cp/2, (6.19)

1
+ <
vV Nnlm,| Nnlme|

The quantity |m¢|~'W will be our controlling small parameter in this paper.

\mc\_llll <

Before we start to prove Theorem 3.4, we make the following observation. The parameter z can be either
inside the unit ball or outside of it. Recall the properties of m, in section 4. By Lemma 3.1, the limiting
density p. of YY™* is supported on [A_, A;], where A\_ < 0 and Ay ~ 1 when |z] <1— 7. Since A\_ < 0 in
this case, we will never approach A_. On the other hand, we will have to consider the behavior when w ~ 0.
When 1+ 7 < |2| < 771, we have A_ > 0 and w stays away from the origin by definition of S(C¢), i.e., the
condition £ > A_ /5. Our approach to the local Green function estimates will use the self-consistent equation
of m(w). This approach depends crucially on the stability properties of this equation which can be divided
roughly into three cases: w near the edges Ay, w ~ 0 or w in the bulk (defined here as the rest of possible
w € S(C¢)). From Lemma 4.1 and Lemma 4.2, the behavior of m, near the edges Ay when |z| > 14 7 are
identical to its behavior near the edge Ay when |z| < 1 — 7. In the bulk, the behavior for both cases are the
same. Thus we will only consider the case |z| < 1 — 7 since it covers all three different behaviors. Hence
from now on, we will assume that |z| <1 — 7. We emphasize that Imm. < |mc| when |[A\y —w| < 1. All
stability results concerning the self-consistent equation will be under the following assumption (6.20).

Lemma 6.7 (Self consistent equation). Suppose |z| < 1—7 for some T > 0. Then there exists a small constant
a > 0 independent of N such that if the estimate

A < ajm| (6.20)

holds for some |w| < C on a set A in the probability space of matrixz elements for X, then in the set A we
have with (-high probability

wm(l+m)> —mlzP+14+m=", T=0 (%), (6.21)

provided that w € S(b) for some b > 5Q¢ with Q¢ defined in Lemma C.1.

Proof. By (4.9), (4.10) and (6.20), for |z| < 1 — t the following inequalities hold on the set A:

1 1
B < Jwl™ <C 6.22
e S o < (6.22)
1 1 1 1
I I —me) 77— | < Imm, A. 2
’mw(1+m)‘ ‘ w(l +me) ‘w(l—l—mc)(m m )(1—|—m) mme +C (6.23)
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Furthermore, using (6.22), (4.9), (4.10), (6.20) and (3.1), we have in the set A

|22 |22 1

1 - =1 -— 4+ 0) = O(A). 6.24
tm w(1+m) e w(1+mc)+ () wmc+ () (6:24)
The origin of the self-consistent equation (6.21) relies on the choice T = {3} in (6.13):
-1 . .
[gi(;’@)} — —w [1 +mi 4 Zf”} : (6.25)
By definition of ¥ and (6.6),
(i.0) ¢
m —m|< — < CV. 6.26
mfy? —m < 3~ (6.26)
Moreover, we have from (C.1) that with ¢-high probability in A
X (ivi) 2 (lvl)
|ZZ(Z)‘ < gDQC/Q\/IID ma +]\|TZ‘ Im G” < S[)Q(/Q\I, (627)
n

where we have used (6.26), (6.20) and, by definition, ngl) = 0. We would like to estimate (gi(j’@))—l in
(6.25) by treating (1 4+ m) as the main term and the rest as error terms. From the equations (6.20) and
(6.19), the ratio between the error terms and the main term for w € S(b) with b > 5Q) is bounded by

ml M Z7 |+ ]~ g = m] < o4, (6.28)
Therefore for any w € S(b) with b > 5Q); we have with ¢-high probability
ao_ 1 e 6.29
gn w(1+m)+ 1 ( )
where o
- 1 i i 1271 + N1 Z
6= g 6~ 2 O | T | oet e 6

where we have used (6.22) and |m.| ~ |w|~/2. Together with (6.23), we thus have with ¢-high probability

‘Im g}f"z’) < ‘Im

- Qe/2yy <1 A Qc/2). 31
w(1+m)‘+o((‘0 ) < Imme + CA+ O(p ) (6.31)

Using this estimate, (6.6) and (6.29), we can estimate Z; := Zi(m) by

Imm&? + |22 Im g I Imme + A + pQ/20 Qc
EA <90Q</2\/ g ]Jn G <SDQC/Q mm + mmNj?— +¥ Jr% <¢Q<\I/ (6.32)

We can now use (6.32), (6.29) and (6.6) to estimate the right hand side of (6.11) such that

r . . -1
Gii=-wt|14 m(gz’m + |z|29i(f’®) + ZZ}
: |22 (3,0) -
_ -1 Z,
[ N
— —wlliem— _¢ 6.34
v | tm w(l+m) 2 ( )
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where & and Z; are bounded in (6.30) and (6.32) and &> is bounded by

—2
_ -1 S S e Y R
52—0(11) [1+m w(l—&—m)} PP | < O(p9ew).

In the last inequality, we have used (6.24) to bound 1+ m — w(|1zfm) and (4.9) for mc.

Summing over the index 7 in (6.34), we have

|21 T+0(|w Q) (6.35)
) v ‘

0=wm+ [1+m—
w(l+m

Hence we have proved
0=wm(l+m)?—mlzP+1+m=0 [(|w|\m T2+ |22|)<pQ‘\I/}

Together with the assumption (6.20) on A and (4.9) on the order of me, this proves (6.21). O

Corollary 6.8. Under the assumptions of Lemma 6.7, the following properties hold. Let T, U € [1, N] such
thati ¢ T and |T|+ |N| < C. For any ¢ > 0 and w € S(b) for some b > 5Q¢ with Q¢ defined in Lemma C.1,
we have with C-high probability for any i € U that

G _ 0D — o). (6.36)

(2 i

If i € U, then
G — Gy = O(p% W) (6.37)

Proof. We first prove the case i ¢ U. We claim that the parallel version of (6.34) holds as well, i.e.,

|

G = 14m— —
" w(l+m)

]_ + O(p%c D) (6.38)

Comparing (6.38) with (6.34), we have proved (6.37).
We now prove the case i € U. By row-column symmetry, we have

G(T,U) _ (Y(T7U))*Y(T’U) . w:| -1 _ [A(U’T) (A(TUJT))* . w:| -1 — g(A)([U,']T) A=Y*

23
Hence we have to prove, for i € U and ¢ ¢ T, that
GAT" - gAY = 0% w).

We will omit A in the following argument.
One can extend (6.25)-(6.30) to QSU’T) and obtain

1
G =g T AT = o) (6.39)

as in (6.29). Comparing (6.39) with the equation for G (6.29), we obtain (6.36) in the case i € U.
O
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We define for any sequence A4; (1 < ¢ < N) the quantity
[A]:=N"1Y" A,

In application, we often use A = Z or A = Z. Define

|22

D(m) = m™" _ .
(m)=m~"" +w+wm T+m

The following lemma is our stability estimate for the equation D(m) = 0. Notice that it is a deterministic
result. It assumes that |D(m)| has a crude upper bound and then derives a more precise estimate on
A=1m—m,|.

Lemma 6.9 (Stability of the self-consistent Equation). Suppose that 1 — |2|> >t > 0. Let § : C — R, be a
continuous function satisfying the bound

5(w)| < (log N)~*[uw'/2]. (6.40)
Suppose that, for a fized E with 0 < E < C for some constant C independent of N, (6.20) and the estimate
T (m)(w, 2)| = [D(m)m(1 +m)(w, 2)| < §(w)|me|? (6.41)

hold for 10 = n > 7j for some ij which may depend on N. Denote €2 := r +n where k = |E — Ay| (4.1)
in our case that 1 — |z|?> >t > 0. Then there is an My large enough independent of N such that for any
fized M > My and N large enough (depending on M) the following estimates for A = |m — m¢| hold for
10 > 1 > ij:

M?3/2§ 1 ‘
CGSC_Z: Agw 07’A>W ’lf52>1/M2 (642)
Mo 2M6 2
Case 2a : AgT or A > 6 if52<1/M2 andégﬁ (6.43)
2
Case 2b : A<M\/S, or A = 2MV5 z'f82<1/M2 andé}ﬁ (6.44)

The three upper bounds (i.e., the first inequalities in (6.42)-(6.44)) can be summarized as
(6.45)

Proof. Define the polynomial
Py (z) =wz(1+2)* + 2(1 — |2]?) + 1.

By definition of T (6.21), we have
Py.(m) =wm(l+m)®> +m(l - [2]*) +1 =" = D(m)m(1l +m).
Since P, .(mc) = 0, we have

wu® + B(w, 2)u? + A(w, 2)u =", u=m—me,
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B = w(3me +2),

1
A(w, 2) = wBme + 1) (me + 1) + 1 — |2]? = 2wme(1 +me) — — .

mec
By definition of P, ., we can express A and B by
PL;,z(mC(wa Z)) = A(wa Z)a P, (mc(wv Z)) = QB(wﬂ Z)

w,z

Case 1: In this case, we claim that the following estimates concerning A and B hold:
|A| > C/M, B=O0(w'?). (6.46)

Since A and B are explicit functions of m., equation (6.46) is just properties of the solution m,. of the third
order polynomial P, ,(m). We now give a sketch of the proof. Consider first the case |w| < 1. Then (6.46)
follows from (4.9), (4.10), (4.6) and the definitions of A and B.

We now assume that w ~ 1. Clearly, |B| < O(1) ~ |w'/2|, which gives (6.46) for B. To prove |A| > C/M,

—1—me+me|z|?

——. Thus we can rewrite A as
mc(l"rmc)

by definition of m. (3.1), we have w =

—1—3mc +2m2(-1 2 2(—1 2
P L ) B R PP
me(l 4+ me) me(1 4+ me)

3+ 4/1+8|z|? -2

ay = = .
AL EPR) T 3F /18P

By (4.9) and (4.11) (where o = /1 + 8|z|?), we obtain (6.46).

We now prove (6.42) by contradiction. If (6.42) is violated then with uw = m — m, we have

M32§[C Cy,  C3] _ CVM§
= 2 > | — - = >
|T| = |ul|A(w, 2) + B(w, 2)u + wu®| > ] 5 12 e

where M is a large constant in the last inequality. By (6.41) and (4.9), |T| < C§/|w|. Thus we have

C\/M6<| |<C(5

|wl |wl

which is a contradiction provided that M is large enough.
Case 2: €2 ;= k+n < 1/M?. Note in this case w ~ 1. Then by (4.3) we have

Br~1, A(Mg,2)=0 (6.47)

where the last equation can be checked by direct computation and we used |z|?> < 1 —¢ < 1. There is a
more intrinsic reason why the last equation for A holds. Notice that Ay is a point that the polynomial
Py, 2 (m)|w=nx, has a double root. Therefore, we have 0 = P, ,(mc(\y,2)) = A(Ay, 2).

Notice that in the case k + 7 is small enough, we can approximate A(w, z) by linearizing w.r.t. w = Aj.
Thus by the defining equation Py, ,(mc(\y,2)) = A(Ay, 2), we have

A, 2) ~ P (me(Ar 2))meluw, 2) = me(Ar2)) 225 (A, 2))(w = A) ~ VETT= 2 (6.48)

20



where we have used that P, (mc(Ay,2)) = B(Ay,2) ~ 1, 3?;” (mc(Ag,2)) ~ 1 and, by (4.3), that

(me(w, z) — me(Ag,2)) ~ v/k+1n. While we can also check the conclusion of (6.48) by direction com-
putation, the current derivation provides a more intrinsic reason why it is correct.

Case 2a: Suppose (6.43) is violated. We first choose M large enough so that |me(1 + m.)| < M/ in
this regime. Then by (6.47) and (6.48), with w ~ 1, we have

oM

M M2 2
COMY* > |T| = |u||A(w, 2) + B(w, z)u + wu?| > - [015— Colo  CsM70

€ g2

] > C10M/2,

which is a contradiction provided that M is large enough. Here we have used that, by the restriction of
and § in (6.43) that & > M?3/4\/§, M is large enough constant and § < 1.
Case 2b: Suppose (6.44) is violated. Similarly we have

COMY* > 7| = |ul|B(w, 2)u + A(w, 2) + wu?| > |u| [ClM\/S — Cye — O3 M25

2 C’1|u\ M\/S/2—02€ 2 01M25/4

which is a contradiction. Here we have used, by the restriction of € and ¢ in (6.44) and M is large enough
constant, that Coe < CoM3/4/5 < M\/S/QO. O

With a slighter strong condition on ¢ and an initial estimate A < 1 when n ~ 1, the first inequalities
in (6.42)-(6.44), i.e., (6.45), always hold. We state this as the following Corollary, which is a deterministic
statement.

Corollary 6.10 (Deterministic continuity argument). Suppose that the assumptions of Lemma 6.9 hold. If
we have

A(E +10i) < 1
and that 0 is decreasing in n for e = \/k + 1 small enough, then (6.45) holds all n € [1,10].

Proof. By assumption A(F + 10i) < 1 and the left inequality of (6.42) holds for n = 10. By continuity of A,
the same inequality,
M?3/25

~
|w]

)

holds for w = E + in as long as € [1,10] and € > 1/M.
Suppose that as 1 decreases, we get to Case 2a. Notice that when we decrease 7, by the conditions on ¢
we will not go back to Case 1 from either Case 2a or Case 2b. For any ¢ < 1/M with M large, we have

M3/25 o M
lw| T 2e’
Hence at the transition point from Case 1 to Case 2a, the inequality A(E + in) < MT‘S holds. Thus by
continuity of A, the bound A(E + in) < MT‘S in (6.44) holds until we leave Case 2a.

It is possible that we cross from Case 2a to Case 2b. At the transition point, we have § = and thus

£2
M3/2

@glMﬁ
€ 2
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for M large. Hence the first inequality of Case 2b, i.e., A < M+/3 holds. By continuity, this bound continues
to hold unless we leave Case 2b. Since § is decreasing in 1 when ¢ is small, once we get to Case 2b, we will
not go back to Case 2a (or Case 1 as explained before).

It is possible that the Case 2a is omitted and we get to Case 2b directly from Case 1. Notice that e = 1/M
at such a transition point and we have |w| ~ 1. Furthermore, by (6.40), we get 6 < 1/log N at the transition
point. Putting these together, we have for M large,

M3/25 1
M 1y
lw] 2
Hence the bound A(E + in) < M~/ in (6.44) holds. O
6.3 The large n case. Our method to estimate the Green functions and the Stieltjes transform is to fix
the energy E and apply a continuity argument in 7 by first showing that the crude bound in Lemma 6.9
holds for large 7. In order to start this scheme, we need to establish estimates on the Green functions when

7 = O(1). This is the main focus of this subsection. We start with the following lemma which provide a
crude bound on the Green functions.

Lemma 6.11. For any w € S(0) and n > ¢ > 0 for fized ¢, we have the bound

AU <. 6.49
Z,I};%I i (w)] (6.49)

for some C > 0. Notice that this bound is deterministic and is independent of the randomness.

Proof. By definition, we have

Gyl = |32 BelDBab)| LSy ) < L <o
- a— W n < n
where we have used |\, —w| > Imw = 7. Furthermore, Gg-}’m can be bounded similarly. O
The main result of this subsection is the following bound on A.
Lemma 6.12. For any ¢ > 0 and € > 0, we have
max  A(w) < N~V (6.50)

wES(O),n:lO
with -high probability.
Proof. From (6.25)-(6.27), for n = O(1) we have
-1 o . .
[gi(f’“’)} = —w [1 + mg’z) + ZZ-(”} , |mg’z) —m| < N

From (6.49), we have |G;;| + |Gi;] < n~' < O(1) and \mgl)| < O(1). Hence the large deviation estimate
(6.27) becomes, with ¢-high probability,

— G L pYNT2, (6.51)
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Thus for any € > 0 we have
1

Cw(l+m+ O(N-1/2+e))

G
Together with (6.11), we obtain

|2

—wZ;.
1+m+ O(N-1/2te) v

Gyl =—w— wm(gi’w) +
By an argument similar to the one used in (6.51), we can estimate Z; by
|Z7,‘ < N—1/2+E

for any € > 0 with (-high probability. This implies that, with (-high probability,

2
G:l=—w—wm+ 7]

N71/2+8 ) 592
" 1+m+ O(N~—1/2+e) TOw ) (6.52)

For any 7 fixed, we claim that the following inequality between the real and imaginary parts of m holds:

I
em| <2,/ 2" )
R 2 6.53
n
To prove this, we note that for any £ > 1
E— )\ 1
N1 Z R g
WY 2 Xy
‘/\jiE‘ﬂn(E Aj)E+m i
_ E — )| _ In
Ny AL ey,
WY 2 )2 2
‘/\j_EKh](E /\J) +n |)\j_E|<e7](E /\J) +n

Summing up these two inequalities and optimizing ¢, we have proved (6.53).
Assume that Imm < ¢(log N)~!. From (6.53), we have |m| < c¢(log N)~'/2. Together with Imw =7 ~ 1,

ER.
XZ:G“ Z(—w—wm+lj_m>

for some constant C. This contradicts |m| < c(log N)~!/? and we can thus assume that Imm > c(log N)~*
when 1 ~ 1 and w = O(1). In this case, we also have

|m| = N1 =N"! + ON"Y2e) > (—w+ 2> +0(1) " = C

|1 +m| > C(log N)~'.
Then (6.52) implies for any & > 0 that with ¢-high probability

22\ 71 _

Summing up all ¢, we have the following equation for m with {-high probability:

—1-m

= w(l . m)2 — |z|2 + O(N*1/2+a) .

m
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We can rewrite this equation into the following form:
P,..(m) = w(l +m)*m — [22|m 4+ m + 1 = O(N~V/35). (6.54)

It can be checked (with computer calculation or rather complicated but elementary algebraic calculation)
that for 0 < E < 5A; and n = O(1), the third order polynomial P, ,(m) has no double root and there is
only one root with positive real part. We denote this root by m; and the other two roots by ms and mg. For
0< E <5\ and t < n <t~ ! for any t fixed, the three roots are separate by order one due to compactness.
Since there is no double root, we have |P}, _(m1)| > ¢ > 0 whenever 0 < E < 5A; and t <7 <t~ '. Thus
the stability of (6.54) is trivial and we have proved that in this range of parameters

m(w, 2) = mi(w, z)| = O(N~V/2%%)
for any € > 0 with (-high probability. O
6.4 Proof of the weak local Green function estimates. In this subsection, we finish the proof of Theorem
6.1. We fix an energy F and we will decrease the imaginary part 1 of w = E +in. Recall all stability results
are based on assumption (6.20), i.e., A < a|m.| ~ a|w|~'/? for some small constant o, which so far was

established only for large 7 in (6.50). We would like to know that this condition continue to hold for smaller
7. More precisely, suppose that (6.20) holds in a set A for all w = E 4 ni with n € [17, 10] where 7] satisfies

7= "N HwlY2 b > 5Q. (6.55)

We can choose 7 = 1y < n2... < 1, = 10 such that 9,11 — 7| < N72Y and n = O(N?°). By (6.21) and
(6.50) we have with ¢-high probability in A,

|w|—1/2

Nn

T(w) < O(p? ¥)(w) < (6.56)

for all w = E +in; for all 1 < j < n. Since A(E + in) is continuous in 7 at a scale, say, N~1°, (6.56) holds
for all n € [77, 10] with ¢-high probability in A. Hence for 7 satisfying (6.55) the estimate (6.41) holds with

—1/2\ 1/2
= Q¢ L
0 = Cp™¢|w ( No )

With this choice, we can check that the assumption on §, (6.40), holds as well. Furthermore ¢ is decreasing
in 7 when € = \/k + 7 is small enough. By Corollary 6.10, (6.45) holds all n € [7, 10].
For |z| < 1 —t for some ¢t > 0, if K < 1 then |w| ~ 1 and (6.45) implies

1/4
A < CVb(w) < p9/? (;) .
n

If K > ¢ > 0 for some ¢ > 0 then

_1j28 1/2 ] o [1/2 1/4
A<CS 1< oo (1 < Cp . 6.57
(ol < co% (M o (P (6:57)
Combining both cases, for any w € S(b), b > 5Q)¢, we have with (-high probability in A that
! f[1/2 1/4
A< WQCW <Nn) < Cp=%Plw| ™2 ~ Cp=%/Plmy|. (6.58)
w
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Suppose that 7 := 77 — N =20 € S(b) for some b > 5Q;. Then for any n € [ — N~2% 7], by (6.58) and the
continuity of A, we have

AE +in) < ME+in) + N0 < Co™@/Pl| 712 4 N710 < afme(E + in)|/2

Thus the condition (6.20) in Lemma 6.7 is satisfied with ¢-high probability in A. Since we can start this
procedure with 77 = 10 and there are only N¢ steps to get to 7 = @*@<N~1|w|'/2, we have proved that
(6.58) holds for all w € S(b) with b > 5Q¢. Notice that from now on the assumption (6.20) holds with ¢-high
probability.

We can now prove the estimate (6.1) on the diagonal term. Comparing (6.35) with (6.38)(T = U = 0),
for any w € S(b), b > 5Q, we have with ¢-high probability

Gii —m| < O(p9 W) (6.59)

By definition of ¥, (6.58) and m,. ~ |w™!/?|, we have

—1/2
v [ fommetA 1 el 1
Nn Nn Nn Nn

Using the restriction on 7 so that Nn > |w|'/2¢°?¢, we have

—1/2 1/4
U <Oy |w1|vn < Clw|~1/2 (ﬁ) : (6.60)

With (6.57) and (6.59), we have thus proved that

1/4
7 NT}
for any w € S(b), b > 5Q.. Hence the estimate (6.1) on the diagonal element G;; holds.
To conclude Theorem 6.1, it remains to prove the estimate on the off-diagonal elements. Recall the
identity (6.12) for G;; and the equations (C.3) and (C.4). We can estimate the off-diagonal Green function

by

Imm(gij’m) + |2|2 Im gi(fj"”) + |22 Img](;-j’w)
Nn

G . i,

¥

- )wGiiG%’@)\ng.(?j’@)‘ 40 (pQg\/

o

= ’IzIQijj’m’ +0 (p%W), i (6.61)

Here we have used \Giing’Q)\ = O(Jw|~1), which follows from (6.36), A < m, and |m.| ~ |w=1/?|
Recall the identity (6.14) that

gi(;w) _ —wgffj’m)g](.j.“) (yl(ij)G(z‘j,ij)ygiﬂ*) s

)
< o0y [mme fmmg" 7]
Nn
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By (C.2), we have

’ (ylgij)G(ij,w‘),y;iﬁ*)




where we have used (C.4) and that, by definition, Im ngj ) =0 =TIm G%j 4) " Therefore, we have with
¢-high probability,

y I A+ (Nnp)—1
0| < ¢, [mme AT (NN ocg ;45 (6.62)
J Nn

where we also used |gf§j’“)g§§j’i)| < Clm.|? < C|w|~!. Together with (6.61) and (6.36), we have proved that
with (-high probability

Gig| < 9w, i#]. (6.63)

With (6.60), it proves Theorem 6.1 for the off-diagonal elements provided that w € S(b) with b > 5Q..
Finally, we rename b as the C¢ and this concludes the proof of Theorem 6.1.

7 PROOF OF THE STRONG LOCAL GREEN FUNCTION ESTIMATES

Lemma 6.7 provides an error estimate to the self-consistent equation of m linearly in W. The following
Lemma improves this estimate to quadratic in ¥. This is the key improvement leading to a proof of the
strong local Green function estimates, i.e., Theorem 3.4.

Lemma 7.1. For any ¢ > 1, there exists R; > 0 such that the following statement holds. Suppose for some
deterministic number A(w, z) (which can depend on () we have

Aw, z) < Aw, z) < me(w, 2)
forw € S(b), b>5R¢, in a set E with P(Z¢) < e~Pv(los N’ and py satisfies that
P<pN <P (7.1)

Then there exists a set ' such that P(2'¢) < e™PV and

1 = I A1
D(m(w, 2)) < 5" |me| T2, W::’/%ﬂﬁ’ n = (7.2)

Notice that the probability deteriorates in the exponent by a (log N)=2 factor.

We remark that, by Lemma 4.1, Imm. < |m.| when n+x < 1. Hence we have to track the dependence of
Im m, carefully in the previous Lemma. This is one major difference between the weak and strong local Green
function estimates. Similar phenomena occur for the Stieltjes transforms of the eigenvalue distributions of
Wigner matrices. Lemma 7.1 will be proved later in this section; we now use it to prove Theorem 3.4. We
first give a heuristic argument. B

Suppose that we have the estimate (7.2) with W replaced by ¥. We assume A > (Nn)~! for convenience
so that U2 ~ (Imm. + A)/(Nn) (If this assumption is violated then then (3.5) holds automatically and we
have nothing to prove). Then we can apply Corollary 6.10 by choosing

(7.3)

§ = pfejw|3/? {Immc + A}

Nn
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which implies (6.45). Consider first the case k +n ~ O(1). Using (6.45) with the choice of ¢ in (7.3) and
Kk+n+0 > 0(1), we have
Imm. + A
A < R¢ 1/2 C .
P |wl v
When 7 satisfies the condition (6.55), the coefficient of A on the right side of the last equation is smaller
than 1/2. Hence, using Imm, < |m.| < C|lw|~'/? (see Proposition 3.2), we have

< C(pRCL )

A§;C¢R<Pw1“hnmc] N

Nn

We now consider the case k + 7 < 1 and thus |w| ~ O(1). From the first inequality of (6.45), we have

-1
r<o 2l e s, (7.4)
K410+ d(w)
Also, in the regime k + n < 1, (4.4) asserts that
Imm, C

I C< V 9 Ny X X -
mme S OV Nnyvk+n+0 ~ Nn

Using the choice of ¢ in (7.3), we have

Imme+ A 1 A 1
A < C R¢ 1/2 c < C Re = C R¢ < C/ Re =
vl Nnve+n+0 7 Nn+ v NnveE+n+46 v Nn

where we have used (7.4) to absorb the last term involving A in the last inequality with a change of constant
C'. This completes the heuristic proof of Theorem 3.4. We now give a formal proof of this theorem assuming
Lemma 7.1.

Proof of Theorem 3.4. We first prove (3.6) assuming (3.5). By (6.63) and the definition of ¥, we have for

i # J,
< ol ImmC—FA_'_L < ol Immc+i
Nn Nn Nn Nn

where we have used (3.5) in the last step. This proves (3.6).

The main task in proving Theorem 3.4 is to prove (3.5). We first consider the case that |z| <1—¢. We
assume that ¢ is large enough, e.g., ¢ > 10. By Theorem 6.1 and m, ~ |w|~/? (4.9) for |z| < 1 — t, there
exists a constant C¢ 5 such that for any w € S(b), b > 5C¢45 and « < 1, we have

Aw) < Ay := a|me| ~ O(a|w|?), (7.5)

holds with the probability larger than 1—exp(—¢**°) (here we have replaced ¢ in Theorem 6.1 by (+5 for the
convenience of the following argument). Since S(b) is decreasing in b, we can choose D, = 5max(Ccys, R¢)
so that we can apply Lemma 7.1 with py = ¢%*° (which guarantees (7.1)). Together with A; < |m.|, we
have, for any w € S(D.) fixed,

Im me + |m.| 1

1
D(m) < ~™|m.| 7202, T, = — 7.6
(m) 2@ |m | 1 1 N?? Nn? ( )
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holds with the probability larger than 1 — exp(—¢$*®(log N)~2). Notice that the application of Lemma 7.1
causes the probability in the exponent to deteriorate by a (log N)~2 factor.
Using (7.6), we can apply Corollary 6.10 with

§ =61 := | me| 302, (7.7)

Here the assumption of A(E + 10i) is guaranteed by (7.5). By definition of ¥y (7.6) and |m.| ~ |w|~/2
(4.9), for w € S(D), we have

d < <,0RC]:;}7|] < (log N)~8Jw|*/2,

Furthermore, it is easy to prove that J is decreasing in 7 when k 4 7 is small. We have thus verified
the assumptions on § in Corollary 6.10 with the choice 6 = §; given in (7.7). From (6.45), we obtain for
w € S(D¢), with Cy being the C in (6.45),

R

d1fw| ! @
A<C <C
OVitn+or - UNove+tnto

holds with the probability larger than 1 — exp(—¢°™>(log N)~2). We have thus proved (3.5) provided that
k+mn > (logN)~L.
We now prove (3.5) when x + 7 < (log N)~!. We have in this case |w| ~ 1. We apply Lemma 7.1 with

A = Ay = |m¢| ~ 1 given by (7.5). Thus (7.6) holds and we apply Corollary 6.10 with § = & (7.7). Since
Ay = (Nn)~! and Imm, ~ /K + 71 (4.4), the conclusion of Corollary 6.10 implies that for w € S(D¢),

Immc—i—Al R 1 R, Al
—<C C— 4+ (C <
NnveE+n+ 6 19 Nn 1% Ny

holds with probability larger than 1 — exp(—¢**3(log N)~2). Here C; depends only on Cy.  From the
definition of 4; and ¥y, we have

1/2
R, M < Rejalme*’? Ay < Cppfhe/? (Al) / :
Nnv/éy Nn ¥y Nn

where for the last inequality we used

A< CogaR<|w|1/2

U1 > A/ (Nn).

Since A1 > (Nn)~!, combining the last two inequalities, for w € S(D¢), we have
NnlA| < Cyp™ + Cyp"™/? (NnA1)' " < ot (WA )2 (7:8)
holds with the probability larger than 1 — exp(—$*5(log N)~2) for some Cs. Notice that we have used

N7 > ¢°%¢ in the last step in (7.8).
Repeating this process with the choices

[Im m¢ + A 1 _
N’r’AQ; = QDRC (N77A1)1/2, \:[12 = TQ + Ni’l’]’ 52 = @RC|mC‘ 3\:[137

for w € S(D¢), we obtain that

Nn[A] < Cyplte + Cyplie/2 (NpA2)'/? < o (NpAo)'/?
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holds with the probability larger than 1 — exp(—¢$*°(log N)~%). Notice that the last constant Cj is the
same as the one appears in (7.8) and it does not change in the iteration procedure. We now iterate this
process K times to have

NlA] < of (Nphg) '/ < e (NpAy) /2"

holds with the probability larger than 1 — exp(—¢$*5(log N)~2X). We need K so large that
() /D < (ON) P <,

ie.,

K> (loglog(CN) —loglog )  (loglog(CN) — 2logloglog N)
- log 2 N log 2

On the other hand, we need K small enough so that
1—exp(—¢ PP (log N)725) > 1 —exp(—¢°), e, ¢’ (log N)7* > 1. (7.9)

We note that it also guarantees (7.1), since ©+° > p; > po > -+ > px > . We choose K = loglog N/ log 2
and we have thus proved that

NplA| < et (7.10)

with the probability larger than 1 — exp(—¢*°) which implies (3.5) when x + 7 < (log N)~!. This completes
the proof of Theorem 3.4. O

7.1 Proof of Lemma 7.1. The first step in proving Lemma 7.1 is to derive a second order self-consistent
equation which identifies the first order dependence of the correction in the self-consistent equation derived in
Lemma, 6.7. The second error terms will be bounded by ¥?; the first order terms are of the forms of averages
of ZZ-(Z) and Z;. In Lemma 7.3, the averages of ZZ-(Z) and Z; will be estimated by ¥2. This improvement from
the naive order ¥ to W? is the key ingredient to obtain the strong local law. We remark that Imm. < |m.|
when 1 + k < 1. Hence the dependence of Imm,. verses m. has to be tracked carefully. We now state the
second order self-consistent equation: as the following lemma.

Lemma 7.2 (second order self-consistent equation). For any constant ¢ > 0, there exists Cc > 0 such that
for w € S(b), b = 5C with -high probability

D(m) < O <¢C< %@2 + w[Z] + mc2[ij]> (7.11)

where

[Z:)=N1>"2z", [2]=N") 2.

Proof. We have proved the weak local Green function estimate, i.e., Theorem 6.1, in Section 6. This in
particular implies that (6.20) holds with ¢-high probability in S(b) for large enough b with (-high probability.
With this remark in mind, we now prove Lemma 7.2.
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We first take the inverse of both sides of (6.33) and sum up ¢ to get, with ¢-high probability,

|2

(14+m)?

2
N*12G51 :—w—wm+ﬂ+w[2]—

Ttm [Z:] (7.12)

Z(l))

1
i (Nn)2 0 1 i
LN 120 # Zm(z ) m) + jme| 20 <sz(,)m|>7

where we have used (6.30) and the bound (6.22). Recall the estimates of Z; and Zi(i) by ¥ in (6.27) and
(6.32). Hence we have

—1 -1 |27 Ce¢ -3q2
L B v 1
N ZG“ w wm+1+m+4p O(m_>0?) (7.13)
; 1 -
+ O(w[2)]) + O(mZ2[Z7]) + |w| O(~— Zm( D —m) + me[ 20 (sz(“”mD,

By (6.59)-(6.60), we have
|G” — m| < O((,DQC\I/) < |mc\, (714)

where b > 5Q and Q¢ is defined in Lemma C.1. We now perform the expansion G;;' = [(Gy; —m) +m] !
to have

Gii — _
G;il =m - 5 mn + O(*@¢|m| 73 0?).
m
Using this approximation in (7.13), we have
2
m~! 4w+ wm — BE =29 O(m30?) + O(w[2]) + O(m;?[Z]) (7.15)

1+m

+ w] O(~ Zm“@’ )+ me| 20 (

1 y
i Z m9) — mD . (7.16)
Using (6.2), we have

1 @y 1 (i,0) %

NG My 2 ma T e

Furthermore, with (6.4) we have

@y 1 B GjiGi | _ 1 GGy, ImGy;
mg” —m = G”+;G“ = sz: » _O(Nn|Gm)' (7.17)

The diagonal element G;; can be estimated by (7.14) so that

Im Gy Q. Imme+A+ T <,0Q< P2
Nn|Giil Nnlme| [me|
Therefore, we have
z 0) <0 1 (1,0) _ c < ¢ —1y2 70 7.18
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Notice that only the imaginary part of m. appears through ¥ instead of m. which can be much bigger near
the spectral edge.

We now estimate the last term in (7.16). Notice that G(*?) is the Green function of the matrix ATA
where A = (YE9)*. Then m®? is the Green function of A(#)+A®) where we have used A®) = y (i),
Thus we can apply (7.17) (which holds for matrices of the form A* A with A not necessarily a square matrix)
to get
Im g(i ,0)

(4,0) (i)
|m -m<0 |g(z (D)|

By (6.31), we have
Img”a) C(Immc—l—A—l-(pCC\I/)

By (6.30) and (6.29),
(4,0 —
G| ~ fw V2| ~ |me] .

These estimates imply that

1 -
- (i,8) _ (@0)
N2 Z mg
Inserting (7.18) and (7.19) into (7.15), we obtain

D(m) <O (<p2Q< (n;\lﬂ + N‘1> +w[Z] + m;2[Z:]) .

1 i (4,0) —1,2
+N2i:|m( )—mg | < 09 |me| 12, (7.19)

To conclude Lemma 7.2, we choose C¢ = 2Q. and it remains to prove |1z \112\ O(N~1). By definition of

U and the fact that |me| ~ |w| =2 (4.9), this inequality follows from the followmg property of Imm,.:

Imme,
Nn

This estimate on Imm, is a direct consequence of (4.2), (4.4), (4.6) and (4.7). This completes the proof of
Lemma 7.2 ( with C¢ increasing by 1).

| > O(N).

O

We now estimate the averages [Z] and [Z}]. Our goal is to catch cancellation effects due to the average
over the indices i. This is the content of the next lemma, to be proved in next subsection. Clearly this
lemma completes the proof of Lemma 7.1.

Lemma 7.3. For any ¢ > 1, there exists R; > 0 such that the following statement holds. Suppose for some
deterministic number A(w, z) (which can depend on () we have

Aw, ) < Mw, 2) < me(w, 2)
for w e S(b), b > 5Rc, in a set = with P(2°) < e PN N gnd py satisfies that
P<pN<P°C. (7.20)
Then there exists a set = such that P(E¢) < e PN and
12]] + |127]] < %< lw|V/202, in = (7.21)

where W is defined in (7.2).
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7.2 Strong bounds on [Z]. In this subsection, we prove Lemma 7.3. The main tool is the abstract cancel-
lation Lemma D.1.

We first perform a cutoff for all random variables X;; in X so that |X;;| < N'°. Due to the subexponential
decay assumption, the probability of the complement of this event is e=V", which is negligible.

Define P; and P; as the operator for the expectation value w.r.t. the i-th row and i-th column. Let

Qi=1-PF, Q=1-P;

With this convention and Lemma 6.5, we can rewrite Z; and Zi(i)7 from Definition 6.4, as

1

Z = Q; (wGy) ™, Zl-(i) =Q; (wgff’“))f .

By definition, for any 4,7, U, T, we know |GEJT| < n~ L. From the identities of G;; and g§j’®) in Lemma 6.5
and | X;;| < N, we have, for any 1 <i < N,

Gl 1G5 T < N (7.22)

Let D¢ = max{Ces¢+10, Qoc+10 + 1} with C; defined in Lemma 6.1 and Q¢ in Lemma C.1. Then for any
fixed T,U: |T|, |U| < p there exists a set Z=py with

P(E’H‘,U) 2 1-— €_¢6<+10
such that for any w € S(b), b > 5D the following properties hold.

(i) for w € S(b)

A< Lp—Dg/4‘w—1/2|’ U< ¢—2D<|w—1/2‘ (7.23)
(ii) for w € S(b)
5l b (1w v
max |Gij(2) — me(2)di;] < e ( No ) , b>5D¢. (7.24)
(iii) for any i # j, ' .
(1= By, )y; G 0yi| + ly; G0y, | < pPew (7.25)
1 - Eyi)ygi)G(mU) (yz(z‘))*l + |yii)G(i,ijU) (y§i))*| < pPew (7.26)

(iv) for any ¢ and T,U: |T| + |U] < p,

-1

N
" w(1 + mT.0))

< P (7.27)

Here (i) and (ii) follow from Lemma 6.1; (iv) follows from (6.39) and the case (iii) with T = 0 = U
follows from Lemma C.1 and (6.62). The general case, i.e., T,U # @ can be proved similarly using (6.6).
Furthermore, since |T|,|U| < p and p < ¢, there exists a set Zg with
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such that for any w € S(b), b > 5D, the above properties (7.23)-(7.27) hold for all |T|,|U| < p. The reason
is the number of the T, U satisfying |T|,|U| < p is bounded by N?? < ¢**1 where we have used (7.20).

Since U is a monotonic in A, we can replace W in (7.25)- (7.27) by ¥ in the set 2N Zy. By (7.20), we
have P[=§] < eP~(log N)* | For notation simplicity we will use Z for the set =N Zy from now on. We claim
that, for any ¢ € A C [1, N], |4] < p, there exist decompositions

Qa (wGi) " = A+ QAl(EC)Z',A (7.28)

N =1

Qa (wGi™) " = Zia+ QaLE)Zia (7.29)

so that (D.2) holds with Y = |w|~/2 and X = @P<+2|w!/2|¥. Notice that the condition X < 1 follows
from A < |mc| and Nn > p5P<|m,| if w € S(b), b > 5D is large enough. Thus we obtain that

E(|Z]7] + E[|Z1[] < [w /2P (Cp)*P (P w?)P (7.30)

Choosing C; = 2D, + 20(, one can see that (7.21) follows from (7.20), (7.30) and the Markov inequality.

It remains to prove (7.28) and (7.29). We prove (7.28) first. For simplicity, we assume that A = {1,...,|A|}.
Denote the first |A| column of Y, by a so that a is a N x |A| matrix. Similarly, denote by B the matrix
obtained after removing the first K-columns of Y. Then we have the identity

. _ (afa—w a*B
YV -w = ( B*a B*B—w)

Recall the identity (6.16): for any matrix M,
M(M*M —w) 'M* =1+ wMM* —w)™'.

Then we have for i,j € A

1 1
Gij = <a*a— w—a*B(B*B — w)_lB*a> o <a*a— w—a*(1+ w(BB* — w)_l)a> 3
ij

)

1
_ (A0) _ R
- <_w _ wa*g(A,Q))a> o g =(BB" —w)". (7.31)
ij
Rewrite
I+a'¢g4Pa=ql+R), R:=a" (a*g<A>@> at+l— a[)
where
o~ (A0) (A.0) |22
a:=|N? GV e 1 =mg Y - — 1
; " w(1 +m§"?) 7 w(l +m&H)

We will prove ||R|| < 1 with high probability. Using (3.1), A < m. (7.24) and (6.6), we have

—1/2 -
’

o ~w m =

By (7.25), (7.27) and (6.6), we have

* 0 -1 I -
aRi = (1= By )y gy + |2 (G = ——— 5 | = 0(p™ W), inZ,
w(l+mg )
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aRy; = yiGM 0y, <O(pPW), inZ.
Therefore, we have the bound

ILE)R|| = O(eP<Wa™) = O(pP¢ || ?V) < 1,  ||L(E)RF| = O(eP<Ta " NF|AF, k=1,2,...

(7.32)
With (7.31) and the definition of R, we have —waG;; = [(I + R)™'];; for i,j € A. Therefore,
[A]-1
—wGia=[I+R) " ]u=1+ Z )i + qw Z ‘A‘ Gji
jEA
Then, together with (7.32), (7.24) and m. ~ |w™'/?| ~ a, we have thus proved that, in =,
—wGia =1+ Z (R7); + 0 <|A|¢D<|w|l/2\11> , inE
Jj=1
Thus
1 -
wG. ~Uat O(fw] =2 (| [w] /> w) A1) (7.33)

= ala + O(fw| ™2 (JAJpP > w2 ), in =

where we used |A| < p < ¢*¢ and Uy is a linear combination of the following products of (R7);;’s

H(Rjk)z‘u Z]k |A| — 1.

k

Notice we have
Qa <H a(Rj’“)il) =0, (7.34)
k

provided that 0 < )°, jr < |A| — 1. This is because that « is independent of {y; : k € A} and Ry is
independent of {yy, : k € A, k # a,b}. Hence there exists ¢ € A such that y, does not appear in [, a(RI*);;
and this proves (7.34). Therefore, we have proved that

Qualy = 0. (7.35)

Define Q4 as the probability space for the columns {yy : kK € A} and Q4. the one for the columns
{yr : k € A°}. Then the full probability space Q equals to Q@ = Q4 x Q.. Define w4 to be the projection
onto N 4c and Z* = (7TAC Tac - Z). Then 1(Z*) is independent of {yy, : k € A}. Hence we can extend (7.35)
to

Q41(E")alUy = 0.

Let
Zia=wGy) " +1(E"\E)als, Zia=Qul(Z) [<weii>*1 + aUA}
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so that (D.1) is satisfied, i.e.,

Zia+ Qal(E9)Z; 4
— 041(5) [(wG“)‘1 n aUA] + OA1(E) [(wa) ! + 1= \E)QUA]
= (QuwGy) '+ QA [1(E)als 4+ 1(E)1(E* \ E)al4]
= (QuwGy) '+ QA[1(B)aU4 4+ 1(E*\ E)alU4] = (QawGi;) "
By (7.33), |Zi.a] < O(lw|~Y/2(|A|Pet2¢|w|/2W)|4]) in Z. We now prove that
Zia = (wGy) "+ 1(E\ E)al, < NOAI (7.36)

By (7.22), we have (wGy)~" = O(N). Notice that a is independent of {yy : k € A}. Since o ~ |w™1/2| in
=, the same asymptotic holds in Z*\ Z. By definitions of U, (7.33) and R, and the assumption X;; = O(NY),
we obtain (7.36) and this completes the proof of (7.28). Similarly, we can prove (7.29) and this completes
the proof of Lemma 7.3.

A PROOF OF THE PROPERTIES OF m, AND p,

In this appendix we are going to prove the lemma 4.1, 4.2 and 4.3. We can solve m, explicitly by the
following formula.

Lemma A.1 (Explicit expression of m.). For any E € R, let

Ay = Ax(B,z) = 2892 —9B"*(1 4 212P)  6v3|2 (O — B)E — A )5

Then we have

. . 2 1 1—3i 13 1+V3i 13
nIL%mc(E“”’Z)—‘g‘gusg@( ; AL BT ——AT(E ), (A

where we note x'/% = sgn(x)|x'/3|. Moreover, for general w € C, m¢(w,z) is the analytic extension of

lim, o+ mc(E +in, 2).

Proof of Lemma A.1. By definition, m, is an analytic function, so we only need to prove (A.1). By definition,
m. is one of the three solutions of (3.1), and needs to have positive imaginary part. Solving explicitly this
degree three polynomial equation proves that there is just one such solution, with the limit A.1 close to the
critical axis. O

Since p.(E) = L Imm.(E +i07), by (A.1) and A, > A_, we have: for 0 < E < A4,

o

1 1/3 1/3
- _ > .
pC(E,z) 1/391)2 \/» (A A ) >0 (A 2)

With Lemma A.1 and (A.2), one can easily prove Proposition 3.1.
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Proof of Lemma 4.1. By definition,

Remc(w, z) = / pelz,2)(x = E) dx (A.3)

r (z—E)?+n?

so for the first case this implies

0 > Remc(w, z) > / pc(x’g)dx.

T —

Moreover, recall that o = /1 + 8]z|2, so (still in the first case)

pe(z, 2) pe(z, 2) -2 -1
2 d 2 d = C )\ ) = > a
0 /a:—E v /x—/\+ z = me(Ay,2) a+3 2

We also have easily |m.| ~ 1 easily from (A.3), we therefore obtained the Lh.s. of (4.2). Similarly, one can

prove Imm. ~ n thanks to
pe(, 2)
I = ——5———d
mmc(w7z) 77/R (.CL'—E)Q +772 €z

and complete the proof for the first case.

For the second case, it is easy to prove (4.3) when w = Ay, as we did from an explicit calculation. Then
one obtains (4.3) by expanding m. around mc(Ay, z), using (3.1). The estimate (4.4) directly follows from
(4.3).

Similarly, for the third case, first m. = oo, i.e., m_! = 0 when w = 0, then one can easily obtain (4.5) in
case 3 by solving (3.1) with expanding m_! around (m.(0,z))~!. The estimate (4.6) directly follows from
(4.5). The fourth case follows from

me(w, 2) :/de (A.4)

Tr —w

and the properties of p stated in proposition 3.1. O
Proof of Lemma 4.2. This is similar to the proof of Lemma 4.1. O

Proof of Lemma 4.3. We are going to prove this lemma in the case |z| < 1 —7, the other cases can be proved
similarly. Note first that (4.9) is a consequence of all possible cases in Lemma 4.1.

We now prove (4.10) in the four different cases, which have been classified in Lemma 4.1. In the first
case, if additionally n ~ 1, as 0 > Re(m.) > —1/2, the Lh.s. in (4.10) is bounded by O(1), which implies
(4.10). For the first case if 7 is small enough, since |Rew| ~ (1 + m¢) ~ 1 and |Im(m.)| ~ 7, so

1
— < < .
Im T m S C |Im(w(me +1))| < CImm, (A.5)

which gives (4.10) in the first case. In the same way we get (4.10) in the second case, where Imm. > en.
For the third case, using (4.5), one can easily prove (4.10). Finally, the fourth case is simple since the lL.h.s.
in (4.10) is clearly O(1).

We now prove (4.11). Using (4.6) and (4.7), (o = /1 + 8]z|? is a real number) we have that, in the cases
three and four,

-2 -2
—1+ 2% c— c— 7 || = ClImmc|* > -t A.
L2 (me = 572 ) (me = 5= )| 5 Cltmme? > clul (1.6
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For case two, using (4.3),

) ) ) RE
_1 2 c 5 , _ c 5 2 c 2 A-'
et (o) (a2 ep ] o
Note m¢(A+) = —2/(3 + a). For case one, with (A.4), it is easy to prove that either Imm, ~ 1 or
Reme — me(Ay) = Reme 4+ 2/(3 4+ «) ~ 1. It implies that ‘mc - 3;—2&‘ ~ 1. This completes the proof. [

B PERTURBATION THEOREM

In this section, we introduce the theorem on the relations between the Green function G of the matrix H
and the Green function of the minor of the matrix. This theorem was proved in [8]. We first introduce some
notations (here we use [| instead of () in [8], since upper index () has been used in the main part of the
paper).

Definition B.1. Let H be N x N matriz, T C [1, N] and H™ be the N — |T| by N — |T| minor of H after
removing the i-th rows and columns index by i € T. For T =0, we define H?) = H. For any T C [1, N] we
introduce the following notations:

G —(HM —w)'(i,§),  ij¢T

T T
Z0 == 3" haGlyhy
k,gT

The following formulas were proved in Lemma 4.2 from [8].

Lemma B.2 (Self-consistent perturbation formulas). Let T C [1, N]. For simplicity, we use the notation [i T|
for [{i} UT] and [ij T] for [{i,j} UT]. Then we have the following identities:

(i) For anyi ¢ T

(ii) Fori#j andi,j ¢ T
T T) Al T] f-lig T T) ~liT] olij T
Gl = -clghMEly ™ = gt Mgl ™, (B.3)
(iii) For any indices i,j,k ¢ T with k & {3,j} (buti=j is allowed)

T kT T T T\ —
cll - g™ =gl aih. (B.A)

ij

C LARGE DEVIATION ESTIMATES.

In order to obtain the self-consistent equations for the Green functions, we needed the following large
deviation estimate.
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Lemma C.1 (Large deviation estimate). For any ( > 0, there exists Q¢ > 0 such that for T C [1,N],
|T| < N/2 the following estimates hold with (-high probability:

T, T,
<soQ‘/2fmm(G G (1)
Nr] ’

27 = |1 - By,) (5D G0y )

. (i Imm{ |z|2Img(lT)
127 = |0 - Ey) (v g“my?))\wﬂ?c”\/ il N

Furthermore, for i # j, we have

y Imm(T”)+\z|21mG(T”)+\z|21mG(T”)
— (T) (T ig) o, (T)* Qc/2
’(1 Eng') (Yz' G Y ) < e \/ Ny , (C.2)
y Imm(7 4 zQImQ”T)—l— 22Im gD
‘(1 _ Eyiyj) (yfT)*g(l],T)ygT))‘ < (pQC/Q\/ g | | ‘ | 77 ’ (0.3)
N
where . . - . - . i
By, (V0GTDy ) < 2PGTY), By, (v Dy D) < 220, (C4)

We first recall the following large deviation estimates concerning independent random variables, which
were proved in Appendix B of [§].

Lemma C.2. Let a; (1 <i < N) be independent complex random variables with mean zero, variance o and
having a uniform subemponentml decay

P(lai| > zo)

<9
with some ¥ > 0. Let A;, B;j € C (1 <14,j < N). Then there exists a constant 0 < ¢ < 1, depending on 9,

such that for any € > 1 we have
P Zasza] > (log N)¢ 2(Z:|B]| ) <exp|— (logN)‘z’E] (C.7)

{ S o,
i#£] i#£]

Zaz ii0i — ZU Bii| >
for any sufficiently large N > Ny, where Ng = No(9) depends on 9.

Proof of Lemma C.1. We will only prove the assertion of this lemma concerning the Green function G.
Similar statement for G can be proved with the row-column symmetry. From now on, we will only prove all
statements concerning G if identical proofs are valid for G and we will not repeat this comment.

We first prove (C.1) by writing

(1-Ey,) (yPamy ") (C.8)

—(1 =BG — (1= Ey) Y [5G0 0K + 2 Xa Gl | + (1-By) > XG0 X,
k ik

7lexp(fxﬁ), Vo>l

> (log N)* (ZlAl) }<exp[—<logN>¢f], (C.5)

> (log N)* 2(2:|B“|2) 2} <exp|— (logN)¢f], (C.6)
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with Y = X — zI. Since Gg’i) is independent of y;, the first term on the right hand side vanishes. For any
¢ > 0, we apply (C.6) and (C.7) in Lemma C.2 with ¢ = (loglog N. Denote { = Q¢/2 and the last term
in (C.8) is bounded by

T,i Imm(T’i)
¢Q</2\/N2Z G < /2 e
ik

with ¢-high probability. Similarly, with (C.5), the second term on the right hand side is bounded by

Qc/2 1 (T2 o 1(Toi)|2 0cs2. 122 Im G
k

The proofs for the other bounds follow from similar arguments. O

D ABSTRACT DECOUPLING LEMMA

We recall an abstract cancellation Lemma proved in [18].
Lemma D.1. Let Z be a finite set which may depend on N and
Z,CZ, 1<i<N.

Let Sy,..., SN be random variables which depend on the independent random variables {x,, o € I}. In
application, we often take T = [1, N] and Z; = {i}.

Recall E; denote the conditional expectation with respect to the complement of {xo,a € I;}, i.e., we
integrate out the variables {xo,a € I;}. Define the commuting projection operators

Qi=1-P, P,=E;, P’=P, Q}=Qi [QiP]=[P,P]=[Q;Q;]=0.

For A C [1,N]
Qa=[]Qi Pa:=]]P
icA i€A
We use the notation
XN
Z] = szi, Z;:=Q:5;.
i=1

Let p be an even integer Suppose for some constants Cy, co > 0 there is a set = (the "good configurations”)
so that the following assumptions hold:

(i) (Bound on QaS; in Z). There exist deterministic positive numbers X < 1 and Y such that for any set
A C[1,N] withi € A and |A| < p, QaS; in 2 can be written as the sum of two random variables

(QASZ) =Z;a+ QAl(EC)Zi’A, in = (D.1)

and
1Zial < V(CoX|A)™,  |Zia] < YNCOIA (D.2)
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(i) (Crude bound on S;).

max |S;| < YN,
(2

(iii) (= has high probability).

]P)[Ec] < e—co(logN):‘/zp.

Then, under the assumptions (i) — (iii), we have

E[Z]” < (Cp)** [x2 + NT']"y”

for some C > 0 and any sufficiently large N.

(1]
2l

(3]
(4]
[5]

(6]
(7]

(8]

[l
[10]

[11]
[12]
[13]
[14]
[15]
[16]

[17]

(18]
[19]
[20]

21]
22]
(23]

Roughly speaking, this lemma increase the estimate of Z; from X to X2 after averaging over 1.
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