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Neural coding basics

Definitions

. Response function p(t) = Z d(t — t;) where t; are the spikes

J

1 t+AL
. Firing rate r(t) = lim —/ (p(s))ds
t

At—0 At
T
Spike count n = / p(t)dt
0

(n)
T

Tuning curve f(s) = avg firing rate given a parameterized stimulus s
(typically plotted as a histogram and then fit to some functional form)

T
. Stimulus/Response correlation Q,,(7) = l/ r(t)s(t + 7)dt
0

T

Spike-triggered average C(7) = <%/0 p(t)s(t — 7)dt) ~ %/@ r(t)s(t — 7)dt

T
Stimulus autocorrelation Qg (t) = %/ s(t)s(t+ 7)dt
0

T
. Response autocovariance/autocorrelation (),,(t) = %/ ((p(t) = 7)(p(t +7) — 7))dt
0

Rate code - code in which all stimulus information is conveyed via
the firing rate function r(¢) which does not vary at faster timescales
than the stimulus s(t) (Note: a rate code can still be very spike-time-
dependent if the stimulus is very fast-varying thus inducing a fast-
varying rate - the key is that if the stimulus is slow-varying than the
rate function should not be so time-sensitive).

Pulse/temporal code - code in which information is carried in varia-
tions of the rate function that are on shorter timescales than the fastest
stimulus variation.



12. Independent spike assumption - one neuron generates spikes inde-
pendently of one another

13. Correlation code - spikes are not generated independently

14. Independent neuron assumption - neurons generate spike indepen-
dently of one another

15. Nonhomogeneous Poisson process N(t) with rate A(¢):

t+s
N(0) = 0 and ¥, 5, > 0, N(t + 5) — N(t) ~ Poisson / A(r)dr).
t

16. Fano factor of a random process N; over a time window [0, T']: F'(N;) =
-2

% (usually applied to spike counts)
T

17. Coeflicient of variation of a random variable X: C,(X) = MUTX
T

(usually applied to ISI)

18. Volterra-Weiner series given a stimulus s(¢):

7(t)) = 7‘0+/0 Do(7)s(t — 7)dT + /0 Di(11,m2)s(t — 11)s(t — 72)dndr + ...

19. Entropy of a probability distribution P is — Z P(j)log P(j) i.e. the

j
amount of 'uncertainty /variability.’

20. Mutual information between X and Y is H(X)—H(X|Y) = H(Y)—
HY|X)=HX)+H(Y)—- H(X,Y) = KL(Px x Py||Pxy) ie. the
amount of uncertainty/variability in one variable that originates from
the other (think of conditional entropy as the ’intrinsic variability’ since
this is a measure of uncertainty when the other variable is fixed or
given).

1.2 Facts/derivations to know

1.2.1 Neural coding and spike train statistics

1. Measuring r(t): divide [0,7] into timebins and trial-average number
of spikes in each bin to give discretized r(t). Can generalize this by
using a window function ¢(7) to weight the affect of each spike: r(t) =

S ot =3 [ At = rar



Typical choices for ¢(7) are indicator around 0, gaussian around 0,
rectified decaying exponential (for causality need ¢(7) = 0Vr < 0).

2. r(t) is like a trial-averaged density of p(t): V¢ € [0, 7] and Vh(s)
T T
nice, / h(s){p(t — s))ds = / h(s)r(t — s)ds
0 0

3. The spike-triggered average is reverse stimulus/response cor-
relation scaled by avg firing rate: C(7) = M

4. Measuring response autocorrelation: Divide [0,7] into timebins
I, = [(m—0.5)At, (m+0.5)At]. Define N,, be the number of spike pairs

. . . . _ Np n2At
(including self-pairs) separated by time ¢t € I,,,, and let H,, = = —"73".

H,
The autocorrelation @,,(7) can be estimated by looking at hmo A/tm'

5. Weiner-Kintchine theorem: the correlation function of a sta-
tionary ergodic signal is the fourier transform of power spec-

trum: (f(¢t)f(t+ 7)) = / ZWS( Je "7 where the power spectrum
S(w) = jlim To*(w). -

1.2.2 Theory of point processes
1. Useful facts about general point process N(t)

(a) The conditional intensity function (hazard function) is given
by:
P(N(t+ At) — N(t) = 1|H,
(1 e. the 1nstantaneous probability of spiking at time ¢ given his-
tory up to time t)

(b) The ISI or spike time density:
P(t € [t,t+ At]|H,
F(HH,) = 1 ( N(t)+1 t, Il tN(t))

At
(i.e. the 1nstantaneous probability of spiking at time ¢ for the first
time since the last spike, given the history up till the last spike)

(c) Connection between CIF and ISI density:

i () = L PN(+A) =N (1) = 1H)P(N ()~ N (1) =
0) = AHerp{— [ Als|H)ds}

tN(t)
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(i.e. prob. of spiking at ¢ and not spiking anytime in the
interval (ty),t).
. 1
f(tHy)
_ftmt) s|Hy)ds

(d) Joint dbn of an event sequence:

PO<t <..<t, <TNN(T H)\t\}[t — Jo As|Hs)d

(Can derive this by taking n 1ndependent realizations of the ISI
distribution).

(e) Conditional prob. of n event times given number of events
can be obtained by dividing the above by

6—A(A)n T
P(N(t) = n) = where A = A(s|Hs)ds. This gives
n! 0

PO<t <..<t, <T|N(t)=n)= n![ﬁ At Hy, YA

j=1
2. Special properties of homog. Poisson PP (rate \):

(a) Density of the ISI is the Euxponential(\) density f(z) =
e,

(b) Distribution of an entire event sequence:
PO<t;<..<t, <TNN(T)=n)= e (independent of
the event times).

(c) Conditional prob. of n event times given number of events
is the uniform density T% on {0<t;<..<t,<T}CR"
(d) The Fano factor for events is F' = 1, Coeff. var. for ISI is
Cy =1, Q,p(1) = Ao, (easy).
(e) Limit of a Bernoulli process with parameter \At:
P(N(T) = j) = ("2) (AA#) (1 = AAt)T/At=i
One can show that:
- ([T/At 1T\
i (A1) = 2(5)
o (1= AAD)T/AN=T & (14 (=AAL)) (SE)ATHAA _ o=AT

Plugging these limits in the mass function gives P(N(T) = j) =

1u (ATZ N (At)e=*' | which is the Poisson mass function



3. Time-rescaling theoerem: Suppose N () is the realization of a rate
process with CIF A(¢|H;) on t € [0,7] with event times 0 < #; <
. < tyay < T. Then if we make the change of variables A(t) =

t
/ A(s|Hy)ds, then {A(t;)} are event times of a homogeneous PP with
rzgte 1.
tet1
Proof idea: Show that the transformed ISI's 75, = / A(s|Hg)ds are

tg

ii.d. Fzponential(l) r.v.’s by computing their joint density:
fr, e T N Ty > T) = f(7, T o) P(Togr > Tl ).

The second term is just exp(—/ A(s|Hg)ds) and the first term, when

tn
placed in an integral, can be rewritten by a change of variables as
|J|f(t1,....;t, N N(t,) = n) where J is the jacobian of A. Since 7, only

depends on {t;}¥_,,

J is lower triangular and |J| = H)\(tk|Htk>_1

Thus the joint density becomes [H e Jin M)
j=1

1.2.3 Encoding/decoding

1. Optimal linear Volterra-Weiner kernel D*(7) = arg 111(11)1 lr(t) — 7 (t)||
D(tr
satisfies:

‘V’T/O D*(T)Qss(7 — 7") dr’ = Q,s(—7) (1)

One can show this by writing the squared Ly error in discrete time:
2
Ir(t) = ()13 = D" Aty(r(t:) —ro — > D(t;)s(t; — t;)At;) . Setting
4 J

VD(1;) =0 and rearranging gives

2
2

ZAt ZAt D(t s(t; — ) = ZAt t;) — ro)s(t; — t). Go-

mg back to continuous time and assuming the stimulus has mean 0, we
can make a change of variables in the inner integral on the LHS to get
the result.

In the white noise case, this is basically the STA since Q(7) =

026(7), we have: D(71) = Qrsg(Q—T) _ fC(r)

o2

2. The optimal stimulus s(¢) with bounded energy (||s(t)||3 < E) is
proportional to D*(7): One can show this by formulating the problem



with lagrange multipliers and applying the same time-discretization
trick.

3. Bussgang Theorem: Consider the application of a static nonlinear-
T
ity F(.) to the lst-order estimate 7(t) = / D(7)s(t — T)dr and the
0

case where s(t) is white noise. We want to know whether the optimal

linear kernel D*(7) (derived above) satisfies the ’consistency’ condition:
I I

= To? |, 7(t)s(t — 7)dt = To? |, F(r(t)s(t—71)dt  (2)

i.e. the relationship between kernel and stimulus/estimated response

correlation does not change. It turns out that this holds if s(t) is

Gaussian white noise. This can be argued as follows:

D*(7)

(a) For anr.v. X with dbn N(0,0?) and a constant o € R, show that
E[X F(aX)] = oc2aE[F'(aX)] (this is just integration by parts for
a Gaussian integral).

(b) Extend to R™, i.e. if X has dbn N(0,02I), then for any @ € R™,
show that E[X « F(a+ X)] = 02@E[F'(a@ X)] (where F is applied
component-wise to a vector. (Just look at each component and
integrate one of the n integrals by parts).

(c) Extend to functionals, i.e. if X (¢) is a stationary gaussian signal
and D(7) is some kernel then:

I 1 T
—/ s(t—7)F((Dx*s)(t))dt = —U?D(’T)/ F'((Dx*s)(t))dt (3)
T Jo T 0
(Express the integrals as sums, use previous step, and take At —
0).

1.2.4 Entropy and mutual information

1. Bounding the entropy of a spike times We can easily calculate the
entropy of a spike train under the following (very strong) assumptions:

(a) Time is divided up into bins of size & in which there is at most
1 spike

(b) The probability p = 7At of a spike in any bin is the same and
independent of all the other bins (they are like i.i.d Bernoulli r.v.’s)



In this case we know that:

H(D) = _log€ o [PAtIog(FAL) + (1= AL log(1 — FAL)]  (4)

Some important remarks:

(a) Using an approximation of log for small At we can approximate
the entropy rate as: H(D)/T = 7log,(z57) bits/sec

(b) At — 0, the entropy goes to oo, which makes sense we can then
encode infinitely any possibilities

(c) Typically ISI’s will be distributed over approximately 1/7 sec-
onds/spike, it follows that each interval (each spike) carries

approximately logﬁﬁ) bits/spike of entropy.

(d) The assumptions only increase the entropy, since in reality spike
are correlated, thus reducing the joint entropy of spike times. Here
we calculate entropy by simply counting the log of the number of
possibilities given a resolution At.

2. Bounding the entropy of spike counts with entropy maximiza-
tion Which distribution P(n) on spike counts yields the highest entropy

H(N) = —ZP(n) log, P(n) given the observed mean spike count

(n) = Z nP(n). Formulating this as a constrained optimization prob-

n
lem (with 2 constraints - normalization and fixed mean) and setting the

"functional derivative’ to 0, we get that the solution P(n) = Le " i

1S

e
Z
the exponential distribution with rate o satisfying e* = 1J<r7§;1>

The resulting maximal entopy is logy(1+ (n))+ (n) log,(1+1/(n)) bits.
Important remarks:

(a) As the time resolution decreases (6t 1), the entropy per spike (di-
vide entropy by (n)) decreases since (n) becomes larger.

(b) Even if our resolution is exactly the ISI (so that (n) = 1), our
entropy per spike is exactly 2 bits.

(c) If we take the time window (7") very small, the spike count entropy
is approximately the spike time entropy (this where a rate and
timing code are essentially the same).

3. Bounding the mutual information between stimulus s and re-
sponse y with entropy maximization The mutual information is



2.1

the amount of variability in the response that comes from the variabil-
ity in the stimulus. If we make the assumption that y = gs + n where
n is Gaussian noise with known variance, then I(s;y) = H(y) — H(n),
which is maximized (with a power constraint) when y has a Gaussian
distribution iff s has a Gaussian distribution. Thus I(s;y) < I(X;Y)
where X N(0,02) and Y = gX + N(0,07). This can be calculated to
be:

1 o2
I(X;Y) = 5 log,[1 + 02—/92] (5)
n
02

Usually we define ’effective noise’ as 7.5y = n/g and —>— is the
etaeff

signal-to-noise ratio.

Spiking models of neurons

Definitions

. Membrane potential V(t) = difference in voltage of cell (inside -

outside). Resting potential is around —60mV. Can also think of volt-
age as 'amount of work’ needed to transfer charge from one place to
another.

. Depolarization/Hyperpolarization - decrease/increase in |V (t)| (usu-

ally an increase/decrease in V'(t)), which could trigger /inhibit an action
potential

Q)

. Membrane capacitance C); = <= - measure of the amount of charge

40
Q(t) stored for a given electric potential V(¢). Given by ¢y A where
¢y is dimensionless capacitance and A is surface area. Also relates to
capacitative current (see below) via the equation Io(t) = Cy%r

. Membrane resistance Ry (V,t) - measure of how much the mem-

brane blocks current. For the membrane it is given by " where ry; is
the dimensionless resistivity of the material and A is the surface area.

1

. Membrane conductance G (V,t) = T - inverse of resistance.

Ry (Vit
Given also by Agy where g); is dimensionless conductivity and A is

the surface area.

. Membrane current [,,(t) - rate of change of charge (Q(¢)). This

is usually modeled as the sum of the current through the various



2.2

ion channels using V' = IyRy: Iy(t) = Z I;(t) where I;(t) =
J

Vgﬁ?) = G;(V,t)V;(t) is the current passing through channel j with resis-

tance R;(V,t) (or conductance G;(V,t)), which could be voltage/time-

dependent.

Capacitative current /-(t) - amount of current needed to change

t
voltage at a certain rate (C;—‘;) given fixed membrane capacitance C via
the equation Q(t) = Cp/V (1).

. Nernst potential (Reversal potential) of a particular ion - mem-

brane potential at which there is no net flow of ions from one side to
the other. Perturbation of the membrane potential on either side of the
Nernst potential reverses the net direction of ion flow. This is a gen-
eralization to the equilibrium potential which says the flux of ions are
all 0 (equivalent to Nernst in the single-ion case) The Nernst potential
is derived by the following equation:

Vr O
E=—log(— 6
iog(%) (6
where V7 is derived by some constants, z is the charge of the ion (charge
= zq), and O and I are outside and inside ion concentrations, respec-
tively.

. Time constant 7, = Ry, Cys = raycpr sets the scale for changes in

V(t)

Laws/Facts to know

. Ohm’s Law: Consider a cylidrical slice of cable of length Ax with

cross-sectional area A. Suppose there is axial current I, passing through
the cable and that voltage V() is independent of the position in each
cross section. Then V(z) — V(x 4+ Ax) = I rgice = ILpAx/A where p
is the resistivity of the material. Taking Ax — 0, we have:

av
% == —]Lp/A = _ILRL (7)

. Conservation of current:

(a) Cable version: Consider a semi-infinite cable starting at position
o with axial current I;. At any position x > xy, the amount
of current going in must be equal to the amount of current at x



+ the amount that was lost through the membrane (membrane

current). That is, : Ip(zg) = / Ini(s)ds + Ir(x). Taking % of
both sides gives: "
dIy,

% = _IM(x) (8)

Space-clamped version (for a fixed x): The total membrane cur-
rent I/(t) can be split up into the capacitative and ionic channel
components, giving:

In(t) = Ic(t) + Y Gi(t)(Vi(t) — E oM— +ZG
] (9)

if we model the ionic channel current as a sum of channel currents.

3. Cable equation: Combining Ohm’s law and conservation of current
(in a cable) gives:

d?V

Typically I(x,t), for given x, is expanded as the sum of time and
voltage-dependent channel currents.

2.3 Hodgkin-Huxley

1. Assumptions:

(a)
(b)
(c)

Voltage is ’space clamped’ i.e. it is independent of position x and
is solely a function of time.

3 channels (currents): Sodium (Na), potassium (K), leakage (L)
with constant reversal potentials Fx < Ep, < 0 < Ey,.

Conductance of channel j, G;(V,t) is given by g;P; where g; is a
constant representing the maximum channel capacity, and P; is
the probability of the channel being open (the idea is that there
are several of these channels so P; is the proportion of channels
open).

The potassium (K) channel has 4 independent subgates. Each
subgate has a closed state (S) and open state (S%), and the frac-
tion of subgates of this type in state Sx is given by n(V,t). Thus
PK = 77,4

10



(e) The sodium (Na) channel has 3 independent subgates of which
the fraction in the open state is given by m(V,t). There is also
an independent 'blocker’ type of gate of which the fraction in the
open state is h(V,t). So Py, = m®h

(f) The gating probabilities x € {n, m, h} are time and voltage depen-
dent. A subunit in a channel of type z transitions from S — S
at rate (a,(V)) and from Sx — S at rate (G,(V)). The dynam-
ics resulting from these ODE’s (see latter 3 equations below) can
be characterized by a decay to a (voltage-dependent) ’equilibrium
probability” with a voltage-dependent 'time constant’:

a (V)
(V) + (V)

z(Vit) = 25 (V) = (11)

with time constant 7,(V) = (a (V) + 3.(V))~L. Typically, ne. (V)
and ms (V) increase with V' and are sigmoidal in shape, while
hoo(V) decreases with V' and is like the reverse sigmoid. The
variables V' and m are fast, while h and n are slow.

(g) The leakage (L) channel has a fixed conductance gr.
2. Resulting ODE:

CuV = gnam®h(V — Eng) +gen*(V — Ex) +g0(V — Er) + 1(t) (12)
Vo € {n,m,h}

&= ap(V)(1 = 2) + G:(V)x (13)

3. Fast time-scale analysis: On a fast time-scale, h and n are assumed
effectivly constant and we analyze in the (V, m) plane. For I); = 0, the
nullcline 47 = 0 is given by points (V,m) satisfying:

v — INaM’hEN, + gxn*Ex + grEL
gnam3h + ggnt + gr

(14)

i.e. a weighted combination of the equilibrium potentials. The (ef-
fectively constant) values of n and h determine the number of points
at which the nullclines ‘Z—T = 0 and % intersect (1,2-borderline, or 3
points). In the 3-point case, we have 2 stable nodes R (rest), and E
(excitatory), and one saddle node T (transitional) (to show this rigor-

ously, linearize and look at eigenvalues). There is a separatrix dividing
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the R-basin of attraction from the E-basin of attraction (this is the
stable manifold of T). Jumps in voltage (corresponding to lateral shifts
rightward in the (V,m) plane) that cross the separatrix lead to the
excitatory state. Subsequently, the the slow variables n,h evolve so
that the the points T and E collide, leaving R as the only stable node
(saddle-node bifurcation).

. Slow time-scale analysis: If we make 2 assumptions-

(a) m(t) is relatively instantaneous, i.e. m(t) = my (V)

(b) 7,(t) = 7,(t), so that we can make the approximation (b—h) ~ an
for some constants a,b. More formally, we project the state pair
n(V,t), h(V,t) to the line b — h = an. Typically, (a,b) are chosen
s.t. this line is tangent to the curve traced by {(ne(V), hoo(V) :
V € R} at the point (noo(Viest)s hoo(Viest))-

(c) V(¢) is also relatively instaneous, i.e. Cay % = gnamd, (b—an)(V —
Ena) + gxn*(V — Ex) + g(V — Er) = 0. This defines the
slow manifold in the (V,n) plane. Deviations (necessarily lat-
eral since n is slow) from this manifold occur only on the fast
time-scale.

We can analyze the (V,n) phase-plane. There is range of values of
n (and corresponding h-values) for which there are 3 points on the
slow manifold (this corresponds to those values for (n,h) for which
there were 3 equilibria in the fast time scale). Thus, the slow manifold
consists of 3 segments corresonding to the R, T,and E fast time-scale
fixed points. There is a region in the plane where trajectories will
always jump laterally to the R segment, and another region where they
jump laterally to the E segment. The T segment is unstable. Evolution
on the slow manifold is characterized by motion toward the nullcline
‘fl—’z = 0. One can see then that if the nullcline ‘fl—’z = 0 intersects the
slow manifold only in the R branch, then the E branch can only be

temporary (it cannot stay in the excited state indefinitely).

. 2D models are classified into 2 types based on what type of bifurcation
occurs as we vary the applied current [:

(a) (Type I) When there is a saddle-node bifurcation on a limit cy-
cle, i.e. a stable node and saddle point collide to form a stable
limit cycle whose frequency starts at 0. (this is not in any of the
examples here)

12



(b)

(Type II) When there is a subcritical Hopf bifurcation, i.e. within
a bounded surface, a single stable fixed point loses stability, thus
admitting a stable limit cycle inside the surface (by Poincare-
Bendixson) whose frequency starts at some nonzero finite value.
Simple example of Type II: Fitz-Nagumo

V=V-V3¥3—w+I (15)

w = €(bg + bV —w) (16)

6. Accounting for biological phenomena

(a)

Spike (action potential) generation and negative over-
shoot: Applied current — increases V(t) — increases m,n and
decreases h (but n,h are much slower than m — increases gy,
opening Na channels — increases V (t) (positive feedback). When
V (t) is very high h keeps on decreasing and n keeps on increasing
— decreases gy, and gx (potassium ions flow out) — decreases

V().

Periodic spiking: by applying steady current we can translate
the slow manifold upward so that the nullcines intersect on the
T branch of the slow manifold. This is an example of a subcrit-
ical Hopf bifurcation in which the stable node loses stability
(the bifurcation parameter being varied is the applied current).
Poincare-Bendixson ensures the existence of a stable limit cycle
(which indeed is the cycle corresponding to periodic spiking).

Threshold effect: the separatrix in the (m, V') (fast) phase plane
shows that there is a minimum amount of jump in voltage needed
in order to make a neuron spike from rest.

Refractoriness and negative overshoot: Just after an action
potential, there is a return to the R branch of the slow manifold
with volage slightly lower than the rest potential, where a very
large voltage jump is needed in order to go the E branch again,
since you have to cross the T segment of the manifold in order
to get back to the spiking state.

Anode-break excitation: if we clamp the voltage to some value
for which n is below the fixed point and let the system evolve for
a long time, then unclamp, we get an immediate spike. If we were
to alter the voltage immediate from rest state, a spike would not
occur - we need to let the system evolve beforehand.
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7. Connecting with cable equation: Plugging the equation for I,
into the cable equation, we can replace the first equation above with:

a d*V dv
%W = CME +gNam3h(V — ENa) —|—g_Kn4(V — EK) —i—g_L(V — EL)
(17)

It turns out that this partial-differential equation admits a
‘traveling wave’ solution V(z,t) = V(¢ — z/60) (think of a 'blip’ in
voltage traveling along the cable). This is essential in the theory of how
information is transmitted in the brain. The basic steps for showing
this are outlined as follows:

(a) Introduce a parameter € into the first and second equations wher-
ever we consider partial derivatives of the fast variables V, m. In
. . 2
particular, multiply the ZT‘Z{ term by €2, and the Cil—‘t/ and dd—’? terms
by €. We want the behavior of the system as ¢ — 0 to tell us
something about when € = 1.

(b) Make some simplifications:
1. Assume Mmoo (V) = noo(V) = 1 — hoo(V) is just a step fn at
some V* € (EL,0).
ii. T, Th, T are all indep. of V', 7, = 0 (so m = my.).

(¢) Guess a solution of the form where V, m, h,n are functions of one
variable T' = t — ¢ instead of (x,t). We guess explicit solutions
for m, n, h as follows:

i. m(T) is 0 except for T' € (0,T}) for some T}
ii. A(T) is 1 on (—o00,0), exponentially decays on (0,7}), and
then sigmoidally recovers back to 1 on (77, c0).
iii. n(7T) is 0 on (—o0,0), increases on (0,7}), and decays expo-
nentially back to 0 on (77, 00).

(d) Solve an ’outer solution’ for V(7T') valid away from 7" =0 or 1 by
letting € — 0, and plugging in our fixed forms for m(7), h(T"), n(T).

(e) For T near 0, make a change of variables T' = €S and let U(S) =
V(eS) = V(T') and write the system in terms of U, then let € — 0
- we get a 2nd order differential equation in U which can be solved
piecewise for S < 0 and S > 0.

(f) Solve for 6 (very complicated - see Peskin’s notes). Do the same
for a solution for 7" near 1 with change of variables T' = T} + €S.
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2.4 LIF

1.

Assumptions:

(a) There is only one channel (the leak channel) with fixed conduc-
tance gz, so that the ionic current is just —(V —E7) (again constant
leak reversal potential is assumed).

(b) Action potentials are stereotyped in the sense that whenever V () =
Vinreshoid, V' i reset to Vieser and subthreshold dynamics continue
as usual.

. Resulting ODE:

V-E), 1 () (18)

V= _
T™ CM

Solutions for the membrane potential: The ODE above can be
solved explicitly using standard nonhomogeneous linear ODE tech-
niques: The homogeneous solution (ignoring Ry, I(t)) for V(t) = V (t)—

EL is:
—(t=tg)

V(t)=Voe (19)
(where V(ty) = Vp). The general solution for V(t) is:
- - —(t—t 1 [t s
V(1) = Voeap(— 10y ¢ / e I(s)ds (20)
™ Cy to

For a constant applied current I(t) = I, with intial condition V5 = 0
this reduces to: .
~ —\t~to

V(t) = Rylo(L—e ) (21)

Notice that V(t) — Ry lo+ Ep ast — oo, so if Ryk+ EL < Vinreshotd,
no spikes will occur.

. ISI time for and firing rate for constant stimulus:

For a constant stimulus (f) = k, we can set the solution V() = Vj,
and solve for t:
RMk + EL - ‘/reset

22
RMk+EL—V}h) (22)

trsr = tyire — to = Tar log(

The inverse r;q; = tI_SII represents the firing rate, which for sufficiently
large k, can be approximated (using log(1 + z) =~ z for small z) as:

Er, — Vihreshold + RM;f]+ (23)

risr = |
TM(V;hreshold — ‘/reset
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which shows that the firing rate is asymptotically linear in the driving
current Io.

. Refractory periods and spike rate adapatation: The following
techniques can be employed to account for refractory/adaptation ef-
fects:

(a) Make the spiking mechanism more complicated - add an exlpicit
refractory period Ags. In the constant current case this just in-
creases trsr by Agps, and thus makes the firing rate r;g; saturate
for large k. Alternatively we can increase the threshold itself just
after a spike.

(b) Make the voltage dynamics more complicated - add another cur-
rent term with conductance gg,.q(t) to the model. The subthresh-
old dynamics of gs.,(t) is simple exponential decay with time con-
stant 7,,.,. However, whenever there is a spike we increment this
conductance by Agg... The result will be that repeated spiking
will increase gs, and thus inhibit V(¢) from constantly crossing
the threshold (‘adaptation’). If Ags,, is extremely large and has
a rapid recovery, this results in a kind of 'refractory. effect.

. Extension to nonlinear models: IF models can be extended to the
NLIF models where the time constant and membrane resistance are
themselves voltage-dependent. The resulting ODE is:

TV =F(V)+GV)I(t) (24)
which can always be reduced to:

iV = (V) + I(t) (25)

. V(t)
via the change of variables V' (t) = TM/ G(z) tdx
0
A simple example of this is the quadratic IF model:
0V = ao(V — EL)(V — V) + Ry I(t) (26)

where ag > O,‘VC > V,.st are parameters. Notice that by observing
the phase (V, V) plane, one can see the relation to the type I models
described earlier.
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2.5 Stochastic LIF

2.5.1 Langevin’s equation (diffusive noise) — Fokker-Planck equa-
tion

Consider the SDE:

dVy = a(V,t)dt + o(V,t)dB, (27)
The density p(v,t) of V(t) satisfies the Fokker-Planck equation:
d d 1.,
%p(vat) - _%[a(vat)p(vat)] + 5@[ (Uat)p(vat)] (28>

The idea of the proof is based on 4 ingredients involving the transtition
density p(v,t|V(s) = z):

1. It is apparent from the SDE that E[V (¢t + At) — V(¢)|V(t) = v] =
a(v, t)At + o(At) and E[(V (¢t + At) — V(£))?|V (t) = v] = o?(v,t) At +
o( At)

2. Computing [ R(x)p(V (t + At) = x|V (t) = v)dz by taylor-expanding
R about v to order o(At)

3. Computing [ R(x)p(V (t + At|V(s) = v)dz by tayolor-expanding rho
as a function of t about t to order o(At).

4. The Kolmogorov-Chapman equation p(V (t) = x|V (s) = [p(V
x|V (s") =v")p(V] =0 |V(s) = v)dv for s < s < t.

2.5.2 Stein model — diffusive noise model

Consider the following model (Stein model) for the voltage evolution:

7'MV— —(V = Ep) + Ry I(t) +TMTMZZwk5t—tk (29)

k th>tg

where the last term describes the stochastic effects of presynaptic/background
neurons (k). The assumptions are:

1. Vk, the k' input is Poisson with rate v(t).

2. a spike from input k£ induces a jump in the voltage by wy followed by
an exponential decay at rate 7p;. The w,, are small.
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It turns out that in the ’'diffusion’ limit wy — 0, this model reduces to a
Fokker-Planck equation:

d d d?
T (V') W¢W+m2}kkaM>[w%ymm&§mw
(30)
This equation corresponds to the Langevin equation:

with Ry I(t) —TMZI/k wy, and o ( —TMZI/k
The result can be shown as follows:

1. Derive the "transition’ equation by conditioning on whether or not there
was a spike € [t,t + At]. Use e™* =~ 1 — x.:

PV ALV (1) = v) = (L-AEY v(£))5(V —ve 200 L ALY ((£)3(V! — wy, — ve20/70))
(32)

2. Use the transition density in with the Chapman-Kolmogorov equation:
p(V' t+ At) = /p(V’, t+ At|V(t) = v)p(v, t)dv (33)

and integrate to get:

p(V/ 4+ L) = [1 =6t Y ()] ™ p(V/eB™ 1) 4 [ALD v (t)]e™ p(eB 1o (V! — wy), ¢
k
(34)
3. Expand to first-order A¢, then manipulate to get 75,2 (V,’H‘Z)t_p V2D on
the LHS, take At — 0, and then expand the RHS about V' =V up
to second order w? (implicitly assumes that wj, are small) to get the
Fokker-Plank equation:

_dp

d(V’ t) ~ —

;Aw+WZ%zm0”>[w§%W@%“”
(3)
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2.5.3 Solutions for V(t)

To solve for p(v,t) in light of the threshold condition we impose boundary
condition p(vy,, t) = 0 Vt, and also an initial condition p(v,0) = §(V5). Typ-
ically, we cannot analytically solve the FP with these boundary
conditions. However, without a boundary condtion the solution is:

0.2

V() = N(V (), 5 (1= 72z (36)
i.e. an expanding Gaussian ’cloud” around the noise-free trajectory V(t) We
can show this by looking at the Langevin form and just treating the white
noise term as a nonhomogeneous linear term to get the general solution:

R [t —G-n ¢

V(t)=— [ e I(s)ds+ / e~ (smlo)/mg B (37)
™ to to

We can compute the mean and covariance to be the above values by using the

properties of Gaussian white noise. The ISI’s for stochastic LIF models

cannot be computed analytically generally.

2.5.4 Connection of LIF with stochastic point processes

1. Escape rates: Another way to add a stochastic aspect to the deter-
ministic LIF model is to randomize the threshold. One formulation
is to define an ’escape probability’ p(t|tg) = f(V (t|ty) — V) for a ’soft
threshold” V (and tj is time of last spike), which is the instantaneous
probability that the voltage (with noise) has crossed V given that the
deterministic voltage is V' and there was a spike at time ;. Thus
p(t|tg) converts the voltage into a conditional intensity function for a
point process (for example we can choose the escape rate to be step
(this would give the usual threshold rule), exponential, piecewise linear,
sigmoidal in its argument V' (t) — V).

2. Approximating diffusive noise model: From above we see that
the 'free’ solution to the FP equation is an expanding cloud around the
noise-free trajectory with time-dependent variance o(t) that starts at 0
and rapidly approaches the limit 62/2). The key is that we can ap-

prox. tﬁle probability of firing in [t, ¢+ At] by At exp{%)&)w}.
where V(1) is the noise-free trajectory. This motivates an es-

cape model with with escape rate:

(Vo(t) — V)?

o2

pltlto) = Teap(~ ) (38)

19



(note we have assumed o2(t) is effectively the asymptotic value. One
problem with this is that it does not account for the fact that a small
jump in voltage at time t; can create an ’atom’ of probability of firing
at time ¢ since the Gaussian distribution drifts across the threshold C.
To correct for this we include dependence of p(t|tg) on the (left-hand)
derivative of V (t) as well:

C Cy .
p(tlto) = [71 + 72‘/0+]693p{—

(Vo(t) — V)

o2

} (39)

2.6 Linear-nonlinear-Poisson (LINP)

1. Assumptions:

(a)

Spikes are generated according to a nonhomogeneous poisson pro-
cess depending entirely on the stimulus and model paramters.
This automatically implies the rate code and independent spike
and independent neuron assumption. Also, it follows that spike
train statistics are the same as those derived above for PP’s (Fano
factor, Coeff of variation, ISI, etc.).

The firing rate depends instantaneously on the projection of the
stimulus onto 1 or more axes corresponding to 'receptive fields’,
followed by a static nonlinearity. The receptive field is the ana-
log of the first-order kernel of a Wiener-Volterra series expansion
of the response rate. However, while the Wiener-Volterra ap-
proach typically applies simple polynomial-like nonlinearities to
high-dimensional input to estimate the firing rate, the LNP ap-
proach reduces the dimension to 1 and applies arbitrarily complex
point nonlinearities.

2. Resulting equation: The spike count N(t) is given by a Poisson
process with rate:

A(t) = R((ky, 5(2)), .., (Ka, 5(1))) (40)

where each k; € R” and R : R? — R is some (usually nonlinear)
function.

2.7 Generalized linear models

1. Assumptions:
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(a) Spikes are generated according to point process in which the rate
(conditional intensity function) depends on linear projections of
the stimulus, spike history, and spikes from neighboring neurons.
Note that this allows for the possiblity of temporal coding, and
dependent spike /neuronal convariance structure (in particular, the
output is NOT necessarily Poisson).

(b) The same cascade approach is applied as in the LNP- the linear
combination of the 3 covariates is passed through a point nonlin-
earity to get the instantaneous rate. The nonlinearity is in fact
the link function when this model is interpreted as a GLM where
the dependent variable Y; = AN,;, whose mean is given by the CIF
A(t|Hy).

2. Resulting equation:

A(t|H,) = R(b+z<kj,s(t)> YN hilt—th)) (41)

k k
th<t

where k indexes neighboring neurons (including itself) and ¢% indexes
the j’th spike of neuron k.

Remark: We can achieve the same model by taking the limit of a
(conditional) Bernoulli process with probability of success at time ¢ be-
ing \(t|Hy)(At) and link function log(z/(1 —x)) via the approximation

log( 2020 ) ~ log(A(t)At) for small At

Remark: This model is related to the ’escape-rate’ approximation to
the stochastic LIF model. In the stochastic IF solution, if we assume
that the variance of the free distribution around the noise-free trajec-
tory is constantly o/2, we can use the Gaussian ’cloud’ interpretation
to define an ’escape rate’ i.e. the instantaneous probability of firing
(crossing the threshold) when V/(¢) is at a certain value. Thus the fir-
ing rate of the GLM is like the state-variable of the stochastic
LIF with an escape rate.

3 Learning model parameters

3.0.1 Estimators for the linear filter &

Consider static stimuli s € R™ with prior distribution P(s). Let X € R,,«,
data matrix where each row ()7 is one stimulus and let 7 € R™ be the
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vector of responses (say, number of spikes). Consider the following estima-
tors:

1. Linear regression (LR):

(a) Motivating idea: try to approximate the response (minimizing
mean squared error) by projecting stimulus onto a vector v.

(b) Definition: kpp = arg m}%{n | Xv—r|5=(XTX)"'XTr (this is the
veR™

optimal Volterra-Weiner 1st-order kernel)
2. Spike-triggered average (STA):

(a) Motivating idea: average the stimulus weighting them by the re-
sponse they induced

(b) Definition: kgra = 2 X7r
3. Fisher linear discriminant (FLD):

(a) Motivating idea: take the inner product that maximizes the dif-
ference between the average spike-triggered stimulus and average
nonspike-triggered stimulus, divided by their variance
- . 2
(b) Definition: kppp = argmax J(v) = KUA’ Topire) = (v :Enosmke?] =
veER™ ﬁspike <U7 Z:spil'cev> + ﬁnospike <U7 z:nos;m'kev>
arg max M
veR™ <k‘, ka‘>
the empirically estimated spike/non-spike {avg,cov,prob} respec-
tively.
Sp is the "between-class’ covariance (Z spike —Znospike ) (Zspike —Lnospike)
Sw is the 'intra-class’ covariance Sy = ﬁsm-keﬁ)spikejLﬁnosmkeimsmke

A

= SI/_VI['Z‘Spike — Q%nospike] Whel“e {i‘*,i*,ﬁ*} are

4. Maximum likelihood estimate (MLE):

(a) Motivating idea: take the filter v which maximizes the probability
of the data given k = v

(b) Definition: ky;pp = arg %%252;1%; P(rj|x(j)) — Z;lOg R({v, z))
Jj= j=
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3.0.2 Useful facts

1. If the mean of X and r are 0 (X7e = (r,e) = 0), then kyp o
krrp o< (XTX) Y kgra.
The second follows directly from definitions. The first follows because
XTr o< (Zpike — Tnospive) and X7 X oc Sy + aSp for some scalar a, we
have that kLS XX kFLD-

2. If P(s) is elliptically symmetric (P(s) = f(||As|]2) Vs € R" for
some nonsingular symmetric A, ,), then kpr, A’ksra, kprp are
all unbiased and consistent (expected values are proportional
to the true k) estimators. If there are multiple filters, then these
estimators all lie in the span of these filters.

From the 0 mean condition, we know that all 3 estimators are pro-
portional, so it suffices to show for ksrs. Consistency follows from
unbiasedness and SLLN. Unbiasedness follows from a symmetry argu-
ment: split R™ into two spaces via reflection about the (A~'k)-axis
5+ 5" st

(a) lIsll2 = lls*[l2
(b) (A71k, s) = (A7, s*)
(c) s+s*ox Ak

7

Therefore: Elksral = E[Qm] = /n swf(!h‘lﬂb)ds =

TR((A™
A—l/ s TR( - £ 5)) (115)| Alds o A2k by symmetry.

The idea is that A ’rotates out’ the correlations in P(s), and so one
can estimate A=2 by X7 X. The same symmetry argument holds in the
multiple-filter case - just reflect wrt the plane spanned by the filters.

Remark: For example, any gaussian distribution is elliptically sym-
metric. However, if the nonlinearity is such that it does not induce a
difference in mean responses of spike-triggered and non-spike-triggered
ensembles, then the proportionality constant is 0, so these estimators
are useless. Thus this ’asymmetry’ condition on the nonlinearity is very
important in practice.

3. If P(s) is elliptically symmetric, and the nonlinearity R(.) is
convex/log-concave, then E[ky/ 5| x k.
The proof is very similar to that for the kgr4. The convexity of R
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ensures that there is a unique maximum (asymptotically) of the log-
likelihood function:

L(v) o< Y log R((v,2U)) + > log(1 — R((v,2))

Jirj=1 Jirj=0

We know that the ML estimator asymptotically maximizes E;[L(v)].
Writing out this integral again gives us a symmetrical integral which is
proportional to k. So the unique maximizer, again by convexity, must
lie on the axis spanned by k. As before, the proportionality constant
could be 0 if the nonlinearity does not satisfy the asymmetry condition.

Remark: The ky;p g is like a nonlinearly-weighted’ version of A%kgrpa:
Setting V, L(v) = 0 gives:

n

Zx(j)%(%MLE,x(j)))Tj x /xp(i’?)R'(%MLE’@)dx The RHS con-
j=1

verges to something proportional to A2?kj;rp by the same symme-
try argument, and the LHS is reweighted type of STA with weighsts

£ ((knrre, ).

3.0.3 Comparison of estimators

Est. | Bias/consistency Variance Tractability

LR P(s) symm. ? EAsy

STA | P(s) symm. ? Easy

FLD | P(s) symm ? Easy

MLE | Unbiased (asymptoti- | Optimal if R is the | Tractable for R log-

cally) if P(s) symm
and R log-concave

correct nonlinearity

concave

3.0.4 The STC estimator

N

~

1. Definition: C' = eig(w— Z[s(tn) — A][s(t,) — A7), where the operator

n=1

etg extracts eigenvectors corresponding to ‘outlying’ eigenvalues. Note
that the matrix inside eig, called the STC matrix, is an estimate of the
2nd-order term in the Wiener-Volterra expansion. If the stimuli have
spherical covariance, then C represents the change in variance between
the spike-triggered and general ensemble.

. If the prior distribution on the stimuli is Gaussian, then C is
a consistent estimator for {ki, ..., k;}.

24



4

Proof: WLOG assume P(s) = N(0,Isxq). The key is that the con-
ditional distribution (and therefore the conditional variance) in the
orthogonal complement of K = span{k;} does not depend on the re-
sponse:

Vs € R*, s = 51 + sy where s, € K,s5 € K+ = P(s3|n,s;) =
P(a;@fé;z\sn _ P(Sl)ﬁﬁif?:)("‘“) = P(sz) where P(s1,s2) = P(51)P(s2)
follows from the the multivariate Gaussian (with identity covariance)
assumption on P(s). It follows that axes along which the variance of
the spike-triggered ensemble is very different from 1 represent direc-
tions in K. Thus we look at the eigenvectors of the covariance matrix
corresponding to eigenvalues significantly different from 1.

Remark: It can also be shown that if P(s) is not symmetric Gaussian,
then 3f s.t. the STC estimator is biased. Also, if the nonlinearity does
not induce a change in the variance of the spike-triggered ensemble
versus the general ensemble, the STC will simply yield 0 and is useless.

Decoding/Discrimination

Decoding task: reconstruct the stimulus s(¢) given the response

p(t)?

Discrimination task: given a set of a stimulus/response, how sen-
sitive is the model to certain features??

Motivation
1. What aspects of the stimulus are encoded/thrown away? What are the
invariances of the neural code?
2. How good is a particular encoding model in telling us about the stim-
ulus?
4.1 Some decoders
1. Regression solution: s.qu(t — 79) = /Kl(T)(p(t —7) = T)dT +

/dTldTQK2<t —11,t — )p(t — 11)p(t — 1) + ... The idea is that we

try to predict the value of a stimulus at time ¢t — 7y by convolving filters
with spikes occuring up till time ¢. 7y is called the ’prediction delay’
and represents how far into the future we can use spikes to estimate a
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4.2

stimulus at a given time.

Optimal linear kernel K*(7) satisfies: /Qpp(T — YK (')dr' =

Qrs(T — 70) Thus if the spike train is uncorrelated (Q,,(7) = 7(7))
then we have K*(7) = 1Q,,(1 —7) = C(70 — 7), i.e. the optimal linear
decoder is the STA, which gives the intuitive rule: Every time there is a
spike, add the STA timeshifted by 7y, then add up to get the estimated
stimulus $qq(%).

. Bayes-optimal solution: E[s|p(?)] oc/ xP(p(t)|x)P(z)dz

More generally, we want to minimize theReXpected value of a loss func-
tion L(s, $) given the response p(t). When L is mean-squared error, §
is the conditional mean of P(x|p) (above). If L is absolute error, we
get the conditional median of P(xz|p).Generally, this is extremely hard
to compute since this is an n-dimensional integral in stimulus space.
Under the ’Laplace approximation’ (i.e. the posterior can be approxi-
mated by a Gaussian - usually valid when it is unimodal, continuous,
and smooth to some extent), however, the MAP estimate gives a much
more tractable estimator.

. MAP solution: §y;4p = arg max P(z|p(t)) = arg m%}{[log P(p(t)|z)+
zeR™ reR™

log P(z)] This is easy to compute because it is just an optimization
problem in R". Note that if P(s) is independent of s (e.g., uniform
prior), the MAP estimate is equivalent to an ML estimate. In the
case of the GLM with log-concave prior P(s), the problem is even
easier since thelog posterior probability is log-concave and so there is
only 1 maximum. However, the MAP is not accurate if the 'Laplace
approximation’ for the posterior distribution does not hold(i.e. it is
not the case that p(x|p(t)) ~ N(Zpap, C') where C is the inverse of the
Hessian at Zpap).

Some discriminability measures

. ROC and likelihood ratio: Suppose we sample observations, each

coming from 1 of 2 possible distributions P, , P_. Given a single obser-
vation X, what test can we use to discern whether it came from P, or
P_. Consider the class of threshold tests ’choose P, if (X > t).” We
can plot the power (P.(X > t)) vs. the size (P_(X > t)) for various
thresholds t to get the ROC curve. By the Neyman-Pearson Lemma,
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we know the optimal test (in terms of size/power domination) is the
threshold rule acting on the likelihood ratio R(X) = Py (X)/P-(X).
If R(.) is a monotonic increasing function, then threshold tests on the
observation (X > t) are equivalent and therefore also optimal. A few
interesting facts:

(a) In the 2AFC domain (we have to pair 2 stimuli X, X, with 2
distributions P, , P_), we can use X5 as a threshold for X;. Then

P(correct) = /P+(X1 > x9)dP_(xs). Using the expression for
the size a(t) = / P_(x)dx, we can do a change of variables to
t

1
get P(correct) = / Bdo =(Area under ROC curve).
0

(b) Writing the power [3(t) = / P, (z)dx we can show that %(m) =
t
R(z), i.e. the likelihood ratio is the slop of the ROC curve

. Discrimination in Bayesian setting: Given the posterior on stimuli
given the response P(z|p(t)), one measure of sensitivity of the model
to a stimulus direction w is to look at the leading terms of the Taylor
expansion of the posterior at a fixed stimuli (say Zpap) (gradient,
Hessian).
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