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ABSTRACT

Several simple integrations are performed to determine to what extent a steady, symmetrical hurricane
model can be used to approximate observed storm structure. A two-layer model with inflow and outflow is
considered. In the outflow, the absolute angular momentum about the vertical axis at the hurricane center
is conserved. In the inflow, conservation of potential vorticity is assumed. For specified outer boundary
conditions this assumption determines the distribution of momentum transport from air to ocean and there-
with the radial profile of the tangential wind component. The local heat source at the ocean surface is as-
sumed to supply the energy for the generation of hurricane winds, Given this heat source and the verstical
wind shear between inflow and outflow layers from the dynamic model, a relation must exist between heat
source and momentum sink at the air-water interface, if a particular wind field is to exist in steady state.
This relation is computed.

Various empirical tests are performed to assess the degree of reality of the model. Observations from
hurricanes between 1945 and 1958 are used. Most observational material is taken from research missions
conducted by aircraft of the National Hurricane Research Project. The crude model gives a rather good
approximation to several hurricanes, especially the more intense ones. But it cannot explain all measure-
ments taken by NHRP; of course, steady state did not exist in all situations investigated by aircraft.

It may be concluded that computations with steady, symmetrical models are relevant at least to partial
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understanding of hurricanes.

1. Introduction

In a recent paper Malkus and Riehl (1960) computed
inflow trajectories into steady state hurricanes, by inte-
gration of simplified equations of motion. They then
related this low-level model to the oceanic heat-source
distribution and to the atmospheric energy budget
requisite for maintaining a steady storm.

The aim of this paper, following Malkus and Riehl
(1960) and Haurwitz (1935), is to describe, in quantita-
tive terms, some features of tropical storm circulations
observed in a large fraction of cases. The particular
problem to be discussed is this: In hurricanes, the
cyclonic tangential wind component decreases upward,
especially above the middle troposphere. This decrease,
at any particular radius, must be related to the transfer
of angular momentum from air to ocean inside this
radius. Further, the vertical shear of the tangential
wind also must be related, via the appropriate thermal
wind relationship, to the radial temperature gradient
and, in turn, to the oceanic heat source thought to be
maijnly responsible for the existence of horizontal tem-
perature gradients inside hurricanes. Thus, there must
be some relations between heat source and momentum
sink in the hurricane interior, so that a particular wind
field can exist as a steady state.

These relations will be explored with simple and
approximate integrations. The problem, as posed, de-

mands that the earlier one-layer investigation be ex-
tended at least to two layers: the inflow and outflow
regimes. An essential assumption made in the previous
work is retained—that of a steady symmetrical vortex.
Though research aircraft missions and synoptic data
have demonstrated important asymmetries and meso-
structural details of hurricanes, the symmetrical model
remains attractive because of its simplicity and because
the extent to which hurricane structure can be computed
with this model has not been ascertained.

The presentation is divided into the following parts:

1) Evidence for a relation between oceanic heat
source and surface pressure distribution;

2) Specification of the tangential velocity field;
kinetic energy computations;

3) Relation between maximum wind, vertical wind
shear and heat source;

4) Relation between heat source and momentum
sink for steady velocity fields;

5) Comparison of computed and observed hurricane
structure.

2. Oceanic heat source and surface pressure in
hurricanes

Assuming a troposphere with moist-adiabatic stratifi-
cation up to the level of zero buoyancy relative to a
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mean tropical atmosphere of summer (Jordan, 1958),
Malkus and Riehl (1960) integrated the hydrostatic
equation from 100 mb—assumed undisturbed—to the
surface over a limited range of equivalent potential
temperatures (8,) of interest for hurricane calculations.
With these specifications the hydrostatic equation can
be written

—0p,=2.580,, 1)

where p, is surface pressure expressed in mb and 4, is in
deg K. This relation, first used to correlate radial
gradients of p, and 8, in a given storm, can be applied
to a comparison of different storms. As evidenced by the
great majority of research missions undertaken by the
National Hurricane Research Project of the United
States Government, the wall cloud of hurricanes is
almost vertical; nearly constant 8. with height may be
expected there. On a number of research missions a
B-47 aircraft operated by the U. S. Air Force penetrated
the wall cloud at 245-250 mb. The temperature reading
in cloud at the inner edge of the wall will give the
warmest temperature and also the highest 6. in a storm
derived through heat transfer from sea to air in the
storm. Miss Margaret Chaffee of the Woods Hole
Oceanographic Institution determined these 8, values
for all available cases using all existing observational
tools for the specification.

These 0, values may be related to surface pressure at
the inner edge of the eye wall. In practice, central
pressures are obtained from dropsonde observations
inside an eye where, on occasion, pressure may be con-
siderably lower than in the eye wall. The pressure de-
crease from eye wall to eye interior is without interest
for purposes of this paper. The mass circulating from
the outside through the rain area does not move through
this pressure drop which, therefore, is not utilized for
the generation of wind energy. In several cases, notably
Helene (1938), pressure at the eye wall (p,) was esti-
mated as closely as possible with present tools of ob-
servation. Because the pressure profile is so steep in just
this part of hurricanes, only a first approximation can
be expected; it may be that surface pressures, as finally
estimated, are still a little low.

Fig. 1 shows the relation between p, and 8., with the
variables determined as just described. Evidently there
is a good correlation. The question is how the slope of the
linear regression line compares with that to be expected
according to the hydrostatic relation expressed in (1)
It is found that

p'=—2.560,

when ' is the pressure departure from 1005 mb and
6. is the departure from 350K. The result is satisfactory
and demonstrates that the eye wall pressure variation
of different storms is produced indeed by variation in
oceanic heat-source strength.

We now wish to relate this heat source to the wind
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structure of hurricanes. Toward this end we shall at
first compute a simple model of the distribution of the
tangential wind component.

3. Model of hurricane wind structure

The equations of motion in polar coordinates, neglect-
ing lateral friction, are expressed by

dve Ve, 1 a;b 1 8719,
@)
a r prdd p 9Oz

dv, ve? 19p 101,

M W i 3
d r pdr p 3z

Notation is as follows: vg and v, are tangential and radial
wind components positive along 6 and r (Fig. 2); ¢ is
time, z height, p density, f the Coriolis parameter.
4. the shearing stress in the 6-z plane and ., the corre-
sponding stress in the r-z plane. The absolute angular
momentum per unit mass about the vertical axis at the
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F1c. 1. Equivalent potential temperature (deg K) observed by
B-47 aircraft flying at 235-250 mb in cloud at inner eye wall of
indicated tropical storms and hurricanes vs. pressure (mb) at
rim of eye.

Fic. 2. Hlustrating polar coordinate system used.
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center of the hurricane is given by Q:

fr
Q= 7)01’—|-—.
2

(We assume constant Coriolis parameter over the short
radial distances involved.) Noting that

dﬂ d‘vg
—=r—+v0,+rfv,,
di dt

we can rewrite the first equation of motion as a mo-
mentum equation for the symmetrical vortex:

dﬂ r aToB

. (4)
di p 90z

For the balance of forces in the radial direction the
cyclostrophic approximation often has been shown to
give a reasonable representation of the actual velocity
in the high wind core. We shall assume that this approxi-
mation is valid and that the other three terms in (3)
can be neglected. Then we have

7)92 ah

r ar

in terms of isobaric coordinates, where g is the accelera-
tion of gravity and % is the height of an isobaric surface.
These formulations are considered to be adequate state-
ments of the situation for the present objectives. We
shall approach the problem with the simple model of
Fig. 3 which features a lower inflow and an upper out-
flow layer. Whenever a model of this type really holds,
2 must decrease from inflow to outflow portion of the
trajectory at any radius, since momentum is given off
to the ocean along the entire inflow path. This will be
true even for weak tropical cyclones, as long as equations
(4) and (5) adequately express the principal dynamic
relations.

We shall be concerned with the region between »; and
ro in Fig. 3, where r; denotes the radius of maximum
wind (V=1p) and 7, denotes the radius where, in the
outflow, vo=0, i.e., the radius where cyclonic circulation
changes to anticyclonic circulation in the upper tropo-
sphere. For the inflow, equation (4) will be used, while,
for the outflow, we shall set

—=0. 6)

As shown by Kleinschmidt (1951) and Riehl and Malkus
(1961), conservation of absolute angular momentum is a
reasonable first approximation in the outflowing mass.
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Outflow layer: From (6) it follows directly that

Jré bids
—o=vam~+——. 0]
2 2

Limiting consideration to cases where fr.<<vg;, this ex-
pression may be approximated by

ro= Gvem-)*. ®)

Inflow layer : Equation (4) may be integrated over an
inflow layer of depth &z at the top which 74,=0:

aQ
'—p52= —7Tosy (9)
at

where 74, is the surface tangential stress component. -

It is well known that the absolute vorticity increases
in the converging inflow into hurricanes, suggesting that
the principle of conservation of potential vorticity may
hold in the first approximation. Riehl and Malkus
(1961) showed this to be correct, within computational
limits, for the inflow into hurricane Daisy (1958). If
conservation of potential vorticity is assumed, the curl
of the component of the frictional force along 8 must be
zero. This component, Fy, is equal to 1/pd74,/d2. For
VX Fg=0, we have Fgr=const. Integrating with height
from the surface to the level where the stress vanishes,
we arrive at the relation:

(10)

r7¢,= constant.

Empirically, a relation of the form 7™y, = constant has
been found to hold well for individual storms and for
mean hurricanes (Palmén and Riehl, 1957), where # is
an exponent with an observed range from somewhat
greater than one to somewhat less than one. In this
paper we shall take m=1 as a suitable mean value and
accept equation (10).

The surface stress commonly is expressed as propor-
tional to the square of the surface wind;

(11)

79:=CppsVss2/COSex,

Fic. 3. Illustrating hurricane mass circulation.
For meaning of symbols see text.
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FiG. 4. Maximum speed (ve:;) and width of eye (r;) as
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Fi6. 5. Maximum speed (ve:;) and width of eye (»;) as function of
latitude for 7o=200 km, 79p=20 m sec™.

where Cp is the drag coefficient, p, is the surface density,
vg, is the tangential wind component measured at ship’s
deck level, and « is the inflow angle. Since, in the mean,
this angle averages only about 15 deg around hurricanes
(Ausman, 1959), we shall set cosa=1 for the computa-
tions here contemplated.

Equation (11) can be used only with reservations.
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Evidence has accumulated suggesting that Cp rises
toward the interior of hurricanes. This evidence, how-
ever, is based on computations with pyramiding assump-
tions ; there is not a single observation to prove whether
the increase is realistic. In this paper we regard Cp as
constant, noting, as in the case of our other assumptions,
that the conclusions will have to be modified should
later data show that this step of convenience affects the
outcome of the calculations materially.

Combining equations (10) and (11), we obtain
7v¢°= constant, or,

(12)

This relation gives a good approximation of vs—r profiles
found by investigators of many tropical storms around
the globe.

At the radius of maximum wind, #;, the inner bound-
ary condition demands that the tangential speed ve,
must be the same for inflow and outflow. By evaluating
the constant in (12) at vs=1vs;, r =7, and combining this
with (8) ,we find that the radius of innermost penetra-
tion of the inflow is given by

vgrt= constant.

1'03 2

ri= f
4 (4,)?

(13)

where go is the tangential velocity component of the
inflow at r=r,. The associated maximum speed is

2vec?
Jro

Fig. 4 shows 7, and vy; as functions of 7¢ and vge. We see,
for a given value of 7y, that »; decreases with increasing
vgo and that g, increases correspondingly. This result is
required since more momentum must be given off to the
ocean with increasing values of vgo.

Both 7;and vy, are dependent on latitude. As examples,
these quantities have been plotted against latitude in
Fig. 5 for 7g=200 km, pgo=20 m sec™. With this outer
boundary condition held constant, the eye radius widens
and the central speed diminishes as latitude increases.
This is in accord with observations.

(14)

Vg =

4. Kinetic energy computations

As our next step we shall determine the height gradi-
ent of isobaric surfaces in inflow and outflow layers be-
tween 7; and ro. For the outflow this quantity is readily
given if the kinetic energy equation for steady, friction-
less flow is determined from (2) and (3) with the as-
sumptions previously stated. In isobaric coordinates the
result is

2

Voy

'2_=g<h0—hi)u; (15)

where the subscript # denotes the upper layer.
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For the inflow we have, from (12),

7;
'Z)g2 = 1)91-2—.
Y

Entering this expression in (5),

r: 6}1
Vgl ——= g
 or

Since % is a function of » alone in this expression, we may
integrate between 7; and 7,. Then

To—7;
Vg, = g(ho—hi)

ro

and, for »<ry,

Yoy =g(h0'_ h't) 12 (16)

where the subscript / denotes the lower layer.

Comparing both layers, the slope of an isobaric sur-
face in the outflow is just half of that in the inflow layer.
Since A¢— h; measures the production of kinetic energy
it follows that, in the inflow, half of the pressure work
done is actually used to generate kinetic energy, while
the other half is needed to balance frictional dissipation.
This is an outcome of the analysis which can be tested,
at least within limits, from observations. All hurricanes
approaching the coast of the United States since 1940
were examined as to the availability of off-shore or
coastal lighthouse observations that could be used to
construct surface air trajectories from the periphery
into a hurricane center. An essential criterion was the
existence of a wind and pressure observation near the
ring of strongest wind, or ability to assign a central
pressure and maximum wind from other information
such as aircraft reconnaissance reports. Usable trajec-
tories could be constructed only for four storms:

14-15 September 1945, off southeastern Florida (2
trajectories);

24 July 1959, off Texas coast (2 trajectories);

9-10 September 1960, off Florida Keys (1 trajectory);

26 September 1958, off Carolina coast (1 trajectory).
Fig. 6 shows the relation between production and actual
generation of kinetic energy for these six trajectories.
Clearly, the 2:1 ratio of production to actual generation
holds well. Though Fig. 6 applies to individual trajec-

tories rather than to averages around hurricanes, the
good fit nevertheless may be cited in support of (16).

5. Radial temperature distribution

We are now in a position to approach the core of
the problems posed in the Introduction. From (15) and
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F16. 6. Correlation between production of kinetic energy by
pressure work (ordinate) against actual increase of kinetic energy
of air (abscissa) as computed from trajectory calculations using
lighthouse data near the United States coast for the indicated
hurricanes.

(16) we note that (ho—#:;)1=2(ho—k:)u, and defining
D=h,—h; as the thickness between isobaric surfaces,
we obtain

Dy—D;=— (ho—hi)u=%(ho— k)1

If T is the mean virtual temperature between two iso-
baric surfaces, variation of the hydrostatic relation be-
tween two constant pressure surfaces yields

8T 8D (ho—hi)u

T D D

where the ‘“hat” denotes mean values between inflow
and outflow layers and 6 is defined positive toward de-
creasing radius. Using now (15), we find that

D \}
wi=(2697), an
T
or, approximately,
v95=27(8T)3, (18)

when D=10 km, T=270K and vy; is expressed in m
secl. From (18) a temperature rise of only 1K will be
associated with tropical storm velocity, showing the
importance of even small temperature variations for
tropical cyclones. However, because of the square-root
relation, a 50 m sec™ storm requires a 4K temperature
difference, while for an extreme typhoon of 100 m sec™,
14K are needed. Thus, an upper limit of hurricane in-
tensity and a difficulty in producing extreme hurricanes
is clearly indicated, since the oceanic heat source must
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be relied upon to generate the required mean tempera-
ture difference.

Next we shall relate maximum wind and 86, with (1).
Converting horizontal pressure gradient to height gradi-
ent of an isobaric surface in the inflow layer, (1) may
be rewritten as

— godz=2.5X 10%6,,

where the factor of 10? is needed to convert to cgs units.
Then

8o (}lo— h,) 1= 25)( 103 (0“"" 060)
and, with a standard value for p,

Vmax2=v9i2=2x 106(031'_‘030). (19)

Finally,
vo m/sec]=14.1(0ei—0e0)}, (20)

where it should be mentioned again that 6, is the
tropospheric mean value, whereas 7" in (18) refers to
the thickness between inflow and outflow layers.

Equation (20) is graphed in Fig. 7 where 8., p" and p,
scales also have been added for entering actual storm
data. The 6, values for four hurricanes, excluding
Donna, are taken from Fig. 1; the method for computing
V max is described in the last section of this paper. All
observed points lie to the left of the theoretical values,
indicating that the hurricanes failed to attain the central
wind speeds demanded by the model. However, verifica-
tion to the right of the dashed line is considered good,
especially when one notes that all verifying winds were
obtained by aircraft flying well above the main surface
inflow layer. While the tangential component in hurri-
canes is fairly constant through the lower 20,000 feet,
there is, nevertheless, some decrease so that Viax
actually measured at, say, 3000-ft elevation should have
been closer to the values demanded by Fig. 7.

The several hurricanes will be discussed in more detail
later, when the large departures of maximum wind from
the predicted maximum for Cleo and for Carrie (15
September) will also be examined. For the present it
may be of interest to observe that tropical storm in-
tensity (Vmax=20 m sec™?) is indicated for 6,=352K,
$»=1000 mb. Such values of 4. and p, are produced
when the mean tropical atmosphere of summer is re-
placed by an atmosphere corresponding to the parcel
ascent of undisturbed trade wind air (Riehl, 1954). They
therefore mark a threshold; coincidence of these thresh-
old values with cyclones of tropical storm intensity in
steady state has been observed on numerous occasions.
For lower pressure and hurricane force winds the oceanic
heat source must be responsible, as indicated by a rise
of 6. above 350-352K.

6. Heat source and momentum sink

Radial motion: Integrating (9) over a shallow inflow
layer of thickness dz, over which € is taken as constant,

Q(t) —Q(ly) = — const(t—1ty),
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F1c. 7. Relation between maximum speed and increase of
equivalent potential temperature according to equation (20) and
comparison with the indicated hurricane cases. Scales of p, and
6. from Fig. 1.

where the constant is 774,/pAz. The time f, refers to the
moment when the inflow passes 7, toward the core; at
t=t; the air arrives at r;. At r; the momentum is
vearot f702/2 in the inflow. However, in the outflow the
momentum at 7, is only fr2/2 since v,=0. The difference
between the two momenta is —vgoro. This guantity then
must represent the total loss of momentum by air in tran-
sit through the hurricane inside 7o. Since we are assuming
conservation of momentum for the outflow, —vgero must
also be the momentum loss to the ocean while the air
travels from 7, to 7;. Thus Q(£) — Q(fs) = —veore. Introduc-
ing (11), evaluated at 7o, into the constant, the time
needed for air to pass from 7, to r; may now be com-
puted. Setting ¢=0 at r=r,, we get
t [hours]= 100/v4, (21)
when Cp=2.5%X10"%, Az=1 km, and vp is expressed
in m sec™’. This interesting relation states that the
stronger the peripheral velocity, the shorter the time
needed for air to pass from 7, to ;. For vgo=10 m sec™,
1=10 hr; for veo=20 m sec™ !, /=S5 hr. Since, holding 7o
and f constant, 7; decreases and vs; increases with vgo, @
strong storm requires a faster mass circulation through
it than a weak storm.
It is of interest to determine whether the fast mass-
circulation is already found at 7o and therewith enters
into the boundary conditions. The space-time relation
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is obtained from (9) after substituting for v, from (12)
and for the surface stress from (11). Thus,

d ™\ d 7 Cp
—(ver+—> = ——(vooro*r*-I-——) = ———7gU’.
dt 2 d 2 Az

Defining v,=dr/dt,

7o i CD
vr<%voo<—) +fr> = — 7 Vs’ (22)
r Az
Evaluation at 7, then gives
CD 21’071002
— = ———— (23)

Az 7)90“}" Zrof’

where v,9 denotes the radial velocity at #, Clearly,
|vr0] will increase with zg. For example, take ro=200
km, v¢0=15 m sec™!, which is close to the values ob-
served in several storms. Then v, is — 4 m sec™ ! and
the inflow angle, a is 16 deg. This angle is near the
average found by Ausman (1959) for six hurricanes of
1954 and 19535. For 7,=200 km and vs=20 m sec™?,
9,0 is —10 m sec™!, and « is 26 deg. From computations
of v, and o along several trajectories with (23) it is
found that o at first is constant and then decreases.
Mean values of 10-20 deg are obtained for the practical
range indicated by observations in storms. Thus the
approximation cosa= 1, made earlier, is justified.

FEquation (23) may be tested further by relating v, to
central pressure. For this purpose »,0 was computed at
r0=200 km for values of 75 ranging from 10 to
20 m sec™’. This corresponds to a range of vp; from 20
to 80 m sec™! at latitude 20. Equations (1) and (19)
were then used to find the associated central pressure
depression. This pressure depression was then plotted
against the radial mass-flow represented by v,ero. We
may compare the result with a correlation between mass
inflow and central pressure determined empirically by
Krueger (1959). Fig. 8 shows the comparison after
conversion of &§p to p. by setting our value equal to
Krueger’s at 965 mb. Although the possibility of a best
fit with a curve rather than with a straight line was
recognized at the time of Krueger’s study, Krueger
chose a linear regression because of the lack of a physical
hypothesis for a higher order solution. As evident from
Fig. 8, our curve fits the data well and gives a better
approximation than the straight line. It may be added
that checks performed on the Krueger correlation with
storm inflow data subsequent to 1955 have also given
generally satisfactory results.

Criterion for sieady-state hurricane: As mentioned in
the Introduction, a particular relation must exist be-
tween heat source and momentum sink in the interior
of hurricanes, if a given velocity field is to be observed
in steady state. Fnhancement of transfer coefficients
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F16. 8. Curve relating mass inflow (equation 23) and central
pressure. Data for six hurricanes and linear regression line from
Krueger (1959).

apart, the momentum sink is proportional to »,* (equa-
tion 11), while the heat source is proportional to 25, again
setting cosa=1. Hence it should not be possible to
obtain a steady storm for all combinations of 7, and zg.
This question will now be investigated.

The total heat source Q, over a trajectory with dura-
tion (ta—*,), following turbulence theory, is

2 p,Cpcp
Qa=6p/ (062—031)p52=ﬁ FEvedt,

1 cosa

(24)

if the heat gained from the ocean is retained in the
inflow layer. In this equation E is equal to (Ty»—T.)
+L/¢p(qu—qa), where T, and ¢, are temperature and
specific humidity at the sea surface, T'; and ¢, are the
same quantities at ship’s deck level, and L is the latent
heat of evaporation. From previous work (cf. Malkus
and Riehl, 1960) T,,— T, approaches a constant value
of about 2-3K at pressures roughly below 995-1000 mb,
so that the inward moving air expands isothermally.
The specific humidity difference ¢.,,—¢. slowly decreases
inward as the moisture in the inflow increases. Within
the limits here desired it will suffice to treat E para-
metrically, although an analytic expression could be
formulated. This is not considered profitable until much
improved knowledge on the actual air-sea heat and
moisture exchange is obtained. With the assumption that
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F1c. 9. Limiting curve for 7 and vg satisfying steady state condi-
tion (heavy) and maximum speeds at latitude 28 from Fig. 4.

E may be treated as constant over the inner region and
holding 6..—6.; constant over &z,

Cp
952*0¢1=—E/vodl, (25)

Az

where the small difference between p and p, also has been
neglected. As seen from Fig. 7 and other known cases,
the wind speed corresponding to pressures of 995-1000
mb roughly lies in the range of 20-30 m sec™*. We shall
choose here an average value of v5,=25 m sec™! at
radius r=r;, determined graphically, where (25) is
assumed to become valid. Of course, there is heat flow
from the ocean at lower speeds; the heat source is not
likely to have a sudden onset at some threshold value
of wind speed. However, this outer heat source is small
compared to the inner heat source in hurricanes, and
it has not been explored theoretically. For the purpose
here at issue—whether or not large heat exchange will
materialize in the interior—it appears justified to
neglect the outer heat source.

We can now integrate (25) from 7, to ;, substituting
for vg from (12) and for d¢ from (22):

1 rn 210 l—rd
0ci—0cn= E[—- 1n—+— {(——)] (26)
2 r; 3 Van? }.*

We may neglect 7, compared to 7, for all but very
small differences between 7, and 7;. Introducing (19),
we obtain

Th 4f1’ h

V= 10‘l£[ln—+— —:l, @n
ri 3

when vy; is expressed in m sec™™. This relation gives the

maximum speed as obtained through the operation of
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the heat source, and is to be compared with the vy, re-
quired by (14). We may find that v¢; as demanded by mo-
mentum balance exceeds the maximum speed that can
be provided by the heat source. Then steady state can-
not exist. Conversely, when air arrives at »; with greater
ve; through the heat source than is needed for mo-
mentum balance, the steady state condition again is
violated. For each f and 7, there is only a single value
of veo which permils a steady siate (Fig. 9).

For the construction of Fig. 9 we have chosen
E=12.5K using T,—T.=2.5K and ¢,—¢.=4 g kg™,
as found in hurricane Daisy (1958) in the inner area.
This value of E will be applied to all storms. Evidently,
some variation of results can be obtained depending on
the choice of the air-sea interaction parameters vsn
and E.

7. Examination of hurricane cases

In the Atlantichurricane area the number of situations
with sufficient observations for testing the validity of
the model presented is very small indeed. Data sources
are the research flights made by the National Hurricane
Research Project and the observations of the West
Indies rawinsonde network. Only the following days
qualify for a check:

Carrie (15 and 17 September 1957)
Daisy (25 and 27 August 1958)
Cleo (18 August 1958)

Helene (26 September 1958)
Donna (7 September 1960).

The symmetrical part of the velocity distribution was
determined as follows. In general, aircraft flying in the
low and middle troposphere made radial passes through
hurricanes, attempting to obtain “clover leafs” with
three symmetrically spaced radial cross-sections. Some
missions were beautifully executed; on others the flight
plan could not be executed fully due to a variety of
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Fic. 10. Tangential speed (kn) against radius (n mi), symmetrical
part of wind field on 2 October 1959,
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reasons. The cases cited above had sufficiently well
distributed radial legs for quantitative evaluation. In-
formation on the upper troposphere was supplied by
missions of B-47 aircraft flying at 235-250 mb as al-
ready mentioned.

Along each flight leg detailed wind profiles, supplied
by the National Hurricane Research Project, were
averaged over radial intervals of 5 n mi. Then a weight-
ing factor was assigned to each leg depending on the
area it represented. Given, for instance, three legs with
azimuths of 20°, 100° and 150°, the weight of the middle
leg is (40°4-25°)/360°=0.18. Using the weighting fac-
tors so defined, the mean wind speed for each radial
interval of 5 n mi was found and plotted on log-log
paper against radius. Omitting minor wiggles, straight
lines were fitted to the distribution of points except
where a definite change of slope was in evidence. The
profile for hurricane Hannah (Fig. 10) is an excellent
example of wind distribution with slope that fulfills
(12) exactly. (In passing, it may be mentioned that
solid rotation, ve—!=constant, gave a good approxima-
tion to the velocity distribution inside the ring of
strongest wind in most cases. Such a relation has been
noted in the literature.)

Isotach map analysis was used only to extend the
profiles outward 5 or 10 n mi when one or two legs were
a little shorter than the others. In hurricane Helene the
maximum wind was established from a single north-
south pass, since the flight yielding most data did not
penetrate inward of the 20 n mi radius. No high-tropo-
spheric flights were conducted successfully in hurricane
Donna. But this storm passed through the West Indies
rawinsonde network for three days in a nearly steady
state, so that the upper velocity distribution could be
determined to a first approximation by compositing the
balloon data relative to the hurricane center. Several
data sources had to be used for specification of vg since
the research flights in general operated well inside of 7.

Another difficulty lies in the fact that only a first
approximation to 7, can be determined. The outflowing
mass rises at least to 7, whereas the missions are made
on constant pressure surfaces. In hurricane Daisy, for
instance, the Stokes stream function representing mo-
tion in the r—z plane showed ascent intersecting the
B-47 flight level (Riehl and Malkus, 1961). We need to
know 6, and the motion field in a vertical cross section
for precise specification of ro. Except for hurricane
Daisy, however, the laborious construction of such cross
sections has not been undertaken. Hence we must make
a best estimate from rawinsonde or B-47 flight data,
noting that 7o must be equal to or smaller than the
radius at which 2,=0 at the B-47 flight level.

We now pass to the examination of individual cases;
for this purpose we shall adopt knots (kn) and nautical
miles (n mi) as velocity and distance units.

Hurricane Donna: This is the most severe hurricane
investigated by NHRP during the period 1956-62.
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F1c. 11. Winds at 45,000 ft (kn) relative to hurricane Donna
composited from West Indies rawin observations 6-9 September
1960. Inner radius 60 n mi; outer radius 300 n mi.

Extreme winds close to 150 kn were measured by air-
craft and also at landfall in the Florida Keys. On several
days, notably on 7 September 1960, research aircraft
penetrated this hurricane. On that day, the writer in-
vestigated the storm in an A3-D Navy jet research
plane at pressure altitudes between 35,000 and 43,000 ft.
Unfortunately the instruments did not work properly,
so that a reliable record was not obtained. As the best
obtainable substitute, Fig. 11 shows the velecity dis-
tribution at 45,000 ft from the 60 n mi radius outward,
composited from the rawin data of the West Indies
network. The pattern is rather spectacular and typical
of the type of the upper wind field on which much of the
reasoning in this paper is based.

The level is high enough to have been crossed by the
main outflow in the region covered by data. We find
that 7,=140 n mi, and, from similar compositing at
1000 ft, v50=235 kn. The velocity profile given by the
aircraft data (Fig. 12) is well approximated by (12).
At 7o, values of vy as given by the 1000-ft winds and by
extrapolation of the velocity profile with slope of 0.5
differ only slightly. The following quantities are ob-
tained: ;=20 n mi, v9;=110 kn, 7,=90 n mi, vs; from
heat source= 100 kn. Herewith balance as close as can
be expected is obtained from the model. Actually Donna
continued to travel in steady state until landfall on
10 September.

Hurricane Daisy: Thishurricane, moving slowly north-
ward east of Florida, was within easy reach of the
NHRP aircraft; successful penetrations were made on
no less than four successive days. Riehl and Malkus
(1961) have performed various balance calculations for
this case, including that of absolute angular momentum.
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Fic. 12. Radial profile of tangential velocity, hurricane Donna,
7 September 1960.

They found that on the day of peak intensity (27
August 1958) it was necessary to postulate some export
by small-scale lateral stresses for balance. This postu-
late, however, was enforced by the use of drag coeffi-
cients, calculated from the heat budget, which averaged
substantially below 2.5% 1073, As already noted, much
uncertainty is attached to such calculations since direct
measurements of momentum transfer from air to ocean
in hurricanes have not been made. We shall now com-
pute our parameters with the present model which does
not include lateral eddy momentum transport.

Flights in the lower troposphere were conducted by
R. C. Gentry and the writer on 25 August and by R. H.
Simpson on 27 August. On both days the velocity
profile can be approximated by ver®=const (Fig. 13).
The slope was weak on 25 August when hurricane force
was first attained, while on 27 August equation (12)
holds. On that day, from Fig. 26 in the paper by Riehl
and Malkus (1961), ro=100 n mi and vgo=30 kn. Then
r;=11 n mi, v9,=90 kn, 7,=35 n mi and v¢; from heat
source=84 kn. Within the limits of the model, balance
exists approximately. It is of interest that Daisy’s in-
tensity began to diminish almost immediately. A con-
siderably weaker velocity maximum was measured on 28
August in the last mission into this hurricane by the
author (Fig. 14).

Daisy is the only hurricane where, from Riehl and
Malkus (1961), the relation between upper and lower
height gradients can be partly checked. Between the
15 n mi and 80 n mi radii (which do not correspond
exactly to 7; and 7,) the height difference was 350 m in
the layer surface-900 mb and 170 m in the layer from
400 to 200 mb where, presumably, the main outflow
occurred.

Hurricane Helene: Successful missions into this hurri-
cane were made on 24, 25 and 26 September 1958 as it
approached the Carolina coast of the United States
from southeast. The B-47 flew only on 26 September,
the day of peak intensity. R. C. Gentry conducted the
missions of the lower aircraft; his profile (Fig. 15) again
fits (12). The velocity distribution from B-47 data ex-
tends to the 100 n mi radius. With extrapolation to
29=0, 70=120 n mi. For the lower atmosphere there
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Fi1c. 13. Radial profiles of tangential velocity for hurricane Daisy,
25 and 27 August 1958.

were no data at this radius. An approximation was ob-
tained from the surface isotach analysis by Schauss
(1962) for 0600 GMT, 27 September. His data, for the
eastern half of the storm, yield vgo=36 kn, a value which
fits extrapolation of the profile of Fig. 15. Accepting
these values as best estimates, ;=20 n mi, ;=95 kn,
r;,="70 n mi, 2; from heat source=94 kn. Again, there
is balance. We note, however, that the fit is a little
poorer than in the two preceding cases. The difficulties
of proper estimation of boundary conditions may be at
fault, especially that of r;, which is harder to obtain for
Helene than for Donna or Daisy. Judging from the
radial temperature distribution measured by the B-47,
the principal outflow layer must have crossed the flight
level fairly close to the eye; hence r, may well be
overestimated.

In both Daisy and Helene the B-47 made successful
passes through the quadrant with strongest wind.
Velocities of the strength measured at low levels were
not encountered in either case. Observed speeds indicate
that the ring of maximum wind has moved outward
3-4 n mi from 7; when the air in the eye wall was crossed
by the B-47.

Hurricane Carrie: This hurricane was investigated
first by R. H. Simpson while it was moving northwest-
ward south of Bermuda. Two days later, when it was
recurving toward the east on a clockwise path around
Bermuda, Simpson made a second set of traverses. The
B-47 data are rather weak and do not cover the hurri-
cane well. As best estimate, v,=0 at »=160 n mi on both
days. Again this may be an overestimate; but we shall
accept it, lacking more complete data in the mass out-
flow. There are no observations measuring vgo; in this
case we must assume that the vgri=const profile holds
as far as ro. A profile with this slope is observed on
17 September and in the outer region on 15 September;
the constant is the same on both days (Fig. 16). The
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F1c. 14. Radial profile of tangential velocity for hurricane Daisy,
28 August 1938,

inner velocity distribution is quite remarkable on 15
September though by no means unique. (It is also found,
for instance, in Esther of 1961). There is a suggestion
that the hurricane has tried or is trying to establish the
vgr? profile but for some reason had not achieved it at the
time of the measurements.

Given 70=160 n mi, v40=38 kn. Parameters are as
follows on 15 September: 7;=33 n mi, v¢;=80 kn, »,=90
n mi, vg; from heat source=90 kn. From these calcula-
tions and the slope of the profile in Fig. 16 we may
suppose that the hurricane is not in steady state; the
model, of course, does not predict what changes will
occur. Actually the outer velocity field propagated in-
ward during the next two days while the inner maximum
died out. By 17 September a velocity profile correspond-
ing closely to the model has been established; this in-
cludes all parameters.

Hurricane Cleo: This hurricane was recurving into the
westerlies in the Atlantic east of Bermuda on a fairly
rapid northward path when it was intercepted by N. E.
LaSeur on 18 August 1958 near latitude 35N. A highly
successful three-level mission was conducted that day.
From the B-47 record the best estimate for 74 is 120 n mi.
With only a short extrapolation of the lower velocity
profile (Fig. 17) vse=36 kn. The profile of Fig. 17
resembles that of Carrie for 15 September 1957. Again
we see a tendency for establishment of the vgr? profile
in the outer region, which is unable to penetrate inward
and produce a really strong hurricane. At the radius of
strongest wind the symmetrical part of the velocity
field falls short of hurricane intensity by a good margin;
observed maximum speeds were somewhat above 80 kn.
‘Our computations are hardly applicable to this case
since the location of 7, is not determined entirely by
the processes postulated in this paper. Nevertheless, as
a matter of interest, we obtain ;=30 n mi in view of the
high latitude and vp;=75 kn. Because of the proximity
of 7, to the terminal radius of the outer velocity profile,
the heat source calculation is best omitted. No doubt,
however, there was a substantial oceanic heat source
acting in the sector with hurricane-force wind. On the
whole it is clear that the structure of Cleo is not ex-
plained by the model.

Helene, 26 September 1958, composited from missions at three
low- and mid tropospheric pressure altitudes.
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F1c. 16. Radial profiles of tangential velocity for hurricane Carrie,
15 and 17 September 1957.
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TaBLE 1. Summary of hurricane parameters.
Observed Computed
T0 Vgo i Vi I8 Vg5 Vi Slope of
n mi kn n mi kn (mom.) (heat) vg-profile
Donna, 7 Sept. 1960 140 38 18 110 20 110 100 0.5
Daisy, 27 Aug. 1958 100 30 10 95 11 90 84 0.5
Helene, 26 Sept. 1958 120 36 17 105 20 95 94 0.5
Carrie, 15 Sept. 1957 160 38 21 75 33 80 90
Carrie, 17 Sept. 1957 160 38 35 77 37 75 73 0.5
Cleo, 18 Aug. 1958 120 36 21 58 30 75 —

Summary: The observed and computed quantities
just described for six hurricane days are summarized in
Table 1. In these cases and in others (Figs. 10, 14) the
ve-profile could be fitted readily with a straight line
with slope of 0.5. This fact was not known when equa-
tions (10) and (12) were first considered for the model.
Validity of the principle of conservation of potential
vorticity appears to be rather well demonstrated.

Computed values of #; are somewhat larger than those
obtained from the wvg-profiles. The differences, hardly
significant on four days, could stem from overestimates
of 7,. Calculated values of ve; from the heat source fall
somewhat short of observed values on the four days
with approximate balance. In view of the somewhat
arbitrary choice of 7, and E it is not advisable to make
further deductions about the differences between ob-
served and computed maximum wind, though Table 1
contains some material for speculation.

On the whole the crude model studied gives a rather
fair approximation to four out of six hurricanes, es-
pecially the strong ones. Additional evidence, given in
Figs. 1 and 6-8, supports the model. It is seen that
symmetrical vortex calculations are useful for describing
some important structural features of certain fully de-
developed hurricanes. It must be emphasized that a
complete theory has not been attempted. For that, it
would be necessary to include important features of
the asymmetric part of hurricane structure, such as
those noted by Gray (1962).

Because of "the role assigned to the outer boundary
condition in the model it will be of interest to study
to what extent variations on that boundary are related
to variations in hurricane intensity. Changes on the
boundary may be impressed by neighboring circulations,
especially those outside the tropics. From empirical
studies the author has formed the opinion that hurri-
canes cannot be regarded as fully isolated vortices and
that they may be influenced strongly by external circu-

lation (for instance, see Riehl, 1948). Further computa-
tions on this subject are in progress.
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