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Abstract

For problems with piecewise smooth solutions, spectral element methods hold great promise. They
combine the exponential convergence of spectral methods with the geometric flexibility of finite
elements. Spectral elements are well-established for scalar elliptic problems and problems of fluid
dynamics, and recently the first methods for problem& {nurl) andH (div) were proposed. In this
dissertation we study spectral element methods for a model problem. We first consider Maxwell’s
equation and derive the model problen¥itcurl). Then we introduce anisotropic spectra@ddlec
element discretizations with variable numerical integration for the model problem. We discuss their
structure, and their convergence and approximation properties. We also obtain results on the norm of
the Necklec interpolants betweenéstlec and Raviart-Thomas spaces of different degree, needed
for the computation of the splitting constant for the domain decomposition preconditioner and the
numerical analysis of nonlinear equations. We also prove a Friedrichs-like inequality for the model
problem for the spectral case.

We present fast direct solvers for the model problem on separable domains, taking advantage of the
tensor product discretization and fast diagonalization methods. We use those fast solvers as local
solvers in domain decomposition methods for problems that are too large to be solved directly, or
posed on non-separable domains, and use them to compute and subassemble the Schur comple-
ment system corresponding to the interface. We also apply them in the direct solution of the Schur
complement system for general domains.

As an example for the domain decomposition methods that can be implemented with these tools,
we introduce overlapping Schwarz methods, both one-level and two-level versions.

We extend the theory for overlapping Schwarz methods to the speé&dald¢ element case. We re-

duce the proof of the condition number estimate to three basic estimates, and present theoretical and
numerical results on those estimates. The technique of the proof works in both the two-dimensional
and three-dimensional case.

We also present numerical results for one-level and two-level methods in two dimensions.

Vi
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Chapter 1

Introduction

Computational electromagnetics concerns the numerical approximation of Maxwell’s equa-
tions. Maxwell’s equations describe the interaction of electromagnetic waves and matter,
and form a vector system of time-dependent partial differential equations. There is an in-
creasing need for optimal solvers for Maxwell's equation since devices such as optical de-
vices in integrated optics or photonic crystals have been proposed and need to be modeled.
Since for some of those devices the production of prototypes is very expensive and compli-
cated, an accurate numerical model has to be designed and solved, and the solution has to
be fast, since it will possibly be used in design optimizations. In the last ten years, compu-
tational electromagnetics has become a very important research area in numerical analysis.
Besides the design problem mentioned above, areas of interest are also the simulation of
antennas, the scattering by complicated objects; used for instance in one of the approaches
to inverse scattering — which also needs a very fast direct solver — and the calculation of
eddy currents in electric conductors.

The main focus of this thesis is the spectral element discretization of Maxwell's equa-
tion, the construction of fast direct solvers for such discretizations, and the construction
and analysis of domain decomposition preconditioners for iterative methods for such dis-
cretizations.

For the analysis of Maxwell's equations, suitable Sobolev spaces have to be introduced:
H(curl) and H (div) are the graph spaces efirl anddiv over L2. Suitable finite element
spaces conforming in those continuous spaces were introduced in the late 1970’s, in partic-
ular the NecBlec or edge element spaces, conformingifeurl), and the Raviart-Thomas
spaces, conforming i/ (div). In those approximation spaces only some of the compo-
nents are forced to be continuous across the interface. We introduce the continuous spaces
in chapter 2, and we discuss thé&/'-extension of the Bcelec and Raviart-Thomaséglec

spaces in chapter 7. We discuss the commuting diagram properties which they share with



the continuous setting, the approximation properties, and the properties of the interpolation
operators when used as mappings betweéreMc or Raviart-Thomas-&tElec spaces

of different degrees. We also prove a discrete Friedrichs’ inequality. To the best of our
knowledge, the use of spectral element degrees of freedom for the Raviart-Th@ukdeeN
spaces is new, and so is the study of the mapping properties ofétided interpolation
between spaces of different order.

We introduce a standard model problemAricurl), which we derive from the implicit
time-integration of the time-dependent Maxwell’'s equations in chapter 3, and we present
spectral Necelec element discretizations of the model problem in chapter 8. We only know
of one group working on spectral elements for Maxwell’'s equations, around Ben Belgacem
(see, e.g., Ben Belgacem and Bernalddi)], which seems to use mainly mortar elements.
We do not know of any experimental work on spectral elements for the model problem.

We derive the discretization for arbitrary degrees, possibly different in different directions,
and arbitrary degrees of numerical integration. We present subassembly procedures on rect-
angular domains foff -, H (curl)-, and H (div)-conforming discretizations.

We study fast direct solvers on rectangular domains, and direct solvers for the Schur com-
plement system on the element interfaces for non-separable domains in chapter 9.

For systems too large to fit into the memory of a single machine, or so large that direct
solvers are not competitive in terms of storage or computing time, we consider iterative
methods. Recently, efficient preconditioners for the finite element method for the model
problem have become the subject of extensive research. Some of the most promising meth-
ods are domain decomposition and multigrid solvers and preconditioners. In a domain de-
composition approach, a problem on a large domain is solved approximately by solving
problems over smaller subregions and combining the local solutions appropriately. One can
easily design iterative schemes which start from an initial guess, and solve local problems,
in parallel or in sequence, in each step. These basic iterative methods can also be used to
construct preconditioners for the discretizations, that are then accelerated by Krylov sub-
space methods. When problems with a large number of subdomains are to be solved, a
coarse problem has to be added to improve convergence, especially to make the conver-
gence independent of the number of subregions. Domain decomposition methods are by
design parallel methods, and can be easily implemented on parallel computers and have
been shown to lead to scalable preconditioners.

Many domain decomposition methods can be viewed in terms of the abstract Schwarz
framework, see chapter 5. A Schwarz preconditioner is defined by a collection of subspaces
with exact or inexact solver provided for each of them, where the union of the collection
of the subspaces equals the original space. The algorithms we consider here are two-level
algorithms, where we work with discretizations on a fine mesh of elements and a coarse
mesh of subregions.



We study the model problem
a(u,v) :==m(u,v)2 + ne(curlu, curl v)2 = f(v)

on H(curl). The domain? is a bounded connected polygon or polyhedron. Essential,
natural, and Silver-Nller boundary conditions can be considered.

The study and analysis of preconditioners fa&dBlec and Raviart-Thomaséselec dis-
cretization started only recently, even for theversion of the elements. Two-level overlap-
ping Schwarz preconditioners féf(div) were developed by Arnold, Falk and Winthét,[
They were further investigated by Toselli in thE curl) case in §6, 98] and by Hiptmair
and Toselli pQ] for both H (div) and H (curl).

Multigrid and multilevel methods for (div) and H(curl) were considered in Arnold,
Falk and Winther §, 7], Hiptmair and Toselli 0] and Hiptmair B9, 58, 57]. Iterative
substructuring methods are treated in Alonso and VAJjiToselli [96]; Toselli, Widlund,

and WohImuth 101]; and WohImuth, Toselli, and WidlundLD4], a Neumann-Neumann
solver is considered in Tosell®}] and FETI preconditioners are proposed in Toselli and
Rapetti L0Q, and Toselli and Klawonnd9]. We are not aware of any work on domain
decomposition preconditioners for spectral element discretizations for Maxwell's equations
or the model problem.

We present an implementation of a two-level additive overlapping method in chapter
10, and a proof of a condition number estimate for this method for the two- and three-
dimensional case in chapter 11.

In the following, we will denote byA the representation of the bilinear forx, -) on the
spectral element space, and Bythe additive Schwarz preconditioner. Denoting/bthe

size of the small elements, Y the size of the subregions, bythe size of the overlap, by

N¢ the number of colors needed to color the subregions so that no two regions of the same
color overlap, and by the degree of the spectrakilec elements, we prove a condition
number estimate of the form

w(BA)) < C(N, + 1>% (1 LN, (1 i (%)))

for generous or fixed overlap, and of the form

#(BA) < C(N, + 1)N 2200 72) <1+NC <1+ (§)2>>

min(ny, 72)

for minimal overlap. Both the power o’} and of N can most probably be improved; for
the first one would have to extend the small overlap type of proof of Dryja and Widlund



[44] to H(curl); for the second we present a different treatment of the partition of unity
that could improve the estimate.

The proof is an extension of Toselli's proof i8g] to the spectral case. We have reduced it
to the proof of three required estimates, for which we present both numerical and theoretical
results.

In the course of the work on this thesis, we have also developed direct solvers for the
model problem using a computational Helmholtz decomposition to reduce the solution
of the model problem to scalar and vector Helmholtz and Laplace solves, and we have
worked on a generalization of the restricted additive Schwarz method for the Poisson and
the Helmholtz equation. Unfortunately we lack both space and time to present the results
in the context of this thesis. We hope to present this work in future publications.



Chapter 2

Function spaces and regularity results

In this chapter we present the function spaces and regularity results that we will need later
in this thesis. In the first subsection, we introduce the standard Sobolev gpaaadV >

and some of their properties. The next three sections are dedicated to a short introduction
to the graph spaced (div, §2), H (curl, 2) in two dimensions and/ (curl, ©?) in three di-
mensions. In the fifth section we present orthogonal decompositiofs*¢f2))" and of

the graph spaces that generalize the Helmholtz decomposition of smooth vector fields into
divergence-free and curl-free parts. In the next section, we present some regularity results
for the Laplace operator that are needed later in the chapter. Section 7 presents a discussion
of imbedding theorems for the intersection d{div) and H (curl). We end the chapter

with a discussion of the regularity efir] potentials in the last section.

For a general theory of the classical Sobolev spaces see Adgiiefas [/3], or Grisvard
[52]. For a theory ofH (div) and H (curl) we refer to Dautray and Lion8§], and Girault
and Raviart48]. For an introduction to the case of non-smooth domains see Grisv&rd |
and Amrouche, Bernardi, Dauge, and Girag]tdnd references therein.

Let2 € R™ be an open, bounded and connected set, with a Lipschitz continuous boundary
0f) and exterior normah. Given a generic vectar € R", we denote its Cartesian compo-
nents byu;, 7 = 1, - - -, n. Any definition of inner products or norms can be extended from
the scalar case to the vector case in a straightforward way, i.eX;"feve use

n

(W, v)xn := Z(ul, Vi) x

i=1

n
[l =D llull%
i=1



2.1 Sobolev spaces

LP(Q) is the space of Lebesgue measurable functiomsth ||ul|z») = [|ullopn < 00

where
ullZ, o = / uf?
Q

||]]0,00,0 = €SS SUR|U|

LP(2) is a Banach space, and for= 2 it is a Hilbert space with the inner product

(u;v)o0 = (u,v)o == / uv

Q

L (%) is the subspace di?(2) of functions with mean zero, i.ef,, v = 0.

The Sobolev spadd’*?(Q) for k integer consists of all locally summable functiansuch
that for each multi-index: with |a| < k, D% € LP(Q2). Its norm is defined by

1/p
[ullwes@) = llullpa = | D IID%ullf 0
la|<k
[l .00.0 := max [[D%ul 0,00 0
|la|<k
The spacesH*(Q) := Wk2(Q) are Hilbert spaces, their norm is denoted

|| ) HH’“(Q) = H ) ||kQ
For s nonnegative and not an integer, we write= |s| + o with o € (0,1), andu €
Wer(Q) if and only ifu € WLslP(Q) and, for|a| = |s], [U]span < o0, Where

D — D« p
R
. aJa |z —y[r+or

|D*u(x) — D*u(y)|
|z —yl°

[U].00,0.0 = €SS SUP,cq vty

The norm inl¥*?(Q)) is then defined as

1/p

ullopa = ([l 0+ D W00
]

lal=]s



[[u]]s,00.0 = HUHLS 00,2 T |H\1a|_xj (U] ,00,0,2

The space#/*(Q2) := W*?(Q) are Hilbert spaces for > 0. There are instrinsic definitions
of the scalar produdiu, v),, or it can also be defined by polarization|pf||;.

For k integer, one defined’*?(Q2) semi-norms as follows:

’u|z,p,ﬂ = Z ||Dau||g,p,Q
la|=k

koo = D |IDullo00
la|=k
The semi-norms on the spacl$ are denotedh|,.

For the solution of essential boundary value problems we also need spaces of functions with
imposed boundary conditions. In the standard way, one defifje4<?) as the closure of

the space of infinitely differentiable functions with compact suppoft iwith respect to

the|| - || p.o-norm. As before 73 (Q2) := W5*(9).

The spaces with negativeare defined by duality. Since the dual spacé/6{2) would not
be a space of distribution#l; is chosen. That means

H™(Q) = (Hy (€)'

WP (Q) = (W, 7 (Q))
with the standard definition of the dual operator norm.

There are Sobolev imbedding theorems stating inclusion relationships between different
WP spaces. We will present one of the versions in the following.

Theorem 2.1 (Sobolev imbedding theorem)etp € [1, o], s < t. The following imbed-
dings hold algebraically and topologically

Wha(Q) ifl=1_2=t>0
Wer(Q) € 4 Wii(Q) Vg € [1,00)if L= ==t
Ccl(Q) if 1< ==Lt
The firstimbedding is compact for allc |1 ,n(%) ifn > (s— t)p.

See, for instance, Girault and Ravia48] Theorem 1.1.3].

To give an intrinsic characterization &f;"”(€2), and to discuss boundary behavior of func-
tions in1V/*?, we need to introduce trace operators and the trace theorem. Dengptéhey
operator that maps a function @) to its boundary values i6'(052).



Theorem 2.2 (Trace theorem)Assume thaf) has a boundary of clas§*!, thatp > 1,
s>0ands <k+1,s— }D = [ + o with | a non-negative integer and € (0, 1). Then the
mappingy, has a continuous extension as an operator

WEP(Q) > W5 5P (59)

In the case thaf) has a piecewis€*! boundary, with theC*! piecesd(;, +, can be
extended to an operator

Wer(Q) e [T we v P(0%)

Its range is a subspace 1, WS‘%’p(é)Qi) characterized by additional conditions associ-
ated with the intersection betweéf; andos;.

For theWW#P-case, see, e.g., Grisvar8Z section 1.5.2], and for thé&*-case, see, e.g.,
Bernardi and Madayl]7, section 1].

Until now we have assumed thatis a domain of sizé)(1). For domains of diametdt,,
we will work with the standard scaled norms, for instancegfer 2 ands = 1 we have

lullf o = [uli o + —[lullg
L0 1 T ppaiitlion

In the Sobolev spaces, many useful inequalities are known. We refer, e.g., to the discussions
in NeCas [73] and in Dautray and Lions3P, chapter \{7].

We will only give the Friedrichs’ inequality, needed in the proof that ffesemi-norm is
equivalent to theZ'-norm onH;}:

Vu € Hy(Q) : ||ullo.o < CHgluli o

Spaces or norms without explicitly stated dom&irare understood to be defined on the
appropriate global domain.

2.2 The spaceH (div, )

Thedivergenceof a vector fieldu € R is defined as

n
divu := E O, U
i=1



H(div, Q) is the graph space dfv overL?, i.e.,
H(div, Q) = {u € (L*(Q))"|divu € L*(Q)}.
It is a Hilbert space under the graph norm
(u, V)div,e = (1, v)o + (divu,divv) ulGv.e = (0, Wavo

We also need a space with more regularity for the discussion of the approximation proper-
ties of the NecElec interpolant in chapter 7:

H(div, Q) = {u € (H(Q))"|divu € H*(Q)}

The trace operatoy, that maps a vector field to its normal component on the boundary,
and is, e.g., well-defined on the restrictionf®oof the infinitely differentiable functions
with compact support ilR", can be extended to a continuous (and surjective) opérator

Yo+ H(div, Q) — H 2 (9)
Foru € H(div,2) andq € H'(2) we have the following Green’s formula:
(u,grad q)oq + (divu, g)oa = (a(u0), Q>%,ag

where here and in the following, '>%,an denotes the duality pairing betweéfr 2 (992)
andHz(9Q).
Finally, we also need the subspaces

Hy(div, Q) = {u € H(div,Q)|y,(u) = 0}

H(divy, ) = {u € H(div,Q)|divu = 0}
Hy(div, 2) = {u € Hy(div,Q)|diva =0}

2.3 The spaceH (curl) in two dimensions

Given a two-dimensional vector fieldand a scalar functiogm of two variables, the follow-
ing two curl operators can be defined

CUI‘lq = (a$ZQﬂ _83[:1 Q)

!Recall that we use scaled norms fdtdiv, Q) and H == (9Q) if Hg, is notO(1).



curlu = 0, us — Op,uq
H (curl, Q) is defined as the graph spacecafl over L%(2), and is a Hilbert space:
H(curl, Q) = {u € (L*())? curlu € L*(Q)},
(W, V)ewrno = (1, v)o + (curlu, curl v), HquurLQ = (U, 0)cur 0

We also need a space with more regularity for the discussion of the approximation proper-
ties of the Necélec interpolant in chapter 7:

Hé(curl, Q) = {u € (H*(Q))?| curlu € H*(Q2)}

A vectoru = (uy,us) belongs toH (curl, Q) if and only if v. = (—us,u;) belongs to
H(div, Q). Denoting the unit tangent vector @i with t, we havev - n = —u - t and
curlu = divv. Therefore we can use the results of the previous section to show that
7:(u) = u - t]yn can be extended to a continuous (and surjective) operator

v+ H(curl, Q) — H_%(ﬁﬂ)
A Green’s formula can be proven fare H(curl, ) andq € H'(Q)
(Cur1u> Q)O,Q + (ua curl q)O,Q = <’Yt(u)7 Q>%,8Q

To allow us to state some results concisely for the two-dimensional and three-dimensional
case in the same formula, we denotzt-rl := curl.

2.4 The spacéd (curl) in three dimensions

The curl vector operator is defined for a three-dimensional vectordiels!
curlu := (0,,us — Oy, sz, Opytts — Oy, Us, Op, Uy — Ogytin )"
H(curl) is a Hilbert space with the graph norm and inner product:
H(curl, Q) = {u € (L*(Q))*| curlu € (L*(Q2))*},
(0, V)euro = (u,v)o + (curlu, curlv), 1ullure = (W, WeurLe

We also need a space with more regularity for the discussion of the approximation proper-
ties of the Necklec interpolant in chapter 7:

H*(curl, Q) = {u € (H**1(Q))%| curlu € (H*(Q))*}

10



In the treatment of Maxwell’s equations on non-convex Lipschitz domains, the following
space plays a role (see the comments in section 7.1.2 and at the end of chapter 7):

XP(Q) = {u € (LP(Q))?, curlu € (LP(Q))*,u x n € (LP(OQ))*} (d = 3).

The tangential components on the boundaiycan be defined as
7(u)=u—(u-n)n=(nxu)xn

We will also sometimes calh x u the tangential components even though we have only

In x| = [y (w)].

By extending the tangential trace operaigrwhich certainly is well-defined and continu-
ous for smooth enough, we can find a continuous operator

v« H(curl, Q) — (H2(00))?

which is not surjective. Its range has been fully characterized (see, for instance, Alonso and
Valli [ 3]).

A Green'’s formula can be proven far v € H(curl, 2):
(curlu, v)oq + (u,curl v)o o = (v(u),q)1 g0

29

To allow us to state some results concisely for the two-dimensional and three-dimensional
case in the same formula, we denot?t’rl := curl.

We define the subspaces
Ho(c%rl, Q) ={ue H(c%rL )|y (u) = 0}
H(cunrlo7 Q) ={ue H(c1711rl, Q)| cunrlu =0}
Ho(c%rlo, Q) ={uce Hg(c171lrl, Q)| 0171Lrlu =0}

2.5 Helmholtz decompositions

Theorem 2.3 (Orthogonal decompositions iffL?(£2))") The spacd L*(2))" allows the
following orthogonal decompositions

(L*()" = H(div o, ) @ grad Hj(9Q)
(L*(Q))™ = Hy(div, Q) @ grad H'(Q2)
(L*(Q))™ = Hy(div, ) © grad H'(Q) & grad H, ()
whereH!(Q) is the space of harmonic functions #f' (2).

11



Proof: Dautray and Lions34, Proposition 1 on page 215].1
This theorem implies similar theoremsif(div, 2) and H (curl, 2), which we give below:

Theorem 2.4 (Orthogonal decompositions irf (div, €2)) Thediv graph spaces allow the
following orthogonal decompositions

H(div, Q) = H(div,, Q) & H*(div, Q)

Hy(div, Q) = Hy(div, Q) @ Hy (div, Q)

with
H*(div, Q) = H(div, Q) N grad HE(Q)

Hi(div, Q) = Hy(div, Q) N grad H'(Q)

The two decompositions are orthogonal in b6th), o and (-, -)aiv.0, and this implies
VH>*(div, Q) U Hy (div, Q) : ||u]o.o < CHg||divul|oq
Theorem 2.5 (Orthogonal decompositions i (curl, 2)) H(curl,©2) allows the fol-
lowing orthogonal decompositions
H(curl, Q) = grad Hy(2) ® H*(curl, Q)
Hy(curl, Q) = grad H'(Q) @ Hy (curl, Q)

with
H*(curl, Q) = H(div,Q) N Hy(curl, Q)

Hy (curl, Q) = Hy(div, Q) N H(curl, Q)
The two decompositions are orthogonal in b¢th)o o and (-, ) curi.o-
For simply connectef we have
H(curly, Q) = grad H'(Q)

For multiply connected? this hold with ac, and the complement has been characterized
(see, e.qg., Dautray and Lion34)).

We end this section with
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Theorem 2.6 (Friedrichs’ inequality for H+(curl, Q)) If Q is simply connected, then the
following inequality holds:

Yu € H*(curl, Q) : ||ulloo < CHg|| curlul|oq

If, in addition, 02 is connected, the same inequality holds for the space with vanishing
tangential components:

Yu € HOL(curl, Q) : ||ulloo < CHgl| curlul|pn

For some extensions to multiply connected domains and to domains with boundaries con-
sisting of several connected components, see Dautray and Ldghsafhd Amrouche,
Bernardi, Dauge, and Giraul].

2.6 Regularity of the Laplace operator

In this section we will present several regularity results for the Dirichlet and Neuman prob-
lem for the Laplace operator. We will need them in the proof of the regularity ofdlré
potentials in the last section.

We will first discuss the case of Dirichlet boundary conditions. The Dirichlet problem is

“Au = f in O

u = g onof2 (21)

The following regularity results are well-known:

Theorem 2.7 Assume thaf) is a bounded, open subset &f with a C**! boundary.
Then forp € (1, 00), the solution operatoff, g) — w for (2.1) is continuous on

WhP(Q) x WE20P(Q) — WH2P(Q)
Proof: See Girault and Raviart, theorem 1.1.8,1)]. 1

Theorem 2.8 Assume thaf) is a two-dimensional, bounded polygon with no reentrant
corner. Then there exists a repd, depending on the greatest inner angleddt such that

u € W2P(Q) for p € (1, pq) wheneverf € LP(Q2) andg € ~,(W??(Q)). The result is still
true for g = 0 for any convex bounded polyhedron in the three-dimensional case.

13



Proof: See Girault and RaviaréB, theorem 1.1.8,2) and 3)].
For the three-dimensional homogenous case-(0) and H* spaces we have more infor-
mation about the exact regularity, see Daugfe Corollary 18.18]:

Theorem 2.9 Supposé is a three-dimensional, bounded Lipschitz polyhedron witte-
ing the largest angle between its faces. kot —% and

the Laplace operator is an isomorphism:
A H* Q)N H(Q) « H(Q)

The Neumann problem is
—Au = f in Q
Ot = g onof2
The dataf andg have to satisfy the compatibility condition

o7 =0

Since @.2) only involves derivatives of, it will never be uniquely solvable. Therefore we
work in the quotient spaces ovRrusing the standard quotient norm . We remark that the
quotient norm inF!' /R is equivalent to thé7!-seminorm.

We state the analogues of the first two theorems above, and note that exact regularity results
for the Neumann problem are known. We skip their statement for reasons of space and refer
to the literature.

(2.2)

if (2.2) is to have a solution.

Theorem 2.10 Assume thaf) is a bounded, open subsetRf with a C*+1! boundary.
Then the solution operatdtf, g) — u for (2.2) is continuous on

WkP(Q) x WH—3P(Q) — WH2P(Q) /R
Proof: See Girault and RaviartB, theorem 1.1.10,1)]. &

Theorem 2.11 Assume thaf is a two-dimensional, bounded polygon with no reentrant
corner. Then there exists a repd, depending on the greatest inner angleddt such that
u € WP(Q)/R for p € (1,pa) wheneverf € LF(Q2) andg € vo(WP(2)). The result is
still true for g = 0 for any convex bounded polyhedron in the three-dimensional case.

Proof: See Girault and Raviar4B, theorem 1.1.10,2) and 3)]. i
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2.7 Imbedding theorems

In this section, we will discuss under which circumstances we can infeutlkatH *(2)
fromu € H(curl, Q) andu € H(div,2). In some senseljv andcurl already cover all the

directional derivatives, and so, locally, we should obtain the result swthl. We will see

that this suspicion is correct and also tkatill depend strongly on the imposed boundary
conditions and on the convexity (or the measure of the reentrant cornefs) Alf the

results stated in this section are proven or referenced in Amrouche, Bernardi, Dauge, and
Girault [5], and we refer to this article for the proofs and further comments. We state all the
results for the three-dimensional case. The two-dimensional case is discussed in Girault and
Raviart 48, section 3.2] and complete results could be obtained combining their methods
and regularity results for non-convex polygons.

First, we need to introduce some spaces:
H(Q2) = H(curl, ) N H(div, )
with the norm
lullf) = llullgq + [ curlu|[5 o + || divulfg
and the following spaces with different boundary behavior:
Hr(Q) = {u € H(Q)|y(a) = 0}
Hy(Q) = {u € H(Q)|yn(u) = 0}
Ho(2) = Hp(2) N Hy(Q)
The following results are known:

Theorem 2.12 (Vanishing boundary components)H,(Q2) coincides with ] (Q2))3.

Theorem 2.13 (Imbeddings in(L?(€2))") The imbedding ofi () into (L*(2))" is not
compact. The imbeddings &f(Q) and Hy () into (L?(2))" are compact.

Theorem 2.14 (Smooth boundaries or convex domaindf 9 is of classC!! or if Q is
convex, therfi () and Hy(2) are continuously imbedded i{i#}(€2))3. This also holds
for inhomogenous boundary components iz (9Q))? or Hz(92), respectively, and in
the two-dimensional case.

Counterexamples to this theorem are known for Lipschitz domains.

Theorem 2.15 (Lipschitz boundaries)If 02 is Lipschitz, then there exists a real number
s > 1 such thatH,(Q2) and Hy((2) are continuously imbedded iff7*(2))*. This also
holds for inhomgenous boundary component&if(2))? or L?(2), respectively.
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2.8 Regularity of curl potentials

In this section we will give some regularity results for tie-curl problem and foicurl
potentials.

First we discuss théiv-curl problem in three dimensions. Improved and exact results
could be obtained for the two-dimensional case using the Laplace problems fdikthe
andcurl-potential and applying the known regularity results on polygons.

Theorem 2.16 @iv-curl in H*) Assume that) is a bounded convex polyhedron. Then
there exists ag, € (0, 5) such that for alls € [0, sq) andv € Hy(Q2) with

curlv € (H*(Q))* divv € H*(2)

we have the added regularity € (H*+1(€2))3.

Proof: See Toselli96, Theorem 2.1.1]sq, is the maximak for which the Dirichlet problem
is regular inH* — H***, see 2.1) and theoren2.9. &

Theorem 2.17 @iv-curl in L?) Assume that) is a bounded convex polyhedron. Then
there exist @ > 2 such that for allp € [2,pg) andv € Hy(2) or v € Hp(2) with

curlv € (LP(Q2))? divv € LP(Q)

we have the added regularityc (W1?(Q))3.

Proof: See Amrouche, Bernardi, Dauge, and Girab/tRemark 2.19]p, is the maximap
for which the Dirichlet respective Neumann problem is reguldtfinsee 2.1) and theorem
2.8, or (2.2) and theoren2.11, respectively. 1

We give nowfour regularity results for thairl-potential. We assume for simplicity that

Q2 is simply connected, and, in the three-dimensional casegthas connected. For ex-
tensions of the results to more general cases, see Girault and Ra#]ahfl Amrouche,
Bernardi, Dauge, and Giraub]|.

Theorem 2.18 (¢, two dimensions) If u € (H*(Q2))? for s > 0 anddivu = 0, then
u = curlv withv € H*1(Q).

Proof: The result is given fog integer on Girault and Raviadg, page 39]. We use (Hilbert
space) interpolation betweer| and|s| to extend it to the case of general 1
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Theorem 2.19 (., two dimensions) If u € (L*(2))? for p > 2 anddivu = 0, then
u = curlv withv € WP(Q).

Proof: See Girault and RaviaréB, page 39]. 1

Theorem 2.20 @, three dimensions) If u € (H#(2))? for s € [0, 1] anddivu = 0, then
u = curlv withv € (H*1(Q))3.

Proof: See Girault and RaviarB, Remark .3.12]. &

Theorem 2.21 (.*, three dimensions) Assumé? is a bounded, convex polyhedronuli
(LP(£2))? for somep > 2, divu = 0 and~, (u) = 0, thenu = curl v withv € (W7 (Q2))?
forr € (2, p].

Proof: See Girault and Raviart!, Remark 1.3.14]. 1
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Chapter 3

The model problem

In this chapter we will explain how one can obtain a problem of the form
tueV:VveV:(au,v)+ (Bcurlu,curlv)+ bt =f(v) (MP)

in the solution of electromagnetic problem&z (stands for boundary terms)

3.1 Maxwell's equations, reformulations

Maxwell's equations model the behavior of electromangetic waves and their interaction
with matter! They read in a linear material with dielectric permittivitymagnetic perme-
ability 1 and electric conductivity:

curlH = j+0,D (3.2)
curlE = —0,B (3.2)
dvD = »p (3.3)
dvB = 0 (3.4)
D = ¢E (3.5)

B = uH (3.6)

j = cE+j; (3.7)

1For a mathematical treatment of several problems connected with Maxwell's equation see Dautray and
Lions [33, 32, 34, 35, 36, 37
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whereE(x,t) is the electric fieldB(x, ¢) is the magnetic inductio)(x,¢) is the elec-
tric flux density,H(x, ¢) is the magnetic fieldj(x, ¢) is the electric curreng;(x,¢) is an
intrinsic current, ang(x, t) is the space charge density.

Equations 8.1) is the Maxwell-Amgre law, equationd.2) is Faraday’s law, equatio3 (3)

is Gauss’ electrical law, and equatidh4) is Gauss’ magnetic law3(5), (3.6) and @.7) are
material laws, also known as constitutive relations. In the general case those material laws
could be nonlinear, where nonlinear magnetic effects are more common and occur under
normal circumstances, while nonlinear electric effects often occur in the very high energy
case, for instance in second-harmonic generation with lasers in nonlinear optics. Even with
linear material laws, the propagation of electromagnetic waves could be different in dif-
ferent directions, as it happens in a crystal, where the material prop€ties:(x) and

o(x) are tensors;, © ando are nonnegative because of their physical interpretation. In our
work we will only work with isotropic materials, so that i ando are only scalar func-

tions of the spatial variable. We will restrict ourselves mostly to homogeneous materials
and to nonhomogeneous materials with piecewise constant or piecewise separable material
properties, but we could model in a similar way piecewise smooth material properties. The
electromagnetic properties of the material can change with time, like the conductivity in
microwave heating, and we would need some other model, maybe in form of a partial dif-
ferential equation to take those effects into account. For instance in microwave heating we
would have to couple the Maxwell system with a nonlinear heat equation and a model how
the temperature affects the conductivity (see Yi@4), but we will not treat such models

here.

In general we can assume that the permitivity and the permeability are positive functions,
bounded from below away from zero with uniform constant lower bougasd 1, re-
spectively; but in general we can only asswmg 0 almost everywhere.

Usually the Maxwell system is written in two fields; we will write it B andE. In certain
circumstances, like nonlinear or more complicated material laws, it may be preferable to
formulate the Maxwell system in all four fields.

We can pose an initial value problem or an initial and boundary value problem. Then we
will enforce initial conditions at timeé = 0 and possibly some boundary conditions. It is
also possible to pose stationary (i.e., problems that do not contain time derivatives) prob-
lems in frequency space or to look for solutions with certain behavior at infinity.

If both Gauss’ laws 3.3) and @.4) hold at the initial time, they continue to hold at any

later time. Therefore those two equations are not needed for the evolution in the continuous
formulation. If it is necessary that the numerical solutions obey Gauss’ laws exactly, we
have to make sure that the numerical schemes satisfy the divergence constraints exactly, so
that in that case the laws may be not redundant. Assuming the solution procedures conserve
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the divergences, we have to integrate

1

— e E—ocE+curl-B = j; (3.8)
]

OB +curlE = 0 (3.9)

for instance under the initial conditions

B, — B (3.10)

E’t:() == EQ (311)
The conditions on the divergences could be explicitly enforced by the introduction of La-
grangian multipliers. Since this requires the introduction of more fields, and leads to saddle
point problems with several fields, and not to a problem of type (MP), we will not consider
such methods here.

Fore = u = 1, 0 = 0, Maxwell's equations are a first order symmetric hyperbolic sys-
tem (see for instance Garabedid®,[pg. 100], Feng45], and Dautray and Lions3[3, pg.
95-96]). For constant andi, and assuming = 0 we can introduce a change of variables

to obtain the system for = ;. = 1 (see for instance Fend}]). In general Maxwell’s
equations will show both hyperbolic and parabolic properties, we can obtain both hyper-
bolic and parabolic equations for certain choicesforando, possibly interpreted as limit
cases.

A priori the Maxwell equations are posed over the entire sfRéceut we can impose exact

or approximative boundary conditions on interfaces with perfect conductors or other bod-
ies with idealized electromagnetic properties; radiation, absorbing, symmetry or reflecting
boundary conditions to truncate the a priori infinite domains; or boundary conditions to
enforce known physical conditions, like ambient illumination, light being guided into a
coupler between optical fibers, or laser light pumped into the system.

An alternative to the use of boundary conditions to truncate the domain would be to dis-
cretize the infinite exterior domain by infinite elements or by an integral equation or bound-
ary elements on the boundary, but we will not consider such approaches in this work.

At an interface inside the domain we have that the tangential componeBtarmdH and

the normal components @ andB are continuous, if we assume that there are no surface
electric current densities and surface charge densities present on the interface. Should there
be a surface electric current densjtyand a surface charge denspy, we will have a

jump of sizej, in the tangential components &f and a jump of size, in the normal
component oD, while the tangential components Bf and the normal component &

are still continuous.
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A perfect conductor is an idealized material that cannot sustain an electric field, i.e., elec-
trical charges move instantaneous so that they are always in equilibrium with a zero electric
field inside the material, so that we obtain the following two boundary conditions on the
boundaryl” of the perfect conductor,

Exnfr = 0 (3.13)

enforcing a zero normal component of the inducti®and zero tangential components of
the electric fieldE.

Similar to Gauss’ laws above, the interface conditions or perfect conductor boundary con-
ditions continue to hold if they hold at an initial time.

If we know the electric and magnetic field inside one of the domains, the interface condi-
tions give boundary conditions for the other domain, enforcing a nonhomogeneous normal
component on the induction and nonhomogeneous tangential components on the electric
field. A special case is if we use that to model the reaction of the system to an "incoming”
electric field from infinity by enforcing it on a boundary “far” from the origin.

In a very similar way we can also treat a boundary condition where we know the induction
in a non-tangential direction or the electric field in two directions.

If we formulate the system as a second order system in only one of the two fields, boundary
conditions on the other field turn into boundary conditions on the curl of the considered
field, taking the appropriate time derivatives, and ushd)(@and @.2).

There are also (approximate) radiation boundary conditions that force fields to be either
outgoing or incoming (or absorbing boundary conditions that absorb outgoing radiation).

One example is the Silver-Mler boundary condition

(E_\/lu_ean)xn:O (3.14)

If we want to compute a scattering problem we could use this condition to enforce that the
part of the electromagnetic fields that is not the incoming wave is outgoing on the piece
of the boundary where Silver-tler conditions are enforced, by substitutiBg- E;,,. for

E, or equivalently changing the right hand side of the condition fotm E;,,. x n. Some
implementations also allow fdt to be multiplied by some real or complex constant, but
we will not do that for the sake of simplicity. The extension to that case is straightforward.

In certain circumstances one of the two fieldsr B is of more importance than the other
field, and it is possible to reformulate Maxwell’s system to obtain a second order evolution
eqguation only in one of the fields.
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If we are only interested ik, we obtain:

1
€0’E + 00,E + curl — curl E = 9,j; (3.15)
o
with the initial conditions
El,.y = E (3.16)
1 1
atE’t:() = —curl _BO - O'EO - ji’t:O (317)
€ %

To recoverB, we have to integrate

0B = —curlE (3.18)
Bl = B, (3.19)

Perfect conductor boundary conditions turn into conditions on the tangential components
of E or alternatively into conditions on the normal componentafl E if we assume

that the initial data satisfies the boundary condition, i.e., on a piece of the boundary with a
perfect conductorl’,. we obtain

Exn

r. = 0 (3.20)
r. = 0 (3.21)

curlE - n

If we know the electromagnetic fields in the material on the other side of the boundary to
be E; andB;, those conditions change into

E x l’llri = Ez X l’l‘ri (322)

curlE-n|r, = —0,B; n|, (3.23)

The Silver-Miller conditions are equivalent (if they hold at the initial time) to

<8tE + curl E x n) xn=0 (3.24)

NG

If we are only interested i, we obtain similarly a second order wave equatioiBifor
two special cases. First, if we assume constamdo, we get?

2Dautray and Lions33, pg. 85] give

1 1
0:B +curl —curl —-B =0 divB =0
o M

as a model of magnetic induction in a plasma. This equation can be treated similarly to the equations we treat
here.

22



1
€0!B + 00,B + curlcurl —=B = curl j; (3.25)
i
In the other case, assuminag= 0 and a general, time-independentve obtain:

1 1 1
0B + curl - curl —B = curl —j; (3.26)
€ i €

Both of these formulations have to be solved with the initial conditions

Bli—o = Eo (3.27)
OBlig = —curlE, (3.28)

To recoverE we have to integrate

1 1. 1

OGE+E = Zcurl-B - -j (3.29)
€ € 7 €

Eli=o = Eo (3.30)

Perfect conductor boundary conditions give a condition on the normal compon&nt of
or alternatively, a condition on the tangential componentswod I%B, if the condition is
satisfied for the initial data:

B:nr, = 0 (3.31)

curl iB xnlp, = 0 (3.32)

If we know B and E on the other side of the boundary to Bg and B;, the boundary
conditions read

B n|r, = B;-n|, (3.33)

curl lB xnlp, = curl %Bi X n|r, (3.34)

The Silver-Miller boundary conditions correspond to the following boundary conditions
onB

1 1
curl -B — cOB—oB)xXxn|xn=(j;xn 3.35
(curl 1B~ —— (08 —7B) xn ) xn = (i x ) (3.3

Another large area of applications for Maxwell's equations is in the design of devices with
certain frequency-dependent behaviors, like waveguides or cavities. For those applications
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it makes sense to consider the Maxwell system in the frequency domain on one mode of
angular frequency, the so-called time-harmonic Maxwell equations.

Substituting a sinusoidal time dependence

E(x,t) = E(x)exp(iwt) (3.36)

B(x,7) = B(x)exp(iwt) (3.37)

we obtain the time-harmonic Maxwell system:

A 1. o

— (eiw+o)E+curl-B = j; (3.38)
u

iwB+curlE = 0 (3.39)

We can also formulate the time-harmonic version of the second order systéin for

. 1 S
(Jiw — er) E +curl —curlE = f (3.40)
i

Similarly we obtain the time-harmonic equationin

A

(aiw — er) B + curlcurl =B = f (3.41)

1
I
In both cases represents a forcing term derived from the right hand side of the original
equation. The coefficient @ andE is also sometimes written

(ciw — ew?) = —w?€ with =2 (3.42)
w

On those systems we can impose the boundary conditions of the original system, only
adapted to the frequency domain. There are also more and other absorbing and radiation
boundary conditions for the time-harmonic case.

Under certain circumstances we can assume that we have loss-less materials=i@.,
which introduces several simplifications in the above equations, and concentrates on the
wave propagation part.

If we have to model the behavior of some electromagnetic system under the influence
of slowly varying fields and considerable dissipation (ice.> C' > 0), it is a sensible
approximation to omit the wave propagation part, i.e., to omit@héerm. We obtain a
parabolic equation.
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It could also be of interest to compute stationary solutions of Maxwell’s equations. Also the
integration of the time-harmonic equations can be interpreted as the computation of a pe-
riodic solution that the system will tend to under certain circumstances. (See, for instance,
Dautray and Lions36, XIl.§4 Remark 8].)

Sometimes it is also interesting to consider problems in two dimensions. Two ways to
obtain such problems are to consider axisymmetric domains or infinite cylinders homo-
geneous in one direction, the later as possible models for waveguides. If we do the later,
inserting the special form of the fields gives us with the two two-dimensional curl operators
equations like .15 and .25, but with the operatocurl curl (curl here operating on a
scalar function) instead of the operatarrl curl.

3.2 Discretization

Now we have derived several time-dependent partial differential equations from Maxwell’s
equations. To solve them numerically, we have to discretize the partial differential equations
both in time and space. Since we work with finite element/spectral element discretizations
in space, we need a variational formulation of our equations first. We will obtain such
formulations in the first subsection.

There are two conceptual approaches to integrating such time-dependent partial differential
equations. The first approach consists in discretizing in space first, obtaining a large sys-
tem of ordinary differential equations, which then will be integrated by a general purpose
ordinary differential equation solver. (This is also called "method of lines”.) If we choose
an explicit method, we will have to contend with severe restrictions of the time step. If
we choose an implicit method, we have to solve a large system of equations that a priori
does not correspond to any discretized partial differential equation, but we can use larger
timesteps. We will not use such an approach in this work.

The second approach consists in discretizing in time first. If we use an implicit scheme
we obtain time-independent partial differential equations which can then be solved by any
spatial approximation, in our case by spectral element methods. To derive such partial dif-
ferential equations, we consider the time-dependent partial differential equation as an ordi-
nary differential equation in a function space which we solve approximately with numerical
methods for ordinary differential equations. This we will do in the second subsection.

The second approach can also be used with adaptive solvers and with adaptive time-
stepping, following Bornemann who advocated this approach for parabolic equations and
the wave equation (See for instan2,[88]). We would have to solve two time-step equa-
tions for two time-discretizations (like Backward-Euler and Crank-Nicholson) and could
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use error estimators to choose the appropriate time-step and accuracy in a virtual ordinary
differential equation integrator for the function space ordinary differential equation.

The time-harmonic equations are already in a time-independent form. We will derive a
variational formulation in the next section and identify it as an instance of (MP).

Of course, to obtain a completely discrete scheme, we will have to specify the discretization
in space. Spectral element discretizations for the model problem will be presented in the
next chapter.

3.2.1 Variational formulations

We have two second order time-harmonic proble®g@,(3.41); three time-dependent
second order problem8.(L5, (3.25 and (3.26 and two first order system8.9), (3.9) and

(3.39, (3.39.

We will first consider variational formulations for the first order systén®)( (3.9). The
system 8.39), (3.39 can be treated in the same way.

We multiply both equations with test functions:

(e0:E + oE,v) — (curl p 'B,v) = —(j;, ¥) (3.43)
(0:B,¢) + (curl E, ¢) = 0 (3.44)
and use the appropriate Green’s formulae (see sections 2.3 and 2.4):
(curl ™' B, ) = (1~ 'B, curly) + (3(u"'B), )1 99 (3.45)
(curlE, ¢) = (E, curl ¢) + (1(E), 6)1 o0 (3.46)

To obtain a symmetric formulation (with identical test and trial spaces) we have to choose
in which of the two equations we will use Green’s formula.

The first equation is chosen for instance in MoiK][(the constrained spacE,(curl)
enforces the boundary conditions and makes the boundary terms vanish)

7E(t), H(t) : Vi) € Hy(curl),Vo € (L*(Q))?

(O, E + oE,¢) — (1 'B, curly)) = —(j;, v) (3.47)
(0,B, ) + (curlE, ¢) =0 (3.48)

The second equation is chosen for instance in Lin and B [

PE(t), H(t) : Vo € (LA(Q))3, Vo € Hy(curl)
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(€0, E + oE,¢) — (curl u 'B, ) = —(ji, ¥) (3.49)
(9,B,¢) + (E,curl ¢) = 0 (3.50)

The second order equations are all of the form:

P(0;)u + curl(y curl(éu)) = f (3.51)

with the following substitutions:

Equation| P(x) vy |0 f
(3.19 | ex® +ox }% 1 Oji
(829 | ez’ +ox | 1|L1]| curlj
(326 | @2 | 1|1 curljy)
(3.40 | ciw — ew? }% 1 f
(3.4) | ciw —ew? | 1 i f

Multiplying the last equation by a test function and using Green'’s formula we obtain:

(P (9y)u,v) + (ycurl(éu), curl v) + (7;(v curl(ou)), v)%’89 = (f,v) (3.52)

We change variables1 — u to match (MP) (and for the equations withz 1, ju will have
continuous tangential components across interfaces, so that it makes sense to disgretize

(%P (Op) u, V) + (ycurl(u), curl v) + (y;(y curlu), V>%769 = (f,v) (3.53)

For the time-harmonic examples this is already of the form (MP) with: %‘“’2 and

B =, ie,a=ciw—e?andf = % for (3.40, anda = uw(oi — ew) and = 1 for

(3.4D).

For the time-dependent problems we put the time-derivative parts on the left side and the
rest on the right hand side:

(%P (Or) u,v) = (f,v) — (ycurl(u),curlv) — b.t. (3.54)

This will be the form to which we will apply time-stepping.

Some theory for such variational second order time-dependent problems is developed in
Dautray and Lions36, Chapter XVIII, pg. 467-679] and Showalté&d(, Chapter 5].
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3.2.2 Time-stepping schemes

We will consider the functiona andf at discrete times,, = n/At¢ and denote the functions
so obtainedh™ andf™.

The standard way (at least the textbook way) is to transform the second order equation into
a first-order system, and then to use approaches for first-order equations. One advantage of
that point of view is that one can see one step of the evolution as the approximation of an
exponential function, as in semi-group theory, and that there are many different approaches
to solve such partial differential equations. In addition, if one is willing to store the function
and its derivatives, there are only few second-order methods for spB¢ifi¢ that seem to

be advantageous (see Hairer, Ngrsett and Wampr [n our case we do not want to solve

a first-order system, and we are only interested in either the electric or magnetic field at
each timestep, so that we will use methods for second-order equations. (For such a method,
but in a fully discrete approach, see Ciarlet Jr. and Zta&h ]

We will only demonstrate the time discretization with linear multistep methods. Similarly,
we could obtain problems of type (MP) for other implicit methods like implicit Runge-
Kutta methods. (There are special methodst6r) = cx?, so-called Nystrom and Stmer
methods, see Hairer, Ngrsett and Wanrk,[the implicit version of which will lead to
similar problems, but we will not treat them here. For such methods it would also be nec-
essary to either have = 0 or transform the equation so that the first order time-derivatives
disappear.)

We will approximated?u andd;u by linear combinations ofi"~*:
k
(0Fu)" ~ Z wZ@u"’i (Opu)" ~ Z wl(l)u”’i
=0 =0

There are many approximations for second and first derivatives, we will list some possibil-
ities for (0?u)™:

Central k=2 w) = 45, w? =2, vl =
Second order k=3 wy’) = 25, w® = -5, wl? = & 0w = — L,
and for(dyu)™:
First order, backward [ =1 w{"” = L, w{"’ = —L
First order, leap-frog [ =2 w{" = 5, wi"’ = 0, w{’ = — 5L
Second order [ =2 wi" = 2wl = — 2w = ;L
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The right hand side(u, f) = (f,v) — (v curlu, curl v)3 has also to be evaluated and
taken into account. We use a linear scheme here as well:

(r(w, £))" = Y wir(u"", )
i=0

Some examples of such schemes“are:

Backward Euler m =0 wj =1

Crank-Nicholson m =1 wyj

Damped Crank-Nicholsonm =1 wj

f-method m =1 wj =20,
Centered Schemem =2 wj=46,w] =1—20,w) =10
Third-order Adams-Moulton m =2 wj =

Substituting the form of (u, f), and splitting the expression into a part containirigand
the rest (known from the data or from previous time-steps), we obtain:

Z wir(u" " ") = —wj(curlu”, curl v) + Z wi ("7, v)
i=0 i=0
- Z w! (curlu™™’, curlv) (3.55)

=1

With +P(9,) = ad} + b9, and substituting all the discretizations into the equation, we
obtain as time-discretized system:

k l
(a Z wl@u”_i +b Z wgl)u"_i, V) (3.56)
=0 i=0

= wy(curlu”, curlv) + Z wi (£ v) — Z w! (curlu™™*, curl v)
i=0 =1

Collecting terms withu™ on the left hand side gives

(aw(()2)u” + bw(()l)u”, V) + (wyy curlu”, curlv) = (f1), v) + (f2), curlv)  (3.57)

3We will ignore the boundary terms here, i.e., treat the problem with natural boundary conditions, or in
case ofH(curl) with homogeneous essential boundary conditions.
4n is a small positive constant
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using the following expressions on the right hand side

m k l
foy = > wif ™ —a > wPu T =5y wur (3.58)
=0 i=1 i=1
fo) = Z w! curlu™™ (3.59)
i=1
With
a= awéz) + bw(()l) B = wiy

this is of the form (MP) withf(v) = (fu),v) + (fi2), curlv) being a linear form on
H(curl).

As an example we list the discretization that we obtain for the second order equation for
the electric field if we choose to discretize the first derivative with the leap-frog scheme,

the second derivative with the first-order central difference, and the right hand side with
Backward Eulerf(,) = 0)

€ o 1 2e € o
- . —— £ =f" e~ on=1 = _n—2 T yqn—2
c=xpton Py o= et o ot

Since we will work with small time-steps, we should rescale (by multiplying with) the
system so that we do not divide by, that is, we will work with the following coefficients:

1
a=e+ At = JAP = AP+ 200 (%At —Jur? (3.60)

3.2.3 Boundary conditions

If we pose the model problem without boundary termsifjficurl), we enforce zero tan-
gential components of the solution.

If we pose the model problem without boundary termsifcurl), we obtain the natural
boundary conditions, which are that the tangential components ofdhel of the solution
are zero on the boundary. (See the Green’s formula for the second-order equation.)

If we pose Silver-Miller boundary conditions oh4 in the model problem, we have to add
a boundary term of the form

bt. = (pll Xn,v X n)(Lz(pA))3
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to the time-step problem. (This term comes from the boundary term in Green’s formula,
which gives us a curl term onI"4, which we can transform into a boundary term of the
stated form by using the Silver-iler boundary conditions. The time-derivative occurring

in the continuous version is discretized as above.)

For nonhomogeneous versions of the essential problem, we can find a lifting of the bound-
ary values and subtract it off, to obtain a homogeneous problem. For the natural boundary
condition, we have to add a boundary integral. Inhomogeneous SiludeiMonditions

also give an additional boundary integral Ba.
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Chapter 4

Polynomial approximation, quadrature
and differentation

In this chapter, we will present the approximation of functions and of operations on them

in spaces of polynomials. We will use polynomial spaces associated with tensor product
meshes made out of one-dimensional Gauss-Legendre or Gauss-Lobatto-Legendre meshes.
First we define the polynomial spaces, and, in the first section, we discuss some of the
properties of the Legendre polynomials and their derivatives.

To discretize partial differential equations, we need to be able to interpolate, differentiate
and integrate functions. We present algorithms and estimates for these operations on poly-
nomials in the second and third section. For the theoretical analysis of the discretizations,
we need approximation results and inverse inequalities, which we treat in the next two
sections. In the last section we indicate how to extend the methods and results from the
one-dimensional case to tensorized domains in an arbitrary number of dimensions.

As general references for this chapter we refer to Bernardi and Mddhwhd Canuto,
Hussaini, Quarteroni, and Zang4].

We work with@Q-type polynomial spaces. We denotelby(S) = Qn(S) the polynomials

of degreelV of one variable defined on the one-dimensionalsset R. In our applications,

S is an interval, most often the reference interval=] — 1, 1[. We defineQ,, x(5) as
the space of polynomials on the two-dimensional $Séhat have maximal degre® in
xyandN in z,. For M = N, we also writeQ,,(S). Qz a.n(5) is the analogue for three
dimensions, having maximal degréen x;, M in z, andN in x3. For an arbitrary number
of dimensions we denote BQy,,,}(x;[a;, b;]) the space of polynomials on the Cartesian
product of intervalsa;, b;] that have maximal degree; in x;.
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4.1 Legendre polynomials

The sequence of Legendre polynomiéls, } is the family of orthogonal polynomials on
Ain L?(A,dx) chosen so thak, (1) = 1 and thatZ,, is a polynomial of degree.

L, satifies the differential equation
0.((1 — 2L (z)) + n(n+ 1)L, = 0.

It follows immediately that

1 1
/ L (2)L,(z)(1 — 2*)dx = n(n + 1)/ L, (x)Ly(z)dx,
—1 -1
implying that{ L/ } is a family of orthogonal polynomials ih?(A, (1 — z?)dx).
The L,, can be computed by the induction formula
Lo(z) =1 Li(z) ==z

2n+1 n
Lna(@) = +1 hn(z) = = +1

A similar induction formula holds for./ :

L, 1(z) for n>1

Ly(x) =0 Li(z) =1

_2n+1

La(e) = -l (a)

_n—l—l

L (x) for n>1

We denote the zeros dfy by ¢¥. The set of all zeros of.y will be denoted Gly. They
can be found by either an appropriately tuned root finding algorithm, or as eigenvalues of
a special tridiagonal matrix

Z = diag((6:);5", —1) + diag((6:)/5", 1)
with _
v
Vaiz —1

&N are the zeros ofl — 22)L/y. The set of all these zeros is denoted GL[They can be
computed also either by a tuned root finding algorithm, or as the eigenvalues of a simple
symmetric tridiagonal matri¥;;; together withé) = —1 andély =1

Zarr = diag((7i>i]\i_l27 —1) + diag((%)f—if, 1)

1We use MATLAB notation for the matricesiag(v, £1) is the matrix that has the vectombove respec-
tive below the diagonal, antlag(v) is the diagonal matrix with diagonal

i =
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with

o i(i+2)
h Ww%)(w@

Legendre polynomial have many useful properties, see, for instancep $4gor for

a short introduction in the context of spectral methods, Bernardi and Mddagdction

3]. They are special cases of Jacobi polynomialg gection 19] which are orthogonal
polynomials for more general weights. These are used, e.g., in some discretizations for
axisymmetric domains.

4.2 Gauss-Lobatto-Legendre interpolation and differenti-
ation

We can associate to the Gauss-Legendre or Gauss-Lobatto-Legendre points Legendre nodal
basis functions, i.e., functions that are one at one point and zero at all others. The basis
functions for the Gauss-Legendre case are

I P 1C)

= fori=1,--- N
Ly(G) =G

In the Gauss-Lobatto basis the basis functions associated to the endpoints have a slightly
simpler form

(1 —=z)Ly(x)
NN +1)

(z + 1) Liy(z)

O =~ N(N +1)

o = (-1

than the basis functions for the interior of the interval
1 (1 —2*)Ly(x)
N(N +1)Ln(&) r—§&

but the last formula also holds for= 0 and: = N.

oN = —

We use a fast implementation of the evaluation of these basis functions with matrix op-
erations to compute the interpolation matridés, which take the values of a function on
GLL y and give as the result of the matrix-vector multiplication the values of the interpolant
on GLL,,. The entries of the matrix are

IN' (i, 5) = 67 (&)
It is important in the analysis of spectral methods to estimate the interpolation error. Here,

we only present the results for the interpolation on the Gauss-Lobatto-Legendre points.
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Similar, but worse and not optimal, results hold for the Gauss-Legendre nodes; see Bernardi
and Maday 17, section 13].

Defineiyu for any functionu € C(A) as the only function iy (A) that interpolates, on
GLLy.

We have the following three theorems (for proofs and discussion,13eedction 13]):

Theorem 4.1 (Interpolation in H®) For any realr and s with s > 1% andr € [0,1],
there exists &' only depending on such that

Vu € HY(A) : ||Ju — inullpa < CN"5||ul|sa

Theorem 4.2 (Stability in H') Forall u € H'(A) we have the stability estimate

livullia < Cllullia

Theorem 4.3 (Interpolation between polynomial spacesYhe L2-norm ofiy as a map-
ping fromP,, to Py is bounded linearly ir%, ie.,

‘ M
Vurr € Par : [linuarllon < C (1 + W) [[wnrlo,a

On Py differentiation can be computed exactly; the following theorem gives the differen-
tiation matrix in the GLL nodal basis.

Theorem 4.4 (Spectral differentiation matrix) The differentiation matriX0 onPy has
the following entries

( Ln(&k) :
(&x—E&5)Ln(E5) k#J
N(N+1) b i —
Dy(k,j) = _N(;xvﬂ) -j 0
7 k=j3=N
0 else

and satisfies
\V/UN € ]P)N . DNUN = 8xuN

The explicit form of Dy on the Gauss-Legendre basis is known. Estimate@far— D yu|
foru € H® oru € LP are also known, we refer for all that to the literature, see, for instance,
Canuto, Hussaini, Quarteroni, and Za2d]|
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4.3 Gauss- and Gauss-Lobatto quadrature

Zeros and extrema of orthogonal polynomials can be used to define very accurate quadra-
ture formulae, see, e.g., Davis and Rabinowdd or Sze® [94].

The standard Gauss-Legendre formula is exadPfar ; (A) and reads

N

@de~ ) f(Ge

i=1

Thew, can be computed as soon as thare found, by the formula:

2z
(1= ¢)LF(C)

wW; =

The Gauss-Lobatto-Legendre formula is also exacPfar_; (A) (but note that it uses one
more quadrature point) and reads

/_1 f(z)dr =~ Z f(&)pi

1=

The integration weightg; are

2
N(N +1)L% (&)

Pi =

We can discretize thé? inner product onl.>(A) using Gauss-Lobatto-Legendre quadra-
ture:

N
(,0)on = (u,0)n =Y _u(&)v(&)p; = v Myu
i=0
with My = diag(p;) andv andu being the vectors of the valuesoindu on GLLy.

If an integration of a different order is needed, we interpoledadv to a differentGL L,
and use Gauss-Lobatto-Legendre quadrature there:

~ T MT M, _  TarM
) ) T = = = =
(u U)07A~(u U)N;M v [N MM[NU v MNU

with MY .= 1N My 1Y . (IM has been defined in the previous section.)

The error in the integration can be estimated, see, e.g., Canuto, Hussaini, Quarteroni, and
Zang 4] or Bernardi and Madayl[7].
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4.4  Approximation results

We will list some approximation results fdérf*, H*, Hs, and H (curl). We refer to chapter
7 for the definition of the polynomial spac8&Di, and N D¥.

To prove the approximation results, we exhibit one element in the polynomial space that
satisfies the estimates. That element is usually defined as an orthogonal projection of the
function that is to be approximated. Therefore we will start with the definition of several
projections.

Let 7 be the orthogonal projection froi¥ (Q2) ontoPy, i.e.,
Yoy € Py : (U — WNU,UN>07A =0

For positivek and N < 2k — 1 we defineP’(Q) : Py(A) N HE(A) and define the
projectionry u by

Yoy € P]f\}o :(Ofu — OF va’ou, GI;UN)O,A =0
Definer?}; as the orthogonal projection fro”*(A) ontoPy. Let wf&” be the orthogonal
projection fromH (curl, Q) onto N D%/,

Then the following estimates hold (see Bernardi and Madaydection 6] ) :
If s >0:Vu e H*(A) : ||lu— 7nullor < CN*||ulfsa

F0<r<k<sVue HN)NHA) : Ju—75%lon < CN*|Jul|sa
If0<r<k<s:Vuec H(A): ||u—7hulloa < ON"*||ul|sa

These are the best possible approximation results with respect to their exponents. There are
versions ofry’ that preserve some or all the values of the function and its derivatives at the
end points, se€l[/, section 6].

For the approximation irff (curl, A®), the following estimates can be proven (see Ben
Belgacem and Bernardi §)):

If s >0:Vu € H*(curl, A*) : inf ||curlu — curluy||o < CN~¥|| curlul|,
unENDL

It 5 > 0:Vu € H(curl, A%) : [lu — 75" ulJowns < ON*/|[ul[2,, + || curlul 2
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4.5 Inverse inequalities

We will give three inverse inequalities, one f&F, one for ”, and one that allows us to
estimate the maximum norm over the entire interval given only the maximum ovex,GLL

Theorem 4.5 (Inverse inequality inH*) Letm be integer and- be real with0 < m < r.
Then, for any polynomial € Py (A) we have (with optimal exponent)

lunllra < ONZCT | fu ||,

Proof: See Bernardi and MadayLT, Theorem 5.2]. The extension to realis also dis-
cussed there. 1

Theorem 4.6 (Inverse inequality inL?) For any realp andg with 1 < p < ¢ < oo there
exists a positive constant such that for any polynomialy € Py (A)

2_2
[lunlloga < CN#=alun|lopa

Proof: See Timan 95, page 236]. For a discussion of such inequalities, see also Canuto,
Hussaini, Quarteroni, and Zang4, chapter 9]. i

Theorem 4.7 (Inverse inequality for L>°) The following norm equivalence holds with
on ~ log N forall uy € Py(A)

1
—unlloe < max Jun(&)| < [lunlloo
1=0,---,N

N

Proof: See Quateroni and VallBp, Remark 4.4.1 on page 119].1

4.6 Extension to tensorized domains

We use rectangular elements with tensor basis functionsgi.e,,... ;. (1,22, - -, z,) =

[1;, #;,(z;). The interpolation on such a tensor basis can be built from the one-
dimensional interpolations on the one-dimensional meshes that span the tensor product
mesh.

The elements of the mass matrices are integrals of products of basis functions over the
domain. Since the basis functions have tensor form and we work on rectangular elements,
the integral can be factored intoone-dimensional integrals, and the mass matrix for the
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domain is therefore the tensor product of the one-dimensional mass matrices on the one-
dimensional meshes. (See chapter 9 for an introduction to tensor product matrices.)

Partial differentiation only acts along one direction. Therefore it can be written as the tensor
product of the differentiation matrix in the differentiated direction and identity matrices in
the other directions.

The projection operators that we discussed in the fourth section can also be defined for the
multidimensional case, and it turns out that boththeand /7 *-projections are constructed
as a tensor product of one-dimensiohna and H*-projections, respectively.

Finally, the estimates for one-dimensional projection and interpolation operators generalize
to the case of arbitrary many dimensions, see Bernardi and Madagdctions 7 and 14].
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Chapter 5

Domain decomposition and iterative
methods

5.1 Domain decomposition methods

The fundamental idea of domain decomposition methods is to reduce the solution of a
problem
Lu = f in
{ u = g on o)

to the solution of problems on parts of the domain (or easier problems on the entire domain)

of a similar form: _
Liui = fz N Q;
U; = Gg; on 89;

The first such method was proposed by Hermann Amandus Schwarz in 1869 as a theoretical
device to deduce the existence and uniqueness of the boundary value problem for Poisson’s
equation for domains with a general boundary from the same result on simple domains.
(For a presentation of the method in this context, see, e.g., Courant and Hlhd¢apitel
4.64,2] or Dautray and Lions33, chapter 11§7,2].) This method is known as tladternating
Schwarz methadror two subregions it can be described as follows: given two overlapping
subregiong; and Y, (@ = Q] U Q}), and an initial guess’ that assumes the correct
boundary values off2, approximations,"*! are constructed from™ in two sequential
steps:

{ Lutz = f in €,

unts = y? on oY
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Lyt = f1 in
'ttt = "tz on 9<Y,

The convergence of the method has first been proven by Schwarz using a maximum princi-
ple, but it can also be proven by Hilbert space methods. The latter way is the most successful
since much of the work relies on the classical calculus of variations and finite or spectral
elements.

We can write the method in a variational form, using the bilinear fafm-) associated
with the operator, i.e., in the case of Poisson’s equatibr= —A, a(u,v) = [, Vu- Vv,
as follows:

Solve 1 1
20u"Tz € V= Hy(Q)) 1 Vo € Vit a(6u"2,0) = a(u — u™,v)
Setu""z = u" + dumts.
Solve .
20u™t € Vy i= HY () : Yo € Vi = a(0u™ v) = a(u — v 2, v)
Setu™™ =yt + gurtl,

If we define the projection®, : V' — V; by
?Pu eV, Vv eV;:a(Pu,v) = a(u,v)
and denote by” the error in stem, i.e.,e” = u — u", then we obtain

"M = (I - P)(I — P))e”

Domain decomposition methods are extensions of this algorithm in several ways. First one
can solve the subproblems with different types of boundary conditions, yielding Neumann-
Neumann methods or Robin-Robin methods, among others. Second, instead of sequential
updates, one could solve several problems in parallel and update the solution in parallel,
leading to additive methods. Very often, domain decomposition methods are used as pre-
conditioners for the original system. In this way, it is no longer important to construct a
domain decomposition method that converges when used on its own. Instead one looks for
a good spectral approximation of the problem, and the convergence and robustness of the
method is improved by accelerators such as Krylov subspace methods.

The fundamental idea of multigrid methods has been discovered several times, and it first
found wide acceptance in the early 1980s. Later it was noted that one could unify the
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theory of both "standard” domain decomposition methods and multigrid methods in one

framework, if the different spacds in the variational formulation do not only correspond

to different subdomains, but also to discretizations on the same domain, but at different
resolutions. For a development of this framework, but for the analysis of multigrid methods,

see BrambleZ1].

In the next section we will describe a general framework for Schwarz methods and their
analysis, and some results that we will use in the last chapter. For an introduction to
Schwarz methods we refer to Smith, Bjgrstad, and Gr&ah Widlund [107; Dryja and
Widlund [44]; Dryja, Smith, and Widlund43]; and references therein.

5.2 The Schwarz framework

We will restrict ourselves to the symmetric coercive case. There are more general settings
for Schwarz methods, such as for nonsymmetric and indefinite problems, and mixed prob-
lems, for which we refer to the literature.

Let V' be a finite dimensional space anddét -) be a symmetric coercive bilinear form on
V. The following problem is considered:

tueV:YveV:a(u,v) = f(v)

with f € V’, V'’ denoting the dual o¥’.

Assume that a decompositioh= Zj:o V; and.J 4+ 1 symmetric positive-definite bilinear
formsa;(u,v) (for u,v € V) are given. Then we can define approximate projectins
V -V, cVhy

T :Yv €V, a;(Tiu,v) = a(u,v)

Using these approximate projections, we can define many domain decomposition operators,
among them thadditive Schwarz method

J
Tasn = Z T,
=0

themultiplicative Schwarz method

J
Tusu =1 -1 —T)
=0
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with its error propagation operator

J
Ensy =1 —Tuysu = [ [(I-T),

1=0
its symmetrized version
J J
Tomsn =1 - [[(I =) [ - Tooa),
=0 =0

or hybrid methods such as

J
Tuyr=To+ 1 -] -T)).

i=1

These methods can be used as preconditioBexgthin the preconditioned conjugate gra-
dient method or GMRES with the building block® = R (R;ART)~'R; with A being
the stiffness matrix correspondingd¢, -) and R; being the restriction frorf2 to ;. (See,
e.g., Smith, Bjgrstad, and Grop®1] pages 151-152].)

One can also use these methods to write the original problem in theffarm ¢, where

T is a polynomialP(Ty, 11, . . ., T;) in the operator§; satisfyingP (0,0, ...,0) = 0. (All
methods listed above have this property.) Tlgetan be computed without knowing the
exact solution by solving problems on the subspaces, $tephge 150]. The operator
equationTu = ¢ can then be solved without further preconditioning by the conjugate
gradient method with inner produet-, -) (for symmetric positive definite operatdfy or

by GMRES.

In the analysis of these methods, the following assumptions are compagh & a(u, u)):

Assumption 1 (Stable decomposition)There is a minimal constarit, such that for all
u € V there exists a representation= > . u; with u; € V; satisfying

Z a;(ui, u;) < C’ga(u, u)

i

Assumption 2 (Strengthened Cauchy-Schwarz inequalitiesPefinee;; € [0, 1] as the
smallest constant such that (fioy > 1)

Vu; € Vi : Vuy € Vj :aluwi, uy) < euilfalulla

Denote the spectral radius of the matrix (e;;);;_, by p(e).
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Note that the coarse space is excluded in Assumption 2.
Assumption 3 (Local solvers) Assume thaw € [1,2) is the smallest constant such that

VueVy,i=0,---,J:a(u,u) <wa;(u,u)

A bound forp(e) in assumption 2 can be obtained from a

Assumption 4 (Coloring assumption) The overlapping subregion, i = 1,---,.J can
be colored withV colors so that subregions with the same color do not intersect.

The coloring assumption implies thate) < N¢ in assumption 2.
Under the above assumptions the following statements can be proven:

Lemma 5.1 (Lower bound for T'y5,/) 00‘2 with Cy from assumption 1 is a lower bound
on the spectrum &f s 5.

Proof: See Smith, Bjgrstad, and Gropil] Lemma 1 on page 154]. 1

Lemma 5.2 (Upper bound forT'ss,,) If assumptions 2 and 3 hold{1+p(¢)) is an upper
bound for the largest eigenvalue Bfis,;.

Proof: See the proof of Lemma 3 on page 157%4][ &

Theorem 5.3 (Bound onx(7's5,,)) Given assumptions 1, 2, and 3, the following bound
on the condition number of the additive Schwarz method holds:

K(Tasu) < w1+ p(€)CF
Proof: Combine lemmat&.1and5.2 1

Theorem 5.4 (Bound onk(7sys0)) Given assumptions 1, 2, and 3, the condition num-
ber of the symmetrized multiplicative Schwarz method allows the following bound:

(1+ 22p(0)*)C3
2—w

kK(Tsmsm) <

Proof: Lemma 4 on page 158 09]]. 1
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Theorem 5.5 (Bound on|| Eyssas||) Given assumptions 1, 2, and 3, the norm of the error
propagation operator for the multiplicative Schwarz method is bounded by:

2—w

FE e <u/1—
| Esesad] —\/ BN+ 103

Proof: See Theorem 2 in Dryja and Widlund4] and references therein.i

There are some results on hybrid methods, comparison theorems between methods (see,
e.g., Mandel §9]), and sharper results for the multiplicative versions (see, for instance,
Griebel and Oswaldq1]). We refer to the literature for these results and extensions.

5.3 lterative methods

After the discretization, the numerical solution of the (linear) partial differential equation
is reduced to the solution of a large linear system of equatidrise(ng aM x M matrix)

Az =b. (5.1)

Special structure of the partial differential equation and of the discretization usually leads
to special properties od. For instance, in the spectral element discretization of Poisson’s
equation,A is symmetric, positive definite and relatively (block-wise) sparse; on a rectan-
gular domain with a rectangular mesh of elements, it is a sum of tensor products.

Equation 6.1) can be solved directly or iteratively. Direct methods have certain advantages:
they deliver exact solutions (up to rounding errors in the computation) at a predictable
cost and this cost only depends on the algebraic structure of the problem. In most of the
algorithms most of the computations are spent on computing some kind of factorization of
A which then is used to solve the problem for a givemn this way, the computation of
solutions of equations( 1) with differentb but the samed is much cheaper. On the other
hand, the solution time of Gaussian elimination, for deAseithout any special structure,
grows like O(M?) and the storage grows like(1?). Also, the parallelization of direct
methods is not an easy undertaking and requires new algorithmic ideas. Still, in the case of
special structure, like separable partial differential equations on separable domains, direct
solvers are competitive even in time and storage. For some examples, see chapters 6 and 9.

Iterative methods have advantages in that they are usually much lower in storage, optimal
methods might need onl§ (/) time for a given accuracy, and that an important class of
them does not need the elements of the matrikut only the result ofiv for a given vector

v. This can result in faster algorithms using less storage if the actidn®fmuch easier to
compute than its matrix representation. Some of the handicaps for an iterative method are
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that the solution is only approximate, that the performance may depend on the numerical
values and the geometry, and that usually the entire process has to be repeated if the right
hand side has changed.

We will describe three methods out of the many that could be used. For more methods and
discussions about implementation and when to choose which, see, for instance, Barrett et
al [12].

The simplest iterative method is Richardson’s method: I6 the matrix form of the pre-
conditioner, the iteration is

u"t =" + 7B(f — Au™)
The optimal choice for is

2
Tort =N (BA) + Apin(BA)

and with this choice the following error estimate holds (wjth||> being thel,-norm of a

vector):
k(BA) —1\", ,
n < - 7
H@ HQ— </<(,(BA)—|—1> He HQ

This method is almost never used in practice since other methods usually perform better and
do not need a well-chosen parameter that depends on a priori knowledge of the spectrum
of BA.

The second method — the method of choice for symmetric, positive definite problems —
is the (preconditioned) conjugate gradient method. It does not need a parameter and only
stores five vectors of length/ in the iteration. IfBA has a low condition number or has
clustered eigenvalues, the conjugate gradient method performs very well, the convergence
often even improves with the number of iterations.

The method is given in figurg.1, with system matrix4, preconditionei3 and inner prod-
uct (-, -).

For the preconditioned conjugate gradient method, the following error estimate can be
proven (with||v|% = v Av):

ferlla g2 (LEBA =1y
— \WVk(BA)+1

The conjugate gradient method is closely related to the Lanczos process, one of the methods
to compute eigenvalues. Because of this connection, the extremal eigenvalues and therefore
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Given:z°.
r0:=b— Az
n=>0
Until stopping criterion satisfiedo
2" = Br"
pt=(r", 2")
if n > 1then
gr=p"/p"!
pr=z"+ [t
else
pt=2z"
q" = Ap"
a’ = p"/{p*q")
"t =" 4 o"p"
ritl = qngn
n=n+1
2™ contains the approximate solutior

Figure 5.1: The preconditioned conjugate gradient method

the condition number oB A can be estimated from the values of tiieand 5™ : the ex-
tremal eigenvalues aB A are approximated by the extremal eigenvalues of the tridiagonal
matrix (see, for instance, Golub and Van Lod8,[section 10.2.5 on page 528] and O’Leary
and Widlund [/ 7]):

1/a0 —\/B/ad
_ /AT 1ol 430 — /Bl
~VFE

The third and last method is the GMRES method, which is the standard method for non-
symmetric systems. We will not give its form or discuss its derivation or implementation;
we refer to the literature (see, e.g., Barrett etld, [especially section 2.3.4], and Saad

and Schultz 87]). Both the preconditioned conjugate gradient method and GMRES are
implemented in several packages of Krylov subspace methods, such as the KSP compo-
nent of PETSc (Balay, Gropp, Mclnnes, and Smithi][and Balay et al 10]). Reference
implementations are also available].
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The convergence of GMRES can be characterized by the two quantities

A
N E]
0 (z,2) o [l

with the estimate of the norm of the residual

2\ n/2
WMSO—%) ol
CA

One of the disadvantages of the GMRES iteration is that all the iterates have to be stored,
and that in iteration step both the time and the storage needed are of ofdér\/). In
practice, therefore, one usually works with the restarted version GMRE®&(which k

steps of GMRES are executed and the iteration is then restarted.

There are sharper and different error bounds possible for the different iterative methods,
some explicating the dependence of the convergence on the distribution of the eigenvalues
or the pseudo-spectrum. We will not discuss such estimates here. We note that all the error
estimates (and, in the case of Richardson’s method and other iterative methods, the optimal
parameters) depend on the condition number or extremal eigenvalues of the operator, or of
parts of it. Therefore bounds of the extremal eigenvalues proved for domain decompaosition
methods imply error estimates for the various iterative methods presented.

For more information and a deeper introduction to iterative methods see the many books
available, for instance, Hackbusch3[ 54], Greenbaum 0], Saad 6], or Barrett et al

[12].
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Chapter 6

Spectral elements for Poisson and
Helmholtz equations

6.1 The discretization

We discretize the Poisson and Helmholtz equation to obtain some insight and experience
towards the discetization of the model problem. Poisson and Helmholtz equations also
need to be solved in solvers or preconditioners that take computational advantage of the
Helmholtz decomposition, i.e., treat curl-free and divergence-free part separately. They are
also interesting as model problems in their own right.

Here we discretize (witlh denoting the outward normal)
—Au+au=f Opu =0

in d dimensions on rectangular elements (i.e., on Cartesian products of intervals). This
corresponds, fotv = 0, to the Laplace equation, far > 0, to a positive definite problem,
and fora < 0, to the Helmholtz equation.

We use the variational formulation:

2u€ HY(Q) : Vv € HY(Q) : a(u,v) = f(v) (6.1)

with
a(u,v) = (grad u, grad v)g + a(u,v)g

f(U) = (f,v)[)
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or written out .

a(u,v) = Z(@xiu, Ox;v)0 + a(u,v)g

=1

First we will discretize this formulation on one element, and afterwards, we will discuss
how to subassemble the system for a rectangular arrangements of elements.

On an elemenk = x%_,[a;, b;] we use polynomials with maximal degreeg in variable
z;. Thus the local space, denotéqg,,, ;, is:

QM17m27“'7md (K) = Q{mi}gzl (K)

We can choose the nodal values on a grid of gize+ 1)__, as degrees of freedom.
The gradient of a function from the local space lies in the Cartesian product

d
gradu € Xl‘le{m]'*(Sij}?:l

In the ith term of the sum constituting the bilinear form both of the factors have the same
degree, so that the integrand is@@Qmj_%U};;:l. To compute the integrals exactly, we will
have to use Gauss-Lobatto-Legendre quadrature with de§fgedth M;; > m; —4;;+1.

(In the case of Gauss-Legendre quadrature we obtain the same result witheut)the

Therefore, in the direction of differentiation we integrate exactly on the original grid. In
the directions in which we do not differentiate we need one grid point more to integrate
exactly. Using the quadrature associated with the original grid we obtain diagonal matrices
in the tensor product in these directions.

The integrand of the last term is@n{gmj}?:l. We will use Gauss-Legendre-Lobatto quadra-
ture of degreel/; here. We also assume that the functjoon the right hand side of the
partial differential equation is given or approximated on the same grichaslv and that it

is therefore also given as a function@}mj}?zl. In this case the terrtif, v), has the same

form as the ternfu, v)o, and it will be integrated exactly in the same way.

In what follows, we use the notatianfor the point values of; on the Gauss-Legendre-
Lobatto mesh. Whenever we will use it, we will assume thetregular enough so that we
can define point values. We ugeas a shorthand for the standard nodal interpolant of the
array of point values. on the Gauss-Legendre-Lobatto mesh. We also refer to chapter 4
where the following matrices are define(® is the matrix that interpolates from a Gauss-
Legendre-Lobatto mesh of sizeto one of sizen, M is the mass matrix of size that

we obtain by interpolating to a grid of size and using Gauss-Legendre-Lobatto quadra-
ture thereD,, is the one-dimensional spectral differentiation matrix on a Gauss-Legendre-
Lobatto mesh of sizen. Those matrices are derived from the appropriate matticés
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D. and

andD on [—1, 1] by scaling, to wit, in direction:; we obtainl’ = I, D. =

b;—a;
M: = Y%
A general term in the expression f@grad -, grad -) is
(Ortt, 0)o & (Dot D) gy
= (@2 n) @ Do, ® (@1 L,
1 1[m Dm Im >
’((®J 1 J)® %®(®J =i+1 J>U {Mi;}§_,

M) @ (D, My Dyn,) @ (& M) )u
i) @ Kol @ (@ Mpli))u

there,K},‘Z{ﬁ is the one-dimensional Laplace operator.
Combining all the terms, we obtain:

=1

d
" (Z((@é;ﬁM%”) ® Ky @ (©F_; 1 M) + a(ef- le”;7)> u=

QT(®?:1M%7)JC

Since this has to hold for all vectors we obtain the same equation without tHe

=1

d
(Z((@ﬁﬁM%“) © Kot @ (R M) + a(@?lM%”)) u=
(@ M35 f (6.2)

There is a lot of freedom choosing the degrees of quadrature. We will choose degrees for
groups of directions as follows: directions in which we do not differentiate are integrated
with a degree of\/; (if that degree isn;, we obtain diagonal mass matrices, with degree
m; + 1 we integrate exactly; these are the two main choices we will consider), directions
in which we differentiate are integrated with degregwhich is usually chosen to he;
corresponding to exact integrationin brief

M;; = M;fori#j M;; = S; (stiffness matrix)  M;; = M; (mass matrix) (6.3)

1Over-integration of the stiffness matrix may make sensédar v)+ (3 grad u, grad v) with variablea
andg, in our case it will not give any different result than exact integration. Under-integration is not advised,
since we would work with a less exact and worse behaved stiffness matrix of the same size and structure.
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SinceM%j is non-singular, being a mass matrix, we can multiply by the tensor product
matrix
(@ (M)

and obtain

d
D (@) ® (M) ) @ (i1 Iny)) + (@i L) = [ (6.4)

=1

This is a form amenable to the fast diagonalization method of section 9.2.

Next, we consider how to subassemble elements in a (hyper-)rectangular arrangement. Let
us assume that each direction of the global arrangment is splifNpparts, IetR;'- denote

the restriction in direction to the jth part,1 < j < NV;. Assume that the parts have degree

m;; and that they are covered with a Gauss-Lobatto-Legendre mesh. The solution on the
arrangement is represented by-dimensional array of sizg +ij:7‘1 m;;)L,. We enforce
continuity between the local spacgs,,,;; and obtain a piecewise continuous polynomial
global space which we will denote By, ;. The element corresponding to the position
(ji)i-, in the arrangement is obtained by applying the tensor product mafrixz; to the

vector form of the array and the extension from the element to its corresponding place in
the array isz, R}

Assumingm,;; = m,, i.e., equal degrees in the parts in each direction, to avoid more indices,
and using the quadrature degréésand.S; as above, we have contributions as in equation
(6.2 on each of the elements:

d
Ao, = (Z(@;‘-‘Wﬁ?‘) ® Ky © (1 Mp)) + a(@?le%f'))

=1

If we allow varying degrees:;;, then these contributions will depend on their indgx¢_, .

In the uniform case treated here they are actually all the same and independent of the index.
The following manipulations do not exploit this fact, so that they will also hold for the
nonuniform case, giving the result stated below.

To subassemble the system, we have to add up the contributions from all the elements:

Siieta (ORI (@MY (LR f
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After some algebraic manipulations one obtains the following form:

(Z((@é VM) @ K; ® (994, M;)) + a(®_ Mﬂ)w(@?%)ﬁ (6.5)

=1

whereM. and K. are defined as:

N;
M; = Z RITMMR, K=Y Ry'KSR, (6.6)
Ji=1 Ji=1

If we premultlply the system with the tensor product of the inverses of the assembled mass
matncesM we obtain:

S (@ ) ® (M) 7V K) @ (@41 Im,)) + (@i L) = f (6.7)

=1

This is again of the form required for the fast diagonalization method of section 9.2.
For varying degrees:;; we just have to defind/. and K" as

N N;
M; =Y RI"Mn)iR, K, =Y Ry"KJ%R (6.8)
k=1 k=1

and the systems are still of the for®.%) and 6.7).

The derivation so far has been for homogenous Neumann boundary conditions, so that the
solution is only determined up to a constant. In our implementation, we force the compo-
nent corresponding to the eigenvector with eigenvalue zero to be zero, if no exact solution
is known. If we know the exact solution, we force the numerical solution to have the same
(approximate) integral as the known exact solution.

For nonhomogenous Neumann boundary conditions we obtain a boundary term on the right
hand side, which also can be discretized by spectral methods. Assdming g, f(v) in
(6.1 is now(f,v)o + [, gv. To discretize the additional boundary term

/ gu ~v'G
o0

we have to restrict to Q2 and take the inner product it¥ (92) (corresponding to a mass
matrix Myq in the discrete system), i.e.,

/ gv = (g, Roav)o.00 = v RhgMsag
20
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The boundanps) is split into 2¢ components and on each of the components the (com-
posite) Gaussian quadrature associated to the given Gauss-Lobatto-Legendre mesh on that
part of the boundary is used to compute the appropriate pay,gf As an example, in the
two-dimensional case with mass matrides in the z-direction and\/, in they-direction,

With ga = glgy=—1}, 9u = 9ly=11» & = Gl{e=—13 ANdg, = g|(z=1}, ANAI ® Ry, I ® Ry,

R, ® I and R, ® I being the restrictions to the lindg = —1}, {y = 1}, {x = —1} and

{z = 1}, the boundary term is

RjoMaag = (I © RY)(My ® I)g,+ (I @ RL)(My @ I)g +

(R @ I)(I ® My)g, + (R} @ I)(I ® My)g

We will not give explicit forms for general for Ry, and My, as sums of tensor product
matrices, since they are not central to our discussion and they require a lot of notation to
define concisely.

RGTQMHQQ is added to the right hand side @.9). In fast diagonalization methods we
work with (6.7) and therefore need to multiply the above vector by the inverse ofdthe (
dimensional) mass matrix.

For homogenous Dirichlet boundary conditions we take the submatrix for the interior of
the domain (which still has the same tensor product structure) and invert it. The solution
technique is the same, except that we work with a principal minor of the discretization
matrices. This corresponds to a choice®f(2) in (6.1) instead of H* ().

For nonhomogenous Dirichlet boundary conditions we first compute a lifting of the bound-
ary values, correct the right hand side, and solve the resulting problem with homogenous
Dirichlet boundary conditions.

6.2 Theoretical analysis

We will only work out the coercive case, i.e,,> 0. We assume Dirichlet boundary con-
ditions, for simplicity. Most of the results that we will cite assume uniform degree, that is,

Denote the approximation of(u,v) constructed by quadrature in the last section by
a,(u,v) and also the approximation ¢f(v) by f,(v). The discrete variational problem
derived in the last section is then written

U € Vimyy : V0 € Vi iy - ag(u,v) = fo(v) (6.9)

In the case of uniform degre¥® of the elements, and uniform quadrature degkem all
the integrations, we write, and fy for a, and f,.
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Fora > 0 we have the following version of Strang’s Lemma:

Lemma 6.1 Assume that, is elliptic with ellipticity constanty, onVy,,, ;:
VU € Vimyy + aq(v,0) 2 7qllv]h

and assume that(u,v) has normC, over H} x H;. Then the following error estimate
holds for solutions., of (6.9) andu of (6.1) (see [L7, inequality (15.14)])

Ca .
]|u—uqH1§C(1+—) inf ( [lu —v[h+
Ya V€V m, ;3

p A0 = aq<v,w>> . f(w) - fq(w)>

WEVim, 1y Hle

To use this for the analysis of our methods, we need to be able to estimate the interpolation
and the consistency errors. The interpolation error is bounded by just exhibiting a proper
which is chosen to be an appropriate projection.oFor the analysis of such projections

see [L7, sections 6 and 7]. To approximate the data of the problem, we need polynomial
approximation estimates which can be found 117,[sections 13 and 14]. (For a small
sampling of such results see also Chapter 4.) The consistency errors are bounded analyzing
the quadrature, and the ellipticity and boundedness, dbllow in a straighforward way

from its form.

This allows us to prove, for the Laplace equation and therefore far:all, first aH -error
estimate and then, by duality, the followidg-error estimate]7, Theorem 15.14]:

Theorem 6.2 Assume thaf € H? for somes > d/2 andu € H* for somes > 1. Then
the following error estimate holds for the solutior of ay (u,v) = fx(v) with respect to
the solutionu of (6.1):

[lu—unllo < e(N"*|ullas + N77||f|a-)

h — N versions can also be treated, by combining the techniques used in proving Theorem
6.2with the h — p estimates of Balika and coworkers (see, e.g., Beka and Guoq)).

For o < 0 the bilinear form is not coercive, there is only @@ing inequality satisfied.

We could apply the standard arguments for non-coercive problems (see, e.g., Brenner and
Scott P2, sections 5.6-5.8]) to obtain error estimates for fine enough grids respectively high
enough degrees that depend on the magnitude dfe will not venture into this subject in

this thesis, we will contend ourselves with some numerical tests in the next section.
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6.3 Numerical experiments

We will first run some experiments with the one-dimensional version, studying how the
quality of the numerical solutions depends on the degretthe integration of the stiffness
matrix and the degre#/ of the integration of the mass matrix.

The exactly integrated stiffness matrices have the eigenvalues shown irgigjtoethe so-

lution of Neumann and Dirichlet problems. The eigenvalues bélow® for the Neumann
problem correspond to the zero eigenvalue of the continous problem. That the numerical
eigenvalues are not exactly zero is caused both by the eigenvalue computation algorithm
and the fact that spectral differentiation matrices differentiate constants not to the zero-
polynomial, but to a polynomial having nodal values that are multiples of the machine
accuracy. In our algorithms that use eigendecompositions, we set all eigenvalues below a
threshold (usually0~1°) to zero and treat the associated eigenvectors as zero eigenvectors.

We first solved a nonhomogenous Dirichlet problem[en, 1] with the exact solution

u(z) = @ with different degrees of integration, testing both overintegration and slight
underintegration for the stiffness matrix and also strong underintegration for the mass ma-
trix. See figures.2for the results.

We see that an underintegration of the stiffness matrix (#%ith m — 2) brings devastating
consequences, instead of exponential convergence we only obtain (even relatively slow)
algebraic convergence (of an order2af6 ~ 3).

The other cases all look more or less alike and harbor the signs of exponential convergence,
it only seems that decreasing the degree of integration of the mass matrix delays the con-
vergence. To verify this impression, we first look closer at the case of exact integration of
the stiffness matrix, see figufe3.

We see that there is no difference between exact and slightly underintegrated mass matrices,
and the other two choices are worse, corresponding to non-optimal exponents in the expo-
nential convergence. Estimating the loss of convergence by eye, the on&/withn — 1

seems to correspond to a difference in the exponent of about 1, and the oié with, — 5

seems to lag by about 10.

We would obtain the same results, if we would look at the case of the other integrations
of the stiffness matrix, only that all the graphs are indistinguishable in the case where we
integrate the stiffness matrix withi = m — 2.

If we look closer at the dependence on the integration of the stiffness matrix with a given
integration of the mass matrix, we observe, both for the exact integration and the slight
underintegration of the mass matrix, the same behavior. We show the later case in figure
6.4. The first two choices yield the same result, the third one is slightly less accurate.
For underintegrated mass matrices, we can not distinguish between the results. For strong
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Eigenvalues: Neumann boundary conditions
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Figure 6.1: One-dimensional Poisson problem, Eigenvalues of the stiffness matrix for the
Neumann and the Dirichlet problem

underintegration of the mass matrix, integration with- m — 1 outperforms the others by
a very small margin. (We chose not to show the cése m — 2 which is already seen to
be far worse in figuré.2)

In the next figure, figuré.5, we show the case of Neumann boundary conditions. The result
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Figure 6.2: One-dimensional Poisson problem with Dirichlet boundary conditions: differ-
ing degrees of integratioy, for the stiffness matrix and/ for the mass matrix.

looks very similar to the results 8.2, and we can make exactly the same observations as
for Dirichlet boundary conditions. Figures6 and 6.7 show this fact and correspond to
figures6.3and6.4in the Dirichlet case.

The results agree with our theoretical expectations. Maday and Rgréffjiand Bernardi

and Maday 17] argue that for the Laplace equation overintegration of the stiffness ma-
trix does not improve the results. They also show that for some problems with variable
coefficients or in distorted geometries, overintegration is needed for optimal convergence.

In the case of underintegration, we can use Strang’s lemma, Leimavhich bounds

the error of the solution as a constant times the sum of the approximation error and the
consistency error of the bilinear form (i.e., the stiffness matrix) and the error of integration
on the right hand side (i.e., the mass matrix). Underintegration of the stiffness matrix leads
to a very bad approximation of the bilinear form, and this error term dominates the error
estimate in this case. If we approximate the stiffness matrix well, the dominating term is the
approximation of the mass matrix. If we use lower-order integration (i.e., lessithanmn)

we loose some constant in the exponent, but still obtain exponential convergence.
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Figure 6.3: One-dimensional Poisson problem, Dirichlet boundary conditions, exact inte-
gration of the stiffness matrix: Influence of the integration of the mass matrix
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Figure 6.4: One-dimensional Poisson problem, Dirichlet boundary conditions, mass matrix
slightly underintegrated: Influence of the integration of the stiffness matrix

In conclusion, reasonable orders of integration&re m andM = m + 1 andM = m.
S = m+ 1 gives similar results (without numerical errors they should be exactly the same)
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Figure 6.5: One-dimensional Poisson problem with Neumann boundary conditions: differ-
ing degrees of integratioy, for the stiffness matrix and/ for the mass matrix.

at higher costsS = m — 1 still gives quite good results, but they are worse thartfer m,
and the choiceés = m — 1 does not lead to lower computational effort compared with
S =m.

M = m leads to diagonal mass matrices, which makes the inversion of the mass matrices
lower in computational cost, so that its use could be advised if we need to invert mass
matrices repeatedly.

Next we test the one-dimensional Helmholtz operator with the four chéicesn, m — 1

andM = m + 1,M = m. We perform the tests only for Dirichlet boundary conditions
and expect the same results for the Neumann boundary conditions. We show the results for
a =1,a = 100 anda = —100 in figure 6.8. We use the same exact solution as for the
Poisson equation.

The cases witly = m outperform the ones with = m — 1 by a small margin. The results
for M = m+ 1 andM = m are very close, and fo = m andM = m + 1 the results
actually seems to be slightly more accurate in the exponential convergence.

So large positive or negative do not seem to change the behavior of the solution process
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Figure 6.6: One-dimensional Poisson problem, Neumann boundary conditions, exact inte-
gration of the stiffness matrix: Influence of the integration of the mass matrix
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Figure 6.7: One-dimensional Poisson problem, Neumann boundary conditions, mass matrix
slightly underintegrated: Influence of the integration of the stiffness matrix

by much.

If we run the same test, but with a solution that depends and is increasingly oscillatory
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Figure 6.8: Solving one-dimensional Helmholtz problems with Dirichlet boundary condi-
tions: tests forx = 1, « = 100 anda = —100

for large negativer, we catch a more typical solution of the Helmholtz equation. We chose
the solution(z? — 1) cos(ax), and tested fonr = —1 anda = —10. Besides solving the
problem accurately, the grid has to be fine enough, or the degree has to be large enough to
resolve a solution of high frequency. That explains the delay in reaching the optimal error
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in figure 6.9. We also observe an odd-even effect which seems to be more pronounced for
the cases with underintegrated stiffness matrices.
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Figure 6.9: Solving one-dimensional Helmholtz problems with Dirichlet boundary condi-
tions: tests forvr = —1 anda = —10 with an oscillatory exact solution

We also performed some experiments for the two-dimensional case, agairfor, o =
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—1 anda = —10. We impose nonhomogenous Neumann boundary conditions. The exact
solutions used were: fa¥ = 0, u(z,y) = sin(z + y) cos(x — y), for a < 0, u(z,y) =

cos(ax) sin(2a (x + y)).

In figure6.10we show the results far = 0. The two versions with exact stiffness matrices
perform very much alike, and we see a slight odd-even effect. The two versions with inexact
stiffness matrices are also very close together, but show a stronger odd-even effect. For odd
N, they are as accurate as the first two, for elethey are worse.

wmwmn
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Figure 6.10: Solving a two-dimensional Poisson problem with Neumann boundary condi-
tions

In figure 6.11, the casen = —1 is shown. Here there seems to be no odd-even effect;
the version with exact stiffness and diagonal mass matrix performs slightly better than
the version with the exact mass matrix, and the two versions with inexact mass matrices
perform alike and worse.

The results forv = —10 with an oscillatory solution are presented in fig6ré2 Note that

we had to use a wider range dfto capture the different stages of the behavior of the error.
First, till about/N = 30, all versions perform alike. All of them do not resolve the solution
yet, and there is no convergence. Then, betw®es 30 and N = 40, the solution starts

to converge, first slowly, and then, aftdr = 40, attaining spectral convergence. Around

N = 55, we reach the best accuracy of the implementation of the method, and the error
does not improve any longer.

Finally, we show two examples for solutions of subassembled problems. We pose problems
with Neumann boundary conditions with given exact solutions.

64



»wnnmn

\Ogm(\error\z)
&

Figure 6.11: Solving a two-dimensional Helmholtz problem £ —1) with Neumann
boundary conditions

In figure6.13we show an one-dimensional example on 10 elements of equal gizé, ih|
with the exact solutiom(z) = 5@

In figure 6.14 a two-dimensional example is shown, with exact solution
cos(mx) cos(my)e 1", using 10x10 spectral elements of equal sizp-in, 1)2.

We observe that the results are very simar to the single element case. We find spectral con-
vergence in the first half of the graph, and after reaching a minimal error there is no further
reduction as we reach the best accuracy numerically possible. We start with a smaller error
and reach the maximal accuracy arouvid= 10 because we already start with an approx-
imation resolving most of the features of the solution on the initial grid of 10 or 10x10
spectral elements.
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Figure 6.12: Solving a two-dimensional Helmholtz problem=£ —10) with Neumann
boundary conditions
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Figure 6.13: Solving an one-dimensional Poisson problem on 10 spectral elements with
Neumann boundary conditions
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Figure 6.14: Solving a two-dimensional Poisson problem on 10x10 spectral elements with
Neumann boundary conditions
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Chapter 7

Spectral element spaces for vector field
problems

In this chapter we will construct and analyze spectral element spaces for vector field prob-
lems posed in the graph spacHgcurl) and H(div). Unlike H' conforming elements,

they require only partial continuity across the element interfaces. To derive optimal results,
carefully constructed interpolation operators are needed. Unfortunately, the known interpo-
lation operators require more regularity than thi€ir counterparts; in particular, they are

not defined for the whole spacé/(curl) or H(div), respectively). In théd(curl) case

such elements have been first proposed bgElec in ah-version [74]; we will introduce
generalized Mcelec spectral elements in the first section.

In two dimensions, just like in the continuous setting, thecurl) case can be obtained by

a rotation of theH (div) case. In the analysis of the approximation properties otthéd

of the interpolant in three dimensions we use the commuting diagram property and the
appropriateH (div) conforming spaces. Therefore, in the second section, we present these
H(div) conforming spaces called Raviart-ThomageBlec spaces. In the next section we
introduce some other spectral element spaces and state the commuting diagram properties
for the appropriate interpolation operators. We also report on the discrete analogue of the
Helmholtz decomposition and the kernelafrl (compare section 2.5 for the continuous
case). The approximation properties of the Raviart-Thomedeldc spaces are known,
even in theh N-version, and are needed for the proof of some of the approximation proper-
ties of the Necélec elements, and we will state them in the next section. The approximation
and interpolation results for the@élec elements follow. We need to studgdlec type
interpolants between &telec elements of different order and between Raviart-Thomas-
Nécelec elements of different order, for later use as restriction and extension operators in
multi-level algorithms and in the analysis of domain decomposition preconditioners. We
derive the form of the interpolants in the sixth section, and numerically study their be-
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havior. Finally, in the analysis of the model problem and of the domain decomposition
preconditioners, we will need a discrete Friedrichs’ inequality and an approximation result,
which we formulate and prove in the last section.

7.1 Generalized Nedélec elements inH (curl)

In this section we will construd (curl) conforming elements. Only tangential components
have to match across interfacedifcurl) to guarantee conformity if/ (curl). If we work

with polynomials of equal degree on the two sides of the interface, this matching leads to
the continuity of the tangential components across the interface.

Remark:To be precise, the equality of tangential components is only enforced in the sense
of H&]l/z on the interface (see, e.qg., Hiptmah7[ Corollary 2.6, pg.9]). By enforcing con-
tinuity of the tangential components we certainly satisfy equality in that sense. Weaker
conditions bring with them technical difficulties and matching operators that are harder to
treat analytically, algorithmically and numerically. The weak continuity conditions used in
Mortar element methods are posed in a similar sgdt€?)’ (see, e.g., Wohlmuthlp3
following (2.2)]) so that one could adapt such methods to find more geAérairl) con-
forming elements. Those elements will a priori not have a local characterization. We will
not pursue these ideas any further in this thesis.

7.1.1 Local spaces

We use high order polynomial local spaces. Since we want to use tensorial bases, we have to
chooseQ),,, ,-like spaces for each component. To constid¢turl) conforming elements,

the tangential components of the vector field have to match on the interface between ele-
ments. Therefore the tangential components (and their degree) of the local spaces have to
agree across an interface. In the easiest case, a rectangular arrangement of elements, and
standardQ,, ,, spaces, this forces the degree of the tangential components to be the same
across the domain. If we wish to have different local (tangential) degrees in the elements,
we could choose to implement only weak continuity conditions across the interface, lead-
ing to mortar elementsWe could also use variable order elements (see, e.g., Demkowicz
[41] and Ainsworth and CoyleZ]) or local uniform refinement and domain decomposi-

tion methods constructed for such situations (for similar methods for the Poisson equation
see Pavarinod2, Chapter 4]). In most variable order element approaches the degrees of

For an introduction to mortar elements see Bernardi, Maday, and Pagrad], for a more modern
version see WohlmutHLD3, and for mortar elements for Maxwell’'s equation see the work by Ben Belgacem
and coworkers, for instance in Ben Belgacem, Buffa, and Matiély [
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freedom are associated with geometrical objects, such as interiors of elements or groups
of elements, edges and vertices. In that way the matching of degrees of freedom across
element interfaces is automatic.

In this thesis, we will concentrate on standdpg,, spaces, since we are interested in
solvers that use their tensorized structure. It may be possible to generalize some of the
methods to additional cases, but we will not strive for utmost generality in this respect.

Consider a rectangular eleméiit The most general local space for two dimensions is then
Qi iy (K) X Quy iy (K).

Néckelec elements of the first kind @delec [74]) of orderk on rectangles use the following
local spaces:

ND;i(K) = Qp_1.6(K) X Qpr—1(K) D grad Qy

while Necelec elements of the second kindgdlec [75]) of orderk on rectangles use
ND{(K) = Qpi(K) x Qpi(K)

We could also choose different degrees in different directions to generalize these spaces,
ie.,

NDer,n(K> = Qm—l,n(K) X Qm,n—l(K) ) grad @m,n
The global spaces corresponding to these local spaces will be denoted by the same symbol,
but set in a blackboard style, i.&1D;(%2), ND;/ (%), ND!, ,(Q2) andND/!  (Q). ND; (<),

NDQ”O(Q), ND{,;?H(Q) and ND%}Q(Q) stand for the discrete spaces with zero tangential
components at the boundary.

We can find potentials (in the Helmholtz decomposition) in local spectral element spaces,
which makes certain operations, such as curl-free corrections, numerically more accessible.
(See, for instance, Hiptmaib).)

If we compute thewurl of the local Necélec in the two-dimensional spaces, we obtain:
curl NDJ, ((K) C Quue1,0-1(K)

curl NDﬁn(K) C Qumn-1(K) + Qp_1.n(K)

There is no continuity between tharl of the local Necelec spaces across the interfaces in
curl ND(Q2).

If we rotate the spaces of theékElec elements of the first kind by ninety degrees, we
obtain:
Rotation by90° of NDL(K) is Qup1(K) x Qp_14(K)
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Rotation byd0° of ND] (K) is Quu-1(K) X Qp-1,.(K)
These spaces will turn out to be ti#&div) conforming Raviart-Thomas-&¢tElec spaces
RT),, andRT,,, in two dimensions that will be introduced in the next section.
In three dimensions, the local spaces for the (generalizéd®Ic elements are defined as:

ND;ﬁ(K) = Q1,56 (K) X Qpr—1%(K) X Qp o p—1(K) D grad Q1 (K)

ND£m7n(K) = @lfl,m,n(K) X @l,mfl,n(K) X Ql,m,nfl(K) 2 grad Ql,m,n(K)
ND{(K) = (Quii(K))®

NDj, 0 (K) = (Qunn(K))®
Computing thecurl of the Necélec elements of the first kind gives us
curl ND{(K) C Qpp—14-1(K) X Qp_145-1(K) X Qp_1 -14(K)
curl ND,, (K) C Qum-10-1(K) X Q-1 mn-1(K) X Qi_tm-1,2(K)

Here, normal components in the global spaael NID(2) will match across interfaces.

The supersets will turn out to be tlé(div) conforming Raviart-Thomas-&telec spaces
RT, andRTj ,, , in three dimensions that will be introduced in the next section.

7.1.2 Degrees of freedom and interpolants

We want to construct spectral element type discretizations. Therefore we will use tensorized
nodal basis functions built from interpolants on a Gauss-Legendre (GL) or Gauss-Lobatto-
Legendre (GLL) mesh.

On rectangles, there are continuity conditions on the edges, as shown infigjure

To have tangential degrees of freedom match across the interfaces, we should use GLL
meshes iny for u; and inz for u,. If we use GLL meshes in for u; and iny for wu,,
degrees of freedom at the same position on different sides of the interface should not be
identified, since normal components do not have to match.

At corners, either all components or no components have to match. In the general case,
point values are not defined, and it does not make sense to match undefined objects. Con-
sidering polynomials and endpoints as limits we would be enticed to match all components.
In several numerical experiments enforcing or not enforcing corner continuity did not seem
to lead to vastly different results.
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first component . second component

Figure 7.1: Continuity conditions fof (curl)-conforming elements in 2D. Dash-dotted
line: first component continuous. Dashed line: second component continuous. Solid line:
component is continuous. Dotted line: no continuity enforced.

For certain error indicators (see, e.g., Monk2]] and Beck, Hiptmair, Hoppe, and
WohImuth [L4]) and other computations it is useful to have jumps in the normal com-
ponents available, which would favor GLL meshes. If we use GL meshefoin.; and in

y for uy, we do not have any degrees of freedom in the normal components located on the
interface, and we can use the slightly more accurate GL quadrature.

Recall from section 4.1, that GLL and GL,, stand for the Gauss-Lobatto-Legendre
and Gauss-Legendre mesh with points, and that the nodal values on it determine a
polynomial of degreen — 1 uniquely. (We assume that the meshes are appropriately
scaled and translated so that they cover the side&.9fWe will give the spectral ele-
ment type degrees of freedom for the general local sp@ges,, (K) x Qu,, 1, (K) and

Qi i nn (K) X Qi img o (K) X Qi ms ns (1) in two and three dimensions, respectively.

The degrees of freedom for the GLL-only method are the nodal values at
(GLLyn; 41 ® GLLyy41) X (GLLyy 1 @ GLLyy41) (7.1)

where the normal components on the boundary are defined as the appropriate one-sided
limit from the inside of the element.

The degrees of freedom for the GLL-GL method are the nodal values at

(GLLyy 11 ® GLlpy41) X (GLyny 41 ® GLLy, 1) (7.2)
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Similarly, in three dimensions, the GLL-GL method uses the nodal values on
(GLj 41 ® GLL 41 ® GLL,, 41) X (GLLyys1 @ Gl 41 ® GLL,,41)

% (GLLyy41 ® GLLynys1 ® Glyyi1) (7.3)

as degrees of freedom, while the GLL-only method uses as degrees of freedom the values
on the GLL mesh in all components and directions:

(GLLl1+1 ® GLLm1+1 ® GLLnlJ’_l) X (GLLZ2+1 ® GLLm2+1 ® GLLn2+1)

x (GLLyy41 ® GLLyny 41 ® GLLyy11). (7.4)

In our numerical experiments, we use the GLL-only method. We will give the derivation of
the one element system for the Maxwell model problem in chapter 8 for this case only, but
it is straightforward to extend it to the GLL-GL method.

Denote the standard nodal interpolation operator on one element for the GLL-only method
by ZGEL s Z5EL, (for the ND] . space) etc., and the one for the GLL-GL method,
similarly, only with a superscript GLL-GL instead of GLL. The global interpolation oper-
ator is defined element by element usifig and is denoted b¥. We need to be able to
define point values to define these interpolants. To decrease the required regularity (so that
we can approximate also solutions of lower regularity), there are several ways, for instance
using averages (Clemeri{]), a dual basis (Scott and Zhan8d], Brenner and Scott22,
section 4.8]), or quasi-interpolants (Oswal@[section 2.1.1]). In the analysis of our meth-
ods, we would prefer to have several properties: the interpolation should be defined locally,
it should respect boundary values, and the appropriate interpolant eftthef the func-

tion should be equal to theurl of the interpolant of the function (one of the commuting
diagram properties). It is possible to define nodal interpolation operators on the GLL mesh
with the first two properties, but it is not clear how to enforce the third condition.

The degrees of freedom introduced bgddlec for elements of the first kind of ordeare
(t. is the direction vector of the edgg:

/u “tep p € Qr1(e) for all edges of K. (7.5)

/ u-p P E Qkflykfg(ffv X Qk,Zk,l(K) for k > 1. (76)
K
For the Necklec elements of the second kind we could choose:

/u tep peQu(e)  forall edges of K. (7.7)
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/ u-p P E€ Qkfzyk(K) X @k,k72(K) fork > 1. (78)
K

Similarly, we can define such degrees of freedom for the anisotropic case for elements of
both kinds.

In three dimensions the degrees of freedom are the appropriate interior moments and edge
moments, as above, and there are also face moments as degrees of freedom. For instance,
Nécklec elements of the first kind in three dimensions have the following degrees of free-
dom:

/u “tep p € Qr_1(e) for all edges of K. (7.9)
/(u Xn)-p PEQuok1(F) X Qroyr2(F) for all facesF" of K. (7.10)
F

/ u-p PEQuorp2k2(K) X Quogp—1x5-2(K) X Qpor—2x1(K)
K fork > 1. (7.11)

The degrees of freedom of@glec elements of the second kind, and of the anisotropic
versions, have the same form, only that the spaces &mdp will have different degrees.

Associated to these degrees of freedom is an interpolation operator, which we will denote
by ITN P VD1 andII, ”', which is defined element by element using the element

mi,ni;ma,na? mmn
versiondINP - TINDI, andII, ™' .We also introduce the analogous notations for the
elements of the second kind and for the three-dimensional case. This interpolation opera-
tor is local, respects tangential boundary conditions and satisfies the commuting diagram
property, but it is not defined for all vector fields iff (curl). To wit, the interior degrees
of freedom are defined for all df (curl), but the edge moments (and the face moments in
three dimensions) need more regularity. There are different spaces used in the literature on
which the moments are defined; the spaces used most oftéi/are(2))d, (Whs(Q))<
and

XP(Q) :={ue (LF(N)? curlu € LP(Q),u-t € LP(9N)} (d=2)
XP(Q) :={u e (LF(Q))3 curlu € (LF(Q))*,u x n € (LP(02))*} (d = 3).
(See for instance in Girault and Ravia4g], Arnold, Falk, and Winther§], and Amrouche,
Bernardi, Dauge, and Girauls]). If we opt for modified degrees of freedom on the edges

(and possibly on the faces in three dimensions), we either need to invoke a nontrivial match-
ing or a non-local definition.

2In two dimensions, theur] diagram commutes if one uses tlie projection oncurl NDy; in three
dimensions, theurl diagram commutes if one uses the Raviart-Thoméadehec interpolant oRT;, D
curl ND,.. See lemm&.1
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There is no interpolation operator known that satisfies the commuting diagram property
and that is also defined on all &f (curl), works on quadrilateral meshes, and in both

the two-dimensional and the three-dimensional case. Very recently there has been some
progress on an interpolation operator in two dimensions on triangular elements satisfying
the commuting diagram property defined on a less regular spHEEY))? N H (curl), see
Demkowicz and Bal&ka (2], which is optimal inN (except for an arbitrarily smadl, on

which the bound depends) with respect to thgurl) norm.

To avoid the added technical difficulties in this approach — since, to the best of our knowl-
edge, all known convergence proofs use the commuting diagram property — we will use
more regular spaces. This also makes sense considering the main subject of the thesis,
since we are ultimately interested in spectral approximations of smooth parts of the fields,
where we will have to assume higher regularity in the proofs a priori.

These interpolation operators can also be used to restrict functions that are locally of high
degree to global low order spaces, as needed when defining coarse spaces in multi-level
methods or domain decomposition algorithms. The different definitions of the degrees of
freedom and the interpolants so constructed will lead to different operators with different
properties. The implementation and analysis of such restriction operators is discussed in
section 7.6. They are used in section 10.2, to implement a two-level method, and in section
11.2, to derive some required estimates for the condition number bounds.

7.2 Raviart-Thomas-Nedélec elements inH (div)

In this section, we will construct (div) conforming elements. Therefore we will have to
enforce continuity of the normal components across the interface. (The remark made above
in the last section about the precise conditionsAdeurl) conforming elements applies

to the H (div) case with the appropriate changes, but we will not discuss it foHtfv)

case.)

The local spaces for (generalized) Raviart-Thoméasélec elements in two dimensions
are
RT(K) := @k,kfl(K) X qu,k(K)

RTm,n(K) = Qm,nfl(K> X @mfl,n<K)
and in three dimensions

RT,(K) = Qp—15-1(K) X Qo1 o1 (K) X Qpo1p—1,6) (K)

RT} o (K) = Qrim—1n-1(K) X Qi—1mn—1(K) X Qi_1,m—1,n(K)
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Applying div to the Raviart-Thomas-&telec spaces, we obtain:
diV RTk<K) = Qkflykfl (K)

div RT,, 0 (K) = Qpe1n—1(K)
and in three dimensions
div RT,(K) = Qp—1,5-1,6-1(K)
div RTl,m,n(K) = Ql—l,m—l,n—l(K)
There is no continuity between thé/ of the local spaces in the global spaiteRT(£2).

As in section 7.1, in spectral element methods we will usually work with degrees of free-
dom that correspond to point values of polynomial interpolants on Cartesian products of
GL or GLL meshes. The following assumes a local sp@ge .., (K) x Q,,.n,(K) and
Quy iy nn (K) X Quy g iy () X Qg miy s () fOr the two-dimensional and three-dimensional
case, respectively.

For the GLL-only method we use exactly the same mesh as in the previous secfial) in (
and (7.4).

For theH (div) variant of the GLL-GL method we use the meshes
(GLLp,+1 ® GLy,41) X (Glyy41 ® GLL,,41) (7.12)

(GLLy 41 @ Gl 41 @ Gl 1) X (Glipt1 ® GLLingi1 ® Glngia)
X (GLl3+1 X GLm3+1 X GLLng_f_l) (713)

The standard nodal interpolation operator can be defined as soon as point values are de-
fined. As in theH (curl) case, we can extend its domain to include functions of lower
regularity. We can easily make it respect boundary and interface values, but it does not
have the commuting diagram property (for werl part of the diagram), i.e., there is no
nodal interpolation operator on theebelec spaces known, so that werl of it is equal to

the nodal interpolation operator on the Raviart-ThomasElec spaces of theurl of the
interpolated function.

To obtain an interpolation operator that makes the diagram commute, we define alternative
degrees of freedom as we did foebtlec elements.
We define edge moments

/u -np p € Qr_1(e) for all edges of K.
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and interior moments
/ u-p P Ec @k—Q,k—l(K> X Qk_Lk_Q(K) fork > 1.
K

These two sets of moments uniquely determine a funatienRT;(K).
In three dimensions face moments are used instead of edge moments:

/ u-np P € Qpo1p-1(F) for all facesF of K.
F

and the interior moments are defined with the appropriate space:

/ u-p pPEQuoop1p-1K) X Qpo1p—2k-1(K) X Q1 p—1,—2(K) fork > 1.
K

The extension of these degrees of freedom to the case of different degrees in different
direction, as inkT,, , andRT} ,, , is straightforward.

Associated to these degrees of freedom on an element is an interpolation operator which
will be denoted byiT;*", I1", andIlj* , and which is used element by element to define
the global interpolation operat®#?, I17 andIIf'] . These interpolation operators are
not defined for all ofH(div), since the edge moments (in two dimensions) or the face
moments (in three dimensions) are not defined for general funati@ng/ (div). They are
certainly well-defined when the normal tracewfs sufficiently regularu € (H"(€2))¢

with r > % is enough. We can rotate the interpolation operator of Demkowicz andsBabu
[42] on triangles to obtain an interpolation operator Hiidiv) in two dimensions that is
defined on H¢(©2))? N H(div) and bounded, and arbitrarily close to optimalNn There is

no interpolation operator known that is defined in alFbfdiv) and satisfies the commuting
diagram property with some interpolation operatofifcurl).

There is a interpolation operator div RT;, which makes theiv diagram commute with
the Raviart-Thomas-&tElec interpolant, and it turns out to be thé-projection (Suri §3,
equation (2.28) and Theorem 2.2]).

7.3 Commuting diagram properties and discrete
Helmholtz decomposition

In this section we assume that the dom@irs a simply connected polygon or polyhedron,
with a connected boundary. In the statement of the commuting diagram properties, and in

the analysis of the spac®® andRT, we need the standard scalar piecewise polynomial
spaces.
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The H'-conforming space with continuity across the interfaces is:
Sv(Q) = {q € H'(Q)lglx € Qu(K) VK}

We can also define a space with enforced zero boundary value8) c Hj(Q2) and
anisotropic versionS,, ,,(2) ands; ,,, ,(€2) with the local space®,, ,,(K) andQy ., (K),
respectively.

We denote the standard nodal interpolation operator 8xté2) by IT3,.

The L2-conforming space, in which no continuity is required across the interfaces, is de-
fined analogously:

Wy (Q) = {q € L*(Qlglx € Qu(K) VK}

Here the appropriate restricted spac&i% () which is a subset of2(12), the subspace
of functions inZ?(2) having zero mean. The versions @y () and W%,(Q2) with dif-
ferent degree in different directions will be denof@éd, ,(Q2),W; (), W}, () and
W ()

The interpolation operatoid¥ andITy’ are thel?-projections ontdV v (Q) andW9,(Q),
respectively.

Lemma 7.1 (Commuting diagram properties) Assume that, u and v are sufficiently
regular. Then the following identities hold

grad (M3q) = IIY"" (grad q),
curl (H%D’Iu> = H% (curlu),
curl (H}qu) = Hf}T (curlgq),
curl (H%D’Iu> = HﬁT (curlu),
div (TIF'v) = Iy (divv).

Proof: See Hiptmair$7, Theorem 2.30].
This lemma also holds for the anisotropic case with the obvious changes.

Lemma 7.2 (Kernel ofcurl) If Q is simply connected, with a connected boundary, the
kernels of the curl operator defined IND4 (Q) and NDL’(Q) are grad Sy () and
grad S% (), respectively.
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We can now state the following discrete analogue of the Helmholtz decomposition (com-
pare section 2.5 for the continuous case) for tlegiNec spaces into @url-free part and a
div-free part:

ND4 () = grad Sy(Q) @ NDLT(Q)

NDL(©) = grad S () @ NDLH(Q)
with the orthogonal complements
NDLT(Q) := {u € NDL(Q)|(u,grad py)o =0 Vpy € Sn(Q)} (7.14)
NDL(Q) = {u € NDL’(Q)|(u, grad py)o =0 Vpy € S%(Q)} (7.15)

In general, the spaceSDL" () and NDL”*(Q) are not included inH*(curl; ) and
Hg(curl; Q), the analogous spaces in the continuous Helmholtz decomposition.

The discrete Friedrichs’ inequality proven in the last section of this chapter givés a
bound forcurl onNDL" (), the orthogonal complement of its kernel.

7.4 Approximation properties of Raviart-Thomas-
Néedelec elements

We will write in this and the following sectioH for interpolation operators on the reference
element.

The approximation properties of the Raviart-ThomasiNec elements in the two-
dimensional case are treated for th¥-version in Suri §3].

A N-version estimate is proven for the reference elemerfi3nllemma 3.1].

Lemma 7.3 Assumen € (H")? for somer > 1. Then there exists a constaftindepen-
dent of N andu such that

lu — T ully < ON~C=2|u]|,.

The transformation ofi between the reference element and any other element is given
in [93, equation (2.18)], and for this mapping, in two dimensions, we have a lef@&a |
Lemma 3.2], which allows us to prove theév-version of the above estimat@3, Theorem

3.1]

Lemma 7.4 Assumex € (H")? for somer > 1, and leth be the size of the elements. Then
there exists a constait independent of, N, andu such that

u— ||y < CH™ND) N=C=3)| ||,
N
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In the original paper it is also proven that — IT1%7) is bounded byC/pmin(N:r) N—(r—3)

as a map fromH"(div) to H(div). (We note parenthetically that Suri's definition 6}
corresponds to our definition fét7}. ; which explains the difference in exponents between
his presentation and ours.)

The hN approximation properties of the Raviart-ThomaseBlec elements in three di-
mensions are derived in MonKJ].

On the reference element théversion estimate is as followg], Theorem 3.5]:

Lemma 7.5 Assumeu € (H")? for somer > ;. Then there exists a constafitindepen-
dent of N andu such that

lu — T ully < ON=C=2||u]|,.

The mapping between the reference element and any given element in three dimensions is
treated in Y1, equation (69) and Lemma 3.6], which allows us to prove/theversion of
the estimate{1, Theorem 3.7]:

Lemma 7.6 Assumai € (H")? for somer > 1, and leth be the size of the elements. Then
there exists a constaut independent of, N, andu such that

lu — I uly < O N=0=2)| |y,

The techniques used in the proofs of the previous two lemmatéalinshould allow the
extension of the lemmafa3and7.4to the case > %

All the proofs in this section work by expanding both the vector field and its interpolant in
Legendre polynomials, comparing coefficients and bounding the interpolation error as the
difference of these two expansions.

These results can most probably be improved for regular enaughadapting Ben Bel-
gacem’s and Bernardi’s strategy b9 to the H(div) case. More explicitly, in their work

they identified the interpolation operator for thédilec space as a tensor product of one-
dimensional.?- and modifiedH ! -projections examining the expansions, and derived op-
timal estimates (which would correspond to estimate3Igf without the? in the expo-

nent) by tensorizing known estimates of the one-dimensional projections. The derivations
and numerical experiments in section 7.6 seem to encourage such an approach as well.

We will discuss the behavior &l on Raviart-Thomas-Bielec elements of higher index
in section 7.6. Such estimates and bounds will be needed later for the analysis of the domain
decomposition preconditioners.
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7.5 Approximation properties of Nedelec elements

The hN-version of the edge element approximation, i.e., enforcing only tangential conti-
nuity and using the Bicelec definitions for the degrees of freedorrg] and (7.6); is treated

in Monk [71] for Nécelec elements of the first kind. He prove&/aversion estimate on the
reference elemen?[l, Theorem 3.1]:

Lemma 7.7 Assumex € (H")? for somer > 1, and let the Rcélec interpolantly "’ be
defined by the edge, face, and interior moments. Then, there exists a cahstdapendent
of u and N such that

[[u — TN ullg < N~ [u]|,.

The proof consists of writingt in its expansion in Legendre polynomials, and identifying

the Necelec interpolant in terms of this expansiorfil] pages 123-125]. The remainder
terms of the expansion, corresponding to the interpolation error, are then bounded by some
hard and tedious algebra, s@d,[pages 125-130].

Using a scaling argument and a mapping from the reference element (the Piola transform,
see [/1, equation (19)]), with the appropriate bounds for that transform, allow us to prove
the h N-version of the above lemma&Z1, Theorem 3.3]:

Lemma 7.8 Assumex € (H")? for somer > 1 and let the Necelec interpolantIy " be

defined elementwise. Letbe the size of the elements. Then
[ — T3P g < CR™D N=OD] [y,

Additionaly, we have the following stability estimates fioe (1W!#)3 for somes > 2 or
foru e (H'*)3 for somee > 0:

[lu =TI ally < C(AN " |ful[wrs + Alful]),

[lu = TIR" " ullp < C(N"H[ul[11c + hl[ul 1),

It is necessary to estimate how well tharl of the Necelec interpolant approximates the
curl of the function. If the functionu is sufficiently regular¢ € (H")? for r > 2 is
enough) we can use the commuting diagram property for #mlc elements to reduce
the approximation of theurl to the interpolation error of the corresponding interpolation
operator in theV-version of the Raviart-Thomaséselec spaces (which we presented in
lemma7.5in the previous section) . This gives us @&sversion estimate on a reference
element (compare/[l, Theorem 3.5]):
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Lemma 7.9 Assumen € H"(curl) for r > 1. Then there is a constait depending om
but not on/V nor u such that

|| curlu — curl 11" ul|, < CN~0=3)|| curlul|,.

With an analogous argument as that that was leading to leihB)ave obtain theh V-
version [71, Theorem 3.4]:

Lemma 7.10 Supposer € H"(curl) for r > % Then there is a constaidt independent
of u, h, and N such that

|| curlu — curl TI} 7" u|o < Chmin(N’T)N_(T_%)H curlu||,.

Ben Belgacem and Bernardl] prove an optimalN-version estimate assuming more
regularity ofu in section 4 of their paper for th&-extension of celec elements of the

first kind. The technique of proof requiresc (H")? for somer > 2 andcurlu € (H*)3

for somes > % The idea is similar to that of Monk’s paper discussed above. One starts of
with an expansion ofi having vanishing Mcelec degrees of freedom on the boundary (i.e.,
face moments and edge moments) in Legendre polynomialand in the polynomials

(1 — 2%) L)y spanningPy N H} (on the unit cube which serves as reference element). The
projection to a subset of the latter can be identified as an one-dimensional mddiified
projection, ifu is regular enough. The entire interpolation operator is identified as being a
collection of tensor products of projections and its analysis is standard using the techniques
and results of Bernardi and Madal/] sections 6 and 7]. For non-zero boundary degrees of
freedom one identifies the interpolation operator for the face moments and edge moments
to be the appropriate modifiel!- or H}-projection, again assuming enough regularity

of the traces on the faces and edges. Adding the three parts of the interpolation operator
together, one obtains again a representation by tensor products of projections which leads to
the final estimate. It would be very useful to have a similar estimate, or a slightly degraded
estimate foru € (H")? with r = 2 — ¢ since that would simplify several arguments, for
instance the proof of a Friedrichs-like inequality later on.

Ben Belgacem’s and Bernardi’s results are givenlB, [Theorem 4.9] for the cube as
reference element:

Lemma 7.11 For any real number > 2 there exist a positive consta@tsuch that for all
functionsu € (H")? the following estimate holds

[[u =7 ullo < ON7|lull,.
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Lemma 7.12 For any real numbes > 2 there exist a positive constafitsuch that for all
functionsu € H*(curl) the following estimates holds

|| curlu — curl IIY”"ul|y < CN~%|| curlul],.
Using the same techniques as in Moik]| we easily derive thé N-version estimates:

Lemma 7.13 For any real number > 2 there exist a positive consta@itsuch that for all
functionsu € (H")? the following estimate holds

[[u =TI ally < ORI N ful,.

Lemma 7.14 For any real numbes > 2 there exist a positive constafitsuch that for all
functionsu € H*(curl) the following estimates holds

|| curlu — curl IIY 7' u||y < CR™ V) N=3|| curlu]l,.

Ben Belgacem and Bernardi also present an estimate for the approximation of the tangen-
tial components on the boundary needed for the analysis of problems with SiltutrM
boundary conditions; se&%, Theorem 4.10].

In two dimension, Ben Belgacem’s and Bernardi’s estimate should extend in the same form
with less regularity; only- > % should be needed in lemmatalland7.13ands > 1in
lemmatar.12and7.14

In two dimensions We can also use that iig-url) case is a rotation of the (div) case by
ninety degrees. We herefore have the following two lemmata corresponding to the lemmata
7.3and7.4. The first lemma is valid on a reference element, and the second one is valid
for an arbitrary element in a quasi-uniform conforming mesh. (As noted above, the proof
should extend to the case> 1.)

Lemma 7.15 Assumeu € (H")? for somer > 1. Then there exists a constaftindepen-
dent of NV andu such that

~ 1
lu— T ully < CN~C~2)|ull,.
Lemma 7.16 Assumeu € (H")? for somer > 1, and leth be the size of the elements.
Then there exists a constafitindependent of, /V, andu such that
[Ju — T ulo < CHmNVIN=C2)|u]|,

Also, (I — IIVP) is bounded by pmn(N:r) N~(=3) as a map fronH " (curl) to H(curl).

For the analysis of the domain decomposition methods in chapters 10 and 11, we will
need to study the properties of thédilec interpolant betweenédelec spaces of different
degrees. We will do so in the next section.
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7.6 Nedelec type interpolants on vector field spectral ele-
ments

In this section we will first derive the explicit form of theélselec type interpolants dRT
andND from local spaces of the form

QPLQLTI (K) X QPQ,Qz,Tz(K) X Qp&‘]:&ﬂ“s (K>

to local spaces
thml,nl (K) X Ql27m27n2 (K) X @13,7713@3 (K)
in the three-dimensional case, and from

Qplﬂh (K) X Qp27<12 (K)

to
Qimy oy (K) X Qry iy (K)
in the two-dimensional case.

We will realize that all the interpolants in the two-dimensional and three-dimensional
case can be written as tensor products of two types of terms, one correspondifé-to a
projection, while the other is of a similar form, but includes boundary terms.

Second, we will numerically compute the norm of these interpolants usink’therm on

the spaces. We do that by reformulating the problem as a generalized eigenvalue problem.
Since both matrices in these generalized eigenvalue problems are tensor products, we can
reduce the generalized eigenvalue problems to the easier generalized eigenvalue problems
on the factors of the tensor product. We numerically study the bounds on the second type of
term; the first type has a trivial bound. We show that ti&eiNec interpolants are uniformly
bounded independently &f for a constant difference in degrees, such as fidn, ¢ to

NDy, but it has an approximat¢’ N bound forND,, to NDy. Besides serving as basic
estimates in our analysis of the domain decomposition preconditioner in chapter 11, these
experiments show that multiplication with some lower-order terms can be stable when using
Neécklec type degrees of freedom and interpolants; but that nonlinear equations with terms
like (u;)¢ with ¢ > 1 may suffer under worse approximation properties than linear ones.

An analytic derivation of these results seems to be possible. On one hand, one could follow
the expansion arguments of Suri, or Monk, or Ben Belgacem and Bernardi, specializing
them to the case with few specific non-zero coefficients, and find bounds using similar
techniques as in their papers. On the other hand, one could analyze the form of the second
type of term, by either some linear algebra (using that the term is a low-order pertubation of
a known projection) or by identifying the one-dimensional continuous projection operator
that has the term as discretization, and analyzing this projection.
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Unfortunately, we lack both the time and space to attempt such a derivation within the
scope of this thesis, but we will do so in future work.

7.6.1 Neceélec interpolants between delec spaces

First we will discuss the two-dimensional case. We can restrict our derivation to the first
component of the interpolant, the form of the second component follows by symmetry
considerations. By the standard rotation argument, we can derive the form of the interpolant
for the Raviart-Thomas-8tElec spaces in two dimensions.

We will always derive the interpolation operator from the GLL-only spectral element de-
grees of freedom oY, ,, (K) to the Necklec type degrees of freedom @y, ., (K).

We will also assume; > m,;, ¢; > n;. The casep; = m; andg; = n; gives us the
mapping between the GLL degrees of freedom and tbeeMc degrees of freedom on
Qumy.ny (K) x Quyn, (K), and taking the inverse and applying it to the above result we ob-
tain the Necélec interpolation operator as an operator on the spectral element degrees of
freedom. (The casg;, < m;, ¢; < n; can be treated by liftind),, ,, (K) x Q, 4, (K) to

Qs iny () X Qpy 1y (K) by the standard polynomial interpolatiof @ ;1) x (1772 @ 1?)

and using the result for the = m; andg; = n; case.)

As discussed in section 7.1, thé@tklec degrees of freedom are

/u “tep p € Q.(e) for all edges of K.

/ u-p peQ . (K)xQ .(K) for degrees> 1.
K
We can organize these degrees of freedom according to componentstiiere are

/ ul p{ p{ e le,nle

K

/ u1p114 pf € le
{y=-1}

/ ulpf’ plB € le
{y=1}

and forusy
I I
U2 * Py Py € @m2—2,n2

K
| wnt pfeqn
{a=—1}
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/ u2p2B pQB S Qng
{a=1)

To derive tensor product forms mapping tédilec degrees of freedom, we have to arrange
them in two two-dimensional arrays andps:

p(, 1) =pi(i)  pi(ig) =pi(i,i—1)  pili,m) = pP(d)

pa2(1,7) =p‘24(j) pa(i; J) :p{(i—l,j) p2(m2, j) :Pf(j)
or with self-explanatory notation

P = @eMp pf=In, @ )pr pl= (I, @ Ripy )1

py =" @L)p: Py =(ep @Iy, )p2  ph=(Rim ® Io,)pa

Now the degrees of freedom fag can be discretized (using the one-dimensional mass and
interpolation matrices from chapter 4):

[ pl = ol BT 9 185005 @ Mg

= AU ME @ (RE, 1M

I,ny1 n—2"q1

/ up? = pl (L, @ 1) (IR @ 1)(MEH @ 1)(1, @ €5 )uy
{y=-1}

= P ("M @ (e el))un

/{ }ulpff = P (I, @ e YIRS @ 1) (M2 @ 1)(1, @ € g
y=1

= P (IR Mp) @ (en )

ni

Adding up these expressions, we obtain that the first component ofétiddd interpolant
from the spectral element degrees of freedom to teeelec degrees of freedom is:

p1,T 3 rp1+1 n, T p1 T 79,7 jrqi+1 n1,T _p1
((Iml Mm )®(61 €1 +R1,n1]n172Mq1 +en1 €p1>)

We will introduce the following notation for the two types of terms, since they will appear
in all our interpolants:

m1 ._ yp1,T pgp1+1 ni ._ T p T  7qu,T 3 rqi+1 n1,T p1
Lpl T Im1 Mpl qu =6 G +RI,TL1[TL1*2MQ1 +en1 epl
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To obtain the version of the@tklec interpolant that maps between spectral element degrees
of freedom, we multiply this by the inverse of the same mapping for therease p; and

ni = qi: , )
L= (Lm~ipm WM = (H) T
and finally obtain that1?’? uonQ,, , (K) x Q,, 4 (K) has the form

mi,n1;m2,n2

TINP, g = (L0 @ Yy, (HE @ L0 )un) (7.16)

mi1,n1;m2z,n2

Rotating this expression by ninety degrees, we obtainmﬁ’tm;m%mu onQ,, ., (K) x
Qps.» (K) has the form:

ML = (R L2 ur, (L0 @ HI2 ) (7.17)

mi1,n1;m2,n2

Now we will perform the analogous derivations in three dimensions. We have the following
degrees of freedom for the three-dimensional case:

/u “tep p € Q.(e) for all edges of K.
/(u Xn)-p peQ . (F)xQ.(F) for all facesF of K.
F

/ u-p peQ .  (K)xQ. . .(K)xQ..(K) fordegrees 1.
K

The degrees of freedom connected to the first companeste of the following nine types:

/ wpl  peq, / wpf  pPeq,

{y:—l,Z:—l} {y:—l,ZZI}

/ wpd  pf €Q / wpy  py €Q
{y=1,=-1} {y=1,2=1}

/ ulplE plE € @ll,’rLl*Q / ulpf pf € Qll,n172
{y=-1} {y=1}

/ wp$  pf € Qumy—2 / wpy pit € Quymy—2
{z=-1} {==1)

I I
/ Ui1py b € Ql1,m1—2,n1—2
K
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We arrange these degrees of freedom in a three-dimensionalaraayfollows:
p(, L) =p@) (i Lm) =pP (@) pu(i;ma, 1) = py (i)
pi(i,my,m) =pr () pi(i,1,5) =pP (i, 5 — 1) pa(i,ma, j) = pi (6,5 — 1)
p(i ) =p7 (5= 1) pi(ijim) = pi' (6,5 — 1)
pi(i, g, k) = pi(i,j — 1,k —1)

and they can be computed by the following expressions from the ayray

pi =, @™ @i )p pt = (I, @i @ et

Py =, ®ept @ el )p pt = (I, ® et @ entp
pY = (I, ® e @ Ry, )1 pY = (I, ® et @ Ry, )p
pe = (I, @ Rim, @ € )py pi = (I, ® R, ® €pl)py

P{ = (I, ® Rimy @ Ry, )01

Computing these degrees of freedom exactly on our polynomial space by Gaussian quadra-
ture inQ,, 4, ~ » We obtain the following:

/ wpl = AT e )T @ 101)
(MEH @ 1@ 1)(I, ®ef' @ el )u

= pi (P MR @ (e el) @ (e el))us

[t = BT e ) @ T

{y=—1,2=1}

/{ }ulp? = pi (P METY) @ (et Ted) @ (e el))us
y=1,z=—1

/{ p? = IR © (el @ (T
y=1,z=1

/{ } wpt = pl (L, @™ @R, I @1 L)
y=-—1
<M511+1 ® 1 ® M;H—l)(jm & 6({1 ® ]Tl)ul
= pL(IP""MPY @ (e el) @ (BT, LT, M)y

Initng—2+"r

/{ }ulpf = pL (I MY @ (eptTel) @ (RY, I, M) uy
y=1

q1

/{ = pT (I MP Y @ (RE, 10T, MO+ @ (e Tl )y

/{ }ulpf’ = Pl (MY @ (R, I D, M) @ (eptTert)
z=1

p1 q ni T1
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/K wp; = pi (I, ® R?ml ® Rr}ﬁnl)([ﬁhT ® ]g;{:fz ® [:;1312)
(M£11+1 ® Mgll-‘rl ® M:11+1)u1
_ p{((lﬁl,TM511+1) ® (RT Iq1,T Mq1+1) ® (RT ]TLT Mr1+1))ul

I,mi mi1—2""q I,ny“ny—24""ry
We recognize that their sum is of the tensor product form:

p1,T 3 rp1+1 m1,T q1 T q1,T q1+1 m1,T _q1
((Ill Mp1 ) ® (61 €1 + Rl,m1[m172Mq1 + eml €q1>

ST e + BE DM + nTen)) = (L, @ Hy @ HY)

Ini*ng—2+"r r1

Multiplying by the inverse of the equal degree version, we obtain the mapping on spectral
element degrees of freedom:

(L)™' L) @ (Hyp!) ™ Hy) @ (HyH) ™ HY) = (L5, @ Hyt @ HY)

After similar computations on the other components, we ol&jfy, , ... .. «u
ONQp1, 11 () X Qo o, (1) X Qpy o5 (K) @S

HND

. . u =
l1,m1,n1;5l2,ma,n2;l3,m3,n3

((£h, @ M 0 My, (L © L300 © 02, (3l 0 M 0 L1 )u) (7.48)

7.6.2 Nedélec interpolants between Raviart-Thomas-Bdelec spaces

We already obtained the form in the two-dimensional case in the last section by rotation,
so we only are left with the three-dimensional case.

As discussed in section 7.2, Raviart-Thomas#ec spaces have the followingebelec
type degrees of freedom in three dimensions:

/ u-np peQ . (F) for all facesF’ of K.
F

/ u-p peQ. (K)xQ. . (K)xQ..(K) fordegrees 1.
K

The degrees of freedom associated with the first component are:

/ U1pf le4 € Qm1,n1 / ulplB pIB € le,nl
{o=—1} {e=1)
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I I
/ ulpl pl € Qlle,ml,nl
K

We have to arrange these three types of degrees in a three-dimensional array so that we can
obtain tensor product forms of the mapping. We choose the following layout:

p(Lig) =pi5)  plhig) =pi(5)  pligk) =pi(i—1,].k)
The expressions for!, p? andp! in terms ofp, are:
it = (8 @ I, @ L,)py pY = (eﬁ ® Iy ® Iy, )1
Pt = (Risy @ Ly, © L,))p1

We can compute the degrees of freedom exactly by Gaussian quadrature, since we are in a
polynomial space:

/ wpy = pl( @ Iy, @ L) (1@ 18T @ 1T
{a=—1}
(1o M3+ @ M (' @ 1, @ I, )u
= pl((eTel) @ (I MO @ (I M)y

/{ wp? = AT @ TV © (M
x=1

/ uip] = p{ (Rl ® I, ® L )(IP L @ I8 @ 10T
K 1 1 ri+1
(MPF @ MO+ @ M+,
= P?((R}F,zlfﬁl_’gM’““) ® (I MEY @ (LT M)y

p1

We recognize that their sum (which is also the mapping from spectral element degrees of
freedom to Necélec type degrees of freedom fro@), 4, .-, t0 Qi 1, n,) IS Of the tensor
product form:

(e el + BRI, I Mp e elt) @ (T M) @ (LT M)
= (H,, ® Ly ® L))
Multiplying this result with the inverse of the cage = [;, ¢ = my, 71 = n,, we obtain
the mapping between spectral element degrees of freedom:
(H) " Hp) @ (L)' Ligt) @ (L) T L)) = (Hy, @ Lt @ L7)
Similar derivations for the other components show that the complete form of the interpola-
tion operatod 77 uonQy, gm X Qpygors X Qpy s s (K) IS

l1,m1,n1;l2,m2,n2;l3,m3,n3
RT
l1,m1,n1;5l2,m2,n2;l3,m3,n3

(HD @ LM @ L7y, (L2 @ HI? @ L2 )ug, (L8 @ L1 @ HIS)uz)  (7.19)

u =
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7.6.3 L?-bounds on the norm of the interpolant

We will explain the idea in a two-dimensional model case.

Assumdlu = ((Pf® P )u1, (Py® Py)usy) is an interpolation operator frof,, ,, x Qp, 4
t0 Qs 1y X Qunynyy @nd we want to derive &%-bound:

[HTuflo < Cllullo (7.20)

Such a bound follows from th&2-bounds on the components,
(P @ PY)uillo < Chlluallo

1(Py @ Py )uallo < Calluallo
imply C' < /C%? + C% in (7.20).

We can reformulate the problems on the components as generalized eigenvalue problems
by considering the squares of the estimates:

1(PF @ Pulfs = uf (P @ PYT) (M @ M) (PF @ Py
< Clllwall = Cuy (M ™ @ M@+ )uy

We see that the square of the componghbound is the largest eigenvalue of the general-
ized eigenvalue problem:

(PET M PE) @ (PP M) = A(ME ) @ (Mg+))e

Since the matrices on both sides are tensor product matrices, we can reduce the generalized
eigenvalue problem to the generalized eigenvalue problems on the factors of the tensor
product:

(Br M P ey = (Mg

(PYT M P!y = Aop(ME ),

The upper bound for the tensor product problem is given by the product of the maximal
eigenvalues of the two factor problems.

Since all the factors of the tensor product interpolation operators are of one of the two types
L andH, it is enough to consider the following two generalized eigenvalue problems:

(LML = AMP (7.21)

(R M H e = AME (7.22)
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L is the discrete form of thé2-projection. As such, it has the trivial upper bound of 1. The
maximal eigenvalue of7(2]) is also 1. We will present numerical verifications of this fact
in the next subsection.

We will present some numerical results 4} for some differentn = NV andp = p(V)
in the next subsection.

7.6.4 Numerical results

In several experiments, we observed that for the gase N + ¢, m = N the maximal
eigenvalue of 1.22 is bounded independently of. We also see in all experiments that
(7.27) has the maximal eigenvalue 1, up to some numerical inaccuracies. These are in the
order of10~!! even for a degree of 200.

In figure 7.2 we show the casg = N + 1. (In the analysis of the domain decomposition
preconditioners, this case correspond to the multiplication of an elementwise linear par-
tition of unity, i.e., overlaps are only made of complete elements.) The valug, Qf of

(7.22 for N = 200 is 2.0101.

In figure 7.3 we show the case = N + 10. The maximal eigenvalue of7 (22 is still
bounded independently df, the value of\,,., at N = 200 is 6.1511.

As a last examples for the cage= N + ¢, we show in figure/.4 the case: = 100. The
maximal eigenvalue of the problem.22 is bounded independently éf and decreasing
for increasingV, as in the two cases above. The value\gf, at N = 200 is 63.8463.

It is easy to see that a bound independen¥dior p = N + 1 implies that theL?-bound

of the interpolation operator is independentoffor p = N + ¢ for anyc. The reasoning

is the following: we can write the interpolation operator fér+ ¢ — N as a product of

the operatorsV +¢c - N+c¢c—1,N+¢c—1—->N+c—-2,..., N+1 — N, in total

c factors. Each of the norms of the factors is bounded by a conStamat can be derived
from the bound on the maximal eigenvalue f@Gta2 for p = N + 1, and therefore the
entire operator should be boundedd®¥. We see in the figures and in the reported bounds
at N = 200 that this estimate is too pessimistic, the bounds are growing rather slowly with
C.

For the discussion of the approximation for nonlinear equations, and also for one of the
ways to treat overlap of less than an entire element, we need to study the eigenvalue prob-
lem forp = ¢N. The numerical results show that the maximal eigenvalug @2 grows
linearly (or slower) with/V, which would correspond to a bound on the interpolation oper-
ator that grows with/N.

In figure 7.5we show the results for the cage= 2/N. This case is important in the discus-
sion of the approximation of quadratic nonlinear terms, and in the discussion of partitions
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Figure 7.2: Maximal eigenvalues for the two generalized eigenvalue problems with
N + 1, m = N. Top panel: problem7.22. Bottom panel: problem7(21). Note that in the
latter, \,,,,. — 1 iS shown.

of unity that are of the same degree as the spectral element functions. We\shov

for (7.22 in the upper part, and it looks that asymptotically the growth is linear or slightly
sublinear, the coefficient oV estimated from the values betwedh= 180 and N = 200

is 0.76.

In figures7.6and7.7we show the casgs= |1.5N | andp = [1.1N]. In both of the cases
we observe approximately linear growth.gf,., estimated from the values betwedn=
180 and N = 200 we obtain a constant in front of th€ of 0.32 and 0.06, approximately.
We also performed experiments for otlén p = ¢V, which we do not show here, and we
found in all of them approximately linear growth.

We also tested some other cases with- N + f(NV) for f(N) growing slower thanV.

We saw growth inV for f(N) = v/N. The results forf(N) = 30log(N) are shown in

the next figurer.8 and show that for this case there seems to be a bound independent of
N. (The value of\,,,, for N = 200 is 113.6448.) One of the questions arising from these
experiments is if there is@such that forf (N) = N° we have a bound independent/éf
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Figure 7.3: Maximal eigenvalues for the two generalized eigenvalue problems with
N + 10, m = N. Top panel: problem7.22. Bottom panel: problem7(21). Note that in
the latter\,,... — 1 is shown.

or if the maximal eigenvalue will grow for any power fi{ V).

We formulate the result of these numerical experiments (assuming that we can generalize
them and observe the same results forafl ¢/V) and the consequences obtained by ten-
sorization arguments in the following observation (or numerically supported conjecture):

Observation 7.1: The maximal eigenvalue of the generalized eigenvalue probiedf (s
bounded independently &f for m = N,p = N + cfor all ¢, and allows a bound linear in
N form = N, p = ¢N. The interpolation operator for the &tElec and Raviart-Thomas-
Nécelec spaces from degréé—+ ¢ to N is bounded independently 8f, and is bounded by
C'v/'N with C independent o from degree:N to N.
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max{A} for generalized eigenvalue problem for H;noo
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Figure 7.4: Maximal eigenvalues for the two generalized eigenvalue problems with
N + 100, m = N. Top panel: problem7.22. Bottom panel: problem7(21). Note that in
the latter\,,... — 1 is shown.
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max{A} for generalized eigenvalue problem for "Em]
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Figure 7.5: Maximal eigenvalues for the two generalized eigenvalue problems with
2N, m = N. Top panel: problem7.22), plot of \,,.../N. Bottom panel: problem7(21),
plot of \,,... — 1.
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Figure 7.6: Maximal eigenvalues for the two generalized eigenvalue problems with
|1.5N|, m = N. Top panel: problem7.22), plot of \,.../N. Bottom panel: problem
(7.2)), plot of A\, ,q — 1.
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max{A} for generalized eigenvalue problem for I-g_ml
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Figure 7.7: Maximal eigenvalues for the two generalized eigenvalue problems with
[1.1N], m = N. Top panel: problem7.22), plot of \,.../N. Bottom panel: problem
(7.2)), plot of A\, ,q — 1.
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max{A} for generalized eigenvalue problem for I-{'r;+30|og(m)]
220 T T T T T T

200

180
3
160 -
<

140

120

100 | | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200

11 max{A} for generalized eigenvalue problem for L[r:'1+30|og(m)]
3 T T T T T T

0 L | | | | | |
0 20 40 60 80 100 120 140 160 180 200
N

Figure 7.8: Maximal eigenvalues for the two generalized eigenvalue problems with
[N+30log(N)|, m = N.Top panel: problema.22), plot of \,,.... Bottom panel: problem
(7.27), plot of A0 — 1.
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7.7 Discrete Friedrichs’ inequality

We saw in chapter 2 that on the complement of the kernelwt, the weakly divergence
free functions (i.e. functions that are orthogonal to all the gradientd 9f we have a
Friedrichs’ inequality (see theoreb)

llulloo < CHgl| curlul|pq

In various situations, we need to ascertain the analogous inequality on a polynomial space
that is orthogonal to a space of gradients of another polynomial space. The fundamental
idea is to split the function on the constrained polynomial space into one which is con-
tinously weakly divergence free and estimate the rest. The complicating feature of the
proof is that the needed interpolant, thédlec interpolant (again needed because of its
commuting diagram property), is not defined @i')?, where we would prefer to work.
Therefore we have to choose more regular spaces to work on. Girault and Raviart prove
this Friedrichs’ inequality for finite elements (theversion) in 48, Proposition 5.1] using

W's spaces and MonK/[L, Theorem 4.1] proves it in thieV-version using '+ spaces.

We give proofs only for the three-dimensional case. The two-dimensional result can be
proven in a similar way, certain steps simplify and sharper results can be obtained. We will
indicate some of these improvements.

In the proof of Friedrichs’ inequality we need an approximation result which will be useful
later in the analysis of our domain decomposition preconditioners:

Lemma 7.17 Assume that the bounded and convex dontawith H, = O(1) has a
Lipschitz boundary and is covered with an uniformly regular mesh of elements df.size
Assume also that € H;"(curl) and thatcurlu € Wy (). Then the Bcelec interpolant
allows the followingL?-bounds:

2
|lw — IIN?'w]||y < Ch (1 +C (1—) N—1+6) || curl w]o
— €

[w — TV wl|o < Ch (1 + 0 (%) N’1+6> | curlw|lo

where('(s) is the regularity constant of theurl potential problem frone = curlw €
(L*)® tow € (Wh*)? and Cy(¢) is the regularity constant of the same problem, but from
c=curlw € (H)}tow € (H'™)3.

Proof: Both of the bounds are proven in a very similar way, starting from the stability esti-
mates in lemma.8. If we would have an interpolation estimate such as in lemmadtdand
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7.13for anyr < 2, or a slightly degraded one, we would obtain by (Hilbert space) interpo-
lation between7!*< and H" an interpolation estimate that would allow a direct proof of the
lemma, but with a better constafiCs(e)hN~1+7(), For two dimensions that is possible.
For three dimensions we still need a proof of such an optiAfalnterpolation estimate.

See figurer.9for a graphical representation. The solid line shows the upper bound below
which we could prove this lemma using# interpolation estimate with € (1, ), and the

other lines show different interpolation estimates from the lemmata. In two dimensions, we
should have &f 3+ interpolation estimate and therefore a proof with the better constant.

1

—— upper bound
05 + Monk i
’ — . Ben Belgacem-Bernardi
optimal
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Figure 7.9: Exponents in the proof of Friedrichs’ inequalfy, case

Proof of thelV!* case:We start off with the stability estimate from lemrides:

[[w =TIV wllo < CRIN"!|[wlhs + W]
Next comes the realization thatis a solution of thecurl potential problem:
curlw € (Quyn(K))? C (LP(Q)? ¥p  divw=0  wxn|sg=0

Since this problem is regular froiii?)? to (W?)3 for p € (2, sq) for convex domains
(see theorem 2.21 in section 2.8), we have

|W(|1s < Ci(9)|| curl wl|ps = Ci(s)|| curl w|| s (7.23)
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Using again the fact thaturlw € (Qy n n(K))?, and that therefore an inverse inequality
holds (see section 4.5) we obtain

s < ON2z—3) curlwl|p = CN'-2

|| curl w| curlwl|o (7.24)

Using the result from section 2.7, theorem 2.14, tHat((2) is imbedded continuously in
H' for convex domains, we have

[Iwlli < C(llwllo + || curlwi|o)

If we use the continuous Friedrichs’ inequality (theor2r) — recall that we work on a
domain of diameter of order 1 — we obtain the following bound with a diffeént

[|w||1 < C|| curlwl|o (7.25)
Using (7.23, (7.24), and (.29 in the stability estimate, we finally obtain

lw = TN wllo < CAIN [l + llwlli] < Ch (14 C (5) N7F) || curlwl,

Thee form of that estimate follows by an easy calculation.
Proof of theH'*< case:We start of with the stability estimate from lemmas;

W — Ty wllo < C(RN T |wl|ise + hl[wl[1)
Next comes the realization that is a solution of thecurl potential problem:

1
curlw € (Quyn(K))* C (H(Q)® e€]o, 5) dvw =0 wxn|go=0
Since this problem is regular frofi<)3 to (H'*€)3 for e € [0, ¢,) for convex domains (see
section 2.8, theorem 2.20), we have
[[Wll11e < Ca(e)l] curl wile

and sincecurl w is a piecewise polynomial, we have an inverse estimate (see section 4.5)

|| curlwl|. < ON*|| curl w||o

Using the last two inequalities and.@5 in the stability estimate, we obtain

|w — TN wl|o < Ch (Co(e) N2 + 1) || curlwl]o

The form stated in the lemma follows by substitutiiépre. B
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Theorem 7.18 (Discrete Friedrichs’ inequality for theh /N case) Assume  that the
bounded and convex domdihwith H, = O(1) has a Lipschitz boundary and is covered
with an uniformly regular mesh of elements of sizéet ® 5 be discretely divergence free
of degreelV, i.e., assum@ y € N]D)fv’*. Then there exist constantsand C’ such that

[|®Pnllo < C (1 +h (1 + C’Lg(e)N’”e)) || curl @ y|lo < C'||curl @y ||o

Proof: The second inequality follows trivially from the first, since the coefficient is a func-
tion that decreases with increasig and decreasing, so thatN = 1 andh = Hg
substituted into the coefficient give a trival bound €t

The first inequality is proven in several steps.
Definep € H}(Q2) as the solution of the generalized Neumann problem

Vg€ HY(Q): (gradp,gradq) = (®y,gradq)

Then,w := &, — grad p satisfies

curlw = curl @5 divw =0 W X njgo =0

Since) is convex, either thé/* or the H'*< regularity used in the proof of the previ-
ous lemma guarantees that € (IW'#*)3 orw e (H'*)?, and that therefor@Iy"'w

is defined. Sinceby is in the Necklec space, its interpolant is defined, and therefore
I1Y"” (grad p) is defined. The appropriate version of the commuting diagram property
(see, e.g., Girault and Raviart§, Lemma 5.10]) shows that there is a piecewise polyno-
mial py such that

1T, (grad p) = grad py
ND,I

and thereforepy = IT,, " w + grad py. Now (®y, grad gqi) = 0 for all gy € Sy (),
therefore also especially fary = py. This gives that{®y, &) = (TIN"'w, ®y) +
(grad py, ®y) = (IIN”'w, ®y) and an application of the Cauchy-Schwarz inequality
gives

@0 < [T wllo

Next we use lemma&.17and the triangle inequality to show
1T wlo < [[wllo + [[w — Ty wllo

<C(1+h(1+Cia(e)N779)) || curl wl|o
whereC' »(e) is one of the twaC, () andCy ().

The proof is completed by recalling thatrlw = curl ®,. 1
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If we can prove a spectral version of Lemma 4.7 in Amrouche, Bernardi, Dauge, and Girault
[5, page 855], that is, if we can give a bound of thenorm of Iy in terms of the
XP-norm with an explicit dependence ovi and a coefficient that does not depend/on

then we can prove the/N-version of the discrete Friedrichs’ inequality for non-convex
domains following the proof off, Proposition 4.6] adapted for the case of the potential
with tangential boundary values,[Proposition 4.12]. A variant of lemm&al7can then be
proven following the proof of a similar inequality in Arnold, Falk and Winth&r(@.4)].
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Chapter 8

Spectral Elements for the Maxwell
model problem

In this chapter, we will discretize/d + [ curlcurl in two dimensions on rectangular
elements. We naturally work with the variational formulation

Tu € H(curl) : Vv € H(curl) : (au,v)p + (B curlu,curl v)y = f(v) (8.1)
and we will construct a discrete function spacg-url) to approximated (curl).

We will provide details only in the two-dimensional case. Almost everything carries over
into three dimensions, and we will discuss differences between the two-dimensional case
and the three-dimensional case in remarks.

In the first section we describe how to discretize the problem on one element. In the sec-
ond, short, section, we discuss the discretization on domains consisting out of more than
one element. For the case where the domain is logically rectangular, we give subassembly
procedures for thél (curl), H', andH (div) conforming case in the next section. In the last
section we discuss how to enforce different types of boundary conditions.

There are only a few numerical experiments in this chapter. We will present numerical ex-
periments that apply the discretizations and methods from this chapter in chapter 9, where
we discuss fast direct solvers for them, and in chapter 10, where we will show their use in
domain decomposition preconditioners.

8.1 Discretization on one element

We try to discretize

?u € H(curl) : Vv € H(curl) : (au,v)y + (B curlu, curl v)y = f(v)
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with f(v) = (fa),v)o + (f2), curlv), on a rectangular elemefd, b] x [c,d]. We will
perform the derivation op-1, 1]> and then obtain the general result by scaling.

If we have more general mappingsfrom the reference element, we can discretize the
equations similarly by considering o F' andv o F' instead ofu andv, and multiplying

all integrands by the determinant of the Jacobiar'ofThe special structure needed for
our fastest solvers will not be available for gendrabut a fast application of the stiffness
matrix is still possible.

As indicated in the first section of the previous chapter, we ch@gse,, (K) X Qyuy 1, (K)
as the local spac¥ (curl). For multi-element problems we will have to enforce tangential
continuity on the product space of all local spaces.

In an exact Galerkin method we would compute all the integrals exacty. 4 ), f(s)

are polynomials, then we can achieve this by using Gaussian quadrature of high enough
order. For arbitraryy, 3, f(;),f2) we would have to be able to analytically compute all the
integrals which is impossible in the general case. For arbitrary coefficients we will therefore
use numerical integration, which gives an additional error term in the analysis of the method
by the appropriate variant of Strang’s lemma (see for instance Bernardi and Matgiayr [
Ciarlet [27)).

Since we have Gaussian quadratures of many orders at our easy disposal (see section 4.3),
we can easily study the influence of the accuracy of the quadrature.

Overintegration (of not exactly computable terms) and underintegration may make sense.
Overintegration of critical terms may improve the overall accuracy, underintegration may
result in an advantageous special form or properties of the matrices, without loosing too
much accuracy and keeping the same order of convergence.

The exact analysis of underintegration for our discretization in its full generality is non-
trivial, and would require error estimates for anisotropic polynomial spaces and analysis
of the approximate bilinear forms obtained by general tensor product Gaussian quadrature
rules. While that seems to be a feasible and interesting enterprise on its own (for some
very recent work on error estimates for anisotropic discretizations in the context bf the
version for Necklec elements see Nicais&]), we lack the space and the time to execute it

in the context of this thesis. We will take a hint from the theory and our experiments in the
chapter 6: we will integrate differentiated directions in the components exactly and we will
integrate undifferentiated directions exactly or one order lower (which leads to diagonal
mass matrices). A list with appropriate choices of degrees will be given in the statement of
the discretization.

Let us define (see sections 4.3 and 4.6) that),, y denotes the Gaussian integration on
GLLM X GLLN

We assume constantand for simplicity.
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Remark:If we have separable and 3, then we can obtain a discretization of a very sim-

ilar form, only that the weighted inner products, -) and (-, -) will give modified mass
matrices that are tensor products of one dimensional standard mass matrices scaled by the
appropriate parts af andg.

We try to approximate foa, v € V' (curl)

(au, v)o + (B curlu, curl v)o = (f1), v)o + (fr2), curl v)g (8.2)
Written more explicitly,

?ul € @m1,n17 ?u2 € @mg,ng : vvl € @m1,n1 : VU2 € @mz,ng

a(u,v1)o + aug, v2)o + B(Opuy — Oyur, Oxva — Oyv1)o
= (f1,v1)0 + (f2,v2)0 + (f3, 0yv2 — Oyv1)o

In the following we will discuss the degrees and the discretization of the different terms
separately.

(u1,v1)o IS the integral of, - v; over the rectangular element. Therefarg,v; is contained

in Qa,,, 20, - TO integrate this exactly, we have to use), n, with A, > m;+1andN; >

ny+ 1. Such exact integration leads to a non-diagonal mass matrix. Chatsirgm, and

N; = n; results in a diagonal mass matrix and is often used in spectral element methods,
especially since no order of convergence is lost in standard examples such as the isotropic
discretization of the Laplace equation.

Similarly, us - vo is contained ifQy,,,, 2,, and it is integrated exactly witf, -) s, n, under
the conditionM; > my + 1 and N, > ny + 1. If we decrease both degrees by one, we
obtain diagonal matrices.

We will treat the different parts of thewurl -, curl -) term separately, since they have differ-
ent degrees.

(curlu, curl v) = (dyuy, 0yv1) + (Ozuz, Oyv2) — (Oyur, Opv2) — (Opua, Oyvy)

The first part,(0,u:, 0,v1) leads to an integration of a function @y,,, 2,,—2 and is in-
tegrated exactly withi-, -) s, n, given Ms > my + 1, N3 > ny. (O,us, 0,v2) leads to an
integration iNQa;,,, —2.2,, Which will be exact with(-, -) s, n, under the conditiod/, > ms

and N, > ny + 1. Both of the last two parts lead to the integration of a polynomial in
Qi +ma—1.m+ny—1 @nd are integrated bly, -) v, v, . The integration is exact under the con-
ditions My > mdmz Ny > mitna,

Putting the parts back together, we approximate

(au, V) ~ (au, V)S = O‘<uluvl)M1,N1 + a<u277}2)M2,N2
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(Beurlu, curl v) = (B curlu, curl v)g := B(9yu1, Oyv1) g Ny +

ﬁ(axuz, 8xv2)M47N4 - ﬁ(ayul, axUZ)Ms,Ns - 5(3xu2, 611111)1\45,1\/5
With the same approach we obtain a spectral approximétian of f(u), and finally the
discrete problem

Tu e V(curl) : Vv € V(curl) : (au,v)s + (Bcurlu, curl v)g = fs(u) (8.3)

Next we will find a matrix representation of this problem and make explicit its structure
as a system of linear equations. In the derivation of this representation we will realize an
additional simplifying restriction on the degrees of the integration formulae.

We will make a distinction between an arbitrary functionAiicurl) resp.V (curl) and its
vector of nodal valués For any function: we will denote the vector of nodal values by

for any vector of nodal values, we will denote the corresponding function, obtained by
straightforward interpolation using the Gauss-(Lobatto-)Legendre nodal basis, by

To comput€au, v) g in matrix form, we need to interpolate fro@,,, ., to Q,y, v, and then
use Gaussian quadrature there (see chapter 4 for Gaussian quadratures and mass matrices,
interpolation matrices and differentiation matrices for the one-dimensional case)

(au,v)s = aluy,v)u N, + Uz, v2) N,
= v (I} @ LN (M, © My, )(In @ I )u,
+avg (IM? @ 1IN (M, @ My,) (102 @ IN?)u,
= av] (Mplt @ M uy + owg (M2 @ M2 )u,

curlu = 0,uy — 9yuq. A priori, the two terms in the definition afurl are not of the same
degree. If we desire an exact representationofu on a GLL(m3) x GLL(n3) mesh, we

would requirems > max{m;, my — 1} andns > max{n; — 1,n,} and we would obtain
curlu on that grid as

curlu = (I:r?; ® IZ:)(sz ® Inz)QQ - (Iﬁf ® [nnlg)([ml ® Dnl)ﬂl

m3,n3

= ((Inn;;sz) ® 123)22 - (Ifgf ® (Ingm))Ql
We will discretize the parts separately and not enforce a common meshrfar in the
bilinear form.
The parts of curl -, curl -) s transform into matrix form as follows:
ﬁ(ayulv ayv1>M37N3 = ((Iml ® Dnl)g17 <[m1 ® Dm)Ql)M&NS
= BQ,{(Iml ® ZDTM)T(‘]\477]\':[15 ® Mﬁs)([ml ® Dnl)gl
= Pt (M ® (Dy, My Doy )y

We assume that the function is sufficiently regular so that these point values are defined.
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6(8:):7@7 arv2)M4,N4 = ((DM2 ® In2)227 (DmQ ® ITLQ)QQ)MAL,NAL
= 522T(Dm2 X ]ng)T(Mn]\f; ® M£4)(Dm2 ® ]712)@2
= Buy (D, Myt Dyny) @ Myt u

ﬁ(ayuh axv?)Ms,Ns - ((Iml ® Dm)gla (sz ® In2)y2>M5,N5
= ﬁyg<Dm2 ® Inz)T(In]\;I; @ ]£5)T(MM5 ® MN5)
([n]\:[ls ® nyl\is)([ml ® Dnl)gl
= Bus (D, I " Mg I3) @ (15" My, I35 Dy ) Yy

ma - ma m 57Ny

6(&3”27 ay'U1>M57N5 = ((Dmg X Inz)ﬂ% ([rm @ Dm )Ql)MsJVs
- 5Q{<1m1 ® Dm)T(Irj\n{S ® ]ﬁS)T(MMs ® MN5)
([n]\”f ® [1]1\25>(Dm2 ® [712)@2
= Bl (L2 My 12 Diny) @ (D 15T Mg 1) )ug

m 57Mm2 ni-ni 57 n2

Assuming for simplicity thalfy € Q. 0y, f2 € Quyn, @Nd f3 € Q.05 and that we treat
the termq( f;, v;) like the termgu;, v;), the right hand side is approximated by:

v (M) ® My J, o+ v (M @ M,2)T,

=0y (1" Myng) @ (D I3 M) f 3+ 05 (D, I M) @ (I3 My )) f

nyng ma ma J3

If we want to combine thew? ... u, term and theSuv! ... u, term, we need to choose
Ms = M;. Similarly, we needV, = N, to combineav? ... u, and3uv? ... u,.

Under these conditions, and collecting terms, we obtain an equation of the form:

vl (M} ® AY)uy + v] (B* @ C¥)uy + v3 (C @ BY)u; + v (A" @ My)u, =
ol (MY @ MY)f, + w3 (M3 @ MJ)f, — vl (Ff @ F!)f, + v (Fs @ FY)f,  (8.4)

with, for instance,

My =M MY =MD My =M M =M)>
T Mo T My _ Mo M.
A* =aMy? + D) MMD,,, = aM)? + K
AY = aMM' + 8D} MN*D,,, = aMN + BK N

B* = =BT My, 1Mo D, ,,

57ma

Yy N5,T N5
BY = 1Y T My, 1Y D,
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Cx:—ﬁDT [M5TM [M5_BxT

mo - mso 5 mi1
CY =D} 1" My, 1) = BT
Ff =1""M,,  F/ =D} I'"M,,
Fy =D}, I TM Fy = Igg’TMng

A* and AY are scaled discretizations of one-dimensional Helmholtz operators, and they
containK’YY which is a spectral discretization of an one-dimensional Laplace operator. We
have studied the properties of these operators in chapter 6.

Since 8.4) has to be valid for all possible vectors andv,, we can especially choose

test vectors that are zero in one component and arbitrary in the other, and therefore obtain,
finally, the system of equation on one element as:

(M} ® A)uy + (B @ C¥)uy = (M} @ MY)f — (Ff @ F))f
(C*®@ BYuy + (A" @ M)u, = (M5 @ M))f, + (F5 @ F))f

(8.5)
(8.6)

3

3

This is a symmetric system of equations.

We have to choose 8 degrees of integrations, natkly= Ms, My, My, Ms, N1, No = Ny,

N3 andNs. There is no differentiation in the directions associated to the quadrature degrees
M, Ms, Ny, N,. These directions have to be integrated with+ 1 resp.n; + 1 for exact
integration and withn,; resp.n, for diagonal mass matrices.

We differentiate in the directions associated with the quadrature defjieasd M. We
use exact integration with degreesandms.

In the directions associated with the quadrature degkéeand V5, we have a product in
which differentiated and not differentiated components are mixed. We will test both exact

and slightly inexact integration using;, = ™me mdmz ] and Ny = mdnz mdne g

To compute oria b] x [e,d], we have to multiply the mass matrices fzoby b=a and the
ones fory by <. The differentiation matrice®,,, and D,,, will be replaced by—D

and-%D,,..

If we use this method as a spectral method (i.e., no subdivision into elements, the en-
tire rectangular domain is discretized with one spectral element), it may be advantageous
to multiply the two equations of the system with the inverse of the mass matrices, i.e.,
(M#)~' @ (M?)~'). Then one obtains a system of the form

([ @ A + (B* @ Cuy, = [, —(FT @ F7)f, (8.7)

(€@ By + (A" © u, = f,+(FE@Ff (8.8)

3

We will discuss how to solve such systems fast in chapter 9.
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As an example, and to show the convergence of such elements, we present the results in
figure8.1, 8.2 8.3and8.4.

In figures8.1and8.2 we show the error solving a tangential boundary value problem with
a spectral method with the@delec | space, i.eQx_1x x Q-1 and in figures.3and8.4
we show the analogous results for thedslec Il case. All the figures correspond to a case

with o = 1, § = 1 and with the exact solution = (sin(5y)x, sin(5z)y) on[—1, 1].

We tested the following choices for quadrature degrees: exact integration and slight under-
integration for purely differentiated terms, exact integration and slight underintegration for
the mass matrices, and exact integration and slight underintegration for the mixed terms.

In figures8.1and8.3we tested the exact integration of the mixed terms.itand8.4we
underintegrated the mixed term by one degree. The results look in all cases very similar.
(The spike in figured.4 corresponds to a badly conditioned eigensystem in the fast diago-
nalization method in the solution algorithm, and it could be avoided by a slightly different
numerical algorithm.) For Bicelec | elements, underintegration of the mixed terms intro-
duces an odd-even effect. We always observe exponential convergence. The versions with
exact integration of the differentiated terms outperform the ones with slight underintegra-
tion by a small margin in the exponential convergence. For 20, it is even harder to
compare the different choices. It seems that for underintegrated mixed terms the case with
exactly integrated mass matrices and differentiated terms performs best, in the other cases
there is no choice that performs always best.

In the numerical tests for the model problem in the rest of the thesis we use the versions
with exactly integrated differentiated terms and mixed terms, and the two choices for the
integration of the mass matrix.

In the three-dimensional case, we can analogously derive a system, fey andus, in

which all the blockss;; (i = 1,2, 3, j = 1,2, 3) of the stiffness matri¥{ are tensor prod-

uct matrices. These blocks are also tensor products of discretizations of two-dimensional
Helmholtz problems and mass matrices on the diagonal, and mixtures of mass, differentia-
tion, and interpolation matrices on the off-diagonal, and the system is still symmetric. The

fast solution of such systems will be explored in future work, and the extension of at least

some of our algorithms to the three-dimensional case seems to be possible.
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— — mass:diag,diff:exact
— - mass:exact,diff:—1
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Figure 8.1: Two-dimensionald + curl curl problem, Necklec | type elements, mixed
terms integrated exactly: Results for different quadrature degrees.
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Figure 8.2: Two-dimensionald + curl curl problem, Necklec | type elements, mixed
terms slightly underintegrated: Results for different quadrature degrees.
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Figure 8.3: Two-dimensionald + curl curl problem, Necélec Il type elements, mixed
terms integrated exactly: Results for different quadrature degrees.
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Figure 8.4: Two-dimensionald + curl curl problem, Necélec Il type elements, mixed
terms slighly underintegrated: Results for different quadrature degrees.
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8.2 Discretization on a collection of elements

Unfortunately, most domains occuring in practice are too large or too irregular to be
mapped to a single rectangular element. Therefore we will have to work with collections
of elements. We discretize the domain by a number of mapped elements and compute the
element matrices by mapping back to the reference element and by using the discretization
from the last section there. In the context of this thesis, we will only consider examples on
rectangular meshes of elements, and therefore only need to scale the matrices derived on
the reference element to get the correct element matrices. We plan to extend our methods
to cases with general, well-behaved mappifigiom the reference element in future work.

If we work on a domain decomposed into several elements, we will have to subassem-
ble the discretization on the elements into that of the problem on the entire domain. In
the case when the entire domain is logically rectangular and split into a rectangular mesh
of elements of matching degrees, the global discretization has the same structure as on
the elements, and we give the subassembly procedure in the next section. In the general
case a standard subassembly procedure for unstructured finite elements can be used, except
that we have to treat the nontangential components on the interfaces like interior compo-
nents. On a block structured mesh, we will first use the methods from the next section to
subassemble the rectangular blocks, and then subassemble the blocks with a subassembly
procedure for unstructured finite elements.

We have to choose the element mesh and the degrees of the elements. We could consider
them as given and leave the burden of choice to the designer of the discretization for a
particular problem. We could choose them heuristically, to resolve features of the right
hand side and expected features of the solution (for instance by using a geometric grading
of the mesh close to a corner to resolve singularities, or by using points-per-wavelength
rules for the choice of degrees). Lastly, we could design error estimators and refinement
schemes to develop adaptive algorithms which automatically choose those degrees starting
from a given initial discretization. Here, for the sake of brevity and simplicity, we will
consider the mesh and the degrees as given.

8.3 Subassembling vector field spectral elements

In this section we will explain how to subassemble vector field spectral elements under dif-
ferent continuity conditions. Even though we apply it here8t®)(and 8.6), the derivation
applies to any system of that form, for instance, also to the subassembly of discretizations
of ald +  grad divin H(div).

The subassembly procedures given in this section can be easily generalized to the case of
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three or more dimensions with different continuity conditions on different components.

8.3.1 Enforcing continuity in tangential components

We assumg, =0 in the following computations. They can be easily extended to include
that term.

Assume that there is a rectangular domaisplit into N; x N, rectangular elements. On
each of the element3,;; (: = 1,..., Ny, j = 1,..., N;) we use a local spa(@m%j,ngj X

m2 2.+ Since tangential components have to match, the first component has to match in
the z-direction and the second component has to match inyttigection with adjacent
subdomains. That implies; = m/}, =: m; andn;; = nj; =: n}. A priori the choice of
n}j andmfj Is not restricted by the matching conditions, and they should be chosen such
that the local discretization is accurate enough but not too expensive.

If we want to obtain a linear system of equations with a tensor product structur&lije (
and @.6), we have to chose tm}j and mfj so that they also match across the domain,
i.e.,nj; =: nj andmg; =: m;. In the following we will work with such a choice, arfd;
therefore has as local space

Quatng X Quz 2

On each of the elementy; we have contributions like8(5) and 8.6):
(M{; @ Aj)uy + (Bf @ CY)uy, = (M7, @ My,)f (8.9)
(CF ® B;“'J)% + (47 ® M;J,j)ﬂz = (M3 ® Méy,j)iz (8.10)
Now the solution on the rectangular domain is given as two two-dimensional arrays
uy € REMADX(EE D) and g, € RIS mb+D)x (S (nf+1))

First we need to define two different types of one-dimensional restriction operattos,
the directions without enforced continuity aidfor those with continuity,

v = ST v = Us~i-1 (gl 1) fori=1,...,m} +1 (8.11)
- - ' B .

'U] _R?U U‘Z —U(Zi;llni)+l fOFl = ]_,,TL] —|—1 (812)

v = R¥v v} = Uit 2y forl=1,...,m?+1 (8.13)

v = S¥v Ulj = Usil(2 1) 4 fori=1,... ,n? +1 (8.14)

Using the restriction operators just defined, we obtain the values on the el@mndrm
the global arrays; andu, as follows:

ui = (57 ® RY)uy ug' = (R} © SY)us
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To add a contribution” = (v, v¥) to the global array = (v, v,), we have to compute

v = v+ (S°T @ RV )oY vh = vy + (BT @ S¥T )l

Now, subassembling by adding all the contributions of the fa8rB){ we obtain for the
first equation:

> (SET @ R {(M7, @ AY)(ST @ RY)uy + (B @ CY)(RY @ SY)us}
ij

Z ® RV (M, @ MY,)(SF @ RY) fy

After some algebraic manipulations we obtain

( <Z S TMfﬁ) (Z R?’TA?]%R?) > o
i J
+ ((Z Sf’TBg”R§> ® (Z R?’T(Jj/Sj-’)> U
i J

_ ( (Z S TMﬁSf) <Z RY TMfJR§/> > fi

and realize that this is still of the forn8.Q) resp. 8.5

(M7 @ AV)uy + (B® @ C¥)uy = (M} @ MY) f, (8.15)
if we set . .
My =Y SPTMY,SE MY =Y RVTMYRY (8.16)
i J
v:=) RVTAYRY B":=)Y S*'BIRY (8.17)
A T
CY:=) RMCYSY (8.18)

J

My is a block-diagonal matrix in which the blocks are the mass matrices from the elements.
Both M/} and AY are subassembled one-dimensional mass matrices; and subassembled stiff-
ness matrices for the Helmholtz type operator, respectively.
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Similarly the second component is subassembled

> (BT e ST {(CF @ BY)(SF @ RY)uy + (AF @ MY,)(RY @ SY)us}

ij

= (R @ SV (M3, @ MY)(RY @ SY) f

ij

to give . 3 3 ) ) )

(C* @ BY)uy + (A" @ MY)uy = (M§ @ MY) f, (8.19)
with . .
My =Y RPTM R MY =) Svt My SY (8.20)
i J
A" =) RYTAIR! C":=> RPTCSY (8.21)
BY:=> SY'BIRY (8.22)
J

The equations§.195 and @.19 are still a symmetric system of equations, and have the
same tensor product structure 89 and g8.10.

8.3.2 Enforcing continuity in all components

There may be circumstances where we want to enforce continuity of all components across
element interfaces. We could havé/a conforming formulation of &7* conforming prob-

lem, for instance if we try to approximate vector Laplace or Helmholtz problems, especially
with some additional coupling between components. We could use it also to sholi'that
conforming approaches perform worse fé6(curl) formulations tharn (curl) conforming

ones do. Finally, if we try to construct preconditioners for higher-order spectral element
discretizations using lower order discretizations defined on the Gauss-Lobatto-Legendre
mesh associated to the higher-order spectral element (so-called Deville-Mund precondi-
tioners), it would make sense to enforce total continuity for the lower-order discretization
inside the higher-order elements and impose tangential continuity only across interfaces of
the higher-order elements, since that would correspond to the continuity conditions in the
higher-order spectral element spaces, and also simplify the mapping of degrees of freedom
between higher-order and lower-order space.

To derive the form of the system that we obtain when we subasse@Bjeaqd 8.10),
and to enforce the continuity of all components across interfaces, we follow the above
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derivation, but change all the restriction operatsiigto R to obtain

(M, @ Auy + (B @ C"Yuy = (M; @ M) f; (8.23)
(C" @B ur+ (A" @ My)uy, = (M, ® Mj)fs (8.24)
with o o

My =Y RYTMYRY MY =Y RVTMYR! (8.25)

i J
A=) RVTAYRY B":=> RI"BIR! (8.26)

J i
C":=> RV'CYRY (8.27)
J

M, =Y RITM3,R] My =Y RVTMYRY (8.28)

i J
A" =) RyTATR! C"=> RMCIRY (8.29)

Y T

B = Z RVTBYRY (8.30)

J

8.3.3 Enforcing continuity in normal components

In the case that the element discretizati8rB( and @.10 corresponds to & (div) con-
forming discretization of a problem i (div), we have to subassemble the contributions
from the elements enforcing continuity of the normal component across the interfaces. We
obtain the subassembled system by following the derivation of the first subsection and ex-
changing allS and R:

(M{ @ A%y + (B* @ C¥)uy = (M} ®@ MY)fi (8.31)
(C® @ BY)uy + (A® @ Muy = (MF® MY)f, (8.32)
with 5 )
My =Y RPTM R MY =) SET MY SY (8.33)
i J
Av = st AYSY B":=) Ry'B!S (8.34)
J i
Cv:=Y SY'CYRY (8.35)

J
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My =Y SPTMg,SE MY =) RVTMYRY (8.36)
i J
Am =Pt ArSy C* =) SHTCIRY (8.37)
BY:=) RVTBISY (8.38)
J

8.4 Enforcing boundary conditions

If we solve the systems3(5) and g.6) or (8.195 and @.19 as they are, we will solve a
problem with natural boundary conditions. The natural boundary conditions for the model
problem are that the tangential componentsiefurl of the solution are equal to zero.
(See chapter 3, especially section 3.2.3.) Is a scalar function this is equivalent to the
vanishing of the tangential componentscofrl u on the boundary. In the two-dimensional
casegcurl u is a scalar, so thatirl u = 0 on the boundary.

If we have inhomogenous natural boundary conditions on a part of the boundaly; say
then we have to subtract a boundary integral from the right hand side of the variational
formulation. If

f)/t(ﬁ Curl u)’FNBc = gNBC

then the additional boundary term is

- /F gnBcY(V) (8.39)

On arectangular geometry aligned with the coordinate axés) is always one of the com-
ponents (in the two-dimensional case) or two of the components (in the three-dimensional
case). So the boundary integral turns into an integral of one of componentgyithor

of the inner product of two of the components with the vector funciigpc. In the two-
dimensional case we can discretize it exactly like the boundary integral for inhomogenous
Neumann boundary conditions in section 6.1. In the three-dimensional case we obtain a
discretization by Gaussian quadrature on the boundary in a similar way.

If we solve the essential boundary value problem, i.e., p@d¢i6 Hy(curl), then we have

to force the tangential degrees of freedom on the boundary to be zero. Algorithmically, we
pass to the non-tangential part of the syst&m)(and @.6) or (8.15 and .19 and solve

it exactly as we solved it in the case for natural boundary conditions. Taking the non-
tangential part corresponds to a restriction

(unr, unr) = (1" @ Rur, (Rf ® IV)us)
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with I denoting the identity in the appropriate direction dfdhe restriction to the interior

part (everything except the first and the last component of the vector). The system for the
non-tangential part has again the form 8fHj and @.6), only that the matricegl¥ and A®

are replaced by their principal minor involving only the interior, and that the matf€es

BY, C*, andC" are replaced by submatrices missing the first and last row or column.

Nonhomogenous tangential boundary conditions are treated similarly to Dirichlet bound-
ary conditions for the Helmholtz type problem from chapter 6. We first perform a lifting of
the tangential boundary conditions — we usually take the nodal interpolant of the boundary
conditions which seems to be working satisfactorily, but we could as well use one with
smaller maximal gradient — and then use the lifting to correct the right hand side of the dis-
crete problem, and reduce it to a problem with zero tangential boundary conditions which
we solve as described in the last paragraph.

All these boundary conditions still preserve the tensor product structure of the system, since
they only change the right hand side or correspond to taking submatrices.

The Silver-Miller boundary condition, imposed on a pEyt of the boundary , corresponds
to the addition of a term of the form

/F Py (1) (v) (8.40)

to the bilinear form on the left hand side. We will only be able to write the system in the
form (8.5 and @.6) for special forms op, such as for constapt

To give an indication of how such a problem with constarg solved, we will explain the
idea in a special case without working out all the details in the general setting.

Assume thaf) = [—1, 1)? is discretized by one spectral element, and therefore we have a
system 8.5 and 8.6) with the matrices given afteB(4). LetT", be[—1,1] x —1. OnT'4,

v:(u) and~;(v) areu; andwvy, respectively. We discretiz840 and add it to §.5), after
removing thev?. (¢} denotes the vectd, 0, . .. ,0) of lengthn,.)

1
/ pYe(0)v:(v) :/ Pt |y= 101y -1 2 pv1)yet” M |ye
T4 —1

= (I} @ e, T [MF @ pl[(I} @ e)uy] = v] (M} © pel " e} ), (8.41)

to obtain a systenB(5) and (8.6), where the only change is thd? has been replaced by
AV = AY + pe?TeY. The system&.5) and (8.6) can be solved exactly like3(5) and 8.6).

In the case of arbitrary, we can split the variablesof the system&.15 and 8.19 which
we will denote Ku = MTf into two vectorsu, andu; corresponding to the tangential
components ofi onI"4 and the rest, respectively, and obtain the system:
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Kan Kar ua \ _ [ Maa My fa) _. JiA (8.42)
Kra Kipp ur Mra My J1 “\fr '
We can reduce the solution of this system to the solution of the Schur complement system:
(KAA — KAIK[_IIKIA) ug = fa— KAIKﬂlfI (8.43)

followed by the solution of the tangential boundary value problem:

Krup = fr — Kraua (8.44)

K;;'v; can be computed fast by our direct solvers for the tangential boundary value prob-
lem.

Sr = —KAIK;]lKIA can be constructed by as many tangential boundary value problem
solves as there are mesh pointg)YonT 4.

In this way we can construét, = K;; + S; andfs = fa — Ka;K;;' fi byna + 1 solves
of a tangential boundary value problem.

Sauys = fs can then be solved by a direct solver. If we have uniform degree- n; =
my = ny = N, this system is of sizeN x cN instead oR2N? x 2N?, sinceu, discretizes
the solution on a manifold of lower dimension than «; is then computed by one more
tangential boundary value problem solve.

We will consider both the tensor product solvers for problems with Silvalieviboundary
conditions for constantand the Schur complement approach for arbitgaryfuture work.
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Chapter 9

Fast direct solvers for tensor product
systems

In this chapter, we will present fast solvers that take advantage of the tensor product struc-
ture of the discretizations. Discretizing the scalar Poisson or Helmholtz problem (or any
separable problem for that matter) on a rectangular domain, as in chapter 6, yields a sum of
d tensor products matrices fordadimensional problem. Discretizing the Maxwell model
problem (and similar problems) i (curl) on a rectangular geometry, as in chapter 8,
leads to a block tensor product matrix.

First we present a short introduction into tensor product matrices, operations on them,
and efficient implementations of such operations in the first section. The second section
presents sum of tensor product discretizations and their solution. We give the general form
of discretizations to which the method can be applied, and discuss some ways to actually
implement the solution algorithm. In the third section we discuss the block tensor product
matrix case, which is of use in the solution of vector field problems, and is here applied to
the solution of the Maxwell model problem on a rectangular domain. In direct substructur-
ing and iterative substructuring methods we solve a Schur complement system involving
only the shared, tangential, components on the interface. In the fourth section we discuss
how to apply the local Schur complement, its inverse, and the global Schur complement to
a vector. We also describe the subassembly and direct solution of the Schur complement
system. We close the chapter with a section presenting some numerical examples for some
of the methods introduced in this chapter.
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9.1 Tensor product matrices

We denote the tensor productdmmatricesA; of sizen; x n; as follows:
T= (®?:1Ai)
It is the matrixT" with the entries

T(j(kl, .. .,kd),j(ml, e ,md)) = HAl(kl,ml)

wherej(-) is the mapping from the index in thedimensional grid of sizén,, ns, ... ng),
containing in totalV = Hle n; grid points, to the index in the vector.

We define the mappingsand./ between vectors of dimensidr;_, n; andd dimensional
arrays as

JUVG(kry .. ka)) = Ulky, ... kq)
and

Jl ke, ka) = u(G(ka, ... ka))

A matrix-vector multiplication of a tensor product matei¥_, A; with a vectoru represent-
ing a function on a regulat dimensional grid of sizén,, n,, ..., ny) can be implemented
by representing the vectaras ad dimensional array[u] and multiplying the array along
dimensioni with then; x n; matrix A;. In restriction and prolongation operators the matri-
cesA; can also be rectangular matrices instead of square matrices.

For instance, in the case of two dimensions, we can write With j{u]:
(A® B)u=AUB"

In the way just explained, multiplication with a tensor product matrix can be implemented
in (X0, n) [T, n:) = O((>.L, n;) N) with a standard matrix-matrix multiplication,
instead of theD(NN?) needed for a general matrix of the same size. We can reduce the
operation count further by using a fast matrix-matrix multiplication.

Assuming that a matrix-matrix multiplication of twe x n matrices need®(n®) time?,
and that the multiplication of @& x n with an x m matrix takesO(mn”) time?, the

1See Golub and Van Load§] for an introduction to matrix computations; Strass@g] for Coppersmith
and Winograd 29] for original algorithms for square matrices; Knigi®3 or Huang and Parg[l] for algo-
rithms for rectangular matrices. See al6§,[81, 64, 80, 79].

2 is smaller or equal 2.376, see Coppersmith and Winod?€jd § = 2 or o > 2 is the subject of a bet

between Trefethen and Alfeld, sb&p://www.math.utah.edu/ alfeld/bet.html

33 = a — 1is given for the special case = n" with r a rational number in Huang and Pe&iI among
other resultsg = a — 1 is especially true fofn = n, for instance in the case of an uniform number of grid
points in all directionsin = n = n;. In this case all statements in the following involvidg- 1 should be
reada — 2.
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multiplication by a tensor product matrix utilizing fast matrix-matrix multiplication takes
O(X¢_, n"'N) time. In the best possible caseqifshould turn out to be 2 (and = 1),

this would reduce t@(dN). If the factorsA; in the tensor product have additional struc-
ture, the complexity can be even further reduced. (See, e.g., Buis and Dy&ear[d
references therein.)

The inverse of a tensor product matrix is the tensor product of the inverses of the tensor
product factors. If the inverses of the factors are available, or can be computed easily, the
inverse can be applied as a tensor product. Even when the explicit computation of the
inverse is more time-intensive, it is likely, especially in higher-dimensional cases, that its
computation will be of lower complexity than the other steps in the algorithms.

If the inverses are not available, or it would be too expensive to form them, we can use
the idea from de Boor0, 39] to implement the inverse of the tensor product matrix using
solvers (with multiple right hand sides) for the probless; = b;.

For further discussions about implementation and use of tensor product matrice&3, see |
40, 39, 83].

9.2 Sums of tensor product matrices: solving scalar prob-
lems

Many finite difference discretizations of partial differential equations of the form

d

0

Lu = P(—\u = A
u Z (g =1 (9-1)
can be written in a fornd.,u, = f, with
d .
Ly =Y (9211 ® L @ (®_; 1 I)). (9.2)

=1

Here, L; is an; x n; matrix related to the discretization @t(%), andI; is the identity
matrix for theith coordinate direction.

Also many finite element or spectral element discretization8.4jf for rectangular meshes
can be written in a similar form (if tensor product basis functions and tensor product nu-
merical integration are used):

d
Ly =Y (971M)) ® K; ® (9,1, M;). (9.3)

=1
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Here,L; is an; x n; matrix related to the discretization of an one-dimensional variational
problem invoIvingR(%) — an one-dimensional stiffness matrix — ahfl is an approxi-
mation for the integration operator — an one-dimensional mass matrix.

(9.3) can be transformed int®(2) by multiplying both sides of.,u;, = f;, with the tensor
product of the inverses of the one-dimensional mass matrices. We will give references for
methods for the solution 0of9(2) and for the solution ofg.3). Many of the algorithms

are given for the two-dimensional or three-dimensional case in the literature. The two-
dimensional case corresponds to the matrix equations (Withj|u)):

ApU +UBL = Fr respective  ApUBJ + CrUDi = Fr.

These equations are also knownSydvester matrix equations

Several fast solvers for this system are transform methods, i.e., they multiply the system
Lyu = f;, with a judiciously chosen tensor product matrix such that the resulting system
is of a special form and can be solved very efficiently. For an introduction to some of such
methods, see, e.g., Canuto, Hussaini, Quarteroni, and 2dngdction 5.1], or Gardiner,
Laub, Amato, and Moler47].

The one we chose to implement is the algorithm of Lynch, Rice, and Thod7aéof its
generalization), also called tifi@st diagonalization methodk consists of diagonalizing all
the non-identity factors in the forn®(2). It has the advantage of being easy to implement,
and it generalizes to an arbitrary number of dimensions.

Using this algorithm, the matrix,;, from (9.2) can be inverted in the following way

d —1
L' = (@L,P,) <Z<®§;ﬁij> ® Ay ® <®?:i+1ij>> (®L, P, 1)

i=1

where
L, P, = P, A,

is the diagonalization of ., to A, i.e., its spectral decomposititin

The inverse of the middle factor of the productiij' corresponds to a diagonal scal-

ing in each direction. Multiplication with the middle factor corresponds on the level of
d-dimensional arrays to a component-wise multiplicatioi/of= j[u| by another array of

the same size. (We can also apply other matrix operators besides the inverse defined by a
functional calculus on the eigenvalues of the matrix in this way.) The complexity of this
step isO(HZ:1 ng) = O(N) since it requires exactly one multiplication per variable.

“Using the QR algorithm from Golub and Van Loa#9][ section 7.5.6], we nee@(}_, n) to compute
that, which in the case of equal size in all directions simplifie©tdn?). This is a lower order term for
d > 3; for d = 2 we need to do at lea)(n) solves to amortize this set-up cost.
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The first and the third factor are tensor products. If we use the fast matrix-matrix multipli-
cation method to compute the product of the factors and a vector, wen&efl_, n, ' NV)

time to apply the tensor products. This is the dominant factor in the complexity fot,

and it is of the same magnitude fér= 1 as the component wise multiplication.

Therefore, ifa = 2 and = 1, the fast diagonalization method is of quasi-optimal com-
plexity O(dN) if it uses that fast matrix multiplication method. For uniform number of
points and straightforward matrix multiplication we loose a powen ind obtain an al-
gorithm of complexityO(dn?*!) = O(dnN). This algorithm is attractive especially for
higher-dimensional problems.

Instead of diagonalizing all the matricésin the sum of tensor product discretization, we
could diagonalize all except one and solve the remaining decoupled one-dimensional prob-
lems. In some cases, especially in two dimensions, that results in lower computational cost,
see Canuto, Hussaini, Quarteroni, and Z& pages 135-136] and Zang and Haidvogel
[106].

Explicit transformation to the eigenbasis may be unstable, if the eigensystem is ill-
conditioned. In this case, a transformation to Schur forms is more stable, see Bartels and
Stewart [L3]. Since we did not observe instabilities or reductions in accuracy in our tests,
we used the fast diagonalization method.

We solve the spectral element system by transforming it first into the f@r#hl§y multi-

plying by the inverse of the mass matrix, and using the fast diagonalization method. Alter-
native, possibly more stable algorithms and implementations for the two-dimensional case
(i.e., the Sylvester matrix equations) are described in Gardiner, Laub, Amato, and Moler
[47] and Kagstdm and Poromadbp).

For a fuller discussions of the issues involved in the implementation and the choice between
the different algorithms, see the papers cited above and references therein.

We could describe here also for the scalar case the fast application, construction, and sub-
assembly of Schur complement systems with respect to the interfaces that we present in
the fourth section for the vector field case. Since the implementation is straightforward and
very similar to (and easier than) the case discussed in the fourth section, we will not do so
for conciseness.
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9.3 Block tensor product matrices: Solving vector field
problems

In this section we describe fast direct solvers for the systé&, (8.6); (8.7), (8.8); and
(8.19, (8.19. (8.5 and 8.6) are (with the matrices defined afté&.4)):

(M{ ® A)uy + (B* @ CY)uy, = (M@ M{)f — (FY ®@ FY)f, (8.9

(O ® BYYuy + (A* @ MY)u, = (My @ M)f,+(Fs®F))f, (8.6
(8.15 and .19 are of the same form, only with different matrices as definedihg-
(8.18 and 8.20-(8.22.
(8.7) and @.8) are

Iy @ A)uy + (B @ Cuy = f —(FT@F)f, 8.7
(C* @By + (A ® By, = f,+ (FF@F)f, (8.9

We will only discuss the solution 08(5) and @.6) in the following form

since 8.7) and @.8) correspond to a specific choice bff and M, in (8.5) and 8.6), and
the exact form of the right hand side does not matter in the proposed algorithm.

We reduce 9.4) and 0.5 to a system inu;, by solving the second equatiof.9) for us,
and substituting the result int8.4):

up = ((A") 7 @ (M) "") (g2 — (C" @ BY)ua) (9.6)
(M} @ AY — (B*(A")7'C") ® (CY(M3) ™' BY))ur = ¢ (9.7)
with: G1=0— (B(A") ™) @ (CY(M)™))gs (9.8)

We could use the methods mentioned in the last section for Sylvester matrix equations to
solve the system
(Ar @ By + Cr @ Dp)uy = 1 (9.9)

with

Ap=M{  Br=A" Cp=—(B*(A")"'C")  Dr=(C"(MJ)"'BY) (9.10)
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We chose to reducé®(9) to the form 0.2) and then use the fast diagonalization method.
This reduction is effected by premultiplying.@) with® (4! @ D;'):

(I ® (D7'Br) + (A7'Cr) @ Nuy = (A7 @ DY) (9.11)

For the case of the subassembled syst@rhy and 8.19 with (8.19-(8.18 and 8.20-
(8.22, we can find a simplified, subassembled fornTif:

Dy = CY(MY)'BY
-1
- (ZR?’TC?S?> (ZS&*TM;]-S?) (ZS&TB?R?)
J J J

= (Z R?’TC?(M%)_IB?R?>
j

since differentsj%’ have non-overlapping support. There are no such simplifications in the
other matrices in4.11).

Now (9.11) can be solved with the fast diagonalization method from the last section to
obtainu;. We can then used(6) to obtainu, at the cost of two more tensor product ma-
trix vector applications, if we storeA”)~! and (MY)~!. The second is a block diagonal
matrix, and is therefore easily inverted, the first one is a discretized Helmholtz operator
for which we already have computed the spectral decomposition in the setup of the fast
diagonalization method, so that we can easily form its inverse.

We have implemented this method and will present some examples and timings in the last
section.

In a few numerical tests, we observed almost singular matrices of eigenvectors in our cho-
sen set-up for the fast diagonalization method. For those cases, an alternative reduction to
the form ©.2) seems to lead to a stable solution algorithm. We intend to implement a gen-
eralized Sylvester equation solver in future work as a slower, but more stable alternative.

9.4 Direct and iterative substructuring methods

In certain circumstances it is preferable to work on the system of the interface variables
(i.e., variables that are shared across element interfaces). For instance, in a direct solution

5(051 ® B;l) results in the same form with the inverse of the matrices in the sum of tensor product form
(9.11). In the case of the reduced syster/f and 8.8), Ay = A;l = I{ and therefore we prefer the choice
made in the text.
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of the model problem on non-rectangular domains, it is advantageous, both in terms of
computing time and needed memomory, to reduce the large global system to the system on
the interface. This is standard practice feversion finite element methods and is called in

that contexstatic condensatian

For large systems, a recursive application of this idea is possible and has been widely used
in the engineering community, especially in structural analysis, under the na(tiecat)
substructingIn it one introduces several levels of super-elements, and the large domain is
splitinto a few (tens to hundreds) highest-level substructures. The interior variables of ele-
ments, and then, recursively, the interior variables of the super-elements are eliminated. The
(small) global system on the interface of the highest-level substructures is solved directly,
and the local solution is found by backsolving in the super-elements and local solves on
the element level (see, e.g., Smith, Bjgrstad, and Gréppsection 4.1] or Przemieniecki

[84]).

We will present numerical results for a direct solver for the Schur complement system on
the element interfaces in the next section. We could use the fast direct tensor product solvers
from the last section on rectangular superelements, or higher levels of substructuring by
easy extensions of our algorithms and implementations. We will explain later in this section
how to subassemble the Schur complement system for the interfaces.

There are also iterative substructuring methods that try to solve the Schur complement
system by iterative methods such as Krylov subspace methods. Even though the condition
number of the Schur complement is usually much smaller than the condition number of
the entire system, the increased computational expense of handling the Schur complement
tends to diminish potential savings in iterative methods without preconditioners. Therefore
efficient preconditioner for the Schur complement need to be constructed. We will not
present such preconditioners in this thesis, we will just discuss the implementation of some
of the modules that need to be implemented in such preconditioners and iterative methods.

A system of the form&.5) and 8.6) can be seen as a system
Ku = f]yf(lz Mf)

with K being a block tensor product matrix, andbeing a concatenation af andu,. We
split« into a vecton containing the tangential components on the element interfaces, and
into a vectoru; containing the other, interior, variables.

(KH KIT)(UI):<fI)
Krr Krr ur Jr

We will reduce this system to the Schur complement system

Stur = fs (9.12)
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We need to subassemife from Iocal contributionsS® and also decide on a layout of
in terms of its local contributionsgf) (we assume that we havé elements):

N
ur = Z R;‘Fugf)
i=1

The local contributionss® come from the element matricés® and M and the load
vectorsf]ﬂ;). We split these into tangential and interior part:

Ky Kopr T Ur
We can locally eliminate the variableéi) to obtain as Schur complement of the element

matrix: . A o _
S = Ky — KEJRE) i)

Subassembling these local Schur complements, we obtain the global Schur complement
matrix St:

N
Sr=>_ R[SYR,
=1
Likewise, the right hand sidés; can be subassembled from local contributions:

N
fs=fr = RTK&GED)T Y

i=1

In iterative substructuring methods we do not need to f6hror S explicitly, we just
need a routine to apply t6; to a vectoru. That can be done in parallel by first computing
the local parts ofu, ¥ = Ru, appyingS® on each element®” = S(®y; and then
assembling the resulu = s = > | RTs0).

Applying S to a vecton,) on the element corresponds to three sparse matrix-vector mul-
tiplication and the evaluation QK}?)‘%, which corresponds to the solution of a tangential
boundary value problem in the interior of the element.

In some domain decomposition preconditioners such as Neumann-Neumann methods we
also need a way to appls?)~! fast. As explained in Smith, Bjgrstad, and Groq, [
section 4.2.1], an inverse ¢f” can be found be factoring’® and restricting the result,

ie.,

s =0 oy ()
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This corresponds to a local solve involving the entire element matfix As we saw in
chapter 8, this corresponds to the solution of a natural boundary value problem, which can
be obtained fast with fast diagonalization methods as explained in the third section of this
chapter.

If we intend to solve the Schur complement system for the interface variables directly, we
need to explicitly formS® ands.

One of the ways to explicitly forns® without computations om? x n? matrices is to
computeS®e, for all the unit vectors on the tangential components on the interface of the
element.S®e,;, could be computed as above with= ¢;,. We implemented an optimized
version that takes advantage of the special form of the right hand side and of the special
matrix that we multiply the solution with (that iﬁ{éf}) to avoid unneeded computations.

To form the global Schur complement system, we first have to obtain a mapping from the
local (tangential) variables to the global vector of tangential components, and then we can
use a standard subassembly procedure with that index information.

We show the tangential variables for one of the elements schematically in $igure

oL 10 O O
oL 10 O O
First component Second component

Figure 9.1: Tangential degrees of freedom for one of the elements to be subassembled.

To find the local-to-global mapping, we have to make sure that all the local tangential
components are indexed, and in such a way that variables to be identified have the same
index. One way to do so is to (arbitrarily; usually geometrically) order the elements, then
to iterate over the elements and give indices (in increasing order, or in increasing order
for different types of variables, such as corner or interior of edge) to variables that are not
indexed yet. If such a variable is shared with other elements, the given index is also entered
into the other elements’ variable index.

The corner variables are drawn separate from the interior edge in iguras discussed
in section 7.1.2 on page 60, it is not a priori clear which components should be matched
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at corners to obtain the best results. There are three choices: no matching (local element
always indexes variable and does not copy index to anywhere else), matching together with
the tangential edges they are endpoints of (that means that we treat them as a part of the
edge in the indexing, and we only have to keep track if the edge has been indexed or not)
or matching all components (treat corner and edges separately, keep track of indexing state
of both corners and edges).

Using the index information computed as explained above, represented mathematically as
RT, the subassembly &, corresponds to adding the element Schur complement matrix
S to the appropriate submatrix 6f-.. The right hand sidé¢s can be also be obtained by
adding the local (and locally computed) contributions to the appropriate subvegtar of

The subassembly procedure has been implemented for the general case. The topological
information has to be given locally, element by element. The program will be extended to
derive this information from a global geometric description at a later point.

The system{.12) is then solved directly by Gaussian elimination.

We will show some numerical examples for the Schur complement direct solver introduced
above in the next section.

9.5 Numerical experiments

In this section we test both the vector field tensor product solver introduced in section 10.3,
and the interface Schur system solver introduced in the last section.

We solve a zero tangential boundary value probleni-if, 1]? with the exact solution
u = (sin(Fy)z,sin(Fz)y) anda = g = 1.

The domain[—1, 1]? is covered by a uniform mesh aff x M identical spectral Bcelec
elements of degre&’ x N. We use the discretization given in chapter 8. We chose the
integration degrees high enough so that all terms are integrated exactly, unless otherwise
noted. We treat corners in the subassembly like the edges they are endpoints of. (The Schur
solvers can be easily extended to any of the discussed continuity conditions at the corners.
Initial tests did not show any significant differences for different corner conditions.)

We implemented the methods in MATLAB version 6 in a straightforward, modular manner;
without attempting to optimize the code. The codes were run on a Ultra 10 workstation
with 512 Mb main memory with an UltraSPARC 1 processor running at 440Mhz. The
CPU times reported later were obtained by the cputime function provided by matlab. We
monitored the running matlab jobs with top, and stopped them when swapping and iowait
took more than 90% of the time for extended periods of time. CPU time measurements for
jobs dominated by swapping, paging or waiting for 10 are extremely unreliant, and the wall
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clock time essentially measures the performance of the paging algorithm and of the swap
disk.

In figure 9.2, we present a comparison of the accuracy of the interface Schur solver and
of the vector field tensor product solver, drx 5 spectral elements, and we vary the de-
gree of the spectral elements. We test both exactly integrated and slighly underintegrated
(diagonal) mass matrices. The two solvers perform very similar, the Schur solvers having a
slighly higher accuracy for largd’. Comparing the results in these figures with the results
from chapter 6, especially figuré&s13and6.14 we realize that the convergence for the
Maxwell model problem is very similar to the convergence of spectral element methods for
the Poisson problem.

In figure 9.3, we show the accuracy of the two solvers for local degr¥es N with

N = 5,10, 15, when the number of spectral elements is varied. Because of the higher
memory requirements and CPU times dominated by swapping, we report the results for the
Schur solver for th@0 x 10 and15 x 15 case only foll x 1 to 10 x 10 spectral elements. The

gap for the Blocktensor 15x15 case at 7 spectral elements stems from a badly conditioned
eigensystem in the fast diagonalization solver. A method that performs well also for this
case can be obtained by a slight change in the implementation, choosing the setup for the
fast diagonalization solver that gives the better conditioned eigensystems, or opting for a
solver for the generalized Sylvester matrix equation as described in Gardiner, Laub, Amato,
and Moler g7).

The two methods perform very much alike with respect to accuracy. The use of an increas-
ing number of subdomains corresponds th-extension and therefore we do not expect
exponential convergence. For both the 5 and10 x 10 case, we observe algebraic con-
vergence, in the latter followed by stagnation after the maximal accuracy of the method is
reached. Thé5 x 15 case performs already best for 1 spectral element and has its maximal
accuracy there. Since we are already at the maximal accuracy of the method, there is no
hope of improved accuracy for larger number of elements, unless other steps to improve
accuracy are taken, such as quadruple precision or iterative refinement.

For the higher-degree example$ & 10, 15), we see that the Schur solver yields slightly
more accurate solutions. As reported above and below it needs more memory and time for
large M and is therefore not competetive for regular decompositions into many spectral
elements.

In the next four figures, figurex4-9.7, we report some timings of the two solvers. We use
exact stiffness, mass, and mixed term matrices.

Figures9.4and9.5correspond to the cases "Schur” and "Blocktensor” in figug& Figure
9.4shows the results for the vector field tensor product solver. We see that most of the time

The figures for this section are given at the end of the chapter.
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is spent on subassembling, the time of the actual solve is growing slowlyNyitieing less
than two seconds for degréé x 50. The element matrices are computed in the element-
wise setup, which takes an almost neglible time.

In figure9.5we show the timings for the interface Schur solver. Here, the most time is spent
on the Schur and local solvés he element-wise setup time, which includes the compu-
tation of the elementwise Schur complement with respect to the tangential components on
the interface, grows rather slowly withi, being less than four seconds for degs@ex 50.
Subassembling the Schur complement matrix and setting up the Schur complement solver
takes the least percentage of the time.

Comparing figure®.4 and 9.5 we see that for the problem considered, the block tensor
product solve is slightly less than two times as fast. Comparing the times excluding the
setup times — for instance in local solvers in domain decomposition methods we will only
perform the setup once and use only the prepared solver in the iterations — we see that the
solve in the block tensor product case is much faster than the forming of the right hand side,
the Schur solve and the local solves in the interface Schur solver, at degree 50 we heed
seconds for the first, compared with14 seconds for the latter.

In figures9.6and9.7we give the CPU times for the solvers for varying numbers of spectral
elements of degre®) x 10. We observe very similar behavior in figugec compared to

figure 9.4. Preparing the tensor product solve is the most time-consuming step, the actual
solve takes less than one seconfox 20 spectral elements. In figuBe7, the correspond-

ing figure for the interface Schur solver, the solution of the interface Schur sytem and of
the local problems is still the most time-consuming part. We observe that for larger num-
bers of subdomains the subassembly takes longer than the element-wise setup. This is to be
expected, since the elements are all of the same fixed degree, while the Schur complement
system grows in size. Comparing again the performance of the block tensor product solver
and the interface Schur solver,/dt = 10, we see that the Schur solver together with set-up

is more than twenty times slower than the tensor product solve, the solve step itself is more
than a hundred times slower, 10 seconds against 0.1 second.

"The former could be parallelized using a standard parallel dense linear solver. The local solves are em-
barrassingly parallel: after the interface values are known, the local solves are completely independent of
each other.
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Figure 9.2: Direct solution ofd + curl curl problems: Comparison between interface

Schur solvers and vector field tensor product solvers,5 spectral elements of degréé
(Necelec Il).
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Figure 9.3: Direct solution of d + curl curl problems: Comparison between interface

Schur solvers and vector field tensor product solvers, varying numbers of spectral elements
from1 x 11020 x 20 (Nécelec II).
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Figure 9.5: Direct solution ofd + curl curl problems: CPU times for the interface Schur
solver,5 x 5 spectral elements of degréé(Nécelec II).
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Figure 9.6: Direct solution of d + curl curl problems: CPU times for the vector field
tensor product solver, &klec Il elements of degreld x 10, varying numbers of spectral
elements, from x 1to 20 x 20.
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Figure 9.7: Direct solution ofd + curl curl problems: CPU times for the interface Schur
solver, Necklec Il elements of degrel® x 10, varying numbers of spectral elements, from
1 x1to10 x 10.
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Chapter 10

Overlapping Schwarz methods:
Implementation and results in two
dimensions

In this chapter, we will present implementations of one- and two-level overlapping Schwarz
preconditioners for the model problem

m(ua,v)o + na(curlu, curlv)y = (f,u)y

in two dimensions.

To demonstrate why good preconditioners are needed, we present the results ihGables
and10.2 They show the behavior of a conjugate gradient method without preconditioner
for n, = o = 1. In table10.1we show how increasing the number of spectral elements
M x M influences the results, and in taldlé.2we show the effect of increasing the local
degreesV x N of the spectral elements @gelec II). We report the number of iterations
that the conjugate gradient method needed to redudg-them of the residual by a factor

of TOL = 1073, a condition number estimate obtained from the conjugate gradient param-
etersa™ and 5", the maximum error of the last iterate on the associated Gauss-Lobatto-
Legendre mesh, and the CPU time.

We see that the number of iterations and the condition number grow very fast with the
number of spectral elements and the degree, the condition number reaching @ofont
10 x 10 spectral elements of degrée x 10.

Obviously, there is much room for improvement. To show that very efficient precondition-
ers can be constructed, we present tdlfl8with results from one- and two-level precon-
ditioners that we will implement in this chapter. We see thatifox 10 spectral elements,
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I M | iter | kew(K) | [Juiter — 0[] | tepuins|
1 53 | 1.99e+03 6.57e-02 0.2
2 200 | 3.10e+04 9.23e-02 1.1
3 323 | 7.17e+04 7.46e-02 2.8
4 424 | 1.29e+05 8.22e-02 5.8
5 655 | 2.23e+05 3.03e-02 15.8
6 774 | 3.23e+05 2.83e-02 26.1
7 916 | 4.44e+05 2.55e-02 43.8
8 || 1147 6.14e+05 1.19e-02 82.6
9 | 1301 7.80e+05 1.07e-02 123.7
10 || 1441 | 9.65e+05 1.01e-02 171.1

Table 10.1: Results for cg without preconditiondt: x M spectral elements of degree

10 x 10, TOL = 1073,

I N | iter | kea(K) | [Juiter —0*[|s | tepuins|

2 11 | 1.02e+02| 9.21e-02 < 0.1
3 45 | 1.60e+03 1.56e-02 0.2
4 92 | 9.32e+03| 8.28e-03 0.7
5 155 | 2.10e+04| 1.18e-02 1.8
6 249 | 7.32e+04| 1.21e-02 4.1
7 401 | 1.16e+05 1.23e-02 10.1
8 776 | 3.17e+05 7.22e-03 35.8
9 965 | 4.28e+05 1.09e-02 65.6
10 | 1441 9.65e+05 1.01e-02 169.5

Table 10.2: Results for cg without precondition&d, x 10 spectral elements of degree
N x N, TOL =10"%

and for a reduction of thi-norm of the residualby TOL = 10~°, already the one-level
method improves the number of iterations from around 3600 to 31, and decreases the CPU
time from around 450 seconds to less than 8 seconds; the two-level methods decrease the
iteration count further to 15 and the time to less than 4 seconds.

The addition of a second level is paramount to maintaining the performance for large num-
bers of spectral elements, see tatlledin section 10.3. We cite only one pair of examples

We useT'OL = 10~ for this and all the following runs in this chapter.
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| Method | iter | Kest(K) | [Witer — 0| | tepuin's |

No preconditioner| 3580 | 1.44e+06| 5.73e-05 448.6
one-level 31 38.2 3.21e-06 7.6
two-level(Ng =2) | 15 4.93 3.78e-06 3.8
two-level(NVg = 3) | 15 4.52 9.95e-07 3.8
two-level(Ng = 4) | 15 4.51 9.48e-07 3.9
two-level(Ny = 5) | 14 4.49 1.88e-06 3.8

Table 10.3: Comparison of different methods for=1, = 1, M = N = 10.

from that table: for30 x 30 spectral elements of degréé x 10, the one-level method
needs 85 iterations to readfDL = 1075 and 251 CPU seconds, the two-level method
with Vy = 2 needs only 15 iterations and 47.2 CPU seconds to do the same.

All the examples that we will show in this chapter are fpr= 1, = 1 and the standard
exact solutiomn = (sin(5y)z, sin(5)y) on the squarg—1, 1]>. Unfortunately we do not

have enough time and space to fully explore the performance of our methods for varying
1 Or 19, or for highly oscillatory or singular exact solutions; we just could test how they
perform for this standard case. We are emboldened by their excellent performance to test
our methods in future work for all these scenarios. We mention that To3&lk¢ction 3.6]
presented some numerical evidence that the performance of lower cedelebl elements

does not detoriate too much fgy or 1, very small or very large, in fact, for fixed overlap,

the empirical condition numbers and iteration counts are bounded from above by a constant.

This chapter is organized as follows: in the first section we state the problem and the pre-
conditioners and discuss their implementation. The second section presents a numerical
exploration of the one-level method with overlapping subregions made @ut dfspectral
elements, and we show the dependence of the performance on the degree and the number
of spectral elements. The third section presents two-level methods, their dependence on the
degree and on the number of spectral elements. We also explore the dependence on the
degree of the coarse space. We end the section and the chapter with two examples with
overlaps smaller than a complete spectral element.

10.1 Implementation of Schwarz preconditioners

We solve the variational problem:

tueV:VveV:a(u,v):=n(uv)+n(curlu, curlv), = (f,u),
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Our implementation uses as computational subspattes genera]N]D)ghm;mm2 (see sec-

tion 7.1), i.e., the space with tangential continuity across the element interfaces with the
local space,,, », (K) x Qn, .., (K) and zero tangential components @n. Usually, we

use the NckElec Il spaces of degreg, settingm; = my = n; = ny = N. The domain is
covered by an uniform mesh @ff x M spectral elements, implying = % The coarse
space is the Bielec Il space of degred|,, and we use the block tensor fast direct solver
developed in section 9.3 to solve the coarse problem exactly. In the Schwarz framework,
this corresponds to the exact projection ifto= ND (€2, T3,):

Tou : Vv € Vi : a(Tou, v) = a(u,v)

For element-wise overlap, = h, we choose the four spectral elements touching each
interior vertex in the spectral element mesh as overlapping subr@gitimerefore = 2h)

and we solve a zero tangential boundary value problem in each of the subregions, using the
block tensor fast direct solver to solve the local problems exactly. This corresponds to the
exact projections int®; = ND! Q),i=1,---,J:=(M-1)2

mi,n1;m2,n2

T Vv eV;:a(Tiu,v) =a(u,v)

See figurel0.1 for a picture of the four overlapping subregions that share one spectral
element. (The number of colors in the coloring assumption is theréfpre- 4.) We call
this case th@ x 2 vertex centered case.

For overlap less than one element, we use a rectangular overlapping sulstegetend-

ing ’”%5 in each direction from the central vertex. (See the middle subregion in figuge

and the four overlapping subregions sharing the center of one spectral element in figure
10.2) On the boundary, several choices for overlapping subregions are conceivable. We
chose to extend the subregions belonging to interior vertices next to the boundary up to
the boundary, see figu.3 As local solvers we use the inversion of the submatrix of the
discretization associated to the Gauss-Lobatto-Legendre points inside the subregion, and
we call the set of all basis functions associated to those pBjptd he local solve does not
correspond to a standard zero tangential boundary value solve f{sidgince the spectral
element approximation of the local correction is only zero at the Gauss-Lobatto-Legendre
mesh in(); \ €} 5, but it will not be zero everywhere ifY; \ (; ;. Written in another way,
supp/;,s = €2}, and not; ;. The local solve induces a projection bjy :

Tisu Vv eVis:a(T,su,v) =a(u,v)

These local solvers are not standard solvers, and we are still in the process of analyzing and
testing them. We use these local solvers by analogy to domain decomposition methods for
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Figure 10.1: Four overlapping subregions in the 2x2 vertex centered case: elementwise
overlap.

general matrices (see, e.g., Hackbuge® Kapitel 11]) and the preconditioner proposed
and analyzed by Casari@%, Theorem 3.5.2] for Poisson’s equation.

The one-level methods tested in the next section use the preconditioner

J
Tasl = Z irz
=1

The two-level methods tested in section 10.3 are of the two types

J J
Tox=To+ > T, Tuzs =To+ > Tis.
=1

i=1

We implemented a modified version of the preconditioned conjugate gradient method from
Barrett et al 2] in MATLAB. Instead of using vectors fot™, r", p”, ¢", andz" (see the
conjugate gradient algorithm in figure 5.1), we use two two-dimensional arrays for each of
them to represent the vector fields on the rectangular reégidie application of the stiff-
ness matrix, the preconditioners, and the inner product are implemented by matrix-matrix
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Figure 10.2: Four overlapping subregions in the vertex centered case: overlap of one half
element.

multiplications and componentwise multiplication of matrices, and could be translated di-
rectly into BLAS level 3 calls in a C or FORTRAN implementation allowing the use of
highly optimized numerical kernels. We also added an implementation of the O’Leary—
Widlund conjugate gradient condition number estimator.

10.2 Numerical results: One level methods

Here we present two figure40.4 and 10.5 Both of them usel,,;. Figure 10.4 shows

the dependence of the iteration count and the condition number on the number of spectral
elements. We see that the iteration count seems to grow approximately linearly, and that the
condition number grows superlinearly. In figur®.5we study the effect of increasing the
degrees of the spectral elements while keeping their number fixed. Increasing the degree
actually improves the condition number, which seems to converge to about 38.2 and the
iteration count stays constant at 32.
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r— 1 /1

Figure 10.3: Interior and boundary subregions in the vertex centered case, overlap of one

half element: the nine types of subregions, extended subregions on the boundary.
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10.3 Numerical results: Two level methods

We start with a table that summarizes some of the results shown in more detail later on, in
table10.4 In it we compare the different methods for three numbers of spectral elements,
20 x 20, 30 x 30, and40 x 40. The degree of the spectral elements is alwidys 10. We
compare the one-level method of the previous section with two-level methods that differ in
the degree of the coarse space. (We usetkRe2 vertex centered domain decomposition
with element-wise overlap.)

| Method | iter | kest(K) | [[witer — u*]|c | tepuins]

H M =20 [
one-level 58 | 142.9 2.05e-06 74.4
two-levelNo =2) | 15| 4.84 1.46e-06 19.6
two-level(Ng =3) | 14 | 4.84 1.49e-06 18.9
two-level(Vo =4) | 15| 4.85 5.56e-07 20.7
two-level(No =5) | 14 | 4.84 1.25e-06 20.7

H M =30 [
one-level 85 | 316.0 1.59e-06 251
two-level(Vo =2) | 15| 4.91 1.03e-06 47.2
two-level(No = 3) | 15 | 4.93 3.74e-07 47.7
two-level(Ng = 4) | 15 | 4.93 3.11e-07 49.7
two-level(No =5) | 15 | 4.93 2.83e-07 52.1

H M =40 [
two-level(Ng =2) | 15| 4.95 7.24e-07 98.3
two-level(No = 3) | 15 | 4.96 2.66e-07 102.2
two-level(Ng = 4) | 15 | 4.96 2.15e-07 106.0
two-level(No =5) | 15 | 4.96 1.83e-07 117.4

Table 10.4: Comparison of different methods for the 2 vertex centered domain decom-
position forn; =7, =1, N = 10, M = 20, 30, 40.

The performance of the one-level method detoriates with increasing number of spectral
elements. The addition of a coarse space removes the dependence on the number of spectral
elements. The choice of the degi®¥g of the coarse space does not seem to make much of

a difference. The fastest method seems to be almost always the éhpiee or N, = 3.

Seeing that the exact form of the coarse space does not seem to matter would suggest
testing coarse spaces of even lower dimension, maybe one or two well-chosen coarse basis
functions per spectral element are already enough.
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In figures10.6and10.7we show the case, = 2, in 10.6the dependence on the number
of spectral elements, it0.7the dependence on the degree.
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Figure 10.6: Two-level method, varying number of spectral elements, degse&0, ny =
2

In the computations for figur&0.6 we encountered several badly conditioned eigensys-
tems. We mark the data points for the well-conditioned eigensystems witarad do not

report the results for the near-singular cases. It seems that the coarse solvey withis

more prone to such problems, we did not observe badly conditioned eigensystems in any
other case in our tests. The iteration count stays constant at 15/a4fter 0, the condition
number approaches 4.95. Increasing the degrddinresults in increasing the iteration
count to 16 atV = 12, but there seems to be no further increase, and the condition number
goes to 4.95 after some initial oscillations.

147



161 e e e e o o i e e o o &
F
14 -

number of iterations

10 15 20 25 30 35 40 45 50

5.05

4.95

4.9

condition number

4.85

1 1
10 15 20 25 30 35 40 45 50
N - degree of SEM in each direction

4.8 ‘ ‘
5

Figure 10.7: Two-level method, varying degrée,x 10 spectral elements,, = 2

148



In figures10.8 10.9 and10.1Q we show the dependence on the number of spectral ele-
ments forng = 3, ng = 4, andng = 5, respectively. Increasing the degree of the coarse
space seems to improve the results for small numbers of spectral elements, but it does not
seem to change the bound for laiyefor the iteration count nor the condition number.
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In figures10.11 10.12 and10.13 we show the dependence on the degree of spectral el-
ements fomy, = 3, ng = 4, andny = 5, respectively. Increasing the degree of the coarse
space does not seem to improve the iteration count, but it improves the initial condition
number, and, to a smaller extent, the condition numbé¥ at 50.
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Figure 10.11: Two-level method, varying degrée x 10 spectral elements,, = 3

152



condition number

Figure 10.12: Two-level method, varying degrée x 10 spectral elements,, = 4
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Lastly, we show two examples with overlap smaller than one element in figuieland

10.15 In figure 10.14we show the case of spectral elements of local detpee 10, and

in figure 10.15the case of local degrex®) x 20; both on10 x 10 spectral elements. We

give results for four differend in both figures. Decreasing overlap yields an increase in
condition number and iteration count. Increased degree seems to result in larger iteration
counts and larger condition numbers. It is not possible to guess from the figures what the
"empirical” c andd in the condition number estimafé“(1 + Z)? should be. More tests are
needed, and we will present further analysis and numerical evidence in future work.
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Chapter 11

Overlapping Schwarz methods: Theory

In this chapter we will prove a bound on the condition number of the two-level overlapping
Schwarz method in the two-dimensional and three-dimensional case, following the general
outline of the proof from Toselli98] with some changes and extensions necessitated by
our use of spectral elements and by our desire to obtain bounds that are explicit in their
dependence om.

In the first subsection, we state the problem, the domain decomposition, and the overlapping
additive Schwarz method for which we will prove the condition number estimate. Our main
result is given in terms of three estimates that we present and discuss in the second section.
In the third section, we introduce some operators, prove a lemma and give a result that we
need in the proof of the main result. The last section presents the estimate and its proof.
The estimate is then explicated for two choices of overlap and possible improvements are
noted.

In the following, recall that| - ||, is the H"-norm, | - |, is the H"-seminorm|| - ||, ,, is the
W#P-norm and, in particulat] - ||o, is the LP-norm.

11.1 Variational problem and overlapping method

We solve the model problem in the constant coefficient case on a bounded and convex poly-
hedron(} of diameterd, = O(1), i.e., the variational problem is for some computational
subspacé” = Vy(2) of Hy(curl, Q)

tueV:V¥veV:a(uv):=mn(uv)y+n(curlu,curlv)y = (f,u),

The domain is covered by a shape-regular and quasi-uniform ffigshf quadrilateral
elements of sizé/. Those elements are further subdivided into spectral elements of size
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and degreéV, constituting a shape-regular fine mé&sh There are several ways to obtain
the overlapping subregions. In one of them, the subdonfaing= 1, -- -, .J, correspond
to the elements of the coarse mesh, and they are extended by some distangeld the
overlapping regions,.

See figurell.1for an example. We show one of thg, with some surrounding elements
from T;,.

A second way is to combine elements (and parts of elements) in such a way that the con-
structed subregion still has a diameterfH ) and overlaps other subregions with a geo-
metric overlapj. We chose such a setting for the implementation in chapter 10, and refer
to the explanation and figures there.

The overlap parametéris the minimal distance betweél2; and(?;, and therefore equal
to min; d;. In the element-wise overlap case it will be a multiplehof

Figure 11.1: An overlapping subregion for the domain decomposition methed H /4,

d = h/2, N = 10. Broken lines: subdomain me8ly. Dotted lines: element med. Solid
enclosured(2.. We also show the GLL mesh associated to a degree 10 spectral element in
four of the elements of sizk.

The global computational subspake= Vy(€2), in which the variational problem is dis-
cretized, is chosen a8 = N4 (Q, T},).

In the element-wise overlap case, the local spa¢ese the subspaces of functionslin
that have support i2,. For general (smaller) overlap; is the subspace of functions in
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spanned by the spectral element basis functio®&ify (2, 7;,) that are associated to GLL
points that are insid€);. (Or equivalently, the subspace of functionslinwith spectral
element degrees of freedom outsidéXEet to zero.) In the element-wise overlap case, the
support of functions iV} is €2;; for general overlap, the supports, equal to the union of

all the elements iff}, that intersecf?,.

The coarse spack, is chosen a:NDfVO(Q,TH) C ND%(Q,T,). (Different choices for

the fine-to-coarse mapping in the algorithms of chapter 11 correspond either to a different
spacely, or to a different system, i.e., differea§(-, -), posed ori/,.) For any fixedV, we

have the estimates in lemnid..2 For the sake of simplicity, we will not try to explicate

the dependence of the condition number of the operatdypn

The global spac& admits a non-unique decompositibh= ZLO Vi.

We will use exact solvers in the subspaces, i.e., the bilinear form for all problems will be
a(+,-). The proof could be extended to inexact solvers with standard arguments. (See, e.g.,
Smith, Bjgrstad, and Gropi91].)

We introduce the local projectiorfs : V' — V;, u — T;u defined by
Tu Vv eV;:a(Tiu,v) =a(u,v)
Using these projections, many domain decomposition methods can be defined (see chapter
5 and, for instance 91, pages 149-153]).
We define two operators, an additive one-level operator given by

J
Tos1 = Z T;
=1

and an additive two-level operator
J
Tz =To+ Y Ty =To+ T
=1
See chapter 5 for further explanations on the implementation of such methods, and the
previous chapter for an implementation of these methods in the two-dimensional case.

We will prove a condition number estimate foy,,. With similar techniques and the same
kind of estimates, results fdr,,;, multiplicative and hybrid methods could be proven, see,
e.g., Smith, Bjgrstad, and Gropl] pages 155-158].

To use the standard coloring arguments (see, €, bottom of page 165 and proof of
theorem 1 on page 167], and also chapter 5), we need an assumption about the covering of
2 by the overlapping regiors;:

Coloring assumption: The overlapping regiong(2.} can be colored usingV. colors, in
such a way that regions with the same color do not intersect.
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11.2 Required estimates

Our final estimate depends on the following three estimates.

Estimate 1 (Interpolation property for divergence-free vector fields)There is a constant
C independent ofV, h and u, and a functionf; (V) such that foru € Hy"(curl) with
curlu € Wy (Q,7},) there is a bound

(I — TIN""Yywllo < Chfi(N)|| curl wllo (11.1)

Estimate 2 (L,-stability of the local splitting) Let x; be the interpolated partition of unity
used to define the local splitting. Then, there exist a constantependent oV, 4 andu,
and a functionf, (V) independent ok andu such that for allu € NDY,

TN (i) (o < Cf2(N)|[xaul o (11.2)

Estimate 3 (curl-stability of the local splitting) Let x; be the interpolated partition of
unity used to define the local splitting. Then, there exist a constantlependent olV, A
andu, and a functionfs(N') independent of andu such that for allu € NDY;

e (TINP () ) [Jo < CAs(N)]] curl (o)l (11.3)

We proved the interpolation property in lemma.7in section 7.7. There we showed that
(11.1 holds with f;(N) = 1 + C(e) N~ whereC(e) is related to the regularity of a
certaincurl potential problem. In the proof of that result we also indicated that an improved
or optimal interpolation estimate for theelElec interpolation operator (which is not yet
proven in the three-dimensional case) would imglyN) = C(¢) N ~1+9(9),

The properties of the local splittin@{.2 and (L1.3 are usually proven in a way that makes
as little use of the special form qf, as possible, and are based on estimateﬂl}’&’r)’f on
certain polynomial spaces of higher degree in whjgh lies. If that space is denotédy . ,
then it would be enough to prove

Vony € Vg 1T o]l < Cha(N)[ons o

Voys € Vg : || curl (Hx%m) llo < Cf3(N)|| curlon o

The second estimate is reduced to an estimate of a different interpolation operator on a
different space using the commuting diagram property: Cgt be a space containing
curlVy,. SetTy = Wy (Q, T}) for the two-dimensional case, afly = RTy (2, 7})

for the threedimensional case and I&f; be the commuting interpolant ifiy. Then the
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commuting diagram property (lemma 7.1 in section 7.3) impliesdhat (H%D’]v]w) -
IT% (curl vy ). Therefore proving

Vong € Vg : TN one o < Cfa(N)|[ow+llo

Yy € Cyy TR wnlo < Cfa(N)[Jwn o
implies the estimated (.2 and (1.3.

There are several candidates for the interpolated partition of ynit®ne possible choice
for the y; is as a polynomial inside each small eleméfitin 7;. In the case of element-
wise overlap we can just choose a linear function inside each elemeng;@mebuld be in
Vs = NDy,,, andCyy = Tyyy.

For this case the numerical results from section 7.6 show tia®(and (L1.3 are satisfied
with f1(N) = fo(N) = 1 and a small constaudt.

For overlapsi smaller thank, we need to construct an interpolated partition of unity
with o
|[xillo,0 < C || grad xi[[o,cc < 5 (11.4)

We also need to assume that the $&ts= suppy; can be colored by. colors so thaf}

with the same color do not intersect. Even though that in general in theory this coloring
assumption is stronger than the one wi¥hgiven above, in almost all cases in practice the
number of colors needed will stay the same or will increase very slightly.

The standard choice for the small overlap case in the finite element context is the piece-
wise linear interpolated partition of unity””~. For rectanglesy”’” can be constructed as

a tensor product of one-dimensional function like in figlite2, which obviously meet the
requirements (and th@; are identical to th&’). For spectral elementg/’” is not a poly-
nomial inside the element far < h. To be able to study the properties pfu inside a
framework of polynomial spaces, we have two choices: either we work with a polynomial
interpolation of the piecewise lineat’* such as the Gauss-Lobatto-Legendre interpolant
xM associated to some degraé and the corresponding Gauss-Lobatto-Legendre mesh
GLL,, inside the elemer), — theny;u will be in a standard Bcelec spectral element
spaceV y, = N]D)fVJrM (andCy, = T4, ,,); or we work with the original piecewise linear
xFF and chose piecewise polynomial spates, andCy, .

We will first discuss the case gf": to convince ourselves that the Gauss-Lobatto-Legendre
interpolated partition of unity has the requisite properties, we performed some numerical
experiments shown in the figuré4.3 11.4, 11.5 and11.6 In figures11.3 11.4 and11.5

we show the ratio of the maximal gradient and maximal vahfe(the one-dimensional

1we evaluated the gradient and the valug &f on an uniform grid of 2000 grid points inside the element.
The subdomain part ofM is xM|q,, the border part igM|o_q, .
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linear X for element-wise overlap

piecewise linear XiPL for 8=0.1

GLL interpolated xi1° for 6=0.1

Figure 11.2: One-dimensional partitions of unity: Upper panel: lingafior the case of
element-wise overlap. Middle panel: piecewise lingaf for § = 0.1. Bottom panel: GLL
interpolatedy° for § = 0.1.

version of)yM over y 'L for the choice® = 0.5, § = 0.1 andd = 0.01. Since the Gauss-
Lobatto-Legendre mesh on each element has a spacii¢/gfV?) close to the boundary,

the smallest possiblgis also of that size. To test if the propertiesdf detoriate for the
smallest possiblé, we test overlaps of a small number of Gauss-Lobatto-Legendre cells in
figure 11.6 In all the tested cases, the Gauss-Lobatto-Legendre interpoléteshtisfies
(11.4 with bounds worse by a factor of at most 2 when compared to the piecewise linear
xXi b

To usex in the proof, we need?-bounds for the interpolation operators on the spaces
Vys = NDj., andCyy = Th_,,. We refer to section 7.6 where we computed such
bounds numerically, especially to Observation 7.1 on gagéor M a constantf,(N) =
f3(N) =1.ForM = N or M = ¢N, we obtainedf,(N) = v/N andf3(N) = v/N.

That translates into conditions on the overlap. If we have the case of fixed overlap, i.e.,
% > C,,, then we can find a fixed/ ~ \/g ~+/Cy, sothat (1.2 and (L1.3 are satisfied

with fo(N) = f3(N) = 1.

For minimal overlap, i.ed ~ % we need\/ ~ N, and thereforg,(N) = f3(N) = V/N.

The second choice — using’” as interpolated partition of unity and piecewise polynomial
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ratio of maximal gradient and maximal value of % and X‘N, 8=0.5
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Figure 11.3: Comparing Gauss-Lobatto-Legendre and piecewise linear interpolated parti-
tions of unity,0 = 0.5.

ratio of maximal gradients and maximal value of % and x‘N, 8=0.1
2 T T T T T T T

0.8

0.6

0.4

Figure 11.4: Comparing Gauss-Lobatto-Legendre and piecewise linear interpolated parti-
tions of unity, = 0.1.

spaces — holds some promise for better estimates.
We will explain the main idea in the following: Since the interpolation is defined element-
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ratio of maximal gradient and maximal value of X% and X‘N, 8=0.01

ratio
T
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Figure 11.5: Comparing Gauss-Lobatto-Legendre and piecewise linear interpolated parti-
tions of unity,d = 0.01.

ratio of maximal gradients for % and x‘N for very small overlaps

1 GLL cell overlap

3 GLL cells overlap
vvvvvvvvvvvvv

0 5 10 15 20 25 30 35 40 45 50

Figure 11.6: Comparing Gauss-Lobatto-Legendre and piecewise linear interpolated parti-
tions of unity, minimal overlap on GLL grid.

wise and global bounds will easily follow from local bounds, we can restrict ourselves to
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the case of the reference elemgnt, 1]¢ with d = 2, 3. Now define the piecewise space

Qns([=1,1]) = Qua([=1, =1+ 0]) NQn([-1+ 5,1 = 5]) N Qu1([1 = 5,1])

and also its tensorized versiofis,, , s and Q.. s for the two-dimensional and three-
dimensional case. From these spaces we build the piecewise analogiBlef,, and
Tn.1,and call thenND{m and7y ;. We can retrace the derivations in section 7.6, and we
will obtain very similar expressions for theélstlec type interpolants from the piecewise
space to the standard spa¥&?% andTy. (The main difference being different interpola-

tion matrices and mass matrices, the former corresponding to the piecewise Gauss-Lobatto-
Legendre interpolation 0@y s([—1, 1]) and the latter corresponding to the subassembled
mass matrix orQy s([—1, 1]).) We could use then the same numerical and analytical ap-
proaches as in section 7.6 to study the local splitting. Unfortunately we lack both time and
space to follow this idea in the context of this thesis, but we will treat it in future work.

11.3 Technical tools

To introduce and analyze a stable projection into the coarse space, we need several opera-
tors. One of them is the orthogonal projection into the weakly divergence-free space

© : Hy(curl) — Hg (curl)

defined by
Ou:=u—gradg

whereq € H}(Q) is the unique solution of
?q : Vp € Hy(Q) : (grad ¢, grad p) = (u, grad p)
It follows easily tha© leaves theurl of its argument unchanged, and is also an orthogonal
projection in(L?(£2))3.
We useO now to define the finite dimensional subspace
vVt = 0(NDLT(Q,T)) € Hy (curl).

Even thoughV+ is not a spectral element space, therl of functions inV+ will be a
piecewise polynomial vector field. We recall that we showed in chapter 7 thatatided
interpolant has better bounds on such functions.

Next, we define a projectioRy ontoV/+:

Py : Hy(curl) — V*
?PyucV*t:vweVt . (curl(Pyu—u),curlv) =0
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Since|| curl ||, is an equivalent norm tg - ||o on Hy(curl), Py is well-defined.
RemarkOn NDL"(Q, T;,), Pyu coincides withOu, and it is clear that

curl Pyu = curl ®u = curlu

Next, we prove an error estimate f&% using the interpolation properties of thetilec
interpolant. This lemma corresponds &8 Lemma 3.3]. We follow the idea of the proof
from that paper, but instead of invoking§g, Lemma 3.1], we use lemmal7in section
7.7.

Lemma 11.1 Let(2 be convex. Then, the operatBy; satisfies the following error estimate
for all u € ND& (2, 7),) with C independent of, N andu:

|lu — Pyullp < Chfi(N)|| curlul|g (11.5)
Proof: Letu € NDL*(Q, 7},). Thanks to the remark after the definition®@fu, curl(u —

Pyu) = 0, and therefore
u— Pyu=gradgqg

with someg € H} (). Now the appropriate version of the commuting diagram property
guarantees that
u— H%D’IPNu = H%D’I(u — Pyu) = grad gy (11.6)

with somegy € Wy (). (See section 7.3 on the commuting diagram property.)
We rewrite
|lu— Pyul|? = (u — Pyu,u — Iy Pyu + IV Pyu — Pyu)
and use thai and Pyu, by (11.6), are orthogonal te — ITY "' Pyu :
lu— Pyu|? = (u— Pyu,IIN"'Pyu — Pyu)
< [Ju— Pyulfo|| Pyu — TIZ™ Pyul|g

to obtain
|lu — Pyulfy < [|Pyu — IR Pyulo

We use lemma&.17and the remark to estimate

||Pyu — TIN?" Pyul|o < Chfy(N)|| curl Pyul|o = Chfy(N)|| curl Pyul|o
and thus obtain the estimate in the lemmad
We also need thé?-projection

Qo (LX) = Vo

onto the coarse spaég. We require some estimates @y, which can be proven exactly
as in Toselli Pg]:
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Lemma 11.2 Let Ty be shape-regular and quasi-uniform. Then, the following estimates
hold with constants independentwind H:

vuec (H'Y(Q))*: |lcurlQoul|o < Clu); (11.7)
vue (HY(Q)?:  |lu—Qoullp < CH|ul|, (11.8)

11.4 Condition number bound

We will use the abstract Schwarz theory; see section 5.2 for a short introduction and the
theorems that we will use here, and Smith, Bjgrstad, and Gréppchapter 5] for an
introduction in textbook form, discussing theversions of standard algorithms.

We will give an upper bound for the inverse of the smallest eigenvalue by the standard de-
composition argument, an@, > will then be a lower bound for the smallest eigenvalue. As
discussed in the first section, we assume a coloring Witlksolors for the overlapping re-
gions(?; (respective?’). Using a standard argument (see, e.g., Smith, Bjgrstad, and Gropp
[91, proof of theorem 1 on page 167]), this implies an upper bound for the eigenvalues of
T,s1 of N, and ofT,, of N, + 1. Therefore, the boun@? proven in the next theorem will
imply a bound of( N, + 1)C? for the condition number df ;.

First we will prove the theorem using the general forms of the estimate$ ((11.2 and
(11.3. Afterwards we will discuss the estimate for specific cases, and give shorter forms.

Theorem 11.3 (Lower bound) For every u € VvV there is a splitting
u =  Yuw with Ya(w,u) < Cga(u,u) with a C2 of the form

e {3 (1),

max(n, ) (1 + Nof3(N), 1+ Nf3(N) (1 * (%W)?)) }

min(m ) 7)2)

Proof: First, we use the discrete Helmholtz decomposition (see section 7.3 in chapter 7)
in NID; to splitu into a sumgrad ¢ + w, whereq € Sy andw € ND4™. The two parts

are orthogonal irf{ (curl) and also with respect to the bilinear fout, -), so that we can
decompose and estimate them separately. For gradients, the seconddérm) wranishes,
anda(grad ¢, grad q) = (grad ¢, grad q), is the bilinear form for the Laplace operator in

g. Therefore, we can use the domain decomposition theory for scalar elliptic operators and
results for the spectral element case for the Laplace equation. Ca&grirhporem 3.5.2]
proves a bound on the condition number of the additive two-level overlapping Schwarz
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preconditioner that coresponds to our preconditioner ogthel ¢ part. His result implies
that there is a decomposition, ¢; of ¢ such that

H
Za(grad ¢, gradgq;) = m Z lgil; < CNe (1 + g) mlql?

)

= CN¢ (1 + %) a(grad ¢, grad q) (11.9)

Remark: Casarin uses the spectral equivalence of a finite element preconditioner on the Gauss-
Lobatto-Legendre mesh to the spectral element preconditioner for the spectral elements associated
to that mesh, which he proves in his thesis. We do not know of any direct proof by exhibiting a
splitting and verifying the assumptions in section 5.2. If one follows the standard proof for generous
overlap, one obtain§’N¢ (1 + (%))2 instead of CN¢ (14 4). It would be interesting to see if

a direct proof could be constructed extending the small-overlap theory fds-trexsion by Dryja

and Widlund g4].

Now, we will decomposev. First we note that for any decompositian= ), w; we have

ZCL(WiaWi) < maX(mﬂh)Z(Wqu‘)curl:
< max(m,n2) Y (|wil[* + || curlw|?)

and that .

) 2
wllg + || curlw||j) < ———
(I[wllo + |l 15) min(ny, 72)

a(w, w)

Therefore, if we can decompose= ), w; so that

D (lIwill§ + [l curl wi[3) < Co([[wl[G + [ curl w][3)

(2

the same decomposition will satisfy

Za(wi,wi) < ana(w,w) (11.10)
min(ny, 72)

)

In the following, we will introduce a decomposition = ) . w; for which we can estimate
Chp.

We will start with the coarse space. To defing, we first use the projectio®y into
the semicontinuous divergence-free spice followed by theL2-projection@), into the
coarse spackDy}, :

W=WwWy+V wo = Qo(Pyw) € Vj v = —QoPy)W
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We will decompose the remainderby multiplying it with the partition of unityy; and
using the Necélec interpolant to project it back into the local space:

W, = H%D’I(Xiv) eV

First, we estimatd curl wy||%:

| curlwy|l; = || curl Qo(Pyw)l[5 < C|Pyvwl}
< C||curl Pyw|[; < C|| curl w||3 (11.112)

The first inequality uses propert¥1.7) from lemmall.2on theL?-projection, the second
follows from the imbedding offi-(2) in H'(Q) (see section 2.7), and the last one by
noticing thatPy leaves thecurl of its argument unchanged.

Then, we bound| curl w;||2:

|curlw,||§ = || curl TIy™ (x;v)|[3

Cf3(N)|| curl(x;v)|[3

Cf;(N) (]| grad x; x v + x; curl v|[§)

C12N) (11 grad il sl V1 g + 116 | curd VI
Cf3(N) (672|[v|[§ + || curl v][3) (11.12)

IAIA

IA

IN

We realize that we have to boufig||2 and|| curl v||3 to finish this estimate.

To bound theL?-norm ofv = w — QyPyw We writev = w — Pyw + Pyw — Qo Pyw
and use the triangle inequality to obtain

V][5 < [lw — Pywl[§ + [|Pxw — QoPywl[3

We can estimate the first term by lemima 1from the last section, and the second term by
property (L1.8 from lemmall.2on theL?-projection and the arguments ihl(.11):

< CR*f}(N)|| curlw]||2 + CH?|| curl w||2
< C(H+ hfi(N))?| curlwl|

Il

To estimatg|| curl v||2, we rewritecurlv = curl(w — w;) = curlw — curl wy, use
(11.10 and the triangle inequality to obtain

|| curlv||3 < C[| curl w||3
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Substituting these bounds intb1(.12) yields

2
|| curl wy||2 < Cf2(N) <1 + (%W) ) || curl w||3 (11.13)

The bound orj|w||2 follows from the definitions of), andd and the remark after their
definition:

[Iwoll§ = |QoPvwl[g < [|Pxwl[§ = [[Ow|[5 < [|wl[ (11.14)
Finally, usingw; = IIN"”" (x;(w — wo)), (11.2, the triangle inequality, andL(.14, we
obtain

[Iwil 3 = IV (xa(w — wo)) 3
< CRN)|Iw — woll3
< 2002(N)||wlf3 (11.15)

Adding up (L1.17), (11.13 and using the coloring assumption shows
- , ) H + hfi(N))’ ,
; | curlw;|)? < C (1 + Nef2(N) (1 + (f) )) || curlwol|? (11.16)
Similarly, adding £1.14 and (1.19 shows
J
D lIwilli < C+ Nef5 (V)| [wlfg (11.17)
=0

Combining the last two inequalities, we obtain an upper bound’for
2
C, < C'max (1 + Nof2(N), (1 + No f2(N) (1 + (M) ))) (11.18)

We derive a bound on the part of the decomposition using1.10. Finally, we combine
this bound with the bound from the decompositiorgead ¢ in (11.9 to obtain the bound
given in the theorem. 1

Domain decomposition methods for spectral elements are often used with the spectral ele-
ments constituting the subdomains, and therefére 5.
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In all cases;(N) =1+ C(e)N-'*¢, which allows an upper bounf{ (N) = 1 + C(e). If
a better bound orf; (V) would be proven as mentioned in the prooffoi7, f,(/N) would
go to zero with increasing/. In any case,

2 2
1+ w < Cl1 + E .
) )
For both the element-wise overlap case and the fixed overlapfea¥e = f3(N) = 1,
and therefore we obtain after some easy computations:

Corollary 11.4 (Fixed and element-wise overlap)n the case of element-wise or fixed
overlap, the condition number @f,,, is bounded by

2
W(Tog) < O(N, + )X () () (5)
min(7y, 72) 0
This result corresponds to the result in Toséig[and differs only in that it is explicit in
N, (andN).

For the minimal overlap case we obtain the most probably not optimal

Corollary 11.5 (Minimal overlap) For generald, an upper bound of the condition number
of T, is given by

max(m, 1) 1y’
H(Ta52) < C(Nc + 1)Nmin<7717772) (1 A (1 i ( 0 ) ))

For overlaps corresponding to a minimal overlap in the uniform finite element case, i.e.
0 ~ % we obtain with numerically estimated (for the cake = /N in section 7.6,
following from numerical results not given thergY N) = f3(N) = o(N°?) a powerN%4
instead ofN. Any improvement in the bounds ¢§(/NV) and f5(V) in the minimal overlap
case — possibly using the piecewise spaldéisfw andTy s in the interpolation estimates

as indicated in section 12.2 — directly results in a improved powérobr evenN°® = 1.

It has been noted in Tosell®p, section 3.6] that the estimates for the minimal eigenvalue
obtained from a small number of tests with differénté allowed the conjecture that also
for the h-version for the model problem, the power(d}) could be reduced. A numerical
test of this conjecture for both the and the/N-version is possible within our implementa-
tion, we intend to perform such tests in future work. The initial tests that we performed for
the NV-version were inconclusive.

We refer to chapter 10 for some numerical results. There we give numbers of iterations
and condition numbers for several settings that explore the condition number estimate in
different regimes fotV, H = O(h), Ny, andd.
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