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ABSTRACT

The impact of water vapor on the production of kinetic energy in the atmosphere is discussed here by
comparing two idealized heat engines: the Carnot cycle and the steam cycle. A steam cycle transports water
from a warm moist source to a colder dryer sink. It acts as a heat engine in which the energy source is the latent
heat of evaporation. It is shown here that the amount of work produced by a steam cycle depends on relative
humidity and is always less than that produced by the corresponding Carnot cycle.

The Carnot and steam cycles can be combined into a mixed cycle that is forced by both sensible and latent
heating at the warm source. The work performed depends on four parameters: the total energy transport; the
temperature difference between the energy source and sink; the Bowen ratio, which measures the partitioning
between the sensible and latent heat transports; and the relative humidity of the atmosphere. The role of
relative humidity on the work produced by a steam cycle is discussed in terms of the Gibbs free energy and in

terms of the internal entropy production.

1. Introduction

The atmosphere acts as a heat engine that produces
mechanical work by transporting energy from warm to
cold regions. This work is used primarily to sustain at-
mospheric motions and to lift water substance, and it is
lost when kinetic energy is dissipated either as an end
result of a turbulent energy cascade or in the wake of
falling hydrometeors (Pauluis et al. 2000). The amount
of work produced by atmospheric flows depends on
multiple factors, including the atmospheric temperature
and humidity as well as the partitioning of the energy
transport between sensible and latent heat. Previous
studies (Pauluis and Held 2002a,b; Goody 2003) have
shown that the presence of water vapor greatly reduces
the ability of the atmosphere to convert internal energy
into kinetic energy. This paper argues that the impact of
water vapor on the production of kinetic energy can be
captured by idealized thermodynamic cycles.

The Carnot cycle, named after Sadi Carnot, is the best
known example of a heat engine. The Carnot cycle has
been applied to discuss various atmospheric circulations
such as moist convection (Rennd and Ingersoll 1996;
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Emanuel and Bister 1996), tornadoes, dust devils (Rennd
et al. 1998), and hurricanes (Emanuel 1986; Bister and
Emanuel 1998; Emanuel 2003). It is argued here that,
although many atmospheric phenomena can be viewed
at least in part as heat engines, the analogy with a Carnot
cycle often overestimates the conversion of internal en-
ergy into kinetic energy in the presence of water vapor.
To better assess the role of water vapor, a novel ther-
modynamic cycle is introduced here: the steam cycle. A
steam cycle transports water from a moist source to a dry
sink; in doing so, it is able to produce mechanical work.
The steam cycle is a heat engine that transports latent
energy from a warm source associated with the evapo-
ration of water to a colder energy sink.

Section 2 compares the Carnot and steam cycles. It is
shown that the efficiency of the steam cycle, defined as
the ratio of the work to the energy input, depends on
relative humidity throughout the cycle. It is lowest for an
unsaturated cycle and reaches the maximum Carnot
efficiency for a fully saturated cycle. Section 3 discusses
the work produced by a mixed Carnot-steam cycle in
which the energy source is a combination of sensible and
latent heating. This work depends on both relative hu-
midity and Bowen ratio, and it is always less than or
equal to the work done by a Carnot cycle. Section 4
offers two complementary explanations for the impact
of relative humidity of the work done by a steam cycle.
First, it is argued that the steam cycle acts to increase the
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free energy of water. From a thermodynamic viewpoint,
such an increase in the free energy does not occur spon-
taneously but reduces the amount of work produced by
the thermodynamic cycle. Second, the steam cycle can
also be recast as an irreversible heat engine, in which
entropy is internally produced when water vapor is ex-
changed between the cycle and its environment. Such an
internal production of entropy is modulated by the rela-
tive humidity in the cycle and always results in a reduc-
tion in the mechanical output. The implications of these
findings for atmospheric circulations are discussed in the
conclusion.

2. Comparison between Carnot and steam cycles

a. Work and efficiency of a moist thermodynamic
cycle

For a given thermodynamic cycle, the work produced
per unit mass of dry air can be obtained by computing
the integral

W= —Fi;ad dp, 1)

where «, is the volume per unit mass of dry air and p
is the total pressure. The integral can be rewritten by
taking advantage of the thermodynamic relationship

dH — a,dp =TdS + g dr +gdr,
=TdS+g,dr, + (g —g,)dr,. (2)

Here, T is the temperature; H is the enthalpy per unit
mass of dry air; S is the entropy per unit mass of dry air;
g and g, are the free energies per unit mass for liquid
water and water vapor, respectively; and r,, r;, and ry =
r, + r;are the mixing ratios for water vapor, liquid water,
and total water. The expressions for these state variables
are given in appendix A. The left-hand side of (2) is the
amount of external heating required by a specific trans-
formation of the fluid. For a single component fluid, (2)
reduces to the expression for the entropy change as dH —
adp = TdS. The two additional terms, g, dr, and g,dr; on
the right-hand side of (2), are here necessary to properly
account for change in composition of the mixture.

At saturation, the free energy of water vapor and liquid
water are equal

g,—&=0. (3)

Using (2), one can rewrite the integral in (1) as

W=§Tds+i;gvdrr, (4)
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after taking advantage of the fact that the total change
of enthalpy along a cycle vanishes and assuming that all
phase transitions take place at saturation. The expres-
sion (4) makes it possible to compute the work based on
the thermodynamic forcings alone: that is, on the changes
in entropy dS and water content dry. The first integral
on the right-hand side corresponds to the direct ther-
modynamic forcing associated with heating and cooling
at different temperatures. The second integral depends
on the Gibbs free energy of water vapor and accounts
for the effects of adding and removing water substance.
It vanishes for a closed thermodynamic cycle where no
water is either added or removed but should not other-
wise be neglected.

The external heating required with any transformation
is given by

8Q =dH — a,dp =TdS + g dr. (5)

The external heating includes both sensible and latent
heating. The energy input is given by the integral

0, - 3@6Q+, ©)

where the energy source Q™ is defined by

30" =80 for 6Q>0

=0 otherwise.

The mechanical efficiency is defined as the ratio of the
work to the net heating

w
= 7
U] 0 (7

b. Carnot cycle

A Carnot cycle transports heat from a warm source at
atemperature T, to a cold sink at temperature 7. The
cycle is described in Fig. 1 and is composed of four
transformations:

e 1 — 2: isothermal expansion from p; to p, at tem-
perature Tip;

e 2 — 3: adiabatic expansion from p, to ps3 at constant
entropy S, = S3;

e 3 — 4:isothermal compression from pj to p, at con-
stant temperature 7,,; and

o 4 — 1:adiabatic compression from p, to p; at constant
entropy S4 = S;.

The work done by the Carnot cycle can be computed
analytically for an ideal gas using (1). For moist air, com-
puting the integral (1) requires obtaining the specific
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FIG. 1. Idealized representation of the Carnot cycle: (left) tem-
perature T and entropy S through the cycle; (middle) mixing ratio
for total water r and temperature 7 and (right) specific volume «
and pressure p. The numbers 1-4 indicate the different stages of
the cycle. See text for details.

volume «, as a function of the entropy, total mixing
ratio, and pressure. This is commonly done in numerical
models but requires a cumbersome inversion of the
equation of state. A much easier approach is to use (4) to
obtain the mechanical output from the changes in en-
tropy and water content.

The total water content is constant during the entire
Carnot cycle, even though its partitioning between wa-
ter vapor and liquid water might vary. Hence, the second
integral on the right-hand side of (4) vanishes. Fur-
thermore, the entropy is constant through the adiabatic
expansion (second transformation; 2 — 3) and com-
pression (fourth transformation; 4 — 1). The total work
by the Carnot cycle is thus given by

2 4
W=j£Tds:J TdS+J Tds
1 3

=T, (8, = ) + Ty (84 = §) = (T3, =T, )AS,  (8)
with AS = (S, — S1) = (S5 — S4), the entropy difference
between the two adiabatic transformations. Only the
first transformation (1 — 2) is associated with a net
heating, and the energy input is

2
0, = L TdS=T,AS. )

Dividing the work by the energy input yields the classic
Carnot efficiency,
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FIG. 2. Asin Fig. 1, but for the steam cycle.

w
Ne = Q— - T (10)

c. Steam cycle

A steam cycle transports water vapor from a warm
moist source to a colder, dryer sink. As such, it can be
viewed as a Carnot cycle in which the energy source and
sink are associated with the addition and removal of
water vapor and thus of latent heat. The thermodynamic
diagrams associated with this cycle are presented in Fig. 2.
The four steps of the steam cycle are as follows:

e 1 — 2:isothermal expansion and moistening by add-
ing water vapor at constant temperature 7j, (this step
is done without any addition of sensible heat);

e 2 — 3: adiabatic expansion from p, to p; at constant
entropy S, = S5 and total water content ryp = r73;

e 3 — 4:isothermal drying and compression at constant
temperature 7,,; and

e 4 — 1: adiabatic compression from p, to p;at constant
entropy S4 = S; and total water content rpy = rpy.

A key difference between the steam cycle and the
Carnot cycle is that the former is an open cycle in which
mass is added and removed. When computing the work
of a steam cycle, one must include the second term on
the right-hand side of (3). It depends on the free energy
of water vapor which is given by (A6) in appendix A,

T
g, = CI(T -T,-T lnTO) +R,T InH=0.

The work performed by the cycle is obtained through (4),
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W= fFTdS-I-ﬁ)gvdrT

= (Tin - Tout)AS + (gv,in - gu,out)ArT' (11)

The averaged chemical potentials g . and (Tj, —
Tou)AS = 0, during the moistening and drying stages
are defined as

_ I
Byin = Ar J g, dr, and (12a)
1 4
8yout = Ar J g, dr;. (12b)
Similarly, the surface heating is given by
2 2
0. = J Tds + J g, drp, =T AS+g . Ar,.=L Ar,.
1 1 '
(13)

Equation (13) results from the fact that the heating
during the first transformation (1 — 2) is due solely to
latent heat of vaporization. The entropy change can be
written as
Lv - gv i
AS = — A

Used in (11), this yields

T.

- T
W=-o__o( —g JAr,.+ (3

v, in v, in -
TlIl

T. —T T . _
= T o LvArT + ( T?ut gv,in - voul>ArT (14)

in in

Ar

vout) T

The efficiency of the steam cycle can be obtained by
dividing (14) by (13),

T. —T T.

n out + mn

_W_
o, T

- L . (15
The first term on the right-hand side corresponds to the
Carnot efficiency, whereas the second term is related to
the Gibbs free energy of water vapor.

Expression (15) can be further simplified if one ne-
glects the heat capacity of liquid water C; = 0 and of
water vapor C,, = 0. In this case, the free energy of
liquid water vanishes g, =20, and the free energy of water
vapor is g, = R,T InH. For simplicity, the approximation
C; =~ 0 will be used for explicit computation in this paper
and will be indicated by use of the approximately equal
to sign (=2). Note that taking simultaneously C; = 0 and
C,, = 0 implies that the latent heat of vaporization L, is
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independent of temperature. The analysis of the steam
cycle for Cy # 0 is discussed in appendix B and does not
differ significantly. Under the assumption C; = 0, the
Gibbs free energy can be written as
gv in = Rv Tin 1nﬂin

and (16)

g =~RT InH

gvoul v out out’ (17)
with H, and H_ the average relative humidity during
the moistening and drying stages. The efficiency (15) is

given by

in Tout R Tout in
+ v In—=

Mg T

R

(18)

in v out
In the case of a saturated cycle, we have ﬁm Hom =1
It follows that a saturated steam cycle has the same effi-
ciency as a Carnot cycle,
T

A~ _in out

Nssat — T = Nc-

in

For an unsaturated steam cycle however, the efficiency
depends on the ratio H, /H_ . The relative humidity
of moist air increases as it expands adiabatically,
(aH/ap)S = 0 [for a proof, see Emanuel (1994)]. In a
heat englne the energy source is not only warmer than
the sink, Ti, > Toy, but also at a higher pressure. There-
fore, the relative humidity at the source is always lower
or equal to the relative humidity at the sink, H, = H_,
The second term on the right-hand side of (18) is always
negative: the efficiency of a steam cycle is lower than or
equal to the Carnot efficiency,

T, T
Ny = M=

The equality only occurs in the case of a steam cycle
working at saturation (i.e., for H, = H_, = 1).!

The efficiency of a steam cycle depends on relative
humidity: two different steam cycles transporting the
same amount of water across the same temperature dif-
ference can produce different amounts of work depend-
ing on the relative humidities 7, and H_,, at which they
are operating. Figure 3 shows the efficiency of a steam
cycle working between a warm source at 73, = 300 K and
a cold sink at T, = 285 K as function of r; during the
moistening step. The pressure during the moistening

! It is possible to obtain n; > n. when the heat capacity of liquid
water is included, as discussed in appendix B.
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FIG. 3. Efficiency of a steam cycle as function of 7., during the

moistening stage, assuming 7;, = 300 K, T, = 285 K, and P;, =
1000 mb.

stage is set at 1000 mb. The pressure during the drying
stage depends on the amount of water vapor in the
cycle. For these calculations, the change in mixing ratio
is assumed to be small in comparison to the water content
Ary < rrso that the relative humidity can be assumed to
be constant during the moistening and drying stages. In
Fig. 3, it is possible to distinguish between three regimes:
an unsaturated regime at low value of the mixing ratio
(H,, <H_,,<1); a partially saturated regime, in which
the drying stage becomes saturated (7 , = 1) but the
moistening stage is not (7, < 1); and a saturated regime,
when both the moistening and drying stages are saturated
(H, = H,, = 1). In the unsaturated regime, the effi-
ciency is the lowest and almost constant. Once the drying
stage becomes saturated, the efficiency rapidly increases
with the amount of water in the cycle. Finally, once the
cycle is fully saturated, the efficiency remains constant
and is equal to the Carnot efficiency.

An alternative expression for the efficiency (18) can
be obtained that emphasizes changes in the partial
pressure of water vapor. First, one can take advantage of
the Clausius—Clapeyron relationship to rewrite

ln_ﬁin = ln_Ein - lnie"(Ti“)
Hout eout es ( Tout)
)
eout Rv Tin Tout

Here, ¢,, and ¢_, are the average partial pressures of
water vapor during the moistening and drying stages. In-
troducing this into (18), the efficiency becomes

T :
g o Jnin_ (19)

out
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The amount of work performed by a steam cycle is thus
given by
e.
In—"Ar,.
eout

Wx~RT (20)

out

This is the work that would be produced by expanding
a mass Ary of water vapor from a pressure ¢, to a pres-
sure e . at constant temperature T ... However, this
does not imply that the work performed by a steam cycle
is done solely by the water vapor. Rather, this reflects
the fact that the same thermodynamic forcing—the in-
jection of water vapor at high partial pressure and its
removal at a lower partial pressure—would result in the
same mechanical output.
The logarithm in (19) can be written as

T 1)

with 7, and 7 being the averaged mixing ratios (for
water vapor not total water) during the moistening and
drying stages and p ;. and p, ou being the mean partial
pressure for dry air during the moistening and drying
stages. In an unsaturated steam cycle, the mixing ratio
is equal to the total water mixing ratio, which implies
that 7, = 7_ .. The efficiency ng can then be approxi-
mated by

n i~ RU Tout In ﬁd,in —~ Rvde Tin In Tin
Srunsat Lv l_jd,out RdLv Tout
T. T. T T. =T, \>
~ in in out O in out 22
1540K T, ( T, ) } 22)

after using the relationship between the pressure and
temperature C,4 InT = R, Inp for a dry adiabat and the
Taylor expansion for the logarithm. For Earth-like
conditions, the efficiency of a fully unsaturated steam
cycle lies between one-sixth and one-fifth of the Carnot
efficiency.

3. Mechanical work in a mixed steam—Carnot cycle

Here, we construct a mixed steam—Carnot cycle to
account for the fact that the atmosphere is heated up
through a combination of sensible and latent heat fluxes.
This cycle is illustrated on Fig. 4 and is composed of the
following four steps:

e 1 — 2:isothermal moistening and expansion at con-
stant temperature Tjy;
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FIG. 4. As in Fig. 1, but for the mixed steam—Carnot cycle. The
numbers 1-6 indicate the different stages of the cycle. See text
for details.

e 2 — 3: adiabatic expansion from p, to p; at constant
entropy S = S5 and water content r» = rr3;

e 3 — 4:isothermal drying and compression at constant
temperature Ty, = T5 = T4; and

e 4 — 1:adiabatic compression from p,4 to p; at constant
entropy S4 = §; and water content r,, = r,.

The energy input Q;, can be subdivided into a latent
energy input,

Qlat = LuArT’

and a sensible energy input,

2 2
Oen = J TdS +J (g, — L, dr,.
1 1

The Bowen ratio B is defined as the ratio of the sensible
energy input to the latent energy input,

Qsen

lat

B= (23)

This cycle can be decomposed into two subcycles by
introducing two intermediary states 5 and 6. State 5 is
obtained by an isothermal moistening of state 1 by
adding an amount Ar; of water vapor, and state 6 is
obtained by a similar isothermal moistening of state 4.
The cycle 1-5-6—4 is a steam cycle with energy input
Olat, and the cycle 5-2-3-6 corresponds to a Carnot
cycle with energy input Qg.,. The work done by the
whole cycle is thus

W= 77SQlat + nCQsen' (24)
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FIG. 5. Efficiency of a mixed steam—Carnot cycle as function of 7.,
and B, assuming 7;, = 300 K, T, = 285 K, and P;, = 1000 mb.

The efficiency is obtained by dividing (24) by Q;, =
Qlat + Qsem which ylelds

1
= 4
Moix = 1+ B 14 BIC
T —T 1 RT,,  H
~ _in out v~ out in
i g g (25)
1 v out

This efficiency depends on the temperatures Tj, and
Tou, B,and H, and H_,.

Figure 5 shows the efficiency of a mixed cycle oper-
ating between T3, = 300 K and 7, = 285 K as a func-
tion of the Bowen ratio and r7. When the cycle is
saturated, the efficiency is equal to the Carnot efficiency.
Otherwise, efficiency increases with both Bowen ratio
and humidity. A mixed cycle can still produce mechan-
ical work for a negative Bowen ratio. In such case, the
cycle transports sensible energy from cold to warm, al-
though the total energy (sensible plus latent) transport is
still from warm to cold. This configuration can be viewed
as a steam cycle that drives a reverse Carnot cycle. The
minimal value of the Bowen ratio at which the efficiency
of the mixed cycle remains positive is

e

B =_lc
LN

min

The work done by the mixed steam-Carnot cycle is
given by

nmix(Qsen + Qlat)
T T, 1 RT H.
o~ out in 4 v~ out 1 _n . 26
( Tout 1 + B Lv nHout)Qm ( )
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Expression (26) offers a quantitative assessment of the
factors that determine the work done in a moist atmo-
sphere, measured in terms of its production of me-
chanical energy. The factors that control the work are as
follows:

o the energy flux QOiy;

o the depth of convection measured in terms of the
temperature difference and the corresponding Carnot
efficiency ne = (Tin = Touw)/ Tin;

o the ratio of sensible to latent heating, that is, the
Bowen ratio B; and

« the degree of saturation, quantified through , /H,_ .

The first two controlling factors, total energy flux and
depth of convection, are the same as what would be
expected for a Carnot cycle and imply that more me-
chanical work is produced by deeper convection and
larger energy transport.

4. Efficiency, free energy, and irreversible entropy
production

The work done by a steam cycle depends on relative
humidity. In a steam cycle, condensation in the steam
cycle occurs during the adiabatic expansion, whereas
reevaporation occurs during both the drying and adia-
batic compression so that the latent heat release by
condensation occurs on average at a warmer tempera-
ture than its consumption by reevaporation. Such dis-
tribution of latent heat release is compensated for by an
enhanced transport of sensible heat from warm to cold,
which explains the enhanced mechanical work in a sat-
urated cycle.

Although this explanation offers a good qualitative
intuition, it has several limitations. First, from a con-
ceptual point of view, latent heat release is not an ex-
ternal energy source but corresponds to an internal
energy conversion. One must address the question of
how an internal process can affect the mechanical work
produced by a thermodynamic system. Second, this in-
tuition does not necessarily provide the correct quanti-
tative answer. For instance, it does not explain why an
unsaturated steam cycle generates mechanical work.
Third, although exact computations of the work based
on the distribution of latent heat release are feasible,
they require nontrivial calculations for the condensation
and evaporation rates, which is akin to computing the
work based on (1).

This section offers two complementary explanations
for why relative humidity affects the mechanical effi-
ciency of a steam cycle. The first interpretation focuses
on the increase in the Gibbs free energy of water as it is
transported from the moist source to the dry sink. The
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second interpretation views the steam cycle as an irre-
versible heat engine, in which the irreversibility is as-
sociated with the exchange of water vapor between the
cycle and the moisture source and sink. These two ex-
planations are tied together because of the close re-
lationship between internal entropy production and
Gibbs free energy.

a. Thermodynamic forcing and Gibbs free energy

The steam cycle is an open system that exchanges water
with its environment. The thermodynamic forcing depends
on the properties of water when it is added or removed.
Equation (11) provides a general expression for the me-
chanical work by an idealized thermodynamic cycle,

W=(T, —T, JAS+(E,, —&

v,in 8 v,out

YAr..  (27)

-
The first term on the right-hand side is the work done by
a Carnot cycle. The second term accounts for the change
in the free energy of the water vapor as it is transported
by the cycle.

For an isothermal system, with Tj, = T, the work is
equal to the change in free energy, W = (g, ;,— 8, ou)Ar7-
The free energy can be interpreted as the amount of en-
thalpy that can freely be converted into mechanical energy
in an isothermal transformation. A direct application of
this is the work associated with the isothermal expansion of
mass Ary of water vapor. The free energy formula yields

W= (gv,in - gv,oul)ArT = Rv Tout (lnﬂin - lnﬂout)ArT
e.
=R, Ty In = Ar,

out

which corresponds to the expression for work done by
the isothermal expansion of an ideal gas.

The relative humidity at the moist source is always
lower or equal to the relative humidity at the dry sink,

H, = ﬁom. As aresult, the free energy of water vapor is
lower when it is injected than when it is removed,
gv,in - gv,out = 0. (28)

The steam cycle acts to increase the free energy of water
vapor. However, as implied by (11), this requires a pos-
itive thermodynamic forcing associated with the entropy
transport, (T, — Tou)AS = 0, and reduces the work
produced by the system. As the degree of saturation of
the steam cycle increases, the free energy of the water
vapor injected at the moist source increases; the penalty
for raising this free energy from its surface value g ; to
its value at the dry sink g, . is reduced, and the work
produced by the cycle increases accordingly.
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FIG. 6. Schematic representation of the thermodynamic system
discussed in section 4b. A given amount of water vapor Ary is
transferred from a moist reservoir to a steam cycle at warm tem-
perature T;,. The cycle then carries this water vapor to a lower
temperature 7, Where it is diffused into a dry reservoir. See text
for details.

b. The steam cycle as an irreversible heat engine

In an isothermal transformation, the change in the
free energy provides an upper bound in the amount of
mechanical energy that can be extracted. There is,
however, no guarantee that a given system will be able to
convert any of this free energy into mechanical energy.
To illustrate this, one can contrast isothermal expansion
with diffusion. The expansion of Ary produces W =
(g1 — g2)Arg: all the free energy is indeed converted
into mechanical work. In contrast, if water vapor is
diffused rather than allowed to expand, no mechanical
work is produced. In this case, the reduction in free
energy does not result in a mechanical output but is
associated with irreversible entropy production in agree-
ment with the second law of thermodynamics.

Consider a thermodynamic system described in Fig. 6.
This system is composed of the steam cycle and two
reservoirs that act as the warm source and cold sink for
the cycle. Explicitly including the warm and moist res-
ervoirs allows us to treat the exchange of water vapor as
internal processes and to take into account the internal
entropy production by diffusion. The warm reservoir
contains liquid water at Tj,, and the cold reservoir
contains air at 7, and partial pressure of water vapor
eup- A mass of water vapor Ary evaporates adiabatically
in the warm reservoir and then is injected during the
moistening stage of the steam cycle. The cycle adiabat-
ically expands moist air to 7T,y and the water vapor is
then diffused from the cycle to the cold reservoir. The
two reservoirs are assumed to be large enough so that
Tin, Tout» and eyp remain constant.
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These transformations result into two effects: water
vapor is transported from the warm source to the cold
sink, and work is produced on an external environment.
Furthermore, evaporation is treated as an adiabatic
process, with the energy taken from the warm reser-
voir. This implies that, although total mass and energy
are exchanged between the different subsystems, the
total energy is constant (neglecting the variations of
latent heat with temperature). Because the cycle is
producing W, the system requires an external energy
source Q, with

o=Ww. (29)
In the construction of the humidifier cycle, it is assumed
in (13) that the surface heating is due solely to the latent
heat flux, without any addition of sensible heat. It ensues
that the additional Q takes place during the drying stage
of the steam cycle: that is, at Ty

The second law of thermodynamics applied to this
system can be written as

(30)

tot irr”

AS = & +AS.
Tout

Here, AS;, is the total change of entropy in the system
and ASj, is the irreversible entropy production. The
entropy change associated with the external energy source
is given by Q divided by the temperature at which it
occurs: T, here. Using (29), the entropy budget can be
rewritten as

W= ToulAslol - ToutASirr' (31)
The first term on the right-hand side of (31) is the
maximum work that would be performed by a reversible
system. The second term is the reduction of the me-
chanical output associated with the internal irrevers-
ibilities in the system.

We can obtain AS,, by computing the change in each
of the subsystems. Because the steam cycle functions in a
cycle, its entropy does not change. The entropy changes
of the lower and upper reservoir are given by the mass of
the water vapor added or removed multiplied by its
specific entropy. The total entropy change is

Lv v eup
AStOt =~ —TArT + T— — vanm A}’T
in out s out
e
~ R In—2 Ar, (32)
! es(Tin) !

after using the Clausius—Clapeyron relationship under
the approximation C,; =2 0. The total change of entropy in
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the system corresponds to the entropy increase resulting
from transforming Ary at T;, and partial pressure ey(7},)
into water vapor at Ty and ey,

Although the transformations associated with the
steam cycle are reversible, exchanging water vapor be-
tween the cycle and the two reservoirs is not. The irrevers-
ible entropy production associated with the diffusion at
constant temperature of a mass Ary from a partial
pressure ey to a partial pressure e, is given by R, Ary
In(eq/e;). The irreversible entropy productions ASi; jow
and AS;,, up, due to diffusion of water vapor between the
lower reservoir and the steam cycle and between the
steam cycle and the upper reservoir are given by

e.
AS, 10w = —ATLR, lnes (Yr,‘in) and (33a)
e
AS = ArgR, lne"—‘“. (33b)
up

The total work can then be obtained by using (32), (33a),
and (33b) in (31),

W= Tout(AStot - ASirr.low B ASirr,up)
T. T. e
—ar 7, ST & T) B
up in up

e.
— n
= AryR, Ty, Int
out

(34)

This is equal to the work of a steam cycle, (19).

The impact of saturation on the efficiency can be
discussed through its impacts on internal entropy pro-
duction. The total entropy production due to diffusion is
given by summing (33a) and (33b),

T. e.
as, =ar,R, 20w 5 g ol
e e
up out
e.
= AS,, — ArpR, InSin 35
Stot rT v HE ( )

out

The first term is the total change of entropy in the sys-
tem, and it depends only on the state of the water source
and sink. It is also equal to the total entropy production
that would occur if water vapor were to directly diffuse
from its source to its sink without the intervention of the
steam cycle. The second term is the reduction in irre-
versible entropy production due to the presence of the
steam cycle. As implied by the irreversible heat engine
framework (31), such a reduction of the internal entropy
production also translates into an increase in W. The
ability of the steam cycle to reduce the internal entropy
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production is tied to the fact that the partial pressure
of water vapor in the cycle is smaller during the moist-
ening stage than during the drying stage: that is, e_ /
e, <1. In particular, because the partial pressure of
water pressure decreases more rapidly for a saturated
adiabat than for an unsaturated adiabat, it ensues that
a saturated cycle corresponds to a larger reduction in
entropy production than an unsaturated cycle and hence
can produce more mechanical work.>

The two discussions of the work of the steam cycle
presented in this section—in terms of free energy and
in terms of internal entropy production—are closely
related. In isothermal diffusion, the irreversible entropy
production 6S;,, per unit of mass of water vapor diffused
is equal to the difference in free energy between the
initial and final states divided by the temperature,

where g; and gy are the free energy of the water vapor in
its initial and final states and e¢; and e, are its partial
pressure. Because the steam cycle transports water va-
por from warm to cold, it also increases its free energy at
the expense of the mechanical output. In theory, this
additional free energy could potentially be used to re-
cover the mechanical work, for example by expanding
the water vapor. However, when water vapor is diffused
into the environment, any free energy that the water
gained in the steam cycle is wasted, resulting in a larger
internal entropy production. By increasing the relative
humidity in the steam cycle, it is possible to reduce the
amount of waste and thus to increase the mechanical
output of the cycle.

5. Conclusions

In many phenomena, such as convection, hurricanes,
or the global circulation, the atmosphere acts as a heat
engine that generates kinetic energy by transporting
energy from a warm source to a cold sink. However, the
work produced by such flows depends critically on the

2 It should also be noted that expression for the internal entropy
production (35) only include the entropy production because of the
exchange between the steam cycle and its environment, consis-
tently with the assumption that the idealized steam cycle is fully
reversible. However, if one were to include irreversible processes
within the cycle (e.g., associated with diffusion of water vapor be-
tween updraft and downdraft), this would lead to an additional
production of entropy and thus a decrease in the mechanical work
in the system. The reader can refer to Pauluis and Held (2002a) for
a more complete discussion of the impacts of internal entropy
production on moist convection.
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presence of water vapor in the atmosphere. Previous
studies (Pauluis and Held 2002a,b; Goody 2003) have
shown that the work produced by moist convection is
significantly less than what would be expected in dry
convection. This paper introduces a novel thermody-
namic cycle, the steam cycle, to assess the impacts of
water vapor on mechanical work. A steam cycle gener-
ates mechanical work by transporting water vapor from
a warm moist source to a dry cold sink. The amount of
work produced by a steam cycle depends on the relative
humidity; it is the lowest for an unsaturated cycle and
gradually increases to reach that of a Carnot cycle when
all transformations occur at saturation.

The steam and Carnot cycles can be combined into
a mixed cycle that is driven by a combination of latent
and sensible heating. The work produced by a mixed
cycle given by (26) depends on four key factors: the
surface energy flux Qj,; the depth of convection mea-
sured by the temperature difference across the convec-
tive layer T;, — Toue; the Bowen ratio B; and the degree
of saturation of the cycle, quantified through the ratio
H, /H,,. The first two controlling factors, energy flux
and temperature difference, are the same factors that
control the work of a Carnot cycle. All other things
being equal, the deeper the convection and the larger
the energy transport, the more work and kinetic energy
will be produced. The last two controlling factors, the
Bowen ratio and saturation, reflect the fact that a steam
cycle is less efficient than a Carnot cycle working be-
tween the same energy source and sink.

A particular insight from the expression (26) for the
total work done by convection lies in the impacts of the
atmospheric humidity and its implications for extreme
weather. For instance, the potential intensity theory for
hurricanes (Emanuel 1986) is consistent with a mechani-
cal efficiency on the order of /3 for surface heating in the
eyewall. To achieve such a high efficiency, the circulation
must transport energy to a very low temperature 7, ~
200 K typical of the tropical tropopause. In addition,
because the Bowen ratio in a hurricane is small, relative
humidity must be close to unity to prevent any reduction
of the work done in an unsaturated cycle. The efficiency
implied by the potential intensity theory (Emanuel 1986)
thus requires the eyewall to be fully saturated, with no
entrainment of unsaturated air. More generally, the be-
havior of the mixed Carnot-steam cycle indicates that
convective activity should be favored in regions where the
relative humidity of the troposphere is high.

These results should be put in the broader context of
the role of moist processes in the entropy balance of the
atmosphere. Pauluis and Held (2002a,b) argue that
moist convection acts both as a heat engine that pro-
duces mechanical work by transporting energy from
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warm to cold and as a dehumidifier that continuously
removes water vapor through condensation and pre-
cipitation. These two aspects are in competition with
each other, in the sense that the amount of work gen-
erated by convection is limited by how much it behaves
as a dehumidifier, which can be quantified by the in-
ternal entropy production due to diffusion of water vapor
and irreversible evaporation. The steam cycle illustrates
this fundamental aspect of moist atmospheres. Indeed, in
section 4, it is shown how the ability of a steam cycle to
produce more mechanical work at high relative humidity
is tied to its ability to reduce the internal production of
entropy due to diffusion. On a global level, this finding
also shows how nonprecipitating convection can modu-
late the amount of entropy produced by diffusion of water
vapor and, in doing so, allows for the atmosphere to
sustain stronger circulations than if the moistening of dry
air was solely done through diffusion from the ocean
surface. This also unambiguously confirms that the hy-
drologic cycle plays a central role in determining the
amount of work that is generated and dissipated in a
moist atmosphere.
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APPENDIX A

Thermodynamic Properties of Moist Air

Moist air is treated as an ideal mixture of dry air, water
vapor, and condensed water. Dry air and water vapor
behave as perfect gases, whereas the volume of liquid
water is neglected. Under these conditions, the specific
enthalpies of dry air &,, water vapor h,, and liquid water
h; are given by

hy=C, (T —T,). (Ala)
h,=C(T—T,), and (A1b)
h,=C(T —T)+L, (Alc)

Here, T is the temperature; 7| is an arbitrary reference
temperature; C,; and C; are the specific heat at constant
pressure of dry air and liquid water, respectively; and L,
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is the latent heat of vaporization. The latent heat of va-
porization itself is function of temperature, with L =
Lu(, + (CPU — C)(T —T,), where C,, is the specific heat
of water vapor at constant pressure. The specific entro-
pies of dry air s,, water vapor s, and liquid water s, are
given by

r p
s,=C In——R In~<, (A2a)
= pa i TRy
B T
5,=C, lnT—O, and (A2b)
T L
s,=C, ln? + 7" - R InH. (A2¢)

0

Here, p,is the partial pressure of dry air, p is arbitrary
reference pressure, R; and R, are the ideal gas con-
stant for dry air and water vapor. The relative humidity
H = ele_ is the ratio of the partial pressure of water
vapor e to the saturation vapor pressure e,. The enthalpy
H and entropy S per unit mass of dry air are given by

H=hd+rhv+r[h[
= (de +r,C )T ~T,+rL, and (A3)
S=s,+rs, +rs

T p L
- + In.——R,In"¢ +r_2—rR 1
(de rTC[)nTO dnpo r rR InH,
(A4)

where r, r;, and r7 = r + r; are the mixing ratios for water
vapor, liquid water, and total water, defined as the ratio
of the mass of water vapor, liquid water, or total water to
the mass of dry air.

The Gibbs free energy of water vapor g, and g; de-
pends on the integration constants in the definition of
the specific enthalpy and entropy. For the choices made
in (A1b), (Alc), (A2b), and (A2c), we have

T
g =h —Ts = C1<T —T,— TlnTO) and (A5)

T
g, =h,—Ts = CI(T -T,— Tln?>+ R TInH.
0
(A6)

APPENDIX B

Impacts of the Specific Heat on the Efficiency

The calculations in section 2 assume that the specific
heat of liquid water is negligible: C; = 0. Here, the
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efficiency of the steam cycle is determined for constant
C,. The Gibbs free energy of the water vapor now in-
cludes a term proportional to C,,

g, = C1<T ~T, - TlnTl) +R,TInH.  (Bl)
0

For simplicity, the reference temperature 7y is taken to
be the temperature of the heat source, 7y = Tj,. The
work performed by the steam cycle is given by (14). The
inclusion of the specific heat term in this expression re-
sults in an additional term 6 W,

T,
SW = —Cl(Tom = Ty + Ty I )ArT. (B2)

out

Using the Taylor expansion of In yields

1 (Tin — Tou )2
BW = 3 €=M AT,

out

(B3)

For C; > 0, the enthalpy transport associated with a
constant water flux increases as the temperature de-
creases. The quantity (1/2)C(T,, — T, )Ar, is the mean
value of this additional heat transport when the water is
transported from T;, to T,y The additional work 6W
can be interpreted as the additional work that would be
performed by transporting this additional energy be-
tween the energy source at 7j, and the energy sink at
Toul~

When this additional work is accounted for, the effi-
ciency for a saturated cycle can be slightly larger than
that of the Carnot cycle. This is not a violation of the
second law: the Carnot efficiency is an upper bound on
the efficiency of a closed cycle, whereas the steam cycle
is an open cycle. That the efficiency of the steam cycle
obtained when assuming C; = 0 is bound by the Carnot
efficiency is however not accidental. Indeed, one can
consider a modification to the steam cycle to make it
work as a closed cycle. During the drying stage, water
vapor, rather than being removed, is transferred to
a separate reservoir, where it is forced to condense at
constant temperature. This liquid water in this reservoir
is then separately brought back to the warm reservoir.
During the moistening stage, the liquid water is then
evaporated and transferred to the cycle. The work per-
formed by this modified steam cycle is given by

W= f{STdS + ﬁ;(gv —g)dr, (B4)

where dr is the change in the mixing ratio for water vapor.
The difference between these two Gibbs free energies is



102

g, — & =RTInH. (BS)
It is zero when evaporation and condensation occur
at saturation but negative during the reevaporation of
water at the warm source. Expression (B4) is identical
to the work obtained when neglecting the contribution
from C; in the steam cycle, and the efficiency of this
modified cycle is given by 7 in (18). This modified cycle
is closed, and its efficiency is indeed less or equal to the
Carnot efficiency.
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