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ABSTRACT

A new method is derived for approximating the mean meridional circulation in an arbitrary vertical co-

ordinate system using only the time-mean and zonally averaged meridional velocity, meridional eddy

transport, and eddy variance. The method is called the statistical transformed Eulerian mean (STEM) and can

be viewed as a generalization of the transformed Eulerian mean (TEM) formulation. It is shown that the TEM

circulation can be obtained from the STEM circulation in the limit of small eddy variance. The main ad-

vantage of the STEM formulation is that it can be applied to nonmonotonic coordinate systems such as the

equivalent potential temperature. In contrast, the TEM formulation can only be applied to stratified variables.

Reanalysis data are used to compare the STEM circulation to an explicit calculation of the mean meridional

circulation on dry and moist isentropic surfaces based on daily data. It is shown that the STEM formulation

accurately captures all the key features of the circulation. The error in the streamfunction is less than 10%.

The STEM formulation is subsequently used to analyze the circulation induced by latent heat transport and

to understand the processes responsible for setting the effective stratification in the troposphere. The eddy

sensible heat transport dominates in the midlatitudes and in the winter hemisphere, while the eddy latent heat

transport dominates in the subtropical regions and in the summer hemisphere. For the dry isentropic circu-

lation, the approximate effective stratification is dominated by the vertical stratification, whereas for the moist

isentropic circulation it is dominated by the eddy variance contribution. The importance of the eddy variance

in setting the stratification is in agreement with previous work.

1. Introduction

The global atmospheric circulation is characterized

by a vast range of length scales which span a few meters

for isotropic turbulence inside a cloud to thousands of

kilometers for the tropical Hadley circulation. The tur-

bulent nature of the flow leads to a particular challenge

when trying to describe the global circulation. A natural

approach would be to compute a time- and zonally av-

eraged circulation. However, the resulting circulation

depends on the choice of vertical coordinate. A classical

example of this dependence is the difference between the

Eulerian-mean circulation, which is obtained by aver-

aging the meridional mass transport on surfaces of

constant pressure or geopotential height, and the dry

isentropic circulation, which is obtained by averaging on

surfaces of constant potential temperature. The Eulerian-

mean circulation exhibits a three-cell structure in each

hemisphere with the Hadley cell in the tropics, the Ferrel

cell in the midlatitudes, and the polar cell at high lati-

tudes (see Peixoto and Oort 1992, among others). In

contrast, the dry isentropic circulation has a single direct

equator-to-pole overturning cell with high potential tem-

perature air flowing toward the poles and lower potential

temperature air flowing toward the equatorial regions

(see, e.g., Townsend and Johnson 1985; Johnson 1989;

Juckes et al. 1994; Held and Schneider 1999). Recently,

Czaja and Marshall (2006) and Pauluis et al. (2008, 2010)

showed that the moist isentropic circulation, which is

obtained by averaging the meridional circulation on

surfaces of constant equivalent potential temperature,

also exhibits a single equator-to-pole overturning cell.

However, it has a significantly larger mass transport
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than the dry isentropic circulation. On a qualitative level,

the difference between the dry and moist circulations

can be explained by the poleward transport of sensible

and latent heat by midlatitude eddies. Other choices of

averaging surfaces have been proposed including poten-

tial vorticity and humidity (Juckes 2001; Döös and Nilsson

2011), which provide insight into different aspects of the

mean meridional circulation. This raises the question of

how the mean meridional circulations obtained by dif-

ferent averaging procedures can be related to one another.

The difference between the Eulerian-mean and dry

isentropic circulations can be understood, in part, us-

ing the transformed Eulerian mean (TEM) formulation

(Andrews and McIntyre 1976; Edmon et al. 1980; Andrews

et al. 1987; McIntosh and McDougall 1996; Juckes 2001).

In the TEM formulation, the residual or total circula-

tion is the sum of an Eulerian-mean circulation and an

eddy-induced circulation. The Eulerian-mean contribution

is exactly the circulation averaged on pressure surfaces

as discussed above, while the eddy-induced contribution

is proportional to the meridional energy transport by

eddies weighted by the vertical stratification of poten-

tial temperature. The eddy-induced circulation corre-

sponds to a direct overturning cell and dominates in

midlatitudes. Andrews and McIntyre (1978) have shown

formally that the eddy-induced circulation in the TEM

corresponds to a wave-induced Stoke drift in the small-

amplitude limit. The TEM residual circulation exhibits

the single-cell structure of the dry isentropic circulation.

Held and Schneider (1999) have shown that although

the TEM and dry isentropic circulations are qualita-

tively similar, there are notable differences. In particu-

lar, the TEM circulation does not close at the surface.

Instead it exhibits an infinite return flow because the

meridional eddy heat transport only vanishes in a very

thin surface layer, which is unresolved in global datasets.

Another important limitation of the TEM formulation

is that it requires the atmosphere to be stratified with

respect to potential temperature. This means that the

TEM formulation cannot be applied in regions where

the stratification vanishes (e.g., in the boundary layer).

Several authors (Held and Schneider 1999; Plumb and

Ferrari 2005) have proposed different methods to cir-

cumvent this problem at the cost of losing some of the

original formalism of the TEM. In the boundary layer,

Held and Schneider (1999) replace the vertical stratifi-

cation by the meridional stratification and the meridio-

nal eddy flux by the vertical flux. Plumb and Ferrari

(2005) generalized their method by decomposing the

eddy fluxes into adiabatic (along isentropic) and diabatic

(cross isentropic) contributions. While their method can

be applied in regions of vanishing vertical stratification

(e.g., in the oceanic mixed layer), the resulting residual

circulation does not account for the meridional eddy

transport in such regions. Juckes (2001) also generalized

the TEM formulation so that it could be applied to an

arbitrary variable instead of the potential temperature;

however, the generalization still requires a monotonic

variable in the vertical. Similarly, Stone and Salustri

(1994) generalized the Eliassen–Palm flux and TEM re-

sidual circulation to include eddy-induced water vapor

transport, but their formulation can only be used in re-

gions where the equivalent potential temperature is

monotonic. When considering the moist circulation one

must confront the fact that the equivalent potential

temperature often exhibits a local minimum in the lower

troposphere where the meridional eddy transport of

water vapor is large. This has so far precluded the ap-

plication of the TEM formulation and its generaliza-

tions to the moist circulation.

The purpose of this paper is to further generalize the

TEM formulation so that it can be applied when the

state variable is unstratified. In doing so we aim to gain

new insight into the global atmospheric circulation and

the dependence of its description on the choice of ver-

tical coordinate. Section 2 outlines a generalization of

the TEM formulation based on a statistical interpreta-

tion of the eddy transport, called the statistical trans-

formed Eulerian mean (STEM), which approximates the

meridional circulation averaged in an arbitrary vertical

coordinate using the Eulerian-mean circulation and qua-

dratic eddy statistics. In section 3, the STEM formulation

is applied to reanalysis data to reconstruct the dry and

moist isentropic circulations and the results are compared

to exact calculations of the circulations. The STEM cir-

culation is shown to accurately capture all the key fea-

tures of the dry and moist isentropic circulations. In

section 4, we show that the TEM formulation repre-

sents a special limit of the STEM formulation. Section 5

explores the implications of the STEM formulation for

the dry and moist stratifications in midlatitudes. In sec-

tion 6, we summarize our results and discuss possible

extensions of the STEM formulation.

2. Statistical transformed Eulerian mean

We begin by assuming that we are given the time-

averaged, zonal-mean atmospheric state and quadratic eddy

statistics of y and an arbitrary state variable z in an Eulerian

frame with pressure or geopotential height as the vertical

coordinate. In particular, we assume that we are given the

time and zonal average of z and y, where the overbar de-

notes the time and zonal average, as well as the eddy me-

ridional transport and eddy variance of the state variable

(i.e., z9y9 and z92, where the prime denotes the deviation

from a zonal average on pressure surfaces). The state
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variable can be the potential temperature u, the equivalent

potential temperature ue, the specific humidity q, etc. Using

the mean and eddy information, we would like to obtain the

meridional circulation averaged on iso-z surfaces.

We define a joint distribution for the meridional mass

transport m(p, z, f)dpdz as the time- and zonally aver-

aged meridional mass transport between pressure values

p and p 1 dp and between state variable values z and

z 1 dz at a latitude f. Using this notation, the meridional

mass transport on pressure surfaces Mp(p, f) is given by

M p( p, f) 5

ð‘

0
m( p, ~z, f) d~z 5

2pa cosf

g
y(p, f), (1)

where a is the radius of the earth and g is the gravita-

tional acceleration. Note that we assume that the merid-

ional velocity, and hence the meridional mass transport,

vanishes when the pressure is greater than the surface

pressure. The meridional mass transport on iso-z sur-

faces is given by

M
z
(z, f) 5

ð‘

2‘

m( ~p, z, f) d~p. (2)

The mass transports (1) and (2) can be converted into

streamfunctions upon integrating; that is,

Cp( p, f) 5

ðp

0
M p( ~p, f) d~p 5

ðp

0

ð‘

2‘

m( ~p, ~z, f) d~z d~p,

(3a)

C
z
(z, f) 5

ðz

2‘

M
z
(~z, f) d~z 5

ðz

2‘

ð‘

0
m( ~p, ~z, f) d~p d~z.

(3b)

This definition of the streamfunction Cz can be robustly

applied to an arbitrary coordinate system z, even one

that does not vary monotonically with pressure. In such

a case, Cz may include contributions from multiple

pressure levels. One should thus be careful in inter-

preting the streamfunction as it may not correspond to

a geometric overturning; rather, it captures mass trans-

ports associated with different (thermodynamic) prop-

erties. For example, Pauluis et al. (2008, 2010) showed

that the enhanced mass transport on moist isentropes can

be attributed to a combination of a poleward flow of high

u air in the upper troposphere and a low-level poleward

flow of warm moist air with a comparable value of ue.

Our ability to calculate the iso-z circulation Cz from

(3b) depends on whether m(p, z, f) can be reconstructed

with sufficient accuracy. A direct calculation of m(p, z, f)

is straightforward when given data with sufficient spatial

and temporal resolution. However, here we assume that

we are only given monthly and zonally averaged data,

which are commonly output from climate models and

cannot be used to reconstruct the mass transport distri-

bution directly. Thus, the mass transport distribution must

be approximated in order to recover the iso-z circulation.

Under the assumption that we are given the mean

atmospheric state and quadratic eddy statistics, the sim-

plest approach is to assume that the eddy-induced fluc-

tuations obey a Gaussian distribution. This Gaussian

assumption is purely a kinematic one and relies on a

statistical interpretation of the eddy transport. To em-

phasize this, we call the formulation, which is derived

below, the STEM formulation. The Gaussian distribu-

tion requires knowledge of the mean values y(p, f) and

z(p, f), the variances y92(p, f) and z92(p, f), and the

covariance y9z9(p, f). In appendix A, it is shown that

under the Gaussian assumption the joint distribution of

the meridional mass transport per unit z and unit p can

be decomposed as

m(p, z, f) 5 mmean(p, z, f) 1 meddy(p, z, f), (4)

where mmean and meddy are the Eulerian-mean and eddy

components defined in (A6a) and (A6b) as

mmean(p, z, f) 5
2pa cosf

g

yffiffiffiffiffiffi
2p
p

z92
1/2

exp

"
2(z 2 z)2

2z92

#
,

(5a)

meddy(p, z, f) 5
2pa cosf

g

y9z9(z 2 z)ffiffiffiffiffiffi
2p
p

z92
3/2 exp

"
2(z 2 z)2

2z92

#
.

(5b)

The Eulerian-mean component of the meridional mass

transport is obtained upon plugging (5a) into (2) and is

equal to the convolution of the meridional mass transport

with a Gaussian distribution with eddy variance z92; that is,

M
z,mean(z,f)5

ð‘

0
mmean( ~p,z,f)d~p

5

ð‘

0

2pa cosf

g

yffiffiffiffiffiffi
2p
p

z92
1/2

exp

"
2(z 2 z)2

2z92

#
d~p.

(6)

This convolution has two direct effects. First, it will

broaden the mass transport by redistributing it over a

broader range of iso-z surfaces when the eddy variance is

large. It also allows for mass transport on ‘‘underground’’

iso-z surfaces with z , ~z(psurf, f), where psurf is the time

and zonal mean surface pressure. Second, when ~z(p, f) is

nonmonotonic in p, (5a) automatically folds the circula-

tion by summing the contribution of all isobaric surfaces.
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The eddy component of the meridional mass transport

is given by the convolution of the eddy transport and the

derivative of the Gaussian distribution:

M
z,eddy(z,f)5

ð‘

0
meddy( ~p,z,f)d~p

5

ð‘

0

2pacosf

g

y9z9(z 2 z)ffiffiffiffiffiffi
2p
p

z92
3/2 exp

"
2(z2z)2

2z92

#
d~p.

(7)

The eddy component of the meridional mass transport

is decomposed into two opposite flows that take place

at values of z that are above and below the mean value

z(p, f).

The STEM streamfunction Cz,STEM can also be di-

vided into Eulerian-mean and eddy contributions; for

example,

C
z,STEM(z, f) 5 C

z,mean(z, f) 1 C
z,eddy(z, f), (8)

where the two contributions are given by

C
z,mean(z, f) 5

ðz

2‘

ð‘

0
mmean( ~p, ~z, f) d~p dz and (9a)

C
z,eddy(z, f) 5

ðz

2‘

ð‘

0
meddy( ~p, ~z, f) d~p d~z. (9b)

Note that in contrast to the TEM formulation, which

retains the pressure vertical coordinate after the trans-

formation, the STEM streamfunction is obtained on iso-z

surfaces. The relationship between the STEM and TEM

formulations is discussed in detail in section 4.

3. Reconstructing the isentropic circulations using
the STEM formulation

As described in the previous section, the STEM cir-

culation can be calculated from monthly and zonally

averaged data. These data can come from reanalysis

products or climate models. Here we use the National

Centers for Environmental Prediction (NCEP) re-

analysis data (Kalnay et al. 1996) from 1979 to 2009 to

calculate the STEM circulation for z 5 u and z 5 ue. In

particular, we calculate y, u, y9u9, u92, ue, y9u9e, and u92
e

(where the overbar represents a monthly and zonal aver-

age and the prime indicates a deviation from the zonal

average only) on pressure surfaces using the NCEP data,

and then apply the STEM procedure to reconstruct the

circulations on dry and moist isentropes. The STEM cir-

culations are then compared to exact calculations of the

dry and moist isentropic circulations to assess the accuracy

of the STEM formulation. The exact isentropic circula-

tions are computed using daily three-dimensional NCEP

data following Pauluis et al. (2010):

C
u
(u,f)5

acosf

T

ðT

0

ð2p

0

ð p
surf

0
yH[u 2 ~u(~l,f, ~p, ~t )]

d~p

g
d~ld~t,

(10a)

C
u

e
(ue,f)5

acosf

T

ðT

0

ð2p

0

ðp
surf

0
yH[ue 2~ue(~l,f, ~p, ~t )]

d~p

g
d~ld~t,

(10b)

where T is the time period over which the circulation is

averaged (one month in this case), l is the longitude, and

H is the Heaviside function.

Figures 1 and 2 show the STEM circulation for z 5 u

and the exact calculation of the dry isentropic circula-

tion during December–February (DJF) and June–August

(JJA), respectively. In both figures the top left panel

shows the Eulerian-mean component of the STEM cir-

culation Cu,mean, the top right panel shows the eddy

component of the STEM circulation Cu,eddy, the bottom

left panel is the STEM residual circulation Cu,STEM,

and the bottom right panel is the dry isentropic circu-

lation Cu obtained from the exact calculation.

The Eulerian-mean component of the STEM circula-

tion Cu,mean is dominated by the cross-equatorial Hadley

cell during both DJA and JJA. The summer hemi-

sphere Hadley cell is significantly weaker than the cross-

equatorial cell, and during JJA it is below the contour

interval. The Ferrel cells are also evident in the Eulerian-

mean component in midlatitudes. During DJF there is

a Ferrel cell in both hemispheres; however, the Ferrel cell

in the summer hemisphere is particularly weak during

JJA (it is below the contour interval). The eddy compo-

nent of the STEM circulation Cu,eddy involves a direct

circulation in midlatitudes. During DJF there is an eddy-

induced circulation in both hemispheres, but during

JJA the circulation is very weak in the summer hemi-

sphere. The Eulerian-mean and eddy components of the

STEM circulation barely overlap in the winter hemi-

sphere during both seasons.

The STEM residual circulation exhibits a single

equator-to-pole overturning cell in both hemispheres

during DJF similar to the exact isentropic circulation.

However, during JJA there is only a single cell in the

winter hemisphere; the circulation is very weak in the

summer hemisphere. The STEM residual circulation

does a reasonable job of reproducing the exact dry isen-

tropic circulation (cf. the bottom panels in Figs. 1 and 2).

Because the eddy statistics in the STEM formulation are

approximated by a Gaussian distribution, one should not
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expect perfect agreement. In general, the STEM circu-

lations during DJF and JJA are a little weaker than the

exact circulation in the lower tropical atmosphere and

in the midlatitudes. The weaker circulation is partially

compensated for by having the circulation extend through

a deeper layer (in terms of potential temperature). The

comparison between the two circulations is quantified

below.

Figures 3 and 4 show the corresponding STEM cir-

culation for z 5 ue and the exact calculation of the moist

isentropic circulation during DJF and JJA, respectively.

The Eulerian-mean component of the STEM circulation

on moist isentropes C
u

e
,mean is qualitatively similar to the

Eulerian-mean component on dry isentropes Cu,mean

(cf. Figs. 1 and 3, and Figs. 2 and 4). The moist Eulerian-

mean circulation, however, is spread over a narrower

range of isentropic surfaces than its dry counterpart be-

cause vertical variations in ue are always smaller than

vertical variations in u. In addition, there is some degree

of cancellation between the lower and upper tropo-

spheric flows, which occur at same value of ue, resulting

in a weaker net mass transport.

The eddy component of the STEM circulation on

moist isentropes Cu,eddy is much stronger than its dry

counterpart. It includes both sensible and latent heat

transports and is therefore larger than the eddy com-

ponent on dry isentropes, which only accounts for

sensible heat transport. A second notable difference is

that the eddy circulation on moist isentropes extends

farther into the equatorial regions than the circula-

tion on dry isentropes. This extension is due to the

extraction of water vapor from the deep tropics by

baroclinic eddies. When the Eulerian-mean and eddy

components of the circulation on moist isentropes are

added together, the resulting STEM residual circula-

tion exhibits a single equator-to-pole overturning cell

similar to the dry isentropic circulation. However, the

circulation on moist isentropes is significantly stronger

in the midlatitudes and subtropics. Once again, the

STEM circulation and the exact isentropic circula-

tion are in very good agreement. As for the circulation

on dry isentropes, the STEM residual circulation is

slightly weaker and spread over a broader range of ue

values.

FIG. 1. Circulation on dry isentropes during DJF. (top left) Eulerian-mean circulation, (top right) eddy circulation,

(bottom left) STEM residual circulation, and (bottom right) exact calculation of the isentropic circulation. Contour

interval is 2.0 3 1010 kg s21 and negative contours representing clockwise motion are dashed.
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The STEM formulation can be used to analyze the

individual contributions of latent and sensible heat

transport to the eddy component of the circulation on

moist isentropes. In particular, the eddy transport of

equivalent potential temperature can be decomposed as

y9u9e ’ y9u9 1
L

cp

y9q9, (11)

where q is the water vapor concentration, L is the latent

heat of vaporization of water, and cp is the specific heat

at constant pressure. This allows us to decompose the

eddy component of the circulation into sensible and la-

tent contributions

C
u

e
,eddy(ue, f) 5 C

u
e
,SH(ue, f) 1 C

u
e
,LH(ue, f), (12)

where the sensible and latent heat contributions are

related to the potential temperature flux y9u9 and latent

heat flux Ly9q9/cp, respectively. The eddy component

of the circulation on dry isentropes Cu,eddy only includes

sensible heat transport y9u9.

Figure 5 shows the sensible and latent heat transport

contributions to the eddy circulation on moist isentropes

during DJF (top) and JJA (bottom). The sensible heat

transport contribution to the eddy circulation dominates

in the mid- to high latitudes and in the winter hemisphere.

Note that the sensible heat transport contribution to the

moist and dry circulations are not equal because of the

differences in the corresponding eddy variances u92 and

u92
e . The latent heat transport contribution is larger

in the subtropics and in the summer hemisphere. The

two heat transport contributions overlap significantly in

midlatitudes—corresponding roughly to the regions of

enhanced precipitation in the storm tracks—so that the

eddy-induced circulation is larger than the individual

sensible and latent heat transport contributions. The in-

clusion of latent heat transport both intensifies the eddy

circulation and extends it toward the equator, reflecting

the ability of baroclinic eddies to extract water vapor

from the subtropics.

The STEM circulations for z 5 u and z 5 ue can be

quantitatively compared to the corresponding exact cal-

culation of the isentropic circulations (10) by comparing

the respective total isentropic mass transports. The total

isentropic mass transport DCz is defined as the difference

between the maximum and minimum of the stream-

function at a given latitude; that is,

FIG. 2. As in Fig. 1, but for JJA.
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DC
z

5 max
z

C
z

2 min
z

C
z
. (13)

Figure 6 shows the total isentropic mass transport for

the exact circulation (solid line) and the STEM residual

circulation (dashed line) during DJF (left) and JJA

(right). In general, the STEM circulation underesti-

mates the total mass transport. The maximum error is

10% for the dry isentropic circulation during DJF in

the Northern Hemisphere. The maximum error for the

moist circulation is less than 5%. This confirms that the

STEM formulation is able to reproduce the qualitative

and quantitative aspects of the dry and moist isentropic

circulations using only monthly and zonally averaged

data.

4. Relationship between the STEM and TEM
formulations

The STEM formulation derived in the previous sec-

tion can be viewed as a generalization of the TEM for-

mulation (Andrews and McIntyre 1976; Edmon et al.

1980; Andrews et al. 1987; Juckes 2001). In the TEM

formulation, an eddy-induced circulation is added to the

Eulerian-mean circulation in pressure coordinates to

produce the TEM residual circulation:

CTEM(p, f) 5 Cp,mean(p, f) 1 Cp,eddy(p, f), (14)

where the mean contribution is identical to (3a). The

eddy-induced circulation is proportional to the meridi-

onal eddy flux of potential temperature:

Cp,eddy(p, f) 5 2
2pa cosf

g

�
›u

›p

�21

y9u9. (15)

Because the eddy contribution is weighted by the ver-

tical stratification, the TEM formulation can only be

applied where the potential temperature is stratified in

the vertical (i.e., outside the boundary layer). As dis-

cussed previously, the TEM formulation and its gener-

alization by Held and Schneider (1999), Plumb and

Ferrari (2005), and Juckes (2001) require a stratified

state variable. They cannot be applied to the case of z 5

ue, which is our original motivation for developing the

STEM formulation.

The TEM circulation can be obtained as a special so-

lution of the STEM approximation. We consider the

FIG. 3. As in Fig. 1, but for moist isentropes during DJF.
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STEM formulations in the limit where z(p) is strictly

monotonic (and thus invertible), replace z92 with a con-

stant, and compute the Eulerian-mean and eddy com-

ponents of the streamfunction Cu,mean and Cu,eddy. In

the limit of small eddy variance (shown in appendix B),

the STEM streamfunctions converge to

lim
z92/0

C
z,mean[z(p), f] 5 sgn

�
›z

›p

�
Cp,mean(p, f), (16a)

lim
z9

2/0

C
z,eddy[z(p), f] 5 2

2pa cosf

g

����›z

›p

����21

y9z9(p, f)

5 sgn

�
›z

›p

�
Cp,eddy(p, f), (16b)

which are exactly the mean and eddy components of

the TEM circulation [see (B3) and (B7)]. Thus, the TEM

formulation corresponds to the small eddy variance

limit of the STEM formulation. Note that the circulation

changes sign if z decreases with pressure, which is a

consequence of the choice of the limits of integration

in the definition of the streamfunction [(3a) and (3b)].

Andrews and McIntyre (1978) showed that for a

small-amplitude perturbation—that is, velocity y9 and z9

perturbations O(�)—the TEM residual circulation in-

duced by such a perturbation is O(�2). In such a case, the

eddy variance is also O(�2) and thus the small variance

limit clearly applies. Equations (16a) and (16b) imply

that in the small eddy variance limit the STEM circu-

lation asymptotes to the leading-order TEM circulation.

The small variance limit, (16a) and (16b), provides in-

sight into the differences between the TEM and STEM

circulations for finite-amplitude perturbations. Indeed,

(16b), which is derived assuming a small eddy variance,

remains valid even for constant meridional transport

y9z9; that is, one can have a perturbation of magnitude

z92 ; O(�2) and have y9z9 ; O(1). Figure 7 illustrates

the dependence of the STEM circulation on the strength

of the eddy variance. It shows the STEM residual

circulation for z 5 u during DJF and for constant

u92 5 64, 16, 4, and 1 K2. As the eddy variance is re-

duced, the equatorward flow becomes confined to

a shallower and shallower underground layer (i.e.,

below the mean value of u at the surface). For small

values of the eddy variance, the streamfunction exhibits

a sharp transition from a finite value through zero in

FIG. 4. As in Fig. 3, but for JJA.
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a shallow surface layer corresponding to a strong return

flow in a narrow range of isentropic surfaces. This thick-

ness is proportional to the eddy variance and thus the

return flow at the surface becomes infinite in the small

variance limit as it does in the TEM formulation.

5. Effective stratification

The relationship between the eddy variance and the

mass transport in the STEM formulation can be further

explored using the effective stratification, which is de-

fined as

Dz 5
jF

z
j

DC
z

, (17)

where DCz is the total mass transport in z coordinates

[(13)] and

F
z

5

ð‘

2‘

~zM
z

d~z 5

ð‘

0
2pa cosf(yz 1 y9z9)

d~p

g
(18)

is the meridional z transport. Qualitatively, the effective

stratification can be interpreted as the thickness of the

overturning cell in z coordinates. The STEM formula-

tion preserves the meridional z transport. In Fig. 7 it is

clear that changes in the u thickness of the circulation

(i.e., the effective stratification Du) is compensated for

by a change in the total mass transport so as to maintain

a constant meridional u transport. In particular, as the

constant eddy variance is decreased, the effective

stratification decreases and the mass transport in-

creases so as to keep the meridional u transport con-

stant. Overall, the dry and moist effective stratifications

from the STEM formulation agree well with the exact

calculations (not shown) and with the results of Pauluis

et al. (2010), who also calculated the effective stratifi-

cation using NCEP data (see their Fig. 7). The small

errors in the STEM effective stratification are caused by

errors in the total mass transport, which are up to 10%

for the dry isentropic circulation and up to 5% for the

moist isentropic circulation (see Fig. 6).

The largest differences between the dry and moist

STEM circulations were the result of differences in the

eddy-induced circulations, which dominate in midlati-

tudes. In particular, the eddy-induced circulation was

much stronger on moist isentropes and was related to

FIG. 5. The (left) sensible and (right) latent heat flux contributions to the STEM eddy circulation on moist isentropes

during (top) DJF and (bottom) JJA. Contouring is as in Fig. 1.
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the latent heat transport (compare Figs. 1 and 2 to Figs. 3

and 4). The difference in strength between the dry and

moist STEM eddy components lead to differences in

the effective stratifications according to (22). The rel-

ative contributions of y9z9 and z92 to the structure of

the eddy-induced circulation and the effective stratifi-

cation can be understood by considering an idealized

atmosphere with constant eddy variance and poleward

transport in a layer of thickness DP and zero eddy var-

iance and poleward transport elsewhere. We will also

assume that the stratification ›z/›p is constant and

define the thickness of the layer in z coordinates as

DZ 5 j›z/›pjDP. Under these approximations, the eddy

transport is

F
z

5
2pa cosf

g
DP y9z9. (19)

It is shown in appendix C that the eddy mass transport is

given by (C3):

DC
z

5
2pa cosf

g

����›z

›p

����21

j y9z9j erf

 ffiffiffi
2
p

4
DP*

!
, (20)

where erf is the error function and DP* 5 DZ/z92
1/2

is the

ratio of the thickness of the layer in z coordinates to the

eddy variance z92
1/2

. The effective stratification is then

equal to

Dz 5 DZ

"
erf

� ffiffiffi
2
p

4
DP*

�#21

5 DP*z92
1/2
"

erf

� ffiffiffi
2
p

4
DP*

�#21

(21)

and depends on both the vertical variation of z (through

DZ) and the eddy variance (through DP*).

To better understand the dependence of the effective

stratification (21) on DP* we consider two limiting cases.

If the relative thickness is large (i.e., if the vertical vari-

ation of z through the layer is large compared to the eddy

variance), then

lim
DP*/‘

DC
z

5
2pa cosf

g

����›z

›p

����21

j y9z9j , (22)

which equals the eddy mass transport in the TEM for-

mulation. The corresponding effective stratification is

FIG. 6. The total isentropic mass transport during (left) DJF and (right) JJA on (top) dry and (bottom) moist

isentropes for the exact circulation (solid line) and the STEM residual circulation (dashed line).
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lim
DP*/‘

Dz 5 DZ: (23)

If the relative thickness is small (i.e., if the vertical var-

iation of z through the layer is small), the effective

stratification is obtained by taking the limit of (21) for

small DP*:

lim
DP*/0

Dz 5 lim
DP*/0

z92
1/2

DP*

erf

ffiffiffi
2
p

4
DP*

 !

5
z92

1/2

d

dx
erf

 ffiffiffi
2
p

4
x

!
x50

5
ffiffiffiffiffiffi
2p
p

z92
1/2

’ 2:5z92
1/2

.

(24)

Note that the constant prefactor is a result of the

Gaussian distribution assumption.

We can use this simple model of the effective strati-

fication to understand the effective stratifications as-

sociated with the dry and moist isentropic circulations

(i.e., Du and Due). Figure 8 shows the eddy meridional

transport (top), the temporal and zonal-mean (middle),

and the eddy variance (lower) of the potential temper-

ature (left) and equivalent potential temperature (right)

from 108 to 708N during JJA. The meridional eddy po-

tential temperature flux spans the entire troposphere

poleward of the storm track (roughly north of 408N).

The vertical variation of potential temperature from

the surface to 500 hPa at 408N is Dp›u/›p ; 25 K, which

is significantly larger than the eddy standard deviation

u92
1/2

; 6 K. Thus, Du can be approximated by the large

thickness limit (23):

Du ’
›u

›p
Dp. (25)

In contrast, on the equatorward side of the storm track

(roughly between 158 and 408N), the eddy transport of

equivalent potential temperature is confined to a shallow

layer near the surface. The transport is dominated by

latent heat transport.1 The vertical variation of equivalent

FIG. 7. The STEM residual circulation on dry isentropes during DJF for u92 5 constant [u92 5 (top left) 64 K2, (top

right) 16 K2, (bottom left) 4 K2, and (bottom right) 1 K2]. Contouring is as in Fig. 1.

1 Poleward of 458 the transport of equivalent potential temper-

ature is a mixture of latent and sensible heat and does not satisfy

the approximation of uniform eddy statistics discussed above.
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potential temperature from the surface to 500 hPa is near

zero in the Northern Hemisphere subtropics, whereas the

eddy standard deviation u92
e

1/2

; 9K. Thus, the effective

stratification for ue in the subtropics can be approxi-

mated by the small thickness limit (24):

Due ’ 2:5u92
e

1/2

. (26)

Pauluis et al. (2010) found that the dry and moist ef-

fective stratifications are approximately equal across the

storm tracks:

Du ’ Due.

According to the two approximations (25) and (26), this

implies that in midlatitudes

›u

›p
Dp ’ 2:5u92

e

1/2

. (27)

Therefore, the vertical increase in potential temperature

is directly tied to the eddy-induced fluctuations of equiv-

alent potential temperature in the lower troposphere.

This result is in agreement with Juckes (2000) and

Frierson (2006, 2008), who argue that the midlatitude

stratification is set by moist convection in baroclinic

eddies. While the derivation of (27) here is based on

kinematic arguments and the comparison between the

dry and moist isentropic circulations, it also emphasizes

the role of moist ascent in the midlatitude storm tracks.

Interestingly, the small relative thickness limit (27)

suggests that the dry stratification should be larger than

the standard deviation of ue by a factor of approximately

2.5.2 In the STEM formulation, the mean value of the

equivalent potential temperature in the poleward com-

ponent of the flow is given by

u1
e ’ ue1 1:25u92

e

1/2

. (28)

This value corresponds to the 89th percentile of the

cumulative Gaussian distribution. While u1
e is a typical

value of ue for poleward-moving air parcels, it corre-

sponds to a relatively large and rare fluctuation of ue at

the same latitude. This is a consequence of the fact that

if there is a poleward eddy transport of equivalent po-

tential temperature, the meridional velocity and ue are

correlated and the distribution of ue for poleward-moving

air parcels is displaced toward higher value of ue. In

particular, if the midlatitude stratification is indeed

determined by the equivalent potential temperature of

poleward-moving air parcels, then the implication is

that the large majority of air parcels at that latitude

would still experience a stable stratification for moist

displacement.

6. Summary and discussion

In this paper we have derived a statistical general-

ization of the transformed Eulerian-mean circulation.

The formulation is based on a Gaussian assumption for

the joint distribution of y and a state variable z, which

makes it possible to compute the meridional mass trans-

port on iso-z surfaces. The corresponding streamfunc-

tion is computed by integrating the mass transport. As

for the TEM residual circulation, the STEM residual

circulation can be decomposed into Eulerian-mean and

eddy components. The Eulerian-mean component of the

circulation involves the convolution of the time- and

zonally averaged mean meridional velocity with a Gauss-

ian distribution whose structure is determined by the eddy

variance of z, while the eddy component involves the

FIG. 8. (top) Eddy meridional transport, (middle) mean value,

and (bottom) eddy standard deviation of (left) u and (right) ue

during JJA. Contour intervals are (top) 2.5 km21, (middle) 10 K,

and (bottom) 1.5 K, with dashed contours representing negative

values.

2 The exact factor depends on the Gaussian approximation and

would change for a different distribution.
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convolution of the time- and zonally averaged meridional

eddy transport with the derivative of the Gaussian

distribution. Unlike the TEM formulation, the STEM

formulation does not require that z be stratified in the

vertical. The STEM formulation can therefore be ap-

plied to variables z that are not monotonic such as the

equivalent potential temperature.

The STEM residual circulation was computed for DJF

and JJA using monthly and zonally averaged NCEP

data for z 5 u and z 5 ue. The dry and moist STEM

residual circulations were found to be in very good

agreement with exact calculations of the isentropic cir-

culations. The STEM residual circulations capture all of

the qualitative features of the isentropic circulations.

The error in the mass transport is less than 10% even

for the moist isentropic circulation.

The STEM formulation was subsequently used to

assess the relative roles of eddy sensible and latent heat

transport in the moist circulation. The eddy sensible heat

transport dominates in the midlatitudes, while the eddy

latent heat transport dominates in the subtropical re-

gions. The latent heat transport contribution accounts

for moisture transport by baroclinic eddies, which ex-

tract water vapor from the subtropics and deposit it in

the extratropics. The transport is associated with a pole-

ward flow of air at high ue that is balanced by an equa-

torward flow of air with low ue. During both DJF and

JJA the sensible heat transport dominates in the winter

hemisphere while the latent transport dominates in the

summer hemisphere. This is in contrast to the dry isen-

tropic circulation where the STEM eddy circulation in

the summer hemisphere during JJA is very weak.

The effective stratification introduced in Pauluis et al.

(2010) can be approximated under the STEM formu-

lation and is shown to involve both the vertical stratifi-

cation and the eddy variance. For the dry isentropic

circulation, the approximate effective stratification is

dominated by the vertical stratification, whereas for the

moist isentropic circulation it is dominated by the eddy

variance contribution. The approximate effective strati-

fication suggests that the midlatitude potential tempera-

ture vertical lapse rate is tied directly to the eddy-induced

fluctuations of equivalent potential temperature (i.e.,

the eddy variance) in the lower troposphere. This ap-

proximate relationship between the lapse rate and the

eddy variance in the midlatitudes is consistent with

Juckes (2001), who suggested that in the midlatitudes, the

potential temperature stratification is tied to horizontal

fluctuation of the equivalent potential temperature.

The STEM formulation can be viewed as a general-

ization of the TEM formulation. It was shown that if

z is stratified in the vertical, then the TEM circulation

can be obtained from the STEM formulation in the limit

of small eddy variance. The STEM offers two key ad-

vantages over the TEM. First, it does not require that

the new coordinate z be monotonic in the vertical and

can thus be applied for a wide range of variables such

as the equivalent potential temperature, which exhibits

a local extremum in the vertical. Second, it accounts

for the magnitude of fluctuations of the variable z. In

doing so, STEM avoids the problem of the infinite return

flow at the earth’s surface that often occurs in the TEM

formulation.

It is natural to wonder how it is possible to apply the

STEM formulation to nonmonotonic coordinates when

the TEM formulation fails to apply. First, the STEM

formulation transforms the mean meridional circulation

to a new coordinate z instead of keeping the vertical

pressure coordinate. For a nonmonotonic state variable

z, the transformation p/z 5 z(p) is well defined but its

inverse z / p is not. By deliberately computing the

streamfunction in terms of z and not p one avoids hav-

ing to perform an unsolvable inversion. This of course

comes with the caveat that the circulation involves

a nonmonotonic vertical coordinate and hence cannot

be everywhere interpreted as a vertical overturning flow.

Second, the TEM formulation, and in particular its in-

terpretation in terms of the generalized Lagrangian mean

formulation (Andrews and McIntyre 1978; McIntyre

1980), associates eddy fluctuations with vertical dis-

placement and replaces eddy transport by a vertical

overturning. This formulation breaks down near a local

minimum or maximum for z where small displacements

cannot produce the required fluctuations. As discussed

by Plumb and Ferrari (2005), the TEM formulation

cannot account for eddy transport in the direction or-

thogonal to the mean iso-z surfaces. In contrast, the

STEM directly accounts for the eddy fluctuations at

a given pressure level because it takes into account the

eddy variance. In effect, an extra dimension z is added

before averaging out the Eulerian coordinate. This

makes it possible to perform the coordinate trans-

formation even when the eddy fluctuations cannot be

re-expressed in terms of the old vertical coordinates by

removing the direct link between eddy fluctuations and

displacement.

Several issues remain open for future investigation.

First, the STEM formulation proposed here is purely

kinematic. Its derivation does not require any dynamical

information besides the eddy statistics. Connecting the

STEM residual circulation to the well-known Eliassen–

Palm (EP) flux is the subject of current research. More

generally, this requires gaining a better understanding

on the relationship between the isentropic mass trans-

port and the momentum transport. Second, the assump-

tion that the eddy statistics obey a Gaussian distribution
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needs to be further evaluated. While this assumption has

been shown here to capture most of the qualitative and

quantitative features of the isentropic circulations, the

formulation could be extended to accounting for higher-

order moment and different distributions. Different dis-

tributions may be required for different applications

such as the oceanic circulation. They may also provide

new insight into the contribution of extreme events,

which fall outside a Gaussian distribution, to the global

circulation.

The STEM approach offers a computationally effi-

cient and accurate method to obtain the global atmo-

spheric circulation on either dry or moist isentropes. As

such, the STEM circulations from different general cir-

culation models can be compared and used to identify

important differences between the modeled midlatitude

baroclinic eddies. Furthermore, systematic studies of the

global atmospheric circulation in isentropic coordinates,

such as that of Laliberté and Pauluis (2010), who ana-

lyzed simulations from the Intergovernmental Panel on

Climate Change Fourth Assessment Report (IPCC

AR4) model archive to quantify the effects of climate

change on the isentropic circulations, can provide new

insights into the variability of the earth’s climate. In

this context, implementing STEM as a standard di-

agnostic for climate models should make it possible to

both improve the ability of these models to capture the

dynamics of the storm tracks and to further assess the

variability of the global atmospheric circulation.
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APPENDIX A

Meridional Mass Transport Associated with
a Gaussian Distribution

Given the joint probability density function f(y, z) for

the meridional wind y and the state variable z at a fixed

pressure p and latitude f, the associated joint distri-

bution for the meridional mass transport per unit z and

unit p is

m(p, z, f) 5
2pa cosf

g

ð‘

2‘

yf (y, z) dy. (A1)

If the probability density function is a bivariate Gauss-

ian distribution—that is,

f (y, z) 5
1

2pjSj1/2
exp

�
2

1

2
(y9, z9)TS21(y9, z9)

�
, (A2)

where y9 5 y 2 y and z9 5 z 2 z are the departures from

the mean values y and z and S is the covariance matrix,

S 5
y92 y9z9

y9z9 z92

�����
����� (A3)

—then the probability density function can be rewritten

as the product of two Gaussian distributions:

f (y, z) 5
1

2pjSj1/2
exp

 
2

z92y92 2 2y9z9y9z91 y92z92

2jSj

!

5
z92

1/2

ffiffiffiffiffiffi
2p
p

jSj1/2
exp

"
2z92

2jSj

�
y9 2

y9z9

z92
z9

�2
#

1ffiffiffiffiffiffi
2p
p

z92
1/2

exp

 
2z92

2z92

!

5N y 1
y9z9

z92
z9,
jSj
z92

 !
N (z, z92), (A4)

where N (m, s2) denotes a Gaussian distribution with

mean m and variance s2. The first Gaussian distribution

on the right-hand side of (A4) corresponds to the

conditional probability density of y for a given value of

z. The second Gaussian on the right-hand side of (A4)

can be viewed as the probability density function for z

alone.

The joint distribution of meridional mass transport

per unit z and unit p can be obtained by substituting

(A4) into (A1); for example,
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m(p, z, f) 5
2pa cosf

g

ð‘

2‘

yN
 

y 1
y9z9

z92
z9,
jSj
z92

1/2

!
dy

" #
N (z, z92

1/2

)

5
2pa cosf

g

1ffiffiffiffiffiffi
2p
p

z92
1/2

y 1
y9z9

z92
(z 2 z)

" #
exp

"
2(z 2 z)2

2z92
1/2

#
, (A5)

which can be easily decomposed into Eulerian-mean

and eddy components:

mmean(p, z, f) 5
2pa cosf

g

yffiffiffiffiffiffi
2p
p

z92
1/2 exp

"
2(z 2 z)2

2z92

#
,

(A6a)

meddy(p, z, f) 5
2pa cosf

g

y9z9(z 2 z)ffiffiffiffiffiffi
2p
p

z92
3/2 exp

"
2(z 2 z)2

2z92

#
.

(A6b)

APPENDIX B

The Small Variance Limit of the STEM Formulation

Here we show that the STEM circulation converges to

the TEM circulation in the limit of small eddy variance.

We begin by assuming that the mean vertical profile z(p)

is monotonic, which ensures that the TEM circulation

is well defined at all levels. It also implies that z(p) has

a unique inverse p 5 z21(z). We consider the STEM

circulation for a constant eddy variance z92 and consider

the limit of the eddy variance going to zero (i.e., for

lim z92/0). Under these assumptions, the Eulerian-mean

component of the STEM streamfunction (9a) becomes

lim
z92/0

C
z,mean(z, f) 5 lim

z92/0

ðz

2‘

ð‘

0

2pa cosf

g

yffiffiffiffiffiffi
2p
p

z92
1/2 exp

"
2

(~z 2 z)2

2z92

#
d~p d~z

5

ð‘

0

2pa cosf

g
y lim

z9
2/0

ðz

2‘

1ffiffiffiffiffiffi
2p
p

z92
1/2

exp

"
2

(~z 2 z)2

2z92

#
d~z

)
d~p

(
(B1)

after changing the order of integration and moving the

limit inside the integral. The small variance limit of the

inner integral is

lim
z92/0

ðz

2‘

1ffiffiffiffiffiffi
2p
p

z92
1/2 exp

"
2

(~z 2 z)2

2z92

#
d~z

5

1 if ~z . z

1

2
if ~z 5 z

0 otherwise

.

8>>><
>>>:

(B2)

If the function z(p) increases monotonically then this

limit converges (in the weak sense) to the Heaviside step

function H(p 2 ~p) and hence (B1) becomes

lim
z9

2/0
C

z,mean(z, f) 5

ð‘

0

2pa cosf

g
yH(p 2 ~p) d~p

5

ðp

0

2pa cosf

g
y d~p 5 Cp,mean(p, f),

(B3)

where Cp,mean is the mean meridional circulation aver-

aged in pressure coordinates, which is evaluated at the

pressure p such that z(p) 5 z. If z(p) decreases mono-

tonically, then the limit (B2) is equal to the Heavisde

step function H( ~p 2 p) and the integral (B1) is equal to

2Cp,mean(p, f).

The small variance limit can also be applied to

the eddy component of the STEM circulation (9b) to

obtain

lim
z9

2/0

C
z,eddy(z, f) 5 lim

z9
2/0

ðz

2‘

ð‘

0

2pa cosf

g

y9z9ffiffiffiffiffiffi
2p
p

z92
3/2 (~z 2 z) exp

"
2

(~z 2 z)2

2z92

#
d~p d~z: (B4)

1780 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 68



After integration by parts, the inner integral becomes

ð‘

0

y9z9ffiffiffiffiffiffi
2p
p

z92
3/2(

~z 2 z) exp

"
2

(~z 2 z)2

2z92

#
d~p 5

ð‘

0

�
dz

d~p

�21

y9z9
dz

d~p

(~z 2 z)ffiffiffiffiffiffi
2p
p

z92
3/2 exp

"
2

(~z 2 z)2

2z92

#)
d~p

(

5
1

g

�
dz

d~p

�21

y9z9
1ffiffiffiffiffiffi

2p
p

z92
1/2

exp

"
2

(~z 2 z)2

2z92

#( )~p5‘

~p50

2

ð‘

0

d

d~p

"�
dz

d~p

�21

y9z9

#
1ffiffiffiffiffiffi

2p
p

z92
1/2

exp

"
2

(~z2z)2

2z92

#
d~p. (B5)

Upon inserting (B5) into (B4), we obtain

lim
z9

2/0

C
z,eddy(z, f) 5 2

"
2pa cosf

g

�
dz

d~p

�21

y9z9(0)

#*
lim

z9
2/0

ðz

2‘

1ffiffiffiffiffiffi
2p
p

z92
1/2

exp 2
[z 2 z(0)]2

2z92

)
d~z

+(

1

"
2pa cosf

g

�
dz

d~p

�21

y9z9(‘)

#*
lim

z92/0

ðz

2‘

1ffiffiffiffiffiffi
2p
p

z92
1/2 exp 2

[z 2 z(‘)]2

2z92

)
dz

+(

2

ð‘

0

2pa cosf

g

d

d~p

"�
dz

d~p

�21

y9z9

#
lim

z92/0

ðz

2‘

1ffiffiffiffiffiffi
2p
p

z92
1/2 exp

"
2

(z 2 z)2

2z92

#
dz

)
d~p.

(
(B6)

Upon replacing the limit by (B2) we obtain, for a uni-

formly increasing z(p),

lim
z92/0

C
z,eddy(z, f) 5 2

2pa cosf

g

�
dz

dp

�21

y9z9(0)

2

ðp

0

2pa cosf

g

d

d~p

"�
dz

d~p

�21

y9z9

#
d~p

5 2
2pa cosf

g

�
dz

dp

�21

y9z9(p) 5 Cp,eddy

(B7)

and, for a decreasing z(p),

lim
z92/0

C
z,eddy(z, f) 5

2pa cosf

g

�
dz

dp

�21

y9z9(‘)

2

ð‘

p

2pa cosf

g

d

d~p

"�
dz

d~p

�21

y9z9

#
d~p

5 2
2pa cosf

g

����dz

dp

����21

y9z9(p) 5 2Cp,eddy,

(B8)

where Cp,eddy is exactly the eddy component of the TEM

circulation.

APPENDIX C

Total Mass Transport and Effective Stratification for
an Idealized Atmosphere

Consider an idealized atmosphere with a constant

eddy variance z92 and eddy transport y9z9 between p 5

p0 2 DP and p 5 p0 and zero elsewhere, with a con-

stant mean stratification ›z/›p. The layer thickness mea-

sured in z coordinates is given by DZ 5 j›z/›pjDP.

The corresponding eddy z transport in this region is

given by

F
z

5

ðp
0

p
0
2DP

2pa cosf

g
y9z9 d~p 5

2pa cosf

g
y9z9DP. (C1)

The eddy contribution to the STEM circulation is

given by (9b) and because of the symmetry of the in-

tegral it maximizes in the middle of the layer where

zm 5 z(p0 2 DP/2); that is,
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C
z,eddy(zm) 5

ð p
0

p
0
2DP

ðz
m

2‘

2pa cosf

g

y9z9[~z 2 z( ~p)]ffiffiffiffiffiffi
2p
p

z92
3/2 exp

2[~z 2 z(~p)]2

2z92

)
d~z d~p

(

5

ðDP/2

2DP/2

ð0

2‘

2pa cosf

g

y9z9ffiffiffiffiffiffi
2p
p

z92
3/2

�
ẑ 1 zm 2 z

�
DP

2
1 p̂

��
exp

2

�
ẑ 1 zm2 z

DP

2
1 p̂

� ��2
2z92

9>=
>; dẑ dp̂

8><
>:

5

ðDP/2

2DP/2

ð0

2‘

2pa cosf

g

y9z9ffiffiffiffiffiffi
2p
p

z92
3/2

�
ẑ 2

›z

›p
p̂

�
exp

2 ẑ 2
›z

›p
p̂

� �2

2z92

2
6664

3
7775dẑ dp̂

5 2

ðDP/2

2DP/2

2pa cosf

g

y9z9ffiffiffiffiffiffi
2p
p

z92
1/2

exp

2

�
›z

›p
p̂

�2

2z92

2
6664

3
7775dp̂, (C2)

where the second and third lines are obtained after per-

forming the change of variables p̂ 5 ~p 2 (p0 2 DP/2) and

ẑ 5 ~z 2 zm and the last line is to be obtained through direct

integration. Upon setting p* 5 (›z/›p)p̂/z92
1/2

, we obtain

C
z,eddy(zm) 5 2

2pa cosf

g

����›z

›p

����21

y9z9

ðDP*/2

2DP*/2

1ffiffiffiffiffiffi
2p
p exp

�
2p*2

2

�
dp*

5 2
2pa cosf

g

����›z

›p

����21

y9z9

ðDP*/2

0

ffiffiffiffiffi
2

p

r
exp

�
2p*2

2

�
dp* 5 2

2pa cosf

g

����›z

›p

����21

y9z9erf

 ffiffiffi
2
p

4
DP*

!
, (C3)

where DP* 5 DZ/z92
1/2

. Finally, the effective stratifica-

tion (17) is

Dz 5
F

z

C
z,eddy(zm)

5 DP

����›z

›p

����
"

erf

ffiffiffi
2
p

4
DP*

#21

.

! 
(C4)
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