
Problem Set 4 (due May 4)

April 20, 2016

1. Show that CAT(0) spaces have the approximate midpoint property.

That is, if X is CAT(0) and x, y ∈ X are points such that r = d(x, y) >
0, then for any ε, there is a δ such that if d(z, x) ≤ r

2 + δ and d(z, y) ≤
r
2 + δ, then d(z,m) ≤ ε, where m is the midpoint of x and y.

2. Let X be a complete CAT(0) space and let y1, . . . , yn ∈ X. Show

that the function σ(x) =
∑

i d(x, yi)2 has a unique minimum. (This

is called the barycenter of {y1, . . . , yn}, and it can be used to provide

another proof that any isometry with a �nite orbit has a �xed point.)

3. Suppose that M is a compact, complete manifold with negative sec-

tional curvature.

� Let M̃ be the universal cover of M . Show that every element of

π1(M) acts on M̃ by a hyperbolic isometry.

� Show that there is a unique closed geodesic (up to reparametriza-

tion) in each nontrivial free homotopy class of M .

� Show that for all L > 0, there are only �nitely many closed

geodesics in M with length less than L.

4. Prove that any complete CAT(0) Riemannian manifold is a simply-

connected manifold with nonpositive sectional curvature.
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