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Iterative solution of (symmetric) linear systems

Target problems: very large (n = 105,106, ...), A is usually sparse
and has specific properties.
To solve

Ax =0

we construct a sequence

r1,T9,...

of iterates that converges as fast as possible to the solution x,
where 11 can be computed from {x1,...,xx} with as little cost
as possible (e.g., one matrix-vector multiplication).
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Iterative solution of (symmetric) linear systems
hxh .
Let Q be invertible, then Qel } favakble
Az =b< Q'(b— Ax) =0
sI-Q 'Azx+Q 'b==x
SGxt+c=x

Fiud poid mdled: | x,, = Gxtc \

=01,
Kol inikakiaien
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Iterative solution of (symmetric) linear systems

Theorem: The fixed point method 1 = Gy + ¢ with an
invertible G converges for each starting point x,, if and only if

p(G) <1,

where p(QG) is the largest eigenvalue of G (i.e., the spectral
radius). I
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Iterative solution of (symmetric) linear systems

Choices for Q:
» Choose Q = I...Richardson method

G=T-d'A= T-1, Xy ™ ¥~ A b
hopd, 9GE) = CT-A) = o F1Am O, | hnaltl]
— §<Q><[ rg, AMC€D<L

For more choices, consider A = L 4+ D + U, where D is diagonal,
L and U are lower and upper triangular with zero diagonal.
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Iterative solution of (symmetric) linear systems
A=L+D+U
» Choose Q = D ... Jacobi method
G=T eLA - IT-TaA=T-D (o) =

[ o =D (D™ 3‘1 - —F'w)

Theorem: The Jacobi method converges for any starting point x,
to the solution of Ax = b if A is strictly diagonal dominant, i.e.,

|ai| > Z laijl, fori=1,...,n.
J#i

Ted:  9(0) = g(mu@) ‘QLJ«RB o™=
— max z QW’ ene A1 thdly

1 /Aq—( [qlc\ O{AW don- .
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Iterative solution of (symmetric) linear systems

A=L+D+U
» Choose Q = D + L ... Gauss-Seidel method
G~ T-dA= T- (fDJ(L} A=T- @+L5 CL@*U)

\ Y= O U e @4 b - @0

Theorem: The Gauss-Seidel method converges for any starting
point x, if A is spd.



Iterative solution of (symmetric) linear systems

Relaxation methods: Use linear combination between new and
revious iterate: N\ T
P G- wGt (- T

i1 = w(Gzg +¢) + (1 —w)x, = Gz + we,

where w € [0, 1] is a damping/relaxation parameter (sometimes,
w > 1 is used, leading to overrelaxation). Target is to choose w
such that p(G,,) is as small as possible.
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Iterative solution of (symmetric) linear systems

Def: A fixed point method x11 = Gz + ¢ with G = G(A) is
called symmetrizable if for any spd matrix A, I — G is similar to an

spd matrix.  Tha) 18 3 We ™ fvehle sudd fol
W (E-6)w' y3 spd.
Ex amgla : Riduord g0 G=T-A 5 T-g =

Uam\m Q=T -D A W+ "':D

Dir-6)F= F //mm THD o
- o $ & sl
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Iterative solution of (symmetric) linear systems

Let the fixed point method be symmetrizable, and A an spd
matrix. Then all eigenvalue®of G are real and less than 1.

Pro: makled s Sa«m\x&o.\}m = T-G i sk on
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Iterative solution of (symmetric) linear systems

Finding the optimal damping parameter:
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Iterative solution of (symmetric) linear systems

Krylov methods:
Idea: Build a basis for the Krylov subspace {rg, Arg, A%rg...}
and reduce residual optimally in that space.

» spd matrices: Conjugate gradient (CG) method
» symmetric matrices: Minimal residual method (MINRES)

» general matrices: Generalized residual method (GMRES),
BiCG, BiCGSTAB
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Iterative solution of (symmetric) linear systems

Krylov methods:
Idea: Build a basis for the Krylov subspace {rg, Arg, A%rg...}
and reduce residual optimally in that space.

» spd matrices: Conjugate gradient (CG) method
» symmetric matrices: Minimal residual method (MINRES)

» general matrices: Generalized residual method (GMRES),
BiCG, BiCGSTAB

Properties:

Do not require eigenvalue estimates; require usually one
matrix-vector multiplication per iteration; convergence depends on
eigenvalue structure of matrix (clustering of eigenvalues aids
convergence). Availability of a good preconditioner is often
important. Some methods require storage of iteration vectors.
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