Chapter 6

Non-gradient systems

6.1 Two color system

Let us look at the situation where there are two types of particles. Type 1 and type 2.
d
The state space is Qy = {0,1,2}¥°. We define

Ci(z) = 1 if there is a type 1 particle at = and 0 otherwise

C2(z) = 1 if there is a type 2 particle at = and 0 otherwise

n(xz) = ¢ (x) + C2(x) = 1 if there is a particle at = and 0 otherwise
(
(

n(z) = 0 if there is no particle at z

z) = {Q(2), G2(2)}

We have three empirical measures

A1(s, du) Ndz5 C1(s,x)
Aa(s, du) Nd25 Ca(s,x)
A(s, du) NdZ(S n(s,x)
A(s, du) = (s, du) + Aa(s, du)

The evolution is specified by the generator of the Markov process quite similar to the old
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86 CHAPTER 6. NON-GRADIENT SYSTEMS

one of a single type.

(N?ANF)(C:G) = N? Y wly — 2)n(@)(1 = n(y)[F(C) = F(Q)]

ngZ%

N2
=5 Y Y= D), (QIFE™) = F(Q)

ngZ%

where
azy(C) = () (1 —n(y)) +ny)(1 —n(z))

azy(C) is either 0 or 1, and when it is 1, one of the two sites is empty and a jump from z
to y or y to x can occur with equal rate m(y — x).

The particles evolve as before and are not affected by their type. But we keep track
of their type. Let k1 = k1(IN), k2 = ko(N) and k(N) = ki1 (N) + ko(N) be respectively
the number of particles of type 1, type 2 and of either type. If k(N) < N?% — 1, i.e if
there is at least one empty site, then the only invariant distribution for the Markov process
is the uniform distribution py , (v, (v) Over all possible configurations. In the limit,
assuming k,(N)N~—¢ — p, for r = 1,2 one has a product measure Hpi.pss With each site
having independently a particle of type 1 with probability pi, type 2 with probability ps
and being empty with probability 1 — p where p = p1 + p2. The situation with p =1 is the
other extreme, where there is no movement and every configuration is static..

There are Dirichlet forms associated with these processes given by

(AN S Dt = Do) = 10002 [ 5 0Oty — D)~ SO

ngZ%

and the similar form

D) = 1277 | 3 any(Qomty = l1(6) = FOF]

z,yeZ4
on Z2.

We can also consider our process in a box B, of size (2¢ + 1)¢ without assuming a
periodic boundary. Jumping outside the box is not allowed. In this case a minimal number
ngp, that depends only on 7(+), of empty sites are needed to ensure uniqueness of the uniform
distribution pig , k, as the only invariant distribution. If w(+e;) > 0 for all 4, then ng can
be taken to be 1. The operator and the Dirichlet form look identical except z,y are now
restricted to B,.
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We take two smooth test functions J m(u) and J® (u) on the torus 7¢ and consider

Fa) gy (¢ Nd PREA )+ JC ( )Ca()]

meZd

Next we compute (N2.ANFJ(1)7J(2))(C) as

2—d Y 1) * 2 Y 2) L
N ty=a) 6@ () -II+GA-n ()-I ]
and can approximate it, using the symmetry of 7(z) by

Nl—d
2

Y wly =) (@)1 = ny)(vI" )(N) +vJ¢ )(N)) (y— )

x?y

+ G(2)(1 —n(y ))(VJ(Q)(N) +VJ© )(N)) (y — )]

7 2 I(VID)(5) - £1(m0) + (VI (1) - £2(7:0)]

T

where for r = 1,2

£ (¢) = %ZW(Z) <z > [G(0)(1 =n(2)) — G (2)(1 = n(0))]

The factor N is a problem which will not go away. Can not do a summation by parts to
bring in the second difference. f} and f? are not gradients. Note that their sum

£l 42 = %Z (2) < z,ei > [0(0)(1 —n(2)) — n(z)(1 —n(0))]
== Z ) < z,e; > [n(0) —n(z)]
— Z ) < z,e; > [n(0) — (1.1)(0)]

is a ”gradient” that allows another summation by parts to get rid of the unwelcome factor
of an extra NN when there is only one type of particle.

The expectations of f} and f? in any equilibrium py.p, are easily calculated and equal
0. We need to understand this combination of large N and currents f that are small on
the average. We will determine constants {c:;,} with 7/ = 1,2 and 1 < 4,5 < d, (that
are actually functions of pq, p2) such that

£+ ZCZ] [ ( ej =G (0)] = wy
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and {w] } are negligible. The sense in which they are negligible has to be specified. Unlike
in the gradient case they will become negligible only when integrated over time. The
context will be relative to process in equilibrium under the measure p,, ,,. This makes the

constants c " functions of 01, p2. We can now do another summation by parts, get rid of

the extra N , replacing {N((;.(ej) — ¢.(0))} by 3 ap ==. We end up with a weak formulation

5, Ipy
EZ:(JTHOT - _Z JT?Z p17p2) al;] > =0

r! Z,]

of the elliptic system

opy dp,
p_ Z@u Pﬂz)a—pj

T 727-] ‘]

6.2 Approximations.

There are three versions of our basic simple exclusion process with two colors. On all of
Z4%, on Zﬁl\,, with periodic, or reflecting boundary conditions. Their generators are

(AN = D> n@)d —n@)mly — 2)[F(C™Y) = F(Q)]

x,y€Z4
(ANHQ = D n@) @ =)y — 2)[f(Y) = F(O)]
x,yelﬁl\,

In a finite box B, = [—q,q]? of size (2¢ + 1)¢, with reflecting boundary conditions, the
generator will be

AR = D n@)@=n)rly—)f(™Y) - fQ)]
|||yl <q
We have the three Dirichlet forms.

D) = 380 | 3 anyOnla)luc) ~ u(c)?]

x,yE€Z4

D) = 18512 3 anyOrta)ul6™) — u(e)?]

gc,yeZ‘Ji\,

D) = B4 | 3y Omlaa)luc™) - o)

|zl,lyl<q
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We have three types of local functions all having the common property that they have
mean 0 under every i, ,,. The first type consists of functions f = Au for some local
function u. As u varies, we get a large family N of local functions {f}. The second family
of ”currents” consists of 2d functions {f?}, given by

1

HOES Y m(z) <z > [G(0)(1 = n(2)) = ¢ (2)(1 = n(0))]

_ % S w(z) < 2> a0 Q)6 (0) — Gr(2)]

where az,(¢) = n(z)(1 — n(y)) + n(y)(1 — n(z)). Both families have the property that
their expectation is 0, under every invariant distribution in every sufficiently large box. If
u is defined in a box then Awu has zero mean with respect to any invariant distribution in
any box B, provided Aju = Au. Finally we have the 2d microscopic ”density gradients”
d] = {¢(ei) — ((0)}. The first type will be "negligible”. The goal is to express the
”currents” as a linear combination of the third type, ”density gradients” modulo the first
type that are "negligible”. The density gradients are a bit more difficult to handle because,
their expectation is not 0 if the density is 1. There will be problems when p is close to 1.
But the basic object we want to approximate is 0 if the density is 1, so there is a natural
cutoff when p is c;use to 1.

We consider a function of the form f = Au = Aynu where u is a local function. Let
Ui = Ezez% u(r¢) and F(¢) = erzf\, f(1:¢). In the speeded up time scale with
generator N2A,

2 t
1 | FCs = 35060) = UC0)] - Mxtr)

The quadratic variation of the martingale term My (t) is of the order N¢ x N2 x N2 =
N2=4_ More over ﬁ[U(C(t)) —U(¢(0))] is uniformly bounded. Therefore
e 1 2
1 | IVFICC) s = (0 + gk (0)

where |g}(t)] < % and ¢% is a Martingale with jumps of size N —(@+1) with quadratic
variation tN~%. This makes them ”negligible”.

6.3 How do we proceed and what do we need?

For any smooth function A we need to be able to replace

S
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by
v [1T A% W) Sl Gt (51, Co e () [ ety e ()Gt ey v (5)) s
:L‘EZd
with an error that becomes negligible as N — oo followed by ¢,¢ — 0. That would lead to

5 [ A S s, e s c65) = s e s
Td €

7]

where
1

prols) = o [ (s
(26,)d |[v—u|<ée!

C_r,m,Ne’ = ! Z CT($)

Nd
(2N¢€) oSN

and

As €, e — 0 this becomes
L[ r,r’ 8p7"(37 u)
3 ) LA S sty

If we consider a family of local function v(p1,p2,¢) and f(p1,pe2,:) = Av(p1,p2,-)
depending smoothly on pi, ps

Nd/ Z Nf TSEClNE ( ) C1N5/7TZ‘C( ))

eZd

= W > w(raCine (), C1nves T2C(1) = v(72Cine (0), C1vers 72C(0)] + My (t) + o(1)

d
TE€LY;

is negligible. We need to show

inf hmsuphmsup logENkl(N) k2 (N) [exp N/ On(f,{(s))ds]] =0

“550) €,e/— N—oo

where

Z A fr TmC) f(Tgcgl,Ne’y TxEZNe’a TmC) + T(TmC_I,Ne’a Tm<72,Ne’Tx<)]

xEZd

Z A 0(72,C

meZd
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and

_ B 1 _
T(Cl,Ne’: C2,Ne Z CZ g T:(:Cl Ne' 7TZ‘C2 N¢/ ) [7—:(:—i-NEeJ Cr’ N¢/ Tx—Neej-Cr’,Ne’]

By the use of the variational formula and Feynman-Kac representation
1 t
N loE BV el [ 6(£.¢())ds)
0

< AN sup [ NE R [0 (1,06 - N*D(G)]
G

= tN?>~gup [N_IE“N’I“”“2 [GN(fa C)G2] - DN(G)]
G

~ tN_d<@N(f7 C)) ®N(f7 C)>CLT

= tN—¢ sgp [E’““’“bk? [On(f,¢)G] — éDN(G)}

If we have an expression of the form

EMNkk: [ Z H(1,¢)] — Dn(G)

d
TELY,

to estimate, and if H(7,() allows us to do an integration by parts, i.e is made up of
antisymmetric pieces we can rewrite the above expression as

st 3 [Hyy(¢P) = Hyy(Q)IG(Gay) — GQ)] — DN (G)

m,yEZ‘fV

Both sides can be localized by breaking them up into sums over Bi. One can replace
densities over small macroscopic blocks by densities over large microscopic blocks. The
problems with p; + p2 ~ 1 has to be handled. The Dirichlet form Dy can be thought of

s (2k + 1)~ erzf\, D%k. The problem can now be reduced to estimating the quantity

(after trimming the edges!)

Ak, f) = sup [E“[ > IE (120) Zc [Gr(z+e1) = Gr(e)] = (70| =D gy 4y (G)

z€By

with f = Au for a local function u, and showing that with the proper choice of constants
C:”; (Pl:PZ)y
inf limsup (2k 4+ 1)"9A(k, f) = 0

u k— o0
(2k+1) = 8kr—pr
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6.4 Calculating variances.

Given two local functions g1, g2 depending on configurations in a box B, and having mean
0 under every invariant distribution py i, i, in By under A7, we try to define an inner
product [g1, g2]p,,p, I two steps.

< 91,92 >k k= M E“’”‘l k2 [/ > gi(ml(s dS/ > ga(ml(s }

|z|<k—q lz|<k—q

[917 gQ]pl,pz = hm (Qk + 1)_d < 01,92 >k,k1,k2

kr (2k+1) d%p’,«

We will construct, for each p1, p2 with p1 + p2 < 1, a Hilbert space H = H,, ,, and a
map g — ¢ = o(g) that imbeds linear combinations g = Au+ ), - crfA + +>.,.C »Cidj with
inner product [g1, g2]p,,p, isometrically into H,, ,, with inner product ((,))- It will turn
out that o(Au) L o(d), and H is spanned by them. Then the approximation is basically
a projection.

H will be a subspace of maps § : Z¢ — {0} — La[u, ,] with inner product
({91, 92)) = —E“Pl ez ZGOZ 2)01(2,€)g2(2, ¢)]

If f=Au = Agu for some local u depending on B, since A is linear and translation

AU um) = Y f(mQ)

lz|<k—q |z|<k—q

invariant,

and

(F Flkuske = 2Dn (Y (7))

|z|<k—q

It is now easy to calculate the limit as k — oo, if Au; = f; and for r = 1,2 (2k+ 1)k, — p,
[f1; folpipe = —E“” 72| ZGOZ FH 02201 = ((fi, f2))

where for i = 1,2 N . .
Fi(2,0 =U'(¢™) - U'(Q)
and

U'(Q) = ) u(r)

x€Z4
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Although U? are not well defined, ffcy = U(¢™¥) —U!(() are well defined and satisfy linear

identities. f;y(C) are covariant, i.e. f;ﬁ,yﬁ(C) = A;:,7y(7'z<). If {o;} are permutations of

the form z <> x + ¢; for some i, and o109 --- 0 = Id, then with 0; = z <> = + e, for
some e = e4(;)
k k
= Ulojoj1--010) = U'(gj_1--01() = Z 25 ateaq (Ti-1 01C)
j=1 i=1

The Hilbert space H consists of all such maps hg .(¢) such that hy ,(¢) = hoy—z(72C)
satisfy these linear identities, with inner product

(. ha)) s = 5 P17 {Zaoz (2, Oz o}

and Ho C H is the closure of the span of f as f ranges over V. We need to consider two
families of functions that are not in N. {f/'} and (.(e;) — ¢-(0), with 7 equal to 1 or 2
and 1 <7 < d. We will show that they can be imbedded in H as well. Imbedding f" is
relatively easy. We can take

= Z <x,e > G(x)

By
A calculation of ALV;" yields
(AZVI)( Z C(z nyr(y —x) <y—z,e >~ Z £ (1:¢)
7y€Zk T

the error coming entirely from boundary terms. They can be controlled and become neg-
ligible for large k. Therefore

o(f)(2,¢) = V7 (¢"*) = VI (¢) =< 2z e > [G+(0) — G (2)]

While we defer saying anything about o(d]) till later we can compute its inner product in
H with objects in H and o(f]).

< 156 (€) =G (0) > hy= —2EM kb2 [ > u(n Ol Y (Grlate)—Ge(x))]] = Ok

|z|<k—q |z|<k—1

The summation 2, <_1(Gr(z + €;) — ¢ (2)) telescopes, pug ki, is almost a product
measure and v is local. Therefore only the boundary contributes. This proves that o(f) L
o(f) for all f = Au,ie. o(f) L Ho.

We next compute the inner product, ((o(f]), O'(d;l)>> p1.pa- We can compute it as



94 CHAPTER 6. NON-GRADIENT SYSTEMS

(o (£]), U(dg )>>p1,p2
=2 lim ﬁE’“‘ ke Z <x,e > G Z G () — Z G ()]

(2k+1)~Ckyr—pr =k,|z|<k ri=—k,|z|<k
- _2[5r,r’pr - prpr’]
We next do a calculation. With fy . = U(¢%#) — U(¢) and U(¢) = erz;{, (1),

inf %E”pl’” [> " a0:(On(2)[< 2w > (a1(Ci(2) = G(0)) + aa(Ga(2) = C2(0)) — fo,-(O))]

= (w, S(p)w){a, Rya) + (w, Dw){a, Rya)

P_% __pP1p2

R — P P

! _pip2 é)
P P

1—
- pi=E f p1p2tE
= - 1
Plp27 P% pp)
Because the semigroup leaves the class expressions linear in (7, (s with coefficients that are
functions of 7 invariant, we can restrict u(¢) to functions of the form > (i(z)i1(mn) +
Co(x)ha(12m). Tt better to choose instead of (y,(2 the combinations n = (4 + (2 and

X = p—p?Cl — %Cg that are orthogonal. 1,19 do not depend on 7(0). In terms of y and 7,
using the orthogonality the variational problem reduces to

where

and

(w, Dw){a, Rya) + iﬁf %E“le [Z p(2)ao.z[(z, w)(x(z) — — D% Z x(x)(m2m)]

The second term is simplified to give

P2 ar — aa)inf B3 p(=) (1 = (=) [(2, w) = ¢(Tem) + (o T2y~ ) — vl

= (w, S(p)w)(a, R1a)
The variational formula for S(p) is easily checked by doing the variation explicitly.

The last calculation is to show that o(f]) + > Iy c;‘.’;‘,a(d;/) € Ho for a suitable choice
of c;’:, and determine them. If we denote the projections of o(f]) in the orthogonal com-

plement of Hy by f;” then we know that

- L& o PrPr! 1-p
AL (p) = 5<(f[ D)) =85 (0) (b — = pr ) + Dijprpr ,
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we also know

1, 5 o 1 - _
S d)) = SUo(E). 7)) = ~[0rsrpr = prow] = =

2
By elementary calculation
C = Ayx
Where
A=SQOR +1® Ry
and

_|_

1 1 1
— + —— ——
_ 1 1— 1—
x=\" 1" 1 >\
1—p p2 | 1-p



