


















1.4 Equipartition Theorem

Equipartition Theorem:
If the dynamics of the system is described by the Hamiltonian:

H = Aζ2 +H 0

where ζ is one of the general coordinates q1, p1, · · · , q3N , p3N , and H 0 and A are independent
of ζ, then 

Aζ2
®
=
1

2
kBT

where hi is the thermal average, i.e., the average over the Gibbs measure e−βH .
This result can be easily seen by the following calculation:
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¸
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1

2
kBT

where dζ [dpdq] = d3Nqd3Np, i.e., [dpdq] stands for the phase-space volumn element without
dζ.

Note that if
H =

X
Aip

2
i +

X
Biq

2
i

where there are total M terms in these sums and Ai and Bi are constant, independent of
{pi, qi} , then

hHi =
µ
1

2
kBT

¶
M

i.e., each quadratic component of the Hamiltonian shares 1
2
kBT of the total energy. For

example, the Hamiltonian for interacting gas particles is

H =
X
i

p2i
2m

+
X
ij

U (ri − rj)
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where U (ri − rj) is the potential energy between any two particles. The equipartition theo-
rem tells us that the average kinetic energy is 3

2
kBT for every particle (since there are three

translational degrees of freedom for each particle). Furthermore, for an ideal gas, i.e. gas
particles do not interact, we have the average total energy

U =
3

2
kBTN

where N is the total number of particles. Then, the specific heat for this system is

CV ≡
µ
∂U

∂T

¶
V

=
∂

∂T

µ
3

2
kBTN

¶
=

3

2
kBN
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