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Abstract. This paper provides a rigorous, self contained analysis of the intermittent
behavior of turbulent diffusion models with a mean gradient. The intermittency can be
described as large spikes randomly occurring in the time sequence of a passive tracer or
exponential like fat tails in the probability density function. This type of passive tracer
intermittency is subtle and occurs without any positive Lyapunov exponents in the system.
Observations of such passive tracers in nature also show such intermittency. By exploiting
an intrinsic conditional Gaussian structure, the enormous fluctuation in conditional variance
of the passive tracer is found to be the source of intermittency in these models. An intuitive
physical interpretation of such enormous fluctuation can be described through the random
resonance between Fourier modes of the turbulent velocity field and the passive tracer. This
intuition can be rigorously proved in a long time slow varying limit, where the limiting
distribution of the passive tracer is computed through an integral formula. This leads to
rigorous predictions of various types of intermittency. Numerical experiments are conducted
in different dynamical regimes to verify and supplement all the theoretical results. All the
proofs in this paper are elementary and essentially self contained.
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1. Introduction

Turbulent diffusion is the transportation of the mass of a substance, also called a passive
tracer, through the joint effect of turbulence advection and diffusion. Its application ranges
from the spread of hazardous plumes and mixing properties of turbulent combustion, to
the dynamics of anthropogenic gas in climate change science [1, 2, 3]. There is often
additional uniform damping in many applications in environmental science. The physical
law of turbulent diffusion can be described through the dynamics of a passive tracer:

o1,

E‘FU-VT: —dTTt—i-IiAT, (1.1)
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where £ > 0 is molecular diffusion and the turbulence flow ' is assumed to be incompressible.
Statistical properties of solutions of (1.1) such as their energy spectrum, probability density
of Ti(xz) (PDF) and spatial covariance, cov(T;(x), T;(y)), are all critical physical quantities
of the underlying turbulent flow v [4, 5].

One key feature of turbulent diffusion with a mean background gradient is its
intermittency. This can be described by large spikes randomly occurring in the time sequence
of Tiy(z), or an exponential like heavy tail in the probability density. These phenomena
are observed through laboratory observations such as classical Rayleigh-Benard convection
experiments [6, 7, 8], observation data of the atmosphere [3] and numerical simulations of
judiciously chosen idealized models [4, 9, 10, 11, 12, 5]. On the other hand, intermittency
generally exists in various turbulence models [13, 14, 12, 15, 16, 17]. It is extremely
important to understand intermittency, since such extreme events are crucial in many areas
of environmental science as well as other disciplines. However, the rigorous study of the
mechanisms behind intermittency is challenging.

This paper aims to give a simple but rigorous explanation of the source of intermittency
in turbulent diffusion models with a mean gradient. In these models the two dimensional
incompressible velocity field ¢ is assumed to consist of a zonal cross sweep and a meridional
random shear flow:

Up(z,y) = (ug, v(x,t)).

The passive tracer field is assumed to have a background mean gradient:
Ty(x,y) = T{(x) + ay.

Previous works [18, 19, 9, 10, 20, 5] have shown that this simplification preserves key
features for various inertial range statistics of turbulent diffusion, including the intermittent
phenomena described above. On the other hand, this simplification produces explicit
formulations for the solutions which will be very convenient to apply stochastic analysis
tools.

One important feature that will be repeatedly exploited in this paper is that the tracer
field T}(z) is conditionally Gaussian given the realization of the cross sweep wus<;. This
will be derived carefully in Section 3.2 as Proposition 3.2. In other words, the conditional
distribution of T{(x) can be written as N (0, X(us<;)). Using the law of total expectation, the
PDF of T} (z) can be formally computed through a path based integral, and will be a Gaussian
mixture of different variances. The key point here is the conditional variance ¥ (us<;) is a
random variable that has enormous fluctuation, with peak value often being around 100
times the magnitude of its mean. This implies that the occasional realization of u,<, that
maximizes X(us<;), will likely produces a spike in 7}(x) of 10 times the size of standard
deviation, which is nearly impossible in a Gaussian prediction. Moreover, this enormous
conditional variance dictates the tail of T} (z)’s distribution, which will be exponential like in
the tail of 1072-107° range. This fits very well with the intermittent phenomenon described
above.
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A deeper question that naturally follows is when and why does the conditional variance
reach its peak. By analyzing the integral formula, one possible cause is found as the hidden
random resonance between Fourier modes of the shear flow v and passive tracer field T'. This
can be described as the moment when the imaginary phase speed of v and T are equal. In
Section 4, this intuitive mechanism is rigorously proved in a long time slow varying limit of
the original model, with the limiting conditional variance being a simple explicit function of
us. With this explicit result, simple intuition can be developed on the cross sweep’s effect
over passive tracer T', while the PDF can be computed through a simple quadrature.

The remainder of this paper will be organized as follow. Section 2 formulates the
turbulent diffusion model and its special solutions. Section 3 presents the fundamental
properties of the turbulent diffusion models with detailed derivation and explanation,
including geometric ergodicity and rigorous general bounds hinting at intermittency. In
Section 4, the long time slow varying limit of turbulent diffusion models are presented with
rigorous proof of the connection with intermittent random resonances. Numerical simulations
with different dynamical regimes are conducted in Section 5 verifying previous mathematical
claims and enhancing the intuition. Generalizations to general non-Gaussian cross sweeps
and infinitely many Fourier modes are made in Section 6. A summary and discussion of our
results is the final section of this paper. In order to maintain the focus of our discussion,
some straightforward parts of the proofs are relegated to the Appendix.

2. Turbulent diffusion models with mean gradient formulation

In this paper, we assume the velocity field ¢ is a special incompressible flow given by a
stochastic zonal cross sweep and a meridional shear flow:

v(x,t) = (ug, v(x,t)).

We decompose the cross sweep u; into its mean @ and fluctuation: u, = u+U,. For simplicity,
U, is modeled as a mean zero Ornstein-Uhlenbeck (O.U.) process, with dynamics that reads:

dU; = —ypUdt + opdWs,

Here W, is a standard real Wiener process. In Section 6.1, we will relax this O.U. formulation
to general diffusion processes, but until then we will focus on this simple setting. The
dynamics for the shear flow v can be described through a general formulation:

v 0 0 0 :
5= UtR1<%)U+R2 (%)v—% <%)U+Wv(x,t). (2.1)

Here #, is a positive definite linear operator that represents damping and dissipation. Ry, R
are linear operators that represent the internal effect of U; upon v; such as advection. They
are defined through their image on the Fourier modes:

8 ; . ikx a ikx . ikx a ikx ikx
Rl(%>elkm:1ak€k, RQ(%>6I€ = ib.e'*”, %(3_95)6k :’Yv,kek'
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Since (2.1) is linear, the Fourier expansion v(z,t) = Y,y Or€** has for each wavenumber
the following dynamics:

d@k,t = _f)/v,k@k,tdt + i(akUt + bk)ﬁk,tdt -+ Uv,kdBk,t-

Here By, are independent complex Wiener processes, i.e. Bj; = \%(B,iyt +iBy,) with B},
being independent real Wiener processes. Thus the Gaussian random field W, (z,t) in (2.1)
is explicitly given by >, x By..€*2. On the other hand, in order to keep v real valued, we
require the wavenumber set N consists of pairs of opposite wavenumbers, while 4, = 0% ;,
which can be enforced through the relation |20, 5]:

*
Yok = Yv,—ky Ak = —0_k, by = _b—k7 Bk,t - Bfk,t‘

This simple formulation of cross sweep actually includes a wide range of turbulence models.
Here are a few examples that are common in the literature:
(i) In a random cross sweep model, which is a stochastic version of the deterministic model
in [10], Ry = Ry = 0 and 7, is the sum of dissipation and damping:
Yo,k = dv + VkQ, ap = bk =0.

(ii) In the engineering community, non-dispersive waves with selective damping [12] are
commonly considered, they can be formulated using (2.1) with

Yo = dy + VK, ap =0, by = —ck.

(iii) Baroclinic Rossby waves without a mean flow [21, 12] can be formulated using (2.1)
with
_ Pk
k24 F
where Fj is the stratification constant and [ is the constant for S-plane approximation.

(iv) p-plane Q-G baroclinic 1.5 layer flows [20, 5] can be formulated using (2.1) with

Yo,k = dv + Fskza ap = Oa bk

k3 Bk

v :d'u ka = ) = .
ok TR T m T TR E

Here F = L* with Ly being the deformation radius of Rossby waves.

For detailed physical interpretation and explicit derivation of these parameters, we refer to
the citations in each example. With the dynamics of the velocity field well described, we can
now turn to the passive tracer field T'(¢). Following the examples of [10, 5], we assume the
turbulent tracer has a mean meridional gradient a:

Ty(z,9) = Ti(x) + ay.
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Inserting this relation into (1.1), the full physical model now reads:

dUt = _'YUUtdt + O'UdVVt;

ov 0 0 9 i

E = UtRl <8_I)U+R2 (%)’U_f}/v (%)U—FWU(:U?”? (22)
T, T,
a_tt + (Ut + ﬂ)a—xt = _dTﬂ + I{AE — (XV¢.

Since this equation is also linear for T}, the Fourier expansion Tj(z) = >, T\k,tei’” has the
following dynamics for each wavenumber:

ATys = —(vrp + ik(U; + @) Tho At — by, dt,

where v = dr + kk?. In summary, an explicit solution of model (2.2) can be described
through the Fourier modes:

dU; = —ypUdt 4+ oy dWy;
A = (—=Yop + iwy k(1)) Oprdt 4+ 04 1 dBry;
dﬁw = (—yrk + invk(t))fmdt — aty ¢dt;
Wy k(t) = axUs + b,  wri(t) = —k(U + u).

(2.3)

For simplicity in exposition, most part of this paper will assume there are only finitely many
pairs of wavenumbers in the Fourier expansion, while a generalization to infinite dimensions
is given in Section 6.2.

3. General mathematical properties

The turbulent diffusion model (2.2) we constructed is a stochastic process with many
desirable mathematical properties, which are very useful for analysis and simulation
purposes.

3.1. Geometric ergodicity

Geometric ergodicity guarantees that the distribution of a stochastic process X; will converge
to a unique equilibrium measure 7 exponentially fast in time, i.e. there are strictly positive
C), and f3 such that

P} — 7| < Cpe™™.

Here P} denotes the law of X; given that Xy ~ p and the convergence above is measured in
the total variation norm, which is defined between any two measures px and v through

vl —sup/f pta) = [ 7o
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The supreme here goes through all measurable functions bounded by 1. Geometric ergodicity
ensures the uniqueness of invariant measure, which enables the Birkhoff ergodic theorem to be
applied. This means in order to measure an integrable statistic f of the equilibrium measure
m, it suffices to compute the time average of f for one realization of X; for sufficiently long
time, because by Birkhoff ergodic theorem:

%/OTf(ngt%/f(x)w(dx) 0s.

This is extremely convenient for simulation purposes, as one long enough simulation is
sufficient to represent the equilibrium measure, while in a standard Monte Carlo simulation,
in principle one has to run the same simulation thousands of times. On the other hand, we
can show the turbulent diffusion system (2.3) is geometrically ergodic using hypoellipticity:

Theorem 3.1. Let the turbulent diffusion system (2.3) consist of conjugating Fourier
modes in a finite wavenumber set N, then the joint process (Ut,@k,t,ﬁc,t,k e NNZ"') is
geometrically ergodic under the total variation norm. Specifically, for any initial measure p
of (Uo, k0, fk,oa ke NNZ"), there is a unique invariant measure w, and constants C, 3 > 0
such that the following holds:

1P} — 7|l < Ce B (1 + U + > owol® + | Trol?)-

keN

The reason that we consider only the positive wavenumbers is because their negative
counterparts are conjugate to them.

Proof. The proof is a standard verification of the theoretical framework established in
(22, 23]. We attach the details of the proof in Section Appendix A.1. ]

3.2. Conditional Gaussian structure

The simple formulation of (2.3) provides us two crucial features: first, the only correlation
between Fourier modes of wavenumbers |k| # |j| is through the realization of Ugso; second,
with the realization of Us> fixed, the dynamics of 0y, and fk,t will be linear. There are no
positive Lyapunov exponents in this system. Thus by conditioning on the realization Us>o,
Ukt fk,t can be treated independently for each wavenumber and as simple linear processes.
This is known as the conditional Gaussian structure [24], which can be exploited for filtering
and prediction purposes [25, 26]. Here, we will use it to compute the distribution of T\k,ta
which leads to the hidden source of intermittency developed in the next subsection.

Since U; is an O.U. process, its invariant measure is a zero mean real Gaussian
distribution:

2

g
=N(0,E Ey = Y.
v = N(0, Ey), U 0
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By virtue of Theorem 3.1, without loss of generality, we can assume that Uy is distributed
as my while 9y, o and T}, are initialized from point 0. Thus by Duhamel’s formula, we have

Vg, = / exp(—Yo k(s — 1) +iwy k[, 8]) 0y £ d Bk -
0

Here and in the following, we use the expression X|[r, s] to denote the integral of a process
X, on the interval [r, s], i.e. X[r,s] := [ X,du. We can casily split the real and imaginary
parts of Uy ¢ into:

Re(is) = 7% / exp(—un(s — 1)) cos(w,[r, s])dBL, — exp(—uu(s — ) sin(w,[r, s])dBZ,.

A Oog [° :
Im(0gs) = T;/o exp(—7Yoi(s — 1)) sin(wy[r, s])dBy,. — exp(—7Yo k(s — 7)) cos(w,[r, s])dBE,.

Using the It isometry, we immediately find that Re(0 ), Im(0s ) are independent mean
zero Gaussian random variables with the same variance. In the engineering literature [27],
especially for signal processing, it is customary to call a random variable Z = X + Yi
circularly symmetric complex Gaussian, denoted by Z ~ CN (u,T') if (X,Y") are jointly real
Gaussian while

EX = Re(n), EY =Im(p), var(X)=var(Y)=21IT, cov(X,Y)=0.

-2
Since all the complex random variables in this paper are of this type, we will call them

complex Gaussian for simplicity. For example, 0y s here is evidently complex Gaussian with

zero mean and variance:
2

g v
Eoys|* = 2E[Re(0x,)| = ﬁ(l — exp(—2745))- (3.1)
kv

With the long time limit s — oo, we see Uy s converges to its invariant measure m,; =
CN(0, Ey), Ex,p = 0%71)/2%,1;.

Likewise, the Fourier modes of the passive tracer T\k,t, by Duhamel’s formula and Fubini’s
theorem for stochastic integral [28], can be written as:

¢
Tyt = a/ exp(—yri(t — s) + lwrk[s, t]) Ok sds
0

¢ ¢
= / (/ oy exXp(—yrx(t — ) — Yor(s — 1) + iwrgls, t] + iw, k|1, s])ds> d By
0 r

Notice that By, are complex Wiener processes independent of Uy, so we immediately have
the following conclusion.

Proposition 3.2. Let Ut,fik,t,fm be as in system (2.3) with Uy ~ 7y, O = fk,o =0, then
conditioned on the realization of Usso, T4 is a compler Gaussian random variable with zero

mean and variance:
2

t t
Sk = E(ThaUsso) = a2, / exp(—zw,k(t—r))’ / exp(yirs + iwnsls, )] dr,
0 r
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with wr k(t) = wrk(t) — wyk(t) being the phase speed difference and Yri = Yrk — Yo By

the law of total expectation, the probability density of Tj; is a mizture of zero mean complex

Gaussian distributions:

z? + y?
by

~ ~ 1
P(Re(T ) € dz, Im(T},,) € dy) = /E exp <— )P(Ek,tw € dx). (3.2)

Although formula (3.2) admits no closed form expression, we can establish an upper
bound for the tail distribution and variance of T} ; through elementary computations:

Proposition 3.3. The conditional variance of fk,t gwen Us<y is bounded P-a.s. by

} s YRk ‘= YTk — VYou,k-

)

T, = o0 {1 —exp(=2yupt) 1 — exp(=2yrut)
t —
271;,]6 27T7k

B VR,kWR,k‘

Therefore the tail distribution of T, Lt 15 bounded by a zero mean Gaussian distribution with
variance S,;. More strictly speaking, for any A, A2 € R

E exp(A Re(Tiy) + Aadm(Thy)) < exp((A2 + A2) Sy /4).

On the other hand, the variance of fk,t which is also the mean of Xy v is bounded from
above by -
VR k|28t

\/ﬁ%’k 4 (b + ka)?

E|Ty|* = EXp g <

Proof. The proof is based on elementary bounds and Fourier transformation of a Gaussian
distribution. See Section Appendix A.2 for the complete details. n

3.3. Intermittency and resonance

At first sight, the conditional Gaussian structure and Gaussian tail bounds from Proposition
3.3 may seem contradictory to intermittent phenomena, as Gaussian distributions rarely
exhibit intermittent behavior. However, if the conditional variance process X,y has large
fluctuations, the distribution of T, .+ generated through formula (3.2) may possess a much
heavier tail comparing to its Gaussian fit. For example, if the variance of T Lo is 2 and
P(Sk v > 9%) > 1%, then

P(|Ths| > 357) > 2P(Spap > 95)D(1) > 3%,

while in a complex Gaussian distribution with variance 3, the probability of P(]X| > 32_]%)
is about 0.3%. In other words, the large fluctuation in conditional variance makes extreme
events such as large spikes much more frequent than the Gaussian fit of the distribution,
and thus produces the intermittency seen in the corresponding time sequence. Moreover,
the results of Proposition 3.3 actually imply that X ;7 has large fluctuations; since in many
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situations the damping rates v, x, yrx are small numbers, the ratio between the upper bound
of ¥4 and its mean is a large quantity:

i S V Ok — Yor)? + (b + ku)?
EXkgu — YTk — Yokl '

On the other hand, we can have a glimpse of the possible cause of this large fluctuation
based on the formula of Y ;7 in Proposition 3.2:

¢ ¢ 2
Spay = 042012;,k/ exp(—2y7x(t — r))’ / exp(Yrxs + iwg ks, t])ds| dr,
0 T

where the resonant phase speed is defined by
wR’k(t) == CL)TJﬁ(t) - w%k(t) == —(ak + k‘)Ut — (bk + ]{fﬂ)

In a general scenario, wgy is away from 0, so exp(yrrs + iwgkls, t]) will be oscillating in
the complex plane with nonzero phase speed, this inevitably cancels a large portion of its
integral, reducing the size of ¥ . However, when wgy(s) is close to 0 for a significant
period of time, the integrand has no phase speed and the integral will be significantly larger.
Looking back at the definition of wg (), we find that it is zero when the phase speed wr
and w, are equal, in other words, the advection effect of the cross sweep U, over ¥y, and
T, 1+ are at resonance. This is the reason why we call wg j the resonance phase speed and will
focus on its visit to zero in the following.

Although the intuition is clear, rigorous verification is difficult due to the lack of an
explicit formula for ¥ ;7. One way is to produce a lower bound for X 47 given that wrk(t)
is around 0 under some special dynamical regime, which then explicitly bounds X iy away
from EXj ;¢ using its upper bound in Proposition 3.3. The following result is one such
example, which in principle will work for small ~y:

Proposition 3.4. For any fized ty < 751 At the following holds:

Ym,k _ _
B o lU) > S 202 1 —exp(=2ymato)  Fratver © C(1 — exp(—27mrto))
( k,t|U| i) > Zpy = 0y g ; 2 ; ’
2Ym k| YRk — WRE(?)] Ykl VRNV RE — 1R E(E)]

where we denote Yy = Yo N Y1k and
Tu _
C'=2—2exp(—%(ar + k)’ Epty) + 7153]@3,,6(15) + (br, + ku)|.
Therefore by the Markov inequality, P(Xy v > %Zk¢|Ut) > %, P-a.s. As a special case, when
Yo — 0, one can take ty = t, therefore

1— —2%m.kt 1
’Ym,k\’YR,k IWR,k(t)’ (%,k + ”YT,k) !’YR,kH’YR,k le,k(tﬂ

which closely approximates the upper bound Ek,t gwen by Proposition 3.3 when v, and yr
are far apart and wg(t) is close to 0.
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Proof. The proof is based on elementary calculations and inequalities. See Section Appendix
A3 for details. L

For example, consider the dynamical regime for £k = 10 with
Yre =02, Yr=1, w=10" a,=b=0, u=10, Ey=FE,,=100. (3.3)

If we pick ty = 10, we will find %, , > S8EX; y when wgx(t) = 0 using the upper bound
in Proposition 3.3. This explicitly shows the large fluctuations in X ,. Note that here
Y1k K Yok, Which is opposite of what will be studied in Section 4, hinting that intermittency
should generally exists in many dynamical regimes. On the other hand, the lower bound given
by Proposition 3.4 in general settings may be too small or even negative, and probably works
only when vy is very small. We present it here as a prototype tool for intermittency analysis
and we illustrate this with a numerical example in Section 5 (see Figure 5.6). The other
rigorous way to access intermittency is through a rescaling limit, which will be presented in
the next section.

4. Rigorous intermittency in a random resonance regime

4.1. A long time slow varying rescaling limit

Here we consider a scenario where the velocity field (u;,v;) is varying at a slower time scale
than the advection and diffusion process. This prolongs the visit of the resonance phase
wg near 0, and provides us a magnified view of the corresponding effect over the turbulent
tracer. This can be modeled by external forcing for (u, ;) are of order €, while keeping the
dynamics of T; (1.1) the same. More explicitly, we reformulate model (2.2) into

AU = —eyyUsdt + e2oydW,

ovg dY\ . 0 . dN\ o 1

gt =g )i (g ot = i e
ot oT¢
8tt + (Uf + @) a:; = —dTf + KATS — ot

Notice that there is no rescaling over Ry, Ry as they represent the forcing U, exerts on v;, such

as the advection. By applying Fourier transformation as in Section 2, the joint dynamics of
(Uf, v, T¥) can be described through the dynamics of each wavenumber:

dUf = —eypUfdt + E%O'UdWU(t),
dif, = [—eo + iwor(t)]05,dt + €20, 1By,
dTf, = [~y + iwrp(0)]TE,dt — iy dt,
Wy k(t) = agUs + b, wri(t) = —k(Uf + @).

With this formulation of dynamics, it is natural to look at the process at the long time scale
e~1. With an abuse of notation, we denote the long time rescaling by:

(Utv @kﬂfa Tk’,t) = (U5t7 ﬁli,et’ Tl:,st)'

€
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The corresponding dynamics is then given by the following:
dUt = —"}/Udt + O'Uth;
dogs = [—Yor + i€ wy i ()] 0k 1At + 0% d By

dfk,t = (—yrx + in,k(t))fk,tdt — iy ,]dt;
wkyv(t) = CLkUt + bk, wk,T(t) = —k(Ut + ﬂ)

(4.1)

Immediately, we find that U, no longer depends on € anymore, and so does the distribution
of 0+, since phase speeds play no role in its variance, as we can see in formula(3.1). Hence
we can fix the realization of U<, and focus on the conditional distribution of T} ,(¢) and
Ti(z) with € tends to 0.

4.2. Single Fourier mode

In the € — 0 rescaling limit of (4.1), the distribution of the passive tracer can be written
down explicitly. As the first step, we analyze the distribution of one fixed Fourier mode.
The result is given by the following theorem:

Theorem 4.1. For any fivred t > 0, let (Uy, Uk, T\kt) follow (4.1). Assume the joint process
is initialized with Uy ~ N(0,Ey),Vo = 0,75 = 0. Then given the realization of Us<y,
the conditional distribution of fkﬁt is a complex Gaussian distribution with zero mean and
variance ZZ,ﬂU? which converges in L' to

o’ By k(1 — exp(—27u4t))
’V%,k + W?%,k(t)

ik,t(Ut) = y ka(Zf) = wT7k(t> — w%k(t).
More specifically, we have E|3, o ik,t(Utﬂ — 0. The distribution of fk’t thus converges
weakly to a mizture of complex Gaussian distributions with density given by:

w2 22442
> exp( 2Ey Skt (crutdy)

—co T/ QWEUikjt(Cku + dk)

P(Re(fm) € dx, [m(fk,t) edy) = du, (4.2)

where ¢, = —(ay, + k), d, = —(by + ku). S, has a limit for large t:

~ OézEvk
Yip(w) = : .
k< ) 7%,]4: + (ckw + dk)2

This can be used for computation of the equilibrium measure for fk’t.

In other words, the dependence of T\k,t’s distribution over the path of Us<; concentrates
on its end value through the resonance phase speed wg(t). Heuristically speaking, this is
because U;<; as a slow process will be of constant value around time ¢, while T has its
distribution converge quickly to the equilibrium distribution with Us<; being a constant
process.
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The limiting conditional covariance ikﬂf(Ut) obviously reaches its peak value when
wrk(t) = 0. Moreover, by applying Proposition 3.3 to the rescaled system (4.1), we can
find that:

2 _ _ 5 YTk \/V%k + (b + ku)?
a’E, k(1 — exp(—27,t)) S oS>

2 2
YTk \/’y%k + (bg + ku)? Vi + whe(t)

]Ezk‘,ﬂU S EZMHU.

This rigorously shows that in a general scenario where the damping rate v is small compared
to |br + kul, the conditional variance, which can be approximated by ik,t, will be a large
multiple of its mean around resonance phase wgr; = 0, and will likely create intermittency as
discussed in Section 3.3. In Figure 5.1, a numerical simulation will validate our claim here
with intermittent time sequence plots.

In a deterministic version of 2.2, [10, 5] studied the large Péclet number limit of

E—l—Pe( -VT) = AT,

where the velocity field is (us, v(z,t)) with the process U; being a deterministic sinusoidal
function. The results there show phase transition type of phenomenon when U, visits zero, the
streamlines of velocity field will be open against the general situations where the streamlines
are blocked, and the passive tracer’ signal produces strong spikes as consequence. The
asymptotic limit there is derived through stationary phase methods. Our results here produce
a stochastic counterpart in a slightly different rescaling limit. And because U, is a stochastic
process with non smooth path, the proof is based on different intuition.

Proof of Theorems 4.1. As there is only one wavenumber k£ being involved, we will suppress
its appearance in subscripts. Moreover, since we can always divide T; by ao,, so without loss

f oy .ds dr

of generality we assume that ao, = 1. Based on Proposition 3.2, t|U fo
with
Oy = e texp(—e yp(t —8) — (s — 1) + € tHwgls, t]). (4.3)

Consider the following approximation of oy

Oc, =€ lexp(—e yp(t — s) — vu(s — 1) +ie Twr(t)(t — 3)).

Since 0, ; is an exponential that depends on s linearly, its integral can be explicitly written
down:

_exp(=mp(t—r)) 1 .
/ o ——— le(t)[ —exp(—e Tyt — 1) + v (t —r) +ie  wgr(t)(t —r)))].

The first step of our proof is showing this quantity converges to it(Ut). Notice that for
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€ S ’VT/2’Y’I)7

/t 5 s Pt = 7‘))‘

vr — iwg(t)

exp(—=y(t —7))  exp(=y(t —7)) ‘ exp(—e yp(t — 7))

Yr — €Yy — 1VR(t) r — ivr(t) IV — €y — iwr(t)]

< 2 exp(—z%(t —7)) N 2exp(—eyp(t — 7)) < dexp(—y(t = 1))
G T T

Therefore by the relation |a|?> — [b]*> = (Ja| — |b])? + 2|0|(|a| — |b]),

H/ ‘ exp( Q%(t—r))' < 2exp(=n(t = 7)) {6% exp(—(t —1))  exp(=eyr(t =) ]

V7 + wh(t) VT V3 YT

Since

- [ B

Vi + wh(t)
t t
/ / J;. .ds
0 r ’

12¢ 1
< — <1 + —>, (4.4)
which goes to zero when e does. The second step of our proof is showing that the integral

Therefore )

dr — it(Ut)

Y1 YT
of oy ; converges to the integral of oy ;. We will show the following quantity is small when €

t t
B[ | [ o, 50
0 r

For this purpose, with any fixed 0 > 0, there is an M such that the following holds for all
yr > dr:

is small: )

dr.

)
exp(—yrM) < —
Y

Denote 7. = (t — Me€) V r. Notice that

e e 2
/<a;s—5;s>dss/ 0] + 105, )ds < 2.
r ’ ’ r ’ ’ Yr

For the integral between r,. and ¢, using the relation |e* —e”| < |a—b| and Cauchy Schwartz:

( / 05, — &5, Id ) < exp(—eye(t — )l wlt, 8] — (¢ - s>wR<t>rds>2

<e? / exp(—2 yp(t — s))ds / e wrlt, o] — wr()(t — )]°ds
2

ey

<

[/ [walt, s] — wa(t)(t - s)Pds] |
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Since wgr(t) is a linear function of Uy, it suffices to show for all < ¢, there is a constant D

t t
E/ [/ U.dr — (t — s)Uy?ds < De".

This can be proved through Lemma Appendix A.4 and using the Markov property of Uy,
and it holds for general diffusion process U;. Then by Young’s inequality

‘/ rs_ée

Next, using a particular version of Cauchy Schwartz inequality, which is detailed in Lemma

Appendix A.3,
2 t gt
dr—/ /(5E ds

52 2D 52 2D
<2—\/2t ‘ ] 8t[—2+ ‘ }

T T

2

2
sl dr <2 ——HE‘/ TS—5E
0'7T

) 2
d7’<2t{(S 2¢ D}

VT YT

2

dr

€
o, .ds

Here C is a constant such that

¢
/f}];’i(s)e.k ds <
0

$w| Q

while by inequality (4.4) we know such C does exist. So combining these estimates and
putting back o?0?

E[Zfy — Zu(wr(t))]

12 52 L 26D 5, 2D
§a203[—3€(1+ >+2— 2t ‘ ]+8t[ ‘ H (4.5)
T T s ”YT T

Since § can be any small number, this quantity goes to 0 as € — 0.

To see this implies that Ts distribution converges weakly to (4.2), consider the following
Gaussian operator,

2 | 2
exp(—(x° + by
K : f(x,y) H/ = > vl )f(x,y)dmdy-
T
Then Ef(Re(T), Im(T)) = EKs:, f. Notice that Ky f depends continuously on X > 0 for

any fixed bounded f, and the laW of 3¢ fjr converges towards the one of ¥, by L' convergence,
SO EKZﬁUf — EKg, f. On the other hand, EKY, f is clearly given by the integration of f

under density (4.2), so by standard properties of weak convergence, see for example [29], Ts
distribution converges weakly towards (4.2). O
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4.3. Finitely many Fourier modes

With a clear understanding of each Fourier mode, the distribution of the passive tracer field
Ti(x) can be easily studied by summing all the Fourier modes together. Here for simplicity,
we assume the wavenumber set N is finite.

Theorem 4.2. Assume that in the Fourier ewpansion T,(x) = Y,y T €% N consists
of finitely many pairs of Fourier modes, and each follows (4.1), then condztzoned on each
realization of Us<;, Ty(x) is a Gaussian random field on [0, 2w

conditional covariance converges in L' to

| with mean 0, while its

~ @?E, 1 (1 — exp(—27, xt)) B
Si(U) = T )  wri(t) = —(an + kU, — (by, + ka).
keN ) s

Moreover the conditional covariance between two points x,y € [0,27] converges in L' to:

. o’ B, cos(k(z — y)) (1 — exp(—27ut))
Gl = ’ £
e 1;\/ ’7%,k + W%%,k(t)

Thus the pdf of Ti(x) will converge to a density

u

)\2 2
) € dA) / exp ( )du.
o /Et 2275 ) 2EiU

B(T;

(4.6)

Unlike the limiting conditional variance of a single Fourier mode, ZN]t(u) may have many
peaks. Heuristically speaking, each pair of conjugating Fourier modes will contribute one
peak of ¥;(Uy), which is close to the time when wpg(t) reaches 0. In other words, as Uy

crosses different resonant phases
bi + ku

a, + k ’
the Fourier modes of wavenumber +k will be excited and contribute a large spike of

W = —

intermittency. These phenomena are explicitly verified by simulations in Figures 5.3-5.5
in the next section.

Proof for Theorem 4.2. Recall that the complete tracer field is given by:

93') = Z Tk7t€ikw, T—k,t = T];k7t.
keN
Conditioned on the realization of Uy, (@k,t,fk,t) is independent of (@j,t,fj,t) for |j] # |k,
and Tk +~ CN(0, % t|U) Thus conditioned on Us<, Ti(x) is also Gaussian with mean 0 and
covariance

1 A~ . AN .
]E[T;g(l') ’Usgt]Q = ZE |: Z(Tkﬂjelkx + T—k,te_l ‘ 5<t:| Z ]E |Tk t| |Us<t Z Ek; AU -

keN keN keN
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Likewise, the conditional covariance is given by

2
Usgt:|

2
Usﬁ] " { D TP

keN

E[T(o)Ti(y)|Used] = E{ S B T elrt

jkeN
—E cos(k(z —y)) X5, v

In order to show our claim it suffices to show

EY 1550 — Sea(Un)] =2 0.

keN

Since N is a finite set, one can simply apply the proof of Theorem 4.1 to each individual &
and see the convergence holds. O

5. Intermittency in various regimes: theory and numerical experiments

In this section we use elementary numerical experiments to provide evidence for our theorems
in Section 3 and 4. We also show how the theory leads to a wide variety of intermittent
behavior in the turbulent signals. We begin with the -plane Q-G flow model from [5]:

—k3 Bk

=d k? =d k? =—— b= :
Yok =y + VK", Y1) = dr + KRT,  ay PrE T miR

where the parameters are the same ones used in [5]:
dr =01 x=0.001, d,=06, v=01 ao=1 =891, F=16, Ey=0.5.

For their physical background, we refer to [5, 20]. We will also test the example described
by (3.3) and the random cross sweep model based on [10], i.e. a; = by = 0, which gives us
connections with previously known results. Since we will simulate a multiscale system (4.1),
we use an explicit Euler scheme with exponential integrator to avoid possible stiffness. In
other words, system (4.1) is simulated as:

Upia = (1 — 1w A)U; + opVAw;
by +ib7
\/5 )

Tk,tJrA = exp(—e_lﬁyT,kA + 6_11AwT7k(t))Tk7t — OéA'lA)t.

Uptrn = exp(—Avyyx + ie_lva,k(t))@k,t + JM\/Z

Here wy, bi are sequences of standard normal random variables. In order to avoid numerical
error, the time step A is chosen to satisfy:

Ae N (EBwry, + y/var(wrg)) < 0.2, Ae (Ew, i + 1/ var(w,z)) < 0.2.

By the virtue of geometric ergodicity, Theorem 3.1, we can represent the equilibrium
distribution of T\k,t and T;(z) with the histogram of the time sequence fkmA,TnA(x), as
long as the time span T),,, is long enough. Since € is the time scale of fk,t, here we pick
Trnaw = 10% for € = 0.1,0.01, 0.001, which is at least 1000 times longer than the decorrelation
time of any variable.
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5.1. Various types of intermittency in a single mode of the Q-G model

First we focus on a model with only one single mode. We pick the first Fourier mode k = 1
of the S-plane Q-G model. Since T, 1+ has its real and imaginary parts symmetric, it suffices
for us to focus on its real part. By Theorem 4.1, as ¢ — 0, for sufficiently large ¢, the
distribution of Re(7] k) can be approximated by:

’LL2 2?2
R A — 2
* X35 ~ S ura) S by

P(Re(T1,) € dz) = . du, (W) = 52
> 7T\/2EU21(01U + dl) /YTJ +w?

(5.1)

First, we will fix the stochastic energy of 91, to be E,; =1, and U, to be the O.U. process
dU; = =U,dt + dW;.

First, we validate the limiting behavior predicted by Theorem 4.1. In subplots a), b)
and c) of Figure 5.1, the histograms of ﬁ)’l(t) in (4.1) are plotted with ¢ = 0.1,0.01 and
0.001, while the limiting density given by formula (5.1) is also given for comparison. The
convergence of histograms towards the limiting distribution is evident.

Moreover, it is worth noticing that both the histogram and the limiting distribution
have exponential like tails in a range roughly between 1072 — 107, In a rough sense, the
tail distribution of (5.1) has its shape determined by a Gaussian tail with peak conditional

covariance )
« Ev,l

7%,1
which is approximately 100 in our parameters setting. Therefore if we focus on the tail

P(Refu € d\) for A\ € [5,15], which is a range of practical interest, then the curve
exp(—A?/200) looks very much like an exponential one. In other words, the claims of

)

sup iljt(u) =

Propositions 3.2 and 3.3 do not contradict with the exponential fat tails observed through
experiments or simulations, but rather fit quite well.

In a time sequential perspective, Theorem 4.1 also claims that Re(ﬁ,t) should be
distributed roughly as A(0, 1% 41/). Since the maximum conditional covariance is reached
at wy p(t) = 0, this indicates that the spikes of T}, should generally occur when wy g(t) = 0.
In the time sequence subplots e) and f) of Figure 5.1, the snapshot of Re(fu) and wq g(t)
with € = 0.001 are presented within time [0,100]. We can see clearly that the spikes are
correlated with wy g(¢)’s visit to 0. A more rigorous test of our claim will be checking the

Gaussianality of the data Re(flyt) /1/ %El,tan which is carried out by the Quantile-Quantile

subplot d) of Figure 5.1. We see the distribution of Re(7T; 10)/1/3514u is Gaussian up to
0.1% error.

On the other hand, Theorem 4.1 also provides us a general guideline for the type
of intermittency created by the cross sweep U;, which depends on the stochastic energy
Ey. The impact of U; over fk,t is through the resonance phase wg(t) = Uy + di, with
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¢y = —ay, — k,d, = —by — ku. Therefore the density function of wy g(t) is clearly:

1 ( (A — dk)2>
— 7 =—XP | — Y52 |-
Cr\/ 2EU7T QCkEU

Since the resonance condition, wg(t) = 0, is the source of the spikes, by the maximum

]P’(wR,k(t) < d)\) =

likelihood principle, we would expect Ep that maximizes the density above at A = 0 would
produce stronger and more frequent intermittency in 7} ,. By taking the gradient, one can
find the density function at A = 0 is maximized at

We verify this rule of thumb in Figure 5.2 by plotting the limiting distribution (5.1) for
Ey = 0.1E}, Ey = E}, Ey = 10E};. As shown by subplots a) and b), the Ey = Ej; has
the fattest tail. We also simulate system (4.1) with different oy in different energy regimes.
It can be seen that Ey = 0.1E}; rarely gives any spikes, Ey = Ef; gives frequent and long
lasting spikes, Ey = 10E}; has frequent spikes but rather short lived.

5.2. Q-G models with multiple Fourier modes

Here we consider the combined effect of multiple Fourier modes upon the tracer field T;(z).
As a simple demonstration, we simulate the system (4.1) with & € {—5,...,5} and e = 0.001.
Since we assume [ Ti(x)dz = 0 after a normalization, the 0-th mode is constantly 0. We
keep U; to be the O.U. process dU; = —U,dt + dW,. The other system parameters are the
same as in the beginning of this section. We set the energy spectrum of the shear flow 0y,
to be either equipartition or following the Kolmogorov spectrum:

Ek,vzl or ]C_g

The result with equipartition energy is presented in Figure 5.3. Through the histogram of
T,(x) and the Q-Q plot of T}(z)/%(U,), we find the limiting distribution of Tj(z) is clearly
given by the conditional Gaussian distribution N (0, >,(U;)) with more than 99% accuracy,
validating Theorem 4.2. The combination of various Fourier modes produces a much richer
dynamics, since different Fourier modes are excited at different resonance conditions:

br, + ku 1

ka(t):O ~ Ut:wk ::_ak—l—k’ :—F(le_L—i—Fﬂ—i—ﬂ).

This can first be seen in the plot of ¥,(u), where we see that there are 5 peaks of similar
heights corresponds to 5 different modes. We can also check the time sequence of Ti(x) and
U;. We immediately see that the spikes of the Tj(x) are correlated with Uy’s visits to wy’s.
Moreover, as each wavenumber has the same energy, visits to different wy create the same
amplitudes of spikes. For example, in subplot e) around time ¢ = 90, U, crosses several
resonance phases wy, creating a long lasting burst in 7;(z).
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In Figure 5.4, the case with E,; being the Kolmogorov spectrum is studied. The
situation is very similar to the one of equipartition. The only difference is that different
resonances create spikes of very different size, as reflected by the subplot b) of Figure 5.4.
Therefore U,’s visits to the resonance phase of the first Fourier mode creates much larger
intermittency in the system. Notice in subplot e) around time ¢t = 20, U; crosses several
resonance phases wy, but the resulting burst in 7;(z) is of mediocre size, while the strongest
bursts in Tj(x) are created by visits of U; to w; only. This is very different from Figure 5.3.

5.8. Synchronized excitation in random cross sweep model

Here we consider the random cross sweep model, which is a stochastic version of the model in
[10] and mentioned earlier in Section 2. The damping and advection parameters are simply

’VU,kZdv+Vk2, Clk:bk:().

We also set the energy spectrum of v to be equipartition. Unlike the Q-G model we
considered in the last subsection, the resonance phase on all Fourier modes are the same
and synchronized automatically:

_bk+]€ﬂ_
ak—l—k N

WE = —
In other words, all the Fourier modes will be excited with large conditional variance when
U = —u. The combined effect on T;(z) is the possibility of enormous spikes. Yet these
spikes are relatively short lived comparing to the case of the Q-G model, since T;(z) will
decay quickly to its normal value when U; passes —u. This is exactly what we see in subplot
d) of Figure 5.5. Notice the y-axis here scales differently from the one in Figure 5.3.

5.4. Random cross sweep model in a non asymptotic regime

Proposition 3.4 produces a conditional lower bound for ¥ ;¢7, especially when 7 is small.
In a special dynamical regime of the random cross sweep model given by (3.3):

k=10, v7, =02, yi=1, w=10"° u=10, Ey=E,;= 100,

direct computation using Proposition 3.4 shows that conditioned on wgr(t) = 0, Xpyu is
more than 8 times of its mean value. We numerically verify the predicted phenomenon in
Figure 5.6. As we can clearly see in the time sequence, there is obvious intermittency in fk,t,
which is correlated with wg;’s visits to 0. Note that since «y; is very small, the simulation
time span has been extended to [0, 10°].
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Figure 5.1: The first Fourier mode of system (4.1). In subplots a), b) and ¢) we have the
histograms of Re(7} +) for e = 0.1,0.01, 0.001 with the limiting distribution (5.1) as reference.

Subplot d) is the Q-Q plot of Re(ﬁ,t)/ 231 4u v.s. standard Gaussian for e = 0.001. e) is

the time sequence of Re(fl,t) and f) is the time sequence of wgr(t) with ¢ € [0, 100].
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Figure 5.2: Re(ﬁ) with different stochastic energy Ey. Subplots a) and b) are the limiting
distributions of T;(z) for three different energy regime, while ¢) is the magnification of b)’s
tail between [5, 10]. Subplots d), f), h) are time sequences of T;(x) when the cross sweep Uy
has stochastic energy Ey = 0.1E};, Ef;, 10E};. Subplots e), g), i) are time sequences of U, in
corresponding energy regime.
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Figure 5.3: Distribution of 7;(0) in Q-G model with e = 0.001 for equipartition energy in
E, . Subplot a) compares the histogram of 7;(0) with the limiting distribution produced by
Theorem 4.2. Subplot b) demonstrates the dependence of limiting conditional variance of
T,(x) over U. Subplot ¢) is the Q-Q plot of Ty(x)/1/%X:(U;) against standard normal. e) is

the time sequence of YA}(O) and f) is the time sequence of U; with ¢ € [0, 100], the reference
lines in f) indicates the resonance phase wy.
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Figure 5.4: Distribution of T;(z) in Q-G model with € = 0.001 for Kolmogorov spectrum in
E, . Subplot a) compares the histogram of 7;(0) with the limiting distribution produced by
Theorem 4.2. Subplot b) demonstrates the dependence of limiting conditional variance of
T,(x) over U. Subplot ¢) is the Q-Q plot of Ty(x)/1/%X:(U;) against standard normal. e) is

the time sequence of YA}(O) and f) is the time sequence of U; with ¢ € [0, 100], the reference
lines in f) indicates the resonance phase wy.
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Figure 5.5: Tracer field T;(x) in random cross sweep model with ¢ = 0.001 for equipartition
spectrum in £, ;. Subplot a) compares the histogram of 73(0) with the limiting distribution
produced by Theorem 4.2. Subplot b) demonstrates the dependence of limiting conditional
variance of Ty(z) over U. Subplot ¢) is the Q-Q plot of Ty(z)/1/%:(U,) against standard

normal. e) is the time sequence of YA}(O) and f) is the time sequence of U; with ¢t € [0, 100],
the reference lines in f) indicates the resonance phase wy.
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Tracer

o = N W b

Resonance

Figure 5.6: & = 10-th mode in a random cross sweep model with parameters given by (3.3).
The upper subplot is the time sequence of Re(7} ), while the lower subplot is the resonance
phase wg k().



Intermittency in Turbulent Diffusion Models with a Mean Gradient 26
6. Generalizations

6.1. Nonlinear cross sweeps

The requirement that the cross sweep U; is an O.U. process is not necessary for our claims
to hold. Actually, we can assume U; to be a general diffusion process:

AU, = fu(U)dt + oy (U,)dW,. (6.1)

An interesting concrete example is the canonical scalar model with cubic nonlinearity [13, 14]
with formulation:

AU; = [F + aU; + bU? — cUP)dt + /(A — BU,)? + o2dW;, ¢, 0 > 0. (6.2)

Such a model arises naturally in low frequency reductions of large-scale climate models [13].
Such a process has a wide variety of different regimes including intermittency of various
types, which are described with details in [13, 14]. In order to include these cross sweeps
into our framework, we apply classical results [22, 23] and make the following assumption:

Assumption 6.1. There exists a positive function £, known as a Lyapunov function, such
that:

For any M > 0, the sub-level set {u : E(u) < M} is compact.

& s locally dissipative, i.e. there are constants 7, k, > 0 such that:

fr @25 4 Lo TE < )4k,

There exists a constant M such that | fir(uw)|?, |oy(u)]* < ME(u).

The stochastic forcing is non-degenerate, i.e. |oy| is strictly positive.

2

For an O.U. process dU; = —yyUdt + oydW;, it is easy to see E(u) = u? is sufficient.

For the concrete example (6.2), one can verify &(u) = u°

is a proper Lyapunov function using
Holder’s inequality. A short treatment of Lyapunov function is given in Section Appendix
A.5 with detailed verification of the claims above. With Assumption 6.1, Theorem 2.3 of
[22] shows that U; will be geometrically ergodic. The density of the invariant measure 7
can be formally computed through the Fokker Plank equation, which is the solution to

2
%(fUWU) = 1%(037%)-

As shown in [13, 14], the invariant measure of (6.2) has an explicit density:
( ) No d t Bu— A clu2 + blu
y(u) = ex arctan | —— | |exp | — ——=—
v (Bu—A)?2+02)n Pl® Ou P B* ’

u

where Ny, aq, by, c1,d, dy,dy are constants determined by the parameterization of (6.2). One
thing worth noticing is the tail of 7y is Gaussian like.
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Since we can always move the mean of U; into the term u, without loss of generality we
assume that [wumy(du) = 0 here. In this general setting, all of our major claims actually
remain true. The dynamics of the joint process can generally be written as:

dU, = — fu(U)dt + oy (Uy)dWy;
Ay = [~ Yo + i€ wyr(t)]0p At + o4 ,dBys;
dfk,t = e (—yrx + in,k(t))fkvtdt — Q] dt;
wev(t) = agUs + b, wir(t) = —k(U + u).

The first generalization is the geometric ergodicity of (6.3):

Theorem 6.2. For any fized € > 0, let the turbulent diffusion system (6.3) consist of Fourier
modes in a finite wavenumber set N, then the joint process (Ut,f)k,t,fk,t,k: e NNZY) is
geometrically ergodic under the total variation norm. Specifically, for any initial measure p
of (Uo, .0, fk,o; ke NNZ"), there is a unique invariant measure w, and constants C, 5 > 0
such that the following holds:

P} — w|| < Ce B (1 +V(Us) + Y _ [onol* + |Thol?).

keN

Proof. This is a standard application of the framework set up in [22, 23]. The details are
given in Section Appendix A.1. n

Our second result is a generalization of Theorems 4.1 and 4.2:

Theorem 6.3. For any fived t > 0, let (U, f)m,ka) follow (6.3) satisfying Assumption 6.1.
Assume the joint process is initialized with Uy ~ N (0, Ey), 0 = 0, fk = 0. Then conditioned
on P-a.s. realization of Us<y, as € — 0, the claims of conditional variance’s convergence in
Theorem 4.1 and 4.2 hold, while (4.2) is replaced by:

2 2
P(Re(T},) € dz, Im(T},,) € d :/ 7y (du) ——e— R
( ( k,t) ( k,t) y) N U( ) WEk,t(Cku+dk)

And formula (4.6) is replaced by:

P(Ty(z) € d)\) = /WU(du)m exp ( _ %)

Here im, S, are the limits of conditional variance given by Theorems 4.1 and 4.2.

Proof. The proof is identical to the one of Theorems 4.1 and 4.2, since the only part that
uses the formulation of U; is proved under our general conditions here by Lemma Appendix
AA4. O
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6.2. Infinite Fourier modes

The theoretical framework we established can be easily generalized to models with countably
many Fourier modes, e.g. Ty(x) = >, e“”j;k’t with N = Z, as long as certain summability
conditions are met. First, in order for the Birkhoff ergodic theorem to work, it suffices to
show the uniqueness of invariant measure for the joint system (Ut,@k’t,i/ﬁk,t, ke NNZ").
However, for any two invariant measures p and v of the joint system, and any finite subset
M C N NZ*, consider the restriction of x and v on the o-field

IM = O-{Uta{)k,hj—\’k,ty k: - M}

Since the truncation (U, vy, T\k,t, k € M) is itself a Markov process, by Theorem 3.1 or 6.2
and the invariance of x4 and v, we find

t—o00

t t

lalryy = vl [ = \

In other words, u and v are identical on any finite Galerkin truncation of the full process,
therefore they must the same measure, thus we have

Theorem 6.4. Under the conditions of Theorem 6.2, the joint system (Ut,f)k’t,fk,t,k €
N NZ%) has a unique invariant measure, i.e. it is ergodic.

Infinite dimensional systems with their finite dimensional truncation converging to a
corresponding distribution under total variation norm, such as the turbulent diffusion system
here, are generally known as locally mixing [30] or locally ergodic [31]. One point worth
noticing is that Theorem 6.4 does not require any summable conditions, since it separates
each Fourier mode into a different dimension. So even systems with Y, |0x4]* = oo are in
the range of our discussion, though v(t,z) = Y "0, will be ill defined. On the other
hand, if one poses certain summability condition on the parameters, the joint process will
likely converges to its invariant measure under certain Wasserstein norms [32, 33, 34]. But
this is beyond the scope of the present paper.

The other result that requires the finiteness of the wavenumber set IV in this paper is
Theorem 4.2, since we need to check that ), E[¥ , — Sri(wri(t))] — 0 when € — 0.
Thanks to the careful treatment in the proof of Theorem 4.1 with a special version of Cauchy
Schwartz, it suffices for us to show the summability of term (4.5) among all k. This leads to
many different summability conditions that all generalize Theorem 4.2; the following version
is the simplest and does hold for all examples mentioned in Section 2:

Theorem 6.5. Suppose yr . is non-decreasing for k € Z*, moreover assume that

2
ZEv,k<OO, Zﬂ<oo,

keN ken 1Tk

then under same conditions of Theorem 4.2 and 6.3, the same conclusions hold with countable
set N of Fourier modes.
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7. Conclusion and discussion

Intermittency is an important feature that generally exists in turbulent flows. It can be
described as exceptionally large spikes in the time sequence, or an exponential like fat tail
in the probability density. This paper studies a passive tracer with a mean gradient in
turbulence models that consists of a zonal cross sweep and a meridional shear flow [10, 20, 5].
The intermittency in these models is especially subtle, since there are no positive Lyapunov
exponents in these models, yet they exhibit realistic intermittency. By transforming the
dynamics into the Fourier domain, we find the solution is conditionally Gaussian given the
realization of the cross sweep U;. Therefore the behavior of the passive tracer is controlled by
Us<; through the conditional covariance, which is given by the integral formula in Proposition
3.2. The randomness in Us;<; makes this conditional covariance highly fluctuating, as the
peak value could be 100 times larger than the mean value in some dynamical regimes,
according to the analysis of Proposition 3.3. This potentially can generate the large spikes
in the time sequence of a passive tracer and fat tails in the distribution. On the other hand,
by analyzing the formula of the conditional covariance, we found that the large fluctuation
is caused by random resonance effects between the phase speed of the shear flow and the
passive tracer. In Theorems 4.1 and 4.2, such intuition is rigorously proved in a long time
slow varying rescaling limit of the original model, while the limiting conditional covariance
has an explicit and concise dependence on the cross sweep U;. Through this result, it is found
that U,’s visits to different resonance phases excites different Fourier modes of the passive
tracer field, which in turn produce intermittent spikes. Numerical simulations are presented
to verify our theoretical results. They also show very different intermittent behaviors in
various dynamical regimes, which all can be well explained by the theory presented here.
Moreover, the simulations here can be done for only one long enough realization, since
Theorem 3.1 guarantees that the turbulent diffusion model here is geometrically ergodic.
Two generalizations are made at the end for cross sweeps with general formulations and the
case where there are infinitely many Fourier modes.

Although this paper gives an intuitive, rigorous and simple explanation of the
intermittency, there are many related questions which remain unanswered. Here are a list of
directions that wait further exploration:

(i) This paper hinges heavily on the conditional Gaussian structure of the special turbulent
diffusion model. Yet there are many intermittent systems that lack such structure, e.g.
the canonical scalar model with cubic nonlinearity (6.2). It will be very interesting if
we can apply the conditional covariance fluctuation argument presented here to other
models. Actually, a broader question will be: how can we characterize intermittent
behaviors without looking at the time sequence or tail distribution.

(ii) On the other hand, conditional Gaussian structure could be exploited in a wide range
of models as well. It can be seen as a middle land between nonlinear dynamics and
linear dynamics, where it is very possible to apply many well understood tools in linear
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(iii)

dynamics to study nonlinear systems, e.g. [25, 26]. It is a general question that many
features of these linear tools will change in these applications. Another general question
is how can we detect whether a system has a conditional Gaussian structure based on
its phenomenon or data.

It seems the estimate of conditional covariance in this paper can be improved for non-
asymptotic settings. In order to show large fluctuations in conditional covariance,
especially showing the peak values is many times the mean, we need a lower bound
for the peak value and a upper bound for the mean. Proposition 3.4 is a prototype
lower bound, since it is designed to work assuming the cross sweep is slow varying.
The reason that we often assume the cross sweep is slow varying is because then the
conditional covariance depends highly on the end value of the cross sweep, of which the
distribution is well known. The authors conjecture that a more general non asymptotic
result can be produced if we focus on U;’s path in an interval rather than on the end
point.

One important application problem of stochastic system is filtering and prediction.
Intermittent systems are very difficult to predict in general for their enormous spikes.
Yet, the prediction of these rare events are very important in real world applications.
The results of this paper may shed some light on this direction.
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Appendix A. Proofs for the theorems

Appendiz A.1. geometric ergodicity

Proof of Theorems 3.1 and 6.2. Since Theorem 6.2 has a more general condition, it suffices

to prove it only. By the results of [23, 22], for a general diffusion process in R?

to be geometrically ergodic, it suffices to show the following three properties:

There is a Lyapunov function V' and constants 7, k, > 0 so that V' has all it sub-level
sets being compact and

LV (z) = bz) - VV () + %tr[Z(:c)(HV)Et(x)] < AV (2) + k.

Here HV is the Hessian matrix of V.

Denote the columns of ¥ as Yq,...,%,, and Ly as the Lie algebra generated by
{3, [:,0],i =1,...,m} with [, | denotes the Lie bracket. Then Ly spans R
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e There is an z* € R? so that for any fixed x € R e > 0, there is a smooth process w,<;

and time tg, such the solution to
dzg = b(zs)ds + X(xs)wsds, w9 =z,
satisfies |z, — 2*| < e.

First of all, we construct a Lyapunov function by letting

vi=ewy+ Y 1l g e

keENNZ+ Yok

Then the infinitesimal generator is bounded by some constants M, and k,:

o2 2
LV, = 2ufy(Uy) + opoy(U) + ) {—zwk,tm 2 7T’“yT + L2 —
keNﬁZ+ Yo,k
Wi .
< EU) - > [|Ukt|2 + T’“|Tkt|2 Mk] < AV 4 k.

keNNZ+t

where we used the Young’s inequality:

2

2 I,
””mm < Jonal” + 1Tl

and ;)’/ = min{’Y’ Yo,k VTk> k € N} > 0.

To verify the Lie bracket condition, we split the real and imaginary parts:

~1 ) S Ml -9 .. . . .
Uy + 104y, Thy = T, +1T};,. The joint dynamics can be rewritten as:

U

d | %kt | = Ldt + op(U) MdW, + 3 22
'ﬁz’t t t ; \/§

(B, + M{ABL),

T}
T
with

[ fu(Ur) ] 1] 0] 0]
L = fyvvkit wvvkt , M = 0 5 Mk% = 1 ) Mk'2 = 0
YoVl + Wl y 0 0 1
—yrTyy — wrl}, — ady, 0 0 0
Yrli, +wrly, a@i,t 0] 0] 0]

’};T,k Re(fk’t{]ki)

Vgt =

(A1)
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Then it suffices to note that

0 0
0 2 0
L,]\/[1 = ,  |L, M| =
[L, M,] 0 (L, M/] 0
—Q 0

So {M}, M2, [L, M}], L, M?]} obvious spans the linear space for the k-th Fourier modes, and
M spans the dimension for U,.
For the last reachability condition, we can simply let 2o = 0 and let the control process
be
w, = [—oy(U,) " (fu(Us) + U,),0,...,0].

In other words, we only control W; in (A.1) and let B,i’t simply be 0. The driven process
simply follows:

dUs = —USdS, dﬁk,t == [_'qu,k; + iwv,k]@k,tdt7 di,t = [_’VT,k‘ + in7k]Tk’tdt — Oéf)k,tdt.

It’s easy to see that Us and 0y, converge to 0 exponentially fast, then so does fk,t since by
Duhamel’s formula

¢
Tyor = exp(—yrxt + iwr [0, t])Tho — a/ exp(—yrk(t — s) + iwrk[s, t]) Ok, sds.
0

Its norm can be bounded by

t
Tt < exp(—y7xt)|Tho| + a/ exp(—yr(t — )|k, s|ds.
0

So apparently it will converge to 0 as well. O

Appendiz A.2. Bounds for sub-gaussian and variance

Proof of Proposition 3.3. As we focus on one wavenumber k at the moment, its appearance
in the subscript will be suppressed. Denote:

Uf,ys = oy exp(—yri(t — ) — Yor(s — 1) +iwpkls, t] + iw, k1, s]), (A.2)

then Sy = [i[['|ot,|ds]?. The upper bound for conditional covariance can be easily
verified through the observation that |0}, | < o, exp(—yrt+7,7) exp(yrs), where we defined

YR =T — v

' 2yt 9
Siu < opa / exp(—2w+2%r)(eXp( rt) + exp( wﬁ) 4
0 1Yr|VR

o2a? {1 —exp(—27,t) 1-— exp(—Q'yTt)}
~ rlR] 27 27 '
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A side note here is that this bound is not optimal, but we choose it in order to make a better
comparison with the second claim. Moreover the optimal upper bound will be of the same
order anyway. This also bounds the Laplace transformation, since by Laplace transformation
of Gaussian distribution:

E exp(MRe(T}) + AIm(T})) = EE(exp(\Re(T}) + AoIm(T)))|Us<y)
=Eexp((AT 4+ A3)Zqu/4) < exp((A] + A3)%,/4).

For the second claim, notice that

t
¢
/ o, sds
s

Here if 51 > so then wg[s1, so] = —wgr|[se, s1]. Then as wg(t) = ¢xU; + dj, where

2 t t
= a’07 ; exp(—2yrt + 27,7) / / exp(yr(s1 + s2) + iwg[s1, so])dsidss.

o = —(ax + k), di=—(by + ku), (A.3)
we easily find that Ewg(t) = d;, and cov(wgr(t),wr(s)) = exp(—yu|s — t|)c2 Ey. Thus,
CiEU

wr(s1, s2] ~ N(dk(32 —s1), 2 (Ywlse — 81| = 1+ 6_7"'32_81')).
U

Since for a Gaussian random variable X, Eexp(iX) = exp(iIEX — ivar(X)), we have

Ci EU
2%

E exp(iwg[s1, $2]) = exp (idk(SQ —81) — (Yols2 —s1| — 1+ e_VU|52_51|)>.

Thus

¢
/ Eexp((yr — 7o) (82 + 81) + iwg[s1, $2])dsy
0

t=s1 CiEU

27,

= exp(2(yr — %)51)/

r—s1

exp((yr — Yy)$ — idgs) exp ( - (vls| — 1+ exp(—fyU|5|))>ds.

We will apply elementary Lemma Appendix A.1 presented below and give an upper bound.

Denote
CiEU

£(z) = exp ( ==

By checking its first derivative, clearly f(x) is positive and decreasing on R, therefore by

(ywr—1+ exp(—'yUx))).

Lemma Appendix A.1 below

t
’ / E exp(vr(s2 + $1) + iwg][s1, s2])dss

S1—r

/ - exp(vrs — idgs) f(s)ds + / exp(—vgrs + idgs) f(s)ds
0 0

< 2exp(yrt + YrS1) + 4exp(2vrs1) + 2 exp(Yrr + YrS1)

= exp(27rs1)
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Integrating both sides with s; € [r,t] gives us

A(exp(2ypt) — exp(2yrr))

t
IE/ / exp((yr — V) (s1 + $2) + iwg[s1, so])dsidsy <
r Jr YR V 7]22 + dz

Integrating both sides with r € [0, ¢] gives us:

Sy < a’o? {1 —exp(—27,t) 1 —exp(—277t)
i < _

YrVVE + dF 27 2r

]

Lemma Appendix A.1. Let f(s) be a positive decreasing C' function and a,b to be two
real constants, then

e explar) + explat)
‘/T elatit) f(s)ds’ <2 N f(r).

Proof. This can directly be obtained through integration by part:

t ) t t e(a+ib)8 .
’/ et £(5)ds —/ f(s)ds

a-+1ib

6(aJrib)s

a—+1b f(s)

exp(ar) + exp(at) togas
< SR LD 1)+ [ gl Folas

X xp(at X xp(at) [*;
< PN iy 4 SRELEERED [ s

2exp<a7”) + exp(at)
= a2 + b2

f(r).

Appendiz A.3. Non asymptotic lower bound

Proof of Proposition 3.4. As we focus on one wavenumber k£ at the moment, its appearance
in the subscript will be suppressed. Using the notation (A.2), Syy = [y | [} ot ds[>dr with

t
t
/ 0, 5ds
T

where Wg(s) = wgr(t — s) is the reverse process. @g is also an OU process, which follows:

— exp(—(t — 1)) / " exp(—yns + [0, s))ds

d(;JR(S) = —")/U(I)R(S)ds + ypdids + CkO'UdWS.

where ¢y, d, are given by (A.3) and W, is a Wiener process. This is known as the reversibility
of O.U. processes. One easy way to see it is checking the time covariance function of @g(s),
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which is the same as wg(s), while both of them are Gaussian processes. Thus by Duhamel’s
formula:

(ZJR(S) = 677[]8@3(0) + (1 — ei’yUs)dk + CkO'U/ eivU(siu)qu.
0

We will write the conditional expectation with @g(0), or equivalently wg(t), given as Eo,
then

Eowor(s) = e 7wg(0) + (1 — e %) dy,
while
COVo((,ZJR(S), @R(t)) = ]EocZ)R($>CT)R(t) — Eo@R(S)Eo(;JR(t)
SAt
= 020(2]/ et =2u) gy,
0
— E’c(e_WlS_t| — e‘”U(S’Lt)), E. = ciEU.

So conditioned on Wg(0), @gls, t] is normal distributed with conditional mean

e_PYUs — e_'YUt _
M = dilt = ) + S (@(0) )
T
ef’yUs — 67'7Ut

— Gr(0)(t )+ |

—: Dr(0)(t — 8) + N y;

. sﬂ (0rl0) — )

Yu

and conditional variance

2 - 2

v, = Ec[2|t—s| e —e‘”Ut)Q}
U Tu Tu

2

Thus by Fourier transform of Gaussian variables: Eexp(iX) = exp(iEX — var(X)), we have
Eg = exp(—27,7) / exp(—vyr$1) / Eo exp(—vrs2 + i0g[s1, s2])dsads;.
0 0

t
[ ot
t—r
(A.4)

By Lemma Appendix A.2 established below, the inner layer of integral can be written as

/ Eo exp(—7yrs2 + iwg[s1, s2])ds2
0

1

= / exp(—Yrs +ims, s — 5‘/51,s)d5
0

r 1
:/ exp(—YrS + 10gs) exp(—éVsl,s +imy, 5)ds
0

. eXp(_%‘/Sl,O + imsl,o) . exp(_’er + imslﬂ‘ — %‘/51752)
Yr — 1R (0) Yr — iWR(0)

+ Qorrs (A.5)
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with the residual term bounded by

‘ < 1V e 7Rr"
= |yr — iwg(0)]

Here Vi, f(z) denotes the total variation of function f inside interval [0,r]. For function

|Qs1,r (Vr[O,r] eXp(_%‘/sL:c) + vr[(],r}ns1,:c)-

Ns, 2, it is easy to check that it is increasing on [0, s;] and decreasing on [sq, 7], if @g(0) > 0
or vice versa. Moreover, for s,t < r < 7[}1, since

eiﬂfUS — ef'YUt e*’YUS(]_ — eiryU(ti‘S))

1
= > (1 —vys)(t—s— = t—s)?).
- - > (1 —us)( 5wt =s))

Therefore
1 - 1 N
el < [r0(t = ) + (¢ — 5)7wlln(0) — dil = 570(F — )|Ga(0) — del
Thus
VI, Nsy 0 < Yor?|Or(0) — dy. (A.6)
For function exp(—31V;, ), notice that Vj, , is decreasing in [0, s1] and increasing on [s,7].
Moreover, for s,t < r < 751 an upper bound of V;; can be obtained through

1
1= e 2 gt — 5| = ot — of

(7% — e7WhH2 = ¢7208(] — e WEN2 > (1 — 2y;8)72 (t — 5)?
Thus
21t —s| 20t — |
Tu -

Vit < E. + )t — s> — (1 —2ys)(t — 8)*| = 2B us(t —s)?, (A7)
and
Vi exp(—3 Vi, 0) < 2 = 2exp(—=Eaur?).
Based on our definition of C, when r < 1, |Qs.,| < |yg — iwg(0)|*C(1 v e 7").
Note that the claimed lower bound in this proposition is actually negative if vz = 0,

which then will trivially hold. So it suffices for us to work in the general case that vz # 0.
First suppose that vz > 0, we will treat the first item in (A.5) as the main item, so we write

eXp(_%Vsl,O + imsl,(])
—YR -+ I(ZJR(O)

exp(—~ygr) + C

(A.5) = PO

+ Ry, », with |Rs, .| <
Thus the second layer of integral in (A.4) is bounded below by:

‘/ exp(—’yRsl)/ Eo exp(—vrS2 + iWg[s1, s2])dsads;
0 0

o Lo ep(=yrst = Va0 +ims 0)dsi| (1 — exp(=yrr))(exp(—yrr) + C)
B 7R — 10R(0)] Yr|vr — 1@0R(0)]

(A.8)
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We apply Lemma Appendix A.2 to the integral in the first item, following the steps in (A.5),
since (A.6) and (A.7) are bounds for functions n, o and V, o as well, we can find:

r N 1 ) 1 exp(—vygr) + C
exp(—vygrs1 +1iwr(0)s; — = Vs, 0 +ing, 0)dsi| > — — = .
’/ (ms1 +10p(0)s1 = 5 Varo F im0 2 Lo o~ T T ion(0)

Thus in combine

(A8) > 1 20 +2exp(—rr)
~ e —iwr(0)?  Arlvr —i0R(0)]
to 1— —2v,t v+ C(1 — exp(—27,t
0 27| R — 10R(0)] Yol Vel 7R — 10R(0)]
This is our claim for yg > 0. The vz < 0 case is completely symmetric. We take the second

term in (A.5) as the main term, and rewrite (A.5) as

eXp(_’VRT - %‘/;1,82 + im81,82)
—vgr + iwg(0)

/ Eo exp(—vrS2 + iWg[s1, s2])dse = + R, 1,
0

while the residual:

1+ Cexp(—vgr)
7R — iR (0)]

eXp(—%Vsl,o +1img, o)

Rslr < T~
R T — 1G(0)

+ Qs | <

Hence the second layer of integral (A.4) is bounded by

/ ds; exp(—’yRsl)/ Eo exp(—7vrS2 + i0g[s1, s2])dss
0

0
- ‘ /7" exp(—vr(s1 +7) — 3Ve,r + iy, )dsy
1o —vr + iwr(0)

exp(—7yrr) + C exp(—27gr)
rllvr — 10R(0)]

Then we apply Lemma Appendix A.2 to the integral in the first item, and find

" 1 . exp(—2vgr) — C exp(—2ygr) — exp(—7rr)
exp(—7Yr(s1 + 1) — Vs, » +1img, ,)dsi| > .
/0 (=7als1 +7) 2" ur)ds 1R — iwr(0)]

So in combine

(Ad) > exp(—2vyrr) 2exp(—(yr + o)1) + 2C exp(—2v7r)

~ |yr — i0g(0)|? Ve||vR — 10R(0)]

. Therefore our claim for vz < 0 is obtained through

iz [ e > L) 0 o)
0= T = 2 ye — 1@R(0))2 vr|vrl VR — @R (0)]
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Lemma Appendix A.2. Let f(s) be a positive C' function, 0(s) be a C function with a,b
being two real constants, then

t ' 4 e(a—‘,—ib)s ]
/ e(a+zb)5f(s>619(s)ds . 619(3)f<8)
0

a-+1b

t 1V e

ol = la+bi

[V, (f) + Vi (9)]-

A direct consequence is:

t at at
(a-+ib)s () 36| > |f(0) —ef(t)]  1Ve
[ et psgeoas] > HOZELOL YL pym, () + Vg0

Here Vi f denotes the total variation of f on the interval [0,t].

Proof. The first claim is obtained through integration by part formula, since

t (aib)s i6(s) e(a-‘,—ib)s i8(s) t t e(a—l—ib)s . i0(s) t e(a—l—ib)s 0(s) 4
a+ib)s i0(s ds = i0(s o 10(5) dg—i 0)0(s)d
e plays = e o) - [ fae s [ () sy,
where the two integrals on the right hand side can be bounded by:
(a+ib)s t | as|| £ 1V eat
10 s)d |€ Hf(s)’d < Vr
‘/‘a+w ‘ o Ja+ib CSfarm eat
a+1b t . 1 V eat
90 (s)ds / <] 0(s)|ds < ———Vrp 46.
[ S| <| [T < P v,
The consequence is a direct one by the relation |z — y| < ||z| — |y||:
elatib)s 1 s)f( ) |€at|f( )
atib’ la+ib]  Ja+ib||

Appendix A.4. Proofs for the asymptotic results

Lemma Appendix A.3. The following holds by Cauchy Schwartz and Young’s inequality

(o) = [oxcomra) [ v
< 2</0t des> (/Ot(Xs — YS)2ds) + 8(/0t(X5 — Ys)zds)Q.

Therefore the following holds by checking the square of both sides

t t t
< 2\// ngs\// (XS—Y;)2d8+4/ (X, — Y,)?ds.
0 0 0

And so does its expectation form:

t t t t
E‘/ (Y2 - X?)ds| < 2\/IE/ ngS\/E/ (XS—Y8)2d3+4E/ (X, — Y,)ds.
0 0 0 0

t
(V7 = XJ)ds




Intermittency in Turbulent Diffusion Models with a Mean Gradient 39

Lemma Appendix A.4. Let dU; = fy(Up)dt + oy (Uy)dWy be a diffusion process such that
Assumption 6.1 holds, assume Uy is initialized with the invariant distribution of U, then
there exists a constant M such that:

tr oot 2
]E/ {/ Updr — (t — S)Ut:| ds < Mt°.
0 s

Proof. By definition, U; can be written as

t t
Ut=U5+/ f(UT)err/ o (U, )AW,.

By Fubini’s theorem of stochastic integrals,

/: Updr = (t — s)U, + /St(t — ) f(Udr + /:(t oy (U)W,

Therefore for s <'t,

2

: :IE’ /:(t—r)f(UT)drnL/:(t—T)JU(Ur)dWT

¢
E‘/ Uy dr — (t — s)U;

2 2

< 21@{/:(75 _ r)f(UT)dr} +2E[/:(t —T)JU(UT)dW,l

t t
< 2t3]E/ fQ(US)ds+2t3E/ ot (U,)ds,
0 0

which implies:

]E/Ot {/t U,dr — (t — S)Utrds < 3t'E /Ot[f{‘}(US) + 03 (U,)]ds.

Recall that f2(Uy),0?(Us) < E(Uy), and since € is a Lyapunov function, the expectation
under equilibrium measure, EE(Uy), is bounded using its property (A.9) shown in the next
section. Hence the quantity above is bounded by Mt for a proper M. O]

Appendixz A.5. Lyapunov functions

Lyapunov functions are commonly used in probability theory to stabilize a stochastic process
X;. One way to define it is through the infinitesimal generator

1
Lf(w) = lm S [f(E(X) | Xo = @) = f(2)],
that is requiring for some strictly positive constants v, k, the following holds:

Eé:(I) S _Vg(x) + kva
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while £ should be strictly positive with its sub level sets being compact. The central role of
Lyapunov function is that it can bound the behavior of stochastic process X;, since using
Dynkin’s formula, we have

t ¢
EE(Xy) = E(Xo) + E/ LE(X)ds < E(x) + E/ LE(X)ds.
0 0
Then the time derivative is bounded by SEE(X;) < —yEE(X;) + ky, which by Gronwall
inequality gives us

EE(X;) < e "E(Xo) + % (A.9)

As for a dimensional one diffusion process dU; = b(U,;)dt + o(U;)dW;, it’s a standard result
through Fokker Plank equation that the infinitesimal generator is given by:

af 10°f

For details proof of the claims above, we refer to classic works in this direction [22, 23]. To
see that &(u) = u? is a Lyapunov function for dU; = —yU,dt + oy dW;, simply apply the
previous formula:

Lu? = —2ypu’ + o},

so v = 2y and k, = of applies. For the canonical cubic scalar model (6.2), direct

computation shows:
Lu® = —6u® + 6u’[F + au + bu®] + 15u*[(A — Bu)? + o?).

Since the right hand side is a polynomial of u, with the highest order term being —6u®. Then
by Hoélder’s inequality, for any fixed v > 0, one can find a k, such that Lu’ < —yu® + k,.
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