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Abstract. An important practical problem is the recovery of a turbulent velocity field
from Lagrangian tracers that move with the fluid flow. Here the filtering skill of L moving
Lagrangian tracers in recovering random incompressible flow fields defined through a finite
number of random Fourier modes is studied with full mathematical rigor. Despite the
inherent nonlinearity in measuring noisy Lagrangian tracers, it is shown below that there
are exact closed analytic formulas for the optimal filter for the velocity field involving Riccati
equations with random coefficients for the covariance matrix. This mathematical structure
allows a detailed asymptotic analysis of filter performance both as time goes to infinity and
as the number of noisy Lagrangian tracers, L, increases. In particular, the asymptotic gain
of information from L-tracers grows only like In L in a precise fashion, i.e., an exponential
increase in the number of tracers is needed to reduce the uncertainty by a fixed amount; in
other words, there is a practical information barrier. The proofs proceed through a rigorous
mean field approximation of the random Ricatti equation. Also, as an intermediate step,
geometric ergodicity with respect to the uniform measure on the period domain is proved
for any fixed number L of noisy Lagrangian tracers. All of the above claims are confirmed
by detailed numerical experiments presented here.
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1. Introduction

Lagrangian tracers are drifters or floaters that follow a parcel of fluid’s movement. Serving as
moving observations, Lagrangian tracers gather real-time information as they travel, which
is of significance especially for data collection in the center of the ocean since Eulerian
measurements are available only near the shores [1, 2]. One key application of these
Lagrangian data, which is also the main concern of this paper, is the inference of the current
state of the velocity field.
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Data assimilation with Lagrangian tracers has attracted considerable attention across
the years. Various filtering approaches have been applied to Lagrangian data in different
modeling contexts. This includes assimilation methods based on Taylor expansion [3],
particle filter methods [4] and the ensemble Kalman filter (EnKF) [5, 6, 7, 8, 9]. These
approximate filters produce satisfactory numerical results in the recovery of the velocity
field. Related numerical experiments also shed light on the dependence of filter performance
over different factors, such as tracers’ trajectories, number of tracers and initial deployment
of the tracers [6, 7].

In spite of the achievements mentioned above, little is known about filters for Lagrangian
tracers in theory, as all the analyses were carried out by numerical experiments. The
nonlinear dynamics of the Lagrangian tracers makes it difficult to establish a theoretical
framework which in turn impedes systematic understanding. One goal of the present work is
to introduce random incompressible low models which, despite the nonlinearity in measuring
noisy Lagrangian tracers, have mathematical structure with exact closed analytic formulas
for an optimal filter for the velocity field.

The second motivation of this paper lies in understanding the uncertainty reduction
with Lagrangian tracers. Without any observations, the equilibrium distribution of the
underlying dynamics provides the least biased estimation of the current flow. Unfortunately,
the strong turbulent nature brings about a large uncertainty in the equilibrium distribution
among many practical issues. Intuitively, the observations of the tracers’ trajectories helps
to reduce the uncertainty. This uncertainty reduction can be quantified using information
theory, as is well documented in the literature [10, 11, 12, 13].

In principle, adding more tracers is expected to gain more information about the
underlying flow. However, adding more tracers may not be an effective way to reduce the
uncertainty. On one hand, this will inevitably increase the maintenance and computational
cost of the filter. On the other hand, as recently revealed in various scenarios for prediction
with model error [10, 11, 12], there might exist an information barrier for our filter. An
information barrier indicates that a certain level of information is extremely difficult to
acquire in practice, therefore adding tracers produces little effective information return.
Evidently, identifying and understanding a potential information barrier is of importance for
the optimal arrangement of the filter.

In the following, we consider a simplified set-up with a d dimensional incompressible
random flow modeled by a finite number of Fourier modes with random amplitudes:

U(F,5) =Y i(s) exp(ik - F)fi. (1.1)

Since the whole velocity field ¢/ is real-valued, we require that the modes 0y (s) with nonzero
wavenumbers form conjugate pairs. The 7y are vectors orthogonal to the wavenumber /g,
due to the incompressibility of the whole velocity, i.e. V-7 = 0. Each 0x(s) follows an
Ornstein-Uhlenbeck (O.U.) process,

df)k(S) = —dkﬁk(s)ds + fk(S)dS + O’deﬁ)(S), (1.2)
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where fi(s) is a prescribed external forcing. The joint dynamics of all these Fourier
coefficients serve as the signal process in our filtering problem. This model can be regarded
as a stochastic version of many canonical deterministic fluid models, cf. [14] and [15] Chapter
5.

On the other hand, the observation process is given by the trajectories of L Lagrangian
tracers involving some noise, i.e. noisy Lagrangian tracers. This observation process is
modeled by the following stochastic differential equations (SDE):

dX,(s) = T(X,(s), s)ds + o, dW/(s)

= > dw(s) exp(ik - Xi(s))fids + 0, dW(s), 1=1,... L. (1.3)
keK

Here is the key mathematical observation which forms the basis for the analysis
presented in the remainder of the paper. Although the evolution of )Zl(s) is nonlinear, it
depends linearly on the signal processes Uy (s). Therefore, our signal-observation system (1.1)
and (1.3) fits into the category of “conditional Gaussian process”, introduced by [16]. Such
signal-observation processes are linear once the observations are given. With this conditional
property, the conditional distribution of the signal with given observations, i.e. the posterior
distribution, is Gaussian, as long as the signal process is initially distributed as Gaussian.
Moreover, the posterior mean and covariance of this distribution follow explicit nonlinear
differential equations with random coefficients, which can be seen as a generalization of those
of a Kalman-Bucy filter.

Two significant advantages over other filters for Lagrangian data are possessed by our
filter produced by this conditional Gaussian theory. First, it is an optimal or exact filter, as
there are no approximation errors appearing as in EnKF for non-Gaussian models. Second,
its evolution involves rather elementary formulas, which enables detailed theoretical analysis
and simple numerical algorithms. These advantages will be exploited to study the filtering
skill and explore the information barriers in the remainder of the paper.

In order to give an asymptotic characterization of the filter for L. — oo, the assumption
that the tracers are uniformly deployed initially is assumed. This is the most interesting
setting in practice, because intuitively it generates a more complete observation, which is
also numerically verified in [7] under a different setting. Moreover, Theorem 3.1 proved below
establishes ergodicity of the uniform distribution for a finite number of tracer in the periodic
setting, in other words, the uniform distribution is the attracting equilibrium distribution for
the tracers’ projection on the periodic domain. From this, we can establish a formal mean
field dynamics of the random filter and use it to do asymptotic analysis.

Here, we mention qualitatively the main results of this paper. Theorems are proved to
support these points.

e The posterior covariance matrix approaches a deterministic matrix Ry, with R; being

a diagonal matrix which scales as L~™'/2, cf. Theorem 3.3, part (i);

e The posterior mean, i.e. the maximum likelihood estimator produced by the filter,
converges to the true value of the signal, cf. Theorem 3.3, part (ii) and (iii);
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e The total uncertainty reduction gained by the observations, being measured either in
relative entropy or mutual information, asymptotically increases as {|K|In L, where |K|
is the number of modes included; in other words, we gain only i nat of information for
each mode with each additional order of magnitude of L, cf. Corollary 3.4.

Judging from the last item, the marginal information gained from each additional tracer
increases very slowly with the number of tracer, L. This will form an information barrier in
practice, when only reasonable amount of tracers are available.

The rest of this paper is organized as follows. In Section 2, we set-up the random
incompressible model, establish the filter using conditional Gaussian theory and set-up
the uncertainty quantification with explicit formulas. Section 3 states our theoretical
results. The major lines of proof are in Section 4 with additional verification done in the
appendix. The corresponding numerical experiments, showing the uncertainty reduction and
information barrier, are included in Section 5. We conclude in Section 6.

2. Set-up and terminology

2.1. Random incompressible flow model

To set-up the intuition behind (1.1), consider a two dimensional version of this incompressible
random flow model with k& = (ky, k)7,

Lo ikt
Y i) ek 7). (2.1)
|1 |V |k | <N k£ ||

where k+ = (—ks, k)T and |ky| V |ko| denotes the maximum value of |k;| and |ko|. The first

two real modes represent a random background mean sweep; the remaining complex-valued

modes form conjugate pairs and represent superposition of random plane waves. (2.1) can

be easily generalized to any higher dimension, which has a general simplified form as (1.1):

Y kek Uk () exp(ik - )7, as long as the following properties of (2.1) are preserved:

(i) 7k is orthogonal to the wavenumber k ; when there are multiple ks correspond to one same

wavenumber lg, we assume 7 are orthogonal with each other without loss of generality:;

(ii) The modes with wavenumber k = 0 are real-valued;

(iii) The complex-valued modes come into conjugate pairs, as 0y = 0", 7 = 7, where —k
stands for the conjugate index of k.

For the sake of conciseness, we leave the lengthy but simple model description in
Appendix A.1.

In the following, we group all the signal processes, {0x(s)}kek, into a |K|-dim vector
process
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There exists an obvious bijection between U(-,s) and U,: the latter can be obtained by
taking Fourier transform of the former while the former can be written as

(7, 5) = tw(s) exp(ik - F)ii = Px(7) - Uy, (2.2)
keK

with Px (%) = [- -+, exp(ik - £)F, - - -] being a d x |K|-dim matrix.
Since each of its components follows (1.2), Uy is the solution to the following linear
SDE:
dU,; = —I'U,ds + F,ds + X,d B, (2.3)

where I is a strictly positive diagonal matrix, F represents the deterministic forcing, and B,
is a canonical |K|-dim real-valued Wiener process. In order to preserve the conjugate pairs,
¥, will have oy as (k,k)th term for the real-valued modes, and {k, —k}? 2 x 2 sub-block
being %ak H _ii] for the complex conjugate pairs; the other components are 0. Notice that
3 =3,%! is a real diagonal matrix with (k, k)th entry being o2. More explanation of 3,’s
form can be found in Appendix A.1. Here, we assume F} is periodic with period T'.

Without any observations, the least biased status of the velocity field, or equivalently
U, is given by its time-dependent equilibrium distribution, also known as the climatology
in climate science. This statistical attractor of U, can be computed by applying the Fokker-
Planck equation to (2.3). Since (2.3) is linear, the equilibrium distribution is Gaussian
70t — N9, Ry ), where % has the same period with F, and satisfies

dm® = —T'mds + F,ds. (2.4)

The covariance has no dependence of the deterministic forcing and is the solution of the

system
0 = _FRatt - Rattr* ‘l— ZUZZ (25)

Making use of the fact that I' is diagonal, one can easily solve
¢ 1
ﬂ_i?tt = / eXp(—F(t — S))Fsds, Ratt = §F_lzuzz

Usually the information obtained from the equilibrium distribution is very limited. This
distribution usually serves as the prior knowledge of U, before observations are taken. We
assume this below for simplicity in explanation.

2.2. Filtering with noisy Lagrangian tracers

Given one realization of the velocity field, vs>¢, the trajectory of each one of the L noisy
tracers can be modeled as the solution to the following SDE:

dX,(s) = 7(X,(s), s)ds + o, dW?(s)
= Px(Xi(s))Ugds + o, dW/(s), 1=1,...,L. (2.6)
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The {W/(s)}i< are 2-dim real-valued independent Wiener processes. They describe the
random instrumental error over the tracers. In the language of filtering, they are called the
observation errors.

We will also group all X,(s) into an observation vector X, of dimension Ld x 1:

Xi(s)
X, =
X1(s)
Based on (2.6) and (2.2), X follows
dX, = Px(X)Uyds + 0,dWx(s). (2.7)

where P x(X;) is a Ld x |K| matrix-valued function of X, defined as follow with Wx:

— — —

Px(X1(s)) cexp(ik - Xq1(8))M - Wi (s)

Px(X,) = : = | : s W)= (28)
Px(Xr(s)) oexp(ik - Xp(s))rc - WE(s)

From previous discussion, filtering #(, t) with (X;(s), ..., X1(s))s<; is equivalent to filtering

U, using X<, which have their joint evolution described by (2.3) and (2.7).

The nonlinearity of this problem comes from the tracers, as the evolution of X, depends
nonlinearly on itself in (2.7). However, once its realization is fixed, both (2.3) and (2.7) will
be linear in U,. Moreover the initial distribution of Uy is taken as 73", which is Gaussian.

Therefore our problem fits tightly into the condition of Theorem 12.7 of [16]. Since
this theorem is of pivotal importance, we attach one simplified version of it as Theorem
Appendix A.1. Based on its statement, conditioned on the observation of X,<;, U; is
distributed as m;; = N (my, Ry). The posterior mean, 1mi;, and covariance, Ry, are solutions
to the following:

dR, = [-TR, — RI* + X — 0 *R,P(t)R,]dt, (2.9)
dmy, = —I'iy,dt + Fydt + 0,2 RP x (X,) (dX, — Px(X,)dt), (2.10)

where we denote X := X, % and P(t) = P%(X;)Px(X}), which has explicit random matrix
entries as

Jk—ZeXp ((k = 7) - Xa(£)) (ry o). (2.11)

It is worth noticing that since Py is a periodic function, it is equivalent to observe either
X,(t) or its projection on torus T¢ = (0, 27

Without lost of generality, we assume the initial locations of the tracers X, 0),..., X (0)
are distributed independently. Then conditioned on the realization of Us>o, Xi(s), ..., X0(s)
are conditionally independent processes. Their joint law conditioned on the realization of

Us>o will be denoted as Py ., and the expectation taken with it denoted as Eg .. Regarding

Vs>0
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regularity, P; _ . and other conditional laws in this paper are all regular versions of conditional

17320
probabilities; their existence relies on the fact that the underlying space is Polish, cf.
Theorem 6.3 [17]. In order to differentiate this distribution from the joint law of s>
and (X;(s))o<si<r, we will call the latter the super ensemble probability as it includes all

realization of Us>o and denote it as P.

2.3. Uncertainty reduction

Denote by ;¢ the posterior distribution of the velocity field with observation from tracers,
which is a Gaussian distribution with mean m; and covariance R;. One practical question
is how much uncertainty is reduced in m; compared with the unfiltered velocity field,
meaning the absence of observations. Here the prior distribution is given by the equilibrium
distribution 7", with mean m{* and covariance Ruy. Empirical information theory, as in
[11, 12, 18, 19], is applied to measure this uncertainty reduction.

In the information-theoretic framework, one natural way to measure the lack of
information in one probability density ¢, when the real distribution is p, is through the
relative entropy

P(p,q)Z/plng
Despite the lack of symmetry in its arguments, the relative entropy, P(p,q) provides an
attractive framework for assessing the uncertainty reduction as well as measuring model
error due to its two “distance-like” properties: (i) P(p,q) is always positive unless p = ¢,
and (ii) it is invariant under general nonlinear change of variables. These properties make
relative entropy an ideal measurement for uncertainty quantifications purposes.

When both p ~ N (mi,, R,) and ¢ ~ N (m,, R,) are Gaussian, the relative entropy has
an explicit formula [20, 21]:

P(p,q) = |37, — i) B, (7 — 71g) | + 3 [tr(R, B, ) = N = Indet(B, ;Y| (2.12)
where N is the dimension of both the distribution. The first term in brackets in (2.12)
is called the “signal”, it measures the lack of information in the mean weighted by model
covariance; whereas the second term in brackets is called the “dispersion” and involves only
the covariance ratio.

For our purposes, of key importance is the so-called Bayesian-update interpretation of
relative entropy. It states that if p = m, is a posterior distribution conditioned on the

observation X<, and ¢ is the corresponding prior distribution, which is the case for ¢ = i,

then P(my,, 7)) measures the additional information beyond 7{"* gained by having observed
X,<t, namely, the uncertainty reduction.

The above discussions and formulae also apply to complex-valued random vectors, as
long as their conjugates are integrated properly. The relative entropy of a random variable

X + Yi can be naturally defined as the relative entropy for the real-valued pair (X,Y).
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More discussion and verifications of formula (2.12) in this setting can be found in Section
Appendix A.2.

Moreover, as the U; has its complex entries come in as conjugate pairs, we can apply
(2.12) with its mean and covariance under my; and 7"

P (e, mp) =5 [ (M — M) Ry (1 — mg™)] Signal

+ [tr(R.Ry;) — |K| — Indet(R.R,,;)] Dispersion. (2.13)

Another important quantity that also characterizes the amount of information of Uy
that X <; can provide is their mutual information. This quantity is also widely used for
other scenarios of uncertainty quantifications, [22, 23, 24, 25]. For two random variable X, Y
with joint density p and marginal density px, py, the mutual information is defined as:

p(dz, dy)
I(X;Y) = /p(dx,dy) In —————.
px(dz)py (dy)
In our scenario, we can show that Z(Uy, X,<;) = E(P(my, 7f")), i.e. the “super-ensemble”
expectation value of the relative entropy over all the observations [24]. With direct
computation in Lemma Appendix A.3, we also have a concise formula for this quantity:

1 1
I(Ut, XsSt) = 5 In det Ratt - iE In det Rt. (214)

Notice the bijection between U, and @, so (2.14) is also Z(, (X;(s))s<ii<r).

Note that the relative entropy P(my, 7{*") is stochastic since it is based on a single
realization of X,<; while the mutual information, which averages with respect to all the
realizations, is deterministic.

The final remark is that both the relative entropy and mutual information can be applied
to any marginal parts of U;. As these marginal parts are also Gaussian distribution, it suffices
to replace the vectors, matrices and dimension in (2.13) and (2.14) with corresponding sub-
vector, sub-matrix and dimension. One can read Corollary 3.5 and its proof for a detailed
explanation of this.

3. Statements of results

Our results consists of three parts.

The first issue we address before analyzing the filter is the locations of the tracers. This
impacts dramatically how the filter performs. Indeed, if all the tracers are clustered in one
location, then intuitively we should have little inference of the flow at a distance away. Then
in this situation, the filter would perform very differently comparing to an ideal situation
when tracers are uniformly distributed in the whole area. Reference such as [5, 7] also address
similar issues in a different setting.

Consider the process for the noisy Lagrangian tracer trajectory given in (1.3), our first
result indicates that the ideal situation is probably the most interesting case:
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Theorem 3.1. For a.s. realization of U(Z,s)s>o formulated by (1.1) , the wuniform
distribution, X\, on the d-dim torus T? := (0,2x]¢, is the unique invariant measure for
process X,(t) := X,(t) mod T%, for any fized I. Moreover, the tracer’s projection on T
15 geometricly ergodic under the conditional distribution for given Usso, t.e. there exits a
suitable constant ¢ < 0 such that:

. 1 5

limsup —In||Ps.,(Xi(n) € -) = M|rv < q.
n—oo T -

Here, Pﬁsgo(Xl(n) € -) is the conditional distribution of X,(n) for given Us>o. The choice of

q is independent of Us>o and the distribution of )Zl(O).

The notation || - ||rv stands for total variation distance. Recall the total variation
distance between two measure P and Q is defined as:

IP — Qllrv = sup Epf — Eqf,
f1<1

with the supremum runs over all measurable functions f, |f| < 1.

Since the tracers are mutually independent, by Theorem 3.1, the distribution of the
configuration of their projection on T¢ will approach A** := A ® --- ® A in a finite amount
of time. It is therefore more interesting and theoretically convenient to assume the tracers
are distributed at their steady state in the beginning.

On the other hand, in the view of (2.9) and (2.10), our filter process (1, R;) is a Markov
process. Also by Lemma Appendix A.4, (my, R;) are bounded in probability. Therefore even
if the tracers are not distributed as A®’, we can shift the time till the point that A®* is

approximately reached. In other word, assuming the following loses little generality:

Assumption 3.2. The projection of the initial location of each tracer on T¢ is independently
and uniformly distributed on T?¢. The prior distribution is chosen as Uy ~ N (g, Ry) with
|| < M, m\/z_ll < Ry < MT for some constants 0 < m < M.

Under Assumption 3.2, our second result discusses the limiting behavior of the posterior
mean and covariance m; and R; for large L. Recall that a sequence of random variables X,
converges to a in probability, written as X, — a in P, if for any ¢ > 0, P(|X,,—a| > ¢) — 0 as
L — oo. We will say X, approaches Y7, in P if X; —Y;, — 0 in P. We will say a deterministic
sequence xj grows asymptotically as f(L) if their ratio goes to 1 as L — oo. We will use
| - || to denote the L? norm of a matrix.

Theorem 3.3. When filtering a random incompressible flow U(Z, s) described by (1.1) using
L Lagrangian tracers under Assumption 3.2, the following hold as L — oo:

(i) For any fixredt > 0 and a.s. realization of Us>o, the posterior covariance Ry approaches
Ry, in the conditional distribution with given Us>o:

IR;' IR, — Rl = 0 in P

Vs>0"
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The sequence Ry, are deterministic diagonal matrices with

2

0,
Rilkx = hi : 3.1
Bl =2 V& + Lo 2022 (3.1

(i1) For any fized t > 0, the difference between the posterior mean and the signal, m; — Uy,
converges to 0 in IP, the super ensemble probability that integrates all realization of Us>o.
(111) There exists a constant time so, such that for a.s. fized realization of Ussg, t > s,
my — U, converges to 0 in P50
In other words, asymptotically m; can be approximated by N (Uy, Ry). We only need
to plug in the formulas for relative entropy, (2.13), and mutual information, (2.14) to have
formally the following corollary on the asymptotic behavior of uncertainty reduction:

Corollary 3.4. Under the condition of Theorem 3.3, the following hold as L — co:
(i) The dispersion part of the relative entropy in (2.13) approaches the following in Py, -

1
3 Z (ln <%(1 + \/1 + La;2d1:2aﬁ\77’k\2) - 1). (3.2)

keK

(ii) The signal part in (2.13) will converge to (U, — mg™)* Ry (U, — migt) in P for t > 0
and Py, for a.s. U0 when t > so, with so defined by Theorem 3.3 part (iii).

(i1i) The mutual information between the velocity field Uy and the observations ()Zl(s))sgt7l§L
grows asymptocally as 1|K|In L.

Notice that under N (Uy, Ry), each component is independent as Ry is diagonal, so
there is the following version of Corollary 3.4 for marginal processes:

Corollary 3.5. Under the condition of Theorem 3.3, let K C K be a subset that does not

separate any conjugate pairs. Denote U, = [, O(t), - ']ief(’ then the following holds as
L — oo:

(i) The dispersion part of the relative entropy of U, approaches the following in P

Vs>0 "

1
5 Z (ln (%(1 + \/1 + L052d1:2012<\77k\2) — 1). (3.3)
keK

(ii) The signal part of the relative entropy of Uy will converge to (U, —m@™)* Ryt (U —mg™)
in P fort >0 and Py, for a.s. Us>o whent > sy, with sy defined by Theorem 3.3 part
(iii). m¢™ is a sub-vector of m¢*™ and R is a diagonal subblock of Ruy, with indexes
in K.

(11i) The mutual information between the velocity field U, and the observations (XZ(S))sgt,lgL
grows asymptocally as i|1[2| In L.



Information Barriers for Filtering Noisy Lagrangian Tracers 11

4. Proof of theorems

4.1. Conditional geometric ergodicity of tracers

In this section we will prove Theorem 3.1. We will use the following notation:
PZ. () = Pﬁszo(j(l(”) € -|X(0)=2), VreTd

Recall that Xl(n) is the process associated with the noisy Lagrangian tracer equation’s
projection on T¢:

t t
X;(t) = X;(0) +/ (X, s)ds —I—/ o dW(s) mod T¢.
0 0
We also denote the supremum velocity in a velocity field as:
|Us|oo := sup [U(Z, 5)|.

1z as the unique

We write p : RY — T¢ as the canonical covering map and we denote p~
inverse image of z in (0, 27]<.

Also recall that a coupling of two measures is a joint measure with its marginal
distributions being the two measures respectively. The essence of the following proof is
constructing a coupling between the trajectories of two tracers Xl(s) starting from two
different locations but transported by the same realization of ¥s>¢. By the Goldstein’s

theorem, Section 14 [26], we have
IP%,, — P¥,ll7v < 2P5_, (two tracers are coupled into one trajectory from time n),

so if there exist a coupling such that two tracers are eventually coupled, we will have our
claim. In a rough sense, we will construct this coupling one time step by one time step. The
key argument in (4.2) below implies two tracers can be coupled at the end of one time step
with a probability bounded away from 0 no matter where they start. Hence the probability
that the tracers are not coupled will decay geometrically in time. And in order to show (4.2),
we will show it is measure theoretically equivalent to the case when v, is trivial using the
Girsanov theorem as long as ¥, is bounded in L2.

Proof. To show the invariance for the measure A, notice that #(Z, s) is spatially periodic,
it suffices for us to verify that locally the density f = 1 is a solution to the Fokker-Plank
equation for (2.6). Using the Fokker-Plank equation on T¢, see [27] Section 8.1, the evolution
is

of a density under Pz,
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When f = 1, due to V - v; = 0, the right hand side above is 0, hence f = 1 is a time
independent invariant solution of the equation above. The uniqueness of invariant measure
is proved by the geometric ergodicity argument below.

To get the geometric ergodicity of tracer, notice that ¢(Z, s) is formulated as in (2.2),
and U, is an O.U. process with strictly positive damping, so ¥ is ergodic. By the Birkhoft’s
ergodic theorem, if we denote the periodicity of 7% as T', then

lim = [ |t,]5.ds = = | Egae|Px(Z) - Ugloods P-a.s.
t Jo TJy

t—00

Let N be the value twice of the right hand side, and denote

k+1
k(U,n) = #{kzogkgn—l,/ |z7(s)|gods<N}.
k

Then using [ |t4]2, > 2N (n — k(¥,n)), we can conclude

P-a.s. (4.1)

We fix a Ui such the event of (4.1) takes place. We will first prove the following claim:
there exists a uniform ¢ > 0 such that for any = and y in T¢,

1Py, — Poallrv <2 - Lyt g2 dsen (4.2)

This claim is trivial for { fol |7(s)|?,ds > N}, so we assume the opposite holds. Consider the
following joint processes on R,

—

Xs :p_1$+Ust> }_}s :p_ly_l'o'st/

where W and W/ are two d-dim canonical Wiener processes. Denote their laws respectively
as Q, and Q,. Since p~'z and p_ly lie in (0, 27r] so [p~tr—p~ y| < 2v/dr. Then since X,
and Y are distributed as N (p~'a, 021,), N (p~ty, 021,), with |[p~'z — p~'y| < 2v/dr we can
find an universal a > 0 such that

IN(p~w,021;) — N(p~ 'y, o2 1y)||rv <2 —a, Va,yec T2

Due to the relation between coupling and total variation, cf. Theorem (1.5.2) in [26], w
can find a maximal coupling Q%Y of the random variables Xl,ﬁ: Q“’()Z'l = )71) > a.
Then conditioned on the value of Xl, }7'1, we can extend it to a coupling, Q7"Y, of processes
()Zs)sgl, (}7;)831, explicitly defined as:

QU(X,<1 € du, Y,y € dv)

= / Q™¥(X, € dw,Y; € d2)Q,(X <1 € dulX; = w)(@y( s<1 € dv|Y; = 2).
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Then as Q%Y is the marginal distribution of (X;,Y;) for Q¥¥:

X =Y) = QWX =Y)) >a, Va,yeT? (4.3)
Now denote

t
25(t) = exp(M,; — S(M),), M=o, / 7(X,, s)dW, + 0(Y,, s)dW'. (4.4)
0

Since f01(|17()23, $)[2+ |7(Y,, 8)|2)ds < 2]01 |U5)%.ds < 2N, the Novikov condition, Corollary
3.5.13 [28], holds for z,(t), meaning z,(t) is a martingale. By the Girsanov theorem, under
measure p defined by du := z5(1)dQ7"Y, the processes

t t
W, =W, — 051/ (X, s)ds, W/ =W/— 051/ 0(Ys, s)ds
0 0
are canonical Wiener processes. The X s Y, on the other hands are solutions to the equations:
— t — ~ — t — ~
X, =plz+ / (X, 8)ds + o, Wy, Yi=p ly+ / (Y, s)ds + o, W,
0 0

So X, and Y, can be seen as lifts of the processes described by (2.6) starting from point x
and y. In other words, the joint law of (pXy,pY1) is a coupling of PP, and IP’%’I. Therefore

HP;B?J - P%,IHTV = E‘l\lg IP):5,1]‘3 - P%,lf = S‘lll<p1 Eu(f()zl) - f(?l)) < 2/~L(Xl # 371) (4.5)

On the other hand, let M = 20, '1/N/a, since under Q¥ for t < 1,

t t
(M), = EgM? = 07 °Eq / (5K, )2 + [3(F,, 5))ds < 2072 / 52.ds < 207N,
0 0

Using the definition of z,(1), (4.4), and the Chebyshev’s inequality,

17 (2(1) < exp(=M —0,%N)) < Q7Y (M < —M) <
From this and (4.3) we derive
p(Xy =) :/1)21:?1%(1) -dQy”

> @ﬂf’y()?l = )71,21,(1) > exp(—M — a;QN)) exp(—M — a;QN)
(QPY(X, = Y1) — Q7Y(2,(1) < exp(—M — 0;2N))) exp(—M — 0 %N)

v

v
N | =

aexp(—M — 0,%N)

Based on (4.5), ¢ = aexp(—M — o,2N) > 0 satisfies our claim (4.2).
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The next step is applying (4.2) at each time step and use the Markov property to form
an induction. Denote

Pwn 1/\)‘7 ]P)in 1= Pgn 1 g’,n—l? )‘ 1=A— Qvn 1

vnl

In other words, the density of QF,, ; is the minimum of the ones of P, | and A; it represents
the maximum volume of measure that P, _; and A can be coupled with. Notice that,

Pg . 1(T%) = Aot (TY) = —I|Pm 1= Allzv. (4.6)
Then by letting

Pz (dz)A,_1(d A 1(Q) > 0:
RZ . (dx,dy) := {)\n 1(Td)™ vn— 1( ) 1(dy) 1(€2)
0

one can verify that ]@fm_l is a coupling of If’"g,n_l and \,_1, that is, its marginal distribution
is I@’gm_l and S\n_l in x and y direction.

Notice that by the Markov property, using the shift operator 0 : (6"7)(s) = (s + n),
the following equation holds by conditioning on the value of X;(n — 1),

S Y

Therefore for any measurable f, |f| < 1, making use of that A is invariant under PZ

L f =M= /Pjﬁn (AP iy f = Mdy)Pg 15, f
:/I@”g (dy)Py iy f — An1(d2) PGy, f
:/Rg 1(dy, d2)(BYrs, f = P15, f)
< %HPixn_l—AHw( —clpr (s ods<n)-

We apply (4.6) at the last step. By taking the supreme over all measurable f, |[f| < 1, we
have

IPZ, — Allrv < (1= 51 o)z ds<n) PGt — AllTv

Using induction, [P, — Allzy < 2(1 — 5)1‘“(“’"). Due to the Markov property on the initial
condition,

Py (Xi(n) € A) = / P(X(0) € dz)P%,, (A)da.

So apply the Jason’s inequality,

Py, (Xi(n) € -) = Allzy < /P(Xz(o) € da)|[P,, — Allrv < 2(1 — §)H".
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Recalling (4.1), we have

1 ~ 1
lim sup - In Py, (Xi(n) € -) = Mrv < —3 In(1— <) <0.

2
n—00

4.2. The mean field dynamics of the filter

In this section we will prove Theorem 3.3. Let us first briefly explain the intuition. Since the
posterior covariance R; follows its own dynamics (2.9) but enters in evolution of 73, through
(2.10), it is intuitive to study R; first. Recall from (2.9) that R; is the solution to a Riccati
equation with random coefficients:

dR, = [-TR, — RI* + = — 0> RP(t)R/]dt.

The randomness comes from the tracers X;, which enters the evolution by the second order
coefficient

P(t) = P5(X,)Px(X,) = ZPX (X,(1)) Px (X, (1)). (4.7)

The second equality above comes from the fact that Py (X,) is a concatenation of Py (X;(t))
as in (2.8). The randomness of P(t) makes R; also a random process. However, under
Assumption 3.2, by Theorem 3.1, Xi(t),..., Xp(t) are i.i.d. samples from the uniform
distribution A under Py

#.0- Lherefore the value of P(f) as a sum of i.i.d. random variables

will not deviate too far from its mean in Pz _, when L is large. So intuitively, R; will stay

close to the solution of the formal meal field average of (2.9) as
dR; = [-TR, — RT + X — 0, LR,MR,|dt, M :=E\P%(X)Px(X). (4.8)

On the other hand, matrix Riccati equations are known to be a contraction for Hermitian
matrices. Therefore, R; will also converge to R, in time, which is the stable point of (4.8); it
will also be shown in the proof of Theorem 3.3 part i) that this convergence is exponentially
fast with a rate which scales as v/L. Using this accelerating convergence, R, approaches R,
very rapidly.

Since we will deal with variables that depend on L, we will say some sequence xy, is of
order f(L), written as x; ~ f(L), if M f(L) > x;, > mf(L) for some constants M, m > 0 as
L — oc.

The next lemma computes explicitly the value of M and Ry, and also give a probabilistic
control over the deviation of P(¢) from LM.

Lemma 4.1. i) M in (4.8) is a diagonal matriz with k-k th entry |ry|?.
ii) The stable point of (4.8), Ry, is a diagonal matriz with k-k th entry being
2

Ok

R
L dk + \/d2 + Loy 2ak|7"k|2
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iii) Define P, = P(s) — LM, qy := L™ SUP,<y | P,||, then for any q > 1/2, L'9q;, — 0 in
Pz, for a.s. Us>o.

Proof. 1t suffices for us to prove each part with a fixed realization of 7> so that the claim
of Theorem 3.1 holds.
Part i) Recall that by (2.11), P(¢) has each of its matrix entries explicitly as:

(P(t)ja = Y exp(i(k — J) - Xu(1))(75'7ic).

When j = k, the quantity above is a constant, L|r|?>. Hence M has the described diagonal
terms.

When j = lg, j # k, the quantity above is 0 as 7jL7k. (This is why we require i to be
orthogonal to each other if they share the same wavenumber as in Section 2.)

When j # k, notice that if we let ¥; = exp(i(k — j) - X,(t)), then using X;(¢) ~ A under
P

7,50 We have

Es., Y1 = |1r_1d|/ exp(i(k — j) - z)dx = 0.
> -

In summary, M is diagonal.

Part ii) Since (4.8) has all matrices being diagonal, we can solve the equation in each
diagonal entry, which is solving 0 = —2dyx + 0f — Lo, ?|F|?2?. Directly solving these
equations gives ii).

Part iii) Notice that P, := P(s) — LM has its diagonal terms being 0, its off diagonal terms

the same as P(s). In order to show our claim of ¢y, it suffices to show L™9([P]; k)s<: converge

to the constant 0 process in P because by the following we have our claim proved:

Us>07

L—oo

LY, = sup,<, L7 Py|| < |K|I;;akxsuptSTL_qH]53]j7k| X0 in Py,
; >

Since zF := L™9[P,];) are continuous in s, so it suffices to verify the conditions of Theorem

7.5 of [29]. This verification is done by Lemma Appendix A.5. O

Proof of Theorem 3.3, part (i). Fix any 0 < ¢g < §ming [7[?. In the following, if we say
some constant is uniform, then that constant works for all ¢y < %mink |7%|? because only a
bounded set of ¢ is considered. We introduce this technicality because we may decrease cq
to a smaller value which depends on these constants in part (iii) of this theorem. For part
(i) and (ii), any fixed ¢y < 3 miny |[7|* will be suffice.
Recall that
g = L™ sup [P(s) — LM,

s<t

one has
LM —q, ) <P(s) < LM +qI), s<t.
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We will focus on the event {g;, < cp}, which by Lemma 4.1 (iii) has P _, probability goes

to 1.
By the comparison theorem of Riccati equations, Theorem 4.1.4 of [30], if we let Ry,

be the solution of
dRy;=[-TRy; — Ry T+ X — LU;2R:I:,t(M Fqrl)Ry,)dt, Ry = Ro; (4.9)

then R, is bounded by the two: R_ < R, < Ri,, s <t.

On the other hand, since R, ; follows (4.9), according to Theorem 8.5 [31], they will
converge in time to the stable points of (4.9) respectly, denoted by R, which are the solutions
to the algebraic Riccati equations:

0=-TRy — R I +%¥— Lo, ?R:(M F qr.1) R,
or explicitly:

2
Ik

diety/d3+Loy o (72 Far)

Ry =

By Theorem 8.5 of [31], when g, < ¢y the rate that Ry, converges to Ry in the
Thompson’s metric is at least

1
|Lo;2(M — ¢oI)Y?2(M — ¢oI)Y?|| > §LO';2 mkin 7| of =: 3.

In other words: p(Ryy Ry) < exp(—2urt)p(Ro, Ry). According to [31], for two positive
semidefinite Hermitian matrices A, B, the Thompson’s metric is defined as:

p(A, B) :=Ininf{t: A <tB,B < tA}.

Since mL~Y?] Rig < MI, when ¢, < ¢y there is a uniform constant Dy such
that p(Ro, R+) |In(Dov/L)|. Therefore p(Ryis, Ri) < |In(DovL)|exp(—2pust). Note
that if p(A B) < a for two Hermitian matrices, then by definition of the Thompson’s
metric,(e™ — 1)B < A — B < (e — 1)B, which implies ||[A — B|| < (e* — 1)||B||. Hence,
[Ris — Rell < 1R llfexp(n(Dov/E) exp(~2tuz)) — 1.

Notice the following bound holds for all 0 < x < 1,a > 0,

<
<

1 1
exp(ax) — 1 =ax + §(ax)2 + = a0 —(az)® + ...
1 1
zla+ za® +-a* +..] <en.

2 3

Assuming ¢, < co, as || Ry|| ~ 1/v/L we have for a uniform constant D,

|Ryt— Rl < D0||Ri||\/ZeXp(—2uLt) = Dy exp(—2tur).
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On the other hand, according to the formula}:ion of Ry, which is C! in ¢z, there is a uniform
constant Oy such that ||Ry — Ry|| < C1vV/L  qp when g, < ¢o. Then from R_; <R <Ry,
we can verify that when g7, < ¢,

-1

IR, — Rp|| < |Ryy — R|| V ||[R—y — Rp|| < CiV'L qp + Dy exp(—2puzt). (4.10)

On the other hand, as ||R;'|| ~ v/L, there are some constants Cy, Dy so that for any & > 0,
Pﬁszo(HRZlH HRt - RLH > 5) < Pﬁszo (QL < C()) + IP)17520 (équ + Dl\/zexp(_QMLt) < 5)7

both probabilities on the right go to 0 by Lemma 4.1 and p, ~ V'L as L — oo, therefore we
conclude our claim. O

Since Ry := E((U;—my)-(Upy—n1;)*|Xs5<¢), s0 using its convergence in the super ensemble
probability P easily leads to the following proof of Theorem 3.3, part (ii).

Proof of Theorem 3.3, part (ii). Because E(|U; — m;|?|X,<;) = tr(R;). By part (i) of
Theorem 3.3 , the law of total probability, i.e. EY = EE;_,Y, and the dominated
convergence theorem, for any & > 0,

P([Rell > €%) = EPy, (| Re > €%) = 0, as L — oo.

So for any fixed £ > 0 apply first the law of total probability then the Chebyshev’s inequality,

P(|U, — | > €) < P(tr(Ry) > ) + P(tr(R,) < &4 |U, —1iy| > €)
= P(tr(R;) = €") + E[E(Lu(ry<er Lju,—rmife Xoo)]
< P(tr(Ry) > ') +E[P(JU; — 17| > €[ Xy, tr(Ry) < €7)]
< P(tr(Ry) > &Y + & (4.11)
By letting L — oo then £ — 0, we have shown the claim. O

4.3. Convergence of posterior mean

In order to show the convergence of m; towards Uy in Pgszo, we need to do some computations.
The intuition can be revealed by replacing dX; in (2.10) by its formulation (2.7), so we rewrite
(2.10) as

dimy = [Ty + Fy + 0,2 RP (1) (U; — miy)]dt + o, ' Ry P (X, ) AW, (1). (4.12)

This can be seen as a linear process with random perturbation. Its damping coefficient is
[ + o, 2R,P(t), which by part (i) of Theorem 3.3 can be seen as I' + o, 2LR;M plus some
deviations. As L increases, I' + 0;2LR.M is of order v/L, which is also the order of force
that will apply to m, if it deviates from Uj.
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Proof of Theorem 3.3, part (iii). First fix a realization of Us>¢ such that part (i) holds. We
simplify the notation of (4.12) by defining a new d-dim vector process wy:

1 * 1 1le | ]
dwt = ﬁPXdWX() \/7 Zl 1e ( dVVl())

The quadratic covariation of wy is

L
1 -k e 1
(dwr, dwy) = + { ?1 - X0 rk] dt = ZP(t)dt. (4.13)

jk
Notice that L~'P(¢) has each matrix entry of norm at most 1,
(dw?, dw?) < L't (P(t)) < |K|.

Subtracting the equation for dU, in (2.3) from dni; in (4.12), we have the evolution of the
difference 7, = U, — m

d [P + O 2Rt ( )nt]dt ZvdBt + Ux_l\/Zthwt.

Let U(s,t) be the fundamental matrix group generated by D; := —dol — o, 2R;P(t), that is
if #y = Dy then z; = W(s,t)xs, Vs < t. Then by the Duhamel formula,

t t
ity = W(0,t)iiy — / (s, t)3,dB, + o—;WZ/ (s, t)Rydw,. (4.14)
0 0

Recall that all of the derivation of the proof for part (i) holds as long as

qr = L™ sup [[P(t) — LM|| < «,
s<t

where ¢ is any small fixed number. Define the stopping time 7 := inf{s > 0, L™|| P|| > ¢}
Then the event B := {7 < t} indicates q; < ¢o. By (4.14) and the union bound,
> €, B)

> €, B). (4.15)

t
Py, (7] > 36) <Py, (BY) + o, ([U(0, 70| > €, B) + Py, (\ [ v .am,
0

t
051\/3/ U(s,t)Rsdws
0

+ IP)'USZO (

In order to show 7i; — 0in Py, _, it suffices to show for any € > 0, each of the four probabilities
on the right above goes to 0. Using Lemma 4.1, we know Py _ (B) — 0 as L — oo.
In order to bound the remaining terms, let us bound ||W(s,t)|| when the event {7 > ¢}

holds first. Let z; = U(s,t)x,, then 7 = —(dy + 0,2 R:P(t))x;. Recall that based on the
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derivation in the proof of part (i), (4.10) holds when {t < 7}. Notice this implies the
following hold for s <t and some uniform constants Dy, C; and Ci:

~ —1 ~ —1 ~
| R|| < Dyexp(=2prs) +coCiVL , ||RL| < CiVL -, ||| < co.

Hence there are uniform constants C5, Dy such that when s <t <,

d By .
£|xs|2 = Re(22%d,) = =225 (0 + 0, LR, M + 0, ?LRe(R,M + (R, + R,)P,))x,

< =223 + 0,2 LR M)z, + 20, °L {[Dl exp(—2urs) + coCl\/Z_l] | M|
+a(CWI +eCWI + Dy exp(—2,uLs))} |2
< —22% (02 LR M)z, + 2[coCoV'L + LDy exp(—2415)]|z4]?.

Since R;M is a diagonal matrix with all real positive entries, the following holds for an
a > 0:

-27 52|77, |2
0, " Loirid >|xs\2a\/Zam|Fk\.

—2, % 2 .
o ‘e LR Mux, > |xs|° min >
v g ’ | S| k dk—|— \/di+U;2LO'I2<‘Fk|2

If we let d, = %a\/zamm{\, choose a ¢y < iC’Q_ 'a, then we can simplify the inequality of
L |z]* above by another bound:

d
£|xs|2 < —2(dy, — LDgexp(—2us))|zs|*. (4.16)

This choice of ¢y is legitimate, since recall that in the first line of the proof of part (i), co
can be any fixed positive small number.
Using the Gronwall’s inequality and gy, ~ v/L, one has with some Dj

|z < exp < —dp(t—s)+ LDy /t eXp(—Q,qu)dr) ||
< exp(—dp(t — s) + DsV'Lexp(—2pLs))|xs,
in other words up to t < 7,
[T (s, t)]| < exp(—dp(t — s) + DsV'Lexp(—2purs)) =: (s, t).
Let sg be a constant larger than lim sup 2D3\/Z/dL < 00, then if s > %so,
drs > DsVI, \/zexp(—2,uLs) < 1.
So when t > sg, the second probability in (4.15) is bounded by an indicator

IP)'USZO(\I](O’ t)ﬁo Z E’ T S t) S 1{0Xp(—D3\/Z)Ze}?
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which goes to 0 as L — oo. For the third probability in (4.15), observe that with integration
by parts

t t
/ U(s,t)Sod(B, — B) = U(0,1)S,B; + / U(s,t)D,5,[B, — Byds.
0 0

It suffices for us to show fgw(s,t)HDS]HBS — Bi|ds — 0 when 7 < t. This computational
verification will be done in Lemma Appendix A.6, part (i) using

1D = IIT + o *RiP (1)
<0 + o 2| Re [l ZM + B
ST+ o (Rl + 1B (LM + co)
< ALexp(—pups) + VLB

for some constants A, B.
To bound the last probability in (4.15), we define y, := o' [5 W(s,¢)vLR,dw,. Due
to the Chebyshev’s inequality, it suffices for us to show E; _ (|y¢|*1,<;) — 0. Notice that v,
follows: )
dy; = —(T 4 05 2RP(t))y,dt + 05 'V LR dw,.

Following the derivation of (4.16), we have the same bound for Re(y; (T + o, 2R:P(t))y;)
when 7 > t; apply it and the bound for the quadratic variation in (4.13) in the following
application of It6 formula:

dy|? = — 2Re[y; (I' + o, 2 R,P(1))y,dt + R(dwy, dw;) Ry + 2y; Rydwy]
< —2[dp — LDsexp(—2purt)]|y*dt + |K||| R||*dt + 2Re(y; R, dw,).

If we let z; be the solution with zy = 0 and
dzy = —2[d;, — LDsexp(—2ut)]zdt + |K||| Re||*dt + 2Re(y; Redwy).

This is well defined as one can easily verify that v, is a L?-integrable process, and by Lemma
Appendix A.4 R; is uniformly bounded from above. Then by the comparison principle,
2 > |ys|21{t§7}, Py, ,-a.s. Moreover, notice that w; is a martingale, using

t t
zt:/ \If(s,t)|K|||Rs||2ds+2/ U(s, t)Re(y: Rsdws),
0 0
we have:
Eooo([9:?1rse) < Bz < [K] / (s, 1) Rl ds.

It remains to show the quantity above converges to 0; this is rather elementary since
|Rs||? = || Rz + Rs||* < B, then apply Lemma Appendix A.6 (ii) to verify this. O
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4.4. Asymptotic uncertainty reduction

Proof of Corollary 3.4. With the clear knowledge of the asymptotic behavior R; and m;, the
information theory part is quite elementary.
Part (i) Recall that in (2.13), the dispersion part is

K]

1 1 1
-3 In(det R;) + 3 In(det Ry ) — - §tr(RtR;t%)'

Since the climatological covariance Ry is a constant matrix, || R|| — 0 in P,., by Theorem
3.3 (i), so asymptotically the trace part vanishes. Apply the result of Theorem 3.3 (i) on the
following decomposition:

Indet(R;) = Indet(I + R;'(R; — Rr)) + Indet(Ry)

the first term goes to 0 in P Hence the dispersion part asymptotically converges to

6520'

1 1 Kl 1
-3 In(det Rp) + 5 In(det Ryy) — |2—| =3 Z <ln (%(1 + \/1 + L0;2d;20ﬁ|77k|2)> — 1)

keK

Part (ii) The signal part of the relative entropy is $(i; — m¢") Ry (m, — m¢™), by our
results in (ii) and (iii), 73, — U; converges to 0 in two different manners. Hence it is straight
forward to have our claim.

Part (iii) Since the mutual information is

1 1
I(Ut, ngt) = 5 In det Ratt - iEhl det Rt.

Again we decompose Indet R; = Indet(R;'R;) + Indet(R;). On one hand by Theorem 3.3
part (i), | Indet(R;'R;)| — 0 in P, and notice that according to Lemma Appendix A.4, there
is some constant U so that | det(R;'R;)| < Uln L a.s. Then for any fixed £ > 0,

E|Indet(R;'R;)| < €+ P(|Indet(R;'R,)| > &)U In L
The right hand side is of order less than In L. On the other hand,
—% In det RL L—00
LSS 1
o n
Putting the two parts together we see our claim holds. O

Proof of Corollary 3.5. For marginal processes, it suffices to redo the previous derivation but
using sub-matrices. Let us add tilde to symbols to indicate sub-vectors of indexes in K or
sub-matrices of indexes in K x K. We shift the indexes so the ones in K come ahead. As
the mean and covariance of U, are these sub-vectors and sub-matrices, the relative entropy
is

Plmyel g, 7 %) =3 [(mn — gt ) Rt (i, — i) Signal

+ 3 [tr(ét}é;é) — |K| — Indet(R,R;})] Dispersion.
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The mutual information is
- 1 - 1 -
I(Ut, ngt) = 5 In det Ratt — §E In det Rt.

The results of Theorem 3.3 indicates their marginal version hold as well, because
evidently
[Re — Rel| = |[Re — Re;

as Ry is diagonal:

(g — 17" )" Ry (g — ") = R

*
iy — it
0

] < (1 — ™) R (172, — g™);

if R; has uni-norm eigenvector u for its least eigenvalue, then

-1
< [; -1 _ ~1)
< [inf |Reul| ™! = IR

IR = |Ret| ™ = | Ry

U
0

Using these marginal version of results, the proof of this corollary is identical to the one of
Corollary 3.4. O

5. Numerical experiments

In this section we numerically validate the theoretical results in Section 3. We consider a
d = 2 dimensional set-up, like (2.1) with wavenumbers in [—2,2]?, the total dimension of the
signal process Us is | K| = 26.

For system parameters in (1.2), all the damping dy are set as 0.05, which corresponds
to a moderately long decorrelation time 7., = 20 units as occurs in many geophysical
flows. The system is assumed to have no deterministic forcing for simplicity and therefore
the climatological mean is zero. Equipartition energy is assumed with all o = 0.3 to mimic
turbulence at large scale [15].

The observation noise of the tracers is set to be o, = 0.5 as the observation noise level
is roughly one-half of the system noise of each mode. In the following, we study the filtering
skill with different number of tracers L, ranging from 2 to 500. One standard measurement of
filtering skill is the root-mean-squared (RMS) error between the true signal #; and maximum
likely hood filter estimate my,

t
RMSE = \/%/ s — Ug|2ds. (5.1)
0

Comparison of the streamlines in physical space is illustrated in Figure 5.1. The top
row displays streamlines associated with the true velocity field at T' = 5, 15 and 25, followed
by the three rows showing the recovered flow field using L = 2,10 and 50 tracers. In all the
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panels, the solid and dashed curves represent the counterclockwise and clockwise motion of
the flows, respectively. Clearly, the flow field with only 2 tracers succeeds in recovering the
general profile of the flow field. Yet, a low recovering skill is observed in certain areas, such
as the flipped sign in left top part at 7" = 5. As expected, the recovered flow field approaches
the true one with the increase of L. However, despite the significant error reduction in the
recovered flow with L = 50, some visible difference still exists. Even with L increasing to
500 as shown in Figure 5.1, the recovered streamlines are not perfectly matching the truth,
which implies the potential information barriers.

The intuition in Figure 5.1 and 5.2 motivates us to look at the error in the mean state
of the estimated flow field. Recall the second and third part of Theorem 3.3, we illustrated
the difference between posterior mean and the true signal m; — U; converges to 0, which is
validated by Figure 5.3 and 5.4 for the real part of mode [1,1]. Yet, the decay rate of the
error becomes slower with increasing L. It is worth mentioning that this difference is much
smaller than the standard deviation of the climatological distribution even filtering with
only 2 tracers, implying that filtering leads to a significant improvement. Furthermore, the
RMS error in the filtered velocity field with 10 tracers is only less than 20% of the standard
deviation at climatology.

The information barriers are well reflected in the uncertainty reduction, which is included
in Figures 5.5 and 5.6. The reduced uncertainty in the signal part converges to its limit value
as L increases. On the other hand, although the uncertainty reduction in the dispersion part
has a sustained growth, the growth is only at rate 1|/K|InL. With [K| = 26, reducing
every 15 nats of uncertainty from the dispersion part requires a tenfold increase of tracers.
This is illustrated in panel (i) of Figure 5.6. This uncertainty reduction approaches the
asymptotic value (3.3) from Corollary 3.4, as indicated by the overlapped solid and dashed
lines. In addition, the length of the transient period for the dispersion part to arrive at the
equilibrium value goes down with the increase of L.

Finally, Figure 5.7 shows the time evolution of posterior covariance R; with different
L. Based on panels (a)—-(h), both the covariance of individual modes and the norm of the
full covariance go to zero with increased tracers employed in the flow. As L increases, the
posterior covariance R, converges to R, as defined in (3.1). R scales as L~'/? asymptotically,
this is shown by panel (i). Besides, the rescaled deviation,

IRZH IR — Rel (5.2)

shown in Figure 5.8, goes to zero with L as expected. These two figures are consistent with
Theorem 3.3, part (i).



Information Barriers for Filtering Noisy Lagrangian Tracers 25

Figure 5.1: Streamlines recovered with different number of tracers L. The first row shows the
streamlines of the true realization. The second, third and fourth rows show the recovered
streamlines using L = 2, 10 and 50 tracers, respectively. The three columns show the
comparison of streamlines at time T = 5,15 and 25. Streamlines with positive and negative
values representing the counterclockwise and clockwise direction of the velocity field. The
circles represent the location of the tracers at current time.
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Figure 5.2: Streamlines recovered with different number of tracers L. The first row shows
the streamlines of the true realization. The second, third and fourth rows show the recovered
streamlines using L = 50, 200 and 500 tracers, respectively. The three columns show the
comparison of streamlines at time T = 5,15 and 25. Streamlines with positive and negative
values representing the counterclockwise and clockwise direction of the velocity field.
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Figure 5.3: Posterior mean (solid line) for the real part of mode [1, 1] as a function of time
with different number of tracers L, compared with the true realization (dashed line).
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Figure 5.4: Error between posterior mean and the true realization for the real part of mode
[1,1]. Panels (a)—(h) show the error as a function of time for each fixed L. The two dot lines
indicate the standard deviation of the unfiltered climatological distribution. Panel (i) shows
the RMS error across time interval 7' € [0, 50] as a function of L.
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Uncertainty reduction in the signal part with different number of tracers L.

Panels (a)-(h) show the uncertainty reduction as a function of time (thick solid line)

compared with its limit (thick dashed line) for each fixed L. In panel (i), the solid line

with circles shows the averaged value of the absolute error in the signal part compared with

its limit across time interval 7" € [0, 50] as a function of L.
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Figure 5.6: Uncertainty reduction in the dispersion part with different number of tracers L.

Panels (a)—(h) show the uncertainty reduction as a function of time in the dispersion part

for each fixed L. In panel (i), the solid line with circles shows the averaged dispersion part

across time interval T € [5, 50] as a function of L and the dotted line represents the function

YK |In L. The magnifying blocks show the evolution in the initial one time unit.
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Figure 5.7: Posterior covariance with different number of tracers L. Panels (a)—(h) show the
posterior covariance of mode [1,1] (thin solid line), [1, —1] (thin dashed line) and the norm
of the full posterior covariance matrix (thick solid line) as a function of time for each fixed
L. The asymptotical limit value Ry is plotted as reference in each panel with dotted line.
In panel (i), the solid line with circles shows the averaged posterior covariance’s norm across
time interval T" € [5, 50] as a function of L .
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Figure 5.8: Rescaled deviation with different number of tracers L. Panels (a)—(h) show the
rescaled deviation (5.2) as a function of time for each fixed L. Panel (i) shows the averaged
rescaled deviation across time interval T' € [5,50] as a function of L. The magnifying blocks
show the evolution in the initial one time unit.
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6. Conclusion and discussion

In this paper, we set-up an optimal filter of a random incompressible flow using observations
from Lagrangian tracers. The derivation of this filter is based on the conditional Gaussian
theory in [16]. Despite the nonlinearity of the tracers, the posterior distribution is
Gaussian with mean and covariance following elementary differential equations with random
coefficients. This may bring insight in building other simple filters for nonlinear systems
[15].

We prove the geometric ergodicity of the tracers’ projection on T¢. We then analyze
the asymptotical behavior of the filter assuming each tracer is distributed uniformly on T¢
when L — oo. We show the posterior covariance, will approach R, a deterministic diagonal
matrix and the posterior mean will converge to the signal process.

With clear asymptotic characterization of the filter, we can characterize the uncertainty
reduction by the observations from L tracers as L. — oo. In terms of both relative entropy
and mutual information, the uncertainty reduction grows asymptotically as i|K| InL. In
other words, in order to gain the same amount of additional information, one would need
exponentially more tracers. This certainly is an information barrier in practice when only a
reasonable amount of tracers are available. As seen in the numerical experiments, Section 5,
50 tracers produce roughly the same result as with 500 tracers. It is worth noticing that [6]
has a similar claim, as their result indicates that 36 tracers without any analysis, instead of
64, is optimal under their setting.

Apart from the direct conclusions listed above, we also have the following remarks on
our results:

(i) The requirement that the flow is incompressible is not necessary for the derivation of
the filter. Indeed, incompressibility does not show up in the filter set-up part, Section
2.2; it is only required in Theorem 3.1 to make the uniform distribution invariant. It is
possible to generalize the ideas in this paper to flows that are not incompressible, e.g.
a shallow water model. This lies beyond the scope of this paper, and will be addressed
by a following up paper of the authors.

(ii) It is worth mentioning that all theoretical results, Theorem 3.1, 3.3 and Corollary 3.4,

are stated in the conditional distribution P Generally speaking, proving results in

P
super ensemble probability IP. However, in actual practical applications, often one is only

'Usgt'
7,50 for a.s. realization of Us>( is more difficult than proving the same results in the
observing noisy tracers in a single realization of a random flow field, so we emphasize
this here. Such a.s. results in the random flow field also allow us to study the filter
behavior for rare extreme realization of the flow field.

(iii) As discussed in Section 3, the configuration of the tracers’ locations impacts the
performance of the filter. Non-ideal situations, e.g. clustering all tracers initially, are
ruled out by the Assumption 3.2. As shown in [5, 7, 8|, different starting locations of
tracers and their trajectories result in very different filter results at least in short period
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of time. However, as second part of this paper addresses mainly the asymptotic behavior
of the tracers, it is preferable to work under Assumption 3.2.

(iv) Although Theorem 3.1 indicates the distribution of tracers will converge to the
equilibrium in a finite amount of time, the length of this transient regime could be
decades if all the tracers are disposed initially at the same location and o, is insignificant
compared to the scale of ¢. In practice, in order for filter to behave as Theorem 3.3
describes, the initial location of tracers should be chosen uniformly in the area.

(v) Theorem 3.3 part (i) indicates the posterior covariance is close to a deterministic matrix
Ry, when L is large. This fact would be used to deploy an efficient imperfect filter with
great increase of efficiency: we can simply set R, to be Ry after a period of time. This
resolves a large computational burden when |K| and L are large, because updating the
Riccati equation (2.9) is very stiff while Ry, is diagonal. Similar efficient cheap diagonal
filters have been developed in the context of turbulent dynamical systems [15].
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Appendix

Appendiz A.1. A detailed formulation of the random incompressible flow model

We consider a random periodic incompressible d-dim flow as a superposition of random plane
waves, formulated by (1.1):

Z Uk (s) exp(ik - )y,

keK

where K is some finite set and k associates with a wavenumber k. The incompressible
condition for a constant density flow gives V - ¢ = 0, which implies k- exp(ilg Ok = 0
for each Fourier mode k. Therefore, the eigenvector 7y is perpendlcular to the wavenumber
k. There can be multiple ks sharing the same wavenumber k we require that their 7 to
be orthogonal to each other so the contribution of each vy to U, is identifiable. We model
{k(8) }xek as a group of independent O.U. processes with damping dy > 0:

diy(s) = —dix(s)ds + fi(s)ds + oRdWy(s).

When the wavenumbers k = 6, the corresponding modes represent a random background
mean sweep, with the corresponding vy (s), 7 being real-valued.

For nonzero wavenumbers, in order to keep #(Z, s) being real-valued, we assume the
components of (1.1) come with their conjugate pairs. We denote —k as the conjugate index
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of k with corresponding wavenumber being —E, Tk, V—x(s), f-x(s), W",(s) being conjugates
for the ones of index k and dy = d_y, 0x = 0_x. One way to ensure this is formulating the
complex Wiener processes as follow:

We(s) = %(Bms) FiBLi(s), Wh(s) = %(Bms) _iBLy(s)),

where {By(s)} are independent 1-dim real-valued Wiener processes. It is usually convenient
to discuss these modes in terms of conjugate pairs. This is the reason why the matrix ¥, in
(2.2) holds a particular form as illustrated after (2.2).

Filtering formula for conditional Gaussian process

The following is a simplified version of Theorem 12.7 [16] in our context:

Theorem Appendix A.1. Let (u,x;) be a continuous diffusion type process with
dut = [—Ftut + Ft]dt + Eudwl (t),

dSL’t = [Ptut + Qt]dt + EdeQ (t),

with bounded Ty, Fy, P, Q; processes being functions of x;. If P(ug € -|xzg) is N (mg, Ro),
then conditioned on rs<y, P(uy € -|xs<y) is N(my, Ry), with my, Ry being solutions to the
following with initial value mq, Ry:

dm; = [-Tymy + F]dt + R P (2,55 dx, — (Pomy + Q,)dt],
dR, = [-T\R, — R} + 2,55 — R P (X, X5) ' PR,]dt.

Appendixz A.2. Information theory formulae for complex Gaussian random vectors

We say a complex-valued random vector X + Yi is Gaussian distributed, if (X,Y) as a real-
valued vector is Gaussian distributed. The relative entropy of X + Yi between probability
density p and ¢ can be naturally defined as relative entropy of (X,Y’) under these two
probabilities.

One caveat in dealing with complex random vector X + Y7 is its covariance matrix does

not contain sufficient second moments to induce the density of (X,Y’). For example X and
1
V2
variables. Of course one can look for the covariance matrix for the joint vector (X,Y), but

(X + Y1i) have the same mean and covariance if XY are independent N (0, 1) random

in many cases that will be very inconvenient. For instance in our filtering model, we will
need additional formulas other than (2.10) and (2.9).

The common practice in engineering community, e.g. [32], to overcome this setback is
consider the pair (X + Yi, X — Yi), since one can show its covariance matrix is sufficient
to induce the law of (X,Y’). Moreover, if one has the (X + Yi, X — Yi) ~ N (m,, R,) and
N (mg, R,), the relative entropy of (X,Y) under two measures can also be computed by
(2.12). As the authors cannot find a reference clearly stating this fact, we prove it using
elementary algebra.
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Lemma Appendix A.2. Suppose under measures P and Q, X,Y,Z are real-valued
joint Gaussian vectors with Y and Z being of the same dimension, suppose also that
(X, Y +Zi,Y — Zi]' has mean iy, m, and covariance R,, R, under each measure respectively,
then the relative entropy between P and Q of [X,Y, Z]" is given by

P(P,Q) = |0, — 1) R, (1, = 1) + [ (R R, ) = N = Indet(Ry R, )]
where N = dim X + dimY + dim Z.

Proof. Simply notice that

X I 0 0 X
Y| =10 31 I |Y+Zi
Z 0 —31 31| |Y—Zi

Denote M as the matrix on the right hand side. Then [X,Y,Z] are distributed as
N (Mni,, MR,M*), N'(Mm,, MR,M*) respectively under P, Q. So applying the formula
for the real-valued Gaussian vector [ XY, Z]" and cancel out the appearance of M, one can
show our claim elementarily. O

As application to our filtering purpose, X consists of the real modes. Pick one complex
mode out of each conjugate pairs, and use their real parts to form Y and imaginary part to
form Z. The conjugate counterpart of these modes are naturally represented by Y — Zi.

This is the first reason why we prefer to talk of the complex modes in conjugate pairs like
the statement of Corollary 3.4: their joint mean and covariance is necessary and sufficient
to induce the law of them. On the other hand, in the sense of uncertainty reduction, the
information regarding 0y, or U_y, or both of them as a pair, are the same: 0y ’s value determine
0_x and vice versa. So it is more reasonable to think of complex modes in pairs.

Lemma Appendix A.3. Under the set-up of Section 2, the mutual information is given by
I(Uu ngt) = E(P(Wt\m Watt))
1 1
= 5 In det Ratt - §E In det Rt

Proof. The first line come from an equivalent definition of mutual information, cf. [23] and
[33] equation (3.2). That is if we write the law of X conditioned on Y =y as px|y—,, then
by disintegration p(dz, dy) = px|y=y(dz)py (dy), hence

_ €T an|Y=y(dx)pY (dy>
T(U Xoc) = [ plda,dy) P2 SR

= /py(dy)P(pXY:yapX)'
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Let X = U;, Y = X<, notice my; is the law of U, conditioned on X,<; and U; ~ 74, under
P, we have Z(Uy, Xy<;) = E(P(mys, Tare)). Next, plug in the formula (2.13):
Z(U;, Xy<;) = L Indet Ry — AEIndet R, + Ltr(ER,R;;}) — K
+ gtr((E(m, — mf™) (i — mg) ") Rey)

Using that 1, is the posterior mean, so by Ex_ U= my and my, m¢* is o(X<)-adapted:

Ex,, (e — Up) (i, — nif")" = [Ex,_, (11, — Uy)](m7h, — mg™)" = 0.
Hence
att — (Ut —*att)(U mgtt)
( mt + mt _’att)(Ut ’fﬁt + mt ’fﬁ?tt>

= E(Ut )(Ut t) + E(mt — n_’it)(mt — mt)*

= ERt + E(mt — mt)(ﬁit — T?Lt)*
In other Word, E(?’?Lt — ﬁit)(ﬁit — ﬁit)* = Ratt — ]ERt, SO

tr((E (e — m{™) (7, — my™) )Ry ) = tr(Ik)) — tr(ER:Ryy).

Put this back to the equation of Z(U;, Xs<;), we have shown the identity. O

Appendiz A.3. Verifications of various claims

Lemma Appendix A.4. There exists two diagonal matrices R, , R, Ry > mL™Y2I for
some constant m > 0, such that if Ry < Ry < MI, M > ||R*|| then the solution to (2.9) is
uniformly bounded in time by R; < Ry < M1 a.s. Hence E|my|? < cc.

Proof. Consider the following deterministic processes. Let R, ; be the solution to the
following;:
R+,t = —FR+¢ - R+,tF* -+ E, R+70 - M]

and let R be the stable point of the dynamics above. Therefore if R, o= MI > Ry, R, ;
will be decreasing in time, so Ry, < M.
Next let R_; = Ry, be the stable point of following

R_,=-TR ,— R I"+%—0,’LIK|R?,

Since this is a diagonalizable matrix equation, one can easily verify that each entry of Ry is
~1/2
of order VL .
Using the comparison theorem of differential Riccati equation, Theorem 4.1.4 of [30],
because 0 < P(t) < |K|I, we have R_; < R(t) < R, ; a.s. This concludes our claim of R;.
Then notice that by Young’s inequality

E|’fﬁt‘2 S 2E|’fﬁt - .[J-t|2 -+ 2E|Ut|2 = QEtr(Rt) + 2tr(Ratt) < Q.
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Lemma Appendix A.5. For any fized j £k, t > 0,q > %, zF .= L79([PJ;x) is family of

27
process that converges to 0 in the uniform norm of C([0,t]) under P when L — o0o.

77520

Proof. Recall that if j = E, then zX = 0, this Lemma trivially holds. So we assume j + k in
the following.

By theorem 7.5 of [29], it suffices for us to check zX — 0 in P
show the modulus of continuity condition for the family {zX}.

Fix s, as {Y; = exp(i(k — j) - X,(s))} is a sequence of i.i.d. random complex variables in
with

7.5 for each s, and also

P

VUs>0

1 L.
V2= — [ exp(2i(j —k)-2)dr = 0.

E =
T2] Jye

175203/1' = O, Vargsoni = 1, Eﬁszo

By the central limit theorem for complex random variables,

L
1 - U | N .
ﬁ[Ps]jvk = (7} Tk)ﬁ ZYI —p (777%) - N(0,1,0)  for a.s. V<.
=1

Where X + Y7 ~ N(0,1,0) iff X 1Y, X,Y ~ N(0,1), see [32] for more details of complex
Gaussian distribution. So for any ¢ > 1/2, L™[P,];) — 0 in Py _, for any fixed s < t.

Next we check the modulus continuity condition for the processes {zL}. By the corollary
following Theorem 7.4 of [29], it suffices for us to show for any €,n > 0, there are § > 0 and

Lg such that for any 0 < r <t —9, and L > L
1
—IP’735>0( sup |2F —z2F| > 26) <n.
o B r<s<r4d4

Applying the It6’s formula we have

s L
2z — 2 =/ LY exp(i(k — ) - Xy(w)[i(k — J) - 5(Xi(w), u) + 02|k — j]*]du
r =1

with f,, g, representing the corresponding functions. So it suffices to show

[ 1Y A

+ sup
s<r+9d

Z%)Sn

(A1)

/ LS (Ko (u)) AW ()
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Apply Doob’s inequality and It6’s isometry to the martingale part of (A.1):

)

r4+6 L .
2 IE17s>0/ Z |9 (X (2))Pdu <
" =1

JR ST AT

1

SIPgszo ( sup
s<r+d

L=202]F 72

€2

We can find Lg so the right hand side is sufficiently small when L > L.
Apply the Cauchy Schwarz inequality to the Riemann integral part in (A.1):

s L . 2 r+6
/ LY fu(Xi(u))du| < &L /
T =1 T

Using the Chebychev’s inequality,
5 ) r+48
- ) S A

L

EE:(fu(ja(u))

=1

2

sup du.

s<r+d

L

1 s ~

5P65>0< sup | [ L7 E fu(Xi(w))du
=1

s<r+d r

Next notice that

the second equality invokes the decomposition (1.1) where all modes with wavenumbers not
being f— k vanishes in the periodic integral; the third equality holds because (/Z —j) T =10
by definition of 77,.

Since X,(u) are conditionally independent,

2

Eg.. = LEq | fu(Xi(w)]* < LO(J5[3 + 1).

j{:.fuCXi(u))
=1

Using this inequality, the right hand side of (A.2) is bounded by

5 r+0
6—2L1—2q0<5+ / |z7u|§odu)

which goes to 0 for large L and small . Hence we complete the verification of continuous
modulus condition. O

Lemma Appendix A.6. If |1)(s,t)| < Cexp(—dg(t —s) + DVLexp(—prs)), suppose sq is
a constant such that dps > D\/L, D\/Lexp(—purs) < 1 for s > Sso and L sufficiently large,
then for any t > sq,
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(i) With any fized continuous process vy, if vy = 0 and |d(s)| < AL exp(—prs) + VLB,
then as L — oo,

/t¢(8, t)d(s)vsds — 0.
(it) With [d(s)| < B, fo t)d(s)ds — 0 as L — oo.

Proof. For the claim (i), note

t
AL/ U(s,t) exp(—pps)vsds < ACLsup |vs|t exp(—dt + DVL)
0 s<t
If t > sg, when L — o0, the right hand side tends to 0.
And for VL fo s, t)vs, because v; = 0 and v, is continuous, for any fixed £ > 0, there
exists a constant ¢ > 0 such that |vs| < ¢ for s >t — 0. Hence we can break the integration
into three parts and bound each using dys > Dv/'L, Dv/Lexp(—pps) < 1,Vs > %soz

\/z/t;w(S,t)vsds < CVLE /t; exp(—dy(t — s) + 1)ds < Cd; 'V Let.

\/_/ (s, t)vsds < \/Zsup|vs|/ exp(—dp(t —s) +1)ds < ed; 'V Lsup |vy| exp(—d.6)

s<t s<t

s<t

LI
\/_/ W(s, t)vsds <VLsup |vg] /2 exp(—dy(t — s) + DVL)ds
0

S\/ngl sup |vs| exp(—dp(t — so))ds.
s<t

Recall dy, is of order VL, the last two terms go to 0 when L — oo if t > sy . The first is of
order £. Since £ is an arbitrary number, our claim is true.
For (ii), just notice

1
t t 550
/ (s, t)ds = /1 (s, t)ds + /2 Y(s,t)ds < ed;t + VLd;  exp(—dy(t — s0)),
0 550 0
the right hand side goes to 0 as L increases. U
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