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Abstract Statistical bounds controlling the total fluctuations in mean and variance about a basic steady
state solution are developed for the truncated barotropic flows over topography. Statistical ensemble predic-
tion is an important topic in weather and climate research. Here the evolution of an ensemble of trajectories
is considered in the statistical instability analysis and is compared and contrasted with the classical deter-
ministic instability for the growth of perturbations in one pointwise trajectory. The maximum growth of the
total statistics in fluctuations is derived relying on the statistical conservation principle of the pseudo-energy.
The saturation of the statistical mean fluctuation and variance in the unstable regimes with non-positive-
definite pseudo-energy is achieved by linking with a class of stable reference states and minimizing the stable
statistical energy bounds. Two cases with dependence on initial statistical uncertainty and on external forc-
ing and dissipation are compared and unified with a consistent statistical stability framework. The flow
structures and statistical stability bounds are illustrated and verified by numerical simulations among a
wide range of dynamical regimes, where subtle transient statistical instability exists in general with positive
short-time exponential growth rate in the statistical covariance even when the pseudo-energy is positive-
definite. In the various scenarios illustrated below, there are strong forward and backward cascades of energy

between large and small flow scales which are estimated by the rigorous statistical bounds.

Keywords Statistical stability analysis - topographic barotropic equations - statistical energy conservation

1 Introduction

In many instances in the turbulent dynamical systems, like flows in the atmosphere and ocean, the fluid
develops large-scale, coherent, and essentially two dimensional patterns [15,17,16,28]. Situations of obvious

importance occur when smaller-scale motions have a significant feedback and interaction with a larger-scale
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2 Di Qi and Andrew J Majda

mean flow [10,17]. The feedback and interaction induce instability that can make the steady large-scale flow
very sensitive to even small changes in perturbations. The stability theory for a time-independent steady
state solution in such two-dimensional turbulent systems is of interest not only in theoretical investigations
but also in many experimental and observational studies [14,28,3,16,9,2].

The classical deterministic stability analysis seeks the maximum amplitude that the growing disturbance
can reach in one perturbed flow trajectory near the stationary steady state [3,6,9,17]. Rigorous bounds of the
growth in one unstable flow solution have also been derived based on the nonlinear saturation of instabilities
[17,29]. On the other hand, the turbulent nature of the dynamical systems characterized by a large number
of positive Lyapunov exponents requires a probabilistic description for the flow state variables [28,15,12,30].
Because of the statistical ensemble prediction [1,4,5,8,13,24], it is more reasonable to investigate the growth
in statistics during the evolution of a probability distribution. Linear analysis of the covariance equations
shows positive growth rates in the transient state even for perturbations about a stable mean state [20,27].
Statistical stability concerns the saturation of the statistical instability in fluctuations in the final stationary
state. In practice, the probability distribution can be characterized by an ensemble of trajectories and the
statistical stability can be described by tracking the evolution of the statistical mean in fluctuation and the
variance.

In this paper, we discuss the statistical stability theory with special attention given to the interaction
between small scale eddies and a dynamically evolving large-scale mean flow. The simplest set of equations
that meaningfully describes the motion in geophysical flows is given by the quasi-geostrophic barotropic
equations over topography with beta-effect [28,25,17]. Canonical equilibrium based on energy and enstrophy
conservation predicts a Gaussian invariant measure of the topographic barotropic model with the mean
potential vorticity proportional to the mean stream function in the stable regime [17,3,6]. A set of statistical
steady state solutions with a large-scale steady mean flow can be assumed based on the linear dependence
of potential vorticity and stream function. One interesting question in ensemble prediction is whether the
mean steady state structures can persist with perturbations from initial uncertainty (due to initial mean
bias and variance) and external instabilities (due to external forcing). Unlike the deterministic nonlinear
stability, the statistical stability expects an ensemble initial distribution starting near a prescribed steady
state to remain near it in all the time. In particular, we hope to obtain the optimal saturation bounds on the
finite amplitude growth in the statistical mean and variance of the ensemble of trajectories. This is rigorous
uncertainty quantification in this context, and to our knowledge we provide the first result in the present
paper.

In order to focus on the dynamics in the fluctuation components away from the mean steady state,
corresponding fluctuation equations of the truncated barotropic flow are introduced to define the pseudo-
energy [17,27]. The positive-definiteness of the pseudo-energy separates the steady state solutions into
stable and unstable regimes according to the linear dependence parameter of potential vorticity and stream
function. Nonlinear stability theory guarantees the stability of the stable states with minimum enstrophy

[3,6,17], and here we are interested in finding the optimal estimation about the maximum increase in
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the statistical fluctuations in the unstable solutions. The saturation bound of the unstable state can be
reached by linking it to a class of reference states in the stable regime. Especially we are interested in the
dynamical evolution of the statistical mean and variance of the state variables. The total statistical pseudo-
energy combining the statistics in mean fluctuation and the total variance is governed by the statistical
energy conservation principle introduced in [16,18]|. Then the saturation bounds in both statistical mean
fluctuation and the total variance in the unstable regimes are achieved through minimization among the
conserved statistical energy over the class of stable reference states using the similar idea for deterministic
stability in [29].

In the structure of the paper, we begin with a brief review about the statistical features of the topographic
barotropic flow in stable and unstable regimes in Section 2. The turbulent flow structures are illustrated
through numerical simulations in different regimes where the statistical bounds will be derived next. First
in the stable regime, equilibrium statistical mechanics [3,17] predicts a Gaussian invariant measure in the
statistical steady state; while in the unstable regimes, negative coefficients in the pseudo-energy forces us
to separate the system into a stable and unstable subspace. The statistical bounds for fluctuations about
the stable steady state are derived in Section 3 directly following the statistical energy conservation. For
the unstable regimes, the following two sections develop the statistical saturation bounds based on the
kinetic energy with two classes of flow disturbances. Section 4 develops the statistical bounds subject to
the initial configuration of the ensemble distribution without forcing and dissipation; and Section 5 finds
the saturation bounds due to external forcing and damping effects. With some additional constraints in the
forms of damping and forcing operators, it can be shown that the saturation bound can be unified in a
consistent framework for the two classes of perturbations.

Additional discussion for the statistical bounds with some interesting settings with forcing on a large-
scale eigenmode and with upper and lower statistical bounds using the statistical enstrophy is investigated
in Section 6 as special application of the general statistical stability analysis method. Especially if we look
at the eddy statistics excluding the large-scale mean flow in the enstrophy, a lower statistical bound can also
be discovered together with the upper bound that could offer a tight estimation about the statistical energy
band constraining the range of the varying fluctuations. Finally the results are discussed in the summary in
Section 7. In addition, despite the finite saturation bounds found in the main part of the paper, Appendix
A shows from transient statistical analysis that strong instability exists generally with positive growth rates

in the linearized covariance equation in both the stable and unstable statistical steady state solutions.

2 Statistical Properties of the Truncated Barotropic Flow over Topography and the

Fluctuation Equations

The model of interest here is the barotropic quasi-geostrophic flow over topography on a beta-plane [25,28,
17]. We consider a finite-dimensional formulation of the barotropic system with a Galerkin projection for

wavenumbers within the range |k| < A. Assuming a periodic boundary condition on the domain [—7, 7] X
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4 Di Qi and Andrew J Majda

[—7, 7], the state variables can be expanded under the Fourier modes ay = Paa = ZIS\kISA are™ *. The
general topographic barotropic flow is given through the truncated relative vorticity w4 and the large-scale

mean flow U as

Owa 0qa oba

T 4+ Pa(va-Vaga)+ U (¢) D + 673:1: = -—D(A)wa + Fa, (2.1a)
dU Oha .
E + %1#/1 (t) = —-DoU + ]:Oa (2'1b)

with the divergence free velocity field v, = VLzﬁA = (=0y%a, 0zt a), the potential vorticity g4 = wa + ha,
and the relative vorticity and stream function related by ws = A 4. There exists a scale separation between
the small-scale eddies (2.1a) and the large-scale uniform zonal flow (2.1b). The topography h 4 plays the role
that mediates the energy transfer between the eddies and the mean flow. In addition, the external damping

and forcing effects are introduced in the general form as

L
D(A)=> dj (-1 A, Fa= > F(t)e™™ +Wibw (t) ™™, Fo=Fo+ Wooo (1),
Jj=0 1<|k[<A
where L defines different orders of dissipation. Do, Fo are scalars for the damping and forcing on the uniform
mean flow field U. We also include stochastic components in the external forcing F, Fo to represent the
unresolved small-scale effects. Importantly, the dynamics on the left hand sides of the above equations (2.1)

without forcing and dissipation conserve both the kinetic energy E and the large-scale enstrophy & [17]
1 2 1 2 1 2
EA=§U +§ [Val, 5/1:6U+§ qA- (2.2)

It will be shown that these quadratic invariants have a crucial role in the analysis of nonlinear stability

theory and the statistical conservation principle discussed below [16,3,6].

2.1 Deterministic nonlinear stability without forcing and dissipation

First we review the deterministic nonlinear stability properties [17,6,3] about the evolution of one trajectory
in the inviscid system (2.1). The stability theory concerns about the perturbations of variables away from
a presumed basic state. The quantities of interest are then decomposed into a time-averaged steady mean
state (denoted by upper case letters) and the statistical fluctuations about the mean (denoted by lower case

letters with tildes) in both large-scale zonal flow and small-scale eddies
¢A(X,t):LD(X)+’l/;(X,t), QA(X7t):Q(X)+aJ(X7t)7 U(t):V+U(t) (23)

We focus on a special set of exact solutions with linear dependence in the Q-¥ relation (in general, we can

assume @ and ¥ are functionally related, f (Q) = ¥ [17,6]). The linear dependence between the stream
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function and potential vorticity defines the exact steady state solution

Qu = p¥u =A%, +h, V,=-8/p (2.4)

1 = const.

The parameter p is taken to represent the linear dependence (that is, we take the functional f = p~
in the general Q-¥ relation). p thus can be viewed as the eigenvalue of the elliptic operator with associated
eigenfunction given by ¥,. V,, represents the large-scale mean jet flow velocity. In the northern hemisphere
with 8 > 0, a positive u > 0 represents westward large-scale mean jet, and a negative . < 0 represents a east-
ward jet. Especially for the spectral modes under Fourier basis, steady state stream function and potential
vorticity modes are determined through the topographic mode ka in the corresponding wavenumber

2 hu A Hilk

= ——. 2.5
nk Qu,k A |k|2 ( )

o+ kP

With the existence of topography, in general, solvable solution exists only if x is not eigenvalues of the
Laplacian operator A in the non-zero topographic mode wavenumber. In this way, the nonlinear interaction
in (2.1a), V1. VQ, is eliminated. Indeed, if we substitute the relations back to the original equations (2.1),

it is easy to check (V,, Q) forms an exact steady state solution of the equations for any values of p.

The total kinetic energy and large-scale enstrophy in (2.2) in the steady state solution (2.4) then can be

calculated as a function of the parameter u

L1 o0 N2, 27 2
Ep=su B+ 5 > (n+ k) Ikl
1<|k|<A
-2 N
Er=—n s S (nr KP)
1<|k|<A

Based on the above two quadratic invariants, one given steady state kinetic energy Eﬁ offers multiple
stationary solutions with different enstrophy Sf. Nonlinear stability theory [17,6] proves stability for the
branch of solutions with p > 0, where the enstrophy 55 is minimized given energy Eﬁ from the variational
principle. With deterministic stability we would expect the perturbations (U , (D) in one trajectory starting

near the stable branch (V,, Q) with x> 0 to remain bounded near it in all the time ¢ > 0, that is,
G4 + 1@2ll3 < © (100f + 103

under the L2-norm for the eddies with some constant C' > 0. The nonlinear stability can also be explained
from the conservation of the pseudo-energy in fluctuations shown later in (2.8). Especially for the large-
scale mean flow in northern hemisphere, the westward jet V,, = —8/p < 0 is stable while the eastward jet
becomes unstable due to the topographic effect. On the other hand the nonlinear stability result implies
nothing about the solutions in the other branches p < 0. The nonlinear saturation of the unstable solution
is investigated in [29] by linking it with a class of stable solutions. Rigorous upper bound in perturbations

of one unstable trajectory is obtained there for their deterministic nonlinear stability bounds.
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6 Di Qi and Andrew J Majda

From another view point, equilibrium statistical theory [17,6,28] predicts that there exists one invariant
Gibbs measure for the truncated barotropic equation (2.1) with no dissipation and forcing, which is a product

of Gaussian distributions with large and small scale mean, (V,, Q), satisfying the linear relation in (2.4)

-2

_ oo
Peq (U, q; ) = C 1exp{— ;

u(U—V#)2+Z(1+u\k|_2) (jk—Qu,k|2:|}: (2.6)
K

with oeq defining the equilibrium energy amplitude. The invariant measure is also constructed based on
the kinetic energy and enstrophy invariants. One issue about the above invariant distribution in (2.6) is
still that when pu < 0, the equilibrium measure becomes unrealizable and is no longer valid as an invariant

measure.

2.2 Statistical energy conservation principle of the pseudo-energy in fluctuations

In the deterministic nonlinear stability, the evolution of perturbations in one realization of the turbulent
flow trajectory is investigated. Motivated by practical statistical ensemble prediction for many situations [5,
30,13], the statistical stability that concerns the evolution of an ensemble of trajectories using the crucial
statistically conserved quantities forms another group of important questions. Especially here we ask: i)
whether the statistical mean state stays near the basic steady solution in (2.4) with initial and external
perturbations; and ii) how the uncertainty in the fluctuations characterized by the variance amplifies in
time. In the remaining sections we focus on the statistics in the fluctuation components (f], &)) in (2.3), and
leave the ‘tildes’ and the subscripts ‘A’ for Galerkin projection in these components for cleaner notation.
In deriving the fluctuation equations, we first concentrate on the linear and nonlinear interaction parts
in fluctuations without the inclusion of dissipation and external forcing terms. The fluctuation equations
can be derived by separating the disturbances about the steady state solution (2.4) according to the linear

dependence relation

%‘}_’—VL(/"VW"'VLWM -V (w = )
t _
5 5 =0, (2.7a)
+U769c (Qu+w)+ Vufax (w— pe)
dU oh
T ][ =0 (2.7b)

with w = At (see [17]). The variables (w, 1, U) represent the fluctuation components subtracting the steady
state mean (Q,,%,,V,) in (2.4) depending on the parameter . In the first line of (2.7a), V4 - Vw is the
familiar nonlinear interaction term between the fluctuation modes (this quadratic interaction conserves both
energy and enstrophy and satisfies a detailed triad symmetry), and the second part VJ‘WH -V (w — pap) is
a linear operator reflecting the steady mean flow advection (this term can be viewed as a skew-symmetric
operator). Besides the advection terms, two additional effects enter the fluctuation equation due to the
large-scale flow fluctuation U and the rotational beta-effect as the second line in (2.7a). The first term

represents the effect from the large-scale mean fluctuation U, which is balanced by the total topographic
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stress in the mean flow equation (2.7b). The second term is due to steady state mean flow advection related

with the g-effect, which forms a skew-symmetric operator that conserves both energy and enstrophy.

The most important aspect of the fluctuation equation is the development of conserved quantities. Unlike
the original system (2.1) that conserves both energy and enstrophy, neither the kinetic energy E nor the
enstrophy £ stays conserved in the fluctuation component [17]. This is due to the additional mean steady
state advection from V,, and ¥, introduced to the fluctuation equations. Nevertheless we can manage to find
one quadratic invariant through these two quantities in the fluctuation part. The pseudo-energy is suggested
as a combination of the energy and enstrophy
dE,

t

e — — B2 1 2 2
=0, Bu=f+puE=tU —|—2][(w +u|w|), (2.8)

which is conserved in the fluctuation dynamics (2.7). Notice that the pseudo-energy E, only includes
the energy in fluctuations (E, &) subtracting the previous steady state energy (Eﬁ,é’,f ) The fluctuation

equations together with the conserved pseudo-energy are discussed in detail in [16,17].

2.2.1 Statistical stability in fluctuations about steady state solutions

For statistical stability we consider the statistical formulation of the pseudo-energy E,, for bounds in both the
energy in the mean fluctuation and the second-order variance. We can decompose the fluctuation variables
further into the statistical mean state and the disturbance about the statistical mean (here and after we use

overbar ® to denote ensemble averages)
U=U+U,w=0+u,v=0+¢, U=u =9 =0.

The statistical mean (l_] , J)) measures the statistical bias in the fluctuation mean from the assumed steady
state solution (V,,Q,); and the disturbance (U ',w’) is the mean zero random process with their variance
describing the uncertainty in the ensemble of particles during the statistical evolution of the system. Together
the statistical mean and variance calibrate the total uncertainty (instability) in the fluctuation states about
a steady state solution related with u. Therefore as a combination of the energy in the mean and the

variance, we introduce the notion for statistical energy in each fluctuation mode in the form
B = (Jowl®) = londl” + [P, B8 = (U%) =07+ 07 (2.9)

We use (o) in (2.9) to represent the statistics combining the energy in the mean and the variance. For

the fluctuation component in each wavenumber mode, the variance is independent of the choice of mean

steady states, |wj |? = |qk|?; and @k is the statistical mean deviation from the steady state solution, wx =

dx — @k, thus depends on the parameter value of pi. Finally we can define the total statistical energy
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in fluctuations through the original pseudo-energy (2.8) as a combination of mean and variance

1 -
Eztat = %E(s]tat + 5 Z (1 + u K| 2) Bt (2.10)

1<|k|<A
It is useful to investigate the ensemble statistics in the first two moments rather than a single trajectory
realization since they not only characterize the deviations from the steady state mean, but also illustrate the
evolution of uncertainty (variance) for this mean estimation. Thus the ensemble performance offers more
reasonable and detailed characterization of the system especially when it becomes increasingly turbulent.
It can be implied from the conservation of pseudo-energy (2.8) that the statistical energy Effat for

fluctuation is also invariant in time

d
aEff"“ =0, (2.11)

in the case with no dissipation and external forcing. This is concluded from the symmetry in the nonlinear
interactions in the fluctuation dynamics (2.7) and the linear operators are skew-symmetric with no explicit
contribution to the statistical energy. Details about the conditions and derivation of the statistical energy
conservation principle are discussed in [18,16]. Especially statistical nonlinear stability can be concluded
from the statistical energy in fluctuation components consistent with the deterministic stability results
before. The stability can be determined through the sign in the statistical energy Effa‘t spectral components

(2.10) depending on the value of the parameter u:

— Stable regime: If p > 0, the statistical energy in fluctuation Effat is uniformly positive-definite in
each vortical mode and large scale mean flow U. The nonlinear stability about the mean and variance
perturbations can be analyzed all together for the total variability from the conservation of the total
statistical energy;

— Unstable mean flow: If —1 < p < 0, the statistical energy in the mean flow component U is negative
while all the other vortical modes stay positive with 1 + i |k|™2 > 0 for all k. In this case, we need to
separate the statistical energy into the large-scale mean flow energy Eff** and all the other smaller-scale
eddy energy ES'™' to analyze them separately;

— Unstable regime: If u < —1, the positive-definite property of the statistical energy in all the vortical modes
is also not guaranteed. Both the mean flow U and large-scale vortical modes with 14 p |k|72 < 0 become
unstable. The total statistical energy needs to be decomposed into a positive-definite and negative-

definite part and analyzed separately (see details in Section 4).

Transient statistical instability with positive growth rate in the covariance among all the regimes It needs to
be emphasized that subtle statistical instability can be generated showing a large number of positive internal
growth rates in general in the turbulent flow in both the statistically stable and unstable regimes above
throughout all the parameter values. The variance of an ensemble of particles beginning from a Gaussian
distribution could suffer strong exponential growth in the starting time from transient statistical stability

analysis. See Appendix A and [17,7,14] for more details about the general large uncertainty inside the
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system. In the following sections, we will begin with the simple stable regime p > 0 with positive-definite
statistical energy; then we will turn to the non-positive-definite regime pu < 0 for energy balance between
the small and large scales. Especially it is an interesting case in regime —1 < p < 0 with explicit interaction
between the unstable mean flow U and small-scale flow eddies through topographic stress. Next we consider

the effect of external damping and forcing to the total statistical energy.
2.2.2 Forced-dissipative case with Ekman damping and forcing

In general the dissipation and forcing on the right hand sides of the original flow dynamics (2.1) introduce
additional source and sink terms to the statistical energy dynamics. The pseudo-energy E,, in (2.8) becomes
no longer conserved, and so is the statistical fluctuation due to the pseudo-energy. For simplicity in rep-
resentation we take uniform Ekman damping as the dissipation effect, that is, let D = dI in the general
dissipation in (2.1). The Ekman damping is common in geophysical flows [17,28]. In addition we assume
the deterministic forcing contains a first component from the equilibrium steady state. Therefore, on the
right hand sides of the flow equations (2.1), forcing and dissipation terms are applied in the simplified form

smallscale :  — dw + d@eq + F (x) + 01 Wi,
(2.12)

large scale :  — dU + dUeq + Fo + 00 Wo.

Above the equilibrium mean states (weq,Ueq) are determined from the steady state solutions in (2.5)
depending on the parameter value p, Weqx = — |k|2 @H,k and Ueq = V... Therefore linear damping is
applied on the fluctuation components in both small and large scale variables & = w — Weq, U=U- Ueq.
We also assume additional deterministic forcing (F, Fy) and stochastic white noise forcing with amplitude
(o,00) on both small and large scales. Accordingly the statistical energy equation with forcing and Ekman
damping [16,18,27] becomes

dEZtat
dt

= —2dE, + pFo - U+ (@0, F),, + Qo (2.13)
Above the inner product is defined through the metric in the pseudo-energy (2.10)

@F), = Y (1+p|k|‘2)ﬁfg-wk,
1<]k|<A

and the entire contribution from the stochastic white noises forcing is represented as

1 1 -
Qo =nos+5 > (1+ulk™?)ok,
1<|k|<A

Especially in the unstable regime p < 0, both the deterministic and stochastic forcing can introduce negative
effects to the statistical energy changing rate on the right hand side of (2.13). As a further comment, only
the statistical mean is included in the contribution to the total statistical energy change due to the exerted

external forcing. Thus the dynamics of the total statistical energy combining mean and variance in (2.13)
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is determined through only the change in first order mean state together with the external forcing and

dissipation effects. The statistical energy dynamical equations are formulated with detail in [18,16,27].

Remark. In fact, for the general dissipation form D, we can always find a constant lower bound Cy of the

entire damping effect independent of wavenumber k as

Cq

L L
S d <D (- k) =D d k¥, VK >1.
j=0 =0

Thus the above statistical energy conservation law (2.13) just becomes a dynamical inequality

stat
dE3

< —204E, + pU - Fo + (@, F), + Qo

Then the same strategy can apply for statistical stability analysis.

2.3 Illustration of flow structures and statistics with numerical simulations

We first illustrate the typical flow structures through direct numerical simulations in various parameter
regimes where the rigorous statistical bounds will be derived in the next sections. Throughout this paper,
we will always refer to the following model setup to test the statistical stability in fluctuations according to
different steady state solutions and different deterministic and stochastic forcing scenarios with parameter
u. A relatively small truncation size |k| < A = 12 is used so that we can concentrate on the major large-
scale structures while the effects of nonlinear feedbacks are also maintained. To capture the statistics in
the state variables, we run a Monte-Carlo simulation of the original topographic barotropic system (2.1)
with an ensemble size N = 1000. More numerical simulations with larger ensemble size has confirmed that
N = 1000 is large enough to capture the essential statistical mean and variance with accuracy. For the
topography, we assume a zonal structure on the largest scale mode with perturbations added in smaller
scales such that

h=H (sinx + cosz) + H Z k|2 g"kex=00) (2.14)
2< (k<A

In the simulations we take the topographic strength H = 3v/2 /4 and uniform phase shift 6 = 7. This
topography structure is an analog to a long north-south ridge and has been used for various uncertain
quantification problems [17,22,27,21,11]. Here the beta-effect is set as 8 = 1 in most of the test cases.
We will mostly consider the evolution of statistical ensemble uncertainties in the following two different

perturbation scenarios:

— Model dependence on initial ensemble statistics without forcing and dissipation: We consider the evolution
of an ensemble of particles beginning with a Gaussian distribution. The initial mean of the ensemble
is set the same as steady state solution (V,, Q) in (2.5), and uniform initial variances are introduced
o0v,0 = 1,0un,0 = 1 but only on the mean flow U and the unstable vortical modes @y, 1 + [k|? < 0. All

the other modes are set with zero initial variances;
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— Model dependence on energy source and sink from external forcing and dissipation: Linear Ekman damp-
ing with different rates d as in (2.12) is used. The deterministic forcing is chosen according to the steady
state solution of large and small scale variables, Ueq = V}, and Geq = — |k|2 Lﬁ“’k, and the stochastic white
noise forcing is taken with uniform amplitude only applied on the mean flow U and the the unstable

vortical modes. The amplitude o is taken so that d~'o? = 1.

In the first case without damping and forcing the initial statistics in fluctuation will be persistent for the
entire time; while with damping and forcing the initial configuration will decay and become irrelevant in the
final steady state distribution. In both cases, all statistical energy in fluctuation is injected in the unstable
large scales in the beginning, and gets amplified and cascaded down to the smaller scales which contain no
initial uncertainty or are not being forced. All the statistics are calculated after the model has reached the

equilibrium statistical steady state.

2.3.1 Invariant measure and ergodicity in the statistically stable regime

In the first place, we test the flow field with no forcing and dissipation on the right hand sides of (2.1) in the
regime p > 0. Here we use the parameter value p = 1 to illustrate the flow structure in statistical steady
state. From the nonlinear stability and equilibrium statistical mechanics the flow statistics will converge
to the Gaussian invariant measure in (2.6) with stable mean and variance determined by the topography
h, beta-effect 8, and parameter p. Furthermore the numerical ergodicity of the system confirms that the
invariant measure is unique so that the ensemble statistics in steady state (which are estimated at the final
time with ensemble average) is in agreement with the time-averaged result (which are averaged along one
single trajectory of the solution). To keep tracking the evolution of statistical mean and variance at the
same time, we use an ensemble approximation to get the statistics in the system rather than just run a

single trajectory simulation for long time averages.

In Figure 2.1 we show the snapshot of relative vorticity in fluctuation in steady state and the statistical
mean stream function in final equilibrium with parameter y = 1. The relative vorticity fluctuates away
from the steady state solution Q,, and is isotropic in the spectral domain. Even in this stable regime, many
small scale vortices are generated in the vorticity field due to nonlinear interactions and transient statistical
growth in uncertainty (see Appendix A). Also we plot the full flow vector field including the large-scale
mean flow U and small-scale stream function. The mean stream function and flow field is determined by the
topography and beta-effect uW¥,, = AW, + h,V,, = —/p in (2.4). A steady westward mean jet is generated
as predicted from the steady state solution. The consistency in the mean flow is also shown in Table 1 for
the stable regime. We will discuss the statistical bounds in fluctuation mean and variance in the stable

regime p > 0 next in Section 3.



316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

12 Di Qi and Andrew J Majda

fluctuation relative vorticity p=1

S SO ooy 3=

mean stream function u =1
=

3f®

Fig. 2.1: Snapshots of the relative vorticity in fluctuation component @ and the statistical mean stream
function ¢ (without the large-scale flow U) together with the entire flow vector field (including large-scale
flow U) with parameter u = 1 at equilibrium steady state.

statistical energy spectra in fluctuation < -1
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statistical energy spectra in fluctuation -1 < ;<0 3= |u|
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Fig. 2.2: The fluctuation statistical energy spectra for typical values of regimes —2 < y < —l and —1 < p <
0. The modes are ordered in the descending order in energy.

2.8.2 Flow statistics depending on initial ensemble distribution in unstable regimes

Next we show the statistical evolution of initial fluctuations in the two typical nonlinear unstable regimes
p < —1 and —1 < pu < 0 without forcing and dissipation. Especially in regime —1 < pu < 0 with only
the mean flow U unstable, we change the beta-effect to f = —p to increase the flow fluctuations near the
limit 4 — 0 (see Appendix A). In Figure 2.2 the statistical energy spectra in the fluctuation component at
statistical steady state are compared for several typical values of u. The modes are ordered in a descending
order, which in this case is basically from the largest scales to the smaller scales. In the steady spectra among
values —2 < pu < —1, the statistical energy in each mode with intermediate value y = —1.5 is relatively small;
while in the other two cases, u = —1.9 and p = —1.1, larger statistical energy fluctuations get generated
especially among the small modes in the tails. This suggests larger instability as the parameter approaches
the two limits, u — —1,—2. In the spectra of the case —1 < pu < 0 the steady state statistical energy in
each mode gets smaller monotonically as the parameter p approaches zero. This implies no instability in
fluctuations any more near the limit ;4 — 0 even though it gets a large mean steady state V,, = —3/u from
the equilibrium statistical mechanics and the invariant measure (2.6).

We show the flow structures in steady state for the test cases. Figure 2.3 compares the relative vorticity
in fluctuations when the parameter values change from u = —0.5,—1.1, —1.5, —1.9. The vorticity fields in
fluctuation depict the deviation from the assumed steady state flow solution ,. The color scales of the

plots are normalized to the same range for comparison. Obviously in the vorticity field with © = —1.9 and



334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

Rigorous Statistical Bounds in Uncertainty Quantification for One-Layer Turbulent Geophysical Flows 13

fluctuation relative vorticity ;. = -0.5 fluctuation relative vorticity = -1.1 fluctuation relative vorticity = -1.5
[y e > O F 3P ‘L>€:° " F 05 :| 3 % 4 > 3

Ay S SN ]

-

mean streamfunction x =-1.5
= —=—

NS TN e

=)

3 2 1 0 1 2 3
X
Fig. 2.3: Snapshots of the relative vorticity field in fluctuation component & with parameters u = —0.5,
u=-11 p=-15, and p = —1.9. The mean stream function (without mean flow U) and the entire flow

vector field (with mean flow U) for the parameter values are shown in the second row.

n -1.9 -1.5 -1.1 -0.9 -0.5 -0.1 0.5 1

U -0.8222  -2.4816 -2.9737 0.3401 0.2282 0.6974 -2.0498 -1.1617
-8/ 0.5263  0.6667  0.9091 1 1 1 -2 -1

Table 1: Statistical mean large-scale flow U in statistical steady state without damping and forcing compared
with the assumed steady state solution V,, = —f/pu.

w = —1.1, larger small-scale structures are induced with stronger fluctuations compared with the yu = —1.5
and p = —0.5 cases. Notice that the initial statistics only sets the non-zero ensemble variance in the largest
scales |k| = 1, thus the vortical fluctuations in smaller scales are generated from the internal instability

producing a direct cascade of enstrophy. Also we compare the statistical mean field of the stream functions
and the entire flow vector field. The large-scale zonal flow shifts from a weak eastward jet (u = —0.5) to
strong westward jets (u < —1) as p decreases. Especially westward mean flow U < 0 is always developed in
steady state for u < —1 starting from the eastward initial state V,, = —3/u > 0 with small perturbations
in the ensemble.

Besides, we list the steady state statistical mean of the large-scale flow U as the parameter p varies in
Table 1. In the stable regime p > 0, the theoretical steady state solution V,, = —3/u gives accurate prediction
in agreement with the numerical results of steady state mean flow U. This implies little statistical instability
in the flow field in this regime. On the other hand, with y < —1 the steady state mean flow U gets the
opposite direction compared with the assumed steady state solution V),. This implies the strong instability
that adds large deviations to the mean flow field through topographic stress. In the regime —1 < p < 0,
U and V,, also have difference in value but stay in the same direction. This corresponds to the weaker
instability only in the large scale flow U. The statistical saturation bounds for flows in the various unstable

regimes without forcing and dissipation will be developed next in Section 4.

50

-50
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d 0.05 0.1 0.25
W -1.1 -1.5 -1.9 -1.1 -1.5 -1.9 -1.1 -1.5 -1.9

U 0.2326 -0.4457 -1.4331 0.4026 -0.1213 -1.1408 0.7771 0.2724 -0.4737
U2 0.8194 0.3853  1.0750 1.0695 0.6129  1.7450 1.2188  0.6267  2.3040

Table 2: Statistical mean and variance in large-scale flow U in statistical steady state with changing p and
damping rate d.

2.3.8 Flow equilibrium statistics depending on external forcing and dissipation

In the final test case we consider the effects from linear damping and forcing in the form (2.12) in the flow
field as described before. Effects with different Ekman damping d are considered. The deterministic forcing
is first taken purely from the steady mean state, Fo = dV, and Fj = —d |k|? @M,k. The the mean stream
function and the entire flow vector fields including mean flow with changing values of p are shown in Figure
2.4. Stronger forcing and damping drive the flow closer to the exact steady state solution in the equilibrium,
while the weaker forcing and damping cases introduce larger fluctuations. In the steady state mean flow as
the parameter p changes, the background mean flow shifts from a eastward jet to blocked circulations and
finally to a westward flow in a similar way as the previous case. Numerical simulations show a eastward
jet when p = —0.5, and the eastward flow becomes weaker and finally a westward jet gets developed as u
decreases to —1.1, —1.5, —1.9. Table 2 lists the equilibrium mean and variance in the large-scale flow U with
different damping rates d and parameter values j. The mean flow shifts from eastward (U > 0) to westward
(U < 0) as u changes from —1 to —2, and the variance increases as u approaches near the two boundaries
and stays small in the intermediate values of u. The statistical saturation bounds in the forced-dissipated
case will be discussed in Section 5. In addition Figure 2.5 adds another large-scale forcing on first eigenmode
|k| = 1 with different strengths §f. This special case is also of its own interest and details will be discussed

in Section 6.
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~

mean stream function d =0.1 u =-0.5 mean stream function d =0.1 p=-1.1 mean stream function d=0.1 p=-1.5
= = <~ 3R T ~ T T 3 7 T < T

mean stream function d =0.25 ;. =-0.5 mean stream function d =0.25 p =-1.1 mean stream function d=0.25 p=-1.5 mean stream function d=0.25 p =-1.9
- o] 7 SR A VIRIE T
g / ‘ \‘ [N \\\\\

-2
X
Fig. 2.4: Mean stream function in small scales (dashed contours) and the entire flow vector field including
mean flow (vector field) are shown with different damping rates d = 0.1,0.25 and parameter values p =
—0.5,—1.1,—1.5,—1.9. The flow field shifts from eastward to blocked circulations to strong westward jet as
the parameter p changes.

mean stream function y =-1.5dF =0.5 U=-0.11 mean stream function p =-1.9dF =0.5 U=-0.78
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Fig. 2.5: Mean stream function in small scales (dashed contours) and the entire flow vector field including
mean flow (vector field) with additional large-scale eigenmode forcing on the mean flow U and the ground
shell |k| = 1 with strength 6 F = 0.5, 1. The steady state mean flow U is listed on the title.
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3 Statistical Stability with Uncertainties from Initial Distributions in the Stable Regime

We first consider the statistical stability bounds of the barotropic flow due to the initial configuration of
the ensemble distribution using the statistical energy equation for fluctuations. With the interaction of
the large-scale flow and small-scale eddies, from the derivation before, we find the conserved statistical

pseudo-energy in fluctuations (2.10)

N |
Yo
—
+
=
x
[V
N—
-
(S
"
)
~_——

B0 = 5 (07) 4

The subscript ‘¢’ refers to the ensemble average at time t. Remember that here U represents the fluctuations
from the steady state mean flow V,, = —8/u, and w represents the fluctuations away from the steady state
vorticity (.. Without external forcing and damping effects, the statistical pseudo-energy Effat is conserved
in time as shown in (2.11). Therefore the total statistical energy E;'*" in the later time can be determined
from the initial statistics in the mean fluctuation and variance, while the non-positive-definiteness of the
total statistical energy forms another issue in the unstable regimes with negative coefficients. In this section,
we first consider the simple case with p > 0, so that the coefficients in each component of the total statistical

energy are all positive.

3.1 Statistical energy bound in fluctuations without forcing and dissipation

We begin with the simple case in the stable regime p > 0 and no damping and forcing terms on the right hand
side of (2.7). Assume initial perturbations in the mean flow and eddies, U (0) = Up + U}, w (0) = @o + wy,
where Uy, @g are the initial bias in fluctuation mean states away from the steady state V., Q,, and U}, wj
characterize the uncertainty (that is, ensemble variance) in the initial ensemble members. According to the
steady state (V,,,Qu) with initial statistical energy in perturbation, the initial statistical energy can be
expressed as

stat M 1 —2
B 0) = EBuo+5 > (14 ulkI™) Fio,
1<[K|<A

with Eyo = Ug + U2, and Ex,o = \(Do,k|2 + |w6’k|2. Especially we have the initial uncertainty from

variance |w( |2 = |q( x|? independent of the steady state, and the initial mean deviation for the fluctuation
component with o k|*> = |Q,.x — Go.x|* and U3 = ]VM — ‘70‘2. Therefore due to the conservation of total

statistical energy (2.11) we have the first statistical energy conservation relation

Z Mk<|wk|2>t+M<U2>t§ Z By o + 1By, (3.1)

1<|k|<A 1<|k|<A

with g = 1+ p|k| ™2 the weighting coefficients due to the energy conserving inner-product metric. In fact
in (3.1) equality can be reached in the case without forcing and dissipation, while the inequality is valid

for cases with also damping terms included in the system. Notice that the above relation is valid for all the
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values of p, whereas the statistics in the statistical fluctuations <\wk|2> (and in fact only in the statistical
mean fluctuation part |@y|?) will change accordingly with different values of u due to different values of the
presumed mean state (,,. We can summarize the first statistical energy bound for the stable regime p > 0

as follows:

Theorem 1. (Statistical energy conservation of fluctuations in stable regime p > 0) Consider the system
of fluctuation equations away from the steady state solution (V,,Q.). For any parameter values p > 0
in the stable regime with E,, > 0, the total statistical variability in the mean fluctuation and variance,
<U2> = U? 4 U2, <\wk|2> = |o)® + W, can always be controlled by its initial statistical variability
including initial mean and total variance as in the inequality (3.1). Especially, if there is no statistical mean
perturbations in the initial time, Vo = Vi, o = Qp, the total statistical energy of the system in the entire

time can be controlled by the initial ensemble variances op o = |wf |2 and g, o = U’

S (1) (el +u(U?) < > (14 nlkd?) oko+ notio. (3.2)
1<|k[<A 1<[k[<A

Furthermore, we can see both the statistical mean fluctuation and the variance are bounded by their initial

variability in this stable regime with the inclusion of dissipation d > 0.

Still the statistical bounds in (3.1) and (3.2) based on the pseudo-energy E5*" directly is inconvenient to
use since the coefficients on the left hand sides of the inequalities are dependent on the parameter values p.
As a further implication of the above inequalities, we can find the statistical bounds for the total enstrophy,
f <w2>, and the total kinetic energy, U? —|—f <|V1/J|2>. For the statistical enstrophy in the stable regime p > 0,

there exists the lower bound among all the positive coefficients for any wavenumber k with truncation A

(14 k™) (o) = (14 1472) ()
and for the statistical kinetic energy for any wavenumber k the lower bound of the coefficients becomes
(1l + 1) (Il el ) > g (1P )

Therefore the general bounds for the total statistical enstrophy f <w2> =3 <|wk|2> and the total statistical
kinetic energy (U?) + £ (|Vy|*) = (U*) + 3 <|k|2 lvk|*) can be determined by their initial conditions as

1+ plkl™2
Z | | Eﬁ,o‘F 1% EY

Z <|wk|2> S -2 —o 0>
1<|k|<A boidk<a 1+ pd 1+ pA
(3.3)
<U2> + Z <|k|2 |¢k|2> < Z ot (|k|2+u) k> By o+ E,
! 1<|k|<A ¢ 1<|k|<A

where the right hand sides are from the initial enstrophy/energy in the mean fluctuation and variance

_ T o - 2 T 7 o = 12 T
Bl o= 1Qux — Goxl” + 101 % Bito = [Tur — Yox|” + [0, EG = |Vi — To|” + U
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and on the left hand side the statistical enstrophy does not include the energy in the mean flow U while it is
still dependent on the initial configuration of the flow statistics £ due to the large-small scale interaction.
The above bounds in (3.3) imply the stability in statistical mean and variance in each fluctuation mode
under both the statistical enstrophy and kinetic energy metric in the stable regime with p > 0. Especially
the variance U’2, W, independent of the choices of the steady mean state V)., Q, is one positive-definite
component in the total statistical energy including mean and variance. The above statistical bounds il-
lustrates that the total uncertainty in the ensemble variance (or it can be described as the ‘spread’ of the
ensemble of trajectories) can always be controlled by the ‘initial noises’ from the initial ensemble uncertainty

(1g6 x|? or |¢g i [?) and the initial deviation in the statistical mean from the steady state solution Vy, @ k-

3.2 Numerical verification of the statistical bounds in the stable regime

Here we offer some simple numerical results to illustrate the statistical bounds in (3.2) and (3.3) in the
stable regime p > 0. For simplicity, we assume there is no bias in the initial mean state, Vo = Vi, Go = Qu.
And we propose two initial variance configurations in the ensembles. The first only gets non-zero initial
variance only in the large scale mean flow oy = 1; and the second case assigns initial variance in the mean
flow U and first ground modes |k| = 1, oy = 1,01 = 1. The bounds in total statistical pseudo-energy (3.2)

together with the statistical kinetic energy in (3.3) then can be simplified in the test cases as

S (1+nk ) (o) +a(U), =40+ ot +uod, pobs
1<|k[<A

(V) + 3 (KPlel®) <4 +p)ol/p+ot, of
b oi<k<a !

Above on the right hand sides, the first term is for the bounds with initial variance in oy, 01 and the second
term is for the bounds with only initial variance in the mean flow or;. Notice that in the first relation above
equality is actually reached since the total statistical energy is conserved in this case with no damping and
forcing. Besides according to the equilibrium statistical mechanics, if the invariant measure (2.6) is reached
at the final equilibrium with ergodicity [23] the above statistical estimates (-), at equilibrium get zero mean
in the fluctuation component and variances proportional to, ry ~ 1/p,mx ~ 1/ (14 p |k|_2)7 according to
the Gaussian invariant measure.

Figure 3.1 shows the results in the total statistical pseudo-energy and statistical kinetic energy with
changing values of u. The statistical pseudo-energy conservation from numerical calculations is confirmed on
the left panel exactly in agreement with the theoretical bounds from initial statistics with linear dependence
on . The bounds for the total statistical kinetic energy are also displayed with different initial conditions
in right panel. The the steady flow structure and vorticity snapshot with parameter p = 1 have already
been plotted in Figure 2.1 in Section 2.3. The kinetic energy bound from the pseudo-energy conservation in
general can offer an accurate estimation about the maximum amplitude of statistical quantities as it changes

with the steady state parameter p. We also compare the statistical mean and variance separately in the plots.
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total statistical energy in fluctutation bound for total statistical kinetic energy

30 T 15 :
—— numerics
—oy=1lo,=1 p —-—-theory
_gu =1 mean
_._.4(1 +/‘)+N —-~—-variance

-=-pu \\//____
ol ._,,,ﬂ,q_*.,,,,,,,,,,-,-k,-«.47,%”..,.,».7»..*

0 1 2 3 4 5 6 7 8 9 10 107! 10° 10
H i
(a) total statistical pseudo-energy (b) statistical kinetic energy

Fig. 3.1: Statistical energy bounds in statistical equilibrium with 0 < g < 10. The solid lines are the
numerical simulation results and the dashed lines are from the theoretical bounds. In the right panel, the
upper row is for the case with initial variance in U, w; and the lower row is the case with initial variance in
U only. Also the energy in the mean fluctuation and variance are compared separately. The value for the
flow field shown in Figure 2.1 with u = 1 is marked with a red cross.

With smaller values of p, the invariant measure prediction in (2.6) is quite accurate. The fluctuation mean is
near zero (thus the initial steady state solution (V,,, Q) is maintained) and the variance in each mode is in
consistent with the equilibrium measure prediction. As u becomes larger, there gradually develops a non-zero
mean fluctuation. This implies a new equilibrium steady state in the statistical mean, and correspondingly

the variances in the system drop a little due to the transfer of energy to the mean state.

4 Statistical Saturation Bounds with Initial Uncertainties in Unstable Regimes

In the statistically stable regime p > 0 discussed above, the total statistical energy is positive-definite so
the statistical bounds can be derived directly from the conservation of statistical energy. However in the
statistically unstable regime with p < 0, the coefficients in the total statistical energy E5™* in (2.10) are
no longer uniformly positive. In this case, between two adjacent wave numbers —Aiﬂ <p< —Ai (in this

notation, AZ and Ai—&-l are two adjacent integer energy shells, while A, A,4+1 could be non-integers)

L4 plk|72 >0, [kl > Ay,
(4.1)

L4 ulk ™2 <0, [kl <A,
Therefore, the total statistical energy Effat needs to be decomposed into two parts with a positive-definite

component and a negative-definite component

tat L s
E;" =-E/+E,

By S e e 8 (02). "

1<|k[<A,

BE=5 Y (1 ulk) (jend?).

[k|>A,41
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Above in (4.2) Eﬁ is the large scale statistical energy with negative coefficients, and Ef is the rest statistical
energy in small scales with positive coefficients. Especially in regime —1 < u < 0, only the large scale mean
flow U is contained in Eﬁ This is an interesting case where the interactions between the large mean flow
U and small vortical modes w become important through topographic stress.

In general, Ef will contain many more modes with high wavenumbers and E,’;‘ usually only gets the
modes in the largest scales (which also usually are of more interest). This implies the possible instability
between the low wavenumber and high wavenumber modes in this regime. Still without the external damping

and noise terms the total statistical energy conservation from (2.11) is valid,
tat tat
B (1) = B (0).

Suppose negative initial statistical energy Eg = EE’O — Eﬁ’o < 0, that is, at initial time t = 0

> (1) (enl?) < 3 |kl (o) 1l (07 (43)

|k|>A41 k<A,

This implies larger initial perturbations (both in mean and noise) in the unstable larger scales, and this
should be a natural case that is easy to satisfy in many realistic scenarios [17,22]. As a result, the conservation
law of the total statistical energy in fluctuation predicts that the perturbed mean and variance in all the
high wavenumber modes are ‘slaved’ by the low wavenumber large-scale perturbations in mean and variance

during all the time

S (Lnhd ) () < D L7 (o) + lul (U%) (1.4)

[k[>A,41 |k|<A,

Still this inequality cannot guarantee the general statistical stability in the total energy in mean and variance
since both sides of (4.4) could grow (or decay) without bound at the same time [17]. In the remainder of
this section, we consider the saturation bounds of the total statistical mean and variance specially in the
unstable regime p < 0 using the similar idea for deterministic saturation bounds in [29]. No external forcing
and dissipation is assumed here so that the problem is to determine how the statistics in the system evolve

in time according to the steady state solution (V},, @, ) from the initial ensemble distribution.

4.1 Statistical energy saturation bounds without forcing and dissipation

In deriving the statistical bounds in the unstable regimes, we make use of the positive-definite conserved
statistical functional in Section 3 to find the saturation of instability in the topographic barotropic flow. In
order to apply the previous result, we propose a class of statistically stable ‘reference states’ with parameters
a > 0. Thus about the reference steady state (2.4) in the potential vorticity, stream function, and large

scale mean flow
OéiLk iLk ,3
o+ k[ ok “ Q

Qa,k o+ |k|27

I
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the total statistical energy in fluctuation (2.10) about the reference state stays conserved depending on the

initial state statistics, that is,

Eitat (t) = (1 +a |k|—2) <|Qk _ Qa’k|2>t = E(Sltat 0). (4.5)

1<]k|<A

N =

(0w

| Q

Therefore the previous statistical bound in (3.1) is still valid according to the reference state for all a > 0.
In this way the coefficients in each component of the total statistical energy E5** again become uniformly
positive. Now we turn to the steady state solutions in the unstable regime pu < 0 so that we get two sets of

decompositions with the real steady state with p and the reference state with «
UR)=Vu+U(0)=VatU(t), q(t)=Qu+d(t)=Qa+d().

Thus we can rewrite the statistics in the fluctuation components (U ,&J) about the steady state solution
(Viu, Qu) according to the previous stable reference state with parameter a as
<(U - Va)2> = (V= Va+0)* 407,
2 — 12 712
(I = Qaxcl”) = 1Quc = Quete + x> + [,
where we can define the constants between the steady state and the reference state as

a — —a)|k|?
Via=Vy — Vo= NVM Quak =Qux — Qax = %w;ﬁk’ (4.6)
a o+ K

Then we get the statistical energy bound for the fluctuation component (U ,&)) based on the conservation
of the positive-definite total statistical energy E5™' (t) = E5' (0) according to the reference state with
parameter o > 0. The initial statistical energy can be calculated as in (4.5) with the initial mean fluctuation
(UO, (I)o) and the initial variance (Uiéz, W) in large scale mean flow and small vortical modes. The previous
argument is based on the fact that the topographic barotropic system without forcing and dissipation always
conserves the total statistical energy for any values of the parameter «, thus we have the additional freedom
to choose the optimal parameter value « in the conservation relation (4.5) for the saturation of statistical

instability in the unstable regime.

The goal here is to find the statistical bound of fluctuations about the steady state solution (V, Q)
in the unstable regime p < 0. Again we propose the initial state with zero perturbation in statistical mean

about the steady state solution and prescribed variances in each mode
Uo=0, @ =0, UPZ=o0tr, lwol®=0ko. (4.7)

Without the inclusion of external forcing and dissipation, the problem is to track the evolution and ampli-
fication of the fluctuations in the ensemble of particles beginning with an unbiased initial steady state and

proper amount of uncertainty among the ensemble of particles. Then by applying the conservation of total
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statistical energy (4.5) the mean fluctuation and variance can be determined by the initial configuration of
variance and the difference with the reference state
P — B ~ -
@ [Vin 4 07+ TP+ 30 (14 al™®) [[Qust Gncel” + Tl ]
1<|k|<A

= a[Viatoto]+ > (1+alk™) [IQuax
1<)K]<A

2 2
+ O'k70i| .

The above equality is valid for all the values of o > 0. Instead of the slaving relation (4.4) that separates
the whole system into a stable and an unstable subspace with p < 0, the relation in (4.8) gets uniformly
positive coefficients in every component of the statistical energy in the mean fluctuation and variance. The
evolution of the combined statistics in mean and variance in the future time are determined purely by the
initial statistical configuration in mean difference (Vy o, @u,a,x) and ensemble spread (oy,0, 0k,0). Therefore
immediately we get the statistical stability in each component of the fluctuation mean and variance that
they will stay finite and stable as the system evolves in time since the right hand side in the initial value is
finite with positive coefficients. That is, when we run an ensemble with initial steady state (V,,Q,) with
statistical uncertainties in particles, the bias in the mean state and the spread of the ensemble will always
stay finite in amplitude without unbounded growth. On the other hand, still the conservation relation in
(4.8) is not convenient in calculating the statistical bounds since it is combined with the difference in the
reference state V), o and Qo and the reference parameter o. Next we try to find the saturation bound for
the statistics in fluctuation mean and variance by minimizing the right hand side among all the values of
a > 0. Especially we consider the saturation bounds for the total statistical kinetic energy in the mean,
U2+ f \Vd_)|2, and in the variance, U2+ f W as a representative example. In a similar way the saturation

bounds for enstrophy can also be achieved (see Section 6 for an example of the statistical enstrophy bound).

Saturation bound for total variance based on the kinetic energy

In the first place we can look at the saturation bound for the second order moments. To consider the variance
in the kinetic energy from the conservation relation (4.8), we can just leave the leading order parts involving

the mean states with positive coefficients in the total statistical energy. Then for all values a@ > 0 we have

U2+ S0 | < [V + 0007 4 2] 32 (07 07 4 1) 0 s el ¢ o]

where the left hand side above defines the total statistical kinetic energy in the variance, U'2 + fW,
and the right hand side is just a reorganization of the total statistical pseudo-energy o~ 'E, writing in
the form of stream functions, ¥y = — |k| % wy. Using the conservation relation in (4.8) to relate the right
hand side of the above inequality with the initial data and noting that the above inequality is valid for all
values o > 0, the saturation bound for the total statistical kinetic energy variance (4.9) can be reached by

minimizing the second row of (4.8) including initial state information among all the possible values of « so
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that we define

2 2 2
v . - — k
ey =mip [C= P2, U?]’O} S [(awll B

2 —2 —1 2
+ (K7 +a )ako}
2 s 9
1<iigea L (ot k)

with V, = —f/p and ¥, = i/ (1 + \k|2) the steady state solutions and the initial ensemble statistics
based on (4.7). The differences with reference states Vi, o, Qp,« in (4.6) are substituted into the initial values
in the second row of (4.8) to get an explicit formulation of the upper bound. The total variance of the flow

fluctuation in both large scale mean flow and small vorticity thus are controlled by the saturation bound

1772 2 2 v
U2+ > kP [vf| <ChhBoo ), (4.10)
1<]k|<A

where the bound C}, is dependent on the truncation size A, topographic structure h, the beta-effect 8, and
the initial noise in each mode 0. The saturation bound C}; estimates the maximum amount of energy in
variance the system could reach depending on the initial statistical configuration. Indeed more generally
C,, also gives the upper bound for the right hand side of (4.9) directly from the conservation principle in
(4.8). Especially as we will see later, the bound in variance C}, is also useful in estimating a (non-optimal)
upper bound for the statistical energy in the mean fluctuation, and it is also adapted to estimate a bound
for a combination of the mean and variance together. Thus the saturation bound C}; plays a central role in

estimating the flow statistical instability.

Remark. Here we choose the statistical kinetic energy as the quantity of interest for the saturation bound
since it offers a natural combination of large scale mean flow U and vortical modes w to characterize the
total statistical structure in the system. In a similar fashion we can also get the estimation for the total
statistical enstrophy based on the conservation relation (see Section 6 for one example with statistical
enstrophy). Indeed since each component in the first row of (4.8) is positive definite, we can even find the
saturation bound for any particular spectral band containing a fraction of the total wavenumbers. Therefore
the relation in (4.8) is a quite useful tool to find the saturation bounds according to the required quantity

of interest in real applications.

In Figure 4.1, we plot the saturation bounds C}, with changing values of u for the statistical kinetic
energy by minimization among values in the stable regime o > 0. The model parameters are kept the same
with the previous setup in Section 2.3 with 8 =1, A = 12, and h the topography with decaying spectrum
in (2.14). In the figure we use non-zero topography up to wavenumber |k| = 5 as an illustration. Initial
variance is only set to be non-zero among the mean flow oy o = 1 and the ground modes |k| = 1 with
variance 01,0 = 1. The saturation bound C}, goes to infinity at the discrete resonance points at p = — k|?
with non-zero ‘excited’ topographic mode hic # 0, and stays in finite constraint values between the points.
For values of p near these saturation points, the large values of the bound C}, indicate instability with
potential large increase in the total variances in the fluctuation component from the initial uncertainty. On

the other hand for values away from the resonance points the total statistical variance can be controlled
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2<pu<0 saturation bound for total statistics in barotropic turbulence
T T T

100
90
80t 110% 1
70t i
60

50

40+

30+ 1
20 - \ 110 F U U i

Fig. 4.1: Saturation bound C|, for the total variance in kinetic energy (4.10). Initial variance is only set to
be non-zero among the mean flow oy7,0 = 1 and the ground modes |k| = 1 with variance 01,0 = 1. The left
panel shows the bounds in regimes —2 < p < 0 used for numerical verifications.

within relatively small values, implying restricted variability in the statistical ensemble with stability. In the
numerical verification for the statistical bound, we will mostly focus on two typical regimes with parameters
changing among the ranges —2 < u < —1 and —1 < p < 0 shown in the left panel of Figure 4.1. We point
out here in advance that the total statistical energy in fluctuation near y — 0 actually will not increase
in reality since there is actually no instability near this point (see Appendix A with transient statistical
stability). Therefore instead in the regime —1 < pu < 0 we choose the S-effect in the constant ratio 8/u = —1,

so that stronger variability in the state variables can be generated near the limit p — 0.

Saturation bound for total statistical fluctuations in a combination of energy in the mean and variance

The above saturation bound about the total variance (4.10) could be tight if the deviation in the statistical
mean |@Q,,q,k + @k| is small (for example, when there is only weak topographic stress in small amplitude,
h ~ 0). Still the error due to the previous neglected statistical mean from the term Q. o needs to be
addressed, and it is difficult to estimate the energy in the statistical mean fluctuation @ directly from the
previous inequalities. Especially when there are some values of |k|2 close to —p, the errors from @, could
be huge (due to the singularity in Q,, k). There is the possibility that large amount of energy could cascade
from the variances back to the statistical mean state due to the nonlinear interactions and drive the mean
state w away to another distinct state as the system evolves in time. Next we find a more general saturation
bound for the combined fluctuation statistical mean and variance through proper estimation about the error

in the mean.

In general we have the inequality to separate the statistical mean fluctuation and the additional difference

term Qu,o as

|Qu,a,k + wk|2 - ‘Qp.,a,k|2 + “Dk|2 — 2Re (Qu,a,k N ‘Dlt)

> (1= €7) 1Quanl + (1= ) lan”,
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where Cauchy’s inequality is used for the cross term, Qo k@i, with € > 0 as a control parameter. Similarly
for the large scale flow U we have the inequality to separate the mean fluctuation and the difference term
Vi,a as

Vi +0)* 2 (1= ) V2a+ (1= 9T

Substituting the above inequalities for each mode back into the total statistical energy conservation relation

(4.8), we have the bound for total statistical energy depending on the initial value

(1= T2 +T2] + 3 (a7 1 + 1) [(1 = &) el [ e |* + Il [ 7]

(4.11)
< [e‘lv,f,a + a?J,o} +> (of1 + \k|‘2) [e‘l |Quoel” + U}%,o} :

In the first row above we use the statistical kinetic energy representation as in (4.9). Still we assume
that initial statistical mean of the ensemble has no bias in the steady state mean (V},,Q,) and the initial

ensemble variance has spectrum for mean flow and small scale modes U2 = 07, ¢, [w o2 = o4 o as before.
, ;

Fortunately the difference terms |Qma,k|2 and V2, appear on both sides of the above inequality and get

[y
cancelled with each other. The inequality is valid for all the values with ¢ > 0,a > 0. Then we get the
bounds for combinations of statistical mean fluctuation and the variance with a ratio 1 — e. Especially if
we take € = 1 only the statistical energy in variance is left and we come back to the original case (4.10).
However e can not reach the value zero (then the right hand side will diverge). Thus instead of a total
statistical energy combining the mean and variance as E™ + E", the saturation bound can only be reached
for the combination #E™ + EV with a weighting parameter § = 1 — ¢! < 1. To get the total statistical
kinetic energy, further reduce the coefficients in the above inequality (4.11), o~ |k|?> +1 > 1, to a uniform

lower bound. We find the general saturation bound combining the statistical mean fluctuation and variance

as

1 RY — )2 k|2
ﬁzmkg,ggiﬁ+ZE4&LM@ﬁ
Q

aS01—9 2 (a n |k|2) + [O'ZU,O + Z (|k|—2 + a‘1> gio} .

The combined statistical energy in the mean fluctuation and variance with a weighting parameter 6 < 1

can be estimated by this total saturation bound
OE™ (t)+ E° (t) < C}, (h, B,00,4) , (4.12)

where E™ is the statistical energy in the mean fluctuation and E" is the statistical variance
E™ = 02 +f Vo =07+ 3 [k [,
B = T2+ f [V0? =T + 3 K |04,
Comparing (4.12) with (4.10), Cg differs with C}, only with one additional coefficient (1 — 0)~" and it

reduces to the variance bound C}, when the parameter # — 0 with consistency. Unfortunately we cannot

reach the total statistical energy bound for § = 1 in the above saturation bound C’Z. Notice that in (4.12)
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we can even have 6 < 0, then the inequality describes that the total variance in second order moments in
the system can actually be controlled by the total energy in the first order mean state.

Further a non-optimal bound for the statistical mean state purely can be found through further ap-
proximation in the combined statistical energy. By leaving the variance part in the inequality, E™ <
OE™ + E¥ < Cﬁ, from the above total statistical bound (4.12), then the energy in the mean fluctuation E™

can be estimated by the previous total variance bound so that

02+ Y kP <o = miné ™' (1-6)"' O} = 4C. (4.13)
1<|k[<A
The above inequality is through a crude approximation by leaving the total variance E* on the left side of
(4.12) entirely, thus could introduce large errors in the bound of total mean fluctuation E™. Nevertheless
C} offers an estimation for the deviation in statistical mean from the original steady state solution instead
of including the errors in the variances.

In the above argument we offer three levels of estimations. The first inequality in (4.11) actually offers a
most general bound directly from the conservation of total statistical pseudo-energy including the coefficients
14+« |k|_2. Through this relation we can derive the saturation bound based on any specific quantity of
interest in practical applications. The next inequality (4.12) considers a proper combination of the total
statistical mean fluctuation and total variance with a balance parameter 6 according to the kinetic energy.
This saturation bound C’S is a general result for total statistical kinetic energy including both information
in the mean and variance. The pure saturation bound for total variance C}, in (4.10) can be derived from
Cﬁ by setting 6 = 0. However notice that larger value of  near 1 (then more emphasis on the stability in
statistical mean) leads to a larger weight 1/ (1 — 6) in the bound Cz. This shows that Cﬁ may not be so
desirable if we want to add more emphasis on the mean fluctuation. In the last inequality (4.13), we separate
the statistical mean state. It shows that the total statistical mean fluctuation also can not increase without

bound with a largest amplitude C};" = 4C};, while this bound is not optimal since C}; could become huge.

Theorem 2. (Statistical saturation bound for total statistical mean fluctuation and variance) For any gen-
eral values of p (and especially for the unstable case p < 0) in the topographic barotropic system without
forcing and dissipation, assume zero initial statistical mean fluctuation and a general initial ensemble vari-
ance as (4.7). A saturation bound for a combination of the statistical mean and variance, 6 E™ + E*, with a
ratio parameter 6 € (0,1) can be reached from (4.12). Especially the total variance in the kinetic energy, E*,
can be controlled with o saturation bound C), from (4.10); and for the total statistical energy in the mean

fluctuation only, a (non-optimal) estimation of the saturation bound C)" = 4C}; can be found as (4.13).

4.2 Numerical verification of the saturation bounds in unstable regimes

In the final part of this section, we verify these saturation bounds for both the variance and the mean state

through numerical simulations. The model parameters for the numerical simulations are taken the same as
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in Section 2.3. We test two typical regimes for the parameter —2 < pu < —1 and —1 < p < 0 with the
saturation bounds shown in Figure 4.1. The complexity of the flow structures in these test regimes with
strong instability and shifting directions of jets has already been illustrated in Figure 2.3 and Table 1.
Instead of comparing the statistical energy in mean and variance separately, here we consider the saturation

bound Cf, for the combination of mean fluctuation and variance 0E™ (t) + E* (t) with changing values of 6.

4.2.1 Saturation bound in the unstable regime p < —1

First we check the saturation bound for total variance and mean in the unstable regime with parameter
values changing among —2 < p < —1. The flow field structures in this regime can be found in Figure 2.3
for typical values u = —1.9,—1.5, —1.1. Figure 4.2 illustrates the bounds of a combined mean fluctuation
and variance with the parameter 6 from the inequality (4.12). 6 sets the weight in the statistical mean
state. We check two parameter values 8 = 0.5 and 6 = 0.2. With 8 = 0.5 the mean fluctuation part makes
more contribution in the total statistical energy, while with # = 0.2 the statistical energy in the variance is
dominant. First the dotted-dashed black lines illustrate the theoretical saturation bounds Cﬁ with changing
values of u. As expected from the theoretical results, instability with infinite maximum total statistics will
take place at the resonance points 4 = —1, —2. From the numerical results, the saturation bound C’,‘i sets
a tight upper bound in general and instability increases when p approaches near the two end points in
both cases. Especially in the case with # = 0.2 where the variance part is dominant, from the expanded
plot in results near y — —2 the saturation bound becomes extremely tight for the combined statistics. This
shows the accuracy in the upper bound Cz for estimating the maximum statistical fluctuations in this highly
unstable regime. With larger weight in the mean fluctuation, the larger value of 6 = 0.5 raises the saturation
bound Cz as shown in (4.12). Still an accurate upper bound can be achieved especially for quantifying the
variability in the statistical mean state. For the intermediate values of 1 the maximum statistical energy
is relatively low and the saturation bound still serves as a proper estimation for the maximum statistical
energy in mean and variance. Furthermore, we can observe that the instability increases faster near the left
side boundary than that near the right side. This might be related with the stronger linear instability in

the left limit (see the Appendix A).

4.2.2 Saturation bound in the regime with unstable mean flow —1 < p < 0

In the second case, we check the saturation bound in regime —1 < p < 0 with only an unstable mean flow
U. We use smaller beta-effect 8 = |u| to reduce the stabilizing effect from § as the parameter approaches
zero p — 0. This is considering the weaker variability in the flow fluctuation as p decreases (as we can
see from the linear analysis in Appendix A, when p approaches zero with a fixed stabilizing beta-effect
the exponential growth rate decreases to zero). With the small adaption in this case, the saturation bound
near zero changes without large instability compared with the bound in Figure 4.1 with fixed 8 = 1.

Figure 4.3 shows the comparison between the numerical simulation results with the theoretical prediction
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saturation bound for mean and variance combination 6 =0.5 105

] 10° -
3 —— numerics
| ~ —-—-theory

10*

saturation bound for mean and variance combination 6 =0.2

——numerics
—-—-theory

Fig. 4.2: Saturation bound in unstable regime —2 < p < —1 for statistical mean and variance combined
with parameter f. The combined statistical energy §E™ + EV is compared with different ratio parameters
0 = 0.5,0.2. The values for the typical flow fields in Section 2.3 with gy = —1.9, —1.5, —1.1 are marked with
a red cross.

saturation bound for mean and variance combination 6 =0.5

168
i} N ——numerics
i " —-—-theory

saturation bound for mean and variance combination 6 =0.2
: T : T : T T T T

——numerics
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4 104

Fig. 4.3: Saturation bound in unstable regime —1 < p < 0 for statistical mean and variance combined
with parameter f. The combined statistical energy §E™ + EV is compared with different ratio parameters
6 = 0.5,0.2. The beta-effect is taken as 8 = |u|. The values for the typical flow fields in Section 2.3 with
pn=—0.9,—-0.5,—0.1 are marked with a red cross.

as the parameter value changes. The theoretical saturation bound CZ gives overall good estimation for
the maximum statistical fluctuations that the system can reach with instability. Similar with the previous
case, the saturation bound becomes extremely tight near the unstable point g = —1. With § = 0.5 the
mean fluctuation gets more weight, and with 8 = 0.2 the variance is dominant and the bound becomes even
tighter in estimating the total statistical variance in the ensemble. Near the other limit 1 — 0 the instability
vanishes. This is consistent with the linear analysis (see Appendix A) that no unstable growth takes place
as u — 0. The system can be stabilized from the interactions between the large and small scales through
topographic stress at this point ¢ = 0. Then the fluctuations in both statistical mean and variance decrease

to small amount near this stable limit.
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5 Statistical Saturation Bounds with Forcing and Dissipation

In our previous discussion, we focus on the the statistical bounds in mean fluctuation and variance dependent
on the initial statistical configuration of the system without any external forcing and dissipation effects.
Thus the total statistical energy is controlled by the initial state statistical mean and variance through
the energy conservation principle. On the other hand, for the performance of the energy in the mean and
variance in the long time limit, geometric ergodicity for the truncated topographic barotropic model (2.1) is
proved under dissipation, inhomogeneous deterministic forcing and minimal stochastic forcing [23,16]. Thus
there exists an invariant measure that attracts all the solutions in the long time limit regardless of the initial
values. In this section, we consider the statistical instability in this case with forcing and dissipation effects.
Then the total statistical energy becomes no longer conserved due to the effect of forcing and dissipation.
We will first consider the statistical energy equation in the stable regime p > 0, next the saturation bound

can be found in a similar fashion as before.

5.1 The effects of additional deterministic and random external forcing in the stable regime

In the stable regime p > 0, we consider the effects from external forcing and damping to the total statistical
energy dynamics in the mean and variance. In general, there could be a deterministic component and a
stochastic component represented by Gaussian white noise in the forcing on both large mean flow and the
vortical modes as in (2.12). The total statistical energy E,, in fluctuation (2.10) then follows the dynamics

(2.13) due to the Ekman damping and forcing effects

dE = 2B
7dt# = —2dEu+uU-Fo+Z (1+M|k| 2) Fy - ok + Qo

with the deterministic part applying on the statistical mean state and the stochastic part offering the
combined contribution through Q... Now to find the upper bound of the total statistical energy during its
evolution in time due to the external forcing, we need to separate the deterministic forcing with the mean
state. First we have the inequality in the interaction terms with the statistical mean by applying Cauchy’s
inequality with parameter A > 0
(1+nl ) P =1+ u|k|_2‘1/2 e M|k|—2‘1/2wk
< o [ 2l o A1 g
< ﬁ [ s 72 Bt A1+ a2 .
1

~ _ 1
Fo-U < — 24N F2 < — |u| Eu + )\ |u| FE.
wFo U_4)\|M|U + Alul o<4/\|ﬂ| v+ Mu| Fo

The above inequalities only hold for the stable regime g > 0 so that the coefficients on the right hand
sides are always positive. Notice that Fx = <\wk|2> and By = <U2> represent the total statistical energy

including both mean fluctuation and variance in the vortical mode and the mean flow. The last inequality
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adds the variance to the original term containing purely the statistical mean. Thus the inflation at the last

inequality could be large if the total variance makes a major contribution to the combined statistical energy.

Therefore we can define the effective statistical forcing Q r,, combining the contributions in deterministic

and stochastic forcing all together

2 1 2 —2 2 1 2
QF,“()\):;L<)\FO+§ao)+2(1+p|k| )(A|Fk| +§0k), w > 0;

and the effective dissipation in the statistical energy equation can be determined by changing the parameter
value \. The original system (2.13) already contains the Ekman damping —2dFE,,, thus we can choose the

parameter A > 0 so long as there still exist a negative damping effect in the total statistical energy dynamics

dr(N)=2d—(2)\)""' >0, A>(8d)".

For simplicity we could just take 2\ = d~! so that dp = d. With all these arrangements we have the

differential inequality for the total statistical energy F,, from (2.13)

dE,,

“q < —drE,+ QF,.

Using Grénwall’s inequality to the above relation we get the upper bound for the total statistical energy
E,, due to the effect of damping and external forcing

- t -
E, (t) < E, (0) e*dFt+/ e =D Qn (s)ds
0

<er+dp'Qr,. (5.1)

Above the first inequality is for the general time-dependent case with the forcing effect, and the second one
is under the further assumption of a constant forcing in time. The first component on the right hand side
er = Eu0exp (—JFT) gives one approximated decay rate of the initial statistics. If we just want to focus
on the long time performance, the first term with initial statistics can be made arbitrarily small at the long

time limit ¢ > T, thus we need only focus on the second term above, that is,

- Lo 1o -2\ (1 2 1 o
Qe =i (538 + 508 )+ 3 (14 2) (55 A + 3o ).

The stability can be developed in this forced-damped case in a similar way as before based on the inequality

(5.1). Therefore we can summarize the stability result in the following theorem:

Theorem 3. (Statistical energy bound with forcing and dissipation in the stable regime p > 0) Consider the
forced-dissipated system (2.12) of fluctuations about the steady state solution (Vi,Qu). For any parameter
value p > 0 the total statistical energy in the mean fluctuation and variance can be bounded by the inequality

(5.1). Especially in the statistical steady state, the initial statistics get dissipated and the total statistical
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energy is determined by the external forcing and damping effects as
M “15,\2, -1 2 1 —2 12, -1 2
Ep() <5 ((dFo) +d o +§Z N d ' F| +d toi ). (5.2)

Notice that (5.2) can be compared with the bound (3.1) from the non-forced non-damped case, where the
deterministic forcing d =1 F acts the similar role as the initial mean deviation and the stochastic forcing o
acts as the role of the initial variance in the ensemble. The total statistical energy bound in long time limit
can be calculated based on the forcing and damping parameters. Above in (5.2), we assume for simplicity
that the deterministic forcing F' and stochastic forcing o are both independent in time. It should be easy

to generalize the above bound to the time-dependent case.

5.2 Saturation bounds with forcing and dissipation in unstable regimes

In the unstable regime with 1 < 0, just consider the special case of linear damping and forcing in the special

form of (2.12) using equilibrium steady state without any additional terms Fp = 0, F =0

small scale :  — dw + dWeq + aka,
(5.3)
large scale :  — dU + dUeq + doWo.
The forcing structure above from equilibrium steady solution Weq,x = — k| WAu,k and Ueq = V,, is dependent

on the parameter p. The statistical bound (5.2) for the stable regime p > 0 enables us to carry out the same
argument for initial state dependence in Section 4 to the forced-dissipated system in the same way. Again
we can consider the saturation bound using a class of ‘reference states’ with parameters a > 0. Especially
it is important to notice that the linear damping is applied on the fluctuation component according to the
reference state —dEq. Using the reference state with parameter v but with the forcing in the form (5.3)
with parameter pu, the following additional forcing effects need to be added to the dynamical equation of

FE,, based on the reference state with parameter « in the mean flow and vortical modes
Fo=d(Vy—Va)=dVya, Fk=d(Qux—Qax)=dQu,ax-

Assuming there is no additional forcing besides the above terms and using the inequality in (5.2), the

statistical energy based on the reference state (4.5) can be recovered in this forced-dissipated case

2FE. (t) =« [(Vu,a + Ut)2 +U7{2} + Z (1 + o |k\72) |:‘Q,u,a,k + @ + ‘w{(’t ’

(5.4)
<205 Qra=a(Via+d ') + 3 (1+alk?) (1Quaxl® +d 'ok).

This becomes a similar case with the previous non-forced non-damped situation in (4.8) with dependence
on initial values. It is useful to notice that the random white noise forcing amplitude (oo,0k) plays the

same role as the initial ensemble variance in the unforced case; while the additional deterministic forcing
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with the equilibrium mean (Ueq,@eq) plays the role of the initial mean deviation in the previous unforced
case (4.8). Therefore we can again find the saturation bound in the forced-damped case following the exact

procedure as in Section 4.

Saturation bound for total variance based on the kinetic energy

The saturation bound for the total variance in the kinetic energy can be calculated by minimizing the right
hand side of (5.4) among all the possible values of & > 0 so that
2 2 11,12
. — _ — k - ~1\ -
O3 = min (o 2#) V2 1d 103} + Y {(a w)” | 2| 17,0 + (|k\ 24 1)d 104 7
a> a 1 <|K<a oz(oz+\k| )

with V, = —8/p and ¥, i = hi/ (n+ |k|2) the steady state solutions. The maximum total variance in the

flow fluctuation with forcing and dissipation can be reached at

+ > KPP <Cl(h,B,d, o, A), (5.5)

1<[k[<A

where the bound C}; is dependent on the truncation size A, topographic structure h, the beta-effect g,
Ekman friction rate d, and the stochastic forcing in each mode . Comparing this saturation bound C},
with the previous case (4.10) in Section 4 with dependence on initial value, we find that the similar form
can be reached in this forced-dissipated case. The deterministic forcing from the steady state solution can
be compared with the initial mean state in the previous case, and the effective stochastic forcing amplitude

d~1o? can be compared with the initial variance in the ensemble members.

Saturation bound for total statistical fluctuations in a combination of energy in the mean and variance

Similarly for the mean state including the differences in states Vo, Qu,o We have the estimation from

Cauchy’s inequality
7\ 2 —1\ 1,2 2
Vi +0)* > (1= ) Vi2a+ (1= 907,

Qe + @1l > (1= €71} [Quakl® + (1= €) [

Substituting the above back to the original inequality (5.4), we can derive the saturation bound for a

combination of the statistical mean fluctuation and variance

L1 (a Ik\ 2
ch = V ,
nT RS0 0 +Z +|k| i

+d7! [0‘12]’0 +) (|k\‘2 n a—l) 0‘}2(’0:| .

Then the combined statistical energy in the mean fluctuation and variance in the damped and forced case

can be controlled by the upper bound CZ

OE™ (t) + E° (t) < Cf (h, 8,00, 4), (5.6)
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with @ =1 — ¢! < 1. Especially we can find the non-optimal bound for the statistical mean state as

Ui+ > W [dwe]” < O =ming™" (1-6)7" O = 40 (5.7)
1<|k|<A
Especially still in (5.6) we can even take § < 0 to control the total variance in second order moments in the

system from the totally energy in the mean fluctuation of the first order moments.

Theorem 4. (Saturation bound for statistical mean and variance with damping and random forcing) With
the special form of linear damping and forcing as in (5.3), the combined statistical mean fluctuation and
variance, 0E™ + EY, with the ratio parameter 6 < 1 can be controlled as in (5.6) with saturation bound C’g.
Similarly the total variance in the flow fluctuation, E”, is bounded by the saturation bound C}, as in (5.5);

and the total statistical energy in mean fluctuation, E™, is bounded by the (non-optimal) bound C}* = 4C);.

5.3 Numerical verification of the saturation bounds in the forced-dissipated case

Here again we check the saturation bounds derived in (5.5), (5.6), and (5.7) using numerical simulations in
the statistically unstable regimes —2 < p < —1. The basic setup is still kept the same as before with the
same set of parameters in Section 2.3. Especially to make the bounds in the forced-dissipated case stay in the
same form with the previous case, we apply the random forcing only on the mean flow U and ground modes
with |k| = 1 with noise amplitude and damping rate always in the consistent relation d~'o? = agq =1. So
exactly the same saturation bounds can be used in this case. Besides we compare the mean and variance
in statistical equilibrium state with different damping rates d = 0.05,0.1,0.25. Typical flow structures in
this forced-dissipated case has also been discussed in Figure 2.4 and Table 2 previous in Section 2.3. Notice
that different damping and forcing strength can lead to distinct steady flow structures and statistics (for
example, sometimes with opposite jet directions).

First in Figure 5.1 we show the statistical energy in the mean fluctuation and total variance separately
with the the saturation bounds found in (5.5) and (5.7). Still the theoretical saturation bound provides
proper estimation about the maximum statistical energy in both statistical mean and variance for all the
different forcing and damping strengths especially near the resonance points y — —2,—1. With larger
uniform damping rate d along all the scales (accordingly with larger stochastic forcing since we set 02 =
d) the total variance in the system increases; while the statistics in the mean decreases as the damping
rate increases to suppress the mean fluctuation. This observation is consistent with intuition since the
larger damping dissipates the mean fluctuation strongly to guarantee convergence to the mean steady state
solution; and accordingly stronger random forcing injects more energy in the largest scales and then cascades
throughout the scales. Correspondingly larger mean fluctuation and smaller variance will be induced with
smaller damping rate d and stochastic forcing o.

Next Figure 5.2 compares the combined mean fluctuation and variance bounds with ratio parameter

0 found in (5.6). In the combination of mean and variance together, unlike the previous plots with mean
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saturation bound for total variance saturation bound for mean fluctuation
T T . : T : : : : .

10°

T 105 1 T
i ——d=0.05 i
il ——d=0.1
i d=0.25
—-—-theory

100 . . . . . . . . .

Fig. 5.1: Saturation bound with damping and forcing in the unstable regime —2 < p < —1 for statistical
mean and variance separately. Results with different damping rates d = 0.05,0.1,0.25 are shown. The left
panel compares the total variance E¥ and the right panel is the statistical energy in mean fluctuation E™
(in solid lines) with the theoretical bounds C};, C}* (in dotted-dashed lines).

saturation bound for combined mean and variance 6 =0.5 saturation bound for combined mean and variance 6 = 0.2

10° 05 w 10° (TS ‘
—-—-theory —-—-theory
i ——d=0.05 ——d=0.05
| 4L\ ——d=0.1 ! 4 ——d=0.1
4 | 10 4 4 10 4
10 ! N d=025/3 107 ¢ ! d=025
\ . \\.\ \
4 10 N b 103
108 £ El E
\
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102 £ L N ./,/,
~.go! T
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10" £ E 3
100 1 1 1 1 1 L L 1 1 100 1 1 1 1 1 1 L L L
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% W

Fig. 5.2: Saturation bound with damping and forcing in the unstable regime —2 < pu < —1 for statistical
mean and variance combined with different §. The combined statistical energy 6 E™ + E* is compared with
different ratio parameters 8 = 0.5,0.2. Results with different damping rates d = 0.05,0.1,0.25 are shown.
The values for the typical flow fields in Section 2.3 are marked with a red cross.

and variance separately, despite the differences in the statistical mean and variances with different damping
rates, the total statistical energy in the three cases with different damping d become near to each other and
are close to the theoretical saturation bound uniformly. Similarly with the previous case we can observe the

instability near y — —2 is stronger than that near the other boundary p — —1.

6 Further Discussion about the Statistical Bounds with Large-scale eigenmode Forcing and

with the Total Enstrophy

We have derived the saturation bounds for the topographic barotropic flow depending on the initial statistics
or on the external forcing and damping in a unified manner. Especially in the case with deterministic and
stochastic forcing, we tested the bounds with deterministic forcing purely from the equilibrium steady state
and the stochastic forcing on the largest scales as in (5.3). In this section, we offer some extensions about
the previous statistical saturation bounds. First we discuss a more generalized forcing form with additional
large-scale eigenmode forcing and random stochastic forcing on large scale modes; then both upper and
lower saturation bounds are derived according to the statistical enstrophy in the vortical modes depending

on the initial statistics.
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6.1 The effect with eigenmode forcing on large scales

Here we consider a special and interesting form of the forced-dissipated system (2.12) with additional

deterministic and stochastic forcing only applied on the largest spectral scales

small scale :  — dw + dweq + Fi1,
(6.1)

largescale :  — dU + dUeq + Fo.

Above the additional (Fo, Fi) in (6.1) are introduced as the large-scale eigenmode forcing [17] by adding
both deterministic and random Gaussian components on the large scale mean flow U and the vortical mode

on ground energy shell with k| =1

A=Y [Fk (t) + Wiow (8)| €%, Fo = Fo (t) + Woo (t).
Ik|=1
This is the same form as tested in [27] for reduced order models. Under this large-scale forcing, energy
is injected in the largest scales and then gets transferred down spectrum through the nonlinearity to the
smaller scales to reach a final statistical steady state. In [17], deterministic nonlinear stability has been
shown for the flow with the eigenmode forcing and linear damping without topographic stress. Here we
discuss the statistical saturation bound with this large-scale eigenmode forcing and topography following

the previous general framework.

In this case with additional deterministic forcing, the saturation bound in (5.4) will include one more
term due to the injection of energy from (Fo, F1) on the largest scales. Therefore the total statistical energy

based on the reference state Eo in (4.5) with « > 0 follows the inequality

2B, (t) < a (VW + d—1F0)2 +Y (+a (|Qu,a,k +d R+ d—la%)
k|=1

tad”'od+ 3 (14 alkl ™) (1Quaxl?).

|k|?>2

Above the first line contains the effects from the deterministic forcing on the large scale mean flow U and
the ground energy shell |k| = 1. The second line is the contribution from all the other smaller scale modes
the same as the previous case. Notice here in (6.1) we assume no random forcing on smaller scale modes
ox = 0,]k| > 1. Again remember that the total statistical energy FE, contains the differences with the
reference states in the statistical mean so that we have the lower bound estimation as before in (4.11)
to separate the statistical mean disturbance (U, @) with the reference states difference (Vy,a,Qu,a). In a
similar way following the previous strategy as in (5.6) by minimizing among all the possible reference states
with a > 0, we find the saturation bound for the combination of the statistical energy in mean fluctuation

E™ and the total variance E" including the eigenmode forcing

0E™ + E* <min [C§ +4 (o +1) Cf + ¢y, (6.2)
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with 6 < 1. In the above inequality the first two constants C{" and C{" are related with the contributions
from the large scale flow U and the vortical ground modes subject to the eigenmode forcing in following

explicit expressions
2

Cér == (V,u.,a + dilFO) + 0 (1 - 6)71 V;ioc + d710(2)a
) (6.3)

Of =|Quan +d 7 Fi| +001=0) [Quanl +d ot;
and the last term C5 is due to the contributions from all the other smaller scale modes without additional
forcing in the consistent form with the saturation bound in the previous case

1 (o — p)? k[ 2
Co=q—pg D oo [Pl
a2 @ (a+ [k|%)

Comparing (6.2) with the previous saturation bounds in (5.6) without the eigenmode forcing, additional
deterministic forcing effects (Fp, F1) adds contribution to the steady mean differences (Vii,a, Qu,o). The
ratio parameter 6 < 1 offers a weight in the total statistical mean component. With § = 0 the right hand
side of (6.2) offers a saturation bound for the total variance; while as 6 approaches 1 the second term on

the right hand side of (6.3) goes up to infinity.

Previously in the saturation bounds, statistical instability always takes place at the resonance values
1= — |k|?, where the mean state differences (Vy,a, Qu,o) diverge to infinity as the parameter u approaches
the values — |k|? for some wavenumber with hic # 0. One interesting special choice of the eigenmode forcing
is

Fo=—dV,, Fi=—dQuu, (6.4)

according to the steady state solution and making use of the steady differences, Vo = Vi — Vi, Qu,a =
Qu —Qo. Then the singularities in the first terms on the right hand sides of (6.3) in C{" and Cf" get cancelled
as (V#,a + d_lFo)2 = V2, and |Q#,a,1 + d_1F1|2 = \Qa,1|2 without any divergence of the upper bounds at
the resonance point at = —1. As a result the system gets stabilized due to this eigenmode forcing in the
special form (6.4). Especially if we take # = 0 in (6.2) only the total variance is left on the left hand side.

The total variance in the system with the special forcing (6.4) gets the saturation bound
UP + 3" Ik [9f > < min [(Vj + d—lag) +2 (a—l + 1) (|Qa,1|2 + d—la%) + cg} . (6.5)
’ «

Above on the right hand side of (6.5) the terms related with the steady state solution (V,, @,,1) get cancelled
entirely. Thus infinite saturation bound no longer exists at the limit y — —1 with the additional balance
forcing (6.4). The total variance EV gets a finite bound near the boundary as u goes to —1. On the other
hand with 6 # 0, there still exist singularities from the second terms on the right hand sides of (6.3). And
the bounds blow up as a value of 8 goes near 1. This implies that the total energy in mean fluctuations E™

is still unbounded as p approaches —1 even though we have finite variances E* in this case.
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5 saturation bound with the eigenmode forcing 6 =0 of = 1
10 10°
— — theory — — theory
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saturation bound with the eigenmode forcing ¢ = 0.2 éf = 1 105 saturation bound with the eigenmode forcing 6 =0.5 éf =1
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Fig. 6.1: Saturation bound for statistical mean and variance combined with the eigenmode forcing on the
ground shell in the forms (6.6). The first line is with fully balanced forcing with strength §f = 1 and the
second line is with 6 f = 0.5. The values for typical flow fields in Figure 2.5 with p = —1.9, —1.5, —1.1 are
marked with a red cross.

6.1.1 Numerical verification of the saturation bounds with large-scale eigenmode forcing

In testing the saturation bound (6.2) and (6.5) with the large-scale eigenmode forcing, we still keep random
white noise forcing only on the mean flow U and ground modes with |k| = 1 with noise amplitude and

10_2_ 2

damping rate always in the relation d— = 05q = 1; and we use intermediate linear damping rate d = 0.1.

Especially we introduce the additional forcing in the form based on the steady state solution
Fo=20f(=dVy), Fi=06f(=dQu1). (6.6)

If we take the forcing strength § f = 1 this becomes the case in (6.4) that reduces the singularity at p = —1;
and as a comparison we also test the case with §f = 0.5. The statistics from numerical simulations with
N = 1000 particles are compared with the theoretical saturation bound in Figure 6.1. With 8 = 0 for the
total variance in the system, near the limit © = —2 there still exists instability with the saturation bound
goes to infinity due to the non-zero mode h(1,1) and no additional eigenmode forcing on this mode. Near the
other boundary at p = —1, the total variance stays in finite bound as predicted in (6.5) due to the balancing
effect from the eigenmode forcing with df = 1. In comparison with §f = 0.5, not all the singularity in the
|k| = 1 modes gets cancelled, thus the total variance increases again near p = —1 as shown in the second
row of Figure 6.1. As we use non-zero value of 6 the contribution from the statistical mean fluctuation is
included, and the total statistics rise again near the boundary at p© = —1 with §f = 1. This implies the
instability in the mean fluctuation away from the original steady state solution (V,, @, ) while the variance
can be controlled in finite amount. Overall the saturation bounds still offer accurate estimation for the

maximum amount of energy that the system can achieve due to the eigenmode forcing.
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6.2 Upper and lower saturation bounds in statistical enstrophy

As another interesting special case we consider the statistical bounds in the eddy fluctuation modes w only.
In the statistics of the relative vorticity @i (compared with the stream functions ¢y = — |k| ™% &) larger
emphasis is added on fluctuations in smaller scales. Especially if we want to calibrate the total statistics in
mean and variance based on the enstrophy, £ = f <w2>, only the statistics among the vortical modes are
included. Notice that with the inclusion of mean flow interactions, the relative enstrophy is not conserved
in the system and the large scale mean flow U still has a crucial impact on the total statistical structure
by transferring energy between different scales [17]. In this subsection we derive the statistical bounds for
all the vortical modes based on the enstrophy £. With no concern about the fluctuations in the large-scale
mean flow, we can develop a lower bound on the total statistical enstrophy as well as the upper bound
as before. Nevertheless the same strategy is also valid for the total kinetic energy E used in the previous

discussions.

Now we come back to the case depending on initial statistics with no external forcing and dissipation
as in Section 4. Then the total statistical enstrophy & = }7, |y j<4 |@k|? + [wf |2 can be written according
to the energy in the mean fluctuation and the variance in each model in the truncated system. Again the
total statistical energy conservation (4.8) relates the statistics in the initial time with total energy in the

later evolutions
EX () = a [ (Viua + 0)? + U2 4 3 (14 @ K1 ™?) [|Quautc + @l + Tl P] = B2 (0).

In fact the equality above is valid for all the values of «, but the positive-definite condition for E5'** might
be violated when o < 0. Previously we search among the solutions with a > 0 so that ES'*' keeps positive
definite. Now instead only the vortical modes Wy are concerned so that we can extend to two parameter
regimes a > 0 and —1 < a < 0. In these two regimes still the coefficients before the small scale modes wyg are
all kept positive, 1+« K| =2 > 0 for all wavenumbers k. Therefore we find the bounds for the total statistical
energy conservation in statistical mean and variance among the vortical modes from two directions

S (1+alk™) [|Qua + @il + Wl P| < EE* (0), a>0, (6.7)

3 (1 +alkl ™) [|Qu,a,k + @ + |w{(’t|2] > B3 (0), —1<a<O.

Above the first row in (6.7) is valid for o > 0 and the second row is for —1 < a < 0 since the sign in the
large scale flow statistics o <U 2> switches in the two regimes. On the right hand side the initial statistics
EZ'* (0) still contain both information form the large scale mean flow U and all the other vortical modes w

from the initial configuration of the ensemble

Eztat (0) —a [Vi,a 4 UZU,O} + Z (]_ + « |k|_2) |:|Qﬂ7a,k|2 + O'lzc,O} .
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In this way by focusing on the statistical energy in all the vortical modes only excluding the mean flow
U (and the statistics in the mean flow can be estimated from the saturation bounds in Section 4), we
get the estimations of upper and lower bounds through (6.7). One final issue in the statistical mean part
|Qu,a,k + Dk ¢|, we need to separate the statistics in mean fluctuation from the steady state solution @, by

applying Cauchy’s inequality once again to get the upper and lower bounds so that

(1= ) 1Quasl + (1= ) ol < 1Quasc +@rcel” < (14 €7 ) 1Quancl” + (14 €) onee

for any € > 0. At last with o > —1 the coefficients in front of each mode are all positive, 1 4+ « |k|72 > 0,
and especially we can find the bounds in the coefficients 1+ a/|k| ™2 > 1+ aA™2 for a > 0 and 14« |k| % <
1+aA 2 for —1 < a < 0, with |k| < A the maximum truncation in the wavenumber. Combining everything
together and following the same steps as in Section 4, the saturation bounds in the total statistical enstrophy
can be developed as a combination in the statistical mean fluctuation and total variance according to the
steady state with parameter u

Yo -e el + wi ] <,

L (6.8)
ST+ e lanl® + lwi ] > O

Above CLJ , Cﬁ are the upper and lower saturation bounds and € > 0 is the weighting parameter controlling
the statistical mean state. The upper bound is through the minimization of all & > 0 based on the first row
of (6.7) and the lower bound is through the maximization of all —1 < a < 0 on the second row,
V2, 4ot 1+« \k| -
U [T U,0 1
C =min A2 P T an (G

V2o +ot 1+a\k\ -
L _ U,0 e 2 2
Cu T o TrA2? 1—l—/l 2 Z 1+aA—2 ( € |Qu.ock] +0k’0>'

2 2
+ Uk,o) )

Again unfortunately we cannot reach € = 0 in the above estimations due to the term ¢~ ' in the saturation
bounds. It is important to notice that on the right hand side of the upper bound C'HU every component is
positive; while in the lower bound Cﬁ there is a negative term related with |Q,,q k|- Therefore the lower
bound could become negative in value then has no control of the minimum amount of the statistical energy.
Still as we will see in the numerical simulations next, in many situations a positive lower bound Cﬁ can be
achieved thus it can serve as a tight estimation for the total statistical enstrophy in the system from the

upper and lower estimation.

6.2.1 Numerical verification of the upper and lower saturation bounds in statistical enstrophy

Finally we illustrate the upper and lower saturation bounds (6.8) in the total statistical enstrophy through
numerical simulations. In this case without external forcing and damping the final statistics are again
dependent on the initial statistical setup. As in the tests in Section 4 we assume no bias in the initial mean,

Up = 0,&0 = 0, from the steady state solution (Viu, Qu); and the initial ensemble variance is added to the
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x10% saturation bounds for total statistical enstrophy x10% saturation bounds for total statistical enstrophy
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Fig. 6.2: Statistical saturation bounds compared with numerical simulations for total statistical enstrophy
& = f(w?) in regimes —2 < p < —1 and —1 < pu < 0. We choose € = 0.5 in the upper and lower bounds
cl.ck.

stable small scale modes this time with amplitudes
_ 2\ 2
Ok = Oecq |1+ p K| , if14+upulkl™" >0.

The noise amplitudes oy are determined according to the equilibrium invariant measure (2.6) in the stable
regime. Here we test the unstable regime with p < 0. Thus there exists inverse cascades of the statistical
energy to the large scales due to nonlinear interactions. In this setup of the initial statistics the contribution
from the random noise is larger compared with the negative component e~ ! |Qma7k|2 in the lower bound
Cﬁ so that it is easier to find a positive lower bound. Furthermore we use the single-mode topography

h = H (sinx 4 cos z) without smaller scale structures.

In Figure 6.2 we compare the upper and lower saturation bounds in total enstrophy with numerical
simulations among test regimes —2 < 1 < —1 and —1 < p < 0. We choose € = 0.5 in (6.8) for the tests, so
0.5E™ + &Y is bounded from the upper side with Cg and 1.5E™ + £Y is bounded from the lower side with
C’ﬁ . Notice due to numerical dissipation in the system, the numerical results may become smaller than the
real total statistics in the system with no explicit damping and forcing. First an extremely tight bound from
upper and lower side can be achieved near y = —2. The total statistical energy in enstrophy is constrained
inside the small band predicted by the saturation bounds in both directions. Among a wide range of values
away from the singular points u = —2, —1, the saturation bounds offer good and tight estimates from above
and below, setting a general accurate prediction for the maximum and minimum amount of energy the
system can achieve according to different reference states with u. At last the lower bound goes to negative
values at the resonance point y = —1 thus cannot offer a good estimation from below. But still the upper

bound gives an accurate maximum total statistics bound in the enstrophy in both regimes.
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7 Summary

In this paper, we developed rigorous statistical bounds for the saturation of instabilities about fluctuations
in statistical mean and variance in the truncated barotropic equations over topography. Different from the
deterministic nonlinear stability [6,3,17] that tracks the development of perturbations in time along one
trajectory realization of the turbulent flow solutions, the statistical stability in uncertainty quantification
takes into account the time evolution of both statistical mean fluctuation and variance from an ensemble
representation. The statistical description about the system can offer a more comprehensive characterization
about the nonlinear instabilities in ensemble statistics rather than only a pointwise quantification about
the fluctuations in time around the steady state attractor. Direct numerical simulations as well as the
transient statistical instability analysis about the linearized covariance equation (in Appendix A) reveal
strong turbulent and unstable phenomena in the topographic barotropic flows, such as changing directions

of the westward to eastward zonal jets, in general among a wide range of parameter regimes.

The statistical stability analysis is based on the statistical energy conservation principle [16,18,17] about
the pseudo-energy in the fluctuation equations of the barotropic turbulence about steady state basic flows.
The steady state solutions can be categorized into a statistically stable regime where the total statistical
energy is positive-definite with a direct upper bound; and a statistically unstable regime where only a slaving
principle for relations between statistical energy between small and large scale modes is available [17]. The
focus is on finding a uniform saturation bound especially among the statistically unstable regimes. Using the
idea in the saturation of deterministic instability from [29], we derive the statistical saturation bounds for
both statistical mean fluctuation and variance in the unstable regimes by referring to a class of statistically
stable states with explicit statistical upper bounds due to statistical energy conservation. The saturation
bounds then can be achieved by minimization among all the bounds from the stable solutions. Typically two
different types of uncertainties are discussed: the first case considers the dependence on the initial ensemble
mean bias and the ensemble variance for a system without external forcing and dissipation; the second
case instead includes Ekman damping and additional deterministic and random white noise forcing to the
system and investigates the saturation bounds in the statistical equilibrium. With simple restrictions on the
structure of the deterministic forcing, the saturation bounds in the two situations are developed under a
uniform framework based on the statistical energy conservation of fluctuations. As some further applications
of the general statistical stability analysis method, we also discuss special saturation bounds with the effect
of large-scale eigenmode forcing where the instability in the total variance at the largest scale mode can be
suppressed with proper choice of the forcing; and with the upper and lower bounds in the total statistical
enstrophy for the statistics in small scale eddies to offer a tight constraint for the statistical variability
from both sides. Overall the theoretical saturation bounds offer accurate estimation about the maximum
statistical fluctuations in all the test regimes. At last, the extension of the present statistical bounds to
more general systems for turbulence on the sphere or multilayer models with baroclinic instability [15,26,

17,9] creates additional challenges in future works.
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A Transient Statistical Instability of the Barotropic System with Topography

In this appendix we illustrate the transient statistical instability existing generally in the topographic barotropic flows from
the linearized statistical equations. It can be seen that the system contains strong internal growth of uncertainty among
a wide parameter regimes despite the saturated statistical stability bounds achieved in the main text. In the transient
statistical stability analysis, we calculate the maximum growth rate in the covariance equation near a statistically steady
state solution. The positive growth rate characterizes the increase in uncertainty represented by the ensemble variance.
Typically this can illustrate the exponential growth of the ensemble ‘spread’ in the transient state with a Gaussian initial

distribution assigned to the group of particles.

In the barotropic flow with topography, the instability is mainly due to the energy transfer between the large-scale flow
U and the small-scale eddies w. For simplicity in analysis it is useful to consider the layered topographic modes [17] only

along z-direction

The above layered modes with wavenumbers k = (k,0) form a closed system. The quadratic nonlinear interactions in (2.7)
between small-scale layered modes, V1) - Vw and VW - V (w — u1p), are eliminated since all the wavenumbers are along
the same direction. This simplification enables us to focus on the interactions between the large mean flow and small scale
modes due to topographic stress and beta-effect. Therefore the original fluctuation equation can be effectively simplified in

the spectral domain as

dog, o p+k*  pk o -
=k = - hyU (t) — ik U (¢),
7 i3 T (t) — ik U (t)
. Al
A XL hy (A1)
at > ik
J—

Notice that the state variables (U,w) in (A.1) are already the fluctuation components about the steady state solution
(Vu, Qu) defined in (2.4). The nonlinear coupling between the mean flow and vortical modes is from the last term in the
first equation. The chaotic dynamics with deterministic instability in the layered model is discussed in Chapter 5 of [17].
Next we consider the statistical growth rate in the transient state from an Gaussian initial distribution due to the instability

from topography using the layered model (A.1).

A.1 Transient statistical instability in the layered model

We investigate the statistical instability from the statistical formulation of the layered system (A.1l), where no nonlinear
interactions between small scale modes are included. Thus the only source of instability is from the interaction between
large and small scales due to the topographic stress h. For a better formulation of the linearized system, we decompose the

complex spectral modes into the real and imaginary part

G = ak +ibg, hy = hj, + ik, kE=1,---,N,
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with @_p = w;;,ﬁ,k = fz’,; Thus the state variables of interest form the vector u = (a1,b1,--- 7aN,bN,U)T of length

2N + 1. From the layered equation (A.1) the deterministic dynamics of each wavenumber k can be written as

day, A+ k2 pk o
T T
db k2 k
n gl Py ke U, (A.2)
dt ik 1+ k2
N
dU I ,
o =2 k! (hpby — hjar) .
k=1

The small scale spectral modes (ay, by) are decoupled with each other in (A.2), while the mean flow U combines all the
feedbacks from small scales through the topographic stress. The only nonlinearity of the above system comes from the mean

flow and vortical modes interactions, (arU, bxU).

To consider the statistical evolution of uncertainty in the system (A.2), it is useful to derive the dynamical equation of
the covariance matrix R = <u’u’T> for fluctuations u’ away from a statistically steady mean state iy = (ak,Bk, U). The
exponential growth rate of the linearized covariance R illustrates how the uncertainty from the initial data grows due to
the instability in the system; and the statistical mean state is the fixed point that a steady state solution can be reached.

The linearized part of the covariance dynamics for R can be written abstractly as

of ap U

Cl—R—L—RjLRLTJFh t., R=RT = ol 02 b
ar a T ot = = k% Ok %

|- Ulal, U], -~ U?

< @N+1)x(2N+1)

Above h.o.t. represents the third-order moment feedbacks to the covariance (see details as in [19,20]). In the linear statistical
stability analysis, we assume a Gaussian distribution in the initial ensemble so the third-order moments are zero initially,
and observe the growth in the covariance matrix in the transient state. Thus the effects of higher order moments are small in
the beginning time. The linearized coefficient L related with the statistical mean state t can be written in a block-diagonal

structure in the small scale modes

0
2 _ . —
0 —BEEE + kU uj‘r—lzzh}c—i—kbk
Lg = M::z _ kT 0 _uilfﬁ hy — kay, (A.3)
0
i —2k~1hi 2k~ AT 0

4 @N+1)x(2N+1)

Therefore the linear instability can be characterized by the positive eigenvalues of the linearized coefficient matrix L.
The positive eigenvalues illustrate the exponential growth rate of the uncertainty in covariance from the initial Gaussian
ensemble around the presumed steady state statistical mean a = (ak, b, U) (a relation in the mean states is proposed next
based on the steady state mean equations). Large growth rate implies that the growing uncertainty in variances may drive
the system to diverge from the original statistical mean @. Especially if we set zero mean state @ = by, = U = 0, the
eigenvalues of the above matrix Lg are the same with the local Lyapunov exponents of the original linearized system (A.2)

that characterize the separation rate of two trajectories with close initial states.
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A.1.1 Transient growth rate in single mode interaction

We begin with the simple setup that there is one single non-zero topographic mode ilk and small scale mode (ag, by)
interacting with the mean flow U. Then all the other modes (a;,b;) with [ # k remain zero for all the time from the

decoupled dynamics in (A.2) (see Chapter 5 of [17]). Therefore the linearized coefficient matrix Lg ; becomes just a 3 x 3

matrix
2 _ . —
0 —BLEE + kT Mi’;ﬂ hi + kby,
o +k2 - k _
Lok = |BELG= — kU 0 — iz hi — ka
—1pi —1
—2k~1hi 2k~ 1h7 0

Furthermore, we consider a special form of topography with only non-zero imaginary part

pk

. — 2
BT =0, hi =H = a, =0, by = — AT~
k ak k %%’“szU

The coefficient matrix Ly j first has one zero eigenvalue A = 0, and the other two eigenvalues can be solved by

2 2
AQ:—(ém—k0> —2H( - H+Ek)
u k k% 4+

552 9 (A4)
B2 [K20/5— (14 'k2)] " = (7% _ w)
m
Statistical instability takes place when the right hand side above is positive. We can first find an immediate result that a

necessary condition for the existence of linear instability occurs when
KU/B—(1+p k) >0 & U+Vy > pEk™2,

in the northern hemisphere 8 > 0. This shows a lower bound for the total mean flow U + V. to induce instability. The

growth rate with single mode interaction will also be illustrated through numerical results next.

As one specific example, we consider the case with zero steady mean state, @ = by, = U = 0. The eigenvalues (Lyapunov
exponents) in (A.4) can be simplified as

2H? k 1\?
2 2
+ u wo ok

Explicitly we can calculate the regime of linear instability among the values of

—1

1
2H2\ 8
) EY3 4 k72| = pe (A.5)

2
—k° < p<— (:4;§E{7
The growth rate A — oo as  — —k?; and the growth rate A\ — 0 as u — p.. Obviously the beta-effect works as a stabilizing
effect so that larger value of 3 makes smaller regime of instability. On the other hand, the larger values of the topographic
strength H will induce stronger instability into the system when the system becomes unstable. (A.5) is consistent with the

deterministic linear instability discussed in Chapter 5 of [17].

A.1.2 Relations in the statistical steady mean state

Here we propose a special set of values in the statistical mean (Ezk,l;k, U) for calculating the transient growth rate from

the steady state solution of the mean equations. The statistical mean dynamics can be derived by taking ensemble average
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about the original equations (A.2) so that

dap u k2 wk - o —
E?_fﬂ,m m+;:ﬁhﬁuw@U+mgn
db k2 k _ o
75:5“2 @74%ﬁ%U7MMP%%W,
@ j
e N
dU _ .
zﬁf::QZZ:k’l(hzbk——hzak).
k=1

In statistical steady state, the time derivatives on the left hand side vanish. Especially, we assume a statistical steady state
under the homogeneous assumption that there is no cross-covariance in the steady state and the mean flow dynamics vanish
at each mode

Riay = hiby, al U =0b U =0,

which can also be guaranteed automatically from the initial setup. The above relations assume a homogeneous steady state
without cross-covariances between modes in different scales. With the assumptions, the statistical mean of each small-scale

mode can be determined by the large-scale flow mean U,

pnk 77 pnk 77
= putk? r 7 ptk? i
R by =—"r""h A6
ag ﬁ#+k2 _kU k> k ﬁ“+k2 —kU k> ( )
n ok r ok

The group of steady state means (A.6) from the homogeneous assumption may not be unique. We adopt this kind of

solutions to illustrate the instability features of the system as a typical example.

A.2 Numerical illustration of the statistical instability with exponential growth rate

In this part, we further illustrate the transient statistical instability analyzed above with simple numerical results. We
compare the exponential growth rates from both the single topography interaction and the full linearized coefficient matrix

Lg in (A.3) where mean flow interaction with multiple small scale spectral modes is included.

A.2.1 Transient growth rate with zero mean fluctuation

First we consider the case with zero steady mean fluctuation, @ = by = U = 0. The exponential growth here illustrates the
increase in the variance from an initial Gaussian distribution with no bias in the mean. Figure A.1 shows the exponential
growth rates from interactions with the leading four wavenumbers k = 1,2,3,4. The layered topographic is taken as
ilk = Hk 2¢ %% in each spectral mode with uniform phase shift 0 = % in the same zonal structure as in the main text.
In the single mode interaction case, consistent with the analysis result in (A.5), large exponential growth will be induced
when the parameter p reaches the resonance points —k?2, and instability vanishes after the critical value p.. Also notice
that there exists overlap between the unstable regimes of different wavenumbers.

We also compute the maximum eigenvalue directly from the full linearized coeflicient matrix (A.3) in the dotted-dashed
line in Figure A.1. In this case, the feedbacks to the mean flow from each small scale mode are combined together. Again
the growth rate becomes large near the resonance points 4 = —k2. And the growth rate gets reduced among the overlapped
regimes of different single mode instability. In the regime —1 < u < 0 interactions with other smaller scale modes has little
effect on the final growth rate with single mode interaction. Especially note that the unbounded growth rate is one-sided.
Positive growth rate only appear when p approaches —k? from the right side, while weaker instability is generated from the
left side. Similar phenomena can be observed from the model simulations for statistical instability in the main text.

The effect with different values of 3 in the linear stability is shown in the right panel in Figure A.1. Here we test different

values 8 = 0,0.1,0.5,1,5. Consistent with the results before, the beta-effect can serve as a stabilizing factor. As the value
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Fig. A.1: Transient growth rate from the largest positive eigenvalue of the linearized coefficient matrix in
the covariance equation with 8 = 1,U = 0. The four solid lines are the growth rates from single mode inter-
action with wavenumber k = 1,2, 3,4 separately as in (A.4). The dotted-dashed line is from the combined
interaction of the full matrix (A.3) of all first four modes. The right panel shows results with different values
of #=0,0.1,0.5,1, 5.

of 3 increases, the size of the unstable regime with a positive growth rate gets reduced, while the entire regime —1 < p < 0

is unstable when 8 = 0.

A.2.2 Transient growth rate with non-zero mean fluctuation

Further we show the statistical growth rate with non-zero mean state U # 0. In Figure A.2a, as a further comparison,
we show the exponential growth rate of multiple modes interaction with dependence on steady state mean flow value U.
Compared with the previous case with zero mean state U = 0, positive exponential growth rates are also induced in the
statistically nonlinear stable regime p > 0. The various regimes of positive growth rates show the large instability existing
with the topographic barotropic flow in the general sense.

Further in Figure A.2b, we plot the regimes of unstable growth rates with different steady mean values U and parameter
. As the wavenumber k increases, the unstable regime becomes narrower. As the steady mean state |U | increases, the
instability reduces and finally vanishes. And especially in regime U > 0, there exist two separated regimes for p > 0 and
© < 0 with positive growth rates. Comparing with the single mode k = 1 case, the unstable regime with positive exponential
growth rate gets narrowed down by including multiple small-scale mode interactions. Still the two branches of transient

statistical unstable regimes exist.
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