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Extreme events appear in many complex nonlinear dynamical systems. Predicting
extreme events has important scientific significance and large societal impacts. In
this paper, a new mathematical framework of building suitable nonlinear approxi-
mate models is developed, which aims at predicting both the observed and hidden
extreme events in complex nonlinear dynamical systems for short-, medium- and
long-range forecasting using only short and partially observed training time series.
Different from many ad-hoc data-driven regression models, these new nonlinear mod-
els take into account physically motivated processes and physics constraints. They
also allow efficient and accurate algorithms for parameter estimation, data assimila-
tion and prediction. Cheap stochastic parameterizations, judicious linear feedback
control and suitable noise inflation strategies are incorporated into the new nonlin-
ear modeling framework, which provide accurate predictions of both the observed
and hidden extreme events as well as the strongly non-Gaussian statistics in various
highly intermittent nonlinear dyad and triad models, including the Lorenz 63 model.
Then a stochastic mode reduction strategy is applied to a 21-dimensional nonlinear
paradigm model for topographic mean flow interaction. The resulting 5-dimensional
physics-constrained nonlinear approximate model is able to accurately predict the ex-
treme events and the regime switching between zonally blocked and unblocked flow
patterns. Finally, incorporating judicious linear stochastic processes into a simple
nonlinear approximate model succeeds in learning certain complicated nonlinear ef-
fects of a 6-dimensional low-order Charney-DeVore model with strong chaotic and
regime switching behavior. The simple nonlinear approximate model then allows
accurate online state estimation and the short- and medium-range forecasting of ex-

treme events.
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Extreme events appear in many complex nonlinear dynamical systems. These
extreme events are associated with the sudden changes of states in the underly-
ing complex systems and the occurrence of extreme events often results in large
social impact. Therefore, predicting extreme events has both scientific signifi-
cance and practical implications. However, the big challanges of prdicting the
extreme events in complex nonlinear systems include the lack of understand-
ing of physics, the huge computational cost in running the complex models
and data assimilation, as well as the availability of only short and partially ob-
served training data. In this paper, a new mathematical framework of building
suitable nonlinear approximate models is developed, which aims at predicting
both the observed and hidden extreme events in complex nonlinear dynamical
systems for short-, medium- and long-range forecasting using only short and
partially observed training time series. This framework also allows efficient and
accurate data assimilation, parameter estimation and prediction algorithms. D-
ifferent effective and practical strategies are incorporated into the framework to
develop suitable approximate models for predicting extreme events and other

non-Gaussian features in various complex turbulent dynamical systems.

I. INTRODUCTION

Extreme events appear in many complex nonlinear dynamical systems in geoscience, en-

gineering, excitable media, neural science and material science! ®. Examples include oceanic

9,1 10,11

rogue waves?!'2, extreme weather and climate patterns such as blocking events and tur-

13-15 6

bulent tracers , and bursting neurons'®. These extreme events are associated with the
sudden changes of states in the underlying complex systems and the occurrence of extreme
events often results in large social impact. Therefore, predicting extreme events has both
scientific significance and practical implications.

However, predicting the extreme events in complex nonlinear systems is quite challenging.
First, nature or the perfect model is never known in practice. Model error due to the lack of
the understanding of physics may prevent the skillful predictions of the extreme events!'" 19,
Second, even if the perfect model is known, the underlying nonlinear dynamics of nature

can be extremely complicated with strong non-Gaussian characteristics, multiscale features
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102021 " Thys, running the perfect model is usually computationally

and high dimensionality
unaffordable for real-time prediction. On the other hand, despite that coarse-graining the
numerical resolutions improves the computational efficiency, such a numerical approximation
often results in missing the key nonlinear interactions between different temporal and spatial
scales and brings about large errors, especially for extreme events. Third, it is important to
notice that only partial and noisy observations are available in many practical situations?? 24,
which implies the states of the unobserved variables have to be estimated via online data
assimilation algorithms. Unfortunately, the existing data assimilation algorithms for general
complex nonlinear dynamical systems are either quite expensive (e.g., particle filter) or
involving intrinsic approximate errors due to the coarse-grained statistics (e.g., ensemble
Kalman filter)??* 2%, The assimilated states from the latter may also contain large biases
due to the fact that high order moments are important contributors to the extreme events.
Finally, the actual climate signal is often measured through time series. However, since the
high-resolution satellites and other refined measurements were not widely developed until
recent times, the available useful training data is very limited with about only 50 years in

many real applications. Thus, predicting extreme events using short and partially observed

training time series is another remarkably challenging task.

For the reasons given above, developing suitable approximate models for predicting ex-
treme events is crucial in practice. These approximate models aim at capturing the key
nonlinear dynamical and non-Gaussian statistical features of nature. They also need to be
computationally tractable and allow efficient algorithms for online data assimilation, pa-
rameter estimation and prediction. There have been some recent progress in the extreme
events prediction. For example, a new statistical dynamical model was developed to predict
extreme events and anomalous features in shallow water waves!?. A suite of reduced-order
stochastic models was built, which succeeds in predicting the extreme events in complex

0 as well as forecasting the

geophysical flows?? and their long-term non-Gaussian features®
associated statistical responses and quantifying the uncertainty3!. In addition, mode decom-
position techniques were applied for probing the most unstable modes and building low-order

models for extreme events prediction®?33.

In this paper, a new mathematical framework of building suitable nonlinear approximate
models is developed, which aims at predicting both the observed and hidden extreme events

in complex nonlinear dynamical systems using only short and partially observed training

4
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time series. The models belonging to this mathematical framework are highly nonlinear and
are able to capture many key non-Gaussian characteristics as observed in nature®*. Unlike
traditional regression and other ad hoc models with prescribed basis functions or structures,
this framework contains a rich class of statistical dynamical models and is amenable to a
wide range of applications. One important feature of this nonlinear modeling framework is

35,36 can be incorporated into the

that physically motivated processes and physics constraints
models, which is fundamentally different from many purely data-driven statistical models
that have no clear physical meanings. Such a trait not only enables the models to take
into account both the dynamical and statistical information but also allows using only a
short training time series for model calibration. The latter is due to the (partially) iden-
tified dynamical structures from some physics reasoning and physics constraints. Another
key advantage of this new framework is that despite the intrinsic nonlinearity, it allows

37,38 which is

closed analytic formulae for assimilating the states of the unobserved variables
computationally efficient and accurate. This provides an extremely useful and practical ap-
proach for predicting extreme events and other non-Gaussian features in complex nonlinear

dynamical systems.

Short-, medium- and long-range forecasting of extreme events all have practical significance
The efficient data assimilation scheme associated with the nonlinear models within the above
framework provides an accurate estimation of the initial values, which play a crucial role in
improving the short-term prediction skill. On the other hand, the focus of the long-term
prediction is on the statistics, which is calculated by making use of a long trajectory together
with the ergodic property of many complex turbulent systems'. In particular, reproducing
the statistical equilibrium non-Gaussian probability density function (PDF) with fat tails is
a good evidence of the successful prediction of extreme events, where the extreme events and
intermittency are the main contributors to the fat tails. The medium-range forecast aims at
recovering the transition behavior of the underlying dynamics. A skillful medium-range pre-
diction requires both an accurate estimation of the initial values and a suitable description
of the time evolution of the approximate model, and is often a challenging task. Finally,
certain internal or external perturbations are able to kick the model variables outside the
attractor. Therefore, predicting the time evolution of the extreme events that start from a
state outside the attractor also has practical importance. It is worth remarking that many

purely data-driven or machine learning methods fail to predict extreme events even though
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most of those methods show high skill in fitting the observed time series. For example,

k*?43 even one of the most advanced neural

as has been pointed out in some recent wor
networks with long short-term memory** and the Gaussian process regression®® suffer from
a finite time blowup issue when they are applied for predicting extreme events. Such a
pathological behavior can only be overcome by using hybrid strategies that combine these
methods with suitable models*?. Note that these purely data-driven methods often demand

4647 which is not practical in many scientific scenarios where only

tremendous training data
short training time series are available. In addition, without suitable models, predicting

extreme events in the unobserved processes becomes extremely difficult.

This paper aims at incorporating practical strategies into the development of suitable
approximate models for predicting both the observed and hidden extreme events. These
approximate models belong to the new nonlinear modeling framework, which allows an ef-
ficient and accurate data assimilation scheme and only short and partially observed time
series are needed for model calibration. The first effective strategy is to adopt simple s-
tochastic parameterizations for approximating complicated hidden processes. Despite the
simple forms, the judicious applications of these stochastic parameterizations are neverthe-
less able to capture the nonlinear interactions between the observed and hidden variables
and predict the associated extreme events. Such an idea has been successfully applied to
the stochastic parameterized extended Kalman filter (SPEKF) forecast models*®%? dynamic

50,51 and stochastic super-

stochastic superresolution of sparsely observed turbulent systems
parameterization for geophysical turbulence®?. The second strategy here is motivated from
control theory, which involves incorporating simple feedback control terms into the approx-
imate models for model simplification. This simple feedback control strategy succeeds in
capturing the key nonlinear statistical interactions as well as the causal effects between
the observed and hidden variables, which are essential to accurately predicting the extreme
events in the hidden processes. Note that predicting the hidden extreme events is typical-
ly a great challenge given only partial observations. The third strategy makes use of the

93756 wwhich allows a significant dimension reduction in

stochastic mode reduction technique
the approximate models for many multiscale turbulent dynamical systems while the reduced
order models retain the crucial nonlinear and non-Gaussian features. Applying this strategy,
the nonlinear effects of the unresolved fast modes in the motion of the resolved variables

are represented by effective damping and stochastic forcing. The resulting approximate
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models naturally belong to the new nonlinear modeling framework that allows extremely
efficient data assimilation and prediction schemes. These approximate models also preserve
physics-constrained properties. Another extremely useful strategy is to incorporate simple
stochastic processes with additive noise and memory into the approximate models, which
aim at effectively describing certain complicated nonlinear components that are hard to
deal with in strongly nonlinear and chaotic dynamical systems. Due to the unique feature
of the new nonlinear modeling framework, it allows an efficient and accurate way of using
simple stochastic processes to learn these complex nonlinear components on the fly, which
greatly facilitates the short- and medium-range forecasts of both the observed and hidden
extreme events. Other approaches of building approximate predictive models that can be
incorporated into the new nonlinear framework developed here involve using the noise in-
flation technique to effectively characterize the contributions from small-scale variables and

fast-wave averaging of the variables with rapid decaying®”.

The rest of the paper is organized as follows. Section II describes the new nonlinear
mathematical framework for developing suitable approximate models. Section III contains
the efficient and accurate data assimilation, parameter estimation and prediction algorithms.
Both the path-wise and information measurements in quantifying the prediction skill are also
included in this section. Section IV illustrates the skill of predicting intermittent extreme
events using cheap stochastic parameterizations with significant model error. Section V
makes use of a nonlinear energy-conserving dyad model to show the success of applying
the simple feedback control strategy in facilitating the prediction of the hidden extreme
events. The effect of noise inflation in approximate models for predicting extreme events is
illustrated based on the chaotic Lorenz 63 model in Section VI. Section VII starts with a
21-dimensional nonlinear topographic mean flow interaction model with regime switching.
Stochastic mode reduction strategy is applied in a suitable way to develop an approximate
nonlinear model with only 5 dimensions, which is nevertheless able to predict the observed
and hidden extreme events as well as the regime switching between zonally blocked and
unblocked flow patterns with high accuracy. In Section VIII, it is shown that incorporating
judicious linear stochastic processes into a simple nonlinear approximate model succeeds in
learning certain complicated nonlinear effects of a 6-dimensional low-order chaotic Charney-
DeVore model with strong chaotic and regime switching behavior. The resulting nonlinear

approximate model allows accurate online state estimation and the short- and medium-range

7
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forecasting of extreme events. The paper is concluded in Section IX.

II. A NONLINEAR MATHEMATICAL MODELING FRAMEWORK
WITH SOLVABLE CONDITIONAL STATISTICS

A nonlinear mathematical modeling framework is established in this section, which will
be used to the development of suitable approximate models for predicting extreme events.

The general form of the nonlinear models within this framework is the following®®,

dur = [A(t, ur) + Ay (¢, ur)un)dt + (¢, ur)dWi(?), (1a)
duyr = [ag(t, ur) + a; (¢, urp)un|dt + Xq1(t, ur) dWi (1), (1b)

where the state variables are written in the form u = (uy, uy) with both uy € R™M and
uy; € RM1 being multidimensional variables. In (1), Ay, A1, ag, a1, X1 and Xy are vectors
and matrices that depend only on time ¢ and the state variables uy, and Wy(t) and Wiy ()
are independent Wiener processes. The systems in (1) are named as conditional Gaussian
systems due to the fact that once uj(s) for s < ¢ is given, uyr(t) conditioned on uy(s)

becomes a Gaussian process with mean Gy (t) and covariance Ry (?), i.e.,
p(un(t)[ur(s <)) ~ N(tn(t), Rue(t)). (2)

Despite the conditional Gaussianity, the coupled system (1) remains highly nonlinear and

is able to capture the non-Gaussian features as in nature. This conditional Gaussian nonlin-

ear modeling framework includes many physics-constrained nonlinear stochastic models®*36

large-scale dynamical models in turbulence, fluids and geophysical flows, as well as stochas-
tically coupled reaction-diffusion models in neuroscience and ecology. See a recent work3*
for a gallery of examples of the conditional Gaussian systems. Applications of the condition-
al Gaussian systems to strongly nonlinear systems include developing low-order nonlinear
stochastic models for predicting the intermittent time series of the Madden-Julian oscilla-
tion (MJO) and the monsoon intraseasonal variabilities®® %° filtering the stochastic skeleton
model for the MJO®!, and recovering the turbulent ocean flows with noisy observations from

62-64

Lagrangian tracers . Other studies that also fit into the conditional Gaussian framework

includes the cheap exactly solvable forecast models in dynamic stochastic superresolution of

50,51

sparsely observed turbulent systems°”°", stochastic superparameterization for geophysical

turbulence® and blended particle filters for large-dimensional chaotic systems®.
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One important feature of the above conditional Gaussian nonlinear framework is that the

conditional Gaussian distribution p(ur(¢)jur(s < t)) in (2) has closed analytic form®,

mn(t) :[ao(t, 111) +a (t7 uI)ﬁH]dt + (RIIAT@; uI))(EIE}‘)_l(t, LII) X
[duI — (Ao(t, 111) + Al(t, ul)ﬁn)dﬂ s (3&)
R (t) :{al (t, up)Rar + Ryzal (£, up) + (S (¢ up)

— (RurAj (t, un)) (2 27) 7 (¢t ur) (RurAf (1, uI))*}dt- (3b)

It is natural to assume uy contains the observed variables while uyr is a collection of the
unobserved ones. Therefore, the analytically solvable conditional statistics in (3) allows an
extremely efficient and accurate way of estimating the hidden states given the observations,
known as the data assimilation, which facilitates predictions. Note that in the data assimi-
lation language the conditional mean and conditional covariance in (3) are also known as the
posterior mean and posterior covariance. In addition, the conditional Gaussian nonlinear
modeling framework (1) and its closed analytical form of the conditional statistics (3) offer a
statistical efficient and accurate way of solving the time evolution of the associated Fokker-

66-68

Planck equation in high dimensions , which also provides a powerful tool for carrying

out ensemble forecasts.

IIT. DATA ASSIMILATION, PREDICTION, AND THE
QUANTIFICATION OF PREDICTION SKILL

A. Data assimilation of the unobserved variables

21,25-28 5 procedure of es-

Data assimilation (also known as state estimation or filtering)
timating the states of the unobserved variables, is the precondition of predicting complex
dynamical systems. In fact, data assimilation of the unobserved variables can also be re-
garded as the online “prediction” of these variables due to the fact that the recovered states
of the unobserved variables are given by combining the information in the dynamics with
the values of the observed variables.

Data assimilation of the unobserved variables plays an important role in short- and

medium-range forecasts. This is because the ensemble prediction algorithm requires running

the model forward with the given initial values for all the state variables. Since there is no
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direct observations of the hidden or unresolved variables, assimilating their initial states
becomes a necessity part of the ensemble forecast. In practice, the data assimilation is often
required in an “online” form in the sense that the states of the unobserved variables need
to be estimated at each time instant as time evolves. Therefore, developing an efficient and
accurate data assimilation method is a crucial first step for predicting nonlinear complex
dynamical systems and the associated extreme events. However, the classical Kalman filter

6971 works only for linear models. On the other

or its continuous form Kalman-Bucy filter
hand, for assimilating general complex nonlinear dynamical systems, the particle filter is
quite expensive and contains sampling error while the ensemble Kalman filter takes into
account only the first two moments which may end up with large biases for assimilating
extreme events.

The conditional Gaussian nonlinear modeling framework in Section II provides an ef-
ficient way of estimating the states of the highly non-Gaussian hidden variables uy(t) in
the complex nonlinear dynamical systems given the observations up to the current time

ur(s < t). The closed analytic formula in (3) avoids numerical and sampling errors, and it

results in an extremely efficient and accurate way of computing the optimal states of uyr(t).

B. Short-, medium- and long-range forecasting

Prediction problems have been described by Lorenz as falling into two categories” ™.

Problems that depend on the initial condition, such as short- to medium-range weather
forecasting, are described as “predictions of the first kind”, while problems for predicting
the longer-term climatology, are referred to as “predictions of the second kind”.

For short- and medium-range forecasts, the system starts from an initial time ¢y, where
the initial values of the unobserved variables are determined by data assimilation. Then
an ensemble prediction algorithm is applied by running the model forward up to a given
time t;. Typically, t; is not quite far from ¢, and therefore the system has not completely
lost its memory of the initial values. Therefore, a good state estimation of the initial values
via data assimilation plays an important role in providing an accurate short- and medium-
range forecasting skill. The ensemble mean, which is the average value of all the ensemble
members, is often used as a predictor for the evolution of the trajectories and the ensemble

spread measures the uncertainty in the ensemble mean forecasts. The difference between

10
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short- and medium-range forecasts is that the prediction skill at very short lead time largely
depends on the accuracy of the initial values while both the dynamical structures and the
initial values will be essential in predicting the model transition behavior in the medium
range. Capturing the time evolution of the large bursts in intermittent time series with
small uncertainty is the goal of short- and medium-range forecasts of the extreme events.

On the other hand, for the long-range forecast where ¢; is much larger than ¢, the system
will lose its memory from the initial time and arrives at the statistical equilibrium state. In
such a scenario, the ensemble mean prediction provides no information beyond the mean of
the statistical equilibrium state. Therefore, the aim of the long-range forecast is to predict
the statistical behavior. In particular, reproducing the statistical equilibrium non-Gaussian
probability density function (PDF) with fat tails is a good evidence of successfully predicting
the extreme events, where the extreme events and intermittency are the main contributors
to the fat tails.

Note that different models may have the same characteristics for the long-term statistics
but they often have significantly different skill for short and medium range prediction as
well as the forced response. In a recent paper’™, several instructive examples using both a
simple linear 2 x 2 system and more complicated nonlinear models unambiguously illustrate
such a feature of predicting complex turbulent dynamical systems. It is also shown in the
paper™ that in the presence of model error, developing suitable approximate models that
are skillful in one of the short-, medium- or long-range forecasting is already a quite difficult
task. In many cases, there exists an information barrier™ that prevents the approximate
models predicting the exact statistics and capturing the perfect response.

It is worthwhile to mention that a grand challenge in contemporary climate, atmosphere,
and ocean science is to understand and predict intraseasonal variability for time scales from
30 to 60 days, which is longer than standard weather time scales of at most a week and
much shorter than the yearly time scales of short-term climate. Therefore, it belongs to the
medium-range forecasts. Von Neumann® called such problems at the intersection of weather

10,77 The Indian-Asian monsoon

and climate the greatest challenge in future meteorology
and the MJO!%780 are the most significant intraseasonal variability occurs in the tropical
areas. Notably, it is shown in the recent work®® ¢ that the nonlinear modeling framework
in Section II facilitates the development of effective low-order nonlinear stochastic models

for predicting the intermittent time series of the MJO and the monsoon as well as extending

11
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the predictability of these intraseasonal variabilities.

C. Prediction of the dynamical evolution towards to the attractor

The short-, medium-, and long-range forecasts discussed above typically assume the ini-
tial values lie in the statistical equilibrium states. On the other hand, certain internal or
external perturbations are able to kick the model variables outside the attractor. Therefore,
predicting the time evolution of the extreme events that start from a state outside the at-
tractor and its returning path to the statistical equilibrium state is another important issue.
Since most approximate models are calibrated using the training data from the attractor,
there is no guarantee that these approximate models are automatically able to predict the
relaxation towards the attractor. This results in a great challenge of predicting the extreme
events starting outside the attractor. Some instructive studies of the prediction and linear
response skill with the initial condition being off the attractor can be found in a recent

paper™.

D. Calibration of the model through parameter estimation

One important issue before applying approximate models for predicting extreme events is
the model calibration through parameter estimation. The method adopted here follows the
algorithm in a recent work®'. The main difficulty in estimating the parameters in general
nonlinear systems with only partial observations is that the closed form of the likelihood
function is typically unavailable. Therefore, data augmentation of trajectories associated
with the hidden variables is often applied®? 85, which then allows using the Markov Chain
Monte Carlo (MCMC) methods to sample the parameters and the hidden trajectories in
an alternative way for parameter estimation. Yet, since the hidden trajectories lie in an
infinitely dimensional space (or finite but large dimensional with the discrete approximation),
the data augmentation can be quite slow in many applications.

Here, in light of the closed analytic formulae (3) of the conditional Gaussian nonlin-
ear approximate models (1), data assimilation can be incorporated into a classical MCMC
algorithm to circumvent the most expensive part of the parameter estimation algorithm,

namely sampling the unobserved trajectories using data augmentation. Specifically, in each

12
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iteration step k of the MCMC, we make use of the observed trajectories uy and the current

updated parameters 0" to recover the unobserved trajectories of urr, namely uﬁis’(k) via

is,(k)

data assimilation (3) in a deterministic and optimal way. Then ugy”"", ur and 0™ are used

together to compute the likelihood function
p(ug|0®) = p(ug|8W: ufi=*)y,

which will be used in the MCMC algorithm for updating the parameters in the k41 iteration
step. For a complete description of the algorithm, see®! for details. The slight difference of
the algorithm applied here compared to the original version in®! is that an adaptive MCMC

procedure® for choosing the proposal function is applied.

E. Quantifying the prediction skill
1. Path-wise measurements

The root-mean-square error (RMSE) and the pattern correlation (Corr).

The root-mean-square error (RMSE) and the pattern correlation (Corr) are the two path-
wise measurements that have been widely applied to quantify the prediction skill?1:87-91,
Denote u; the true signal and ; the prediction estimate, where ¢ = 1,...,n is an index in

time. These measurements are given by

BMSE \/ E’Z:l(fz — ) (4)
>y (i — ) (ui — ;)
\/Z?:l(ai — )/ 30 (i — )2

: (5)

Corr =

where @; and @; denote the mean of 4; and wu; respectively.

In practice, the trajectory of the ensemble mean is often used as u; in measuring the
RMSE and Corr. These two path-wise measurements are intuitive and easy to be applied.
Typically, a prediction is said to be skillful if the RMSE is below one standard deviation of
the true signal and the Corr is above the threshold Corr = 0.5.

Yet, we have to point out several potential issues in these measurements. First, since only
the ensemble mean is used as the predictor, the predicted uncertainty which involves the

ensemble spread (or the confidence interval of the ensemble mean prediction) is not involved

13
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in these path-wise measurements. Second, these path-wise measurements fail to quantify
the skill of the long-term forecast, since the ensemble mean simply becomes the equilibrium
mean state of the system. In addition, both the RMSE and Corr take into account only the
information up to the second order statistics. Thus, they may lead to biased conclusions
for predicting extreme events and non-Gaussian features. Nevertheless, due to the simple
form, these path-wise measurements can still be applied to provide some useful information

for the short- and medium-range forecasts.
The temporal autocorrelation function (ACF).

Autocorrelation is the correlation of a signal with a delayed copy of itself, as a function
of delay. For a zero mean and stationary random process u, the autocorrelation function

(ACF) can be calculated as

ACF(t) = lim % /0 W{;—wdﬂ (6)

where -* denotes the complex conjugate. The ACF has been widely used to measure the
system memory. It also plays an important role in improving the linear response via the
fluctuation-dissipation theorem3%%2. If the perfect model and the approximate model share
the similar ACFs, then the two systems usually have a similar dynamical behavior at least
up to the second order statistics. However, for nonlinear and chaotic systems, high order
statistics may play an important roles for extreme events. Therefore, the ACF can only be
regarded as a crude indicator of the overall predictability of the underlying system. As a
remark, the information theory is able to provide a rigorous and practical way to quantify
the error in the two ACF's associated with the perfect and approximate models by making

use of their spectral representations. See3®?3 for details.

2. Information measurements

Information theory provides a natural way to quantify the prediction skill and model
error by measuring the lack of information. Different from the path-wise measurements,
the information measurements assess the statistical behavior of the systems. The lack of

information in one probability density ¢ compared with another p is through the relative

Plo.a) = [ plog (g) | 7)

14

entropy P(p, ¢)>?*®
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which is also known as the Kullback-Leibler divergence or information divergence® 19!, De-
spite the lack of symmetry, the relative entropy has two attractive features. First, P(p,q) > 0
with equality if and only if p = ¢. Second, P(p,q) is invariant under general nonlinear

changes of variables.
Long-term prediction.

The long range forecast using the approximate model aims at capturing the non-Gaussian
statistical equilibrium states of the truth, especially the fat tails that correspond to the ex-
treme events. This is very different from the short- or medium-range forecasts, where the
path-wise measurements of the ensemble mean are informative. In fact, the path-wise mea-
surements completely fail to quantify the long range forecasting skill. Information theory,
on the other hand, provides a natural quantification of the statistical prediction skill in the

approximate model, which is given by

Ecqg = P(Deq: Ply); (8)

where p., and p% are the equilibrium PDFs of the perfect model and the approximate
model, respectively. The information measurement in (8) is able to quantify the skill of the
approximate model in capturing both the majority of the events represented by the mode of
the PDF and the intermittent extreme events in the PDF tails. Note that minimizing the
information score in (8) is also known as capturing the model fidelity? using approximate

models.
The short- and medium-range forecasts.

The information theory can also be applied to quantify the short- and medium-range
forecasting skill. The fundamental difference between the information measurements and
the path-wise ones is that the information measurements are able to take into account
the predicted uncertainty. Denote p; and pM the PDFs of the time-dependent perfect and
approximate models starting from the same initial time. Similar to (8), an information

metric for quantifying the predicted model error as a function of time can be defined as

E = P(psp;')- (9)
A suitable approximate model is expected to have a small model error throughout the time.
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The information measurements can also be used to assess the predictability, also known as
the internal prediction skill, of both the perfect and approximate models using the following

matric74102103

Dy = P(pt, Peq), and DM =P(p", pl). (10)

Clearly, the measurement in (10) quantifies the information provided by the initial condi-
tions about the future state of the system beyond the prior knowledge available through
equilibrium statistics. Obviously, both D; and DM will decay to zero eventually. Therefore,
the measurement in (10) can be regarded as an analog to the ACF but it takes into account
the entire predicted PDF rather than simply the path associated with the ensemble mean

prediction.

IV. A SIMPLE MODEL WITH HIGHLY NON-GAUSSIAN BEHAVIOR IN
THE HIDDEN PROCESS

Stochastic parameterizations are widely used in developing approximate models for com-

1,104-106 - The idea of applying stochastic

plex dynamical systems with partial observations
parameterizations is to use simple stochastic processes to describe the complicated dynam-
ics of the unobserved or unresolved scales such that the overall computational cost of the
approximate models is greatly reduced. One important practical issue is to develop suitable
stochastic parameterizations for the hidden processes such that the intermittent features
are captured and the approximate models with the stochastic parameterizations are able to
accurately predict the extreme events in the observed variables.

The goal of this section is to test the skill of a simple and efficient stochastic parameter-
ization strategy in predicting intermittent non-Gaussian features and extreme events based

on a low-order highly non-Gaussian test model given only a short period of training data

with partial observations.

A. The perfect and approximate models

The perfect model.
The perfect test model here is given by a two-dimensional system where only a short
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trajectory of one variable u is observed. The model reads,

du = ( — yu + Fu> dt + o, dW,, (11a)

dy = (ayy + bW’y2 + cvfy3 + f,)dt + (A, + B,y)dW,, 1 + 0,dW, 5. (11b)

In this model, the variable v acts as a stochastic damping in the equation of u and the aver-

107 Once

aged value of v over time needs to be positive to guarantee the mean stability of u
the sign of v switches from positive values to negative values, v becomes anti-damping and
it leads to the intermittent events in u. On the other hand, v is driven by a cubic nonlinear
equation with correlated additive and multiplicative noise. This cubic model is a canon-

108,109 This one-dimensional, normal

ical model for low frequency atmospheric variability
form has been applied in a regression strategy for data from a prototype atmosphere and
ocean model to build one-dimensional stochastic models for low-frequency patterns such as
the North Atlantic Oscillation and the leading principal component that has features of the
Arctic Oscillation. Given the non-Gaussian features and the potential physical explanations,
the low-order model (11) becomes a useful testbed for developing suitable stochastic param-
eterization strategies of the hidden process that allows skillful prediction of the extreme

events in the observed variable.

The following parameters are taken in the perfect model,

3 1
Fu=03, ou=01 a=-g, b=1  ¢=-g,
. ) (12)
A’Y:O’ vy = f’Y:O'la

oy = m
With these parameters, the model trajectories together with the equilibrium PDFs and ACFs
are shown in Panels (a)—(c) of Figure 1. Note that the time series in Panel (a) only contains
a length of 500 time units but the PDFs and ACFs in Panels (b)—(c) are computed based
on the model simulation with a length of 10,000 units in order to minimize the sampling
bias in showing these statistics.

In this dynamical regime, the time series of + shows a stochastic switching behavior.
Roughly speaking, v has two statistical states. The averaged value in one state is slightly
negative, corresponding to the intermittent phase of u, while another state of v is positive,
corresponding to the quiescent phase of u. The PDF of u, due to the intermittent extreme

events, is highly skewed with an one-sided fat tail. On the other hand, the PDF of v shows a
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bimodal behavior, which is also significantly non-Gaussian. The ACF's indicate that overall

u has a longer memory than ~.
The approximate model.

The perfect model (11) here can be regarded as a paradigm model in many real applica-
tions, where the hidden variables are driven by some unknown complicated processes that
interact with the observed variables in a highly nonlinear way. From a practical point of
view, it is important to develop a simple and computationally tractable approximate mod-
el which is nevertheless able to capture the key nonlinear feedback from the unobserved
variable v to the observed variable u. The approximate model is expected to predict the
extreme events of the observed process u.

One commonly used reduced order modeling strategy is to adopt a mean stochastic model
(MSM) for the observed process u. The MSM makes use of the averaged value of 7 as the

damping term and the resulting system is
du = (—yu + F,)dt + o,dW,,. (13)

Since the mean stability is guaranteed in the original system, the constant 4 is positive.
Thus, the MSM is a linear model with Gaussian statistics. It has been shown in?*!%7 that
the MSM is unable to capture the short-term rapid increment of the intermittent trajectory
of u due to the lack of intermittent instability mechanism. Such a Gaussian model also fails
to predict the long-term non-Gaussian PDF with skewness and fat tails.

Here, a new approximate model is developed using the stochastic parameterized equation
technique®®®9 the idea of which has been applied to the extended Kalman filters (known as
the SPEKF-type model) and other prediction and data assimilation forecast models. The

approximate model has the following form,

du = (—yu + F,)dt + o, dW,, (14a)
dy = —d\(y — 7)dt + o, dWV,. (14b)

In (14), the nonlinear process v with correlated additive and multiplicative noise in (11b)
has been simplified to a linear process with only Gaussian additive noise. Nevertheless, the
variable v remains switching between positive and negative phases, representing damping

and anti-damping effects as a feedback to u. Therefore, the variable « is still able to trigger
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intermittent extreme events in u. One important feature is that the approximate model
(14) belongs to the conditional Gaussian nonlinear framework as was described in Section
I1, which allows the effective algorithm (3) to solve the conditional statistics of the hidden
variable v given the observations from w. This greatly facilitates the data assimilation and

predictions.

B. Parameter estimation

Before applying the approximate model for prediction, the parameters (F,, oy, d,,¥,0,)
in the approximate model (14) need to be estimated. The training time series only involves
the observed variable u and the training data has only a short period with 500 units as
shown in Panel (a) of Figure 1. Applying the parameter estimation algorithm described
in Section III D, the results are shown in Figure 2. The trace plots associated with all the
parameters clearly indicate the convergence towards certain values with small uncertainties.
Notably, the estimation values of the two parameters o, and F, in the observed process are
almost the same as the ones in the perfect model. The averaged values of the trace plots
from iteration k£ = 5000 to iteration k£ = 10000 are utilized as the estimated parameters in

the approximate model for prediction:

d,=0.2545,  4=1121, F,=0.2489, o0,=04362, o,=0.1008. (15)

C. Long-term prediction

With the estimated parameters, we begin with studying the long-term prediction using
the approximate model (14). As an analogy to Panels (a)—(c) in Figure 1 for the perfect
model, Panels (d)—(f) in Figure 1 show the trajectories, PDFs and ACF's of the approximate
model. Note that Panel (d) is simply a free run of the model. Therefore, there is no point-
to-point correspondence between the trajectories shown in Panels (a) and (d) for the perfect
and approximate models. Nevertheless, it is easy to see that the trajectories from the perfect
and approximate models are qualitatively similar to each other, indicating the skill of the
approximate model in capturing the long-term dynamical and statistical behavior. Next, to
understand the quantitative similarity between the two models, the equilibrium PDFs and

the ACFs are compared.
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Panels (c¢) and (f) show that both the ACFs of u and v associated with the two models

are very similar to each other, indicating the success of the approximate model in capturing

the temporal information of the perfect system. On the other hand, as shown in Panels

(b) and (e), the PDF of u is also perfectly recovered by the approximate model, where

using the information distance (7) the difference between the PDFs associated with the

approximate and perfect models P(peg(u), pli (1)) = 0.0345 is a negligible value. The PDF

of 7y is not perfectly recovered because the approximate model uses only a linear system with

additive noise for v, which fails to capture the non-Gaussian PDF of . This is known as

the information barrier??. Nevertheless, the PDF of 7 associated the approximate model is

nearly exact the same as the Gaussian fit of the bimodal distribution associated with the

truth. This in fact implies that the approximate model has reached its predictability limit

in predicting the long-term statistics of the hidden variable 7.

(8) Trajectoriesfrom the perfect model (b) PDFs (c) ACFs
T T T T T T T T T 4 1 l
4r 1 ——— Perfect model
2 = = = Gaussian fit 0.5
2r |
0 i /| 0 0
0 50 100 150 200 250 300 350 400 450 500 O 2 4 0 10 20
4 1 1
2 05 22N 0.5
0 0
L L L L L L L L O
0 50 100 150 200 250 300 350 400 450 500 0 2 4 0 10 20
t t
(d) Trajectoriesfrom the approximate model (e) PDFs (fy ACFs
T T T T T T T 4 \ 1
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FIG. 1. Model trajectories, PDFs and ACFs of the perfect model (11) with parameters in (12).

Top: u ; Bottom: «. Note that the PDFs and ACFs are computed based on the model simulation

with a length of 10,000 units. But in panels (a) and (c) only time series with a length of 500 time

units are shown. The black curves in the PDFs show the Gaussian fits.
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FIG. 2. Parameter estimation of the approximate model (14). Top: trace plot. Bottom: posterior
PDF's of the parameters from the trace plot taking the values from k = 5000 to & = 10000. The

black lines show the values of o, and F), in the perfect model (11), serving as reference values.
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D. Data assimilation

One key feature of the approximate model (14) is that it belongs to the conditional
Gaussian model family (1), which allows using the closed analytic formulae (3) to solve the
the conditional distribution p(~y|u) for assimilating the unobserved variable . Note that
the perfect model (11) is not a conditional Gaussian system and expensive particle methods
have to be used in order to assimilate the unobserved variable v even in this two-dimensional
system. Therefore, the approximate model (14) is much more computationally efficient for
state estimation, data assimilation and prediction.

Figure 3 shows the data assimilation results using the approximate model (14) as the
forecast model. It is clear that the v values associated with the intermittent phase of u
are recovered with both high accuracy and low uncertainty. The accurate recovery of the
hidden variable v at the intermittent phase of u indicates its potential for predicting the
extreme events. On the other hand, assimilating the v states corresponding to the quiescent
phase of u are recovered with high uncertainty. The posterior mean also fails to track the
fluctuations in the true trajectory. This is not surprising since the quiescent phases of u
have weak amplitudes and therefore the noise-to-signal ratio is large. In fact, as long as the
hidden variable v stays positive, playing the role as a damping, it has very weak influence
on the dynamics u at the quiescent phases. The assimilated values and uncertainties of

accurately reflect these features.
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(@) Truesignal of u
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(b) Truth signal and the assimilated posterior mean of y S
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FIG. 3. Data assimilation of the hidden variable v using the approximate model (14) as the
forecast model. The true signal of the observed variable (panel (a)) is generated from (11). Panel
(b) shows the true signal of v from (11) and the assimilated (filtered) posterior mean of v using
the approximate forecast model (14). Panel (c) shows the posterior variance. The black dashed

boxes indicates the events that will be studied for short-term prediction in the next subsections.
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E. Short- and medium- range forecasts

To study the short- and medium-range forecast, we first show the RMSE and the Corr
between the predicted time series and the truth as a function of lead time. Here the ensemble
mean is used as the predicted time series. As illustrated in Panels (a)—(b) of Figure 4,
the approximate model with the assimilated initial conditions has an overall comparable
prediction skill as the perfect model prediction with the perfect initial conditions. The only
main difference lies in the very short term for predicting -, where the prediction using the
approximate model with the assimilated initial conditions has a larger error. This is due
to the large uncertainty in the assimilated initial conditions at the quiescent phases. In
fact, if we adopt the approximate model as the forecast model but use the perfect initial
conditions (green curves), then the prediction skill is almost the same as using the perfect
model prediction. Note that the overall skillful prediction of u lasts up to 5 units while that

of v is around 2 units.

Panels (¢)—(d) and (e)—(f) of Figure 4 show the lead time prediction at 0.2,0.5 and 1.5
units using the approximate model with the assimilated initial conditions and the perfect
model with the perfect initial conditions, respectively. The prediction of u, especially the
extreme events, is quite accurate at all the three lead times for both the models. The
prediction of the negative phase of v is also nearly perfect. The only difference between the
two models lies in predicting the positive phases of v, where the approximate model cannot
provide an accurate prediction even at a very short lead time. This is due to the error and
the uncertainty in the assimilated initial conditions as was discussed above. On the other
hand, while the perfect model is able to predict the positive phase of  (corresponding to the
quiescent phases of u) in a very short term, it is interesting to see that even with the perfect
model and perfect initial conditions, some significant errors already appear in predicting the
positive phases of v at a lead time 0.5. At a lead time 1.5, the perfect model essentially gives
the same results as the approximate model, where an accurate prediction is found in both
u and the negative phase of v while the model is not very skillful in predicting the positive
phase of 7. These facts indicate that when v is positive it only has a weak influence on u

and therefore the system has an intrinsic weak dependence of ~.

To conclude, the approximate model has almost the same short- and medium-range fore-

casting skill as the perfect model, especially in predicting the extreme events in v and the

24



560

561

562

563

564

565

566

567

568

569
570

571

corresponding triggering phases in ~.
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FIG. 4. Short- and medium-range forecasts. Panels (a)—(b): RMS error and pattern correlation
between the predicted time series and the truth as a function of lead time. Red: prediction
using the approximate model (14), where the initial values of 7 are obtained by data assimilation.
Dashed blue: prediction using the perfect model (11) with perfect initial conditions. Dashed green:
prediction using the approximate model (14) but with perfect initial conditions. Panels (c)—(d):
Ensemble mean prediction using the approximate model with assimilated initial condition (IC) at
lead times 0.2,0.5 and 1.5. The blue curves show the truth while the red ones show the prediction.

Panels (e)—(f): Similar to (c)—(d) but using the perfect model and perfect initial condition.
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F. Prediction with an initial value starting outside the attractor

Finally, we study the prediction skill of the approximate model if the initial value is out-
side the attractor (the statistical equilibrium state). In Figure 5, we consider the situations
where either the initial value of u or that of 7 is outside the attractor. It is clear that when
u(0) is outside the attractor while v stays in the attractor (Panels (a) and (c)), the trajectory
of u releases to the attractor in a similar fashion using both the approximate model and
the perfect model. This is because there is no approximation in the observed process u and
the time evolution of v at the attractor has already been shown to be accurately described
using the approximate model. On the other hand, if v starts from a value that is outside the
attractor (Panels (b) and (d)), then the approximate model in capturing the relaxation of v
towards the attractor may contain errors. In fact, when v starts from a large value as shown
in Panel (b), the cubic damping plays an important role in strongly pushing the system
towards the attractor. Starting from a large value of ~y, the impact of the cubic damping is
much stronger than that at the attractor and therefore the approximate model with a linear
damping in ~ fails to capture this feature. Nevertheless, if u stays on the attractor, then as
long as ~ is positive it has only a weak influence on the observed variable u. Therefore, the

overall dynamics of u can still be described quite well using the approximate model.
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(& u(0) = 10; Approx model

(b) y(0) = 10; Approx model

(¢) u(0) = 10; Perfect model

(d) Y(0) = 10; Perfect model
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FIG. 5. Ensemble predictions with the initial values starting outside the attractor. Panels (a)

and (c): u(0) = 10 starts from a value that is off the attractor. v(0) = 1 is inside the attractor.

Panels (b) and (d): «(0) = 0.5 starts from a value that is inside the attractor. v(0) = 10 is off the

attractor. Here Panels (a)—(b) show the results using the approximate model while Panels (c¢)—(d)

show those using the perfect model. In all the panels, blue curves show the truth and red curves

show the ensemble mean which is the average value of 50 ensembles showing in green color.
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V. A DYAD MODEL WITH ENERGY-CONSERVING NONLINEAR
INTERACTION

The nonlinear test model in the previous section involves only an one-way influence from
v to u. Yet, in many applications, the observed variables and the unobserved ones have
mutual interactions, which are also often though energy-conserving nonlinear terms3>3.
Therefore, it is important to understand different strategies in building approximate models
to predict the extreme events and other non-Gaussian behavior in such kind of the systems.

In this section, a simple but judicious feedback control strategy is adopted to facilitate the

prediction of the hidden extreme events in an energy-conserving nonlinear dyad model.

A. The models

The perfect model.

Consider a nonlinear dyad model with energy-conserving nonlinear interaction,

dv = ( — dyv — cu2>dt + o, dW,,
(16)
du = ((—du + cv)u + Fu> dt + o, dW,.

Again only partial observations are available in this nonlinear dyad model, where v is the
observed variable while v is unobserved. This low-order nonlinear model can be regarded
as a toy model of complex turbulent flows. For example, v can be treated as one of the
Fourier modes associated with the large-scale observed variables while w is associated with
the hidden mechanism that drives v. If u represents unresolved or small-scale variables, then
its statistics can be highly non-Gaussian. Here, v plays the role of the stochastic damping
in the process of u such that intermittent extreme events appear in the trajectory of w.
Note that this model is very different from the SPEKF-type of the model described in the
previous section. In fact, in the dyad model (16), the variable u also provides a nonlinear
feedback to v via —cu? such that the total energy in the nonlinear terms of the coupled
system is conserved, which is known as the physics constraint3®3.

Below, the nonlinear dyad model (16) is used as the perfect model. The focus of this

section is to predict the extreme events in the unobserved process u. To this end, the
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following parameters are taken in the nonlinear dyad model (16),

As shown in Panels (a)—(c) of Figure 6, the nearly Gaussian observed variable v switches
between positive and negative states, which leads to the intermittency in the hidden process
u. The non-zero forcing F,, = 1 makes the signal of u stay almost within the positive values
and the PDF of u is skewed with an one-side fat tail. Note that the amplitude of this forcing
term provides different dynamical behavior of the model. In the last part of this section, the

prediction skill in different dynamical regimes with various values of F,, will be reported.

The approximate model.

Again, a suitable approximate model is able to predict the extreme events and other
important non-Gaussian features of the perfect model. Meanwhile, the approximate model
is expected to be computationally efficient for data assimilation and prediction. Due to
the closed analytic formulae of the conditional Gaussian models in assimilating the unob-
served variables, we now aim at developing a suitable approximate model that belongs to
the conditional Gaussian framework. Note that by observing v, the perfect model (16) is
not a conditional Gaussian nonlinear system. One starting idea for building an approximate
model is to apply a bare truncation strategy, which ignores the quadratic feedback term —u?
in the process of v in (16). This is actually a commonly used strategy in developing approx-
imate models for many complicated systems in practice, where some nonlinear terms are
dropped. However, this strategy does not work for studying the extreme events with partial
observations. In fact, without this feedback term, the variable u is completely decoupled
from the process of v. In other words, given only the observations in v, the processes and
the parameters of u are not even identifiable. What is more, using the same parameters as

in (17), such an approximate model suffers from a finite-time blowup of the signals3>!1°,

The failure of the bare truncation model is due to the complete ignorance of the nonlinear
feedback term from w to v. This nonlinear feedback not only provides the observability of
u in the v process but also offers the important causal effects between the two processes.

Therefore, a suitable approximate model is supposed to take into account such an interaction
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between the two processes. To this end, the following approximate model is adopted,

dv = < —d,v — cu) dt + o,dW,,
(18)
du = <(—du + cv)u + Fu> dt + o,dW,,.

This approximate model uses a linear feedback —cu to approximate the nonlinear interaction
—cu? in the original dyad model. This simplification can be regarded as using a linear control
term to retain the mutual dependence of u and v. It also allows the approximate model to
belong to the conditional Gaussian framework that facilitates efficient data assimilation and

prediction algorithms.

B. Parameter estimation

For the parameter estimation of the approximate model (18), we make use of a short
training data of v with only 500 time units as shown in Panel (a) of Figure 6. The parameter
estimation algorithm is run for K = 15000 steps and the averaged values from the trace

plots between k£ = 5000 to k£ = 15000 is used as the estimated parameters,

d, =0.9234,  d,=0.6672, c=18249, F, =0.6041, "
19
o, = 0.0527, o, = 2.0203.

It is useful to compare the estimated parameter values in the approximate model (19) with
those in the perfect model (17). This helps understand the dynamical properties of the

approximate model.

The feedback parameter ¢ in the approximate model (17) is increased. This is due to
the fact that cu? in the perfect model is replaced by cu in the approximate model while
the amplitude of u in the perfect model is often larger than 1 especially in the intermittent
phases. Therefore, the coefficient ¢ has to be increased in order to retain the amplitude of
the feedback from u to v. On the other hand, according to the second equation in (18), due
to the increase of ¢, the amplitude of u will increase as well especially for the intermittent
phase. Therefore, the forcing F, in the approximate model is decreased in order to retain

the amplitude of the observed variable u as in the perfect model.
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C. Long-term prediction

With the estimated parameters in hand, we first compare the long range forecasts between
the perfect dyad model (16) and the approximate model with the linear feedback (18).

In Panels (d)—(f) of Figure 6, the trajectories, the PDFs and the ACFs associated with
the approximate model are shown, where for a fair comparison of the time series, the same
random number seeds are used. The recovered trajectory of the observed variable v using
the approximate model with the linear feedback term almost perfectly matches that of the
truth (with Corr = 0.998 and RMSE = 0.011).

Now let us focus on the hidden intermittent variable u. Comparing the second and the
fourth rows of Figure 6, it is clear that the approximate model with the linear feedback
(18) is skillful in generating the intermittent extreme events in u. In fact, the pattern
correlation between the two time series in these two rows is 0.93, which also indicates that
the approximate model is able to capture the timing of the occurrence of extreme events.
Yet, there are two main errors in the approximate model. First, the amplitudes of the
intermittent events seem to be slightly overestimated. This is easy to understand because in
order to reach the same observed trajectory v, the linear feedback requires a larger u in the
approximate model than the quadratic nonlinear feedback in the perfect model. Second, the
quiescent events also seem to be slightly underestimated in the approximate model. This
results in the fact that the peak of the associated PDF is closer to zero than that of the true
signal. The model error

Eeg = P(Peg, pgg ) = 0.46, (20)

which, although is non-negligible, comes largely from the quiescent events. The PDFs of
u associated with both the perfect and approximate models are skewed with an one-sided
fat tail. Therefore, the long range behavior of the approximate model in capturing the
information in the tail that corresponds to the extreme events remains similar to that of the
perfect model.

Another conclusion drawn from Figure 6 is that the ACFs of u and v associated with
both the perfect model and the approximate model are very similar to each other, decaying

to zero after one time unit.
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FIG. 6. Panels (a)—(c): Time series, PDFs and ACFs of the dyad model (16) with the parameters

in (17). Panels (d)—(f): those of the approximate model (17) with the estimated parameters in

(19).
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D. Data assimilation, Short- and medium-range forecasts

Given the observation in v, the assimilated u is shown in Figure 7. Overall, the assimilated
signal of the hidden variable u and the truth have a very good match in terms of the patterns.
Yet, due to the intrinsic model error as discussed above, the quiescent and intermittent
phases are slightly underestimated and overestimated, respectively.

Panels (a)-(b) of Figure 8 show the RMSE and the Corr between the true signal and the
ensemble mean predictions as a function of lead time. Except at the very short lead time,
where the data assimilation results in some uncertainties in the initial values, the approxi-
mate model essentially gives the same prediction skill as the perfect model in terms of the
RMSE and the Corr. This indicates the overall skillful prediction using the approximate
model. Note that since our focus is the extreme events in the hidden process, some extra
information beyond the RMSE and Corr needs to be explored. In Panels (¢)—(d), a compar-
ison of the medium range forecasts and the forecast PDF's at lead time ¢t = 0.6 is shown. It
is clear that the approximate model is more skillful in capturing the extreme events and the
fat tail of the predicted PDF than the perfect model. This is not surprising. In fact, it is
well known that the amplitude of the ensemble mean prediction decays as time evolves. On
the other hand, the slight overestimation of the amplitude of u in the approximate model
compensates the underestimation of the amplitudes in the ensemble mean forecast, which is
crucial in predicting extreme events at the medium range.

Figure 9 shows four case studies of the time evolution of the predicted PDFs starting
from different initial phases. The predictions of v using both the perfect model and the
approximate model are overall similar to each other. Note that more ensemble members in
the prediction using the approximate model are actually able to forecast the extreme events
than the perfect model. This feature is quite useful for medium-range forecast, especially
when the starting time is an onset phase of the extreme events in u (Cases 1 and 2). In
addition, even with some errors in the initial condition due to the data assimilation (Case

4), the approximate model is still able to capture the time evolution of extreme events.
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(a) True signal of v
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(b) True and assimilated signals of u
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FIG. 7. Panel (a): the true signal of v from the perfect dyad model (16). Panel (b): the true signal

of u from the perfect dyad model (16) and assimilated signals of u using the approximate model

(18).
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FIG. 8. Short- and medium-range forecasts based on the ensemble mean forecast. Panel (a)-(b):
RMSE and Corr between the true signal and the prediction ones as a function of lead time. Blue:
perfect model prediction with the perfect initial condition. Red: approximate model prediction with
perfect initial condition. Green: approximate model prediction with assimilated initial conditions.
Panel (c): comparison of the medium range forecasts at lead time ¢ = 0.6. Panel (d): comparison

of the medium range forecast PDFs at lead time t = 0.6.
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(a) Case study 1 (b) Case study 2 (c) Case study 3 (d) Case study 4
Perfect model Perfect model Perfect model Perfect model
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FIG. 9. Case studies. Time evolution of the predicted PDF's starting from different initial phases.
Each PDF is shown with 50 thin curves, which represent the 1st, 3nd, 5th, ..., 97th and 99th
percentiles of the of the PDF. The green curve represents the mode of the PDF since the PDF is
non-Gaussian. The black dashed curve is the true signal. Columns (a)—(b): starting from an onset

phase of extreme events. Columns (c)—(d): starting from a mature phase of extreme events.
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E. Prediction with an initial value starting outside the attractor

In this subsection, we compare the predictions when the initial values are outside the
attractor. According to Figure 6, the attractor of u contains values that are positive but
almost always stay below u = 4. Thus, we consider the following two situations: A). the
hidden variable u starting from a negative value, and B). the hidden variable u starting from

a large positive value.
A. The hidden variable u starting from a negative value.

In Panels (a)—(f) of Figure 10, we show the prediction where u starts from a negative
value u(0) < 0. Here, v always starts from its equilibrium mean value v(0) = —0.9584.
In Panels (a)-(b), u(0) = —0.2 is slightly negative. The approximate model behaves in a
similar way as the perfect model, where after a short term, the trajectory will arrive at the
attractor. However, when u(0) = —0.5 as shown in Panels (c¢)—(d), some of the ensemble
members in the approximate model blows up in finite time (around ¢ = 1.5). See the second
row of Panel (d). Such a behavior becomes even worse when (0) is decreased to u(0) = —0.8
as shown in Panels (e)—(f), where quite a few ensemble members blow up in a short finite
time (around ¢ = 0.5 to t = 1.5). Panel (g) of Figure 10 shows the percentage of the events
that blow up as a function of the initial value u(0). As expected, with the decrease of u(0),
the number of blowup events increases.

Now we look at both the perfect and approximate models (16) and (18) to understand the
mechanism that leads to such a finite time blowup issue in the approximate model. First,
when u and v are at the attractor, u stays in positive values. When the amplitude of u
increases due to a negative value of v, both the linear and nonlinear feedback in (16) and
(18) will push v back to a negative value and the consequence is that v will strongly damp
u and decreases the amplitude of u. However, when u is negative, the nonlinear feedback
—cu? and the linear feedback —cu will play completely different roles since —cu? < 0 while
—cu > 0. The dynamical property of the perfect dyad model (16) remains unchanged. But
the blowup issue appears in the approximate model (18). In fact, once u is negative, the
linear feedback will make v become positive. As a result, the positive anti-damping of v
will further increase the amplitude of u, which makes u blow up in a short time. When the
initial value u(0) has a small amplitude (e.g., u(0) = —0.2), the forcing F,, = 1 > 0 may be

able to overcome the anti-damping in the short term and push the solution to the attractor.
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But if the amplitude of «(0) is large, then the role of F), is weaker than the anti-damping

from v, and the solution has a much higher chance to blow up.

B. the hidden variable u starting from a large positive value.

Now we let the hidden variable u start from a large positive value and study how the
solution adjusts to the attractor. See Panels (h)-(k) in Figure 10.

First, with a moderately large initial condition u(0) = 5 as shown in Panels (h)—(i), the
hidden variable u using the approximate model releases to the attractor in almost the same
way as that using the perfect model. The trajectories of v are slightly different, but since
v is always very negative, the strong damping of v makes the trajectories of v in the two
models have very similar behavior.

Next, we increase the initial condition to u(0) = 10. Then we first notice a more significant
different in the predicted trajectory of v, where in a short term ¢ = 0.2 the true trajectory
and the perfect model prediction can reach v = —8 while the approximate model only allows
v = —3. This is due to the model error in the feedback terms. In fact, when u is large, —cu?
in the perfect model will be much larger than —cu in the approximate model. This leads to
the large error in v. As a result, the damping in the approximate model then becomes much
weaker compared with the perfect model. Therefore, u releases slower in the approximate
model (see the second row of Panel (k)). Notably, the ensemble prediction in the second
row of Panel (k) seems not to be too far from the truth (black dashed curve). But the truth
is outside 99 percentile of the prediction (the most bottom red curve) when ¢ is between

t=0.1and t =0.5.
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FIG. 10. Prediction of the dyad model with initial values being outside the attractor. Panels
(a)—(f) and (h)—(k): Time evolution of the predicted PDFs starting from different initial phases.
Each PDF is shown with 50 thin curves, which represent the 1st, 3nd, 5th, ..., 97th and 99th
percentiles of the of the PDF. The green curve represents the mode of the PDF since the PDF is
non-Gaussian. The black dashed curve is the true signal. In Panels (a)—(f), the hidden variable
u starting from a negative value. In panels (h)—(k), the hidden variable u starting from a large
positive value. Panel (g) shows the percentage of the events that blow up as a function of the

initial value u(0).
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F. Dynamical regimes with different F),

So far, we have focused on the regime with F, = 1. In this subsection, the role of F,
will be explored and dynamical regimes with different F, will be studied for predicting the
hidden extreme events.

In Panel (a) of Figure 11, the trajectories of u from the perfect model (16) with different
F,, are shown. Here, the same random number seeds are used in generating these time series

for a fair comparison.
Regime I: 0.7 < F,,.

When F, is sufficiently large, the approximate model with the linear feedback (18) is a

suitable model for predicting the hidden extreme events.
Regime II: 0 < F,, < 0.3.

When F, approaches zero, the intermittent events in w can have both signs. As was
discussed in Section V E, when wu is negative, the linear feedback —cu in (18) will play a
significant different role compared with the nonlinear feedback —cu? in the perfect model
(16). In fact, the linear feedback —cu becomes positive and make v to be positive. Then
the anti-damping of v in the process of u leads to the finite time blowup. Therefore, we
conclude that using the approximate model (18) with a linear feedback to predict the hidden
extreme events in u requires that the forcing F,, in the perfect dyad model cannot be too
small. If the forcing F, in the perfect dyad model is too small, then the approximate model
does not have a mechanism to recover the intermittent events in u when u is negative. A
new approximate model that has skill in capturing the extreme events with both signs needs

to be developed.
Regime III: 0.3 < F, < 0.5.

When F,, > 0.3, the intermittent events in the true signal of u only occur in the positive
phase. However, the true trajectory of w still goes below 0 quite frequently (with small
amplitudes). Panel (c) of Figure 11 shows the data assimilation of u using the approximate
model with the linear feedback (18), where the parameters are re-estimated based on the
observed signal of v in F,, = 0.3 regime. One important result is that the assimilated state
of u can occasionally become quite negative! In fact, as is shown in Panels (b)—(c), before

the assimilated u goes to a negative value, the signal of v is large and positive while u is
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nearly zero. Therefore, when the trajectory of u becomes slightly negative in the true signal,
the anti-damping v will amplify the negative phase of u. Since the positive forcing F, = 0.3
here is pretty weak, this forcing is unable to push u back to the attractor with positive
values immediately and therefore the assimilated state of u will stay in the negative phase
for a while. According to the discussions in Section V E, if the prediction starts with a large
negative value of u, then even for a short term, the prediction using the approximate model

may suffer from a short-term blowup!*°.
Regime IV: 0.5 < F, <0.7.

Now the data assimilation results using the approximate model (18) provides the state
of u that is always positive. Thus, there will be no issue in data assimilation. However, as
shown in Panels (d)—(f) of Figure 11, the approximate model can still suffer from a long (but
finite) time blow up issue. This is again related to the insufficient strength of F,. In fact,
the trajectory of u still has some chances to become slightly negative and the corresponding
values of v at these time instants are usually large. Therefore, the anti-damping v and the
forcing F), in the process of u compete with each other. If the strength of forcing is not
strong enough, then for some events, the anti-damping can results in the blowup issue of

UHO.
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(a) Truetrgjectory of u

(b) Truthof v (Fu =0.3regime) (c) Truth and assimilated u (Fu = 0.3 regime)
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FIG. 11. Dynamical regimes with different F,,. Panel (a): trajectories of u from the perfect model
(16) with different F), are shown. Here, the same random number seeds are used in generating
these time series for a fair comparison. Panel (b): True signal of v in F,, = 0.3 regime from the
perfect model. Panel (d): True signal of w in F}, = 0.3 regime from the perfect model (blue) and
the assimilated posterior mean using the approximate model. Panels (e) and (f): trajectories of the
approximate model with the estimated parameters from the observed true signal of v in F;, = 0.5

regime.
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VI. THE LORENZ 63 MODEL

In many applications with chaotic or turbulent phenomena, due to the incomplete knowl-
edge of the underlying dynamics, noise inflation is often incorporated into the dynamical

21104111 " The enhanced noise plays the role of parameterizing small-scale fluctua-

processes
tions, which helps increase the variability of the system and has a potential of improving
the data assimilation and prediction skill. Yet, it has not been well understood the effect of
noise inflation in the extreme events prediction. Therefore, in this and the next two sections
(Section VII and Section VIII), noise inflation will be incorporated into the dynamical sys-
tems for testing the ensemble prediction skill of the observed and hidden extreme events as
well as other non-Gaussian characteristics. The difference between the studies in these three
sections is as follows. In Section VII and Section VIII, the noise inflation will be combined
with various effective and practical strategies for developing effective and simple approxi-
mate models for improving the prediction of the extreme events resulting from complicated
turbulent dynamical systems with regime switching. In this section, the chaotic Lorenz 63

model is used as a testbed to understand the skill of the extreme events predictions, where

the inflated noise acts as the only source of the model error.

A. The perfect and approximate models

The model considered in this section is the Lorenz 63 model™. It is a simplified mathe-
matical model for atmospheric convection with chaotic behavior. The equations relate the
properties of a two-dimensional fluid layer uniformly warmed from below and cooled from
above. In particular, the equations describe the rate of change of three quantities with
respect to time: x is proportional to the rate of convection, y to the horizontal tempera-
ture variation, and z to the vertical temperature variation. The constants o, p, and 3 are
system parameters proportional to the Prandtl number, Rayleigh number, and certain phys-
ical dimensions of the layer itself'!2. The Lorenz 63 model is also widely used as simplified
models for lasers, dynamos, thermosyphons, electric circuits, chemical reactions and forward

osmosisH3 119,

Here, we study a slightly different version of the original Lorenz 63 model by adding a

small noise into the = process. We also assume that only a short trajectory of z is observed
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as the training data while y and z are the unobserved variables. The model reads:

dr = o(y — x)dt + o, dW,, (21a)
= (z(p — 2) —y)dt, (21b)
dz = (zy — Bz)dt, (21c)

The small noise here can be regarded as the observational or measurement uncertainty. It
also helps prevent the singularity in the data assimilation formula in (3), which requires a
non-zero noise in the observational process. Nevertheless, with a small noise coefficient, the
dynamical behavior of the model in (21) remains almost the same as the original noise-free
Lorenz 63 model. Below, we always take o, = 1, which is a sufficiently small value. The

other parameters that are used to generate the true signals of (21) are
o = 10, p =28, p=8/3. (22)

These are the classical choices of the Lorenz 63 model. Figure 12 shows the trajectories,
PDF's and phase plots of the Lorenz 63 model (21), where the butterfly profile in the phase
plots and the chaotic features in the model trajectories are clearly demonstrated. Notably,
there are quite a few extreme events that appear in all the three components due to the
fact that one of the Lyapunov exponents of the Lorenz 63 system is positive. These extreme
events occur when the system states switch between the two branches of the “butterfly
wings”.

The short trajectory of z in Panel (a) of Figure 12 with only 50 units will be used as the
observed training data for the approximate models below.

The approximate models.

Below, we aim at understanding the model error that comes from the noise inflation. To
this end, it is natural to propose the following approximate model,
dx = o(y — x)dt + o,dW,,
dy = (z(p — 2) — y)dt + 0,dW,, (23)
dz = (xy — Bz)dt + o, dW,,
where the noise coefficients o, and o, are given and fixed empirically, which account for the

noise inflation in the hidden variables. Note that here the deterministic parts in the perfect

model (21) and the approximate model (23) are the same, which is not always the case in
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FIG. 12. Trajectories (Panels (a)—(c)), PDFs (Panels (d)—(f)) and the phase plots (Panels (g)—(j))

of the noisy Lorenz 63 model (21) with parameters in (22) and a small noise coefficient o, = 1.

real applications where noise inflation is often used to compensate other model errors and

simplifications. Nevertheless, the setup here allows us to understand the model error that

comes purely from the noise inflation and its effect on the prediction skill.

The noise coefficient o, will be estimated from the parameter estimation algorithm. Note

that since o, is associated with the quadratic variation of the continuously observed training

data, a prescribed value with inflation may lead to pathological behavior of the parameter

estimation. Depending on the level of noise inflation, we consider the following three ap-

proximate models,

Approximate model 1. Small noise inflation:

Approximate model II. Moderate noise inflation:

Approximate model III. Large noise inflation:
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B. Parameter estimation

In the approximate models, there are four parameters to be estimated: p,o, and o,.
Here the parameter estimation algorithm as described in Section III D is run up to K = 15000
steps and the averaged values of the trace plots from & = 5000 to £ = 15000 are used as the

estimated parameters, which are:

Approx model I: p = 27.48, o =10.34, b =2.70, o, = 1.03,
Approx model II: ~ p = 31.04, o =9.051, £ =2.33, o, = 1.06, (25)
Approx model III: p=34.17, o = T7.525, b =2.20, o, = 1.08.

Note that due to the model error from noise inflation, the estimated parameters in the
approximate models are not exactly the same as those in the perfect model. In particular,
with the increase of the noise coefficients o, and o, the estimated parameter p and o seem
to be more different compared with the one in the perfect model in order to compensate the

model error.

C. Data assimilation

Figure 13 shows the data assimilation results using the approximate model (23) with the
estimated parameters, where the true signal of the observed variable x is generated using
the perfect model (21).

In the approximate model I, due to the small model error in the inflated noise coefficients,
the assimilated values of y and z are nearly perfect and the uncertainty reflected by the
posterior variance in both variables is small. In the approximate model II, the assimilated
values of y are still quite accurate but those of z show some errors where the mean state of
z has a slight shift towards the positive value. Such a bias in the assimilated posterior mean
state is possibly due to the fact that the noise o, leads to the change of the mean value of
xy in z process since x and y are highly correlated. On the other hand, z and z are not so
closely correlated, and therefore the mean value of zz that contributes to the mean state of
y is hardly polluted by the noise. Finally, in the approximate model III, where the inflated
noise coefficients are large, there are some non-negligible errors in the assimilated states of
z and the associated uncertainty increases as well. Nevertheless, despite such a mean state

shift, the overall patterns and amplitudes of z are assimilated quite well.
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FIG. 13. Data assimilation using the approximate model (23) with different noise inflation levels
(24). The first row shows the true trajectory of z. The second and third rows show the true signals
of y and z as well as the posterior mean estimations from data assimilation (red). The fourth and

fifth rows show the posterior variance of y and z, respectively.
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w2 D. Long-range forecast

903 To quantify the long-range forecast skill, the comparison of the equilibrium PDFs and
w4 the ACFs between the perfect model and approximate models is shown in Figure 14.

905 First, all the three approximate models are able to capture the equilibrium non-Gaussian
ws PDF's of both z and y with high accuracy, where the information model error in the equilib-
o7 rium PDF P(p.,, p% ) < 0.05 is tiny even using the approximate model III. For the variable
o 2 using the approximate model III, the error is slightly larger P (peq, pl;) = 0.28 but is still
oo acceptable. Such a model error is due to the fact that the PDF associated with 2z using the
a0 approximate model has a mean shift compared with the truth, which has already been seen
oun in the data assimilation results.

012 Next, the approximate models and the perfect model overall share quite similar ACFs,
a3 indicating similar time evolution behavior (at least up to the second order statistics in time).
aia  In particular, the direct relaxation of the ACFs of x, y and the oscillated relaxation of that of
a5 2z are both captured by the approximate models. The only non-negligible difference appears
ais in the ACF of z when the noise inflation level is large, i.e., in approximate model I1I, where

a7 the approximate model has a slightly faster decaying ACF.

(a) PDF; Approx model | (b) PDF; Approx model I (c) PDF; Approx model IlI (d) ACF; Approx model | (e) ACF; Approx model Il (f) ACF; Approx model Ill
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o0 FIG. 14. Comparison of the PDF's and the ACF's of the perfect model and the approximate model.
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E. Short- and medium-range forecasts

To study the short- and medium-range forecasts, we show in Figure 15 three skill scores
of the predictions as a function of lead time. Two of them, namely the RMSE and the Corr,
are the classical path-wise measurements while the third one is an information criterion, that
is, the relative entropy (7) between the PDF of the predicted time series and that of the
truth. In order to distinguish the errors due to the noise inflation and the initial uncertainty
with data assimilation, we show the predictions using the approximate model with either
assimilated initial conditions (ICs) or with perfect initial conditions. All the predictions

here are based on the ensemble mean, which is the average of 50 ensemble members.

Columns (a)—(b) and Columns (d)—(e) show the RMSE and Corr of the predictions using
the approximate models I and II, respectively. These path-wise measurements indicate that
the skillful predictions of the approximate models regardless of using perfect or assimilated
initial conditions are up to nearly 3 time units. However, the conclusion based on these
path-wise measurements can be misleading in this strongly chaotic system. In Columns
(g)—(h), the relative entropy has a significant increase as the lead time, especially using the
approximate model II. This implies certain non-negligible errors are not captured by the
two path-wise measurements. To see such errors, the ensemble mean prediction using the
approximate models (green) and the truth (blue) at lead time ¢ = 1 are compared in Figure
16. Both the trajectories and the PDFs are shown in order to compare the path-wise and the
information measurements. Note that only the Gaussian fits of the PDFs are shown here for
the purpose of comparing the variance in the truth and the predicted PDFs which reflects
the skill of capturing the amplitudes especially those of the extreme events. In Column
(b) of Figure 16, it is shown that although the patterns of the predicted signal are quite
consistent with the truth, the amplitudes of all the extreme events are underestimated to
some extent. Thus, the predicted PDF has a narrower shape compared with the truth. Such
a phenomenon becomes more significant in Column (c) of Figure 16 where the approximate
model III is used. At lead time t = 1, despite that Corr =~ 0.8 for x and y and Corr =~ 0.5
for z remain skillful, the large values of the relative entropy clearly indicate the discrepancy
between the predicted PDF and the truth, which is due to the fact that the amplitudes
of the extreme evens are severely underestimated. These facts conclude the importance of

using the information criterion in quantifying the model error in the PDF's in addition to
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the path-wise measurements.

Figure 17 includes a case study of the ensemble prediction for short- and medium range
forecasts using approximate models I and III starting from ¢ = 16.5. First, the ensemble
mean (green) using the approximate model I is skillful up to 2.5 units of the lead time
while that using the approximate model IIT has a much shorter skillful prediction. These
are consistent with the results shown in Figure 16. Next, the uncertainty of the prediction
is reflected in the ensemble spread. It is clear that in the perfect model prediction the
ensembles do not spread out until £ = 19 while those in the approximate models start
spreading out around ¢ = 17. This is obviously due to the fact that the noise level is
higher in the approximate models. Using approximate model I, despite some members
give false prediction due to the intrinsic chaotic behavior, most of the ensemble members
are still able to follow the true trajectories, which also results in the skillful ensemble mean
prediction. However, using the approximate model III, both the large noise inflation and the
initial uncertainty due to the data assimilation lead to a quick divergence of the ensembles.
The ensemble spread is able to tell the uncertainty but the ensembles reach the attractor
much faster than those using the perfect model and therefore the ensemble mean using the

approximate model losses its skill.
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FIG. 15. RMSE (Panels (a)-(c)), Corr (Panels (d)—(f)) and relative entropy (R.E.; Panels (g)-(i))
as a function of lead time for short- and medium-range forecasts using the perfect model (21) (blue)
and the three approximate models (23)-(24) with perfect initial conditions (red) and assimilated
initial conditions (green). The prediction here is based on the ensemble mean. The dashed black
lines in the RMSE panels show one standard deviation of the true signal and those in the Corr

panels show the Corr = 0.5 threshold.

(a) Approx model I; Prediction at lead time = 1 (b) Approx model Il; Prediction at lead time =1  (c) Approx model lll; Prediction at lead time =1
0

20 0.1 2 0.1 20 0.1
0
-20 . 0 0
10 20 30 40 -20 0 2 20 30 40 -20 0 20
0.1 l Truth Pred ‘,0_1
20
0 i)
-20 0
10 20 30 40 -20 0 20
50 0.1
\“
| (
0 0

10 20 30 40 0 50

FIG. 16. Comparison of the ensemble mean prediction using the approximate models and the

assimilated initial conditions (green) with the truth (blue) at lead time ¢ = 1. In each panel, both

the trajectories and the Gaussian fits of the PDFs are shown.
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(a) Perfect model, perfect IC
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(b) Approx model I, perfect IC
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FIG. 17. Case studies of the ensemble forecasts. Panels (a)—(c): a case study using the approximate

model I. Panels (d)—(f): the same case study using the approximate model III. Each subpanel shows

the time evolution of the prediction, as represented by the time dependent PDF of the ensemble

forecast. Note that each PDF is shown with 50 thin curves, which represent the 1st, 3nd, 5th, ...,

97th and 99th percentiles of the of the PDF. The green curve represents the mode of the PDF

since the PDF is non-Gaussian. The black dashed curve is the true signal.
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F. Prediction with an initial value starting outside the attractor

Panels (a)—(f) and Panels (g)—(1) in Figure 18 show the prediction where the initial values
of the observed variables x(0) = 150 and those of the unobserved ones y(0) = z(0) = 150
are outside the attractor, respectively.

The skill of capturing the transition behavior of the approximate models depends on the
model error in the noise inflation. The approximate model I behaves almost the same as the
perfect model due to its small noise inflation. The approximate model II is able to capture
the transition behavior in short and medium ranges if the initial values of y and z are off
the attractor. However, it fails to predict the two hidden variables after a very short period
if the initial value of x is off the attractor. On the other hand, the approximate model
IIT, which has the largest noise inflation coefficients, only has skillful prediction for a short

period no matter which variable starts from a value that is outside the attractor.
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(a) Perfect model; x(0) = 150

(b) Approx model |

(c) Approx model II

(d) Approx model Il
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FIG. 18. Prediction with an initial value starting outside the attractor. Panels (a)—(d): Prediction

where x starts at « = 150, which is a value that is off the attractor. Panels (e)—(h): Prediction

where both y and z start at y = z = 150, which are values that are off the attractor. Each PDF is

shown with 50 thin curves (blue for the perfect model and red for the approximate model), which

represent the 1st, 3nd, 5th, ..., 97th and 99th percentiles of the of the PDF. The green curve

represents the mode of the PDF since the PDF is non-Gaussian. The black dashed curve is the

true signal.

23



981

982

983

984

985

986

987

988

989

990

991

992

993

994

995

996

997

998

999

1000

1001

1002

1003

1004

VII. A PARADIGM MODELS FOR TOPOGRAPHIC MEAN FLOW
INTERACTION WITH REGIME SWITCHING BEHAVIOR

Regime switching between multiple metastable states is a key feature in many nonlinear
turbulent dynamical systems?°122. One example is the atmospheric flow regimes, which rep-
resent the recurrence of certain flow structures despite the intrinsic chaotic behavior of the
underlying system. The existence of persistent or recurrent weather patterns'?® with block-
ings is one of the most pronounced illustrations of synoptic-scale circulation regimes!'?412
while different circulation regimes and their switching were also found in planetary-scale
patterns'?%127. The metastable states have their unique dynamical behavior and the regime
switching often triggers extreme events and other important nonlinear phenomena. Notably,
the regimes can appear even though the observed data have a nearly Gaussian probability
distribution!?2128129 Duye to the highly complex nature of these regimes and their switching
behavior as well as only the availability of the partial observations, it is important to develop
suitable approximate models for capturing both the dynamical and statistical features of the
regime switching and for predicting the associated extreme events. In this section, we con-
centrate on the development of nonlinear low-order models to achieve the above tasks, where

the topographic effect is regarded as the result of random structures from either atmosphere

or ocean in intermediate and small scale.

A. The perfect model

Consider the barotropic quasi-geostrophic equations?,

%—FVLQb-Vq—i—u()—‘i‘ﬁ Yo, (262)
q= Ay +h, (26Db)

du 81/)
dat (9x (26¢)

This is an ideal model to study the complex nonlinear interaction of the large-scale and
the small-scale flow and the role of the topography. The model exhibits a regime switching
behavior with blocked and unblocked zonal flow structure despite that the associated PDF
of the zonal flow has only a single modal. The study of this model for understanding its

mathematical properties, developing reduced order models and uncertainty quantification
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2,36,53,130,131

can be found in a series of papers In particular, rigorous statistical bounds in

quantifying the uncertainty for the ensemble prediction of barotropic flow over topography
has been shown in a recent paper!'32,

In this model, the small-scale flow is given in terms of the stream function 1, and ¢ is the
small-scale potential vorticity. The large-scale velocity field only has the zonal component
u(t), and the topography is given by the function h = h(z,y). The parameter 5 > 0 is the
contribution from the beta-plane effect. Both the small-scale potential vorticity ¢ and the
small-scale stream function 1, as well as the topography h, are assumed to be 27-periodic
functions in both variables = and y with zero average. The large-scale velocity u(t) is strongly
coupled with the small-scale flow through equation (26¢), where the bar across the integral
sign indicates that the integral has been normalized by the area of the domain of integration.

Below, we consider a special situation to the full nonlinear system, which inherits the
nonlinear coupling of the small-scale flow with the large-scale mean flow via topographic
stress. The model is named as the layered topographic equations. Here the topography is
layered in the fixed direction [ = (I3, 1,). We assume that both ¢ and ¢ only depend on
£ =1 -F with 7 = (z,y). One key feature of the layered topographic equations is that
the small-scale nonlinear term in (26a), Vi - V1gq, is identically zero. Nevertheless, the
nonlinear coupling due to topographic stress remains and is responsible for much of the
complex behavior. Without loss of generality we can always rescale the system with [, # 0
to align to a special case with | = (1,0).

In such a situation, the Fourier expansion of 1) and h are given by
U,y t) =Y ()™,
k0

- (27)
h(z,y) = hpe™?,

where we have assumed that the topography has zero mean with respect to spatial average,
that is hy = 0. Substituting the ansatz (27) into (26) and adding stochastic forcing and

damping, we arrive at the layered topographic equations in Fourier form,

v N K, -
ﬁ = —dkwk + Zklx (W - U) @Z}k + Zk:2|l_|,2hku + O'ka,
) (28)
U . % :
== —dau—il, " khii + oW,

k+£0
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where * denotes the complex conjugate. In (28), ¥y, k = 1,2,..., A are the stream functions
and wu is the large-scale zonal velocity.

In the study here, we adopt A = 10 and therefore in total there are 21 modes in the
model (28), where 1 mode u represents the large-scale zonal flow. The other 20 modes
are for the small-scale stream functions with & = £1,..., 410, which based on the layered
topographic functions determine the meridional flows. We assign the following function for
the topography,

Z’ ez(k1‘+9k)
h(z) = Hl(cos(x) + sin(x)) + HQ(COS(QIL’) + sin(2x)> ~3 Z — +cc, (29)
3<k<A

where H; and H, are associated with the leading two Fourier modes k = +1,+2 while
the remaining part in (29) represents the amplitudes of the topography for other Fourier
modes. Here 0, are random phase and p is a power that controls the effects of the small-scale
topography. The topography plays an important role in altering the stream functions. With
a simple manipulation, it is easy to show that the topographic functions associated with the

first two Fourier modes are
h1:H1/2—H1/2’i, and h2:H2/2—H2/2Z (30)

The other hy, can also be written explicitly using (29). The following parameters are adopted
in the study here. The beta-plane effect is 8 = 2. The coefficients of the topography are
Hy =1 and Hy = 1/2. The damping coefficients are chosen as

dy, = d, = 0.0125, (31)

which represents a time scale of relaxation time of roughly 80 time units. Such a choice allows
a relatively slow (but not infinitely slow) mixing of the system. With different choices of
the stochastic noise, the system can also have fast mixing rate. Finally, the stochastic noise

coefficients are chosen as follows,

1 11
= Ok = — =7
20v/2 " o0V ke

(TIL —_= (T], —= (72 —=

forp=3,... A (32)

Dynamical regimes.

Two dynamical regimes will be studied below, which correspond to different values of p

with p = 1 and p = 0.5. Note that the “dynamical regimes” here should not be confused
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with the “regime switching”. The latter stands for the switching of the model variables
between different values or states within a given dynamical regime.

Figure 19 shows the time series of the zonal flow u, its associated PDFs and ACFs as
well as the accumulated energy in the small-scale stream functions. Here, the accumulated

energy E[iy.4] is defined as

S

Elpr = > lvnl® (33)

k=1

In the regime with p = 1, the trajectory of the zonal velocity u switches between roughly
two different states and it stays in each state for a while before switching to the other
(see Panel (a)). One state with positive u corresponding to the eastward zonal flow contain
extreme events. Despite the nearly “two-state” time series, the associated PDF of u is single
modal and is slightly skewed where a single (positive) side fat tail correspond to extreme
events for the eastward zonal flow. Note that the regime (state) switching behavior with

such a single modal distribution has been systematically studied in'??

. Despite the single
modal distribution, the ACF is highly different from a Gaussian model with exponential
decay. In fact, the ACF here first experiences a sharp decrease to ACF = 0.5 and then it
decays slowly with almost a linear decaying rate to zero. The total decaying time is about
60 time units. On the other hand, regarding the small-scale stream functions vy, the leading
two modes contain about 84% of the total energy. The ACF associated with ¢, has a strong
oscillation with a long memory while that associated with 15 only has a weak oscillation.
For modes v, with £ > 3, the ACFs decay quite fast.

Next, in p = 0.5 regime, the trajectory of the zonal velocity v has a relatively strong
mixing rate. The direction of the zonal velocity alternates between eastward and westward
quite frequently. Despite the Gaussian statistics, the dynamical regime is still chaotic. The
ACF associated with v now behaves in a very different way, where it oscillates and decays
quickly to zero. The leading two modes of the small-scale stream functions v); and 1y contain
about 61% of the total energy, and the ACFs associated with ¢, with & > 3 now decay more
slowly compared with those in p = 1 regime.

Notably, in both regimes, the total flow field alternatives between zonally blocked and
unblocked patterns as shown in Panels (j)—(k) and (u)—(v). Recall in (27) the topographic
effect is imposed on the layered modes with [ = (1,0). This implies that the contributions

of all the small-scale stream functions 1, are on the meridional flows while the zonal flow
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is driven by the large-scale zonal mode u. As a consequence, when the total flow field is
zonally blocked, the large scale zonal velocity u = 0 and the total energy lies in the small-
scale stream functions (see Panels (j) and (u)). Similarly, when the zonal flow becomes
dominant, its kinetic energy accounts for a large portion of the total energy (see Panels (k)
and (v)). Therefore, the regime switching not only alters the flow patterns but also adjusts

the energy contributions in the total flow field.
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FIG. 19. Dynamical regimes of the layered topographic model (28). Panels (a)-(k): regime with
p = 1. Panels (a)—(d) show the time series, PDF, PDF in logarithm scale and the ACF of u. Panel
(e) shows the accumulated energy E[i);.5] defined in (33). Panels (f)—(i) show the ACFs of the
first four stream functions. Panels (j)—(k) show the total streamline at two different time instants
marked in red dots in Panel (a). At these two time instants, the model shows the blocked and
unblocked zonal flow structure, respectively. Panels (1)—(v) are similar to (a)—(k) but for regime

with p = 0.5.
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B. The approximate model

Recall that the perfect model (28) has a 21-degree of freedom. The approximate model
developed here has a much simpler form, which includes only the zonal flow v and the leading
two Fourier wavenumbers (with k£ = £1 and £2).

The motivation of such a choice of the approximate model comes from the rapid decay
of the ACFs associated with the small-scale stream functions. In fact, as shown in Figure
19, the stream functions v, with k& = 3,...,10 decorrelate very fast while ¢); has a much
longer relaxation time and 1), also has some memory. Therefore, it is natural to retain the
dynamics of the leading two modes and incorporate the effects of the small- and fast-scale
modes using extra damping and stochastic forcing in the approximate model. This follows
the basic idea of the stochastic mode reduction strategy® %, though the manipulation here
is less sophisticated. It is also important to notice that the extra stochastic noise added into
the approximate model is crucial since the energy in modes ¥, for £ = 3,...,10 as shown
in Panels (e) and (p) of Figure 19 is non-negligible. Without these extra stochastic noise,
the total variance will be underestimated, which will severely affect the prediction skill of
the extreme events in the system.

For the simplicity of notation, we make a change of variables,

= sl =~ (o). and v = (=) — (i), (34)

and therefore the 5-mode approximate model is given by,

d .

d—? = w1 + 2W3U3 — duu + UuWua

d .

% — —61}2 —+ Vo — 20&)1” — d”UlUI + UlWl,

dv i

d_t2 = P — 11U — dy,V9 + 03 Wo, (35)
d .

% = —51)4 + 2u4u — w3u — dU3U3 + U3W37

d .

% = 51}3 — 2U3U — dv4v4 + J4W47

where w; = Hl/\/§ and ws = Hg/\/ﬁ. In (35), all the variables u, vy, vy, v3 and vy are real.
The damping and stochastic forcing here are different from the perfect model since they now
also include some effects from the smaller scale modes of the perfect model that are ignored
here. Notably, the approximate model (35) satisfies the physics constraint, where the total

energy in the nonlinear terms is conserved®3.
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C. Parameter estimation, data assimilation and long-term prediction skill

The system in (35) is a nonlinear system. In practice, the observational data of the leading
a few stream functions can be obtained. Therefore, we assume here the observational time
series of ¢y and 1, are available. As in many real applications of atmosphere and ocean, the
observational training data is very limited. Here only the short period as shown in Panel
(a) or Panel (1) of Figure 19 is used for model calibration. On the other hand, we assume
that there is no observations for the zonal flow u. Recall that u plays an important role in
transferring energy with the small-scale stream functions in a nonlinear way and altering the
system between zonally blocked and unblocked patterns. Thus, for predicting the extreme
events in the system, assimilating the unobserved zonal flow u becomes necessary. Note
that despite the intrinsic nonlinearity in the coupled system (35), the system belongs to the
conditional Gaussian framework as was discussed in Section II, which allows an efficient way

of implementing parameter estimation and data assimilation.
Parameter estimation.

Applying the parameter estimation algorithm described in Section III D, we arrive at the

following estimated parameters in the approximate model (35),
Regime p=1: d, = 0.0132, d, = 0.0187, o, = 0.0515, o, = 0.0501,
w1 = 0.7035, ws = 0.3508, B =1.9954,

Regime p = 0.5 : d, = 0.1417, d, = 0.0205, o, = 0.1450, o, = 0.0504,

wy = 0.6712, ws = 0.3485, B = 1.9963,

(36)
where we have assumed all the damping coefficients in the v; equations are the same and
all equal to d,. Similar assumption is used for the stochastic forcing coefficients in the v;
equations which all equal to o,.

For the estimated parameters, those with clear physical meanings, for example £, w; and
ws, are quite close to the truth. The other parameters, mainly the stochastic forcing and
damping coefficients, are different from those in the perfect model. Note in particular that
the noise coefficients in the approximate model are larger than those in the perfect model.

Such a judicious model error with noise inflation compensates the error in the approximate

model due to the ignorance of the small-scale stream functions ¢, from k = £3 to £10.
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Data assimilation.

Using the approximate model (35) as the forecast model for data assimilation of the
zonal flow wu, the assimilated values are almost the same as the truth (figures not shown
here) with a pattern correlation between the truth and the posterior mean states being 0.98
and 0.95 in p = 1 and p = 0.5 regimes, respectively. In addition, the amplitudes of the
assimilated states and the truth are also comparable with each other, implying the success
of assimilating the extreme events. These results indicate the skill of using the approximate
model in real-time state estimation of the unobserved process and accurately recovering the

overall flow structure.
Long-range forecast.

Figure 20 shows the long-term forecast results. Panels (a)—(b) present model trajectories
of 11,1, and wu simulated from the perfect model (28) and the approximate model (35)
in p = 1 regime. These are simply a free run of each model and therefore we do not
expect point-to-point correspondence between the two simulations due to the randomness.
Nevertheless, these trajectories indicate that the qualitative features from both the models
are similar. In particular, the approximate model succeeds in recovering the regime switching
behavior in u. In Panels (c)—(d), the ACFs and PDFs associated with both the models are
illustrated. The approximate model is quite skillful in capturing the strong oscillation, weak
oscillation and the slowly but non-exponential decay in the ACFs associated with v, 1y and
u respectively. The approximate model also succeeds in recovering the PDF's of all the three
variables, especially the variance which is important for predicting the extreme events in
short- and medium-range, as will be discussed in the next subsection. Similar conclusions
can be made in p = 0.5 regime. The only slight error lies in tracing the fast decay ACF of
u in the approximate model. But the equilibrium PDFs and the ACFs associated with 1/,

and 1y are recovered with high accuracy.
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(a) True signal (p = 1 regime) (b) Approx model signal (p = 1 regime) (c) ACFs (d) PDFs
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FIG. 20. Long-range forecasts of the layered topographic model. Panels (a)—(d): trajectories of

the perfect model, trajectories of the approximate model, ACFs and PDFs in p = 1 regime. Panels

(e)—(h): similar but for p = 0.5 regime.

62



1169

1170

1171

1172

1173

1174

1175

1176

1177

1178

1179

1180

1181

1182

1183

1184

1185

1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

D. Short- and medium-range forecast

With the approximate model and the assimilated initial conditions of u, the ensemble

forecast is applied to study the short- and medium-range forecasts.

Figure 21 shows the RMSE and Corr in the ensemble mean forecast as a function of the
lead time. As comparison, the prediction using the perfect model is also included (blue). The
approximate model has essentially the same skill as the perfect model in predicting all the
three variables 11,1y and u. The useful prediction based on these path-wise measurements
as well as the information criterion for comparing the predicted amplitudes (not shown here)
in p = 1 regime is about 5 units for all the three variables and that in p = 0.5 regime is
3.5,2.5 and 1 units for 11, 15 and u, respectively. Figure 22 shows the predicted trajectories
at lead time 1,2 and 3 units. The prediction of the extreme events up to 3 lead time units
in p = 1 is quite accurate in terms of both the predicted patterns and the amplitudes. The
p = 0.5 regime has a shorter range of useful predictions, but the overall skill up to 1 unit

for both quiescent and extreme events are significant.

Some case studies are included in Figure 23. In Panels (a)—(c), the ensemble prediction
starts from ¢ = 300,1390 and 1460, respectively, and each prediction is run for 30 units
forward. Although the overall skillful prediction in p = 1 regime as shown in Figure 21 is
5 units, the three events in Panels (a)—(c) of Figure 23 indicate that the useful prediction
depends on the initial phase and the follow-up structure of the signal. Despite the intrinsic
chaotic behavior, the useful prediction in case study 1 reaches 12 units, where all the extreme
events within this time interval are captured accurately by the approximate model. On the
other hand, the prediction in case study 2 is completely unskillful due to the fact that u has
no internal oscillation structure for this particular event while the long-term trend cannot
be captured by the ensemble mean forecast. Case study 3 shows a skillful prediction up
to 6 units where again the extreme events within this time interval are captured with high
accuracy.

Panels (d)—(e) in Figure 23 compare the predicted stream functions using the approximate
model with the truth in the case study 1 from Panel (a) at lead times 1.5 and 6.3, where the
truth is generated from the perfect 21-mode model. The true values of the large-scale zonal
flow at these two time instants are u = 0.727 and u = —0.03, respectively. The approximate

model is quite skillful in predicting the overall flow patterns. In particular, the predictions
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succeed in capturing the regime switching phenomenon with a zonally unblocked structure
at t = 301.5 and a zonally blocked structure at ¢ = 306.3. There are some small errors in the
prediction. For example, in Panel (d) the true signal at z = 0.8 has a sudden increase in the
meridional velocity while it is missed in the prediction using the 5-mode approximate model.
This meridional velocity is actually triggered by the modes ¥,k = 3,4, ..., which are not
included approximate model. Therefore, even if u,; and 1 are predicted almost perfectly,
which is the case here, there can be a small intrinsic barrier in recovering the original field
because of the simplification of the model by dropping the smaller scale modes.

Similar conclusions are reached for p = 0.5 regime, as can be see in Panels (f)—(j) in Figure
23, despite that the useful prediction becomes shorter due to the more intrinsic turbulent

behavior in this regime.

(&) RMSE (p =1 regime) (b) Corr (p =1 regime) (c) RMSE (p = 0.5 regime) (d) Corr (p = 0.5 regime)
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FIG. 21. Short- and medium-range forecasts of the layered topographic model. Panels (a)—(b)
show the RMSE and Corr as a function of the lead time in p = 1 regime. Panels (c)—(d) show
those in p = 0.5 regime. The black dashed lines in the RMSE panels show the standard deviation

of the true signal and those in the Corr panels show the Corr= 0.5 threshold.
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FIG. 22. The truth and the ensemble mean prediction at three different lead times 1,2 and 3 using

the approximate model with assimilated initial conditions of w. Panels (a)—(c): p = 1 regime.

Panels (d)—(f): p = 0.5 regime.
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(a) Case study 1 (p = 1 regime)
0.5

(b) Case study 2 (p =1 regime) (c) Case study 3 (p = 1 regime)
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FIG. 23. Case studies of the ensemble prediction. Panels (a)-(e): p = 1 regime. Panels (f)—(j):

p = 0.5 regime. In each subpanel of (a)—(c) and (f)—(h) the blue curve shows the truth and the

red one shows the ensemble mean forecasts which is averaged over 50 ensemble members in green.

Panels (d)—(e) compare the truth and the predicted overall streamlines in p = 1 regime at ¢ = 301.5

and ¢ = 306.3 (marked in black '+’ in Panel (a)), where the starting time is ¢ = 300. Panels (i)—(j)

compare the truth and the predicted overall streamlines in p = 0.5 regime at ¢ = 351 and ¢ = 352.8

(marked in black '+’ in Panel (f)), where the starting time is ¢t = 350.
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E. Prediction with an initial value starting outside the attractor

Finally, we study the prediction skill of the approximate model, which starts from a
value that is outside the attractor. In the three columns of Figure 24, we show the ensemble
predictions in p = 1 regime by letting the initial value of u, ¢); and 1), be outside the attractor,
respectively. It is not difficult to tell that the true trajectories starting from values outside
the attractor behave in a very different way from those inside the attractor.

When u(0) is outside the attractor (Column (a)), the ensemble mean prediction using
the approximate model is accurate up to 3 units. The ensemble spread is very skillful in
capturing the envelope of the true signals as time evolves. When 9, (0) is outside the attractor
(Column (b)). The useful ensemble mean prediction using the approximate model is about
10 units. The extreme events within this 10-unit interval in the zonal velocity are accurately
captured. Again, the ensemble spread clearly and accurately indicates the amplitudes in the
true signal. When 19(0) is outside the attractor (Column (c)). The skillful ensemble mean
prediction using the approximate model extends to 20 units! Note that within the first 10
units, the ensemble spread is very narrow, indicating the high confidence in the ensemble

mean prediction, including all the extreme events.

(a) Case study 1:u(0) =5 (b) Case study 2: ¢, (0)=5 (c) Case study 2: y,(0) =5
10 5

FIG. 24. Prediction using the approximate model starting from a point that is outside the attractor.
Column (a) shows that when generating the true signal from the prefect model, the initial value of
11 is outside the attractor. Columns (b) and (c) show that the initial value of ¢2 and u are outside
the attractor respectively. Again, the blue curve is the true and the red curve is the ensemble mean

prediction with the 50 ensemble members shown in green. Here p = 1.
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VIII. A 6-DIMENSIONAL LOW-ORDER MODEL MIMICKING THE
CHARNEY-DEVORE (CDV) MODEL

A. The perfect model and its properties

Charney and DeVore (CDV) made an fundamental contribution for the regime switching
behavior of the atmosphere!?°. In this section, a 6-dimensional low-order model that mimics
the dynamical behavior of the CDV model is used as the perfect model. Despite the regime
switching behavior, this model has distinct mathematical structures and physical mecha-
nisms compared with the one studied in the previous section. It also possesses some unique
features, as will be discussed at the end of this subsection, that provide a very tough test
for predicting the extreme events and the transition behavior. The goal here is to design
suitable and efficient strategies of developing an approximate model that is able to predict
the extreme events and other non-Gaussian features in such a model.

This 6-dimensional low-order model is obtained by a Galerkin projection and truncation

1133,134

of the barotropic vorticity equation on a [-plane channe The barotropic vorticity

equation is the following,

—V2¢— —J (0, V2 + f +yh) = OV (¢ =47, (37)

where the domain of longitude and latitude (x,y) are given by [0, 27| x [0, wb]. The parameter
b = 2B/ L determines the ratio between the dimensional zonal length L and the meridional
width B of the channel. The stream function % is periodic in . The meridional boundaries
y = 0 and y = 7 have the conditions dv/0x = 0 and fOZW(az/)/ay)dx = 0. The Coriolis
parameter f generates the beta effect in model. Orography enters with h, the orographic
height, and is scaled with v. J is the Jacobi operator and the damping coefficient C' is
the newtonian relaxation to the streamfunction profile ¢*, which represents the forcing
associated with the two zonal modes as will be discussed shortly. Next, the barotropic
vorticity equation (37) is projected on a set of basis functions which are eigenfunctions of

the Laplace operator V2,
Gom(y) = V2cos(my/b),  dum(x,y) = V26" sin(my/b),

The 6-dimensional model is obtained by truncating the expansion of the stream function

and the topographic height after |n| = 1 and m = 2. Then the time-dependent complex
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variables of the stream functions g1, Y2, V411, Y112 are transformed to real variables:

Ty = %Qﬂm, Ty = —= (1 +¢¥_n), xr3 = (1/)11 —Y_11),

b\/_ b\/_

1
Ty = —g2, x
4 b¢02 5= \/— ) \/—
while the topography h is chosen to have only the (1, 1) wave profile,

(Y12 + _12), e = —= (12 — ¥_12),

h(z,y) = cos(z)sin(y/b).

These manipulations lead to a 6-dimensional ODE model, where z1, x4 represent the zonal
flow, xs, x3 are the topographic Rossby waves and x5, x4 are the Rossby waves.

In the study here, extra small noise is added to this model, which allows some effects
from the small-scale modes to enter into this low-order model. The noisy version of the

6-dimensional CDV model reads,
dr, = (ﬁxg —C(z1 — x”{))dt + o1dWh,

voxg — Clxy — ) + (o — x3x5)>dt + 04dWy,

dry = (
( (anzy — Pr)ws — Cag — 51x4x6> dt + oodWs,
( axy — Pr)rs — 1y — Cars + 51x4x5>dt + o3dWs3,
dxs = (

Oég[L‘l 52)1’6 — OZE5 (521‘4[L’3> dt + O'5dW5,
drg = ((agxl — B2)x5 — yas — Cwg + 52$4$2>dt + o6dWs.

Here the terms multiplied by «; model the advection of the waves by the zonal flow. The
B; terms are due to the Coriolis force; the v terms are generated by the topography. The
C' terms are the Newtonian damping to the zonal profile z* = (z7,0,0,z5,0,0). The §—
and e—terms describe the nonlinear triad interaction between the zonal (0,2) mode and the
(1,1) and (1,2) waves. This triad is responsible for the possibility of barotropic instability
of the (0,2) mode. Note that the model is scaled such that 1 time unit in the model roughly
corresponds to 1 day.

Following!®3!34 the following parameter values are taken: C' = 0.1, corresponding to a
damping time of 10 days; 8 = 1.25, corresponding to a channel centered around a latitude
of 45%; b = 0.5, the north-south extent of the channel is 25% of its east-west extent; and
x7 = 0.95 and z; = —0.76095. These parameters allow a combination of topographic and

barotropic instabilities. The noise coefficients added here are o1 = ... = gg = 0.005. Such
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a choice of the noise coefficients allow the dynamical behavior of this stochastic model to
remain similar to its deterministic version as was studied in!3334,

Note that x; and x4 associated with 1y, and 1)yo describe the zonal flows, and the forcing
x] and z} are only imposed on these modes. Therefore, it is natural to assume x; and z4
are the observed variables while zs, 3, x5 and xg are unobserved. The goal is to predict the

extreme events in the system given only short trajectories of x; and x4.
Model properties.

Panels (a)-(c) of Figure 25 show the chaotic trajectories, non-Gaussian PDFs and the
ACFs of the model (38). It is easy to tell from the model trajectories that this model
has multiple equilibria, which is confirmed by the phase plot (z1,z4) in Panel (d) (two
stable equilibria; top left and bottom right). The spatial patterns associated with these two
equilibria are quite different with each other, as shown in Panels (e) and (f) for two sample
events corresponding to the time instants marked in red in Panel (a) that lie near these two
equilibria. The streamlines shown in Panel (e) corresponds to an equilibria with largely zonal
character with strong zonal jets while that in Panel (f) is dominated by topographically
effects with vortices and meander jets. When the blocking events happen, x; reaches its
maximum while x4 lies in its minimum value.

Panel (b) shows the equilibrium PDFs of all the 6 model variables. The profiles of these
PDFs are quite different: x; and x3 have weakly bimodal distributions; x5, x4 and x4 are
highly skewed with an one-sided fat tail towards the negative side; and x5 is skewed with
a fat tail towards the positive side. Panel (c) illustrates the ACFs, which imply multiple
decorrelation time scales of the system, where x1, x3 and 4 has a much longer memory than
T, x5 and xg.

One very interesting and important feature of this model (or more precisely its determinis-
tic version) is that projecting this 6-dimensional model to its leading 5 Empirical Orthogonal
Functions (EOFs) explains 99.5% of the variance. However, such a 5-dimensional projected
dynamics completely misses the dynamical features in the original model, where the multiple
equilibria disappears and the 5-dimensional model cannot reproduce regime transitions!*.
Therefore, this 6-dimensional model provides a very useful and tough testbed for developing
suitable approximate models in predicting the transition behavior and extreme events in

highly chaotic systems.
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FIG. 25. Panels (a)—(c): Model trajectories, PDFs and ACFs of the 6-D CDV model (38). The
black dashed lines in column (b) show the Gaussian fits of the PDFs. Panel (d): Phase plot of
(x1,x4). Panels (e)—(f): Streamlines at ¢ = 3333 and ¢ = 2500, corresponding to the time instants

marked in red dots in Panel (a).
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B. The approximate model

Our goal here is to develop a suitable approximate model for describing and predicting
the key features of the 6-dimensional low-order CDV model (38). Recall that the conditional
Gaussian nonlinear models in Section II allow an efficient and accurate data assimilation al-
gorithm, which facilitates effective predictions. Therefore, it is natural to develop a suitable
approximate model that belongs to the conditional Gaussian nonlinear modeling framework.
Note that by observing z; and x4, the 6-dimensional CDV model (38) is not a conditional
Gaussian model due to the nonlinear coupling term €(zoxs — x325). In fact, the topographic
Rossby waves x9, x3 and the Rossby waves x5, x4 interact with each other through the above
nonlinear coupled term. Only in the absence of the Rossby waves x5, x4, the coupled sys-
tem x1,...,x4 is a conditional Gaussian system. Therefore, suitable strategies need to be

developed to cope with this nonlinear term in the approximate model.
Strategy 1: A bare truncation model.

The simplest way to deal with this nonlinear term is to build a bare truncation model,
where the nonlinear term e(zox6 — x3x5) is completely dropped. However, this bare trunca-
tion model suffers from finite time blowup issue. In fact, the blowup occurs very quickly and
even for a very short lead time (much shorter than the decorrelation time), the predicted

values have a large chance to go to infinity.
Strategy 2: A nonlinear approximate model with linear feedback terms.

Another straightforward idea is to replace the quadratic term e(xoxg — x3x5) by a combi-
nation of four linear terms ci;x9 + coxg — c3x3 — c4x5. This approximation is better than the
bare truncation model in the sense that the system will not blow up in a very short term.
However, the predicted trajectories from this model still have a high probability to blow up
in a finite time. In addition, the skillful prediction only lasts for very short time even if the

predicted amplitude remains finite within that range.
Strategy 3: An approximate model with a stochastic forcing term.

Instead of using a deterministic and linear way to parameterize the nonlinear quadratic
term, a new strategy is developed here, which involves using a simple stochastic forcing

process b; to describe the effect of the quadratic term e(xoxg — z375). The approximate
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model reads,
Yixs — Clxy — :131)>dt + o1dWh,

Yole — C lL‘4 —$4)+b1>dt+04dW4,

O./lfL‘l 61)1’3 - OZEQ 51[L‘4l’6> dt + O'QdWQ,

(39)

O./QZL'l 62)176 - OZE5 521‘4.1’3) dt + 0'5dW5,

dl’l

dl’4
a1 — PBo)rs5 — Yorq — Cxg + 52$4$2>dt + 06d W,

db, =

(
(o
.= (-
( a1zt — B)ws — 1y — s + 51m4x5>dt + osdWs,
= (-
N
(-

dpby + opby + fb) dt + opdWh,
dby — ( — dyby — ouby + fb> dt + opd W,

This is motivated by the SPEKF model*®*°, where a stochastic forcing is able to automati-
cally learn the missing information on the fly via online data assimilation. Here, we adopt the
simplest possible choice — a stochastic forcing b; driven by a Gaussian process. Note that
two new processes b, and b, are actually incorporated into the approximate model. They to-
gether form a linear stochastic oscillator while only b, gives feedback to the x4 process. The
reason to impose an “oscillated” forcing is that all the variables z; have chaotic oscillator
structures and so does the nonlinear term €(zyx6 — x3x5). As will be seen below, with this
cheap stochastic strategy, the approximate model is able to avoid finite time blowup issue
and it provides surprisingly skillful predictions in both short and medium ranges. Notably,
treating b; and by as the extra unobserved variables, the resulting 8-dimensional nonlin-
ear system in (39) is a conditional Gaussian nonlinear model, where only x; and xs have

observations. The estimated parameters are given by:
F, = 0.0081, wp = 0.6815, dp = 0.1339, op = 0.01326. (40)
Below the focus will be on the data assimilation and prediction skill using the approximate

model in (39).

C. Data assimilation

Since the approximate model with the stochastic forcing (39) is a conditional Gaussian

system, the data assimilation algorithm (3) provides an efficient state estimation of both
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the unobserved variables xs,x3, x5, ¢ and the stochastic forcing by, by, which are shown
in Figure 26 (in red color). As comparison, we also show the truth of the unobserved
variables xs, x3, z5, T (in blue color). It is clear that the data assimilation with the help
of such a stochastic forcing term provides very accurate estimation of the hidden variables
To, X3, T5, Tg, Where the pattern correlation of the assimilated and the true signals is higher
than 0.95 for all the variables.

Another striking result is presented in Panels (c) and (d) of Figure 26, where a comparison
between the assimilated state of the stochastic forcing b; and the nonlinear term e(zozs —
x3x;5) computed from the perfect model is illustrated. It is clear that the stochastic forcing
b1 almost perfectly recovers the nonlinear feedback, especially at the time instants that the
nonlinear feedback is intermittent. This is a very important feature because it guarantees
that the stochastic forcing is able to, at least for a short term, play the role of the nonlinear

feedback term in prediction.
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FIG. 26. Data assimilation of the 6-D CDV model using the approximate model (39).
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(a): the true signals of z1 and x4. Panels (b)—(c) the true and the assimilated posterior mean of

x9,x3, x5 and xg, and the assimilated stochastic forcing be and b;. Panel (d): the true value of the

nonlinear term €(zoxg — r3x5). A zoomed-in period of b; and the nonlinear term is also shown for

comparison.
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D. Predictions

Short- and medium-range forecasts.

Our focus now is on the short- and medium-range forecasts. In Figure 27, the prediction
skill in terms of the RMSE and Corr as a function of lead time is presented. The blue curves
show the predictions using the perfect model with the perfect initial conditions; the red
curves show those using the approximate model (39) with the perfect initial conditions; and
the green curves show those using the approximate model (39) and the assimilated initial
conditions. The ensemble mean is used here for computing the RMSE and Corr.

Despite that the prediction using the approximate model (39) is less skillful than that
using the perfect model as the increase of lead time, it is clear that the useful prediction for all
the variables using the approximate model (39) is still at least 8 units. For some variables
such as x3 the useful prediction is 16 days and for x; it is much longer. In addition,
the approximate model (39) using the assimilated initial conditions has nearly the same
prediction skill as that using the perfect initial conditions, which verifies the accuracy in the
assimilated states. These results imply that the approximate model is a suitable model for
both short- and medium-range forecasts of such an extremely tough test model.

Figures 28-29 include two case studies of the prediction tests. The ensemble mean pre-
diction shown in Figure 28 is extremely accurate for both short and medium ranges. On the
other hand, although the ensemble mean prediction in Figure 29 has a slight phase shift,
which results in the deterioration of the pattern correlation, the overall prediction using the
approximate model remains skillful. From these figures, it is clear that most of the extreme
events take around 8 units to develop from the onset phase to the peak, which is within the
skillful prediction range of the approximate model (39). Therefore, the approximate model
is able to predict the entire development phase of the extreme events. On the other hand,
starting from the peak of an extreme event, the approximate model succeeds in predicting
the returning path to the quiescent state. In addition to the ensemble mean, the ensemble
envelope also plays an important role in the prediction here. In fact, despite a slight phase
shift in the ensemble mean prediction in Figure 29, the ensemble envelope clearly predicts
the correct overall time evolution trends of the truth. Admittedly, the ensemble spread
using the approximate model with the assimilated initial condition is larger than the pre-

diction with the perfect initial condition, which is mainly due to the initial uncertainty in

76



1394

1395

1396

1397

1398

1399

1400

1401

1402

1403

1404

1405

1406

1407

1408

1409

1410

1411

1412

assimilating the hidden variables and the uncertainty introduced from the stochastic forcing.
Nevertheless, the correct trends are still unambiguously predicted by the ensemble members

in both short and medium terms.
Long range forecast.

The approximate model (39) fails to reproduce the same long-term equilibrium PDFs as
the truth. This is not surprising since the stochastic forcing for the long range forecast loses
its memory of the initial condition and essentially becomes a constant. Its contribution to
the system is then quite different from the original nonlinear term e(zox5 — x326), which
evolves in time. Note that the study in the previous work™ has already illustrated that in
the presence of model error it is extremely difficult to develop suitable approximate models
that are able to simultaneously have both short and long range forecast skill. Nevertheless,
the approximate model (39) is still able to provide some useful information for the long-
range forecasts. First, the approximate model (39) avoids finite-time blowup issue and
its equilibrium PDFs contain non-Gaussian features, which already outweighs many other
approximation strategies, such as bare truncation and linear approximations, for describing
strongly chaotic systems. Second, the ACFs of z1, 29 and x3 from the approximate model
(39) are quite similar to the truth and the errors in the ACFs of x4, 25 and zg are also only
moderate. These features in the ACFs together with the accurate data assimilation results

actually guarantee the skillful short- and medium-range forecasts.
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FIG. 27. Short- and medium-range forecasts using the perfect model and the approximate model
(39). Top and bottom rows show the RMSE and Corr and a function of lead time. The blue curves
show the predictions using the perfect model with the perfect initial conditions; the red curves
show those using the approximate model (39) model with the perfect initial conditions; and the
green curves show those using the approximate model (39) and the assimilated initial conditions.

The ensemble mean is used here for computing the RMSE and Corr with the truth.
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FIG. 28. Case study. Prediction starting from ¢ = 1300. Note that each PDF is shown with 50
thin curves (blue for the perfect model and red for the approximate model), which represent the
1st, 3nd, 5th, ..., 97th and 99th percentiles of the of the PDF. The green curve represents the

mode of the PDF since the PDF is non-Gaussian. The black dashed curve is the true signal.
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IX. CONCLUSION

Extreme events appear in many complex nonlinear dynamical systems. Predicting ex-
treme events has both scientific significance and practical implications. The main difficulties
in predicting the extreme events include the lack of a complete understanding of physics,
the unaffordable computational cost of running the complex dynamical systems and the
errors in data assimilation or state estimation. Notably, in many practical situations, only
partially observed time series are available for model calibration and the training period is
often very short. All these facts result in great challenges and lead to the failure of many

purely data-driven methods in the extreme events prediction.

In this paper, a new mathematical framework of building suitable nonlinear approximate
models is developed, which aims at predicting both the observed and hidden extreme events
in complex nonlinear dynamical systems using only short and partially observed training
time series. The models belonging to this mathematical framework are highly nonlinear and
are able to capture many key non-Gaussian characteristics as observed in nature. Physically
motivated processes and physics constraints can be incorporated into the models, which make
this framework fundamentally different from many purely data-driven statistical models that
have no clear physical meanings. Such a feature also allows using only a short training time
series for model calibration. In addition, this modeling framework provides closed analytic
formulae for assimilating the states of the unobserved variables, which is computationally
efficient and accurate. The details of this modeling framework is shown in Section II. Section
III contains the efficient and accurate data assimilation, parameter estimation and prediction
algorithms as well as the details of using both the path-wise and information measurements
in quantifying the prediction skill. Different effective and practical strategies of developing
suitable approximate models for predicting extreme events and other non-Gaussian features
in various complex turbulent dynamical systems are illustrated in Section IV to Section

VIII.

In Section IV, the skill of applying a cheap stochastic parameterization to approximate the
complicated dynamical behavior in the hidden process is explored. This simple and efficient
stochastic parameterization is able to recover the nonlinear feedback from the unresolved
variable to the observed one. Notably, the nonlinear approximate model with such a cheap

stochastic parameterization has nearly the same skill in predicting the extreme events at
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all short, medium and long ranges. Section V makes use of a nonlinear dyad model to
show the success of applying a simple feedback control strategy in the approximate model
to facilitate the prediction of the hidden extreme events, which is a great challenge given
only partial observations. In Section VI, the Lorenz 63 model is used as a simple test model
for predicting extreme events in the intrinsic chaotic models. The goal for testing this
model is to understand the model error due to the noise inflation in affecting the extreme
events prediction, where the noise inflation is a typical strategy of developing approximate
models in many real applications. It is shown that a moderate noise inflation retains the
skill of the extreme events prediction at all short, medium and long ranges. Next, regime
switching between multiple metastable states is a key feature in many nonlinear turbulent
dynamical systems. Section VII starts with a 21-dimensional nonlinear topographic mean
flow interaction model with regime switching. A simplified version of the stochastic mode
reduction strategy is applied in a suitable way to develop an approximate physics-constrained
nonlinear model with only 5 dimensions. The 5-dimensional physics-constrained nonlinear
model has a significant skill in predicting both the observed and hidden extreme events as
well as other non-Gaussian features, nearly the same as the perfect model prediction. It
also succeeds in predicting the regime switching between the zonally blocked and unblocked
patterns with high accuracy. In Section VIII, a 6-dimensional low-order Charney-DeVore
(CDV) model is used as a testbed for predicting extreme events. This model is highly
nonlinear and has strong chaotic features. The leading 5 EOFs contain more than 99.5%
of the explained variance but they completely miss the nonlinear dynamical features and
the regime switching behavior. Therefore, this 6-dimensional model is an extremely tough
test model for predicting the intrinsic nonlinear transitions and extreme events. It is shown
that a simple but judicious linear stochastic process with additive noise and memory has
a significant skill in learning certain complicated nonlinear effects of this model on the fly.
The resulting approximate nonlinear model by incorporating such a simple stochastic process
allows efficient and accurate data assimilation. It succeeds in predicting both the observed

and hidden extreme events in short and medium terms.
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