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Abstract: Adams’ inequality is an extension of the Trudinger-Moser inequality to
the case when the Sobolev space considered has more than one derivative. The goal of
this paper is to give the optimal growth rate of the exponential type function in Adams’
inequality when the problem is considered in the whole space R*.

1. INTRODUCTION

Trudinger-Moser inequality is a subsitute to the well known Sobolev embedding theorem
when the critical exponent is infinity since W, ™(€2) ¢ L°(Q) when Q C R",n > 2, is a
bounded domain. Adams’ inequality is an extension of the Trudinger-Moser inequality to
the case when the Sobolev space considered has more than one derivative. The goal of
this paper is to give the optimal growth rate of the exponential type function when the
problem is considered in the whole space R*.

1.1. Trudinger-Moser inequality. Let 2 C R",n > 2, be a bounded domain. The

Sobolev embedding theorem asserts that, for p < n,
WhPQ) cLIQ) 1<q< 2

n—p

If we look at the limiting Sobolev case, namely p = n, then

W, ™M(Q) C LI(Q) Vg>1,

but it is well known that .
Wy " () € L=(Q).
1



2 NADER MASMOUDI AND FEDERICA SANI

In other words, in the limiting case the Sobolev embedding theorem does not give a
notion of critical growth. In 1970, J. Moser in [28] refined a result proved independently
by V. I. Yudovich [39], S. I. Pohozaev [32] and N. S. Trudinger [38] and obtained a notion

of critical growth for the Sobolev spaces VVO1 'P(Q) in the limiting case p = n.

Theorem 1.1 ([28], Theorem 1). There exists a constant Cy, > 0 such that

sup / ™ de < €419 Va < ap (1.1)
ueWg ™ (@), | Vulla<1 /9

1/(n—1)
n—1

is the surface measure of the unit sphere S"~1 C R™. Furthermore (1.1) is sharp, i.e. if
a > ay, then the supremum in (1.1) is infinite.

where |Vul|r = [, |Vu|"dx denotes the Dirichlet norm of u, oy = nw and wp—1

In the literature (1.1) is known under the name Trudinger-Moser inequality. This inequal-
ity has been extended in various directions. Related results and variants can be found
in several papers, see e.g. Y. Li [22, 23] for generalizations to functions on compact Rie-
mannian manifolds and A. Cianchi [13] for a sharp inequality concerning functions without
boundary conditions. For Trudinger-Moser type inequalities in other function spaces, in
particular Orlicz and Lorentz spaces, see e.g. A. Cianchi [11, 12], A. Alvino, V. Ferone and
G. Trombetti [5], B. Ruf and C. Tarsi [35], H. Bahouri, M. Majdoub and N. Masmoudi
[6, 7], Adimurthi and K. Tintarev [4] and O. Druet [3]. Concentration and compactness
properties of sequences bounded in W1 were also studied in [10, 26, 29, 6]. We also
mention that in a recent paper [15], D. G. De Figueiredo, J. M. Do O and B. Ruf gave an
interesting overview of results concerning Trudinger-Moser type inequalities with applica-
tions to related equations and systems [16]. In addition to applications in elliptic systems,
this inequality was also applied to Klein-Gordon equation with exponential nonlinearities
[19, 20]. In this paper, firstly we will focus our attention on last developments in the study
of Trudiger-Moser type inequalities which are domain independent, thus valid in the whole
space R™ and, then we will consider possible generalizations at the case of Sobolev spaces
involving second order derivatives.

An interesting extension of (1.1) is to construct Trudinger-Moser type inequalities for
domains with infinite measure. In fact, we can notice that the bound in (1.1) becomes
infinite, even in the case o < avp, for domains Q C R"™ with |Q] = +00 and consequently
the original form of the Trudinger-Moser inequality is not available in these cases. One of
the first results in this direction is due to S. Adachi and K. Tanaka [2]:

Theorem 1.2 ([2], Theorem 0.1 and Theorem 0.2). Let ¥(t) := e — Z;L:_gz—], For
a € (0, ay,) there exists a constant C(a) > 0 such that

/ P(alu7T)de < C(a)|ul” Yu € WEMR?) with |Vull, <1, (1.2)
Rn

and this inequality is false for a > ay,.

The limit exponent «, is excluded in (1.2), which is quite different from Moser’s result
(see Theorem 1.1). However, in the case n = 2 (i.e. for Wol’Q(Q) with Q C R?), B. Ruf
[33] showed that if the Dirichlet norm is replaced by the standard Sobolev norm, namely

[l = [Vl + llully,

then the exponent o = 4w becomes admissible. Strengthening the norm in this way,
the result of Moser (Theorem 1.1) can be fully extended to unbounded domains and the
supremum in (1.1) is uniformly bounded independently of the domain Q C R?:
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Theorem 1.3 ([33], Theorem 1.1). There exists a constant C > 0 such that for any
domain Q C R?
sup /(647”‘2 —1)dz <C (1.3)
ueWy (), llully1,2<1 /€
and this inequality is sharp.

In [24], Y. Li and B. Ruf extended Theorem 1.3 to arbitrary dimensions n > 3, i.e. to
W, ™(Q) with Q C R™ not necessarily bounded and n > 3.

In short, the failure of the original Trudinger-Moser inequality (1.1) on R" can be re-
covered either by weakening the exponent a = nwrll/_(?_l) or by strengthening the Dirichlet
norm ||Vul|,. Then a natural question arises:

What if we keep both the conditions o = nwi/f(?fl) and |Vu|, <17

In the 2-dimensional case, an answer to this question is due to S. Ibrahim, N. Masmoudi
and K. Nakanishi [21] and the idea is to weaken the exponential nonlinearity as follows

Theorem 1.4 ([21], Proposition 1.4). There ezists a constant C > 0 such that

2

et —1 2 1,2 (p2
S — < ’ ) <1. .
/R2 A5 )2 dz < Cllullz Yu e WH2(R%) with |[Vull2 <1 (1.4)

Moreover, this fails if the power 2 in the denominator is replaced with any p < 2.

Obviously this last inequality implies (1.2) and it is interesting to notice that it also
implies inequality (1.3), which is not so obvious. This improved inequality has some
application to the Klein-Gordon equation with exponential nonlinearity [20].

Remark 1. When one deals with Trudinger-Moser type inequalities, as (1.1), (1.2), (1.3)
and (1.4), the target space is a Sobolev space involving first order derivatives, i.e. W1 ™. In
these spaces it is easy to reduce the problem to the radial case considering the rearrange-
ments of functions. In fact, given a function u € VVO1 () with © C R", the spherically
symmetric decreasing rearrangement uf of u (see Section 3.1 for a precise definition) is
such that uf € Wy " (Q¥), ||uf|, = [lull, and

/Q g(jul) dz = /Q 9l da,

for any Borel measurable function g : R — R such that ¢ > 0. Moreover, accordingly to
the Pdlya-Szégo inequality,

IVl < [[Vup. (1.5)
The reduction of the problem to the radial case by mean of the rearrangements of functions
is a key tool in the proof of all the previous results.

1.2. Adams’ inequality. In 1988 D. R. Adams [1] obtained another interesting extension
of (1.1) for Sobolev spaces involving higher order derivatives. Let Q C R™ with n > 2, if
we consider spaces of the form VVO2 2(Q) then the limiting case in the Sobolev embedding
theorem corresponds to the dimension n = 4 and in this particular case Adams’ result can
be stated as follows.

Theorem 1.5 ([1], Theorem 1). Let @ C R* be a bounded domain. Then there evists a
constant C > 0 such that

sup / 32 gy < C|Q| (1.6)
weWP2(Q), |Aull2<1 7

and this inequality is sharp.
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We point out that some authors (see [25], [37] and [34]) have remarked that the proof
of Adams’ can, in fact, be adapted in order to obtain a stronger inequality involving a
larger class of functions, i.e. the Sobolev space W%2(Q2) N ng *2(€2). More precisely,

Theorem 1.6 ([25], [37] and [34]). Let Q@ C R* be a bounded domain. Then there erists
a constant C > 0 such that

2,2
sup / 32 dr < O
ueW2 20wy 2(Q), | Aufl2<1 /€2

and this inequality is sharp.

In particular, we bring the reader’s attention to the paper [37] where C. Tarsi suggests
a proof of Theorem 1.6 which differs esserntially from Adams’ one and relies on sharp
embeddings into Zygmund spaces.

We recall that L. Fontana [17] proved that the complete analogue of Adams’ theo-
rem, Theorem 1.5, is valid for every compact smooth Riemannian manifold M. See also
L. Fontana and C. Morpurgo [18] for a generalization of Adams’ result to functions defined
on arbitrary measure spaces.

As in the case of first order derivatives, one notes that the bound in (1.6) becomes
infinite for domains 2 with |Q2| = +o00. In [34] the authors show that, replacing the norm
|Aul|2 by the full Sobolev norm

lellfya2 = [|Aull3 + Va3 + ul3,
the supremum in (1.6) is bounded by a constant independent of the domain © C R%.

Theorem 1.7 ([34], Theorem 1.4). There exists a constant C' > 0 such that for any
domain Q C R*

Sup /(6327r2u2 B 1) d‘,r S Cl (17)
ueWg (), |lully2,2<1 /9

and this inequality is sharp.

Remark 2. Dealing with higher order derivatives, the problem cannot be reduced directly
to radial case. In fact, given a function u € W?2(Q), we do not know whether or not u?
still belongs to W22(Qf) and, even in the case uf € W*2(QF), no inequality of the form
(1.5) is known to hold for higher order derivatives. Adams’ approach to this difficulty
is to express u as Riesz potential of its Laplacian and then apply a result of O’Neil on
non-increasing rearrangements for convolution integrals (see also Section 8). To overcome
the same difficulty, in [34] the authors apply a suitable comparison principle, which leads
to compare a function u € W22(Q)N VVO1 *2(€2) not necessarily radial with a radial function
veW22(QHN I/VO1 ’2(Qﬁ), preserving a full Sobolev norm equivalent to the standard one
and increasing the integral, i.e.

/(632“2“2 —1)dx < / (632“2”2 —1)dx.
Q Qf

2. MAIN RESULTS

As in the case of first order derivatives, we ask the question:

How can we modify the exponential nonlinearity in order to obtain an analogue of
Theorem, 1.4 for the Sobolev space W2 2(R*)?

The main result of this paper gives an answer to this question:
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Theorem 2.1. (Adams’ inequality with the exact growth.) There exists a constant
C > 0 such that

6327T2u2 _ 5 99,4
- < ’ ) <1. .
/R4 A5 )2 de < Cllullz Yue W=(R*) with ||Aull2 <1 (2.1)

Moreover, this fails if the power 2 in the denominator is replaced with any p < 2.

We recall that T. Ogawa and T. Ozawa [30] proved the existence of positive constants
a and C' such that

/@W—nmsmw%w€wmﬁﬂwamék (2.2)
R4

The proof of this result follows the original idea of N. S. Trudinger; making use of the
power series expansion of the exponential function, the problem reduces to majorizing each
term of the expansion in terms of the Sobolev norms in order that the resulting power
series should converge. But with these arguments the authors of [30] did not find the
best possible exponent for this type of inequalities. However, as a simple consequence of
Theorem 2.1, we have the following Adachi-Tanaka type inequality in the space W2 2(R?):

Theorem 2.2. For any o € (0, 3272) there exists a constant C(a) > 0 such that
/@W—nwgawM§mewmﬁwwmmgh (2.3)
R4

and this inequality is false for a > 32m2.

Moreover, the arguments introduced in [21], to show that the Trudinger-Moser inequal-
ity with the exact growth condition (Theorem 1.4) implies the Trudinger-Moser inequality
in W1 2(R?) (Theorem 1.3), will enable us to deduce from Theorem 2.1 a version of the
Adams’ inequality in W2 2(R*) involving the norm

-3+ 11 113

instead of the full Sobolev norm || - ||yy2.2, for a precise statement see Theorem 6.1. Obvi-
ously, this newer version of Adams’ inequality in R* implies Theorem 1.7.

This paper is organized as follows. In order to prove Theorem 2.1, we, first, recall
some preliminaries on rearrangements of functions (Section 3.1). Second, we introduce a
useful inequality involving rearrangements, Proposition 3.5, that will enable us to avoid
the difficulty of the reduction of the problem to the radial case (see Remark 2). Then,
following [21], a key ingredient is the study in Section 3.3 of the growth, in the exterior
of balls, of rearrangements of functions belonging to W2’2(]R4). In Section 4, we prove
inequality (2.1) and Section 5 is devoted to the proof of the sharpness of (2.1). Finally, in
Section 6 we show that the Adams’ inequality with the exact growth condition expressed
by Theorem 2.1 implies inequality (1.7) and, as already mentioned, we obtain an improved
version of Theorem 1.7.

We complete this paper with two Appendices. In the first one, we suggest an alternative
proof of Adams’ inequality in its original form (Theorem 1.5) which, at the same time, gives
a simplified version of Adams’ proof and involves the Sobolev space W22(Q) N W, (1),
where Q@ € R* is a bounded domain. In the second Appendix, we propose a variant of
the proof of the Trudinger-Moser inequality with the exact growth condition, namely of
Theorem 1.4, which simplifies the critical part of the estimate.
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3. PRELIMINARIES

3.1. Rearrangements. Let O C R”, n > 2, be a measurable set, we denote by QF the
open ball B C R" centered at 0 € R" of radius R > 0 such that

€2 = [Br|

where | - | denotes the n-dimensional Lebesgue measure. Let u : © — R be a real-
valued measurable function in €. Then the distribution function of w is the function
ty 2 [0, +00) — [0, +00] defined as

pu(t) == [{z € Q| |u(z)| > t}| fort >0,
and the decreasing rearrangement of w is the right-continuous non-increasing function
u* : [0, +00) — [0, +00] which is equimeasurable with u, namely

u*(s) :=sup{t >0 | uy(t) >s} fors>0.

We can notice that the support of u* satisfies supp «* C [0, |Q2]]. Since u* is non-increasing,
the mazimal function u** of the rearrangement u*, defined by

1 S
u(s) = / u*(t)dt for s >0,
5 Jo
is also non-increasing and u* < u**. Moreover
Proposition 3.1. If u € LP(R") with 1 < p < 400 and % + ]% =1 then
1

(/OJ'_OO[U**(S)]pdS); Sp/</oco[u*(s)]pdt)p.

In particular, if supp v C Q with Q domain in R™, then

( / 'ﬂ[u**<s>1pds);’ < / 'Q'[u*<s>}pdt) 5

This is an immediate consequence of the following well known result of G. H. Hardy
(see e.g. [8], Chapter 3, Lemma 3.9)

Lemma 3.2 (Hardy’s inequality). If 1 < p < +o0, % + 1% =1 and f is a non-negative

function, then
([ [roa Sy v ([ rers)”

Finally, we will denote by u® : QF — [0, +00] the spherically symmetric decreasing
rearrangement of u:

u(z) := u*(op|z|?)  for z € QF,

where o, is the volume of the unit ball in R”.

3.2. A useful inequality involving rearrangements. Let Q@ C R®,. n > 2, be a
bounded open set. As a consequence of the coarea formula and the isoperimetric in-
equality, we have the following well-known result

Lemma 3.3 ([36], Inequality (32)). Ifu € WOI’Q(Q) then
—ul, (t d
1< 1““5{(—/ |Vu\2da:)
oy e 120 4 et

for a.e. t > 0.
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Sketch of the proof. For fixed ¢, h > 0, applying Holder’s inequality, we get

1/ |Vu|dx < (1/ |Vu]2d:1:>%(uu(t)_'uu(t_‘_h)>é
h Jii<lu<t+ny T NR Sl <y h

and, letting A | 0T, we obtain
_4
dt Jie<ul}

On the other hand, from the Coarea Formula and the isoperimetric inequality

d 1
—— |\Vu|dz > noy ui’ (t)
dt Jir<iuly

and this inequality together with (3.1) gives the desired estimate.

Let f € L?(2), we consider the following Dirichlet problem:

—Au=fe€ LQ(Q) in Q,
u=20 on 0f).

It is well-known that

d o N3, .t
Vu|dx < (—dt/{Ku}wuy da:) (=l (1)2. (3.1)

(3.2)

Lemma 3.4 ([36], Inequality (30)). Let u € W01’2(Q) be the unique weak solution to (3.2),

then

d pu(t)
- |Vu|? de < / f(s)ds
{|ul>t} 0

for a.e. t > 0.
Sketch of the proof. For fixed t, h > 0, we define

0 if |u| <,
o(z) == (Ju| — t)sign (u) ift <|u| <t+h,
hsign (u) if t +h < |ul
Then ¢ € W&’Z(Q) and
/ Vu-Vodr = / fodx,
since u is a weak solution to (3.2). Now, easy computations show that

/ |Vu|? de :/ f-(Jul—t) sign (u) dx—l—/ fhsign (u)dz. (3.3
{t<|ul<t+h} {t<|u|<t+h} {t+h<|ul}

Dividing through by A in (3.3) and letting h | 0T, we obtain
d

Mu(t)
—— |Vu|? dz < —/ \u!—t)dx—/ \f\dxg/ f*ds.
dt J{e<july t<\u|} {t<lul} 0

)

O

If u € VVO1 '2(Q) is the unique weak solution to (3.2) then, combining Lemma 3.3 and

Lemma 3.4, we get

1< 4 Flua(®))
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for a.e. t > 0, where F(&) := £f**(§) = foé f*(s)ds. Let 0 < s’ < s, integrating both sides
of this last inequality from s’ to s and making the change of variable & = i, (t), we obtain

that () (o)
1 pu(s’) g 1 L (s sk
s—s < T / zg d¢ = T / fl_(g) dg. (3.4)
[ngﬁp Bu(s) 5 n [na;{]Q Bu(s) § n

From inequality (3.4) we deduce the following result.

Proposition 3.5. Let u € Wol’2(Q) be the unique weak solution to (3.2) then

u(t1) —u*(t2) < 11 /t2 f*l*(g) d¢  for a.e. 0 <ty <ty <|Q.
hog2 /o &7

Equivalently, if Qf = Bg then

|BR2| Kk
u*(Ry) — uf(Ry) < 11 / fl (g) d¢  fora.e. 0 < Ry <Ry <R.
[nog]2 /1Br| &

Proof. Let 0 < t; < to < |Q|, without loss of generality we may assume that u*(t;) >
u*(t2). Then there exists 7 > 0 such that

u’(t1) > u*(t2) +n Yy €0, 7).
Arbitrarily fixed n € [0, 7), we set
s:=u"(t1) — g and s = u*(t2) +

N3

so that 0 < s’ < s. Now applying inequality (3.4), we get
1 pu(s') prx 1 ty prx
1 / fl_(ﬁ) dé < 1 fl_(g)
2 Jpu(s) § n [no‘ﬁl]2 31 45 n
in fact, recalling the definition of decreasing rearrangement of a function, since s < u*(#1)
then p,(s) > t; and, similarly, since s’ > u*(t2) then g, (s") < to.

From the arbitrary choice of n € [0, 77), inequality (3.5) holds for any n € [0, 77) and
passing to the limit as n | 07, we obtain the desired estimate. O

u(tr) —u(t2) =n < dg, (3.5)

[now]

Remark 3. Tt is easy to prove that an analogue of Proposition 3.5 holds also for functions
in W22(R™). In fact, if u € W%2(R") then there exists a sequence {uy}r>1 C C§°(R™)
such that up — w in W22(R"). Thus, in particular,
fr — f in L*(R™)  where fi, ;== —Auy, f = —Au

and up — u in L2(R™). Since the decreasing rearrangement operator is nonexpansive in
L? (see e.g. G. Chiti [14]), we have

fi—f" and wup—u" in L*(R™). (3.6)
In particular, up to the passage to a subsequence, we have also that u; — u* a.e. in R"
and, from Proposition 3.5, it follows that for fixed 0 < t1 < 9

. T . , 2 ()
u(ty) —u*(t2) = khrjrnoo up(ty) — up(te) < khToo T 5173
— — [TLO';LL]Q t1 n

de.

On the other hand,
1 to pf*x 1 to pxx
—+400 [na;}]Q t1 & n [naﬁP tp, & n

as a direct consequence of Hélder’s inequality and (3.6).
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3.3. Optimal descending growth condition. The following exponential version of the
radial Sobolev inequality will be a key tool in the proof of Theorem 2.1.

Proposition 3.6. Let u € W22(R%) and let R > 0. Ifuf(R) > 1 and f := —Au in R?
satisfies

+00
[ e <ax,
| BR|
for some K > 0, then
WERE K

where C' > 0 is a universal constant independent of u, R and K.

Fix h, R, K > 0. Let
p(h, R, K) = inf{HuﬁHLz(R‘* By | w€WPARY), wf(R) = h and

“+o0o
/ [f**(s)]? ds < 4K where f := —Au in R4}
|BR|

and p(h) := p(h, 1, 1). Using scaling properties, it is easy to see that

w(h, R, K) = R2u(h, 1, K) = R%ﬁ?u(\/}%, 1, 1) - RWEM(\/}%).

We will prove the following result.

Proposition 3.7. If h > 1 then

6167r2h2
h

Obviously, Proposition 3.6 is a direct consequence of Proposition 3.7. In order to prove
Proposition 3.7, it suffices to consider the discrete version. Given any sequence a :=
{ax}r>0, following [21], we introduce the notations

400 400

k

lalg =" laxl?, fal, =" aZe
k=0 k=0

p(h) 2

and, for h > 1, we let
pa(h) :=mf{[lalle) | lally = h, [lall2 <1}
Lemma 3.8. For any h > 1, we have u(h) 2, uq(vV3272h).

Proof. Fix h > 1 and let u € W2 2(R*) be such that uf(1) = h and

+oo
[ ureas<a

B

where f := —Au in R*. Then we can define a sequence a := {ay }x>0 as follows:

ay = hx — hg+1, where hy = @uﬁ(eﬁ).
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By construction ||alj; = v/32r2uf(1) = v3272h. In order to estimate ||a||2, we can notice
that applying Proposition 3.5 (see also Remark 3) and Hoélder’s inequality, we get

Basenral [£24(s)

2
0<hg—hry = v32ﬂ2[uu(e§) — uu(e%)] < \/327r2£ ds <
167 J|5.,,.| NG
1 Be(k+1)/4‘ » 2
< 5(/ s )
B/
Therefore
+oo +oo B +oo
1 e(k+1)/4‘ . 1
lal = D" (i~ b < 5 FrePds =y [ P <
k=0 =0 | Bursal |B1|
Finally,
2 2 et 2.3 2 = kt1 zekﬂ —éf
[z = 223 [, WP dr = 20 3 (e P 2
k=0"¢" k=0
—+o0 1 1 —+o0 ’ 1 “+o0 A
> Z[uﬁ(eT)]Zek-H _ 57 Zh?‘fj > 37 Za?eﬂ
k=0 j=1 j=1

from which we deduce that
“+00
HaH%e) = a(2) + Za%ek S h(z) + ||uﬁ||i2(R4 \B1)’
k=1

and the proof is complete if we show that
2 2
hO rg Huu”LQ(R4 \B1)"

This is again a consequence of Proposition 3.5 (see also Remark 3) and Holder’s inequality,

in fact for r € (1, eTIG)
+00 L 1B.1/16] 1 L1 n
*x 2 2 € 2 0
d —d <=-< —=
([, irepas) ([ La) <5<

1 1]

L 1B (s)] 1
ho—V/32m2uf (r) < 2/|31 NG ds < 3

that is hg < uf(r). Thus

-

P 27T2/1 it ()23 dr > B2,

Now, it is sufficient to follow the proof of [21], Lemma 3.4 to obtain

Lemma 3.9. For any h > 1, we have

This last lemma together with Lemma 3.8 completes the proof of Proposition 3.7.
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4. PROOF OF THE MAIN THEOREM (THEOREM 2.1)

In this Section we will show that Theorem 2.1 holds, to this aim let us fix u € W%2(R%)
with ||Aulla < 1. We define Ry = Rp(u) > 0 as

Ro :=inf{r > 0| u*(r) < 1} € [0, +00)

and the idea is to split the integral we are interested in into two parts

32m2u? _ 327r (ut)? 327r (uh)? _
o e = b T L o, e
xr = Z.
re (14 |ul)? rt (14 Uﬁ Br, JE\Bp, (1+uf)?

Since Ry = Ry(u) > 0, we have to obtain an estimate independent of Ry.
By construction uf < 1 on R* \Br,, hence we have that

32m2 (uf)? _
c ! < 327r2(uﬁ)ze‘o’%g(uﬁ)2 < 3272327 (u*)?  on R*\Bg,.

(1 +uf)?
Consequently
322 (ut)2 _ 1
/ 61—ﬁ2 dz < 3272327 / (uh)? da < 32%26327r2||uﬁH% < 32772632”2Hu||%
Ri\Bp (1 +uf) R4\Bg,

and without loss of generality we may assume that Ry > 0.
From now on, we will focus our attention in the estimate of the integral on the ball
Bpr,. In order to simplify the notations, we set

f:=—Au in R*

+o0o
= ()12 ds.
@_A £ ()2 d

As a consequence of Proposition 3.1 with p = 2 and in view of the assumption ||Aulls <1,
we have

and

p <4 (4.1)
Let Ry = Rq(u) > 0 be such that

|Br, | +o00
[P ds=s e and [ ()P ds = Be (42)
0 |BR, |
with g9 € (0, 1) arbitrarily fixed. We point out that g9 € (0, 1) is fixed independently of
u and this forces Ry to depend on u, so our final estimate has to be independent of R
but may instead depend on €g.
Applying Proposition 3.5 (see also Remark 3) and Holder’s inequality, we have the
following estimate

uﬁ(m) — uﬁ(rz) < ﬂ</||BT2[f**(s)]2ds> : (log 4); for a.e. 0 < ry < 7o. (4.3)

— 167 Br1| Ty
Hence, from (4.1) and (4.3), it follows that

4.1
uﬁ(rl) - uﬁ(rg) < ( 32;20) ( T—Z) ° forae 0<r <1< Ry, (4.4)
Ty
1 1
uf(ry) —uf(rg) < (3;02) : (log :Z) * forae. Ry <1 <ry. (4.5)

1
In order to estimate the integral on the ball Bg,, we will distinguish between two cases:

o First case: 0 < Ry < Ry,
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e Second case: 0 < Ry < Ry.

The first case is subcritical and easily estimated. In fact in the case Ry < R;, applying
(4.4), we get for 0 <7 < Ry

1— 1 R4 1
wi(r) <1+ < 32;20)2 <1°g 77?)2

since uf(Rg) = 1. Thus, recalling that

1
(a+b)2§(1+6)a2+(1+g>b2 Va,bE€R, Ve >0, (4.6)

we obtain
1—¢3
3272

§\2 R} 1
[uf(r)]* < lo gy Y (1 + 6—) for a.e. 0 <r < Ry.
0

Hence

3272 (ut)?2 R
/ : ()u L < o2 (45) glie / " pd-t-e) g
Bpr, (1 +u ) 0

= 2%263%2 (1+%)R3 = 632#2 (H%) / de <
Br,

IN

< e327r2(1+%) / [uﬁ]2 do < 632”2(”%) Huﬁ”% = 632“ ( +% )Hqu
BRO

Therefore, from now on, we will always assume that 0 < Ry < Rg. We can write

e32m 2(uf)2 _ 327"2(“n) -1
/ ﬁ dm —/ / — e dx
Br, (1+uf) Br, JBr\Bp, (1+uf)?

and again the estimate of the integral on Bp, \ B, is easier. In fact, applying (4.5) and
(4.6), we get for Ry <r < Ry

1 3 1
i < P00 4 (140 ]) veso

Consequently, for arbitrarily fixed £ > 0, we have

3272 (ut)? _ Ro
/ %d:p < 2W2€32w2(1+;)R§eo(1+8)/ p3—deo(l+e) g
Bry\Br (1 + uf) Ry

Since g9 < 1, we can choose € > 0 so that 1 + ¢ < 1/¢p and with this choice of € > 0 we
obtain
2(y)2 4eo(1+ 4—4eo(1+
/ e32m%(uf)? o 27T26327f2(1+é) Ré _ Roso( E)Rl eo(l+e) _
BRO\BR (1+uﬁ)2 4*480(1‘%5) -
o gp2(14l) _Ro— Ry
- 4 — 450(1 + E) -

IN

3 3272 (1+1) / o 3272 (141) l
- < ———— |ul|2.
T d—deg(l+e) Jp By, A—deo(lte)l P

Hence to conclude the proof it remains to estimate the integral on the ball Br,, assuming
that 0 < Ry < Ry and in particular u®(Ry) > 1.
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4.1. Estimate of the integral on the ball Bg, with uf(R;) > 1. We recall that
uf(Ry) > 1 where Ry > 0 satisfies (4.2). Since (4.1) holds, from the optimal descending
growth condition (Proposition 3.6), we deduce that

32n2 R 2 ﬁ2
e 8 Oy M) Oy Cpe (47
T 9 Ta

Applying (4.6), we can estimate for 0 < r < R

W) < (1+ o) (r) — (RO + (1+ é) RO Ve >0,

hence

e32ﬂ' (uﬁ)Q -1 1 / 20, 1\2
————dx < — 6327T (u?) dr <
/BR1 (1+uf)? [ (R1)]? Jgp,

Q32 (142 fut (R1))2

< 6327r2(1+5)[uﬁ—uﬁ(R1)]2 dr <
[Uﬁ(Rl)]2 /BR1
32n? 1 bR )2
e T [ e g,
[uf(Ry))? Br,

provided that e > $=2-. Therefore in view of (4.7), to conclude the proof it suffices to
show that

/ e32m* (o) lwi—w (R))? g0 < O RA (4.8)
BRl
for
|Bry| g
0§u*()—u(|BR1|)_1\6CT ' f\/(éf)dg for a.e. 0 <1 < |Bg,|,
consequently

|B | ATe |B | pxox 2
/ 6327r2(1+s)[uu—uﬁ(R1)]2 dx < / 1 6(% Jr 1 f\/é&) df) dr.
Bg, 0
Now, making the change of variable r = |Bg,|e™t, we get

+o0 (
/ e32m (1+e)[uf—uf (R g, < ‘BRI‘/
BRl

and the proof of (4.8) reduces to the application of the following one-dimensional calculus
inequality due to J. Moser [28].

Vite f‘BRl [ d§)2—t
\

Bryle™t Ve dt (4.9)

Lemma 4.1 ([28]). There exists a constant ¢o > 0 such that for any nonnegative measur-
able function ¢ : Rar — Rar satisfying

the following inequality holds

where

([ s)
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Let

N)

\/1 .
— VB Y (1 Bry e %) s Vs > 0.

By construction ¢ > 0 and, in view of ( 1) and (4.2),

oo l1+e¢ oo Hk -5 —s
/0 (1 Bry )% ds =

F(s)ds = |Br|—
0

_ lBRl' %k 2d < <
- R < s - <1

—+00
—00

provided that e < $=¢-. In particular, choosing € = s (s)ds < 1.

Hence, applying Lemma 4.1, we get

—+00
/ e F® gt < o,
0

Fo) = o= ([ o ds)2 == (VBT Y [ (et ds)2 -

. ( 1 ¥e |BR1\ f** g) d€>2
BR ‘6 t f .
This together with (4.9) ends the proof of (4.8).

Remark 4. Tt is interesting to notice that with these arguments (Proposition 3.5 and
Lemma 4.1) we can obtain an alternative proof of Adams’ inequality in its original form,
namely of Theorem 1.5, see Section 7.

Remark 5. As we will see in Section 8, it is possible to simplify the proof of Theorem 1.4.
Besides, we point out that one can estimate the integral on the ball Bg, in the case when
uf(R;1) > 1 following the longer arguments given in [21] and a proper use of Proposition
3.5.

5. SHARPNESS

In order to prove that the inequality expressed in Theorem 2.1 is sharp, we have to
show that the following inequality

/ g(u)dz < Cllul? Vu € W22(RY) with [|Aufs < 1 (5.1)
R4

fails if we replace the growth
6327r2u2 -1
u) = ———
M=
with the higher order growth
P |
(1 + ul)?’
where either 3 > 3272 and p = 2 or 8 = 3272 and p < 2. In particular, it suffices to prove
that (5.1) fails if we consider an exponential nonlinearity of the form (5.2) with 8 = 3272

and p < 2.
To this aim, for fixed p < 2, we argue by contradiction assuming that

g(u) = (5.2)

e327r2u2 _ ) o
e %S ’ i <1 :
. A qapr @S Clulz Ve e WEART) with |[Aull; <1 (5:3)
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We consider the sequence of test functions {uy}r>; introduced in [27]:

z/ <r <R
32“2 10g Ry \/87F2Rk log = \/87r2 log Ry f0<r
—— 1o g = if VR, <r<1
\/ 7r210g Ry,

Nk ifr>1

ug(r) ==

where { Ry} x>1 CRT, Ry | 0T and 7, is a smooth function satisfying for some R > 1
77k|aB1 - 77’f‘aBR =0,
Oy 1 ony, B

v ’8B1 /972 IOgR%C v ’8BR
and 7, Ang are all O(l/\/log I/Rk). Then, by construction,
1

1
flf =0 )+ 1< lawli =1+ 0( ).
log Ry logR—k

Let uy := ”A TAeTs for any k£ > 1. From (5.3), it follows that

2~2
ST
~ T ~ ~ 1
w (L a7 A3~ log =
from which we deduce that

1 327r a1
lim 1 7d < . 5.4
fotoo 8 Rk/ T (54)

On the other hand, for any k£ > 1, we can estimate

327’4y _q 327’4y _q 3272432
/ 67~ dr > / 67~ dx 2 / ¢ o dx 2
re (1 [ax])? Bym U [a? T~ Jp Tl

1 1 _D
> €(|Auk§1)1°gﬂk<log1> 2

Ry,
since up > ,/32 5 log = 7, on B yp;- Therefore

1 327r Ug 1 1,%
lim lo —————dr 2 lim (lo —) = +00,

which contradicts (5.4).

6. FROM ADAMS’ INEQUALITY WITH THE EXACT GROWTH CONDITION TO ADAMS’
INEQUALITY IN W2 2(R?)

In this section we will show that our Adams’ inequality with the exact growth condition
(Theorem 2.1) implies Adams’ inequality in W% 2(R*) (Theorem 1.7). More precisely we
will prove the following result

Theorem 6.1. There exists a constant C > 0 such that for any domain Q C R*

sup /(6327r2u2 _ 1) dw S C (61)
weWg *(©), | Aul3+ul3<1 /2

and this inequality is sharp.
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Since
2,2
[l 2 = [|Au3 + [ Vullz + [[ull; > [|Au]3 + ull3  Vu e Wy (Q),

inequality (6.1) implies inequality (1.7). Also, we point out that the sharpness of inequality
(6.1) can be proved using the same arguments as in Section 5 or, equivalently, it follows
from the sharpness of (1.7).

In order to deduce inequality (6.1) from Theorem 2.1, we will follow the arguments
introduced in [21] to show that the Trudinger-Moser inequality with the exact growth
condition (Theorem 1.4) implies the Trudinger-Moser inequality in W1 2(R?) (Theorem
1.3). Firstly, we recall that as a direct consequence of our Adams’ inequality with the
exact growth condition we have inequality (2.3) and in particular

/4(6“ —1)de < Cllul? Yue W 2(RY) with [|Aul2 < 1. (6.2)
R

Using the power series expansion of the exponential function and the Stirling’s formula,
from (6.2), we can deduce the existence of a constant C' > 0 such that for any integer
kE>1

2
W2k < CEllully  Vu € WH2(R?) with ||Aulj3 < 1.
This Sobolev estimate can be extended to nonintegers p > 1 applying an interpolation

inequality (see e.g. [9], Chapitre IV.2, Remarque 2). Hence, there exists a constant
C1 > 0 such that for any p > 1

2
[u?]|, < Cipllully  Yu € W»2(R*) with ||Aul)3 < 1. (6.3)

Proof of Theorem 6.1. Let u € W2(R*)\ {0} be such that ||Aul|3 + ||ul|? < 1. Then for
some 6 € (0, 1), we have

Jul3=6 and [|Auf}<1-0.
We distinguish two cases:

e the case § > %,
e and the case 0 < %

If e > 1,we define @ := v/2u so that
a3 <2 and [Ad|3 <1,

then the desired inequality follows from (2.3) applied to @ with a = 1672,
If 0 < %, then we introduce the set

A= {z eR | |u(z)] > 1}

and, we split the integral into two parts

/ (63%2”2 )de = / (6327r2u2 —1)dz + / (63271-%2 — 1) dx.
R R*\A A

The integral on R* \A can be easily estimated using the definition of A and recalling that
le? — 1| < |z|el*l Vo € R. Hence, to complete the proof, we have to estimate the integral
on A. To this aim, we can notice that

A(632”2“2—1)dm < (/Ade);(/(le]uDQ ar) 7 <

327r pu? 1 p—1 1
= 4(/ ) ( /'ulp 1 dr) T ar e,
A ‘HU\ p—1
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where p > 1 and we simply applied Holder’s inequality. So, choosing p := 1%9, we have

/ (€27 — 1) dw < 411?120 . (6.4)
A 0
Using the Sobolev estimate (6.3), we obtain
_ 1—6\1-0 1—6\1-0
[0 < G (=5=) Il = (=5=) e (6.5)
On the other hand, if we define 4 := \/f—ié)’ so that
o ull3 0 o _ [Aul3
= = = <
a3 = "2 = 2o and Jaafi= 1012 <,
then
1 32 _ 6
MET Je e = C0ap (60

as a consequence of Theorem 2.1.
Combining (6.5) and (6.6) with (6.4), we deduce that

0
327202 0
Nde < — 2
e N
and the right hand side of this last inequality is uniformly bounded for 0 < 6 < % O

7. APPENDIX A: AN ALTERNATIVE PROOF OF ADAMS’ INEQUALITY

The arguments introduced in Section 4.1 in order to prove an Adams type inequality
with the exact growth condition (Theorem 2.1) lead to an alternative proof of Adams’
inequality in its original form (Theorem 1.5).

We recall that Adams’ approach to the problem is to express u as the Riesz potential
of its Laplacian and then apply the following result

Theorem 7.1 ([1], Theorem 2). There exists a constant co > 0 such that for all f € L*>(R?)
with support contained in Q C R*
l‘ Iy« f(z)
/ e7r2 1112
Q

where Iy x f is the Riesz potential of order 2, namely

Iy * f(x) := /R4 |xf£y;‘2 dy.

The reason why it is convenient to write u in terms of Riesz potential is that one cannot
use directly the idea of decreasing rearrangement u? to treat the higher order case, because
no inequality of the type (1.5) is known to hold for higher order derivatives. To avoid this
problem, Adams applied a result of R. O’Neil [31] on nonincreasing rearrangements for
convolution integrals, if h := g x f then

< ¢

+00
B () < g™ (0 () + / g"(s)f*(s) ds. (7.1)

Hence, a change of variables reduces the estimate to the following one-dimensional calculus
inequality
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Lemma 7.2 ([1], Lemma 1). Let a : Rx|[0, +00) — R be a nonnegative measurable
function such that a.e.

+00 2
a(s,t) <1 when0<s<t, and Sup</ / 2(s,t)d ) =:b < +o0.

t>0

Then there exists a constant co = co(b) such that for any ¢ : R — R satisfying ¢ > 0 and

the following inequality holds

where

Plt) =t — </_:o a(s, 1)(s) ds>2 .

We point out that the one-dimensional calculus inequality of Moser, Lemma 4.1, corre-
sponds to the particular case

(5, 1) 1  when 0 < s <t{,
a(s =
0 otherwise.

Alternatively, it is possible to prove Theorem 1.5 avoiding to consider the Riesz po-
tential’s representation formula and using the sharp estimate given by Proposition 3.5
instead of O’Neil’s lemma (7.1). Moreover, arguing in this way, it suffices to merely apply
the one-dimensional inequality due to J. Moser, namely Lemma 4.1, instead of the refined
version due to D. R. Adams, namely Lemma 7.2.

In fact, let © C R* be a bounded domain and let u € W22 n Wol’z(Q) be such that
[Aul[z2(0) < 1. Our aim is to show that

/ S ells) (7.2)
Q
for some constant C' > 0 independent of wu.
As a consequence of Proposition 3.1, if we set f := —Awu on 2 then
¢] 12|
| e <a [ R dr = a1aulag < 4 (73)

Moreover, from Proposition 3.5 it follows that

| prx
03u(>_1‘6€ f\/(g)

Hence, we can estimate

1 i 120 (1 clal 7@ ge)?
/ 327 o = / 320w g < / e(5 I &) dr
Q 0 0

and, making the change of variable r = |Q]e™t, we get

d¢ for a.e. 0 <r <|Qf.

2

+oo e s) _
/ 3212 g <yﬂ|/ (3 S 2 ) =t gy (7.4)
Q

Now, let

Q s
o) = A p(pageye ws >0,
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so that ¢ > 0 and, in view of (7.3),

oo 2 _@ oo *ok —s\12 ,—s _1 o *ok 2
/0 $2(s) ds = 4/0 (90 2 ds4/0 PR dr < 1.

Defining

Ft) == - </Ot o(s) ds>2 . (VP /Ot f**(|Q|e‘5)e_§ds>2 _

- (3o )

and recalling (7.4), the proof of (7.2) reduces to showing that

+00
/ e F®) gt < ¢
0

which is nothing but Lemma 4.1.

Remark 6. These arguments simplify Adams’ proof and at the same time allow to obtain
a stronger inequality, i.e. an Adams-type inequality for the Sobolev space

2,2 1,2 2,2
W22 Wy 2(Q) 2 Wy Q).
8. APPENDIX B: AN ALTERNATIVE PROOF OF THE TRUDINGER-MOSER INEQUALITY
WITH THE EXACT GROWTH CONDITION

In [21], the authors proved the following exponential version of the radial Sobolev in-
equality.

Theorem 8.1 ([21], Theorem 3.1). There exists a constant C > 0 such that for any
non-negative radially decreasing function u € Wl’z(Rz) satisfying

w(R)>1 and Hqu;(Rz \By) <K for some R, K >0,

we have I
R o I
2R) S ke

It is interesting to notice that this optimal descending growth condition is strong enough
to lead us to reduce the proof of the Trudinger-Moser inequality with the exact growth
condition (Theorem 1.4) to a simple application of the Trudinger-Moser inequality in its
original form (Theorem 1.1).

In order to prove that there exists a constant C' > 0 such that

e47ru2 -1
/RQ e S Cllulf v € WHA(R?) with |Vl <1, (8.1)
the authors in [21] introduced an enlightening method of proof that allows to reduce (8.1)
to an estimate of an integral on a ball. We point out that in Section 4 we followed exactly
this method in order to reduce the proof of Theorem 2.1 to a similar estimate, but for the
convenience of the reader we recall the sketch of the proof of (8.1) in [21].

Exploiting the properties of rearrangements of functions, it suffices to show that (8.1)
holds for any non-negative and radially decreasing function v € W' 2(R?) with ||Vul|z < 1.
So let u be such a function and let Ry = Ri(u) > 0 be such that

R1 +o0
/ |Vul|? de = 27r/ ulrdr <l-gy and / |Vul|? de = 277/ w?rdr < g,
Bg, 0 R?\Bpg, Ry
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where gy € (0, 1) is arbitrarily fixed independently of w.
Applying Hélder’s inequality, we have the following estimate

T2 2 1 1
u(ry) —u(ry) < / —Up, dr < (/ UpT dr) ? (log T—Q) * forae 0<r <o
r2

T1 1

and, in view of the choice of Rj, we get:

N

1— 1
u(T1) — U(TQ) < ( 50) 2 (]og 72) for a.e. 0 <7y <ry < Ry,
27 72

1 1
u(ry) —u(re) < (E—O) ’ <10g T—Q) *  forae. Ry <ri <ro.
2w T2

Since we are in the same framework as in Section 4, it is easy to see that the difficult part
of the proof is to show that

2

/ 647”‘7—21 dz < Cllul2 (8.2)
Br, (1+u)

in the case when u(Ry) > 1.
To obtain (8.2), the authors in [21] argue as follows. Applying the monotone convergence
theorem, one can see that

647ru2 -1 ) N 6%7—42 (r3) )
——5 de <C lim — T
Br, (1 +U) N—>+ooj:0 u (7’]‘)

where C' > 0 and {r;};>0 is a monotone decreasing sequence of positive real numbers such
that r; | 0 as j — 400 and rg := Ry, more precisely r; := Rie~?™ for any j > 0. Thus,
in view of the optimal descending growth condition (Theorem 8.1), the proof of (8.2) is
complete if one shows the existence of a constant C' > 0 such that for any N > 1

N 4lu2(r].) dr g

eco 2 eou”(R1)

—— i < C——==—Rj7. 8.3
> w2(r;) =Y T w2(Ry) (8.3)

J=0

But to succeed in the proof of this last inequality, the authors in [21] need to apply a really
delicate procedure. It is interesting to notice that, to obtain (8.2), in fact we can avoid the
passage through (8.3) merely using the optimal descending growth condition (Theorem
8.1) together with the Trudinger-Moser inequality in its original form (Theorem 1.1).

To do this, we start following the argument introduced by B. Ruf in [33] and we define
for0<r<R;

v(r) = u(r) — u(R),

so that v € W, *(Bg,) and IVollz2Bg,) = [IVullr2pe,) < 1 —co. In this way, for
arbitrarily fixed € > 0, we can estimate for 0 <r < R,

W) = [o(r) + u(BP < (14 )02 + (14 ) (Ry)

and thus

A2 ar (142 ) u2(Ry)

—1 e

/ ¢ 5 dr < ¢ 5 / e g, (8.4)
Br, (1+u) u?(Ry) Br,

where w := /1 +€v on Bg,.
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Firstly, we can notice that in view of the choice of R; and as a consequence of the
optimal descending growth condition (Theorem 8.1) we have

1),2 2
et lulfage gy (8.5)
u?(Ry) b £ '
provided that € > ;2. On the other hand, by construction w € VVO1 2(Bg,) and
va||2L2(BR1) =1+ 5)||VU||%2(BR1) <S(1+e)(l—g) <1
provided that 0 < e < 1i0€0, hence with this choice of € we have
/ e 4z < CR2 (8.6)
Br,

as a consequence of the Trudinger-Moser inequality (Theorem 1.1).

In conclusion, choosing & = 1%~ we have that both the inequalities (8.5) and (8.6) hold,

and this allows us to deduce the desired estimate (8.2) from (8.4).
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