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Abstract

An important problem in the theory of compressible gas flows is to understand the
singular behavior of vacuum states. The main difficulty lies in the fact that the system
becomes degenerate at the vacuum boundary, where the characteristics coincide and
have unbounded derivative. In this paper, we overcome this difficulty by presenting a
new formulation and new energy spaces. We establish the local in time well-posedness
of one-dimensional compressible Euler equations for isentropic flows with the physical
vacuum singularity in some spaces adapted to the singularity.

1 Introduction

One-dimensional compressible Euler equations for the isentropic flow with damping in Eule-
rian coordinates read as follows:

put + puly + Py = —pu,
with initial data p(0,z) = po(x) > 0 and u(0,z) = wo(x) prescribed. Here p, u, and p
denote respectively the density, velocity, and pressure. We consider the polytropic gases:
the equation of state is given by p = Ap?, where A is an entropy constant and v > 1 is
the adiabatic gas exponent. When the initial density function contains vacuum, the vacuum
boundary I' is defined as

I'=cl{(t,z): p(t,x) >0} Necl{(t,x) : p(t,z) =0}

where ¢l denotes the closure. A vacuum boundary is called physical if

62
O<|a—i|<oo (2)

in a small neighborhood of the boundary, where ¢ = ,/ dipp(p) is the sound speed. This phys-

ical vacuum behavior can be realized by some self-similar solutions and stationary solutions
for different physical systems such as Euler equations with damping, Navier-Stokes equations
or Euler-Poisson equations for gaseous stars. For more details and the physical background
regarding this concept of the physical vacuum boundary, we refer to [7, 10, 19].

Despite its physical importance, even the local existence theory of smooth solutions fea-
turing the physical vacuum boundary has not been completed yet. This is because the hyper-
bolic system becomes degenerate at the vacuum boundary and in particular if the physical



vacuum boundary condition (2) is assumed, the classical theory of hyperbolic systems can
not be applied [10]: the characteristic speeds of Euler equations are u =+ ¢, thus they become
singular with infinite spatial derivatives at the vacuum boundary and this singularity creates
a severe analytical difficulty. To our knowledge, there has been no satisfactory theory to treat
this kind of singularity. The purpose of this article is to investigate the local existence and
uniqueness theory of regular solutions (in a sense that will be made precise later and which
is adapted to the singularity of the problem) to compressible Euler equations featuring this
physical vacuum boundary.

Before we formulate our problem, we briefly review some existence theories of compressible
flows with vacuum states from various aspects. We will not attempt to address exhaustive
references in this paper. First, in the absence of vacuum, namely if the density is bounded
below from zero, then one can use the theory of symmetric hyperbolic systems; for instance,
see [12]. In particular, the author in [17] gave a sufficient condition for non-global existence
when the density is bounded below from zero. When the data is compactly supported, there
are two ways of looking at the problem. The first consists in solving the Euler equations in
the whole space and requiring that the equations hold for all  and ¢ € (0,7). The second
way is to require the Euler equations to hold on the set {(¢,z) : p(t,z) > 0} and write an
equation for the vacuum boundary I" which is a free boundary.

Of course in the first way, there is no need of knowing exactly the position of the vacuum
boundary. The authors in [15] wrote the system in a symmetric hyperbolic form which allows
the density to vanish. The system they get is not equivalent to the Euler equations when the
density vanishes. This was also used for the Euler-Poisson system. As noted by the authors
[13, 14], the requirement that pWT_l is continuously differentiable excludes many interesting
solutions such as the stationary solutions of the Euler-Poisson which have a behavior of the

1
type p ~ |z|7=T at the vacuum boundary. This formulation was also used in [2] to prove the

local existence of regular solutions in the sense that p%l, u € C([0,T); H™(R?)) for some
m > 1+ d/2 and d is the space dimension (see also [16], for some global existence result of
classical solutions under some special conditions on the initial data, by extracting a dispersive
effect after some invariant transformation, and [3]).

For the second way and when the singularity is mild, some existence results of smooth
solutions are available, based on the adaptation of the theory of symmetric hyperbolic system.
In [9], the local in time solutions to Euler equations with damping (1) were constructed when
c®, 0 < a <1 is smooth across I', by using the energy method and characteristic method.
They also prove that C! solutions cross I' can not be global. However, with or without
damping, the methods developed therein are not applicable to the local well-posedness theory
of the physical vacuum boundary. We only mention a result in [18] for perturbation of a
planar wave. For other interesting aspects of vacuum states and related problems, we refer
to [10, 19].

As the above results indicate, there is an interesting distinction between flows with damp-
ing and without damping, when the long time behavior is considered. Indeed, without damp-
ing, it was shown in [8] that the shock waves vanish at the vacuum and the singular behavior
is similar to the behavior of the centered rarefaction waves corresponding to the case when ¢
is regular [10]. On the other hand, with damping, it was conjectured in [7] that time asymp-
totically, Euler equations with damping (1) should behave like the porus media equation,
where the canonical boundary is characterized by the physical vacuum boundary condition
(2). This conjecture was established in [4] in the entropy solution framework where the
method of compensated compactness yields a global weak solution in L. We point out



that the difficulty coming from the resonance due to vacuum in there is very different from
the difficulty that we are facing, since we want to have some regularity so that the vacuum
boundary is well-defined and the evolution of the vacuum boundary can be realized.

In order to understand the physical vacuum boundary behavior, the study of regular
solutions is very important and fundamental; the evolution of the vacuum boundary should be
considered as the free boundary/interface generated by vacuum. In the presence of viscosity,
there are some existence theories available with the physical vacuum boundary: The vacuum
interface behavior as well as the regularity to one-dimensional Navier-Stokes free boundary
problems were investigated in [11]. And the local in time well-posedness of Navier-Stokes-
Poisson equations in three dimensions with radial symmetry featuring the physical vacuum
boundary was established in [5]. On the other hand, the free surface boundary problem
was studied in [6] in the motion of a compressible liquid with vacuum by using Nash-Moser
iteration; the physical boundary was treated in a sense that the pressure vanishes on the
boundary and the pressure gradient is bounded away from zero, but the density has to be
bounded away from vacuum, and thus the analysis is not applicable for the motion of gas
with vacuum.

In the next section, we formulate the problem and we state the main result: The vacuum
free boundary problem is studied in Lagrangian coordinates so that the free boundary be-
comes fixed. By change of variables, the equations can be written as the first order system
with non-degenerate propagation speeds that have different behaviors inside the domain and
on the vacuum boundary. In order to cope with these nonlinear coefficients, which give rise
to the main analytical difficulty, the new operators V,V* are introduced. Our theorem is
stated in V, V* framework.

2 Formulation and Main result

We study the initial boundary value problem to one-dimensional Euler equations with or
without damping for isentropic flows (1). First, we impose the fixed boundary condition on
one boundary x = b : u(t,b) = 0. The class of the initial data pg, up of our interest is
characterized as follows: for a < z < b, where —c0 < a < b < 00

. d _
(Z) Po(a) =0,0< @Pg l’xza < 00j

(7i) po(x) >0 for a < x < b;
b
(i) / po()dz < o0 (iv) uo(b) = 0.

The condition (¢) implies that the initial vacuum is physical, (i7) means that z = a is the
only vacuum, (i77) represents the finite total mass of gas, (iv) is the compatibility condition
with the boundary condition at x = b. We seek p(t, z), u(t,z), and a(t) for t € [0,T], T > 0
and z € [a(t), b], so that for such ¢ and z,

p(t,x) and u(t, z) satisfy (1);
p(t,a(t) = 0; u(t,b) = 0;

0< 7_1’96:@(0 < 0.
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For regular solutions, the vacuum boundary a(t) is the particle path through = a. In one-
dimensional gas dynamics, there is a natural Lagrangian coordinates transformation where
all the particle paths are straight lines:

Y= / p(t,z)dz, a(t) <z <b.
a(t)

Note that 0 < y < M, where M is the total mass of the gas. Under this transformation,
the vacuum free boundary = = a(t) corresponds to y = 0, and x = b to y = M; thus both
boundaries are fixed in (¢,y). By this change of variables,

&5 = (915 — uay, 6,,3 = ,an

the system (1) takes the following form in Lagrangian coordinates (¢,y): for ¢ > 0 and
0<y<M,

putpuy =0 3)
ut + py - —
where p = ApY with v > 1. The boundary conditions are given by p(¢,0) = 0 and u(t, M) =
0. The physical singularity (2) in Eulerian coordinates corresponds to 0 < |p,| < oo in
Lagrangian coordinates and thus the physical vacuum boundary condition at y = 0 can be
realized as )
pr~uyvr for y~0.

Euler equations (3) can be rewritten as a symmetric hyperbolic system
¢t + MUy = 0 y
Ut + ﬂ(by = —u,

in the variables

¢_2F T and p= Ay’

Note that the propagation speed p becomes degenerate and the degeneracy for the physical
1

a+1
singularity is given by p ~ yWQW . In order to get around this difficulty, we introduce the
following change of variables:

2 ol
E=——y = such that 9, =y 2 0.
v—1

We normalize A and M appropriately such that the equations (4) take the form:

y+1

¢+ ()7 Tug =0,

G
wt (§)3

for t > 0 and 0 < ¢ < 1. The physical singularity condition 0 < |p,| < oo is written as
0 < |¢¢] < oo. Thus we expect ¢ to be more or less £ for short time near 0. Since the
damping is not important for the local theory, for simplicity, we consider the pure Euler



equations. Letting

1 1
k=k, = i
2y —1"
the Euler equations read in (¢,§) as follows: for ¢t > 0 and 0 < & < 1,
bt + (?)%“ﬁ =0,
3
: o)
ut + (2)2%& =0

Therangeofkis%</<:<oo,since’y>1. When v — 1, Kk — oo and when v = 3, we

get k = 1. Note that the propagation speed is now non-degenerate. However, its behavior is
quite different in the interior and on the boundary, since limg\o% = ¢5(0), but ¢ < % <co
if &> % > 0. This makes it hard to apply any standard energy method to construct solutions
in the current formulation.

We will propose a new formulation to (5) such that some energy estimates can be closed
in the appropriate energy space. As a preparation, we first define the operators V and V*
associated to (5) as follows:

1 2k 2k 1
w0l S . v*<g>z—‘§k €Lzl

for f, g € Lg, where we have denoted Lg [0, 1] by Lg. We can think of V and V* as modified
first order spatial derivatives. We also incorporate the boundary condition at £ = 1 in the
domain of of V" and V*, namely V and V*, are given as follows:

D(V)={feL{:V(f) € L{}
D(V*)={geLi:V*(g) € L, g(¢=1)=0}

V(f) =

(6)

We also introduce the higher order operators (V) and (V*)%: for f € D(V) and g € D(V*),

(VVYI(f) ifi=2j

W) e ™)
(V*V)I(f) ifi=25+1

(V)'(f) = {

(VV*)(q) ifi =25

A ®)
(VV*)(g) ifi=25+1

(V*)'(g) = {
and the associated function spaces X*¥* and Y** for s a given nonnegative integer:
XM ={feL{:(V)(f)eL 0<i<s}
Yhe={geL: (V*)(g9) €L, 0<i<s}
equipped with the following norms

I\fIIXkS—ZII flzz and IIQHWS—ZII (V) (9)ll7z -

=0

In order to emphasize the dependence of k, equivalently v, we keep k in the above definitions.



In terms of V' and V*, the Euler equations (5) can be rewritten as follows:
0(€"¢) — V*(€Fu) =
On(€"u) + V(gto) =

2k+1
with the boundary conditions
#(t,0) =0 and wu(t,1)=0. (11)

In this new V,V* formulation, the system is akin to the symmetric hyperbolic system with
respect to V, V*. In particular, the zeroth energy estimates assert that this V,V* formula-
tion retains the energy conservation property, which is equivalent to the physical energy in
Fulerian coordinates: It is well known that the energy of Euler equations without damping
is conserved for regular solutions:

Y.

and in turn, since dy = pdzx, it is written as, in y variable,

M12 1
{/ _1” dy} =0.

It is routine to check that this is equivalent to

P 1d:v}:(),

,12 —
st [ e 1 et ragy <o,

which is exactly the zeroth energy estimates of (10) with respect to V, V*:

k 12 k
sl gegletel® +euagy =o, (12)

This verifies that this V, V* formulation does not destroy the underlying structure of the
Fuler equations. Indeed, it also captures the precise structure of the singularity caused
by the physical vacuum boundary, and furthermore, it enables us to perform V,V* energy
estimates yielding the a priori estimates and the well-posedness of the system.

In order to state the main result of this article precisely, we now define the energy func-
tional £%%(¢,u) by

£ (¢,u) = 1€" G117z + 1€ ullz
2/<: +1 (13)
1 k *( ¢k 2
+ WHV(E Ol3res + V) Frr -
To close the energy estimates, s will be chosen as s = [k| + 3, where [k] is a ceiling function,

namely [k] = min{n € Z : k < n}. We are now ready to state the main results.

Theorem 2.1. Fizx k, where % < k < oco. Suppose initial data ¢g and ug satisfy the following



conditions:

1
(4) ERTFIH3 (g, ug) < o0; (id) — < %o < Cy for some Cy > 1

Co = &
There exist a time T > 0 only depending on Ek’[lﬂ“'?’(gbo,uo) and Cy, and a unique solution
(¢, u) to the reformulated Euler equations (10) with the boundary conditions (11) on the time
interval [0,T] satisfying
gk,[k]+3(¢7 ’U,) < 25k7“ﬂ+3(¢0, U()) 7

and moreover, the vacuum boundary behavior of ¢ is preserved on that time interval:

1

— <
2Cy —

<2Cy.

ARSS

Remark 2.2. The evolution of the vacuum boundary x = a(t) is given by a(t) = u(t,€ = 0).
By Theorem 2.1, one can derive that ug(t,§) is bounded and continuous in (t,x) € [0,T] x
[0,1], and since u(t,0) = flo ug(t,&)dE, we deduce that the vacuum interface is well-defined
and within short time t < T, the vacuum boundary at time t stays close to the initial position
with |a(t) — a| < CT for some constant C depending on the initial energy in Theorem 2.1.

Remark 2.3. Different constants in the energy functional (13) are due to the nonlinearity
of (5) or (10). The structure of the equations are to be systematic after applying V,V* to
(10) as in (40) and thereafter. Since we are dealing with the local existence theory, one may

work with the energy functional E¥% = ||¢%¢|31.. + |5 ul[3.y.,, which is equivalent to (13).

Our work is a fundamental step in understanding the long time behavior of regular solu-
tions and the vacuum boundary of Euler equations with the physical singularity rigorously.
With or without damping case, it would be interesting to study whether our solution exists
globally in time. In particular, for the damping case, the physical singularity is expected
to be canonical as in the porus media equation, it would be also interesting to investigate
the asymptotic relationship between our solution and regular solutions to the porus media
equation.

Parallel to the recent progress in free surface boundary problems with geometry involved,
we expect that our result can be generalized to multidimensional case, since the difficulty of
the physical singularity lies in how the solution behaves with respect to the normal direction
to the boundary. We leave this for future study. The physical vacuum boundary also naturally
appears in Euler-Poisson equations for gaseous stars. It would be very interesting to study
the behavior of solutions and the vacuum boundary under the influence of the gravitation.

The method of the proof is based on a careful study of V, V* operators and V, V* energy
estimates. The first key ingredient is to establish the relationship between the multiplication
with %, a common operation embedded in the equations (5) or (10), and V,V* by using the
underlying functional analytic properties of V, V* which can be obtained from a thorough
speculation on the behavior of V,V* near the vacuum boundary £ = 0. Another essential
idea is to find the right form of spatial derivatives of d;¢, which is critical to cope with strong
nonlinearity, in particular of the second and third order equations and to close the energy
estimates in the end. For large k, this can be done by introducing the representation formula
of (V*)!(¢*u). In the similar vein, due to the strong nonlinearity, the approximate scheme
starts from the third order equation and lower order terms including ¢ and u are recovered



by integrals and boundary conditions. Lastly, we point out that it is not trivial to build the
well-posedness of linear approximate systems and the duality argument is employed for that
as in [1].

The rest of the paper is organized as follows: In Section 3, we study the operators V'
and V* built in the reformulated Euler equations (5) or (10). In Section 4, we establish the
a priori estimates in V, V™ formulation. Based on the a priori estimates, in Section 5, we
implement the approximate scheme and prove that each approximate system is well-posed.
In Section 6, we finish the proof of Theorem 2.1. In Section 7, the duality argument is proved.

3 Preliminaries

Throughout this sectlon we assume that ¢ is a given nonnegative, smooth function of ¢ and
&, and moreover, f and O¢¢ are bounded from below and above near £ = 0.
3.1 Basic properties of V and V*

In this subsection, we study the operators V' and V*. Let us denote C3°((0,1)) (respectively
C5°((0,1])) the set of C*° functions with compact support in (0,1) (respectively (0, 1]).

Lemma 3.1.

RO =D(V) = Xk

- ykl
Ce((0.1) =DV = YR,

(14)

Proof. Take f € X*1. Hence,
2 ! $* o 2
110 = [ garlocCe PP+ 111 de < o

We make the change of variable y = ¢2**1 and F(y) = ¢2 —f. Hence

IS LS| )
> F|? dy < .
21€+1¢4ky21ﬁ1| [* dy < oo

1
12 = /0 (2k + 1|0, F? +

Since, 2k > 1, we deduce that % +1 > 1 and hence, necessary F'(0) = 0. Applying Hardy

inequality to F', we deduce that
1 2 1
F
oY 0

Hence, going back to the original variables, we deduce that for f € X*!, we have
f2
52

Now, consider a cut-off function x € C*°(R) given by x(§) =0 for £ < 1/2 and x(§) =1
for £ > 1. We also define x,,(€) = x(n). For f € X®1, we define f,(&) = xn(€)f(€). Hence,

dg < CH*H VI - (15)



fn € X®1 and it is clear that f, goes to f in L?. Moreover,

¢2k
V(f = fa) = 1= x)V(f) = nx'(n&) 5 £ f

The first term on the right hand side goes to zero in Lg when n goes to infinity. For the
second term, we use the fact that

1 2k 2
[ ooy S e <12 [ Ly e

which goes to zero when n goes to infinity in view of (15). Hence, we deduce that f,, goes
to f in X*®1. Now, it is clear that f,, can be approximated in X*! by functions which are in

C§°((0,1]). Indeed, one can just convolute f;, by some mollifier. Hence, the first equality of
(14) holds.
To prove a similar result for V*, we take g € Y*! and fix some ¢ € (0,1]. For ¢ € (0,¢] ,

we have
I—/ 55(9(3))d5/+gc(z?

¢£ c €/2k 1/2
([ ere [ )2

ck

651_2% n |g(C) |

IA

)|2d§’ By choosing ¢ small enough, we can make e small.

where € = C’f |£,

Hence, we deduce that for all € > 0, there exists a constant Ce(g) = |%\ such that for all

¢ € (0,1], we have
Ol < e Vet Cett.

We denote g, = xng, hence it is clear that g, goes to g in Lg. Moreover,

¢2k
Vg =gn) = (1= xa)V'(9) - nx'(nf)@g-

The second term on the right hand side satisfies

1 2k 1
) o < € [ (6 + CE L oo

Hence, since € > 0 is arbitrary, it goes to zero when n goes to infinity. Therefore, we deduce
that g, goes to ¢ in Y*!. Now, it is clear that g, can be approximated by functions which
are in C§°((0,1]) and the second equality of (14) follows.

O

Lemma 3.2. (1) For f € XK1 gc Ykl

[vin-gis= [ v (e



(2) ker V= {0} and ker V* = {0}
(3) Vi and Vi are commutators of V,V* and 0:

OV (f) =V(0f)+ Vi(f), 9V (g9) =V"(0g) + Vi (9)

where

¢2k 16t¢ ¢2k 1at¢
Vi(f) =2k— 8 —— [, Vi'(g) = -2k——F—0 g
In addition,
Vi(g) = —2k=-V7(g) and VVi(g) = ViV (9).
Proof. The proof of this lemma directly follows from the density property proved in the
previous lemma. It will be used frequently during the energy estimates. O

The following lemma displays a key ingredient of the main estimates. Dividing by & is
a common operation embedded in the equations (5) and (10). The lemma claims that the
operation, which acts like derivatives when £ approach 0, is completely controlled by modified
derivatives V and V*.

Lemma 3.3. (1) If f € X®! and g € Y, then % and % are bounded in Lg and we obtain
the following inequalities:

e ||L2<C|| 125 11V £z, || HL2<C{H 125 11Vgll2} (16)

(2) More generally, if f € L2 satzsﬁes m € L2 for some nonnegative real number m,

m—i—k:>3 then

||£m”L <CIHI Hgm 1\|Lg-
(3) Also, if g satzsﬁes T € L2 and V (g) € L2 for some nonnegative real number m,
m < k+ , then
€2 1 V9 g
151z < Il glzs + sl a7)

Here, m is not necessarily an integer. In practice, m will be chosen as % <m<k.

Proof. The point (1) was already proved for f in the previous lemma by Hardy inequality
(see (15)). For the second inequality, consider first g € C§°((0,1)), hence

2k 2k — 1 1
Jvio-Salae = [od G- e2ae =22 [1pde + o).
and g(1) = 0. Since k # % and

., &y .
/V o ¢ d§_|H| HV9||L2H HL2

we obtain the desired result. The case where g € Y*! follows by density.

10



Now, we concentrate on (2). For (% satisfying the same type of bounds as ¢, we define
Valf) = g%ag(%f). For f asin (2), we use that

V 1 2k -
5775{2 = €k+m—18§(§k—m+1 gmf—l) = Vk"‘m_l(gmi—l)

éQ(ker*l) = ¢2k§2(m*1). Since, k+m—1 > %, we can apply the estimate

where ¢ is given by
(15) for V replaced by Viym_1 and f replaced by Em% This gives the desired bound.

For (3), we write

Vig) _ o™~ g

é‘m—l - _é‘ﬁ m_l_k(é'm—l)
with d) §. Since, m—1—k < —3, L V,._1_ satisfies the same estimates as V*, in particular
the second estimate of (16) holds for Vin—1—, hence (17) holds. O

Remark 3.4. We note that the boundary conditions on f and g at £ =0 in Lemma 3.8 are
imbedded in X** and Y1, namely Lg boundedness of V f and V*g forces f and g to vanish

at &€ = 0. Actually, it forces them to be less than &/2.

As a direct result of Lemma 3.3, we obtain the following L2 estimates for é—m and
Corollary 3.5. For given nonnegative real number m, m < k+ 3 5, if [ € XkImT then there
exists C1 only depending on H$HL§° so that

H w2 < Cullfllxerm -

Also, for given nonnegative real number m, m < k + %, if g € YR then there exists Cy
only depending on H%HL? so that

|| Iz < Collgllyerm -
Proof. We apply (2) and (3) of Lemma 3.3 alternatingly until negative powers of ¢ disappear.

Note that the conditions on m come from the one in (3) of Lemma 3.3. O

We next prove the Sobolev imbedding inequalities of V, V* version, which will be useful
tools to control nonlinear terms.

Lemma 3.6. If f € Xk[IKIH1 gnd g € YRIFIFL then there exist constants Cs and Cy only
depending on H%”L? so that

f g
I iz < Colllxarmren ond I %z < Callynnn.
Proof. We start with g part. By the definition of V' and V*, one finds that
g €2k V*g
Oclop]l = — oz
3 RS

11



Thus, by Sobolev embedding theorem in one dimension, it suffices to show that

9 Vg
gk

This follows from Corollary 3.5. Hence, we conclude that L bound of g% is controlled by

eL?.

2k
llgllyw.rs141. For f part, we show that H?T,%ikHLgo is bounded by || f|| xx.rx1+1. Note that

LA RGPl
[€2k fk] fk — 2k 5219 €k+1
Thus, by applying Corollary 3.5, we obtain the desired conclusion. ]

More generally, we obtain the following:

Lemma 3.7. Let 0 < 57 < k —% be a given nonnegative number. If f € XM+ gnd
g € YR then there exist constants Cs and Cg only depending on H%HL? so that

|| il < Csl[fllxrrine and II*HLOO < Collgllyr.n+ -

Proof. We only treat . Note that

g & Vg g
aﬁ[g] = _W fj + (k _])gj_,_l
Hence, by the Sobolev embedding theorem, it suffices to show that gl Vgg and Ej‘(il are in
L2 This follows from Corollary 3.5. Note that j has to be less than k — % O

Next we present the product rule for the operators V, V*.

Lemma 3.8. Let f, g € DVNDV™ be given. Let h be a given smooth function. The following
identities hold:

2k k k
V=V %?2’“ EM;Z =-Vi+ 2k:2+ 1 V(§k¢)£
¢ . 2% V(eko
Pre=v g+2k£2’“85¢% R AT (gk )Z
2k 2%k
o V(fh) =V (f)h+ f?%agh, V*(gh) = V*(g)h — g?%agh
k k k
?; Ogh = Vh+kf;(2 —2afb¢)h —V*h+k§;2
¢2k‘ ¢4kz gk; . ¢2k 1 9 d)
5%85[]"9] V(f)g+ €3kf85[¢2kg]zv(f)g_fv (9 )+2k§2k(g—%)fg

The lemma tells that when V or V* act on a function h, depending on that function, they
k
can yield % or V(fk ¢)% besides Vh or V*h.

12



3.2 Homogeneous operators V, v

Next we introduce homogeneous linear operators V and V" of V and V* as follows:

V() = 2 cle"fl, 7'(g) = —€50e[ L] and (¢ = 1) = 0. (18)

g g

These homogeneous operators are special cases of V and V* for which ¢ is simply taken as
. ~k,s —k,s . . . .

&. Function spaces X 7~ and Y '~ for s a given nonnegative integer are given as follows:

Xk,s;{feng(vy(f)eLg, 0<i<s} 19)
Y ={gel?: (V)9 el 0<i<s)

where (V)¢ and (V")! are defined as in (7) and (8). These spaces are equipped with the
following norms

11, = ZII flfzz and ||g||—ks—2|| (@)IIZz -

Indeed, V, V" and V', V* share many good properties; we summarize the analog of Lemma
3.3, 3.6, 3.7 and 3.8 for V, V" in the following.

Lemma 3.9. (1) If f € L2 satzsﬁes Ie L2 for some real number m, m 4+ k > 3 then

f

7
|| iz < Igm=llzz

Also, if g satisfies gm T € L2 and . g g€ L2 for some real number m, m < k + , then

H HLQ_\

k,[k]+1

(2) If f € xERHL gey” , then we obtain

f g
HgHLg“ < C||fllgw 141 and H{kHLgO < Cllgllge.m+ -

-k, [51+1 7k fﬂ+1

(3) Let 0 < j <k — 5 be a given nonnegative number. If f € X
then we obtain

and g €Y’

|| ||L°° ClIf i Cde*HLw Cllgllgw.ri+a -
(4) Product rule for V, V" :
V= Vf+2k Jg V(fh) = V(f)h+ foeh, V(gh) = V*(g)h — gdkh.

Now we show that two norms induced by V, V* and V, V" are equivalent.

13



Proposition 3.10. Let ¢ be given so that ||| k. m+2 < A and % < % < C for positive

constants A, C. Then for any f € X%kl and g € Y*IF1 | there exists a constant M depending
only on A, C so that

1
*Hf” e S I emm < MHfH—k ] s Hgszk,m < lgllynm < MH9|’27k,fk1 . (20)

Proof. We will only prove the second inequality (<). The other one can be shown in the
same way. Let us start with V f and V*g.

¢2k ¢2k ¢2k ¢2k7 6% V £k¢ ¢2k
Vf fk §[€k f] §2kvf+af[§2k]f:€ﬁvf+{2k+1 ék¢) §2k+1}f
2k 2k
V*g = —ikag[ggk] = ?%V*g

Next, note that by the product rule of Lemma 3.8 and 3.9, the higher order terms (V)’f and
(V*)'g can be expanded into the following form in terms of (V)7 f and (V" )/g for j < i:

V) f= Z‘P (&) - (V) T, V*g—Z\P?sk (V) g

7=0
where for s =1 or 2

j P I (ck
W) =S (Ot Y G [T V)

k
r=0 é‘ ll++lp:j_7" q=1 5 ¢
Iy lp>1

for some functions Cys, Cj,...;,s which may only depend on k, ¢ and and therefore Cg,
Cl,..1,s are bounded by some power function of C. In order to Show 20), first we rewrite
(V)if and (V*)'g as

i j V)2 e j V' )g
V)if =3 &uj(Ete)- )@ (V*)ig =Y gui(¢ o) - (gj
j=0 =0
Since H i ]fHLQ and H#HB are bounded by ||f[|xs and [|g||g., respectively and

moreover, by Lemma 3.7, HSJ‘I’jHLgo is bounded by |[¢¥@||xrs+2 for j < [k], by adding all

the inequalities over ¢ < [k] we obtain the desired inequality as well as the desired bound M
as a function of A and C. O

The above equivalence dictates the linear character of higher order energy. Note that we
cannot deduce the same result for the full energy £%/¥1+3 due to the nonlinearity.

4 V,V* a priori energy estimates

This section is devoted to V,V™* energy estimates to get the following a priori estimates, a
key to construct strong solutions.

14



Proposition 4.1. Suppose ¢ and u solve (10) and (11) with E5F143(p u) < oo. If we
further assume that
1 < o

_€§Cf07"someC>1, (21)

we obtain the following a priori estimates:

%5k,[k]+3(¢’ u) < C(g’%“ﬂ +3(¢7 u))

where C(EMFIH3(p,u)) is a continuous function of EX1F13(¢,u) and C. Moreover, the a pri-
ori assumption (21) can be justified: the boundedness of E¥TF1T3(p, w) imply the boundedness

[
of €

In order to illustrate the idea of of the proof, we start with the simplest case when k =1
of which corresponding ~ is 3. In the next subsections, we generalize it to arbitrary k > %
4.1 A priori estimates for £k =1 (7 = 3)

When k& = 1, the Euler equations read as follows:

¢

¢+ () ug =0
y 22)
ur + (£)*¢e = 0
£
The operators V and V* take the form:
1y ¢? . ¢, 1
= 9.2 =_-2 5.
V(f) ¢ (gf) Vi(9) ¢ g(gg)
In terms of V and V*, (22) can be rewritten as follows:
0y (§p) — V7 (§u) =0
(23)

u(u) + 3V(€6) = 0

The energy functional £14(¢, u) reads as the following:

(g, u) E/ €0 + |€ul d§+2/\ (EOP + (V) (u) e (24)

Before carrying out the energy estimates, we verify the assumption (21). In order to do so,
we examine each term in the energy functional (24). Let us start with V, V*V, VV*V,

15



VVV*V of &

V(Eo) = ¢06l6"] = 3qfa o
. VV(€0) = —3‘2285[?; ed)
« V() = 2o, @i[ﬁ&@]
. VYV (E0) _3<f (L2 [Zf [fj 3edl]

One advantage of V' and V* formulation is that Lg® control of ¢ is cheap to get: since

[ o vicors = [ oveieas = 6"

we deduce that
1811z < 11E81IZ2 + 1V (€972 < EM(9, ) (25)

The boundedness of d¢¢ also follows from the boundedness of £ L4(4,u): first note that

¢’ 1V(¢9)

a%0 =3¢

and then by applying Lemma 3.6 to g = V(£¢) when k = 1, we deduce that ?—zﬁggb is bounded
and continuous, and in turn d¢¢ is in Lgo under the assumption (21). In the same way, by
applying Lemma 3.6 to f = V*V(£¢) when k = 1, we can derive that 85[?—28@] is bounded.
However, we remark that this does not imply that 8?(]5 is bounded in our energy space, since

it is not clear how to control 85[?]. Thus we keep the form as they are rather than try to go

back to the standard Sobolev space.
Next we turn to u variable. We list out V*, VV* V*VV* VV*VV* of &u.

2
o« V*(eu) = -2 deu

¢
4
.« VV*(Eu) = —2(%[?28514
&1 o (26)
.« VUV (Eu) = 3 0[50 [526@1]
. VUV (Eu) = 208 061 0 el
el Ol

O =

Apply Lemma 3.6 to deduce that VWhigw L0¢[¢?0;¢] is bounded and continuous if
3 e

16



EY4(¢,u) is bounded. Letting h be éﬁg[(f@g]ﬁ], we can write ¢p?0;¢p = fog £?hd¢, and therefore
we conclude % is also bounded by £14(¢,u) and C.
Writing % as
¢ ¢ Lo
E(t’g) = 5(0,5) + e
we conclude that for a short time, the boundary behavior of % is preserved and in particular,
this justifies the assumption (21).

We now perform the energy estimates. The zeroth order energy energy is conserved as
given by (12). Apply V and V* to (23) and use Vi(£9) = 20,V (£9)

(1, &)dr,

OV (€9) —3VV*(€u) = 0

i} 1., . (27)
OV (€u) + 5V V(D) = Vi (€u)
Multiply by %V(&b) and V*(&u) and integrate to get
1d 1
2 | VDR + IV (€nPds = [ Vi v unde (28)
Apply V* and V to (27) to get
HVTV(Ep) = 3VIVV(Eu) = V'V (£9)
29
QVV*(6u) + SVVIV(E6) = V7 (w) + ViV (€u) = 2%V (€u) )
Multiply by %V*V(&qﬁ) and VV*(&u) and integrate to get
d
23 | SV VIEOR + WV culds = [ Svivie) - viVieons
(30)
+ [ 2vven - Vv cude
Apply V* and V to (29) to get
QVVIV(E9) = 3VVIVVT(Eu) = VVIV(ED) + VTV (E9) = 2V, VTV (§9)
BV VV*(€u) + %V*VV*V(&b) — 2V VLV (€u) + ViV VE (€u) (3D
Multiply by %VV*V(&Z)) and V*VV*(u) and integrate to get
23 | SIVVVIEDR + VIV gulde = [ SViviVies) - VYV eods
(32)

+ / AV V,V*(Eu) - VFVV*(Eu)dE + / VFVV*(Eu) - VVV*(Eu)dE

17



Apply V* and V to (31) to get
HVVVIV(Ep) — 3VIVVIVV*(Eu) =2V VIVIV (Ep) + VI VIV (E9)

33
HVV*VV*(Eu) + %VV*VV*V(&Z)) — VV*V V¥ (€u) + 2V, VVV* (€u) (33)

Multiply by éV*VV*V(fqﬁ) and VV*VV*(£u) and integrate to get

%% 7|V*VV V(ES + [VV'VV*(€u) 2de

=/9V*VtV*V(§¢>)‘V*VV*V(£¢)d§+/Q‘Q*VV*V(€¢)-V*VV*V(§¢)d§ (34)

+ / VNV, V*(€u) - VV*VV*(€u)dE + / VAV V*(€u) - VV*VV*(Eu)dé

In order to prove Proposition 4.1, it now remains to estimate the following nonlinear terms
coming from the energy estimates in terms of the energy functional (24):

* * 2 * *
[ v vviends, [ Suvivies) vV eode,
2

[t vivviiends [ Svivves) vvviveas, ()

/QVV*VtV*(fu) SVVIVV*(Eu)dé, /2V,}V*VV*(§u) S VVVV*(Eu)dE
Our goal is to control these terms by our energy functional (24). All of them contain O¢
and its derivatives with suitable weights. The estimates of 0;¢ related terms can be obtained
through the equation (22) by estimating V*, VV* V*VV* VV*VV* of {u in terms of 9,¢.

Before going any further, let us try to get the better understanding of them. First, we rewrite

V* VV* VUV VV*VV* of u, namely (26), in terms of 0;¢:

¢2
o V¥(§u) = —?3@ = &0

e Ve = poutoo = % 00201 48 %ac00 = | o |+ vien %
. VYV (Eu) = qfa 20200 - 3% 0 S %8 — 5% S oeon 2
- w o150 200 - 3% 00001 2 (36)
- w 1500221 |+ vvien 2
e VVVViLen) = — oo G0 20N - 330 G0 ok 2
= |- sl G o 20 |+ vivien 2 1 VTED &g 00

18



As we can see in the above, the term %9 and its derivatives naturally appear and there are

many ways to write them. The key idea is not to separate them randomly when distributing
spatial derivatives, but to find the right form of each term. The boxed terms in (36) have
been chosen in such a way that the remaining terms in the right hand sides have the better
or the same integrability as the left hand sides.

We analyze the most intriguing full derivative terms V*V,V*V ({¢) and VV*V,V*(&u).
Other terms can be handled in a rather direct way.

Claim 4.2.
[V ViV (€9)l[7; < Co(E(6,u))

where C1(EY4(¢,u)) is a continuous function of EY4 (¢, u).

Proof.
- v <I52 3¢¢4 2
5V TIVVE0) = ol 06l o o)
2 19 4 2 2 D) 4 2
~ ol j’ag[?z (55060l + 0 50 ) S50 55060
5¢¢2 ¢4 ¢? ¢* O, 1 9254 ¢?
; 535[5235[52 [5235¢]]]+2§3§[;] ?235[52 [523@]]
¢? 09 ¢4 ¢?
+ 555[5235[ ; Il =) [523@]
= (I) + (II) + (II1)
Since (I) = C()f—fV*V’V*V({qﬁ), (I) is controllable:
0
1Dz < 1% 1z VYV VD12
The second term is written as
262 A6, VVV(ES)
(1 = -3 %020 1
;From (36), we get
¢* O, VV*(Eu)  V(EP) Digp 0
@ 5,129 = . %P e I,
gxlgl="5 o o <L

And since ||%V(E¢)HL§ < |\V*VV*V(£¢)||L§, (I1) is also controlled by the energy. Now we
turn into (I11). First, we note that by Lemma 3.3 and Lemma 3.6,

2

185[¢ 85(25] S LE and 85[?285¢] S Lgo.

§ ¢

Next let us take a look at the other factor and rewrite it by using boxed terms in (36):

¢ Qo (LS By Ly 00 By (8 6 a0
e G Ce et @l
I V(ES) Vi (Ew)  V(ED) VVH(E) € V(D) V(€W

fV 4% (fu)+ ¢ ¢ 2 € ¢ +2¢ ¢ | e

19
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Thus (I1I) can be rewritten as follows:

pVVV*(&u) ¢>2 V(o) VV*(Eu) ¢>2

II7) =— = —
VIV(E6) VEEW) 1, ¢ £ V(€9) 2V*<£u> 1, ¢
e e g + 2= P g
Hence (II1) can be controlled by £14(¢,u). O

Now let us move onto VV*V,V*(€u). The treatment of this term contains another flavor.

Claim 4.3.
VVVV* (€u)ll7z < Co(E7 (¢, u))

where Co(EY4 (¢, u)) is a continuous function of EY* (¢, u).

Proof. We use the continuity equation in (22) first to deal with V;V*(£u). Since V*(&u) =
E0d and V(E0pp) = %85[&8@] = %[(]52858@ + 200:00; 9], we can write V;V*(£u) as the

following:

O: 9| 0|
ViV (€)= 785[ P = €[6g¢|8t¢|2+2¢6t6g¢8t¢]—2f (56@)—35‘”5”"
Apply V*:
Lo ¢* .  OpVV*(E e |0
SV (en) = - Lop ) g 00Bel
8t¢ * * ¢2 8t¢ VV*(g ) ¢2 8t¢
_ 97 9.2 . ) a oty
¢VVV(€) 2§§[¢] e % s[ 34 H
YO e o @vv*@)_@qﬁ e %6
¢VVV(§) 2§£[¢]{ ¢ 3¢§23¢}+3585[£23¢]\ |
()
Note that (%) reduces to:
3Od, 09 ¢3 O
(*) = 52 23 ¢] 3¢€235¢ e [<Z>]
Apply V:
%VV*VV*(fu)
I Lo 18 a0, 5 (% 000 20
—2§3§[§ 5V VVi(gu )] - 2 [¢5‘€28§[ 5 JJ? }+3535[£2 [5235925]! %]

— (1) + (II) + (I11)
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We rewrite (I), (I1), (I11) as follows:

08 ety 1 0 (000 VIV VA (E0)
1) =22 RN MR L)
(1) = ¢VVVV(§)+££[¢] ¢
35¢ 3t¢ 1 ¢5 O, ¢6 8t¢
II —4—"20
¢4 ¢2 5t¢ 2 ¢4 ¢? (9t¢ 3t<15
1) =319 2 0 6-2 020
It is easy to see that (I) and (I1I) can be controlled by the energy functional. On the other
hand, in order to take care of (1), a special attention is needed. Since %*(Eu) is bounded
by VV*VV*(&u) in Lg, we obtain
1, ¢% O
hzga[§235[;]]eLg. (37)

Thus the second term in (I7) is bounded by the energy functional. To prove that the first
term is also bounded, we claim

1 ¢ O
el dl; I e L.
By using (37), rewrite ?—S@g[af—ﬁ] as follows:

6 a
?2 “Z’ /g%dg

Applying Hélder inequality, we observe that

¢°, O

‘52

(N < €I

Hence we get

0,
||| [“ﬁ

This finishes the a priori estimates for k =1 as well as the claim. ]

IPllzz < IIllZz

4.2 The case when 1 <k <1 (y>3)

In this subsection, we prove Proposition 4.1 for the case % < k <1 and s = 4. First, by
Lemma 3.6, one finds that O0:¢, %, and ag—d’ are bounded by the energy functional €84 (¢, ).
We recall the reformulated Euler equations (10). One can apply V, V* alternatingly as in the

case k = 1, and integrate to get

oY, Z/ ST V)EER®)|? + |(V*) (€8 u)|?dé < mixed nonlinear terms,

where the mixed terms have the same form in (35). Thus it suffices to show that those
nonlinear terms are bounded by £¥4(¢,u). We focus on the intriguing term VV*V,V*(&*u)
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as well as V*V,V*(€Fu), V;V*(€¥u). As we saw in the case k = 1, in order to treat the
mixed terms, the careful analysis of 0;¢ terms is required. First, take a look at V*(¢*u) and

VV*(&ku).

o V¥(Fu) = qzk deu = 80,
1 g O P> O
o VV*(£F ) 78 — 2k 4 1)——0¢
R Od ko Ok
= 0, %
Because || (5 ¢) || .2 12 and H%H 13 are bounded by £%* as an application of Lemma

3.3, we deduce that ||k O [ “z)]HLg is also bounded by £%%. And by Lemma 3.6, we obtain
qS@g[af—f} € Lg°. Now let us compute V;V* (€%u) and write in terms of the energy:

Ly ek 2t @ _ b oM Do ¢ 9
6 0,
fvv*@k )~ 122Vt
It is clear that this term is bounded by the energy functional. Next we write out V*VV*(£Fu).
. . ¢2k ¢2k+1 o (b
o VVV(EU) = — Ol el
2k 2k O, 4k )
- (b + ) G 0 e + G Oe00el )
¢4k+2 o ¢ ¢2k ¢2k o ¢ (38)
= §k¢ Ol £ 0, [fjﬂ (2k + 1) & [5%35@5] ;
_ ¢4k+2 % k at¢
¢4k+2

Thus we note that the boxed term ﬁag[ﬁag [é%‘z)ﬂ is the right form of the second derivative

of 9;¢ of which structure we do not want to destroy. Here is V*V;V*(£Fu):

2k 1 9, %1 g 2% 9
VIV () = ik %l ¢{2¢ [;¢]+<2k+ >¢;k 0o ff 1
o 1 4k+2 o 4k+1 o o 2k 2k
220 0l 0 22 — 0 20 — b+ )22 0 S0

It is easy to see that the first and third terms are bounded by the energy functional. For the
second term, writing it as

¢4k+1 ) ¢ ¢3k+1 o ¢ ) ¢
§3k|ag[;]|—2§3k [;wa[;]
Lee L?

13 £
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we deduce that it is also controlled by £, and in result, we conclude that V*V,V*(&*u) is
bounded by ¥4, Next VV*VV*(ku):

. . ¢2k 1 ¢4k+2 ad) ¢4k ¢2k a¢
«VVIVVH(Ehu) = - ék Oel gz Oel gz 8g[f7m—<2k+1>§k el ez Oel g 091~
P RASPWOL . Ko | ¢ O

= 5,{ Ocl =g Oel =g Ocl=g ) |+ VV'V(ERD) =5 + VIV (€80) - 0l 7]

Note that the boxed term is bounded in Lg by the energy functional. Now we write
VV*V;V*(€Fu) in terms of the boxed terms as well as the energy:

) 1 2k—1 4k+2 )
VIV ) = 272 oo o S0 )
2k+1 ) 1 4k+2 O 6k )
6% 02 s Oel o OeL ) + (4 + )00 S e P
(%)
a 4k 2k a 3k 2k 8
(2K +1)] ;"’\ 0 [f% [f%awn (4k+2)f<§%8§[f%8§¢] qska[fJ

It is clear that except (x), the first factor of each term in the right hand side is bounded in L
and the second factor is bounded in Lg by 84, In order to show that (%) is bounded in Lg,

first note that by Lemma 3.3, ||%WHL§ and H%MHLE are bounded by £%4(¢, u)
due to the fact k > 1, from the relation (38), thus we get

B 1 ¢4k+2 8t¢
h= @85[578 e[— 5 ] e Lg,
and in turn we obtain
Ak+2 a
i% “b / €/ 2hde’ < 543 1n)

O¢ _
= H€k|3£[f7]|2||ig < iy [ no-euege

Note that the last integral is bounded. Therefore we conclude that ||[VV*V;V*(&*u)|| 12 is

bounded by £¥4. Similarly, we deduce the same conclusion for other mixed terms and it
finishes the proof of Proposition 4.1 for 3 5 < k<1

4.3 The case when [k] >2 (1 <~y < 3)

We now turn into the general k. The spirit is the same as the case when k£ = 1: we need to
carry out Lgo estimates and nonlinear estimates. For large k, however, the number of mixed
nonlinear terms increases accordingly and it is not an easy task to work term by term. We
will present a systematic way of treating those terms involving derivatives of 0;¢.

The following lemma is a direct result from Lemma 3.6 and 3.7, and it is useful to justify
the assumption (21) in EXIFI3 (4, ).
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Lemma 4.4. (1) We obtain the following Lg° estimates:
Vi) VIVES) Vet Ve
E,k Lg ’ {k LE ) &'k LE ) €

where C3(EXFI43(p,u)) is a continuous function of H%HL?’ and EFTFIH3 (¢ u).
(2) For 3<i<[k]+1

€TkT+2—i Lgs

llzze < C3(ERTFT3(g, )

V*i k
Hﬂﬁﬁg?uggaw“”%wwﬂ

where C4(EFTFIH3(p ) is a continuous function of H%HLE" and EFTFIT3 (g ).

We start with Lg° estimate of ¢. We list out V, V*V, VV*V of €*¢ for references.

2k
V(ehe) = g Be[¢?+1] = <%+nik@¢
A ¢2k ¢2k
o VIV(Eh0) = ~(2h+ 1) G0 S 0eo)
4k 2k
-xﬂ”vawo:—@k+ng;[§k @%&m]

One advantage of V and V* formulation is that Lg° control of ¢ is cheap to get:

2k +1
kg 2k+11g 2k+2
)d
[0 vietore = [ oodem s = 0o
Applying Lemma 4.4, we obtain that 0¢¢ is bounded and continuous if the assumption (21)
holds and EFI¥143 (¢, u) is bounded.
Next we turn to u variable.

2k
4k
« VYV = - 0 @%%m (39)
k ¢2k; 4k

Note that % can be estimated in terms of Jzu via the equation (5):

¢2k V* gk

O = —

By Lemma 4.4, we deduce that VV*E(,fk“) = oF 8£[¢2k8t¢] is bounded and continuous if

ERIEI3 (4 1) is bounded. Letting h be o 1:0:[0%*0,¢], we can write ¢?F0,¢p = fo £2khde,

and therefore we conclude %2 is also bounded. By the same continuity argument as in k =1

case, we can verify the same boundary behavior for a short time and the assumption (21).
We now perform the energy estimates. From (10), we have the conservation of the zeroth
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order energy:

1d Lok 2 o ek, 200
@ 2k+1|£ o[" + [ u|"d¢ =0
Apply V and V* to (10) and use Vi(¢¥¢) = %@V({’%) to get
AV (€"0) — 2k + VV(*u) =0
*(ck 1 * k * ¢~k (40)
RV*(€ U)‘Fmv V(%) = V(")
Apply V* and V to (40) and use VV* = V;}V* to get
BV*V(Er¢) — (2k + DV VVF(EFu) = VIV (E79)
*( ek 1 * k * ok (41)
QVVI(Eu) + o7 VVIVI(Eh9) = 2V ()

By keeping taking V and V* alternatingly, one obtains higher order equations for (V)!(£%¢)
and (V*)!(¢*u) for any 4. Indeed, the mixed terms in the right hand sides can be written in
a systematic way. For ¢ = 25 + 1 where 5 > 1:

j—1
(V)P (R ) — (2K + 1)(VH)P P2 (EFu) = 2 (V)P A2V v (V)P ¢k g)
=0
A A i1 A (42)
OV W) + G (VP F(ERe) =23 (V)P vive (V) (ehu)
=0
+ VE (V) ()
For i = 25 where 57 > 2:
j—2
0(V)H(6h¢) — (2k + 1)(V*)PH (Fu) = 2 (V)P 2311+ (V)2 ()
=0
+ V()P (¢ (43)
j—1
AV (Eru) + S (V)PHHER ) =23 (V) 2Vv(V)? (€hu)
=0

Our main goal is to estimate the mixed terms in the right hand sides of (42) and (43). Note
that the most intriguing cases seem to be when | = 0, where the most spatial derivatives
of %d’ are present. Before getting into the estimates, let us get the better understanding of
the effect of the operator V;. First, recall (V*)!(¢¥u)’s. They give rise to 0;¢ terms via the
equations (5) and furthermore they predict the right form of spatial derivatives of 0;¢ terms.
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We borrow the computations from the previous section for ¢ < 4.

¢2
o V*(¢ku) = fk = Ou = "9y
. ¢2k;+1 8 ¢ ¢2k o ¢
o VV(Ehu) = 5k Oel¢™016) = = 0Oel=5-) + (2 + 1) 0o~ (44)
2k+1 o )
= "lk O| j’] + V() (f)
Now let us compute V;V*(¢*u) and write in terms of the energy:
o ) 2k+1 a 2k o
eV (€)= g |22 = 2% a2k (2 1) 00T
=2V V() — ISPV <z>>
Next we write out V*VV*(&Fu).
2k 2k+1 o 2k 2k o 4k o
o VYV (Eh) = ik 0[O 221 = (21 {0l 50601 %7 + S5 000 7 )
4k+2 a 2k 2k 8
= £k¢ §[¢§2k 8{[ (;)H (2k+1)(i~k a&[?gkaé(b] (t;)
Ak+2 a o
— |~ 0l S 0 |+ VOV )
Thus we note that & ¢3§[¢ZZ:2 (95[8%]] is the right form of the second derivative of 0;¢ that
we do not want to destroy. Here is V*V,V*(&Fu).
2k 10 2k+1 O 2k o
oV Y €h0) = = G el 2% 06l o 2k )00 %
(46)
O 1 4k+2 8 4k+1 O 2k 2k o
— 22 ol 85[;5“ 2% 0P — (2 1) S 0 el | 2
Next VV*VV* (k)
. . ¢2k 1 ¢4k+2 o (;5 ¢4k ¢2k o ¢
o VVIVV*(ehu) = — gk O [~ £ O £ Og[— 5 - (2’f+1)£k [5% [gzkaﬁfﬂ ;] -
PP v o o v oo
= 5k Ol g Ve[ Ol |+ VVIV(E50) == + VIV (659) - 0= 7]
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In turn, VV*V,V*(ku):

. . o, ¢ 1 ¢2k71 ¢4k+2 ) ¢
%VV V,V*(&Fu) = —2f7g85[5765[5785[f7m
¢2k+1 ) ¢ 1 ¢4k+2 ) ¢ ¢6k o (b
6 g0l ] w@d a0l 1 + (4h + 6)ed 0671
a 4k 2k a 3k 2k 8
— (b + DI 0l o 0l deol] - (4 +2) 0 S0 G 0] - 0]

As in the case % < k < 1, we chose the above specific expansion of V*VV* (fku) in order
to find the right expression of the second derivative of 0;¢ and then estimate the mixed
term V*V;V*(¢Fu). This is because the nonlinearity of (5) is prevalent at this level in V, V*
formulation and an arbitrary expansion may destroy the structure of (5). For higher order
terms, we employ a rather crude expansion in a systematic way. In the below, we present
a representation for (V*)?(¢¥u), get the information of spatial derivatives of d;¢, which we

denote by T’s, and derive the estimates of (V*)"=2V,V*(£Fu).

Representation of (V*)!(¢¥u) and T for i > 2: First, we define T} for 2 < i <= [k] + 3:

2kl g, k2 g )
T, = ¢§k A f] Ts = —wag[i% 85[;:25]]; T;= (V) 3Ty fori>4  (48)
We chose Ty and T3 so that
(VR ) = T+ VED)EL, (V) = Too+ (Ve 0) %7

In other words, they are boxed terms in the above as well as in the previous sections. Note
that by Lemma 4.4,

T T3

& €L, 1 € L. (49)
The validity of T; will follow from the construction of T; in the below. Now we claim for any
i >4, (V*)!(¢*u) has the following representation which extends the case i = 2, 3:

1—2
(V*Yi(ebu) = T + <v>i—1<£’f¢>af 3T, (50)
j=2

where
i—j—2 p lq §k )

zJ—Z{Cr Z l11H

Ly tlp=i—j—r
Uyeenlp>1

(51)

for some functions C,., Cj,..,, which may only depend on % and % and therefore C., C, ..,

are bounded by Hd)HLoo and H HLoo Furthermore, T; and the last term in (50) have the
following property: for each 4 S i S (k] + 3,

i—2
1 T;
Hm d :c1>,-_jTj||Lg and \|€m+3 ;1lz are bounded by ERFIF (g u),  (52)
j=2
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and for 4 <i < [k] 41,

i—2
1 T;
||,§fk1+2—i Z <I>z;jTjHLgo and ||7§W+2—i HL? are bounded by ¥1F173(¢, v). (53)
Jj=2

In particular, each T; is well-defined. We are now ready to prove the representation formula
(50). From the previous computation (47),

2(ck
(VY = T+ ()b 28 VI, (54)
) 198
Setting ®4_o = %, the formula (50) holds for i = 4. Moreover, by Lemma 4.4, the
properties (52) and (53) are satisfied for i = 4. For i > 5, based on the induction on i, we
will show that V' or V* of each term in (50) can be decomposed in the same fashion. With
the aid of Lemma 3.8, applying V or V* of the second term (V)i_1(£k¢)8f7¢ in the right hand

side of (50), we obtain

a
o

o VH((V)PHH(E )

: ¢, (V)¥ (&)
— (V)2 (gk t

Ou¢ 2ir2ck 00 (V)PH(ER)
2Py — (v 2y N S Y
Note that the right hand sides are of the right form. In the same spirit, we can apply V or V*

to the last term in (50). Here is the estimate of the simplest case when j =2, r =0, [ =i—2.
Consider i =2j +2 or i = 2j + 3.

o V((V) (") T

T

V2j k vV k V2] k V2j+1 k V2j k
el )5k(<,f Dy s S;f) gii Oy, gk;f O, s gii O,

VPt (eRg), 2 V(ehg) VETI(eRg) VI(ehg) VT (ghg)
Ve BTy ee de T ge Rt gy B

Fach term in the right hand sides has a desirable form. From Lemma 3.8, we deduce that
when V or V* act on a function h, depending on that function, they can yield % or V(E: d))%
or Vh or V*h. Therefore, V or V* of other cases of ®;_;T} falls into the right form of the
case when i + 1. Next we verify (52) and (53). Let s > 4 be given. Assume that they hold

for 7 < s and we first claim that

(s+1)—2
Z (I)(s+l)ijjHLg is bounded by EFIFIH3 (¢, 4) .
j=2

1
lrpE=rry

This can be justified by counting derivatives and % and distributing % factors in a right way.

The highest derivative term with appropriate factor of + will be taken as the main Lg term
and others will be bounded by taking the sup. Let z = max{j,li,...,[,} for each term. If

z = j, we consider ngﬁ whose Lg norm is bounded by Sk’“ﬂ*g(qﬁ,u) from the induction
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hypothesis, since j < s—1, as an Lg term. Now it remains to show that the rest of factors

¢kl +3— (s+1)75-2 P (V) (¢k )
=0 L+ +lp=(s+1)—j—r ¢=1
I1,.5lp>1

are bounded. It is enough to look at the following: for each r <s—j —1

§s+1fj P lq {k

— X e

li+-+lp=s+1—j—rg=1
I1,00lp>1

which is clearly bounded by £%#1+3(4, u) because of Lemma 4.4 and since k < [k]. When
z is one of l;’s, one can derive the same conclusion. Thus from (50), we deduce that

\|£Wf§ 7D HL? is also bounded and it finishes the verification of (52). For the Lg® bound-

edness for s +1 < [k] + 1

1 (s+1)—2
lgmmem 2, Pemhile
j:

T}

e gy € L

we employ the same counting argument except that we have to use the fact L
for 3 < j <'s. This finishes the induction argument.

These T;’s and their properties will be useful to estimate the nonlinear terms involving
Vi V*. Based on the representation formula (50) and T;’s, we further study the representation

of more general mixed terms (V*)'V,f for i < [k] + 1. First V;f can be written as

Y Y S
”_skd; =5Vt

Note that the right hand side has the same structure as the last two terms of the right hand
side of (54), in letting f be (V)?(¢*¢). Thus we can apply the same technique to obtain the
following: for each ¢ < [k] 4+ 1

15 .

P ' A m+2 ‘
(VA = WY £ 373 @iy TV (5)
m=0 j=2

Proposition 4.5. (Nonlinear estimates) The right hand sides in (42) and (43) are bounded
in Lg by a continuous function of EXF1H3(p. u) and C.

Proof. We only treat the most intriguing term (V*)'V;V*(¢*u) for i < [k] + 1. The idea is
to estimate it in terms of 7}’s and to use their properties. First, note that V*V,}V*(fku) can
be written in terms of 15,73 as in

O

. /o 2 * k 8t¢
ﬁV ViV*(Ru )_2?@, ¢\T2| +V*V(¢ ¢)|?

We would like to compute (V)'V*V;V*(&*u) for 1 <4 < [k]. Consider i = 1. We apply V to

? (56)
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each term in (56). Since

o k
73 f} ¢2€k+1T
we have 5 5 3
V( fT) ZbT4+¢§k+lT2 T
o 2 Ak +3 1 V()
V(%|Tz|)—€kf¢T2' 3T Skt 160 Ehg |T>|
0, 0 k 0,
VIVVIED|ER) = VY VI AP + 2 Ty ViV ()

Thus we deduce that VV*V;V*(£%u) is bounded in Lg by the energy functional. In the same
vein, by keeping applying V* and V/, for any i > 2, we can write (V)!V*V,V*(¢¥u) as follows:

1 ‘ ' ) ) i+1
(VY VV (€)= 220 T+ (V) 2eh0)| 20 4 28 3 2w

142 i+2 (57)

s—2
+Z J§k¢ l+4 JT +Sz;1{¢) (i+4)— ;ngékgﬁ s—J )}

=2

where ® is given as in (51) with possibly different coefficient functions and C; and Cj; are
some functions bounded by ||%\|Lg° and H%H rge- This formula (57) can be also obtained by
plugging (50) into (55).

Now we claim that for each 1 < < [k], ||(V) V*V,V*(£Fu)| |L§ is bounded by £F k143 (g ).
The first three terms in the right hand side of (57) are bounded since they are of the form as
in (50) multiplied with a;%ﬁ. The rest terms consist of quadratic or higher of energy terms or
T}’s. For each term, the highest derivative with appropriate factor of % is considered the main
LZ term and other factors are bounded by taking the sup. This can be done by employing

the counting and distributing % argument as well as the estimates of T}’s (52) and (53) as
before. =

5 Approximate Scheme

In this section, we implement the linear approximate scheme and prove that the linear system
is well-posed in some energy space.

Let the initial data ¢o(§) and up(€) of the Euler equations (5) be given such that CLD <
% < Cp for a constant Cy > 1, and ERFI+3(pg,ug) < A for a constant A > 0. Here

ERIEIF3(4g, ug) is the energy functional (24) induced by ¢o. Note that from the energy

£uo

bound, we obtain € Lg°. We will construct approximate solutions ¢, (t,€) and uy(t,€)
for each n by induction satisfying the following properties:

1
Gnlt=0 = B0, Unli=0 = U0; Pnle=0 = Un|¢=1 = 0; (i < Cp, for Cp, >1  (58)
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Note that ¢g, up automatically satisfy (58). Define the operators V,, and V,* as follows:

_ 1, PR
Va(f) = gr e De( gk f) Vilg) = —@35(57;9) (59)
In addition, we define commutator operators (V;,); and (V,¥)::
2k 18 n . %k—la n
(V) = 2 06l P2 1), (Vo) = 2k "0l 5

We define d;¢g through the equation by
¢2k
§2k

For the linear iteration scheme, we approximate (V)?(¢%¢) = G and (V*)3(¢Fu) = F and the
equations (42) when j = 1, instead of ¢ and u themselves. Let

8t d)o = — 8§u0

Do = Vo(&"¢0), Ho = Vg (€uo), Go = VoV Vo(€¥ o), Fo = Vg VoVy (§Fuo).
For each n > 0, consider the following approximate equations

O1Grs1 — (2k + 1)Vy Fryq = J}:

1 ) (60)
8tFn+1 + 2%k + 1V Gn—H J
where J! and J2 are given as follows:

8t@zsn d) at¢n V*Dn

Jl =4k Gy, + 4k—-0, -
Pn e ¢ Pn | &k
0 ¢n 0 (z)n ¢4k+1 atd’n 8t¢n 1 ¢4k+2 at¢n

2 t tPn 27+ 2 n
Ji =2k o F, + 4k| o |“V,y Dy, — 8k £ |0k [ . 1|7 — 8k o 5’“@%85[ £ Ok . 1]

The initial and boundary conditions are inherited from the original system:

Griili=o = VoVg Vo(€7¢0), Fusili—o = Vi VoVg (€%uo), Griile=1 = 0.

Note that Fy41|¢=o is built in the equations (60). In turn, from these Fj, 1, Gp11, we define
Dn+17 Hn+17 ¢n+17 Un+1:

& o2k €
Dpar = —&* / : /0 €Gudds, oot =~ / g / & derde

PR g2k "
£ 1 H,
Pnt1 = {/0 ¥ Dy (t,)dE YT, Deupyr = —%, Unt1 =/1 Ogun+1dE’
n+1

Note that we have used the boundary condition at & = 1 in order to invert V. Also note
that from the above definitions the following identities hold

ViVt Dys1 = Guit, Vi VoHus1 = Fui1, Dot = Vo1 (€5 0ni1), Hugr = Vi (€ unyr) -

In view of Proposition 5.1, it is easy to deduce that (V;*)!D, 41 and (V) H,41 for 0 < i <
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k] + 2 are well-defined, namely bounded in L2. Also Vh+1 and V¥, are defined as in (59
13 n+1

with ¢, 1. The right hand sides J}, J2 of (60) are approximations of 2(V,,); V¥V, (¥ ¢,) and
2V (Vi) Vir (R up) + (V1) Vi Vi (€Fu,,) in the following manner:

e VT (€0n) =~k + 1) o P20 O O )
=~ b+ 1) o 20 S0 o) = SOV + g A0 V)
o Gl
SV Vi () ~ 2000 L 8 g 00y p 0D Wy Honpyep,
S VOV (€ ) = 2OV Vi 6hun) ~ 20,

In particular, note that the approximation of V*(V;,);V.*(¢*u,,), which has the strongest
nonlinearity in view of the a priori estimates, is based on the expression (46). Also note that
the equation (60) converges to (42) for j =1 in the formal limit.

We define the approximate energy functional En 11 at the n-th step:

[k]
n+1 Z/ 2%k + 1 n) n+1|2 + |(Vn)ZFn+1’2d€

1
= HmGnHH%,W + HFnHHig,m

(61)

where X}* and Y,¥* denote X** and Y** induced by Vj, and V* in (9).
We now state and prove that the approximate system (60) are well-posed in the energy
space generated by X,,, Y,, under the following induction hypotheses:

(HP1) F < 00 and ¢, u,, satisfy (58);

(HP2) when k£ < 1, ]|6t¢n||Loo and ||§3g[a;¢n]||L°° are bounded by £F, EF |
when k£ > 1, H bn ||L Al {k ||L v||£[k1+2 IHL 2, || £|'k'|+27i HLEO

for 3 <i < [k] + 1 are bounded by &F, F |
(HP3) J! and J?2 in (60) are bounded in Y[kl xk.[k] respectlvely

Here T, is the T; defined in (48) where ¢ is taken as ¢,.

Proposition 5.1. (Well-posedness of approzimate system and regularity) Under the hypothe-
ses (HP1), (HP2), and (HP3), the linear system (60) admits a unique solution (Gpi1, Hpt1)

n Yf’m, Xﬁ’m space. Furthermore, we obtain the following energy bounds.

t
oy oy oy ] 1
%MS%WHA%W EhER V(@R )b
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where C5(§£71,§ﬁ,gﬁ+l) is a continuous function of EF |, EF, EF i1 and Cy.

Proposition 5.1 directly follows from Proposition 7.1. In the next subsection, we verify
the induction hypotheses.

5.1 Induction procedure

In order to finish the induction procedure of approximate schemes, it now remains to verify
the induction hypotheses (HP1), (HP2), and (HP3) for n+1 as described in Proposition 5.1.
The spirit is the same as in the a priori estimates. However, since n and n+ 1 are mingled in
the energy functional (61), the verification of the induction hypotheses needs an attention.
We only treat the case when k = 1. Other cases can be estimated similarly. First, it is easy
to see that ¢,41 and u,41 constructed in the above satisfy the initial boundary conditions in
(58) for n + 1. The boundedness of % will follow from the continuity argument by using

OtPnt1
3

the estimate of . Write the equation for 0;(¢;, +1) from the definition of ¢,11’s:

13 &
362, Oy — 4 / ()2 /1 §28:n / €1 G dade’

é‘/
/ / 52 516th+1d§1df2d€/

(62)
¢ 3 n
4 /0 ()2 /1 & f¢ / €1Goy1dE1 e’
¢ 52 N2 5% & 1 /
— na1d&adE — == Ld&1dEad
3/0(5)/1¢2 11dEade /()(6)/1¢%/0£1ng€2€
The first term can be controlled as follows: since
&2 5 Gn
| aGude <17, (63)
0

it follows that

Sz [© E0n On ) 11Gn
[er [ 800 [* 6Gomderduae’ < €E1 SN 20 e Ft .

Thus E%’ fog (€')? f 526“% Jo? €1Grn1dE1dEadE" is bounded by Ent1 and the previous energies.

For the second term, note that

¢ & n+1
o2 Fri1dés < ||7||L°°H §+ HLg-
Hence, we obtain
1 S N2 / 52 TL+1
& (&) 2 Fo1d&dd! _H*HLwH 2 -
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Finally, since

t¢n Gn
el g

/fle& ng

p) at(lsn VJ—IDTL (64)
[ §[¢ Hzgell ¢ 2

eI e

the last term is also bounded and therefore we conclude that &g(d)’é“) is bounded by &,41
and the previous energies. Note that the nontrivial contribution near the boundary £ = 0 is
coming from the second term F™*!. Since

¢34 1 1 1
g:’j (t) = n+ /at n+ /at n+ dr,
t
e 1 1 ) 3 htl
a3 = T|ox( & Mg < & < Cg + T'[0k( & Mzg

and in result, we also obtain Cy4; in (58) depending on 7" and energy bounds.
We move onto (HP2). Since 8;‘?:;*11 = at‘bg* L ¢>f+1 , we immediately deduce that H%H g
is bounded. Take 0 of (62):

az‘, ¢n+1

Sd) +1a§[ ¢n+1

|+ 96 110c6ns100on s = AE> / Sidia / €1Grrardérdts

_3¢? / S P - ¢ / / €1TLdE dEs

Therefore the boundedness of ||§3§[8;i7’:1]|| Lge follows by the same reasoning.
For (HP3), we now show that J.,, and JZ2 ; of (60) at the next step are bounded in
YLl xlLl .
i1 Xy accordingly.

(65)

Claim 5.2. V' \J! .| and V,41J2,, are bounded in L2

Proof. The sprit of the proof is same as in the nonlinear estimates of the a priori estimates.
We present the detailed computation for J?2 i1, which is more complicated than J . We

start with Vj,41( ‘b"“FnH)

OtdPn+1 1, ni1 Odnia 1, 951 Oidns1 O3
Va F, = -0 F, = @ E,
w1 ) = g0l =g T Fen] = 2055 T el
G211 st G2 OtPn+1, Fria
— ViFni1 + O¢
G2 dpi1 ——i g2 < [<Z5n+1 ] §
—_————— 2 ——
Lg £ L L2
Prt1 Do OtPnt+1 Frg
+2 OO, Ot pn
R R
——
§° L

34



Thus || Vg1 (22042 F )| |12 is bounded by Ent1. Next we compute Vi, y1(|%22212V* D, 1),

bn +1 On+1
8t<15n+1 21/ 1, @it Dotiq Obnii o
n D, —=0 O¢
. ¢f§+1 Orn+1 20 ¢n+1 O pnt1 Otbny1, Vir Dyt
- 4 ’ ’ + 2 12 585[ ]
On  Pnt1 §20n Ont1 Ont1 §
L2 ——
Lg ¢ Lg L2
3 oo Otdn+1 9 Vi Dyyr
+ n+18 . n+18 . tPn+1,2 Vn Yn+
Cega Oeomin =gy el T T
N——
Lgo Lg

Thus Vn+1(|8t¢”+1 V¥, 1Dp1) is bounded in L2 In order to take care of the rest of J2,,
first we clalm that

1 N Oy, : ~ ~
I o %isa, (P i bounded by 11, &, (66)

In order to do so, multiply (65) by ?:?21 and take 0 to get

Pt o Oifni el OrPn+1

0, e + 30¢[o;, Ot pn
3 e [d) » Il (D1 2 Ochni .
6t¢n+1 b2 Ot P11
+3iaﬂan + 363 1 L De by 10

3
= ¢2 1 Oepnin {4 / Ade' — / B¢’ — / Cde'y + ”“ (44— 3B - C}
1
where A, B, C are defined so that (65) can be written as

atd’n-‘rl
Pn+1

The term (*) becomes

3 3 13
303 10| | + 901410 410tbn1 = 52{4/1 Ad¢' — 3/1 Bd¢' _/1 Cde' .

2 1 13 3
(4) = 2240011 ~901110 00101011 + (4 /1 Adg' - 3 /1 B¢ — /1 cdg'))

Hence by canceling terms, we obtain

3
0 [%;la APy 543, e ”;18§¢n+1]8t¢"“ L Oia sy
§ ¢”+1 "g ¢n+1 3 (67)
3 52 Vn Dn+1

Pt
bzt L44 — 3B - C)

Indeed, A, B, C were treated during the estimates of Ha“z”“r L Lge-

we deduce that Lg norms of A, B, are bounded by 5n+1, &,. Thus the claim (66) follows.

From the same analysis,
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Now we consider Vn+1( "+1 |0¢ [8;?1?11]\2)

¢n+1 DPntiy2y _ 1 1 951, Oebntt
Vit ( |0 " Il )*535[ 2+1| e 0| . 11%]
Ot Pni1

i1, Oibni1 6g¢n+1 D011 Orbntiy s
—8 O¢ - O¢

By (66), the first term in the right hand side is controllable, and again due to (66), since
6
‘ +18 [dt¢n+1”2 < 57"6%8£[¢Z+1 [8t¢n+l]]HL27 we obtain

= 2¢n4+10¢|

&2 Prnt1 dnt1
1 ¢n+1 3t¢n+1 G511, Obnit
H§7\ [ ]\ 2 —Hgg ql e O¢| . 1172
and this completes the estimate. For the last term in J2 »11, note that
Orpnt1 1 D511,  Orbnia
Vi 0 0
Gt Bt %l D
C Obn1 L, Dntt . Poit , Oibnin Obns1, 1, (D501, Ordnin
= —0¢ O¢ O¢ + ¢p+10 O¢ O¢
ooy E06 g Ol Ol Pl Ol O o

Thus it remains to show that 185[(75"“ 0, [ "*1 85[8;i”+1 )] is bounded by &,41, &,. From (67),
one can write it as

1 ¢n+1 ¢n+1 8t¢n+1 1 ¢n+1 ¢n *) n+1
faﬁ[ 52 8 [ 52 6 [ (Z)n—i-l m fa [ ¢4 § V n+1] 3‘565[ 52 (4A 3B — C)]
= (I)+ (1)

(I) can be decomposed as follows:

! ¢h 1,02 VD,
(I) = ¢11Gnﬂ+sa§[ ¢;]g g“

hence it is bounded. For (IT), we put A, B, C back into the expression:

3 2 3
3(II) = 18&[ n+1{4at¢n/0 §1Gp+1d& _3%Fn+1 _/0 &1Jpd61}]

5 £
Ot On 0 3 I
H {4 i Gry1 + &0 f 52/ &1Gns1déy — 3V Fppn — J1}
a Cbn ¢2 Fn 1 1 ¢
n+1 t n + 1
+€8§[ n ] bn 52 / §1Gny1dé1 — 3&.727&, - 4,2/ gljndfl}
Therefore, by the estimates (63) and (64) of fog §1Gp41d€; and fog £1J1d¢r, we conclude that
(II) is also bounded by SNHH, &,. This finishes the proof of Claim. O
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6 Proof of Theorem 2.1

In order to prove Theorem 2.1, it now remains to show that ¢,, u, converge, the limit
functions solve Euler equations (5), and they are unique.

6.1 Existence

First, by applying Gronwall inequality to the energy inequality in Proposition 5.1, we can
deduce the following claim.

Claim 6.1. Suppose that the initial data ¢o(€) and ug(§) of the Euler equations (5) be given

such that CLU < % < Cy for a constant Cy > 1, and 5k7[k1+3(¢0,u0) < A for a constant

A > 0. Then there exists T > 0 such that if for m < n, EN,I% < %A fort < T, then gﬁﬂ < %A
fort <T and in addition, for all n, ﬁ < (%” <2Cy fort <T.

Thus we get the uniform bound of gfj’s as well as the uniform bound of the upper and
lower bounds of £2. Since the approximate energy functionals (61) depend on not only the
approximate functions G,1, Fj,+1 but also ¢y, the corresponding Banach space changes at
every step. In order to take the limit, it is desirable to have the fixed space where G411, Fr11
live. The plan is as follows: by making use of Proposition 3.10, we prove the equivalence
between our energy functionals and the energy functional induced by (18) so that approximate
functions have the uniform energy bounds in the Banach space induced by (18) and thus we
can apply the fixed point theorem. We present the detailed analysis for k& = 1.

Recall the homogeneous operators V and V"

V(f) = 20lef), V'(g) = —€0[2]

§

A

and we define the corresponding energy functional &, 1:
_ ! 1 s .
Eant) =Y [ GV Goa + (V) Frsa P (68)
i=0

We claim that 5~n+1 and Enﬂ are equivalent in some sense. We compute gn+1' V, and V
are written in terms of V and V.

2
hd V»:Gn+1 = ?gv Gnt1

¢2 17 an ¢2 Fn+1
.VnFn 1:JVFn 1+278¢n_7n
=gV P20 00 )
Note that from the definition of D,,

2
n

92
£

1D -1 2 1
Ognl| = \g?"l < || =7 0cbnllre + 73§§20371||GTLHL? < T+ Cpyl|Gall e
3 §

52

2
where [ = "%8&(}50” rge and Cp—y s the bound of ¢"{1 as in (58). Therefore, we deduce that

§n+1 S (1 + Mn)gnJrl
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where M,, = 5C2{C2? + I* + C8_,&,}. To show the the converse, namely &,1 is bounded
by 5n+1, we rewrite V and V' in terms of V" and V.

) V*Gn+1 5)2 V Gn—l—l
_ 52 f n+1
° VFnJrl ¢ =V Fn+1 + 2( (b a§¢n) §

Thus we reach the same conclusion:
EnJrl < (1 + Mn)gnJrl

Note that M,’s have the uniform bound over ¢ < T by Claim 6.1. Therefore, there exists
a sequence n; so that Gy, Fy,, ¢n,, un, converge strongly to some G, F, ¢, u. Due to the
uniform energy bound, we also conclude that G, F solve the equations (42) for j = 1 and
moreover ¢, u solve Euler equations (5) with the desired properties.

Next, we turn to the general case. Back to the approximate system (60), we define the
corresponding homogeneous energy functional:

k 1

° _ 2 2
En(t) = ||mGn+1||7k,rk1 + ||Fn+1||yk,w (69)

iFrom Proposition 3.10, one can derive the equivalence of the associated energy functional
(69) and the original approximate functional (61): There exists M,, > 0 only depending on
initial data, C,, Cy_1, and &£,, such that

1

—k
15 M, ———En SENL < (14 M, )5n+1

By the same reasoning as the case when k& = 1, the existence of G, F, ¢, u follows.

6.2 Uniqueness

In order to prove Theorem 2.1, it only remains to prove the uniqueness. Let (¢1,u1) and
(¢2,u2) be two regular solutions to (5) with the same initial boundary conditions with
Sk’“ﬂ*?’((bl,ul), Sk’{k-‘+3(¢2,UQ) < 2A. Define D(t) by

D(t) = / 1601 — G2+ I — o) e
Y| Gl () (€50n) = () (€0 + () (€)= () (€ P

where V;, V* are the V, V* induced by ¢;. We will prove that %D < CD, which immediately
gives the uniqueness. Let us consider i = 2 case only in D(¢). Recall the system (41).
By subtracting two systems from each other, we obtain the equations for (Vi*Vi(&*¢1) —
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V3 Va(€82), ViVY (€7ur) — VoV (€Fua)):

OV VA(E" 1) — V5 Va(€8 )} — (2k + )V {V1VF (€Mur) — Vo V5 (€5 ua)}
= (2k + D{V{ VoV (Fua) — V3 Valp' (€Fua)} + {(Vi ) Va(€501) — (V3)eVa(€F )}

OfVAVI (€Mur) — VoV (€Fun)} + leJrlvl{Vi*Vl(f%l) — V5 Va(Ea)}
= 2k1+ 1{V2V2*V2(§k¢2) — ViV5Va(€¥ o)} + 2{ (VA)e Vi (€Fur) — (V)i Vs (€Fuz)}
) (IT)

We have to show that the Lg norm of the right hand sides is bounded by D3. We estimate
(I) and (II). Other two terms can be treated in the same way. First, we note that

3
AL gkt = /0 (&) {Vi(Er 1) — Va(eF o)}t

If simply applying Holder inequality, one gets

2k+1 2k+1
Pz ~ g e < IMa(€fon) — ma('ally (70)

Apply Holder inequality once more:

/g(gl)mg Vi(€Fg1) — Va(&go)
0 Ve

dg' < €"TH|[Vi(€¥ 1) — Vol n)l| 2

+IVEVT V(€5 61) — Va(€¥2)) Iz}
(%)

Note that it is not trivial to get the boundedness of (%) in terms of D%, since it is not of the
right form yet. Here is the estimate of (xx):

() < IIVEVIVI(E 01) = V5Va(E"02) lnz + [IVEVE Va (€ 62) — ViVa (€ 62) ] 2

The second term can be written as

(B 2 o Lva(ehan)) =~ - ) V(E)
k3 gk—% Slek 2 2 k3 gk—% o2 ¢k :
Hence, by using (70), we deduce that
26+1 2k+1 2k 2k )
HW—WHL?NIST—?HL?SCDQ- (71)
2k+1 2k+1
Note that one cannot hope to get the bound of ?;kﬁ — ?Skﬁ with the D-regularity. Of course,

it is bounded by A, but for the purpose of uniqueness, A—llaound is not useful for the difference
terms. The idea is to rearrange (I) and (II) so that D2 can be extracted from each term.

We write the Lgo factors first and then Lg factor at the last. D% can also come from Lgo
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factor thanks to the above estimate (71). We start with (7):

P3* k ¢3F  p2F k
() =(1- )V2V2 Va(§"p2) — =3 [¢2k]V2 Va (" p2)
(*)
The first term is written as (‘Zi: — (Zi:)izi %,W and thus its Lg norm is bounded by
A and D%. The second term can be treated as follows:
£ o3 * VyVa(EF o)
() = 205 Ui Oedn = g g, Oednl =i
_ 2k & V3Va(€Pg) Vi€ 1) — Va(€F ) APYRIP @(ik _ ﬁﬂ)va?(g%?)
2k +1 ¢ gk § G CPNER T ek gy ghtl

Thus (%) is controlled by A and D2. Next we rearrange (I1):

1 3t¢>1 w/ ok VoV (EFug) 801 R0y
%(U) “— {7 (Fu) — 1BV (EFug)} + £k { o b }(**)
2y, 9 9 9 vy (et
n ?% 1€(I§+;¢1){5k+16 [ glfl] 1| t¢2]} T o] t¢2](§;k{ () Wy (fg Uz)}
8 2k k Vi k
+ o202y L - i)

For t derivative difference terms, use the equation to convert into u terms and apply the same
argument. For instance, the second term can be rewritten as

_ V5 (ug) Vi (ur) V5 (EPua)
bo) = &k { 1 P2 }
_ VaV5 (EPua) Vi (€hur) — V5 (€Pua) n VoV (€rug) V' (Fug) (€M E’“H}
£k o ¢k gh+ b1 by I

It is easy to deduce that (xx) bounded by A and D3. Other terms can be similarly estimated.
This finishes the proof of the uniqueness and Theorem 2.1.

7 Duality argument

Here we would like to prove the existence for the linear problem (60). This is a consequence
of the following proposition.

Proposition 7.1. For f and g in L*(0,T;L?), there evists a unique solution (F,G) to the
linear system
OF —-V*G=f
0G+VF =g (72)
GEl=1)=0,F(t=0=G(t=0) =0
on (0,T) which satisfies

I(F, Gl eqom;zey < Clf 9 lpre - (73)
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Moreover, if (f,g) € LY(0,T; X*3 x Y*3) for some integer j < [k] and for 0 < 2i < j —1,
we have (V*)%g =0 at £ =1 and for 1 <2i+1<j—1, we have (V)>*1f =0 at £ =1,
then

[(CE Gl o, xk0 xvray < CNF @I xmi xywa (74)

for some constant C' which only depends on ||| xk, k143

The proof is based on a duality argument. Let A denote the set

A= {(i) € C*((0,00) x (0,1]), such that, ¥(£ =1)=0, (¢,v)i=r = 0}.

Hence, (F, G) solves (72) on a time interval (0,7") if and only if for each test function (¢, ) €

A, we have
/OT/—Fﬁtqb—Gqu:/OT/ng)
/OT/—Gat@ZJ+FV*w:/OT/g1/}.

We denote E(g) = (%ZFG_JF‘(/}G ) defined on the core

{<g> |0y (g) € L7LZ, (F,G) € L}(D(V),D(V*))}.

Hence, £ can be extended in a unique way to a closed operator. Moreover, A C D(L*), the

dual of £ and L* (i) = (__%:f;_‘gf). Hence, (75) holds for each (¢,v) € A if and only if for

each (¢,1) € A, we have

@)L )
L* = . . 76
/0 / <G> <7/) 0 g (0 (76)
We take (1‘2) € A and denote L* (i) = ($) The energy estimate written for £* yields
that

T
sup [|6]2> + ]2 < C / 122, + 2.
0<t<T 0

Hence, the operator £L* defines a bijection between A4 and L£*(A). Let Sy be the inverse.
Hence

So: LAA) — A

@ - @

P ¢
150( g ) letosa < €1 (§) sz

172

L'L
We extend this operator by density to £*(A) and to L'L? by Hahn-Banach. We denote
this extension by S. Hence

and we have

S: L'L? — O([0,T); L?)
@ - O
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Now, we want to solve (72), namely E(g) = (5) with (g)t:() = 0. This is, of course,
equivalent to the fact that (76) holds for each (¢, ) € A.
Hence it is enough that for all (i) € L'L?, we have

T r(F\ (@ T i
@) =1 G)s() m
0 G/ \¥ 0 g v
Therefore, it is enough to take (g) = 5* (g ) where S* is the dual of S which satisfies

S*: M(0,T; L% — L>=(0,T;L?).

In particular it maps L'L? into L>°L?. Hence (73) holds with C([0, T]; L?) replaced by
L>([0,T]; L?). At this stage we do not know whether (g) is continuous. This will actually
follow from the regularity.

The uniqueness of (g) follows from the fact that if f = g = 01in (72), then (8) is the unique
solution to (72) in L*([0,T]; L?). To prove this consider a solution (g) € L>([0,T); L?) to
(72) with f = g = 0. We will also use the duality argument. Indeed, arguing as above and
changing the roles of £ and L£*, we can prove the existence of a solution (i) € L*([0,T); L?)
to the dual problem

—hp+ V=D
Oy — V=10

78

P(E=1) =0, (7%)

Bt =T) = p(t = 0) = 0.
for each @) e L'I2

Then, for each (i) € L'L?, we consider (i) a solution to (78). Hence, we can write (76)
with the solution (i) This yields

INIPIHRD ®

which gives rise to the fact that F = G = 0.
To prove (74), we can argue by induction of j. We start with the the case j = 1 and we
first argue formally. Applying V' and V* to (72), we get

WV*G+V*VF =V*g+ V)G
OVF —VV*G=Vf+VF
VF(E=1)=0,
VFE(t=0)=V*G(t=0)=0.
Notice that the boundary condition V F (£ = 1) = 0, comes from the fact that g =0 at { = 1.
Hence, we deduce formally that

(80)

[(VE VG| poo o102y < CN(V g+ VEG,Vf+ ViF)|| g2

To make this rigorous, we define first ()Z/g), the solution of (80) with the right hand side

replaced by (“//*]?) Hence, E(;g) = (Y/]{’) Then, we define for each integer i, (?Z), the
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* Yk — a ﬂ A
solution of (80) with the right hand side replaced by (‘%“;,JZYZ?) = (V 57{; ) Hence,
i— t i—1

(Yo, Zo) | o< (o.17;02) < CN(V*g, V )l 12
and using the fact that V;V ! is bounded from L? to L?, we get that

I1(Yi, Zi)ll oo (o,17:02) < Cll(Yie1, Zi1) | prp2 < CT[(Yie1, Ziz1) || poo 12
S CECT) Vg,V )llLeor2 -

()-%()

7

Hence, denoting

we see that (}Z/) solves

Y +V*Z =Vig+VVlY
WZ-VY =Vf+VV iz
2(€=1)=0,
Z(t=0)=Y(t=0)=0.

(81)

The operator V' can be thought of as an operator from D(V) — Lg. It has a transpose
'V which goes from Lg — D(V)" where D(V)" is the dual space of D(V). It satisfies : for
feDV)and uc L?,

(V(f)a u)LQ,LQ = (f,t V(u))p(v)vp(v), .

Moreover, if we identify L? to a subspace of D(V)’, then !V extends V* to L2.

The same argument shows that we can also extend V to L? by considering *V*. Hence,
one can also interpret the system (72) as equalities in V' and V*' and the same remark holds
for (81).

Using that V[0;(V~12)] = 0,Z — V,V1Z, we deduce that V[0,(V~'Z) — VY — V{].
Since, the kernel of V' is {0}, we deduce that

Hw(VIZ)-Y =7f.

We also have V*[0,(V*~1Y)] = 9,Y — V*V*~1Y. Hence, the first equation of (81) can be
written

VNo(VIY)+Z —g] = 0.

Hence since the kernel of V* is {0} when we add the vanishing of the boundary condition at
& =1, we deduce that
H(V*IY)+Z—g=0.

By uniqueness for (72), we deduce that F = V=17 and G = V*7'Y. Hence, we get that
(F,G) € L*>(0,T; X*! x Y®1). In particular, this also shows that (0;F, ;G € L*(0,T; L?).
Hence, integrating in time, we deduce that (F,G) € C([0,T); L?). In particular this shows
that (73) holds if have more regularity on (f, g). By a density argument, this shows that (73)
holds even if we only know that (f,g) € L'L2.
Arguing by induction on j, we prove that if (f,g) € L'(0,T; X¥J x Y*7J), then (F,G) €
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C([0,T); X*I x YkJ),
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