Energy convergence for singular limits
of Zakharov type systems
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ABSTRACT

We prove existence and uniqueness of solutions to the Klein-Gordon-Zakharov
system in the energy space H' x L? on some time interval which is uniform with
respect to two large parameters ¢ and a. These two parameter correspond to the
plasma frequency and the sound speed. In the simultaneous high-frequency and
subsonic limit, we recover the nonlinear Schrodinger system at the limit. We are
also able to say more when we take the limits seperately.

CONTENTS
Abstract 1
1. Introduction 2
2. Preliminaries 4
2.1. Fourier multipliers )
2.2.  Strichartz norms 6
2.3.  X*’space 6
3. Uniform bounds for the Klein-Gordon-Zakharov 9
3.1. Integral equation and function spaces 11
3.2. Resonant frequency and nonresonant interactions 13
3.3. Main estimates 13
3.4. Concluding uniform estimate 22
4. Convergence from the Klein-Gordon-Zakharov to the NLS 24
4.1. Weak convergence 24
4.2. Estimates on the limit solution 25
4.3. Strong convergence 25
5. Klein-Gordon-Zakharov to Zakharov 28
5.1. Estimates on <nhighElow ’Ehigh>t7$ and <nE* ]E>t7$ 30
5.2. Estimates on <nlowEhigh ’ Ehi9h>t,x 32
5.3.  Uniform bounds and convergence 36
6. Zakharov to NLS 37

References 39



2 Nader Masmoudi and Kenji Nakanishi
1. INTRODUCTION

The Klein-Gordon-Zakharov system describes the interaction between Langmuir
waves and ion sound waves in a plasma (see Dendy [9] and Bellan [3]). It can be
derived from the two-fluid Euler-Maxwell system (see Sulem and Sulem [24], Colin
and Colin [8] and Texier [26, 27] for some rigorous derivations). In this paper,
we derive uniform bounds for the energy norms for the Klein-Gordon-Zakharov
and Zakharov systems with two large parameters which correspond to the plasma
frequency and the sound speed. We prove strong convergence of the solution in the
energy space as the parameters tend to infinity.

We start with the (rescaled) Klein-Gordon-Zakharov system for (E,n) with two
parameters (¢, a) (see [19, Introduction] for the rescaling). We also refer to Dendy
[9] and Bellan [3] for the physical relevance of the model

¢ ?E—AE+E=-nE, E:R' SR

1.1
a % — An=A|Ef’, n:R'" SR (1)

where E : R — R is the electric field, n : R'3 — R is the density fluctuation of
ions, ¢? is the plasma frequency and « the ion sound speed. (1.1) has the following

conserved energy
: 1 1
E= /02|E]2 + |VE]? + ¢ ?|E]* + §\|aV|’1h|2 + 5|n|2 + n|E|*dx. (1.2)

Notice that this energy is not uniformly bounded when ¢ goes to infinity. First we
consider the simultaneous high-frequency and subsonic limit (¢,«) — oo from the
above system to the nonlinear Schrédinger equation (NLS):

2it — Au = |u|*u, u= (ug,up) : R"** — C* x C°. (1.3)
More precisely F and n can be approximated by
E ~ ¢ty + ey, no~ —|ul?. (1.4)

We have to assume that sup(a/c) < 1, which is physically natural since ¢?/a? is the
same order as the mass ratio of the ions and the electrons. In [19] we have shown the
convergence in H® x H*! for s > 3/2. In this paper we extend this to the energy
space H' x L2.

First, we recall that local well-posedness for (1.1) in the energy space (E,n) €
H' x L? was performed by Ozawa, Tsutaya and Tsutsumi [21] when a # c. We also
point out that (1.1) does not have the null form structure as in Klainerman and
Machedon [15] and this suggests that when o = ¢ the system (1.1) may be locally
ill-posed in H' x L? (cf. the counter example of Lindblad [17] for similar equations).

Here, we are only interested in the case a < c.
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The main difficulty in this limit is, regardless of regularity, the existence of a

resonant frequency

2¢?

o?

€l = a, (1.5)

around which the quadratic interactions in (1.1) cannot be controlled if each function

c2

is approximated by the free solution [19, Theorem 10.1]. To overcome it in [19], we
employed a modified energy localized around the resonant frequency (1.5). The
condition s > 3/2 was a natural requirement in controlling the error terms of the
localization, and it seems extremely difficult to lower s down to 1 by that argument.

Here we observe that in the special but most important case s = 1, we do not
need the localization, estimating the whole functions in the modified energy. Some
error terms still remain because the energy diverges in the high-frequency limit
¢ — 00, but they can be bounded by non-resonant bilinear estimates with some
loss of regularity. Interestingly, those norms with regularity loss are essentially the
same as what we can afford by iterative estimates, i.e. 1 loss for the X*® norms and
1/2 loss for the Strichartz norm. There arises an additional complication due to the
failure of the Sobolev embedding

L3(H{*(R%) ¢ LAL¥(R?)), (1.6)

where the left hand side is the Strichartz norm with 1/2 loss for the Schrédinger
equation. It is also related to the failure of the endpoint Strichartz LZ(L>(R?)) for
the wave equation (see [13]). This difficulty is overcome by taking into account the
better decay of the non-resonant frequencies in the Strichartz norm. We also point
out that the proof given here only works for s = 1 and that the case 1 < s < 3/2
remains open.

If we consider the limits ¢ — co and o — oo separately, then the above difficulties
are decoupled, and hence much simpler proofs become available. Indeed, we can
prove the convergence in the high-frequency limit ¢ — oo from the Klein-Gordon-
Zakharov (1.1) to the Zakharov system for (u,n):

2t — Au = —nu, u:R'™ - C*xC?,

1.7
a % — An = Alu?, n:R'™ R, .7

by the iterative argument in the energy space H' x L?. Also, the proof we present
here works the same for any s > 1. This is because the resonant frequency (1.5)
is bounded in this limit, so that we can treat it as low frequency or regular part.
However, we encounter another difficulty when E has frequency > ¢ and n has much
smaller one, due to a regularity gap in the Strichartz estimate between the wave and
the Schrodinger equation. We exploit the smallness of the resonant frequency set
ic?t

to overcome it. The above convergence in the case E ~ €' ‘u, namely only one
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mode of oscillation is present, has been previously proved by [4] in H® x H*~! with
s> T7/2.

The limit @ — oo from the Zakharov system (1.7) to the nonlinear Schrédinger
equation (1.3) is even easier. In fact, we can prove the convergence in the energy
space H', just by the energy conservation and the Sobolev embedding. This is
because the conserved energy is uniformly bounded. Although the nonlinear part of
energy is not positive and can be bigger than the linear part, we can control it by
less regular norms on a uniform short time interval. The convergence in this limit
has been proved in [23, 1, 22, 14], assuming at least H° uniform bound on the initial
data. The argument in [19] works well giving convergence in H*® for s > 3/2. Our
proof in this paper seems the simplest among them. However, the case 1 < s < 3/2
remains open.

The method used here applies also to the vectorial Zakharov system

210 —VV - -u+ 0V XV xu=—nu, u:R™-C3

1.8
a % — An = Aluf’, n:R'™ SR (18)

The simultaneous limit (a, 3) — oo will be investigated in a forthcoming paper.

The rest of paper is organized as follows. In Section 2, we collect preparatory
materials, mainly on the X*® spaces and the Strichartz norms. Sections 3 and 4 are
devoted to the limit from the Klein-Gordon-Zakharov to the nonlinear Schrodinger.
First we prove uniform bounds in Section 3, then we prove the convergence in
Section 4. In Section 5, we deal with the limit from the Klein-Gordon-Zakharov to
the Zakharov. In Section 6, we study the limit from the Zakharov to the nonlinear
Schrodinger.

The main results are Theorems 3.1, 5.1 and 6.1.

2. PRELIMINARIES

In this section, we give some notations and basic estimates used throughout this
paper. In the first subsection, we introduce Fourier multipliers, the Littlewood-Paley
decomposition, and the Besov spaces. Next we recall the Strichartz estimate for the
Klein-Gordon equation, introducing some notations for the mixed norms. In the
third subsection, we introduce the X* space, related operators and formulation of
the integral equations, together with the basic linear estimates and an interpolation
inequality.

First we introduce general notations. For any real numbers a,b and any number

or vector ¢, we denote

min(a,b) = a Ab, max(a,b) =aVb, (c)=+/1+]c> (2.1)
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We define the real-valued inner products by

(0.6) == Re(ab), (f]g), = [ {fa).gla)ds,
(u v>t7m = /R {u(t) | v(t)), dt.

For any set A, we denote its characteristic function by the same letter A:
1 (xeA)
A(x) = 2.3
(@) {O o (2.3

Given any Banach function space Z on R'*¢ which is L? in time, we denote for any

space-time function u(¢,x) and for any T' > 0,
[ull zo.ry := 10, T)ullz. (2.4)

When X is a Banach space, w-X denotes the same space X endowed with the weak

topology.

2.1. Fourier multipliers. For any measurable function f : R? — C, we define the
Fourier multiplier by f(iV) := F~!f(£)F, where F denotes the Fourier transform
on R?. For the Klein-Gordon, we will use the following special multipliers:

I = (V/e)", Ari= =2w(V), we(€) :=2((E/c) —1). (2.5)

Next we introduce the Littlewood-Paley decomposition. Fix a cut-off function y €

Ci°(R) satistying
1 |t <4/3
t) = 2.6
X() {O HE (2.

We denote frequency localization for any function u(t,z), ¢(7,€) and 6 > 0 by

_Fax(e(r,€)/8) Fipu, (5> 1/2)
(T, 6)<sU =

E 0 (6 <1/2)’ (2.7)

©

Po(rg)>6u 1= U — Po(re)<su,
where F;, is the space-time Fourier transform for the variables (¢, x) — (7,&). The
above convention P,<i/u = 0 is just for convenience in treating small frequency.
For the spatial frequency localization, we abbreviate

J<a = figcas  Jsa = figsar  Ja = fea — f<as2s (2.8)
and for space-time localization, we use the notation
Jap = (firi<a — firi<a/2)bs (2.9)
where a,b > 0 will be mainly chosen from the dyadic frequencies defined by

D:={2"]2=0,1,2...}. (2.10)
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The inhomogeneous Besov spaces are defined by

1 lmg, ) = 15 il 2.11)

and the Sobolev space by H? = B7,. We will also use the mixed space

(2.12)

_ :b7.s
el By, gspre rty) = HHJ ] PP

By the Fourier support property, we have for any space functions u, v, w,

(uolw), = > (ujoe|w),, (2.13)

(g,kDeT

where 7 C D3 such that for any (4, k,1) € T, either j Sk~ 1L, kSI~j,or1<j~k
holds.

2.2. Strichartz norms. The Strichartz estimate for e~/ on R? can be written
as follows (see [11]). For any 6 € [0,1], p € [2,00], 7 € [1,00] and s € R, we define
Sty by the norm

1 1 1 0
S-S+ (214)

ks—&-%(@—l) ||Ic%(1+%)
o g 2 p o 3p

[ullsezr = Ukl 2 (Lo ms))

Then we have, if (p, 0) # (2,0),
le™*2</2pl|sigr < Copllillns, - (2.15)

0 = 0 corresponds to the Strichartz estimate for the wave equation, and 6 = 1
without I, is for the Schrodinger equation. We will use mostly r = 2, omitting it as
Sty? = Sty

0 0,2°

2.3. X*? space. In this subsection, we give some general setting and estimates for
the X*b spaces (see [5, 25]). Let w : R? — R be a measurable function. We consider

equations of the form
i+ w(iV)u = f, (2.16)

where f(t,r) is a given function. The X*%" space for this equation is defined by

X = (Vo (t) | v € By, (R; H(RY))},
> (2.17)

||| o = ||e_it”(iv)u(t)||Bg,rH;

for any (s,b,7) € R% x [1,00]. We denote X5 := X*b2_ The space X*>" with r # 2
will be used only for the limit from the Klein-Gordon-Zakharov to the Zakharov,
where we need the critical spaces b = £1/2.

We will use the duality for 1 <r < oo,

(Xs,b,r)* — X —s—br/(r=1) (2.18)
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The above equation (2.16) is solved for 0 <t < T (0 < T'<1) by
u(t) = ™ (B)u(0) + Zre ™V f(1)], (2.19)

where x € C{°(R) is the same function as in (2.6), and the time operator Zr is
defined by

0<s<t
t—T<s<T

T
@0 = [, feds= [ (D7) s (220)

0
Thus u(t,x) in (2.19) is defined on the whole ¢ € R, which is convenient to estimate
the X*® norms. In the following estimates, implicit constants do not depend on
T for 0 < T'S1. The fundamental (well-known) property of the X*° space is the

following.

Lemma 2.1. Let s € R and r € [1,00|. For any b € R, we have

"X (@)l s S Nlpllsre- (2.21)
For any b € (—1/2,1/2) and any 0 € |0, 1], we have

||6itw(iV)IT6—itw(iV)f| " 5 T1—9||f|

. (2.22)

In the critical case b =1/2, we have

”eitw(z‘V)ITe—itw(z’V)f|

Xs,l/Q,mm(Loomc)(Hs) SJ ||f| Xs,—1/2,1. (223)

Moreover, let P : RY — [0, 00] and assume that V is a Banach function space on R?

satisfying the space-time estimate
1P(EV)e™ ) fll oy, S I1F 1o (2.24)
for some q > 2. Then we have for any b > 1/2,

1PV )ullLgv,, S llul

Xs:b. (225)
Remark 2.2. P(iV) will be either identity or some frequency cut-off in the later use.

Proof. The first inequality is trivial by the definition of X*»". The second one is
proved as follows. Since the function (0,7")(¢) is uniformly bounded in L N B2

2,007

we deduce that cut-off by (0,7) is bounded in H°(R) if —1/2 < b < 1/2. Hence we
have, denoting g = e~ (V) f and using the second identity of (2.20),

T
1 Zrgllzp ) < / 100, 7)) (t = )l pyds < TN, T)gllip ey S Tllgll iy ey (2-26)
0
for —1/2 < b < 1/2. In addition, we have

OiZrg(t) = (0,T)(t) - g(t) — (T, 2T)(t) - g(t = T), (2.27)
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and so Zp is bounded H® — H*™! for —1/2 < b < 1/2. By the complex interpolation

and the definition of X* we obtain (2.22). The B;/fo bound of (2.23) is proved
in the same way, since the cut-off operator is bounded B;i/g — B;;f. The L*°
bound is derived by regarding Zr at each fixed t as the duality coupling for B;/OQO
and By % /2. Then the continuity follows from the standard density argument.

For the last inequality, we use the trace argument
1PV )ullpay, S ||P(Z'V)€itH€_iTHU(T)||L§Lgovza (2.28)

and then the Sobolev embedding H’(R) C L*(R) and the Minkowski inequality
HYL! C LIH? to bound the right hand side by

e PG () s, S e~ ulr) s = oo (229)

OJ

Remark 2.3. The definition of extension operator pr in [19, (2.33)] was incorrect. It

should be defined as above, namely twisted by the evolution operator, such as
pru(t) = e MRy ()R 2y (1), (2.30)

Next we give an interpolation inequality connecting the X ** and the energy spaces
yielding the Strichartz bound. An estimate of this type was first derived in [16] with
a small loss of regularity, which has been removed in [20]. Their estimates are
covered by the following lemma with the special choice (by,b;) = (1,0), together
with the trivial embedding L?(0,7) C TY2L>(0,T).

Lemma 2.4. Let w : R — R and P,Q,R : R — [0, 00] be measurable functions
satisfying
QE)2Q;:= sup Qn), R(E)ZR;= sup R(n) (2.31)

NESUPP @; 71ESUpPP ¥;

uniformly for all & € supp; and all j € D. Let V' be a Banach function space on
R? satisfying the following estimates

IPEV)e™ fllzv, S 1]

wer NIV S DI (2.32)

jeD
Let sq, 81,8 € R, by, by € [0,1], by # by, 0 € (0,1) and assume
S = (1—6)80—{—981, 1/2: (1—9)b0+0b1 (233)

Then we have

I(PQ™"R") iV )u(t)l|zv, S IQ(V)ul

oo I BEV )0, (2.34)

X500
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Proof. Let f = (PQ'""R%)(iV)u. We use the trace argument

1 fellzzv, S e e ™ fiu() | pzrevs - (2.35)

for Vk € D. By the real interpolation (and the fact that by # by) and the Sobolev
embedding, we have (H®, H),, C Bl/2 C L. Hence we have for any g,

lgllzsev, < llgll ., gl - (2.36)

bov

Applying this and the Holder inequality to the above estimate, and changing the
order of integration for 7 and ¢, we obtain

I fill 2w, Sl e fiu(r)] ZEngvz ||eitH6_iTka(T)||§{31L3VZ (2.37)

The right hand side is bounded by using (2.32) as
< H€717H<Q1 9R9>(Zv)uk( ) 1 bgHs efi‘rH(QlfeRG)(iV)uk(T)HiﬁlH;

5 Qi_eRzk(S_SO)(l_e)k(S_SI ||€—ZTHuk<7_)| 1—6 e—z’rHuk(T) ||Z{21 oy

H HO
where we used (2.31). Taking ¢? summation for ¥ € D, and using the relation

(2.38)

= (1 —0)s¢ + sy, we arrive at the desired estimate. O
By reiterating interpolation, we immediately obtain

Corollary 2.5. Assume (2.32) and |P| S 1. Then we have

1PNV )ull 2 )0 S Il

Xs,0/2, (239)
for 8 € (0,1), where (-, )y, denotes the real interpolation space.

Proof. See [18, Lemma 2.2], which was written in the dual form in the case H = |V/|,
but the proof applies to the general case. Alternatively, we may use the above lemma
and the reiteration theorem to get

X5 0/2 (XSO X5 )9/22 — (XS,O’ (XS,O’XS71)1/2’1)972

Pav) (2.40)

(L*H*, L*V ) = L*((H®,V)g2).
O

3. UNIFORM BOUNDS FOR THE KLEIN-GORDON-ZAKHAROV

In this and the next sections, we consider simultaneous high-frequency and sub-
sonic limit (¢,a) — oo from the Klein-Gordon-Zakharov system (1.1) to the non-
linear Schrédinger equation (1.3). We recall that the local existence of a unique
solution to (1.1) was proved in [21, Theorem 1.1] in the X1 x Y% space for any

initial data in the energy space. The main result in this case is the following.
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Theorem 3.1. Let 0 < v < 1 and consider the limit (¢, ) — oo under the condition
a < ~ye. For each (c,a), let (E““ n%*) be a solution of (1.1) given by [21], and
denote its mazximal existence time by T““. Assume that its initial data satisfy for
some (p,1)) € H*

(E*(0), ¢ 2I.E“*(0)) — (p,v) in H',

3.1
(n“(0), |aV|1n>*(0)) bounded in L?, (3.1
and that the latter has uniform decay for high frequency, namely,
. . c,o —1,.ca —

Aim 1(1:21)33012 [(n“*(0), |aV|7725*(0))> kL2 = 0. (3.2)

Let E* := (EX,E>) be the solution of (1.3) with the initial condition

1 o

]EOO(O) = _(()0 - “/}7 2 Zw)a (33>

2
and T be the maximal existence time. Then we have liminf T* > T and for all
0<T <T*,

E — (MR + e ME®) — 0 in C([0,T]; H'),
¢ 2IESY — (R — e TER) — 0 in C([0, T); HY),

(3.4)
ne 4+ [E*[> —n%* — 0 in C([0,T]; L?),
V| (55 — %) — 0 in C(0,T]; 1),
where n7® is the free wave defined by
—2 . c,x c,ov
{a ny" — An" =0, (3.5)
ng*(0) = n®*(0) + [E*(0)[*, 27*(0) = n>*(0).

Remark 3.2. The uniform decay for high frequency (3.2) is satisfied if the data stay
in a compact subset of L?, but it also allows some part of the data to escape to the
spatial infinity by translation and/or by dispersion, for example.

The main part of proof is uniform bound on the energy norm before taking the
limit, and for notational ease we will suppress the superscript (¢, a). Since the
original energy is diverging as ¢ — oo, we introduce a modified energy, eliminating
the oscillation e***, Then the time derivative of the modified energy has oscillatory
error terms, which can be bounded by using the X*? norms of the L? regularity and
the Strichartz norm on E of the H'/? regularity.

Those auxiliary norms are bounded in return by using the uniform bound of
energy. Here we use the interpolation inequality (2.34) to bound the Strichartz norm
with 1/2 loss by the X*° norm with 1 loss and the energy. Since the Strichartz norm
LfBég suffers from the logarithmic loss due to the failure of the Sobolev embedding

into L*°, we have to recover summability for the non-resonant frequency.
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Once the uniform bound is derived, the strong convergence in the limit is proved
by using weak compactness and convergence of the modified energy. We carry it out
in the next section.

The rest of this section is organized as follows. In the first subsection, we set up
the integral equation and the function spaces for the proof. In subsection 3.3, we
derive the main estimates on the X*® norm, the Strichartz norm and the energy
norm, respectively in Lemmas 3.5, 3.6 and 3.7. Finally in subsection 3.4, we put

those estimates together, and derive a uniform bound for small 7" and large c.

3.1. Integral equation and function spaces. As in [19], we rewrite (1.1) into
the first order system by introducing new variables E, N:

e—iCQt

E = (Ei,E,) := (1 —ic2L,9,)(E*®, Eo®), N :=n® —ilaV| 'noe. (3.6)

Remark that E and N depend on (¢, ). The important thing is that the implicit
constants in the estimates are always independent of (¢, ). The original variables

are given by

2

2 72_ . . _ . 72_
Eoo — ezc tEl Te ic tEQ, Foo — ZC2IC 1(610 t]El —e ic t]EQ),

(3.7)
n®=ReN, n*=—Im(|aV|N),
and the equations are transformed into
2E — AE = I.n(E+E*), n=ReN,
(3.8)

iN 4 |aV|N = —|aV|(E,E + E*),

where we denote E* := e~ 2"t (T, Ky ).

Next we introduce notations for space-time norms, for which we will derive uni-
form bounds. First we fix parameters p, v € (0,1/2) such that
1—-v

2
For instance, we can take (u,v) = (21/48,1/12). We denote the energy space by

max(1/3+v,1/2—v) <pu< (3.9)
H:= L H! x L°L2. (3.10)
We denote the X*? spaces for E and N respectively by
Xob .= emtA2gbps  ysb .= oMleVIgb s, (3.11)
Then we introduce the following specific spaces
X =T X e X X =X < I aY 0 (3.12)
For the Strichartz norm, we fix # € (0,1/2) such that

ptv>1/246/3, (3.13)
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which is possible by (3.9). Using the notation in subsection 2.2, we define *
M = IMS P2 NSty PP, (3.14)
Here we chose ¢! for the frequency to have the Sobolev embedding into L2°:
L 1 e 17 o A 1P (315)

where we used that ¢; L? C L?(} and (3.13).

To use the frequency localization of F and N, we have to extend them to the
whole space time. This will create some technical problems since we also need a
precise dependence on T in the estimates. Using the notation in subsection 2.3,

we transform the equation (3.8) on t € (0,7) into the following integral equations

which hold for ¢ € R. Define a map @ : (E, N) — (E*, N¥) by

Ef(t) := e 2</2 |\ ()E(0) + %ITe“AC/QICn(E +EY| = E°+E, (316)

N¥(t) i= VI [x(t)N(0) + iZre 1V |aV|(E,E + E*)] = N° + N'.
Then we have

Lemma 3.3. Let (E, N) € C([0,T); w-(H' x L?)) and let (E*, N*) = ®(E, N), given
by (3.16). Then we have (E*, N*) € C(R; S'(R?)) and

I(E#, N#)ll2¢ < 1 (BF, N¥)laggo.m)- (3.17)

Moreover,
(i) If (E,N) is a weak solution of (3.8) on (0,T), then (E*, N*) = (E,N) on
(0,7), and so (E*, N*) = ®(E*, N¥) on R.
(i) If E € Sty?(0,T) for all p > 2, then (Ef, N¥) € X and E* € M.

In particular, if (E, N) is a solution of (3.8) given by [21], then E € X1 1/2+ C
Stg?(0,T) by (2.25), and so all the above conclusions hold.

Proof. (3.17) follows from the identity

g(t) = e"I2EL (1) = {g(T) ~g=T) g;ot, ;Z?S " (3.18)

(1) is obvious, since the right hand side of (3.16) is the Duhamel formula for (3.8)
on (0,7, and it depends only on the values on (0,7). For (ii) we have on (0,7),
e NE|| 22 S E[INE| L2

] . (3.19)
SENN |z lBl 2372 S T[N | oo 12 | Bl gy,

*There is no inclusion between St; and Sty. We will mostly use Sty, but St; is also needed for
(3.34), which is used to bound the quadratic term in the derivative of the modified energy.
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where 1/p=1/2—¢/3 =1—1/p'. Similarly, we have
17410V IE 222 S ac T Bl s [l (320)
Hence by choosing ¢ = v/2 and using (2.22), we deduce that (Ef, N¥) € X. Then

Lemma 2.4 implies that I/’ Ef € St1/27/42 for any a € (0,1]. Since pu < (1—v)/2
and v > 0, we get Ef € M. O

3.2. Resonant frequency and nonresonant interactions. We denote the non-
resonant frequencies by

22
o
2 _ 2

Dy :={j € D||log(j/M)| > 5}, M := (3.21)

where the resonant frequency M is determined by the equation aM = w.(M).
Since a/c < 1, we have M ~ «a. As in [19], we estimate interactions of the form
(Re(N)E | F>W for N € Y*" and B, F € X*°, splitting each function with respect
to the distance from each characteristic surfaces. We define

N = Pr_ajg<sN, B = Pr_uo)<E, B = Py )1201<6E,

N¥ = PraigssN, EY = ProwgrssBy ™ = Prasorac1>6E7,
where 0 > 0 will be mostly determined according to Lemma 3.4. We decompose F
in the same way as E. We denote nf" := Re(N¥), n® := Re(NY). Notice also that
E*C = EO* = ¢~2<’(EC EC). In addition, for any interval I C R, we denote

(3.22)

I =PI, 1=1°+1". (3.23)
The nonresonance property is expressed in the following way.

Lemma 3.4. Let a/c <y < 1. There exists g > 0, depending only on vy, such that
forall j,k,l €D,
(i) if 6 <eola+ (cAl))l and either kjey < j € Dx or k/ey <1 € Dx, then we
have (n§ E | Flc>t’$ =0=(nYE{| [CFZC>t7x.
(ii) if 6 < eo(c+j+k+l)e, then we have (n§ B¢ | FF), = 0= (n§EC | I9FY), .
For the proof we refer to [19, Lemma 5.1]. We use the X* norms for the parts
far from the characteristics to gain 6=°. For I¥, we have

1 ey SHIAS (3.24)
For the proof, see [19, (6.12)].

3.3. Main estimates. First we estimate the X*® norm X', using mainly the Holder

inequality, and also the bilinear estimate for some interaction of frequency > c.
Lemma 3.5 (X*® bound). Let (E*, N*) = ®(E, N), given by (3.16). Then
1B, N¥) e S IH(E, N)[lpe(L+ [E | e + 2| (B, N ) (3.25)
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Proof. Since the free part is trivial, it suffices to consider the nonlinear part (E', N'1).
By (2.22) with @ = 0 and the duality (2.18), we have

1ZE N layor S sup{(L|[VI(E,E + E)

w), o | lullzre <13 (3.26)

Decomposed into the frequency as in (2.13), the above integral is bounded by

{/c)”;

th Ep|| g [ TV E || poo || S |E||poog [TV E

/ o <j/C>V/€H k”HIH c ZHLI HUJHL?ENH HL H H c ’lLQBngHuHLZLQ (327)
k>l

where we first took the summation over 7 using the 7, £} and ¢3 of the spatial

norms, and then integrated in time. Using (3.15), we obtain

Iz

10 ayor S Bl e m 1B - (3.28)
Similarly by (2.22) and (2.18), we have

||E1||I,}7”X0»1+Icc—2”X0»1—” S SUP{<”(E +E*)

u>m | HuHIgL?L%mc?VXO»V <1}, (3.29)

where the (t,z) integral is decomposed by using (2.13),

W= [t 3 (mEAED W), (330)

Gk, DET

(n(E+E)

Let m := min(j, k, 1) and h := max(j, k,1). The z integral can be bounded by
()™ e 2N i Wl e (3.31)

Next we consider the summation over 7. In view of the spaces H and M, we may
take (%, £} and £} on the space norms of Nj, E;, and wu, respectively. If m =k < j ~,
then the coefficient is bounded, and summability for m = k is provided by the norm
of Ej, and for h ~ [ ~ j by the norms of N; and ;. If m=jorm=1<k~jSc,
then the coefficient is bounded by (m/h)%?2, which gives summability for m, while
that for h comes from two of the norms of n;, Ej, and u;, which we put in £2. Hence,
in these three cases, (3.30) is bounded by

HNjHLfoe;Lg HE’C”L%I;”BQ; , HUZHL,%EfIng SN 2oz B[ m, (3.32)

where we used the Holder in .

In the remaining case, namely [ 4 ¢ < j ~ k, the coefficient is not bounded, since
6/2 < v by (3.13) and the right inequality in (3.9). If we allow to lose some I, then
the integral in (3.30) can be bounded by

<l/c>/‘*5/6<k/c>5/6fﬂ(l/k‘)1/2”Nj||L% ‘|Ek"15*5/635{22 Hul”w%/%g» (3.33)
where the coefficient is summable for [ because p > 1/3. In particular, we have

I I2/5 " NE| 22 SN || ooz [|E || aa- (3.34)
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This is useful in the later nonlinear energy estimate, but not sufficient to close all
the estimates in X', M and H. To recover summability, we utilize its non-resonant
property with distance 0 ~ ch = ck from the characteristics. By Lemma 3.4, we can

decompose the above (t,z) integral as
<nfEk | ul>m + <nJCE,f ‘ ulc>m + <nchk } uf>m =: A1 + Ay + As, (3.35)

where we denote both E; and E; by Ej, since they have the same non-resonance

property in this case. Hence, each integral is bounded by
Ay S () ali /) PN vy 1Bl ot
Ay S (ch) M (k/e) IR |N || poe 12 1Bl 2w x0. 20, x0u-v [l 22, (3.36)
Ay S () (/) (/)" N e Bl oy oo

where the powers of ch come from ¢, and those of m from the Sobolev embedding.
For [ + ¢ < k ~ j, the coefficient on each line is bounded respectively by
IR YRR (R)02, (3.37)
c
The first two are summable for (I, ) in the region [ + ¢ < h ~ j ~ k, and the sum

1/2

is bounded by ¢~/*. The last one is summable only for [ and the sum is bounded

by 1, hence we use the summability for k of the norm on E;. Thus we obtain
B e SHCE, N[l (B[l + 2B, N ). (3.38)
Gathering all the estimates, we obtain (3.25). O

Next we estimate E in M, using the interpolation Lemma 2.4 and also the non-

resonant bilinear estimate for the frequency Dx > k <Se.

Lemma 3.6 (Strichartz bound). Let (Ef, N¥) = ®(E, N) and E* = E° + E!, given
by (3.16). Then
B s SIEO) a1, By S (T + ¢ ) E0) |,
1Bl S (T 4 ) B oo i (3:39)
+ TV (E, N) [l [I| (B, N llrne + 1E ] aa] -

Proof. Using the real interpolation, we have for any a € (0, 1] and I C R,

||EO||I“St1/22 <HE<2C|| St12,5t02), 1, (1) + Z (k/e)*k~ 1/2||E0”St12
e<keD (3.40)

1/2 1/2 _
SIE g B gy + ¢ IEL clisen

where we have used that in the frequency < ¢, St; dominates the other Sty by the

Sobolev embedding. Then we get the desired bounds on E° for I = (0,7) and I = R
by the Strichartz estimate and the Sobolev embedding H} C LS.
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Next we estimate Y, ||E} s and >°,_. |E/||34 by interpolation between X and
‘H as follows. First there is a canonical splitting for the sum space in X', namely

E' =E*+E°, EX7,) = E'(r,&){|r — we(6)] < clé]}. (3.41)

Then we have
IE?| 2mn + |E? || 2 SNE |2 < T2 EY| oo,

1—71+uE2 [—1+uE3 B < ]El (3'42)
[ [ x00 + |1 le=vxva-v SE 2,

where we used the embedding ¢ I¥ X%17 C X*!7¥. Since 1 — v > 1/2, we can use

Lemma 2.4 for E? and E3, deriving

o SIERS S L E2 N + B2 S8  L E | S

||](g—1+V)/2]E1 L2H! X0,1

172

(3.43)
< (T1/4 + T(l—b)/Qc—bu) ||E1||L°°H10X’7
for any a € (0, 1], where we set b = 1/(2 — 2v) € (1/2,1). Hence, we have
IE< ||St1/22 + [BL o STV 4 ) B oo e (3.44)

where we used the condition p < (1 —v)/2 in (3.9) for the summability in the
frequencies > c.

Thus it remain to bound E} for Dx 3 I < ¢. Indeed, the resonant frequencies
| ¢ Dx have a finite number and hence the above ¢? bound controls the ¢! norm.

By the Strichartz estimate, we have

||El ||St1/2 2 S ||(0 T) (TLE) ||L1B;{12+L4/3B§;;1+X1/2»—1/2+5' (345)

Hence, by duality and (2.13), it is enough to estimate

> (B (0, T)),

GhDeT (3.46)
Dx3l<c
for E =E and E*, and for all u € C§°(R?) satisfying
Slllp ”ulHLOOH—l/QﬂL“B;if + ||u||X_1/2_E,1/2_5 S 1. (347)
For the summation on | < j ~ k, we bound the (¢, z) integral in (3.46) by
R 20/ I g R B o T Pl gy (3.48)
Since 1 > 1/3, we can bound the coefficient as
sup Z ({/k) 1/2<k/c>5/6 "< SUP (k/c)” Ve < L, (3.49)

I1<cAk

TAs the following argument shows, we have actually better bound for the non-resonant frequency.
For example, we can derive the same bound for the weighted norm |Jw(k)k*/?E<||z21s, where
w(k)* = min(max(k, a/k), max(k/a, c/k)).
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so the summation for [ <j ~ k in (3.46) is bounded by using the Hélder in (7, &, 1)
§T1/4HNJ'||€J°.°L§°L§ HEng}Jg St}/272l|ul||g?oLleS_io/2 §T1/4||N||L00L2 1E | at- (3.50)

The case j < k ~ [(< ¢) is treated similarly, but we sum for j first, and then
integrate in space and time. Hence, (3.46) for this part is bounded by
> TNl g2 1B Bl oo 1172w pa s, (3.51)
k~I<c
Then, we take the summation in k and deduce that the contribution in (3.46) enjoys
the same bound as (3.50).
In the remaining case, namely £ < j ~ [ < ¢, we use the bilinear estimate with

the non-resonant distance 0 ~ («a + j)j, decomposing the space-time integral as

(niBi | Tw), , =(nj By, | (0, T) L),  + (n§ Ef | (0,T) L)

t,x t,x

+ (n§ES | (0,T)Iu >m + (n§ EY | (O,T)chulc>t7x (3.52)
=:B, + By + B3 + By,
by Lemma 3.4. We estimate the first three terms by
By < ()" ol 7 |INT Ny [Bell oo [l g2 e
By < (5%) T R E N (oo 2 B [l xope-2e xon - [lul po s e (3.53)

Y
By S (%) AR AP AT N oo 12 | B W sl || x-a/a43e.0/2-,
3,2

where we choose ¢ € (0,1/12), and the first factor on each line is coming from
9. Since the coefficient is summable on k< j ~ [, it suffices to bound the norms
on N;, E; and w;. The norms on w; have regularity room at least 1/4 — 4e.
By using the above interpolation argument together with another interpolation
[L*H*, LQBé{ZQ]l/Q = L4B§/24, we have for k e,

C C1/2 C1/2 C13/4 C1/4

P e S NN TN S N I N (3.54)

For By, we use (3.24), the Holder and the Sobolev inequalities

By S (T A 572K 2UNS || oo 12| BE || oo prn [l | oo -1, (3.55)

where we have 1/2 regularity room for u;, and the sum of the coefficient for k < [ ~ j
is bounded by T'/%.
Thus we can bound the summation of (3.53). Gathering all the terms, we obtain

> 17 llgy1/2.2 STYE, NI [I1(E, N)llraze + IEl ] (3.56)
Dx3l<c
Adding the previously estimated parts, we get (3.39). O

Finally we estimate the energy norm by using a modified nonlinear energy.
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Lemma 3.7 (Energy bound). Assume that (E°) N°) solves (3.8) on (0,T). Let
(E,N) = ®(E", N*) given by (3.16), and Hg := supoc,<s [|(E(t), N(£))| g1 xz2. Then
Hy < Hy+ H2 +T'PH)®

) (3.57)
+E o,y Hr + El sy (B Nl + <2 (E, N) |3

Remark 3.8. This estimate concerns the true nonlinear solutions, in contrast with
the preceeding lemmas 3.5 and 3.6, which are essentially iterative. The difference is
reflected by the notation (E, N) = ®(E’, N*) in the above and (Ef, N¥) = ®(E, N) in
the previous lemmas 3.5 and 3.6. In practice, we start with a local solution (IE’, N”)

and define the extended solutions iteratively by
(E,N) := ®(E",N"), (E* N¥):=®(E,N). (3.58)

Then (Ef, N¥) = (E,N) by Lemma 3.3. We distinguished them in the previous
lemmas in order to emphasize their iterative nature with minimal assumptions.

Proof. First we recall that ||(E, N)| ~ Hpr and (E,N) = (E’, N°) on (0,T) by
Lemma 3.3. Inner multiplying the first equation of (3.8) with 2I;'(E+4E), and the

second one with |aV|~'N and adding the real parts, we get

0 [E(t) + (nE|E) | = —(nE*|2E) — (iE*|E) — (nE*|2E)_ (3.5
= (inE* | (2 — A)E + I.nE)) — ((ReilaV|N)E* |E) '
where we denote the linear part of energy by
1
E(t) = (I7'2— AJE|E), + SIN3; ~ [EI3, + INIE;,  (3:60)

The last trilinear term in (3.59) has a stronger Fourier multiplier than the other one
when N has frequency < «, for which we need to integrate by parts. Denoting
V|

2c2

Paf = Ref<ou (361)

we have
((ReilaV|No)E* |E)
= O((PaiN)E" |iE) — ((PaiN)E*

i) (3.62)

iE) — {(P.iN)E*

and the last two terms are equal to

(PolaV|(n+ (E,E+E*)) | (E,E*)) — ((P.iN)E*

AE—InE) . (3.63)

Thus we obtain
O [E(t) + (nE |E) — ((P.iN)E* |iE) ]
= (inE* | (2 — AJE + I.nE) — ((ReilaV|Nxo)E* |E)_ (3.64)
+ (PalaV|(n+ (E,E+E") | (iE,E*)) — ((PaiN)E* | AE — I.nE) .
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In order to derive the uniform bound on the energy norm, it suffices to dominate

those error terms as well as the trilinear part on the left, which is bounded by

8/3 1/3
N1 22 1(E) 22 S NN 22 lIElIZ5 S HrlE(O) 32 + Hy' HE1||H/;1/27 (3.65)

where we used [H~'/2, H'5,s = H** C L*. The H /2 norm is estimated by using

the equation
IE | oo 12 SINEN 112000y S Tl o 2l El oo (3.66)
Thus we obtain

[(nE|E) |+ [((PiN)E* |E) | < HrHZ + TV H". (3.67)

Next we estimate the time integral of the error terms on I := [0,T}], for any Ty €
(0,7"). Thanks to (3.34), we can dominate the quartic terms including N by

122/ NENZ: 12 0.y S IN e 22029 1E 0,29 (3.68)
since 5/6 — . < 1/2. Those without N are bounded by
1 (BY? 1172 113 0,7y S NEN e it HZEN T2 0 07y S HFIE Ao,y (3.69)

since P,|aV|SI#|V|* on L2.
The trilinear terms are of the following form:
Y. g B, (3.70)
(4,k,1)eT
where I = (0,Ty) C (0,T), g = MiN or g = M|N, F = E* and E = ME with
some Fourier multipliers M,, a = 1,2, which are bounded on any L? with the norm

2
H | Ma||z(ry S hmin(c, h),  h:= max(j, k,1). (3.71)
a=1
We further decompose it by the distance § = ec(c + h) from the characteristics:
(4,k,D)eT

3.72
—(ERE | EFL), + EFE | BETT, . 07

=K + Ky + K3 + K4 + K,

by Lemma 3.4. First, we estimate K;. We assume that [ < k, otherwise we change
the role of [ and k. Hence, k ~ h and

T
|K1|5/ dt Y (gL ISNS vz 1P Eall j-oss g 1Bkl
O (kleT
k~h (3.73)
S Y wiG LN,

k~h

vy 1Bl mo,) 1B || oo a1,
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where we put
w1 (4,1, h) := h(c A R)S  alj/c) (m/D) V(1)) p 1, (3.74)
For m = j <[ ~ k, we have

(j/e)"(j/h)?
Zzwl (4,1, h) SZ < (c/h){ h/c>1/6+,u

h j<h h

(3.75)

2

< Z c/h Hhfe) o <,
h

and we can bound the norms of N;, E;, E;, by those of N and E. Form =1 < j ~ k,

we have

Z supwy (4,1, h) < Z (C/h>_1<h/c>_1/6_u+y Sl (3.76)

I<h n

since p+ 1/6 —v > 0. To get summability, we use ¢} for ||E;||so,r). Hence, we
obtain

Ko | < He || El mom) (B, V) ||x (3.77)

Similarly, | K| is bounded by

T
[t S wali b DN g 8l o OB e
0 (j.kD)ET ’

’S Z wQ(j7ka l)||Nj||LOOL2||Ek||[é‘Sti/2’2(0,T)”El||Ic17"X0»1+c—2VICX071—V7 (378)
(4,k,1)eT

wa(j b, 1) = hie A RS (R/e)” (m/ k)2 (/) 71 e)

where the contribution from the second member of the sum space I, ” L2 + §"c 2 L2

is bigger than the first one. If m = 7 <[ ~ k, then we have

ZZU}QSZ (e/m) 2> (/R Y2 (h)c) —1/6—ptv

h j<h i<h

Z (¢/h) 2 (h)e) Vot <q,

h

(3.79)

and we can bound the norms of N;,[E;, E; by those of N and E. If m = k, then we
have

Zsup wy < Z (c/h)~ su}; (k /)5 (hfe)y

o k<h
S Z (c/h) (/)T 51
h

(3.80)
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and we get the summability using ¢} for ||Ej 1/2.2. 1If m =1, then we have

HI“St

ZZM Z (e/hy ™23 (/)2 ) T (o)
I<h I<h (381)
< Z c/h (h/c) 1/3+” <,

where the first summand attains the maximum around [ ~ ¢ A h. Thus we obtain
| Ka| S Hrl|E| meom) [I(E, N)||x- (3.82)

K3 satisfies the same estimate thanks to the symmetry. |Ky| is bounded by

[t 3wtk DN 80/e) B raaloth/c) EF
(4,k,1)eT (383)
<Y Wl k DIVl o g oo

where we put wy(j, k, 1) := h(c A h)6=2(h/c)* (k/c) " (I/c)"'m?/?. Hence
> Z wild b DI D MW GRS (g )

where the sum over h converges since v < 3/4. Thus we obtain

|Ka| S He||(E, N)|1%. (3.85)
Finally, |K5| is bounded by
> ws(G ks DNl oo 22 | Bl ey 1B oo sy S ws (4, k, M, (3.86)
GkDeT Gk DET

where ws (4, k, 1) := h(c A R)k~ " m3/2|| 17| ;1. Using (3.24), we have
Z Z ws(7,k, 1) S Z(c AR)RY257E < Y2, (3.87)

h m<h

Thus we obtain
|G| S e V2 HS. (3.88)

Gathering all the terms, we get

H2 S HE + H2Hp + TV HP? + HE|E|2 o)

i ; (3.89)
+ Hr[|E|| mo,) |(E, N)|[x + ¢ /= Hr||[(E, N) |3

which implies (3.57). O
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3.4. Concluding uniform estimate. Let (E”, N°) be a solution of (3.8) on (0,7)
for some 7 > 0, given by [21]. T may depend on (c,@) and the solution itself;
indeed we do not care about the size of T here. We will prove a uniform bound on
the energy norm in terms of the initial norm only, which is a prior: valid as long
as T and 1 /c are below some bounds which are also determined by the initial norm
only. Actually they depend also on sup(a/c), but we are assuming that it is fixed
once for all.
Let k := TV4 v ¢1/2 <1 and

Hr = ||(E, N)||L°°(O,T;H1><L2)a (3.90)

which is continuous for 0 < T < T. We will prove that if x is sufficiently small, then
Hrp is uniformly bounded, depending only on Hj.
For any T € (0,T), let (Ep, Ny) = ®(E?, N*) given by (3.16), and let

Xr = |(Er, Nr)llx, My = |Er|m, M= |Er|mom): (3.91)

We recall that (Er, N7) = (E, N) on (0,7) and ||(Er, N7)||2¢ ~ Hr by Lemma 3.3.
By (3.25), (3.39), (3.57) and (3.17), we have
Xp < CHp(1+ Mr + kXp),
MV (My — CHy) < Ck(Hr + X1 + Hr(Hr + X1 + My)), (3.92)
Hy < C(Hy+ H2) + Cr(HY? + H2 + X2) + C My (M, Hy + X1),

for some universal constant C' > 1. Now we assume that T is sufficiently small and

c is large enough in the sense that

999Ck(1 + Hy)® < 1/2. (3.93)
There exists, by continuity, the maximal 7" € (0, T} for which we have

Hp < 1+2C(Hy + HY). (3.94)

Once we show that this inequality is strict, then 7" = T by continuity, and so we
have the uniform bound (3.94) as long as (T, ¢) satisfies (3.93). ;From (3.93) and
(3.94), we have

100C°k(1 + Hp)? < 1/2. (3.95)
In particular, CkHy < 1/2. Hence from the first inequality of (3.92), we have

Xr <2CHr(1+ My), (3.96)
and plugging this into the second inequality,

MLV (My — CHy) < 2C?k(1 4+ Mr)(1 + Hy)? + Ck(Hyr + HZ). (3.97)



NLS limit of Zakharov 23

Since 2C%k(1 + Hr)* < 1/2, we get
Mrp/2 — CHy < 2C?%k(1 4 Hp)? + Ok(Hy + HZ) < 3C?%k(1 4+ Hrp)? < 1/2. (3.98)
In particular, we have My +2 < 2C(1+ Hy), and plugging it into (3.96) and (3.97),
Xr+ Hp <4C*(1+ Hp)?*, M} <5C%k(1+ Hrp)? < 1. (3.99)

By using them we can estimate the terms in the third inequality of (3.92)
Cr(HY?® + H2) + CkX2 + C MW (M, Hy + X7)
< 20k(Hr + 1)H} + 16C°k(1 + Hy)* + 200%(1 + Hyp)? (3.100)
< 38C%k(1+ Hr)?* < Hy/2.

Thus we obtain from the third inequality of (3.92),

Hp < 20(Hy + HY), (3.101)

which implies the strict inequality in (3.94). Thus we conclude that 7' = T, which
means that we have (3.94) as long as the solution exists and (3.93) holds.

In addition, the local wellposedness result in [21] implies the following:

(i) The local solution can be extended until ||E(¢)||z: + ||V (¢)||zz blows up.
(ii) For any bounded set of (¢, ) with sup(a/c) < 1 and bounded set of initial
data, we have a uniform bound on the energy norm on a common time

interval.

Combining these with the above uniform bound for large ¢, we obtain

Proposition 3.9. For any v € (0,1) and b, there exists T(v,b) > 0 and B(v,b) > 0
with the following property: Let 1 < a < ~ve¢, 0 < T < T(’y, b) and (E,N) =
®(E’, N*) given by (3.16). Assume that (E’, N°) solves (3.8) on (0,T), (E,N) €
HNX, Ee M and ||(E(0), N(0))||grxr2 < b. Then we have

I(E; N)ll#nx + [[Eflpm < B(v,0). (3.102)

The above assumptions (E, N) € HN X and E € M are fulfilled for example if
one of the following conditions holds:
(i) (E’, N*) € H(0,T) and E* € St,?(0,T) for all p > 2.

(ii) (E*, N*) € X' x Y% for some b > 1/2.

(iii) (E°, N’) € HN X and E> € M.
The sufficiency of (i) was proved in Lemma 3.3. (ii) implies (i) by (2.25), and the
sufficiency of (iii) is clear from (3.17), (3.25) and (3.39). We can use (i) for the
solutions with finite (Klein-Gordon) Strichartz norm of the H' level, (ii) for those
constructed by the X*® argument as in [21], and (iii) for those obtained by iterating

® on a shorter time interval. The distinction between those solution classes would
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become irrelevant if we can prove the uniqueness of finite energy solution, but we
do not pursue it here.

In particular, the above uniform bound in H implies that the unique local solution
constructed in [21] exists on some time interval, determined by the upper bounds on
a/c and the initial energy norm only. Notice that the assumption of uniform decay
for high frequency (3.2) is not needed for the above uniform bounds. That is used

only for the convergence proved in the following section.

4. CONVERGENCE FROM THE KLEIN-GORDON-ZAKHAROV TO THE NLS

In this section we prove the strong convergence in Theorem 3.1 by using the
uniform energy bound in Proposition 3.9. It suffices to prove the convergence on the
small time interval [0, 7], since we can repeat the same argument for later time as
long as the limit solution is bounded in H!, i.e., up to the maximal existence time
T*.

The proof proceeds in the following three steps. First we extract a subsequence
which converges weakly. Then the uniqueness of the weak solution to the limit
system implies that the whole sequence converges. Finally by using asymptotic
conservation of the modified energy, we deduce the convergence is indeed strong.

We consider the uniformly bounded solution (E, V) in Proposition 3.9, and assume
in addition that E(0) — E>(0) in H' as (¢,a) — 0o, and

P}im sup ||[N>g(0)|| 2 =0, (4.1)

T ()

under the condition a < ve. We are going to prove the strong convergence of E.

4.1. Weak convergence. First we consider the weak limit of E. By the equation
(3.16) and the energy bound, we have

|E|| 2 (- 10er2) S NAE| poo -1 + [|nE| poeri—1 S Bl poorn (14 [0l pooz2).  (4.2)

Combined with the energy bound, this implies that {E} . is equicontinuous for
t € R in the weak topology of H'. Hence by the standard compactness argument,

there is a subsequence of (¢, a) — oo, along which
E — E* in C(R; (w-H") N L} ), (4.3)

for some E* and for any p < 6.
Next, for any test function v € C5°((0,T) x R3), we have from the equation of N
and partial integration in ¢,

(N +EP|u),, = =(ilaV|"'N + (E,E)
= (ilaV|™'N | i)

u>t,x

+ (2¢)"(E* | i(Re@)E + 2i(Re u)E>m — 0, 44

t.x
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by the uniform bounds on || N|| .2, ||E| z1 and HEHHx_l Combined with the L2 bound
and the convergence (4.3), it implies that

N +|E** = 0 in w-LYL2(0,T), (4.5)
for any p € (1,00). Similarly we have, denoting Ef := e~ 2¢"/(E, K, ),

(nE* u>m = —(2¢) 7' (iE*

nu + nu>t . (202)_1<ie_2i62t8tET,

nu>tyac

4.6
Y (46)
by the uniform bounds on [[7/a| -1, |E/c||z2 and the energy norm. From this,
(4.5) and (4.3) as well as the energy bound, we deduce that

In(E +E*) — —|E**E* in w-LYL%(0,T), (4.7)

for any p € (1,00) and ¢ € (1,3/2). Thus we conclude that the limit function E*>
is a weak solution of (1.3) on [0, 7] in the class C'([0,T]; w-H"), and the uniqueness
of such a solution implies that the whole sequence along (¢, ) — oo is converging
to this unique limit on (0,7"). It is convergent actually on R, due to (3.18). Thus
E> € C(R; H' x L?) is the unique solution of

i

E* = e |X(OE™(0) — 5Tre 2 EE™ | . (4.8)

4.2. Estimates on the limit solution. Next we derive a few bounds on the above

—itA/2

limit solution E*°. By the Strichartz estimate for e , we have

IE> — e *22EX(0) | e 251 0.9 S NEZPE® [ pimo,s)

1/2) 100 00 (|2 (4'9>
S SENE poe g [[E]| i oo
for any S € (0,7"). By the real interpolation we have
0 &9 00 1/2 0o 1/2
B> | p1z0e SHEZ| o rr S HIE= @) [E= )15 N1z 0
' ’ .10
1/2 1/2
SIS 0 [,
Hence if S < ||[E*||;;", then we have
1> oo ez By yrntnos 0,8) S B2 (4.11)

We can repeat this argument for finite times ~ 7'/S to cover (0,7), deducing that
E> € L*B{, C Sty” for all a € [0, 1].

4.3. Strong convergence. First we prove L? convergence. Inner multiplying the
first equation of (3.8) with I !E, we obtain for any Ty € (0,7),

(I7E[E),], = (i

E(0,T7)) (4.12)

tx’
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The trilinear estimates in the previous section (3.77), (3.82), (3.85), (3.88) imply
that the right hand side is of order O(c¢™2). Since I /*E(0) — E>(0) in L? and
<Ic_1/2]E — E* | E°°>x — 0 in L{® by the weak convergence, we have

12 YPE — E%||7, = |172E|7, — [EX|7; — 2(L7°E —E*[E*), — 0, (4.13)

uniformly in ¢ € R.

Next we consider the H' convergence. Let
E=E®+E, N+[E?=N +N, N =cVHN©O)+|EO)?). (4.14)
The modified energy can be rewritten as
£(t) + (nB|B), =172~ AJE|E), + S|V + [EP2; — ¢ [EIL,
(172~ AJE |, + S IV

2B + VE® + IV - SIE=gL (19
+2(I71 (2 = A)E® |E)_+ (N'|NT)_
F((A ~ I AJE* [B), + S(E] % ~ [E]L.)

where we have dropped the term ((P,iN)E*
L L2 convergence of E. The second line is 0 at ¢ = 0. The third line is a conserved

Z]E>x because it is vanishing by the

quantity. As (¢,a) — oo, the last line tends to 0 in L{°, by the strong continuity
of E*, the L? strong convergence, and the H' uniform bound of E. On the forth
line, the first term tends to 0 by the weak convergence. For the second term, we
split N1 in the frequency at R — oo to exploit its uniform decay for high frequency
(4.1). For any € > 0, we can choose R > 1 such that [{N’| N£R>$| < ¢ uniformly
ont € (0,7) and for (¢, ). For the low frequency part, we have

(N VL), = [ (e 1T e(BE + oV (B, E)(s) | Ng(0)) s, (416)

where the contribution from E* tends to 0 by partial integration in the same way as
(4.4). The contribution of |E|? is also vanishing by the Strichartz estimate

‘ /Ot elloVls £ (5)ds

Hence we deduce (N’ | NI>I — 0 in L{°(0,7), and therefore

5 O‘_l/4||f||L4/3B*1 (4-17)

4/3,2

Lo H—3/2

[E ()17 + IN"(T0)[172 So(1) +/0 1dt(RHS of (3.64)), (4.18)

for any T} € (0,7T). Here and after, o(1) denotes arbitrary positive quantity tending

to 0 as (¢, a) — o0.
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Next we expand the right hand side of (4.18), decomposing each function by

for (¢,a) > R > 1. We denote
H o= (B, Nz, M= |Elp, X = [[(E, N)[x,
H = ||(E, N, M= ||E]|u, (4.20)
Hp = |[(E, N)>rlln, Mg = |Espllm,  Xg:=[[(E,N)>glx.
For the trilinear terms, we apply the same estimates as in the proof of Lemma 3.7.
If at least two of the three functions have the lower frequency, then we have h <R

in those estimates, so that the factor (¢/h)~" or ¢~'/2 kills those terms in the limit.
Thus the trilinear terms are bounded by

HRMRX+HRMXR+HMRXR+OR(1), (421)

where og(1) denotes arbitrary positive quantity tending to 0 as (¢, ) — oo, de-
pending on R. As for the quartic terms with IV, if at most one of the four functions

2ic%t

is the higher frequency part, then we partially integrate e~*“*. By the equations,

(3.34), and the Sobolev embedding H? C Bé{f, we have

||N§R||L%SQR(H+H2)7 ||E§R|| 1/272§R2(M+HM>7 4.22
Sty’y

so that we gain at least //c? for fixed R. For the quartic terms without N, we gain
R?*/c* from P,|aV| if more than two functions are the lower frequency. Thus the

quartic term is bounded by
HiM? + HRMrHM + MzH? + op(1), (4.23)

and therefore
||IE'||31 SHRMpX + HRMXr + HMpXpg

2 2 2 1792 (424)
+ HyM*+ HpRMrHM + M;H* + og(1).
By the uniform decay assumption (3.2) and (3.18), we have
Hr SB[ + o(1; R — o), (4.25)

here and after o(1; R — o0) denotes arbitrary positive quantity tending to 0 as
R — oo, uniformly in (¢, ). Since E* € L*Bg,, we have

MrSM' +0o(1; R — o0), (4.26)
and by the L? strong convergence, we have also

M < |ES gl + [[BL )l S Mr + o(1; R — 00) + og(1). (4.27)
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Next we apply the arguments for (3.25) to (Exg, Nsg). Then one of the functions in
bilinear terms must have frequency > R. If it is estimated in X, then we get /2
decay, otherwise we apply (4.25) or (4.26). Thus we obtain

Xp<(H' + MYH + o(1; R — 00) + o(1). (4.28)
Similarly, by the argument for (3.39), we obtain
Mp STYYH' + M) (1 + H?) 4 o(1; R — o0) + o(1), (4.29)

by using (4.25), (4.26) and (4.28), where the contribution of E?, is contained in
o(1; R — o0). Plugging them into (4.24) and (4.27), we obtain for any 0 < 7" < T,

(H'? <TYH(H' + M')*(1 + H5) + 0o(1; R — 00) + og(1),

1< /Ayt / 2 . <4'3O)
M STV H +M)(1+ H?)+0o(1; R — o0) + og(1)

Choosing T sufficiently small compared with 1+ HS and letting (c,a) — oo and
then R — oo, we deduce that

lim H’ + M =0. (4.31)

(e,a)—00

Remark 4.1. As can be seen from the proof, the convergence stated in theorem 3.1
holds for any family of solutions such that (E,N) € HN X and E € M. This class
is larger than the uniqueness class of [21].

5. KLEIN-GORDON-ZAKHAROV TO ZAKHAROV

In this section we prove convergence of solutions from the Klein-Gordon-Zakharov
system to the Zakharov system. There is no resonance blow-up in this case, so
the iterative argument works uniformly with respect to ¢, relying on the bilinear
estimate, without using the energy conservation.

However, this problem cannot be solved by a simple “interpolation” between the
available estimates on fixed ¢ [21] and in the limit [6, 12]. The trouble comes from
the term nEy, | + ¢ < h. If the parameter c is fixed, then it can be treated just
by the Strichartz estimate, of the Schrodinger type for ¢ = oo as in [12], or of the
wave type for finite ¢ as in [21], but neither argument works uniformly in ¢. More
precisely, the former loses (h/c)*/*, and the latter c¢'/2, at least. Thus we are forced to
apply the bilinear estimate to this term, even though there is resonance interaction
(n®E®)% in this case. We exploit the smallness of the set of resonant frequency.
The idea is similar to that in [6], which used an improved Sobolev inequality, but
we need a sharper estimate (Lemma 5.4 below), which is an improvement of the
interpolated Strichartz estimate (2.39).
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Theorem 5.1. Consider the limit ¢ — oo with o = a(c) > 0 bounded from above
and below. For each c, let (E°,n¢) be a solution of (1.1) given by [21], (E¢, N°) be
a solution of (1.7) given by [6, 12], and let

—ic2
ezct

Re .— (1—ic21.0,)(ES, E), (N¢,N°):=(1—ilaV|'9,)(nn°). (5.1)

Assume that (E€(0), N¢(0)) is bounded in H* x L?,
(E<(0), N°(0)) — (E*(0), N(0)) — 0 in H' x L?, (5.2)
and uniform decay for high frequency:

im limsup ||(E“(0), N°(0))>r|/#1xr2 = 0. (5.3)

1
R—oo oo

Let T¢ and T¢ be the mazimal bounded time, namely
7% :=sup{T > 0 | limsup ||(E°, N°)||xwr) < oo},

C— 00

7 1= sup(T > 0 limsup (B, K)o < o0} o4
Then we have T = T> > 0, and for all T € (0,T°),
(E¢ —E¢,N° — N¢) — 0 in C([0,T]; H" x L?). (5.5)
Remark 5.2. T > 0 is bounded from below in terms of the initial bound
lim sup || (B(0), N°(0)) 112 (5.6)

C—00

by the local wellposedness of (1.7). If a(c) and the initial data (E(0), 7<(0), 8,7%(0))
are converging, then T is the maximal existence time of the limit solution of E*.

Remark 5.3. One can easily observe that the necessary and sufficient condition for
the same convergence for the free equations is given by replacing (5.3) with

sup lim sup [|(E“(0), N(0))s gel| g1 x 22 = 0. (5.7)

R>0 c—o0
In other words, some part of the norm is allowed to escape to the infinite frequency;,
if it is slower than c. In this case, the X!* norm of the asymptotic profile E can
become unbounded as ¢ — oo for any b > 0. If the high frequency leak is slower
than /c, then the X'* norm remains bounded and we can probably prove the same

convergence result.

It suffices to prove the convergence on a uniform small interval [0, T, since we can
continue it to ¢ > T by the same argument until the solutions become unbounded.
Fix € € (0,0.01) and let

Xy = X1 Ae1/24e 0110

Xy = [X1—45,1/2+6 A XL/ A Loo(Hl)} o Y0110 (5.8)
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We will prove that for (Ef, N*) = ®(E’, N’) in (3.16),
(B, N¥) 2, S N(E(0), N(O) ¢z + T (B, N°)13, (5.9)

without assuming that it is a solution of (3.8). In addition, we will get ¢~¢ decay in
X, for those nonlinear terms involving [E*.

Now let (E’, N°) be a solution of (3.8) on (0,T) given by [21]. Then (E’, N°) €
X1t x Y0P for some b > 1/2, so (3.20) implies that (E”, N¥) € X3. Hence the above
estimate implies that (E*, N¥) = ®(E’, N¥) € X;. Since (E*, N¥) = ®(Ef, N¥), the
above estimate (5.9) implies that for small 7' > 0

(B, N¥) Ly SIIE0), N (0) | rrxre- (5.10)

We prove (5.1) in the following, and then the convergence in the last subsection.

It seems impossible to get uniform X' bound for b > 1/2 due to the term
(nHigh]ELOW)Far. The reason is that the regularity gap between n and E equals what
we can recover from the nonresonance distance. This criticality is more evident in
the limit system, see [12].

We estimate the nonlinearity in duality coupling with frequency decomposition:

(InBlu),, = >, (niBi| L), .

(K DET

<|O‘V’<E>F> ‘ N>t,x - Z <(|av|nJ)E’f | Fl>t,az’

(kDET

where n = ReN and E,F € {E,E*}. Let h = max(j,k,1), £ = min(k,l) and
m = min(7j, k, ).

(5.11)

5.1. Estimates on <nhighElow}Ehigh>m and <n]E*
resonant interactions. If £ = F = E aI’ld j ~ h > m, then we have non-resonance
distance § ~ (c A h)h by Lemma 3.4. If E = E* and F = E, then we have § ~
(¢ V h)c. In both cases we have

E> ‘o First we consider non-

§(h/c)=h? —§{m/c)h/m > h?. (5.12)
We decompose (5.11) by the distance from the characteristics. For N¥, we consider
(2¥In,)Bx | B,
= (([aV[n))Ex | F), , + ((|aVIn$) B | B),  + ((laVIng)EL | E)
=: Ay + Az + As,
where n = Re N is a test function in Y%1% and E, F € {E,E*}. For A;, we have

(5.13)

t,x

Ay SN Nezr2lBell p2ra- pos 1Bl p2/e g2/

5.14
rgj5_96€3€h_1+56||NJF||Y0,95||E£||X1—45,1/2+5||Eh|lxl—4s,1/2+s, ( )
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where we used the Strichartz estimate (2.25) of the wave type for X'1451/2¢_ Since
the coefficient is bounded by m3°h%§~% the right hand side is summable for the
dyadic frequency in any case by d > h , with a decay factor ¢~ if the term involves
E* by § > ch. The resulting contribution to N* is bounded in T¢Y %1~10¢ by (2.22).
The estimates on Ay and Az are essentially the same. For As, we have

A2 S Tajm3/2—27a||NjC’

S Taj1+1Oam3/2—2755—1/2—ak—1+4al—1+12a (515)

2/1(17105) ||E15HL§$ ||F’lHL1/48L2/(1788)

I,

X 1N llyonoe | By |l x1-ses/zve [ Ball xr-sz1/24e,

where we used the Strichartz estimate for Fj, and the interpolation for Vj:

yob (YO’O,YO’I/Z’I)M C (L2L2, L4B4_7§/2)2b’2 - L2/(1—b)B—b

2/(1-b),2’ (5.16)

with b = 10e < 1/2. The coefficient for Ay is bounded by T°m6~°h~2¢, and so its
contribution to N* is bounded in 7°Y %' ~1%¢ with a decay factor ¢—¢ if E* is involved.
For As, we just switch the roles of Ej and F; in the above argument.

For the equation of E*, we consider the same decomposition as in (3.52). Then

By is the most regular term, which we estimate

By Sy mPP | NF || e || Bil| oo e w22

5.17
S <l/C>_1m3/2671+10€k71+4slHNJ‘FHYO,1—108 HEICHX1*4€71/2+E ||Ul||X—1,0- ( )
The coefficient is bounded by
0= (6(1/c) ke /1)~ Em32 e (1 = m) (5.18)
(5—5(6<l/c>)—1+115m1/2+4el (l — h) ’

and they are both dominated by 6=m!'/2h=1%2% due to (5.12). Hence B,’s contri-
bution to Ef is bounded in 7¢X"'~¢, with additional ¢~¢ for those terms with E*.
For B,, we have
By S (1)) m" P\ NY || oo p2 | || 212 ||| 2 oo
S (1e) im0 e g2 me (g ) 1P (5.19)
o 1N lyosase IEE lcooseasone el s
where we applied (2.39) to w; with V = 155/636_7%:
X2 ISP Bs,, 1/q=1/2—0/3 (0<0<1) (5.20)
The coefficient is bounded by

{5_5((5(l/c)k/l)_1/2k_1/2+4€m1/2+19/20 (1 =m)

52(5(1/¢)) 2k 14 19/20 (1=h) (5:21)

which is bounded by §~¢m~1/29*4 Thus B,’s contribution to Ef is bounded in

TeX129/40-¢ with ¢¢ for E*. The term Bs is the only place where we have to
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distinguish the three spaces in X3;. We start with the Holder inequality as above:
By S {1/e) T m* P NP | oo 2 | BY || pva—2ey oo [ || 2122, (5.22)
and then estimate Ej by interpolation between (2.25) and (2.39):
XL+ = (XTU21 X19) o o ([LXHY, L2S]ag, LA((HY, S)202))as
C LP([H", S]a0).

where S = 10_5/6Bé72, a € (0,1) satisfies (1 — a)/2 +af = 0 + ¢ and 1/p =
(1 —a)f+a/2=1/2—¢c. Choosing § = 11/40, we obtain

(5.23)

IES || 127020 psoyio < k™ k)Y 2B || 1110 (5.24)
For 0 < a < ¢, we have
g (| z2re S 67V 1 4 | x-rar 2, (5.25)

Plugging these bounds into (5.22), we get

By S (1)) TomM POk (e o) /P g e e (5.26)
X ||NJ ||yo,1/2+g ||Ek||X1,11/40+E ||Ul ||X—1+4a,1/2—a,oo.

Using (5.12) together with (h/c)/(m/c) < h/m, we can bound the coefficient on the
first line by T=m~'/206=. Hence the contribution of Y., Bs to E! is estimated in
T¢/?(X,) by putting @ = ¢ and using (2.22), and also in T¢3(X11/2 N [=(H'))
by putting @ = 0 and using (2.23). By using X1¥/2%° c X11/27¢ and (2L C L>F?,
we can sum it for [ in T¢AXj5, as desired. In addition, if the term contains E*, it is
bounded also in T¢c™¢X,. Finally we estimate By by using (5.24) for uf,

By S0, T) | parasen (1)~ R m /2001 /) /2

(5.27)
XN N oo 2 1B (| oo s 4 | =111 /042,
where the coefficient is bounded by using (3.24) and (5.12),
(6(1/c)) 2=k Im 920 < om0, (5.28)

Thus By’s contribution is bounded in 7 X 1:29/40-2¢

5.2. Estimates on <nlow]Eh,~gh ‘ Ehigh>t e Next we consider the remaining case F =
F =E and j <m, where the nonlinearity may be resonant. Here we do not look for

¢~ decay. For N* we use an argument similar to (5.23):

X1’0+a = (XLOv X171/271)29+2a,2 - (L2H17 [LOOH17 LZS]@/(0+CV))29+204,2

5.29
C [/2/(1—204)([]J1,Srbe)7 ( )

with S := B , and (0, ) := (1/2 — 2¢,¢), (2¢,1/2 — 3¢). Then we get
<(|OJV’TL])E]€ ‘ Fl>t,m Sj”njHL2/(174s)L2 “EkHLQ/U*QE)Ll/(QE) HFlHLl/<35)L2/<1*45) (5 30)

Sjk'_4al_1+48||nj||y0,2a ||Ek||X1,1/2—5 ||El||X1,l/2—£,
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hence its contribution to N* is bounded in T°Y%1=3,

For E#, we split [ < c and [ > ¢ and consider the former case first. We have

> (B | L), S D 1D Nl g pa Bl e | s
j<k~l<c k~i<c j<k (5.31)
SN zee 2 Bl xvass [ull x-va7s,

where we used (5.20) for E; and u;. Hence the contribution of the above interactions
to Ef is bounded in T°X15/8-¢,

In the case | > ¢, the Strichartz estimate as above does not give uniform bound,
so we use bilinear estimates. Setting the distance threshold from characteristics as

0 = m, we decompose the duality coupling
<njEk ’ Icul>t7x
= (n}Ey | ]Cu,>m + (nSEy | Icm>m + (n§EY | Icuf>m

=:C1+ Oy + O3 + Cy,

where the resonant interaction C,; does not vanish. The other three terms are non-

+ (nfEY | Lur'),, (5.32)

resonant, and estimated by using the X*° spacest. For (), we use (5.23) with
(0,e) — (1/2 — 3¢, 2¢) for Ej.

Cl 5 <l/c>71m1/2+68||NJF||L2L2 ||]Efk-||L2/(1—45)L6/(1+125) ||Ul ||L1/(25)L2
S <h/C>_1+5/6_5Em1/2+65571+106HNjFHyo,l—ws HEk HXM/Q*E Hul HX*M/Q*QE’

whose contribution to Ef is bounded in 7 X'/2*¢. The estimate for Cy and Cj are
essentially the same. For Cy we use (5.20) for E; and u;, getting
Co S (/)™ m* NG| oo 2 B | 2ol p2s

5 m3/105_7/20+28||Nj||YO,1/2+6 ||]E£‘||X1,1/2725 ||ul||X71,9/2O,

(5.33)

(5.34)

so its contribution to Ef is bounded in 75 X '1/20=¢  For C3, we just switch the roles
of E; and ;.

For the resonant interaction Cy, we use the following improvement of the Strichartz
estimate on a radially thin Fourier support.

Lemma 5.4. Assume that u(t,z) € X%V4 s supported in the Fourier space on
R <[] < R+ w, (5.35)
for some R and w satisfying c S R2w > 0. Then we have

lullpzrs S ¢ M RYA [ xoasa. (5.36)

The same estimate holds for the wave equation e”Vl without the restriction
R>c. We gain (w/R)"* compared with the Strichartz estimate without the support

For the estimates on the nonresonant terms, & can be slightly smaller, such as m?2/3+.
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condition (2.39). The choice of exponents in the above estimate is an amazing just-
fit both for the proof and for the requirement of our problem, except for the second
exponent of X%/4! for which we have 1/4— room to increase for our use.

Proof. We start with the idea in [6] to use the Fourier restriction on the sphere,
which they used for interactions of the same type in the Zakharov system?®.
Let F, be the Fourier restriction on the sphere of radius r» > 0, defined by

Frp = F15(1€] = r)e(&). (5.37)
By scaling and the Fourier restriction theorem on the sphere, we have for any (),
1Felia = 1P F 1 6(1€) = D (ré)lles S lo(r0)l| 2 cs2)- (5.38)

Now assume that supp Fo C {R < || < R+ w}. Applying this to the identity

gpz/ F,Fdr, (5.39)
0

and using the Schwarz inequality in 7, we obtain

lollzs < / P Fp(r0) | padr S w2 RV gl s (5.40)
0

Just by integrating in ¢, we get
HUHLng N w1/2R1/4HUHL§L§- (5.41)

Next we decompose the space-time Fourier transform u for |7 — w.(§)| ~ 0 € D. Tt
suffices to prove the desired estimate on each piece, because the third exponent in
(5.36) is 1. Hence we assume that |7 —w.(£)| ~ ¢ on suppu. If § 2 we, then we have

||U||L§L§ S w1/2Rl/4||U||L§L§ S w1/2R1/45_1/4HUHXOJ/% (5.42)

which implies the desired estimate in this case. If § < we, we further decompose
the Fourier support into squares in (7, |£|) of size ¢ by
u = Zlbk(T/é)a(T, £), (5.43)
keZ
where ¢ (s) = ¢¥(s—k)—(s—k+1) € Cg°(R) and ¢ € C°(R) is chosen such that
1 (s<1/3)
= 5.44
vis) {0 (s > 2/3). (5.44)
Hence ¢ (7/0) localizes the 7 frequency onto |7 — dk| < 26/3. Denote the summand
by u, and define an operator R : (vi(t, z))kez — (Rv)(t, z) by

FiRv=Y " Y tiy(r/0)Fvn, (5.45)

keZ j=—1,0,1

5That estimate could be avoided in their case by the argument in [12], or the above argument
for h <c. But we need even sharper estimates to recover uniformity.
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where F; is the time Fourier transform. By the Plancherel identity and trivial

summation, we have
[Rvl[ 212 S ||Uk||ziL§Lga | Rvl[ 2000 S ”Ukué,chngo' (5.46)
Hence the complex interpolation implies that
1Rl zis S Nowlrs o (5.47)
Since u = R(uy), we deduce that
lellzra < Nouwllors o SNVl s (5.48)
where N is the number of k’s satisfying u; # 0. The support conditions
R<|(|<R+4w, |[T—w(é|~0d k—-1<7/0<k+1, (5.49)

together with w/(r) ~ ¢ for r 2 ¢, imply that the radial width for £ is O(d/c) for
each k and so N Swec/d. The width bound also implies via (5.41) that

lurll 2 S (6/)"2 RV Jun 212 (5.50)
Plugging this into the above estimate together with the bound on N, we arrive at
||U||L$L3 5w1/40_1/4Rl/451/4||U||L3L§, (5.51)
which implies the desired estimate in this case. O
The resonance condition for C'y implies
Fa|éol + we(&1) — we(§) = O(), (5.52)

where &y, & and € are the Fourier variable on R? for Njc , B¢ and uf, respectively.
Since k ~ | > ¢, we have w.(&1) — w.(§) ~ ¢(|&1| — [€]), and so

&l = [&l[ < /e (5.53)
To exploit this, we further decompose E and w into shells of width j/c:
_ CRC c
Cy = Z (NFEG /| Ic“b,j/c>t,m’

la—b| <1, a,beN (554>
aj/e~k, bj/e~l
where ¢, with @ € N and A > 0 is the Fourier restriction onto the shell of radius

aX and width A defined by
Fap = [W(]/A —a) = ([€]/A — a+ 1)|Fe, (5.55)

where 1 is the cut-off function defined in (5.44). Applying the above lemma, we
obtain
B ellrers S ¢4k /)Y k™ [ Bayzell xrasan,

a,j/c

o (5.56)
g ellzzrs S eG4 M g el x-1a1a,
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Hence the summand in (5.54) is dominated by

(1) 2 SN, 2 B elsna Nl xonann. (557)
Applying the Schwarz inequality for a = b+ O(1), we obtain

G S G PN, llyouraee 1Bl rasose ol 17nee, (5.58)

j Sk

so its contribution to Ef is bounded in 7T X1:3/4-2¢,

5.3. Uniform bounds and convergence. Let V := (E,N) = (E¢, N¢) and V :=

A~

(E, N) = (E°, N¢) be as in Theorem 5.1. Let V*# := ®(V), and similarly we define

/\

Vi = (B, N*) = &(V) by

@j  oTitA/2 [X(t)E(O) + EITez'tA/zmﬂ :
2 (5.59)
Nt = ¢itlaV] [X(t)N(O) + Z'ITG_MON”O‘VHEF} '

Let V° and V° be the free parts of V* and ‘A/ﬁ, respectively. The integral equations
Vi=d(VH), Vi = (TD(XA/ﬁ) can be written schematically as

VE= VO QIVH + [V, VE=V"+Q>[VH, (5.60)

where Q[V] = Q[V, V] denotes the quadratic parts without E*, while Q* consists of
those with [E*, and Q° is the limit ones. The estimates in the previous subsections

can be written as

1RV, Willx + Q7 IV, Wllaey STV [l W[ s
1@V, Wlla, ST ¢SV ]| s [[W ]| 25

Hence for small T" and large ¢, we obtain uniform bound in A3, for which we do not

(5.61)

need the assumption of uniform decay for higher frequency (5.3). If we assume it,
then it is inherited by V° and V* as follows. We have

Vel SIVOsrllanxee,  IVigllae SIVERN + T IVE g gl V] (5.62)

Hence we obtain

Jim Tim sup IV el = 0, (5.63)

CcC— 00
for small 7" > 0. One can observe from the arguments in the previous subsections
that V¥ has the same estimates if X3 is replaced with the limit space X$°, i.e.,

Q7 [V, W]l|xge STV | age [[W ]| acge, (5.64)
hence

hm lim sup ||V rllxge = 0. (5.65)

C—00
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Thus it suffices to show

limsup ||(V* — ‘A/ﬁ)gR||X2+X3+X3°° =0 (5.66)

for all fixed R > 1, since the X5, X5 and A5° norms are all equivalent in the frequency
< R. We have

VE=VE=QVE + (QIV] - QIVER) — (VY] — Q™([Vig)
(@ = Q*)[VEp] + (QIVER] — QIVZp)).
On the right, the first term is vanishing as ¢=¢ in A5. The second term is vanishing
in X3 by (5.63). The third term is vanishing in X5° by (5.65). The fourth term is
vanishing because c2((€/c) — 1) — [€?/2 and (£/¢)~" — 1 uniformly on |¢] < R.
The fifth term is bounded by T¢||(V* — XA/ﬁ)SRHXB,, and so absorbed by the left hand
side. Thus we obtain the desired convergence.

(5.67)

6. ZAKHAROV TO NLS

For the convergence from the Zakharov system to the nonlinear Schrodinger equa-
tion, we have a very simple proof, relying on the time-local a priori bound by the

nonlinear energy.

Theorem 6.1. Consider the limit « — o0o. For each ., let (u*,n®) be a solution of
(1.7) given by [6], and denote its mazimal existence time by T®. Assume that u®(0)
converges in H', that (n®(0), |aV|1n*(0)) is bounded in L?, and that the latter has

uniform decay for high frequency, namely,

Jim limsup | (n°(0),|aV| i (0))s ]2 = 0. 6.1)

a—00

Let u™ be the solution of (1.3) with u>(0) = lim,_.o u*(0), and T be the mazximal
existence time. Then we have liminf, .., T > T, and for all 0 < T < T,
u® —u>® — 0 in C([0,T); H'),
n® 4 [u®* —n$ — 0 in C((0,T]; L?), (6.2)
V|~ (n* —n§) — 0 in C([0,T]; L?),
where n§ is the free wave defined by
{azﬁ?ﬁ — An% =0, (6.3)
n$(0) = n*(0) + [u®(0)*, nF(0) =n(0).

Proof. We omit the superscript a. First we derive a uniform bound from the con-
served energy Ey = E(t) + N (t), where both

E(t) = u®)llZ> + Va2 + lInllZ2/2 + eV )2 /2,

N(t) == /n|u|2dx, (6.4)
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are initially bounded by the assumption. We will derive a priori bound on the energy
norm Hr = supg,<p E(t)"/? for small T > 0 independent of a. Decomposing u into

the linear and nonlinear parts
u(t) =u® +ut, u® = e (0), (6.5)
we estimate the nonlinear energy
VOIS In@) e [la@)1I7a + 1w ()17

8/3 1/3
S Hellw(O)|300 + Hy 1 (1)1 2, .

(6.6)

where we used the Holder inequality and the Sobolev embedding [H~Y/2, H']5/6 =
H?3* c L*. By the equation for u, we have on (0,7

gl 12 STl e pae ST e 2 |ull Loy ST H- (6.7)

[ u LLY

L®Hy
Hence, by the conservation of energy, we obtain

H}. < Ex + C(Hrl[u(0)|3s + T2 HP?), (6.8)
which implies via the Schwarz inequality,

H2 < 2Ex + C*|u(0)|[ 40 + 20TV HY?, (6.9)
with an absolute constant C' > 0. Then the continuity on 7" implies that
H; <2B, B :=2Ey + C?||u(0)|3s/4, (6.10)

provided that T' < (2C')327°B~2.

Next we derive the weak convergence. The energy bound together with the equa-
tion of u implies that 7 is bounded in L*H~!, and so u is equi-continuous with
respect to « in the weak topology of H!, hence it is convergent, along some subse-

quence of a — oo, in C([0, T); w-H' N LY

loc

) for any p < 6. By the equation of n and

the energy bound, we have
A(n + [ul*) — 0in D'((0,T) x R?), (6.11)

and n + |u|? is bounded in LYL?, so weakly goes to 0 for any p < co. Hence u™ is a
weak solution of (1.3) in C([0, T]; w-H"), and its uniqueness implies the convergence
for the whole limit.

Finally we prove the strong convergence. By the L? conservation law for both the

equations and by the weak convergence, we have

lu(t) = u(@)|IZ; = 2(u(t) — u(t) [u™(t)), + [lu(0)[|Z; — [u=(0)[IZ; — 0, (6.12)
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uniformly in ¢ € [0,7]. Interpolating with the weak H! convergence, we get L*
strong convergence. Let N :=n —i|aV|™'n and NT := ¢l*VIE(n(0) + [u(0)[?). The
conserved energy £ can be decomposed as

ull,
£ =Ivults — 15 x4 2
vz — Pz, o
L2 2 L2 (6.13)
IV (= a2+ IV + [uf? = N2
) Tl = e o
+2(u® —u | Au™) — 5 — (N + [ul> = N"|NT)_,

where the second line is a conserved quantity, the third one at t = 0 goes to 0,
and on the last line, the first and second terms tend to 0, uniformly in ¢, by the
weak H' and strong L* convergence. Hence it suffices to show that the last term
is also vanishing. For any € > 0, there exists R > 0, independent of «, such that
|<N + |uf* — N! | N£R>x| < ¢, because of the assumption (6.1). We can rewrite the
lower frequency part as

t
(N +|ul> = N"|NLp) = / (e7 1Vl (s) | NT(0)<r) ds. (6.14)
0
Its absolute value is bounded by the Strichartz estimate (4.17)

Sa T Ju AN O 22 B2, (6.15)

|§HL°°B4_/13

where the norm for |u|? = V-(Vu, iu) is bounded by H?. Thus we obtain u—u> — 0
in L°H" and N + |u|? — N® — 0 in L*®L?, as desired. O
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