UNIQUENESS OF SOLUTIONS FOR ZAKHAROV SYSTEMS
NADER MASMOUDI AND KENJI NAKANISHI

ABSTRACT. We prove that the weak solution of the Cauchy problem for the Klein-
Gordon-Zakharov system and for the Zakharov system is unique in the energy
space for the former system, and in H'/2 x L? for the latter system, in dimensions
three or lower. These are the largest Sobolev spaces (in three dimensional case)
where the local wellposedness has been proven so far. Our proof uses an infinite
iteration, where the solution is fixed but the function spaces are converging to the
desired ones in the limit.

1. INTRODUCTION

In solving nonlinear dispersive equations, various space-time norms play central
roles to exploit oscillatory and dispersive nature of the solutions. It becomes more
essential when one treats more singular problems or with less regularity for the
solutions. Consequently, many wellposedness results only apply to those solutions
with some additional properties in space-time norms, besides the time continuity
in the initial data space. In other words, the uniqueness is proved only in such
function spaces. For instance, for the energy critical wave equation, the solution
for the Cauchy problem is unique if the energy and some appropriate space-time
L? norm are finite. But it is not known whether the solution is unique simply in
the energy space in the 3D case (see [24, 18]), whereas the uniqueness holds in the
energy space in the 4D case [22].

As far as one investigates solutions for a fixed equation, such restrictions for
the uniqueness do not usually cause any problem, because one can always regard
the solutions as limits of smooth ones, for which one can prove the uniqueness
in classical ways. However, when studying relations between different equations
and their solutions, for example through some limits or nonlinear transforms, the
additional conditions often become bothering, since it is not clear if or how the
additional conditions for one equation transfer to another.

On the other hand, uniqueness without any additional condition is very useful for
limit problems between equations. For example, if some conserved quantity (such as
energy) converges along the limit, and if we have the unconditional uniqueness for
the limit equation in the space for that quantity, then one can derive convergence of
solutions from that of initial data, without any further information on the solutions
before the limit (cf. [14, 17]).

We remark that one should not always expect unconditional uniqueness even if
the (conditional) local wellposedness holds. In fact, Christ [5] showed that the
unconditional uniqueness breaks down for the nonlinear Schrédinger equation with
quadratic nonlinearity u? or 2 in the Sobolev space H*(R/Z) with —1/2 < s < 0,
despite of the local wellposedness. Thus in general proving unconditional uniqueness

requires some non-trivial extra work.
1
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In this paper, we prove unconditional uniqueness of weak solutions for the Klein-
Gordon-Zakharov system (KGZ)

E—AE+E=-nE, E:R“*_CK,

1.1
a?i—An = A|E)?, n:RY R, 1)

and the Zakharov system (Z)
21t — Au = —nu, u:R7 - CE,

a” % — An = Aluf’, n:RY SR,

(1.2)

where a > 0 is a fixed constant, d = 1,2,3, and K € N is arbitrary. (KGZ) changes
its property depending on the ratio between the propagation speeds of E and n.
Here we consider the physically natural case & < 1 only. For (Z), we may assume
a < 1 for simplicity, but without loss of generality, by rescaling

(u,n) — (Au(N%t, A\x), N n(\*t, ), (1.3)

which changes only « in the equation.

(KGZ) and (Z) are model systems to describe nonlinear interactions in plasma,
where E or u denotes the electric field (more precisely it denotes its slowly varying
envelope), n denotes the ion density fluctuation, and « is the ion sound speed.

More precisely, these systems can be derived from a coupled Maxwell-Euler system
for the electro-magnetic field and two fluids consisting of electrons and ions (cf.
6, 26, 29]). On the other hand, (Z) converges to the nonlinear Schrédinger equation
in the limit & — oo (cf. [23, 1, 21, 12, 17]):

2it — Au = |u|®u, n=—|ul. (1.4)

It is usual for nonlinear dispersive equations that they are linked to others by various
limits, and thus our motivation for proving unconditional uniqueness originates from
there.

In order to state our uniqueness result, let us be more precise about the notion of
weak solutions.

Definition 1.1. Let I C R be an interval and E,n,u € C,(I; L*(R%)), where C,,
denotes the space of weakly continuous functions. We say that (F,n) is a weak
solution of (1.1) on I if the equations are satisfied in C'(I"; §'(R?)), where I’ denotes
the interior of /. Similarly, we say that (u,n) is a weak solution of (1.2) on I if the
equations are satisfied in C(I'; S(R?)).

In the above definition, note that we have E,n € C(I;S8") by integrating the
equations for £ and 7. The L2 assumption is to make sense of the nonlinearity.
Now we can state our main results.

Theorem 1.2. Let I C R be an interval and ty € I. Assume o < 1. Then every
weak solution (E,n) of (1.1) on I satisfying

(E, E,n) € Cy(I; HY(R?Y) x L*(R?) x L*(RY)) (1.5)

is uniquely determined by (E(ty), E(to), n(to), n(to)).

KGZ

NLS
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Theorem 1.3. Let I C R be an interval and to € I. Then every weak solution
(u,n) of (1.2) on I satisfying

(u,n) € Cyp(I; HY?(RY) x L*(RY)) (1.6)
is uniquely determined by (u(to), n(to), n(to)).

Remark that we need no extra condition on n. Actually, we will prove that every
weak solution has a space-time norm that ensures the uniqueness criteria in [9, 20].
For that purpose we use the iteration by the integral equation, where the solution
is fixed but the function spaces are improved in each step, and we get the desired
space-time estimate in the limit of the iteration. This argument seems essential at
least in the Zakharov case, where the space regularity cannot be improved by the
bilinear estimate if we start with anything below H/2.

This criticality is reflected by its limit equation as ow — oo, for which H/2 is the
scaling invariant space, and the unconditional uniqueness is an open question due
to the failure of the Sobolev embedding Hy/*(R3) ¢ L*(R3). (See [10, 7, 27] for the
uniqueness of NLS in other cases.)

In the above sense, we might say that the Zakharov system is better behaving than
the NLS, which is surprising because one usually does not expect better regularity
for the wave equation (for n) than the Laplace equation (in the limit & — 00). The
trick comes from the assumption that n is bounded in L2, which is not available in
the limit equation (1.4) with u € H).

We also point out that there are many works dealing with unconditional unique-
ness. We can mention [7, 10, 22, 15, 18, 27, 25, 31, 32] for works related to nonlinear
wave equations, (8, 13, 19, 28] for works related to the parabolic case and more
precisely to the Navier-Stokes system.

2. PRELIMINARIES

In this section we set up the equations, the function spaces and basic estimates
and notations.

2.1. Function spaces and frequency localization. We denote the Lebesgue and
the Besov spaces by L” and B, respectively, and the L? Sobolev space by H® =
B3 ,, where s € R and 1 < p,q < co. For convenience of the Holder inequality, we

also define
Ly =1 B =By, Hiyp=Hy, (2.1)

for 1 < p,q < oco. This does not cause any contradiction because we never use the
usual LP spaces with p < 1. For any Banach function space V on R%, we denote the
mixed norm by

lullz,,v = lullzev = [Hu@llv]] - (2.2)

for 1 <p < .
We denote the Fourier transform on R? and R'*? by F, and JF; ., respectively. For
any function ¢ : R — R, we define the associated Fourier multiplier by ¢(—iV) :=

F (&) Fe.
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Let x € C§°(R) be a fixed cut-off function satisfying x(§) = 1 for || < 1 and
x(&) = 0 for [£] > 2. For any function ¢ : R — R and a,b > 0, we denote

P L fthIX((p(Ta f)/a))jft,xuv (a > 1/2)’
W(T,f)gau T
Po(rgy>ath 3= U = Pyrg<ally
Paco(re)<ott = Po(rgy>aPo(re)<pu-
Thus we have the Littlewood-Paley decomposition and the Besov norms
u=> Pipcecu.  ullsg, = 17" Pjaciei<iillen@ome- (2.4)

jeoN

We denote the L? coupling on R? and R'*? respectively by

(o), = 3‘?/Rd p()d(@)de, (u|v),, = 5}%/ o(t, x)dtdz.  (2.5)

2.2. Strichartz estimates. We denote the space-time integrability given by the
Strichartz estimate for H* solutions on finite time intervals to the free Schrodingger
equation by Stg(s) and to the free Klein-Gordon equation by Stx(s)*:

Sts(s) = ({LYB;,(R?) |0 < 1/p < 1/2, 2/p+3/q =3/2}, y
Stic(s) = (WLYBP(RP) [0 < 1/p<1/2—¢, 1/p+1/q=1/2}, 29)

for any € > 0. The norm is naturally defined by the sup over all the spaces such as

(AR = sup U||LrBs
|| || ts(s) (p,q) audmissibleH H ’ 2 (27>

We can also define the dual of these spaces

Sts(s)" =Y {L{B;,(R®)[1/2<1/p <1, 2/p+3/q=7/2}, )3
Stic(s) == {IFBE PR [1/2+e <1/p <1, 1/p+1/q=3/2}, 25

where the norm is naturally defined by the inf of all possible decomposition into
those spaces, such as

1f | sts(s) = u:igu]_ ZJ: HUJ'HL”J'BI;'J_Q- (2.9)

The Strichartz estimate can be written as

[ullstss) S M1w(O) s + [1fllsts s+
[0l s15.(6) S N0(O) [ 725 + [0(0) L ezo=1 + [ g [ 515, 51+

(2.10)

for the solutions v and v of

2i—Au=f, v—Av+v=yg. (2.11)
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2.3. X*? spaces and extension of local weak solutions. For any self-adjoint
operator H on L2(R?), we introduce the X*° spaces associated to the equation
1w+ Hu = 0:

X5 = A{e"v | v € H/(R; HX(RY)}, |u|

x5 = ||6_itHU||H§’H;' (2.12)
When H = w(—iV) is a Fourier multiplier, we can write

xet o = I =€) (Foat)(r Ol (2.13)
For the second order equation of the form i + H?u = 0, we also define

X=X X (2.14)

[l

For any open interval I C R, we define X*(I) as the restriction (in the sense
of distributions) of X onto I. However we should be careful about the precise
definition of norms, because our proof will crucially depend on uniformness on the
interpolation inequalities for X®° and the Strichartz estimate. For example, the
standard definition by the quotient norm is not appropriate for our purpose, since
then the interpolation inequalities would lose uniformness.

On the other hand, we should not use the smooth time cut-off argument as usual
in the wellposedness proof, because a weak solution of the original integral equation
does not directly give rise to any solution for that with smooth cut-off. Even with
the wellposedness result, it is not clear at all whether one can converge to a solution
for the latter equation by iteration starting from the given weak solution, because
the contraction requires the same (or even stronger) conditions as in the uniqueness
for the starting function.

Therefore we will use instead an explicit extension operator which gives

(i) uniform embeddings and interpolations,
(ii) weak solution for the extended integral equation,

and will estimate only in X*? spaces on R, not on finite intervals. For simplicity,
we will consider only the solutions on [0, 7] with arbitrary 7' € (0,1). We extend
functions on [0, 7] to those on R right before the integration by the following operator
STZ

f(t) 0<t<T),
(Erf)t) =< —fT —t) (T <t<2T), (2.15)
0 (t<0, 2T < t)

Then an extended integration from functions on [0, 7 to those on R is defined by
composition of &r and integration from 0:

t
T 0= [ (s = [ (s (2.16)
0 0<s<t
t—T<s<T
Notice that &rf is in general discontinuous at ¢ = 0,7,27. Discontinuity at T’
seems inevitable in order to satisfy both of the above requirements, and anyway the
discontinuity at 0 is necessary to solve the initial value problem.

For each integral equation of the form

t
u(t) =™+ / e = £(5)ds, (2.17)
0
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on the functions u and f defined on [0,7], we associate the following extended
integral equation

u(t) = x()e™p + M Ir[e M f(1)], (2.18)
X

(t) =1 for |t| < 4.
t

where x € C§°(R) is a fixed cut-off function satisfying =
0 <t<T. Also it is easy to

It is clear from the definition that u(t) = wu(t) for
prove

le"* Zr e f ()]

s ST

for |b| < 1/2,0 € [0,1] and f € X3, where the implicit constant is uniform for f, s,
H and 6, but not for || — 1/2. The threshold |b| = 1/2 is due to the discontinuity
of gT.

Thus for each weak solution u = (uqy,...uwny) € C(I;8'(R?))Y for any system
of nonlinear integral equations of the form

¢
ug)(t) = eitHj(D)go(j) +/0 ei(t_s)Hj(D)F(j)(u(s))ds, (j=1,2,...N) (2.20)

on [0, 7], we associate the extension @ given by

ug)(t) = X(t)eitHj(D)gp(j) + eitHj(D)ZT[e_“Hj(D)F(j)(u)]. (2.21)
Then we have u(t) = u(t) for 0 <t < T and moreover u is the solution of

g (t) = x (O Py + PV Lp[e™ B ) (@), (2.22)

The second order equations are also extended in the above way, after decomposing
cos(Ht) and sin(Ht) into e,

For simplicity, we will deliberately confuse the local solution v and the extended
solution 7, and also the free part u’ with the first term in the above, and the
nonlinear part u! with the second term.

2.4. Interpolation and embeddings for X*’ with the Strichartz estimate.
Interpolation of X** spaces and embeddings between the Strichartz estimate have
been proved to be very useful already in the case of Maxwell-Klein-Gordon and
Maxwell-Dirac systems [15]. Here we state the general interpolation and embeddings
in their sharp forms, just for the sake of simple numerology in their use. In fact,
the non-sharp version used in [15] would be sufficient for our purpose. We denote
by (v, ). the real interpolation functor.

Lemma 2.1. Let H be self-adjoint on L?, and V C S'(RY) be a Banach containing
S(R?) as a dense subset. Assume that we have

le* ™ llv- S T Il (2.23)
Then for any b € [0,1/2), we have
X2 L2(L2 V) gpo,  LAHL2V)gpo € X570, (2.24)

The above holds actually for the homogeneous version of the X% spaces. When
we have the endpoint Strichartz estimate, it follows immediately by interpolation.
However, the above remains valid even if the endpoint estimate is false, which is the
case for the three dimensional wave (Klein-Gordon) equation.

extension
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Proof. The proof is almost the same as that for the endpoint estimate [11]. Denote
Vo= (L%, V)oo, Vg = (L* V)2, (2.25)

with the convention Vo = V;* = L? V; =V, and V}* = V*. By the duality, it suffices
to prove the latter embedding, which will follow from

e f )l gvr2 = 1O ™ F ()2, S Fr2ea- (2.26)
Expanding the square, the last inequality is equivalent to
/ [t —s* 7 e f () | e f(5)) dsdt S| fll72 vy, (2.27)

Decomposing the left hand side dyadically in [t — s|,

j}b(f7 g) = // |t o S|2l)—1<e—itHf(t) ‘ €_iSHg(S)>$d8dt, (228)
21 <|t—s|<2i+1
we are going to prove

||Tj(f7 Q)He?(jem < Hf”L?(ng)||g||L2(V2b)’ (2.29)

by the bilinear real interpolation, where £; denotes the weighted ¢? space on Z with
the weight 27¢.

By the real interpolation between the decay assumption and the trivial L? con-
servation, we have

le"* |

V9*§|t’70||90HV97 (230)

for 0 < 6 < 1. Using the Young and the Holder inequalities in time, we get

TS [f P o)t

(2.31)
S22 fll 2w, gl 22y
for 0 <0 <1.
On the other hand, we have for 0 < 0 < 1,
I [ et = [ [ (@ ps) | 1), dsa
® (2.32)

5/ [t = sI7°ILF ) lvallf B)llvidsdt SN f 172,

where we used the Hardy-Littlewood-Sobolev in the last step. Applying it, we get

77 (f, 9] < /Illt = s ()l 2r2-0) (o sjmasiviy L9 () | 2t

N Z/ OO0 F ()| L2 (p2-ss—hi<2vi 19 (8) | 2.t
ez, 1277t—k|<2

S 9i(2b=1/2-0/2) Z ||f(s)||L2(\2_jsfk|§2;V@)2j/2||g(t)||L2(|2_jtfk\§2;L2)
keZ

(2.33)

S29@Z02)| £l 2y, |9 Lo e

estl
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Applying the bilinear real interpolation to (2.31) and (2.33), we get

IT7(f, 9 o220 yoo) Sz p2vy a9l 22, 224 4. (2.34)

a+B-1,1

for 0 <6 <1land 0 <a,f <1< a+ . By the interpolation property of £; and
LP together with the reiteration theorem, the above is equivalent to

IT5(fs O goorsorsz—2 SN fll z2vea 191 £2vas (2.35)

and by choosing a = (3 and 6 such that af = 2b, we get ) bound on Tj, as
desired. 0

Applying the above to the Schrodinger and the Klein-Gordon equations, we will
use in particular the following embeddings:

s s,—b s s,—b
L? 1/242b/3 - X_A/27 L?HJE%E;) C X:I:(V) (236)

for 0 <b<1/2.
For the other direction of embedding, we will use the following interpolation:

Lemma 2.2. Let H be a real Fourier multiplier and V be a Besov space on R,
satisfying

el oy < lloll e (2.37)
for some s € R and p > 2. Then we have
(X5, X5 " )on C LEV. (2:38)

if0<0<1,s=(1—0)sg+0s1, 1/2=(1—0)by+ by and by # b,

For a proof, see [17, Lemma 2.4], which was written for p = 2, but applies to
p > 2 as well, by using the Minkowski inequality. Notice that unless sq = s; the
above interpolation space is different from the Besov-type X*? space.

2.5. Nonresonance property. The most important feature of the nonlinear terms
in the Zakharov systems is the following nonresonance property with respect to the
linear space-time oscillation, which has played the central role in those wellposedness
results [4, 9, 20].

For the Klein-Gordon-Zakharov, let a < < 1. Then there exists ¢ € (0,1/10),
depending only on v, such that the following holds. For any functions n,u,v on
R4 let 7 > 10,0 <k <ej,0< 6 <ej, and

c._
n” = Pjjaciei<iPliri—ale<sn, 230
C ._ P, C ._ ( )
U™ = Lg<kr|—(©)|<6U, UV = Ljr|—(g)|<sV-
Then we have
(n“u ), =0. (2.40)

Similarly for the Zakharov, there exists ¢ € (0,1/10) such that if j > 10, 0 < k < &,
0 < § < 52, then for
c._
n” = Pijaciei<iBlirl-alel|<sms

(2.41)
u® = PgerProjez/ozsu, v = Plrjgz/<sv,
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we have

{(n®u® | vc>m = 0. (2.42)

The above property can be easily checked by writing the inner product in the
space-time Fourier space. It implies that in the interaction of high-low frequencies
in the bilinear term nu, either one of the functions or the product is away from the
characteristic surface of the linearized equation, and thus we gain §=° by using the
X" norms. We have the same gain in the term |u|?, though it will be much less
important in our later argument.

3. ZAKHAROV HY? x [2?

In this section we prove the unconditional uniqueness for the Zakharov system
(Z). The following lemma is the main part of our proof:

Lemma 3.1. Let I C R be an interval, (u,n) € Cy(I; HY? x L?) be a weak solution
of (Z), to € I and n® be the linear solution

a i’ — An =0, n°(to) = n(to), 1°(te) = n(to). (3.1)

Then we have u € Xi/z’/32/4_€(f) andn —n® € X?_L’z‘/;(f) for any € > 0.

Before entering the proof, we give the outline. By time translation and inversion
invariance of the equation, it suffices to prove the theorem in the case

I=10,T], to=0, (3.2)
for small 7" > 0. We will iterate the integral equations for 0 < ¢ < T,
IR
u=u’+u', u = L(nu), L(f):= 2—/ e BU=9/2 £(5) s,
tJo

t (33)
n=n"+n', n' = L(uf), L(g) = /0 sin(|aV|(t — s))|aV|f(s)ds,

where u® and n° are the free solutions with the same initial data as u and n. More
precisely, we extend the weak solution on [0, 7] to R by the procedure in (2.21), and
iterate the extended integral equation of the form (2.22). For simplicity, we do not
distinguish the extended solutions and the original local solutions.
First we prove that u € Stg(1/2) N Xi/z’/?;/%e for any € > 0, by iterating the

integral equation infinite times and taking the limit. More precisely, we prove

(i) u € Sts(0).

(ii) We have a sequence 0 = 0y < 07 < 09 < -+ — 1/2 such that

[t ||sts(o;) < CT (L4 |u'|sts(0,-0)" (€ N), (3.4)

for some constants C', a,b > 0 which do not depend on j.

Then by induction we get u! € Stg(c) for any ¢ < 1/2, and moreover the norm
is uniformly bounded if 7" > 0 is sufficiently small. Hence we can take the limit
o — 1/2 — 0, deducing the same bound in Stg(1/2) by the monotone convergence

theorem. Xi/ﬁ’/?;/ 7% Wwill be obtained as a byproduct in this procedure. The e loss

is due to the failure of the Sobolev embedding Hé/ > c L°°, which naturally appears
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if one uses the endpoint Strichartz estimate. We should avoid it because it would
break the uniformness in the above argument. The estimate for n comes in the end
and with only one iteration.

Proof. First we prove u € Stg(o) for 0 < ¢ < 1/2 by induction on o. The bound
should be uniform so that we can take the limit ¢ — 1/2 — 0. We fix ¢ € (0,1/9),
which is a parameter to avoid the endpoint Strichartz, which would cause a loss of
uniformness due to Hy'*(R3) ¢ L(R3). So the iterative estimates will depend on
e and a, as well as the H'/2 x L? bound.

For the first step of induction, we have by the Strichartz

lullsesco S Inull 2o STV [l o2 [ull oo vz < 00, (3.5)

where we used the Sobolev embedding H'/? C L3.

Now we assume u € Stg(o) with 0 < o < 1/2 to get the same bound for a larger
o' < 1/2. We will assume that 0 < 7" < 1. The following estimates are uniform in
o €[0,1/2], as long as € € (0,1/9) is fixed.

We get X*° type bounds with 1/2 loss of derivatives in 2. For u we have

oy STl v S llpselltls, a0 (3.6
where we used the Sobolev embeddings
HYjg1c/3 C Lijotess—os3s  Lojstess—os3 C Hf/;r/f/3. (3.7)
For n we have
I [ ey [ PR s 33

Hence we have n! € LZOC(HJ‘Z*S/Q). Since n € L{° (L?), we get

loc
V| sin(|aV|H)i(0) € Lis.(HT ), (3.9)

and hence 7(0) € H7~%/2.

Next we improve the estimate on u by using the nonresonance property of the
bilinear term (see Section 2.5). For that purpose we decompose nu in the space-time
frequency:

nu=n<u+ nsu, n<u::§ njug, NsU ::E n;jug,

i<k >k
3.10
L (310)
nsu = nlu+nsu” + (nsu)” n uy, + njuy + (njug)”,
>k
where we denote n; := Pj/acjej<jn, up = Prja<je|<ktt, and

F F F
ni = Plir—ag>6y; Wy = Plrojeppasstn,  (jug)” = Prjezjass(njug), (3.11)
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with § := ej%, where ¢ > 0 is as in (2.42). Then we estimate its contribution to u,
namely ||, (nw)|| xo.3/4-<, piece by piece:

||n<u||L2H T€/2||n||L°°L2||u||L1/2 e/2HY

2/3+e/3 ™ 1/6+¢/3’

InSull iz, S 167 I amo-srellulliers | S MnSallgrszallull oz,

Insu” | remg,, < Sup5 P | oo 2 lug HL2H°*1/2 S HnHLOOLZHUHX:l//;H, (3.12)

||(”>>U) | xo-1/a-e S sup j<6~ L4 €||njuk||L2H‘7

~Y

>k

STl rellulle, oty , S Il rellull ses (o).

For the free part of nf’, we have

175 s, ~ W8l g O =+ 112 (0) ) (313)
<6 Iy Oz + 72Ol -o02),

which is bounded for €52 > 1. Hence n% € Xi;m for any a > 0.
Thus we obtain u! € sz//é °, and also u' € L>(0,T; H'/?) c T'/2X'/29 Inter-
polating them, we get

(TI/ZXI/E/Om Xii//élg_e)m c TU=9725t4(o"), (3.14)
(3/4 —e)0=1/2, olo]=(1-0)/2+bo.

By the convex combination it is clear that the unique solution for ¢'[o] = o is
o=1/2,and 1/2 > ¢’ > o as far as 0 < 1/2. Hence if we iterate ;41 = o'[s;], then
we have 0; — 1/2 — 0 as j — 0.

Summarizing the above estimates, we have obtained

[ lsts(ory < CT*(1+ [[u|sts(0))" (3.15)

where the constant C' depends only on ||u|zecpi/2 + |7 pxr2, and a,b > 0 are
determined only by ¢ > 0.
If T > 0 is sufficiently small, there exists a minimum positive solution B > 0 for

B =CT1+ B)". (3.16)

Hence for sufficiently small interval C [0,7], or if we start the induction with
|u'||sts(0) < B, then in the above iteration there is a uniform bound

[0 s15(0) < B- (3.17)

Since 0 — 1/2 — 0, this holds for any o < 1/2. Therefore by the limit o — 1/2 — 0
with the monotone convergence theorem in the Fourier space, we get

[u' | ses1/2) < B (3.18)

Iterating once more, we get u € X'/%3/47¢ as well, hence u € Stg(1/2).
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Finally we improve n by decomposing |u|*:

lul® = u @ + 2R (us ), u U = g Uy,  UsT = E u; U,
j~k >k

usT = vl + usuf + (us7)" Zu g, + ujul + (ujag)’, (319
7>k
where u; and u}" are as before, and
()" = Plr| o> (u;75), (3.20)
with 6 = €52, Then ||I,|u|?||yos/4 is bounded by the sum of
u~ullparspn S HUHif/sHi/z S Hu|’%ts(1/2)>
Julull passpm S sup 5_5/8HU1F||L2H1/2||uk||L4H31/2 Sllull xrzss||ullsisy2),
lusu®ll s S Sup 0l o grave g | e S Nullsesm llullxaesrs, (3.21)
s w) 0y S |07 YUl o Nullze ] 2.z
<l ez S g
Thus we obtain n € X2%/2 . O

+a|V]|

Remark 3.2. We have the same result in R? and R, because there the Sobolev and
the Strichartz are better, and the resonance distance is just the same.

Now the unconditional uniqueness follows, since the above lemma shows that every
weak solution falls into the wellposedness class in [9]. For the sake of completeness,
we give a proof.

Proof of Theorem 1.3. Let (uj,n;) € C,,(R; HY/? x L*) be weak solutions for j = 0,1
satisfying

Let (u',n') := (u1,n1) — (ug,ng). By the above lemma, we have

u;, u' € Xi/Z’/32/4 © XOZ/S, n}, n e Xi’z{ép (3.23)

for any ¢ > 0. Fix ¢ € (0,1/9). The difference (u/,n’) satisfies u/(0) = n’(0) = 0 and

.. / /
2t — Au' = —nou’ — n'uq,

a % — An' = —AR[W (ug + up)], (3:24)

in the sense of integral equations in C}(S’). We want to use the same arguments as
in (3.12) and (3.21) to v’ and n/, but we have to replace the estimates for n”u and



UNIQUENESS FOR ZAKHAROV 13
nuf” by

17, (nS ) ez S TS ull ey,

5 T4 H5_3/4||anL2L2 ||u||LooL3 Héf>>1 S T1/4Hn§>1HXi,il/él HuHLooHl/z,
(3.25)
||_[u(n>>uF)||Xi/A2,/32/4 §T1/4||’I’L>>UF||L2H;/7225
5 T1/4 sup Hnj||LooL2(5_3/4+€HukHL2H1/2 5 T1/4||7L||LooL2 ||U||X1/2,3/4—s.
]>>k —A/2
Thus we get
ol S T ol ol + T2 5 o (3.20
7[5 < lluo + wil 5llw'] 5
where
> 1/2,3/4—
K= XG0 Inlly s= linllzens + Infill o (3.27)
Hence we obtain
/|l +T~||n'|l3 = 0 (3.28)

when T > 0 is sufficiently small. Since we can repeat the above argument from
t =T, these solutions are the same as long as both exist. 0]

4. KLEIN-GORDON-ZAKHAROV

In this section we prove the unconditional uniqueness for the KGZ system. Unlike
the Zakharov system, it is also possible to prove the uniqueness for the KGZ by
estimating the difference of solutions in rougher spaces. That is because we have
much more regularity room for the KGZ, which can be observed for example from
the fact that the Strichartz estimate by itself can give wellposedness for KGZ in
H'¢ regularity for any € > 0, but not for the Z system in any regularity because of
derivative loss.

However we give a proof by using the infinite iteration as in the previous section,
since it seems to give stronger estimates on the weak solution and apply to more
general situations.

Thus the main ingredient of our proof is the following.

Lemma 4.1. Let I C R be an interval, (E,E,n) € C,(I; H' x L? x L?) be a weak
solution of (KGZ), ty € I and n® be the free solution

a i’ — An =0, n°(to) = n(to), 7 (te) = n(to). (4.1)

Then we have E € Xi’gv_; andn —n® € Xi’;fé' for any € > 0.

It seems necessary to assume that E is in L?, since E' € L®H" is essential to
regularize it in the X7 ¢, space.
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As before, we may assume that I = [0,7] and to = 0 with small 7" > 0. We are
going to iterate the integral equation

E=E"+E' E':=IgnE), Ig(f):= /O sin((V)(t — $))(V) "' f(s)ds,

n=n"+n', n'=L(E],

(4.2)

where E? and n are the free solutions with the same initial data as E and n. More
precisely, we should extend the solution on [0, 7] to R by the procedure in (2.21) and
iterate the extended integral equation of the form (2.22). However for simplicity, we
identify the extended solutions with the original local solutions.

Proof. We will prove E' € Sty (o) on (0,7T) for 0 < o < 1 by induction on o. The
bound will be uniform such that we can take the limit 0 — 1 — 0. We assume that
0<T <1

We will use the iteration twice. Fixing ¢ € (0,1/9) arbitrary, we show that

E' e Xi_a’l_E/Q by the first iteration, then E' € le:<1v_>€ by the second one'

(V)
For a € (0,1) and b € R, we denote
W(a) = LY/*HY oy D Sti®(a+b), D'(a) := L}H}, o, (4.3)

where we omit b when b = 0. Then we have on (0,7)

T1/2L§/(1+‘1)L326/(2—a) _ Xi_a’l_a/2 (4 4)

TY2[2—3a/2 _, xl-3a/21

L¥L*x W(l —a) C TY?D(1 —a) C {
V)

where — means the mapping property of /.

We will prove E' € W(o) for 0 < 1 — ¢ by induction on o starting with o = 2/3,
which is obvious by the Sobolev. Assume E' € W (o) with o € [2/3,1 — ¢€]. By the
above estimate,

||E1||Xi,<lv/§+a/2 SInElpe) ST 20| oo 2| Ellw o), (4.5)

and therefore
E'e (T1/2Xi_€’0=Xi’<é§+a/2)0,1 C Sty (o) C W(a"),

V) (4.6)
(1/2+0/2)0=1/2, o =(1-06)(1—¢)+ 0o,
Thus by the iteration limit we get 0 — 1 —¢ — 0 and
1—e,1—¢/2
IDRS XjE<V> : (4.7)

The above estimate is very simple, but cannot reach H', because the estimates
blow up by the failure of endpoint Strichartz estimate. To get H', we need to use
the X*? spaces as in the Zakharov case. Before the induction, we notice

”EIHXiZéi”'l < Bl 2302 S T2 (|0l oo 2| Ellwa-e),

1 2 < /2 (4.8)
18 scns < NP s2spsre S T2 Bl s Bllwsoy

Hnstead, by choosing the induction parameters nonlinearly, we can get the desired regularity
by one time iteration limit. We chose the twice limit because the parameters are simpler and the

first step is valid even for 0 < s < 1.



UNIQUENESS FOR ZAKHAROV 15

Now we restart the induction. Assume that E' € St5.(1 —a) C W& %(1 —¢) with
a € (0,¢]. We improve it by decomposing nE:

nE=n<E+nsE, nsE=nlE+n,E"+ (nsE)", (4.9)
as in (310), where Ny = /<1<, Ek = Pk/2<|£‘§kE, and
n; = Pir—ag>sny; B = Pir—@»6Br (0 Br)" = Pirjgy=s(n;Er),  (4.10)
with 0 :=j as in (2.40). Then ||E1||Xl?a,>l—£ is bounded by the sum of
v

17 < Ellpe—e—e) ST ||| o 12 1E|[we=a(i—a),

InE Bl pe—e) ST sup 520 || 2 gr-sese | Bl oo Lo
P>

ST InZ, Hx;z‘fé“"’l’%

EHL°°H17

Ins B || pe1-o) ST sup 6~ % I oo 12 | B || pggn—ser2
>k (4.11)

5 T5/2||n||LooL2 ||E||X1—35/2,1—26,
+(V)
ate/2 /2
o ) —a—¢
TN ?;1: jagel? 7| oo 2 (| TN LIRS
Slnllzeo 2 T2 [ Ellwe-aq—e)-

For the free part of nf;, we can use (3.13). Hence we have E € Xizg’;*s, and by
interpolation we get
E' e (TV*X 00, Xaw) oa C Sty (1 —a), (41
(1 —¢e)=1/2, d =ab.

Hence by iterating the above argument we get a — +0, and E* € St5.(1) N an_ﬁ(lvi;'
Finally we improve N by decomposing as before,

|E|* = ELE +2R(EsE), FsE=FElE+ FEsEF +(EsE)", (4.13)
where
(EjEx)" = Piei-oleli>s (E;E), (4.14)

with § = £j. Then ||n1||Xi,1rv2|5 is bounded by the sum of

|E-Blzam SIBIR, e

IELE|r2m S sup 6P| EF || o | Exll oo SIEN a2 ]| Bl poorn
>k +(V)

) (4.15)
1Bs E | 2mn S sup 6| Eyl| oo st || B |2t SIE oo | Bl 1275,
X
>k +(V)
F -2
I(E>E) (x2S Sl;lpfs B oo | Bllwa-ess) SNEN el Ell gers -
Thus we obtain N € X' 2 O

+a|V| -
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The first step in the above proof works even with less regularity. In fact, we can
prove that

Lemma 4.2. Let 0 < s < 1 and (E, E,n) € Cy,(H* x H*~' x L?) be a weak solution
of the Klein-Gordon-Zakharov system. Then we have

Ee Xyt (4.16)

However, the above argument does not give desired bound for n such as n! €
Xi’;‘/ér. The problem is in the high-high interaction, where we have resonance.

Returning to the energy space, the uniqueness readily follows from the local well-
posedness in [20], now that we have much better regularity by Lemma 4.1 than that

required in that paper. For the sake of completeness, we give a proof:

Proof of Theorem 1.2. Let (E;, Ej,n;) € C(H' x L? x L?) for j = 0,1 be weak
solutions satisfying

Let (E',n’) :== (F1,n1) — (Egp, ng). By the above lemma, we have
Ej, E'€ Xig, mnj n' € XPd, (4.18)

for any ¢ > 0. Fix e € (0,1/9). The difference satisfies 0 = E'(0) = E}(0) = n/(0) =
n;(0) and

E'— AE' + FE' = —noE' —n'Ey,
(I_Qﬁ/ — ATL, = A%[E(Eo —|— El)],

in Cy(S’). Applying the same estimates as in (4.11) and (4.15) with a = 0 to E’ and
n', we get

(4.19)

1E" | 5 ST ol E' |5 + T2 ll7 ]| E:l 5

(4.20)
In'lly SNEo + Erll 1B || 5

with

X=Xt Mnlly o= Il + 08 e (4.21)

Thus we get E' =n’ =0 on (0,7) if T > 0 is sufficiently small, and repeating this
argument, (Fo,ng) = (E1,n1) as long as both exist. O
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