WELL-POSEDNESS OF 3D VORTEX SHEETS WITH SURFACE
TENSION *

DAVID M. AMBROSE ' AND NADER MASMOUDI #

Abstract. We prove well-posedness for the initial value problem for a vortex sheet in 3D fluids,
in the presence of surface tension. We first reformulate the problem by making a favorable choice
of variables and parameterizations. We then perform energy estimates for the evolution equations.
It is important to note that the Kelvin-Helmholtz instability is present for the vortex sheet in the
absence of surface tension. Accordingly, we must construct the energy functional carefully with an
eye toward the regularization of this instability. Well-posedness follows from the estimates.

1. Introduction The vortex sheet is the interface between two inviscid, incom-
pressible fluids. The fluids we consider in this paper are taken to be three-dimensional
and of equal densities. The fluids satisfy the Euler equations in the interior of the fluid
region; at the interface, the normal component of velocity is continuous while there is
a jump in the tangential velocity. We further assume that the fluids are irrotational
in the interior of the fluid region. The assumption of irrotationality allows us to use
a boundary integral formulation, analyzing only quantities defined on the interface.
Because of the discontinuity in the velocity at the interface, there is a measure-valued
vorticity supported on the interface.

In the absence of surface tension, the pressure is also continuous across the in-
terface, and the problem exhibits the well-known Kelvin-Helmholtz instability. The
problem is then ill-posed in Sobolev spaces, but well-posed in analytic function spaces
[7, 17]. Surface tension has been believed to remove this instability, and this has been
verified in the case of two-dimensional fluids in [2] and earlier in [18] (in the case of a
more limited class of initial data).

The method used in this paper is a natural generalization of that used in [2].
There, the interface (a one-dimensional curve) was parameterized by arclength and
described by its tangent angle. These choices allowed the evolution equations to
be written as a semilinear system, and the energy method was used to prove well-
posedness. Special care had to be taken in defining the energy functional because
of the presence of a term in the evolution equations which can be seen as respon-
sible for the Kelvin-Helmholtz instability. In the present case, the interface is a
two-dimensional surface, and there is thus no direct analog of arclength. We still
choose suitable coordinates which simplify the evolution equations. We describe the
surface by its mean curvature; this is a natural analog of the tangent angle in the
one-dimensional case, as the curvature is a derivative of the tangent angle. The sys-
tem of evolution equations in the present work is quasilinear rather than semilinear,
so additional care must be taken in constructing the energy functional.

Let us first describe some of the earlier works on the subject. In 1974, V.I. Nalimov
[27] proved well-posedness for the two-dimensional deep water waves without surface
tension. The initial surface displacement and the initial velocity are taken small
in some Sobolev spaces. This result was improved by H. Yosihara [40, 41]. We also
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2 3D Vortex Sheets with Surface Tension

mention the important work of Craig [10] where some asymptotic problems are treated
(see also Schneider and Wayne [30]). There are some other works dealing with analytic
initial data by M. Shinbrot [35] and T. Kano and T. Nishida [20] (see also [36] which
deals with the Kelvin-Helmholtz instability).

The well-posedness for water waves in Sobolev spaces for arbitrary, regular enough
initial data was proved first done by S. Wu. She considers the deep water case without
surface tension (see [37] for the two dimensional case and [38] for the three dimensional
case). The water wave is the problem in which a single fluid has a free surface, with a
vaccuum present on the other side of the free surface. Her work involved proving that
the Generalized Taylor condition holds as long as the free surface does not intersect
itself, and was an important advance for the field. We also mention the work of Lannes
[21] where existence in the irrotational case for non flat bottom is proved.

In the last two years, there were many works about the local well-posedness for
water waves. We can mention the work of Lindblad [23] following the estimates of
Christodoulou and Lindblad [8]. In [23], existence in the zero surface tension case is
proved by using Nash-Moser iteration. One of the reasons behind using Nash-Moser
is that it was not clear how to approximate the system while keeping the nonlinear
estimates of [8]. Also, Schweizer [32] proved existence for water waves for non zero
surface tension when the vorticity vanishes on the boundary initially. This is because
he uses a vanishing viscosity limit. Another proof of well-posedness of 2D irrotational
water waves was given in [3], and there it was proven that the limit of water waves with
surface tension, as surface tension vanishes, is the water wave without surface tension.
We also mention the recent work of Coutand and Shkoller [9], Zhang and Zhang [42]
and Shatah and Zeng [34, 33] where local existence for water waves is proved without
using Nash-Moser theorem due to a clever approximation of the system.

Of the above works, only [34] addresses the two-fluid case, which is treated in
the present work. It is important to mention that in the case of a single fluid, the
Kelvin-Helmholtz instability does not appear, and thus does not need to be regular-
ized. Instead, in the single-fluid case, the possible instability is the Rayleigh-Taylor
instability.

In two dimensions, there has still been quite a bit of work on the vortex sheet
without surface tension, despite being ill-posed in Sobolev spaces. The most cele-
brated result in this line of work is that of Delort [11], proving existence for all time
of weak solutions to the Euler equations with vortex sheet initial data if the vortex
sheet strength has a fixed sign. Delort’s result is discussed further in [12], [25], [31]. It
has also been extended to the case of vorticity of both signs in the presence of certain
symmetries [24]. As mentioned above, the unregularized vortex sheet has also been
studied as an initial-value problem in analytic function spaces. This has recently been
explored further in [22] and [39].

As the work [2] was influenced by the development of the efficient numerical meth-
ods for the same problem by Hou, Lowengrub, and Shelley [15, 16], we comment upon
numerical work for vortex sheets in 3D fluids. In [14], Haroldsen and Meiron use the
point vortex method to calculate the motion of 3D water waves. They make a special
choice of velocity of particles on the free surface, constraining those particles to have
no horizontal velocity. In [19], Ishihara and Kaneda use a purely Lagrangian formu-
lation to study singularity formation in a 3D vortex sheet without surface tension,
treating a model problem (ie, generalizing the analysis of Moore [26]). More recently,
Hou, Hu, and Zhang [17] have studied the full 3D vortex sheet problem without sur-
face tension. Axisymmetric vortex sheets have also been studied by several authors
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[28, 6]. Of all of these numerical works, only [28] includes the effect of surface tension,
and this was only in the reduced case of axisymmetric flow.

The plan of the paper is as follows: In Section 2, we discuss the evolution of any
two-dimensional surface in 3D. It is in this section which we describe our tangential
velocities, parameterization, and dependent variables for the surface. In Section 3, we
specialize to the case of the vortex sheet, with an extended discussion of the Birkhoff-
Rott integral. In Section 4, we find a good representation for the system of evolution
equations. In Section 5, we state and prove the main theorem of the paper. This
includes proving the main energy estimate, setting up a regularized problem, and
proving existence of solutions to the regularized and original problems. In Section 6,
we prove some lemmas and auxiliary estimates.

The authors would like to extend thanks to Jalal Shatah for many helpful dis-
cussions. In particular, the choice of the isothermal coordinates (2.4) and the gain of
regularity of E were pointed out to us by him.

2. Evolution of the surface
We will begin with a discussion of the evolution of any surface; later, we will

specialize to the case in which the surface is a vortex sheet.
Let X(a,8) = (z(a, 8),y(a, B), 2(cr, B)) define a surface in R3. We define unit
tangent and normal vectors to the surface by

. & »  Xg

Xo x X
i A= 00

=< = T~ . (21)
1Xa 1 X5l X x Xg

The first and second fundamental forms of the surface are defined by their coefficients.
The first fundamental coefficients are
E =X, Xq, F=X, Xg, G=Xgs-Xg. (2.2)
The second fundamental coefficients are
L =-X, -1, M=-X, fig=-Xg 1, N =-Xg - fig. (2.3)

We can express the mean curvature and the surface area element easily in terms of
the coefficients of the fundamental forms. Mean curvature, s, is given by

_ EN+GL-2FM

 2(EG - F?)

The (square of the) surface area element is given by the formula
EG — F? = |X, x Xg|%

2.1. Evolution of the first fundamental coefficients
We want to find evolution equations for the fundamental coefficients when X
evolves as

X, = Ui + Vit! + Vat2,

Here, U is the normal velocity and V; and V5, are the tangential velocities. The
tangential velocities only serve to reparameterize the surface, so we can choose them
to satisfy certain conditions. In particular, we choose them so that

E=G and F=0 (2.4)
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here, E = E(a, 3,t).

It is not true in general that any surface can be globally parameterized such that
E = G and F = 0. In the present work, we consider the case in which such coordinates
can be found globally for the initial surface. We make some remarks about the general
case in Section 2.5.

We begin now assuming that E(«, 3,0) = G(«, 5,0), and F(«,3,0) = 0. We will
find equations for the tangential velocities by insisting that F; = Gy and F; = 0. To
do this, we first calculate X,; and Xg;. We have

Xt = Uy +V1tL -2 4+ V5t2 - 0)d + (Vig + Uiy, -t + VoE2 - H)E!

+ (Voo + Uhig - £ + Wit} - £9)E%, (25)

Xpe = (Us + V11A3é -0+ sz% -n)h+ (Vig + Ung 4 ‘/QE% . El)fl
+ (Vag + Uhrg - 82 + Vi) - £2)8%. (2.6)

These simplify using the following identities:

R . X L
N, t'=—-t, A=_% h,=-——= (2.7)
“ 1Xal VE’
R . X M
5
SO SO X X X5 X E
£2.80 = .2 A o _ Db Ra B 2.
@ @ |XB| N |Xa| E 2Eﬂ ( 9)
P | $1 - Xo M
R . X N
ﬁﬁ.tQZ_t%.ﬁzi‘Xz‘ ﬁﬁz_ﬁ7 (2.11)
o a o X X X5 X E
A R A (s el C 2.12
G G X.), Xel = B 2 (212)
The above relations will also be used as
E, - Es -
Xoo = L+ —2§t — 2 ¢2 2.13
B ovE (2.13)
E, - Es -
Xgp = N — 2\/Etl+ﬁ%t2 (2.14)
Es - E, -
Xop = Mh+ F’%tl + ﬁt2 (2.15)

We use the above identities to find two further important identities: formulas for
M, and Mg. The point is that M, is essentially the same as Lg, and Mg is essentially
the same as N,. We have

(t' - np)

Ea 2 .
St ). (2.16)

— —VE(EL ) = () VE - 5
VBB ) — (B ) VE -
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The first and third of these terms can be simplified by using the above identities. For
the second term, we use

— (%' fup)VE = =X, -figp = Ly + Xop - Ny

. E; -
— Ly +VERL - f,) + —2_ (& - fy,
B (ﬁ ) 2@( )

= Lo+ VE®, -8 ha) + 2]57%(%1-1‘1@). (2.17)

Finally, we have
M, = Lg — Egk.
Similarly, we find that
Mg = Ny — Egk.
We can now calculate Ej :
B = (Xo -Xa)t =2X0t - Xo = 2VE(X gt - £1)

UL  VyEg
—WE (W, - 2= . (21
(Vo= GE+55) -

Similarly, we have for Gy

JE T 2E

We calculate F; using F; = VE (Xﬁt A X ~E2) . We get

N WE
Gt=2\/E(V25—U+V1 “). (2.19)

(2.20)

UM VyE, WE
Ft:\/E<V13+Vga—2 - 2e ﬁ).

JE 2B 2E

These calculations let us write down our tangential velocity equations

ViBa  VaEg _ U(L—N)

Va_V - )
loe =720 7 O 2F VE

ViEy  VaE, UM

Wthh can also be rewritten
( Vi ) ( Vo ) U(L—N)
VE ), VE) g E

CARIERRES

U(L—N)
E

(2.21)

Hence, V7 and V5 can be recovered from and Z%M by solving the above elliptic

system.
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(%) (2)
VE —0p¢ Dot

where ¢ and v solve the following Poisson equations

Indeed, we can write

U(L—N
A¢ = (E )
Ay = 20

(2.22)

(2.23)

We will prove that U is in in H*~/2, that L, N, M are in H*~! and that E — 1
is in H**! and is bounded from below. Hence, we deduce that A¢ and A are in
H*~' N L'. We point out here that since we are in 2 dimensions for the A, we infer
that V¢ € L** and that VV¢ € H°~!. Hence, VV € H*"!. In the sequel, we will
say that V € H* meaning that V € L%»> and VV € H*~! since this has no effect on

the energy estimates.

2.2. Evolution of the second fundamental coefficients Before calculating

L; or N;, we calculate ny :

. Xat X XB Xa X Xﬂt Et N
-8 T E "E"

We first calculate

(2.24)

Xor x X 1 ViL VoM 1 UL  VaEg) .
Aot X 2p 5:—<Ua+1+ 2 )Xa+<V1a—+ : B)H- (2.25)

E E VE VE

Similarly, we have

XoxX 1 ViM  VoN 1 UN ViE,\ .
ﬁt(U5+ ! + 2 >X5+<Vgg+ L >n.

E E VE VE VE VE = 2E
Hence,
- Use WViL VoM) 5 Us ViM  VoNY\ o
=—|—=+—= tt— | —= — )t
n=- Gz BE e B e - (D2 A B

2.2.1. Calculation of L;
We take the time derivative of L :

Lt - - (on . ﬁ(x)t - _Xat . ﬁ(x - Xa . ﬁat

= — (Xar - 1) (R - ) — (Xae - 82) (B - 82 — VE®' - fiae).

To begin trying to understand this, we notice that

-~

t'hg = (' -0y, -t - Ay

We can write the first term on the right-hand side of this equation as

o U, ViL VoM
1, =& _ «@ 1 2
@ o=~ (T4 T+ >

(2.26)

(2.27)

(2.28)
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We have found that (2.28) implies

B Uu  VIL VoM
Lt_@(@+ L )

- (Xat 'El)(ﬁa . El) - (Xoct . EQ)(ﬁa EQ) + \/E(ﬁt E}x) (2'29)
We can use (2.5) and (2.6) to simplify the second and third terms on the right-

hand side. We also use (2.7), (2.8), etc.... For the last term on the right-hand side,
notice that

fi L = (A, - 82)(82 1), (2.30)
since fi; - i = 0 and t!, - t! = 0. Using (2.9) and (2.26), we see that (2.30) implies

- E U ViM  VoN
N s vB 1 2
et = (5o ) (T2 + B B,

Finally, we have for L; :

Us ,VIL VoM L UL  VE
Lt:\/E<+1+ : ) (Vm—+ . 5)

VE ' E ﬁ VE ' 2B
() ()

which can be rewritten as

U VL VoM L
Lt:\/E<+l+ 2 ) + —E,

JVE " E E 2F
M UM leﬁ> Es (Uﬁ ViM VQN)

+ 2 (Voo — - d A T . (2.32
\/E< > JE 2E WE \VE E E (2:32)

2.2.2. Calculation of N; We can make similar calculations for N;. To start,
we have

Ny = —(Xp - fg)y = —Xp - g — Xp - gy
—(Xpr -8R - hp) — (X - 8)(# - 8g) — VER? - 8y)p + VE(RS - y)
—(Xpe - ) (@ - g) — (X - 82) (87 - )
~VE® iy)s + VE® -t - hy). (2.33)

Using our various identities and previous calculations, this is

Us ViM  V,N N UN WE
Nt:\/E<5+ L 2 > + = <V25 + 2 )
5

VE E E VE VE | 2FE
M<V _UM_VzEa>+ Eq (Ua+V1L+V2M
VE\'" " VE WE\VE E = E

which can be rewritten as

U WM VoN N
Nt:\/E<B+ =42 ) + —=FE
B

i ) . (2:34)

VE E E 2F

M UM VQEQ> E. (UQ ViL V2M>
+— (Vig— - + ey 2y . (2.35
JE( YOUE 22 ) "oE\VE E ' E (23




8 3D Vortex Sheets with Surface Tension

2.2.3. Calculation of L; + N; Adding the above two calculation and using
(2.21) leads to

WL VoM ) +( VlM Vo N

(L + N);, = (U + — + \/— JE

N ) + kB, (2.36)

2.3. Curvature evolution
Using this kind of parameterization, the mean curvature « is

_L+N
- 2E

(2.37)

So, we get from (2.36)

We want to understand this equation more fully, so we apply some of the derivatives
on the right-hand side. We get

(30 5) (), (), e o

Then, we use that

Va Va

226 = L>_%%N (2.40)
vE s

2E3/2

In the same way, we have

<%+%>5:V2(§E>B %%“MQ@) Vf s 41

and

Vi
vE 7T (

N)_%&L (2.42)

VE 2E3/2

Finally, we get

Vs
(\/Eﬂ)t FAU + T(\/»H) + T(\/Eﬁ)g

S CORE IO

where we have used that

(), (), "
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2.4. Gain of regularity for E

It would appear at first that if X is in H°T!, then E is only in H®. This turns
out not to better then expected. We are able to find a gain of one derivative for F.
To see this, we calculate AE. Recall that £ = X,, - X,, and also £ = X3 - Xg.

AE =FEuo+ Ess = (Xg - Xp3)aa + Xo - Xa)ss-
Applying some of the derivatives, we have
AE =2(Xop Xg)a+2(Xop - Xa)s = 4(Xag - Xag) + 2(Xaas - Xg) + 2(Xgs0 - Xa)-
This can be written
AE = 4(Xagp - Xap) + 2(VET )ag - (VEE)) + 2(VET)as - (VET)).

Noting the similarity between the second and third terms on the right-hand side, we
rewrite this as

AE = 4(Xop - Xap) + 2B - 1) 0s — 2B(E,, - T35 + £ - £2).
Since the second term on the right-hand side is clearly zero, this is
AFE = 4(Xop - Xop) — 2B, -5 + £ - £2). (2.44)

So, if X € H*™! then the right-hand side of (2.44) is in H*~! N L'. We conclude
that E — 1 is also in H**!. (This is related the Gauss equation and Gauss’ Theorema
egregium).

We remark that there is a similar gain of regularity for E,.

2.5. Conditions on the data
We will need two conditions to be satisfied by the initial surface. The first has to
do with the parameterization:

E(a, 5,0) > ¢ > 0, for all a, . (2.45)

We must have this since we will frequently be estimating factors of E which appear
in the denominator.

As we have mentioned earlier, we are making the assumption that the initial
surface can be globally parameterized such that (2.4) holds. This assumption is made
for simplicity of exposition. The method of proof is valid also in the case in which we
can find such coordinates using finitely many overlapping coordinate patches. Under
mild regularity assumptions on the surface, it is well known that the coordinates
can be found locally. If we were considering different geometries (i.e., the horizontally
periodic case or the case of a finite volume of fluid), compactness would then guarantee
that a finite number of patches are sufficient. In the whole-plane case currently being
considered, decay at infinity of the surface and its derivatives should ensure that a
finite number of patches (including only one unbounded patch) suffice in many cases,
giving the method of this paper wide applicability.

The second condition, which is of more fundamental importance, is that the initial
surface not be nearly intersecting itself. We require

‘X(OL, ﬂ) — X(O/a ﬂ,)‘Q
(a—a )2+ (B— )2
This requirement will allow us to estimate terms related to the kernel of the Birkhoff-
Rott integral.
Since we are proving the existence of smooth solutions, these conditions will
continue to be satisfied for a positive amount of time.

> Co > 0, for all v, B s.t. a # 3. (2.46)
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3. The Birkhoff-Rott integral and its Consequences

Thus far, we have only been discussing the motion of a surface which evolves
with normal velocity U without specifying U. For the vortex sheet problem, the normal
velocity must be given by the fluid dynamics; in particular, it is the normal component
of the Birkhoff-Rott integral.

Recall that we are considering the case of two irrotational fluids. In the bulk
of each fluid, then, there is a velocity potential. We denote by p the jump in the
potential across the interface. As we have remarked previously, the vorticity is not
identically zero, but instead, the vorticity is given by an amplitude times the Dirac
mass of the interface. This amplitude is given by % (1aXg — 1pXy) . A discussion of
this formula for the vorticity can be found in [5].

As usual, we can recover the fluid velocity from the Biot-Savart law. Given the
form of the vorticity in this case, the Biot-Savart law yields an integral over the free
surface. Evaluating this integral at points on the free surface, we get the Birkhoff-
Rott integral. The normal velocity U of the interface must be given by the normal
component of the Birkhoff-Rott integral. Further discussion of the Birkhoff-Rott
integral can be found in [29].

The Birkhoff-Rott integral in this case is then given by

W) =PV [ [ (', ) X5(" 8) o, 8) Xala's 9)

X(O@ﬂ) — X(alvﬂ/)

: | X (a, B) - X(a/75/)|3d0‘ ag’. (3.1)

We want to understand the Birkhoff-Rott integral in terms of Riesz transforms.
We will use the notation & = («, 3) and & = (¢, 3’). We recall the definitions of the
Riesz transforms H; and Ho :

Hyf(a,B) = PV//f f'“ﬂ”cmm

/‘3

Haf(o. ) = //f B8 g

|oz—o/|3

We also define the Fourier transform by

_ / / =i (E10+0) (. B)devd. (3.2)

Hence, the symbols of the Riesz transforms are

—i&y
€l

We define the first-order derivative operator A by

—i&

Hy(&1,&) = T

Hi(&1,&) =

A= H,D, + HyDpg, A =g

Important properties of Riesz transforms are that (H? + H2)f = —f, if f(O) is zero,
and that HiDgf = HyD,f. The operators D, and Dg are the partial derivative
operators with respect to o and 3, respectively.
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We need to introduce two kernels, J and K, which will be used in approximating

the Birkhoff-Rott integral. First we introduce
X -X' X, (a—o X560
— Oé(a o ) ﬁ(ﬁ 6“/) , (3.3)
a'l3

dm = X -X'PP ERRlG—aP EB32a—

We will also use the following approximation. Assuming that X is regular enough

we have

X(a, ) =X(a/, 8) + X (o, 3 ) (a— ') + X, 8) (B - B')+
0t L Xaplel BB~ B + Kaplal, H)(a — o) (5 - B)

+ %Xaa(o/, (o —a
+0(la—a®) (3.4)

In the sequel all functions will be evaluated at (o/, 3’) unless otherwise specified. For

instance E, denotes E,(c’/, 8"). Similar to (3.4), we have

X 9) = X(@ 907 = (B + gEula ) 4 3E5(5 - 5)) - @
Lo(a—alh. (35)

We also need the following kernel
X(on ) = X(o/, ) _ Xala—a) +Xp(B=F)
(X (v, ) = X(a, B) E3R2|a - a'f?
1 Xaala— a2 4 1Xgs(8— )% + Xapla — o) (8- 5)
E3/2|62 _ &/|3

3 (Eala—a') + Eg(8 - ') Xa(a— o) + Xp(8 - 5')) (3.6)
4 E5/2\0_2 _ &/|3 : :

I K =

+

&
STHER Note that

We define G;;, the operator whose symbol is given by dij ¢ =
each of the G; is a smoothing operator of degree —1. It is also given by

Gi1f(a, //f - 04/—30[) do’df,
Craf(a ) = 1PV / [ S:O‘jfllw ~Dgerag,
Gggf(Ot ﬁ 713\///]0 |a Z36> /dﬁ/.

Notation Here and below, Ox , g(H™) will denote any function whose norm

in H™ is bounded by (| X||gs+1 + ||| grs+1/2 + || E|| gg=+1 and such that

0%, 6(H™) = Oy o, (H™) || < | X =Ygt + [0 — vl|gsrr/z + [|E = H[ o+
(3.7)

This function can vary from one line to the other. When, there is no ambiguity, we
Ox,,p(H™). In particular X € O(H**1) and p € O(H**+Y/2).

will denote O(H™) =
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We already saw that if X is parametrized by conformal coordinates, then || E|| gs+1 is
controlled by X in H*T! which is a one derivative gain. However, we keep E in the
definition of O(H™) since we will deal with surfaces which are not parametrized by
conformal coordinates in the approximation process. Moreover, F will not be given
by X,.X, but from an elliptic system to keep it in the space H**!. Furthermore, it
is implicit when we discuss Sobolev norms of X and related quantities that we mean
instead the norm of X — (v, 3,0), as this is the quantity that decays. Moreover, when
dealing about E in Sobolev spaces, we mean instead E — 1.

PRroOPOSITION 3.1. We have the following formulas for VW.

W, i =—m ( QEL) Hy <“2%L> + O(H*™/2). (3.8)
W, -t = —H, (“;g) — H, (”5?) +O(H*1/?). (3.9)
W, 2= —H (“;g) — H, (“gg) +O(H*1/2). (3.10)
W82 = —H, <“2“év> —H, <“§év> +O(H™1/?). (3.11)

Proof: We use the notation g = ugX, —paXg. If we denote by J[X] the integral
operator with kernel .J, then we have

B gXXa gXXg

Substituting in for g, we see that this is

W=H <2E1/2 ) +Hz (2E1/2 ) +IXlg-

We take an « derivative of this.

= _Haa 4 Hag N\ toFa
Wa = Hi (55i70) + Ha (55i70) — (4E3/2 n)
psEa
_HQ(E5/2 >+H1(E1/2 >+H2<E1/2 )—l—D JX]g. (3.12)
We can now move the vectors outside the Riesz transforms, incurring an O(H?*~1/2)

commutator (see Theorem 6.5). We also use the formula

Ly

B1/2° g2

M
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This leads us to
W = Hy (55355 ) a+ Ha (550 ) &~ Hy palio) o
@ 2E1/2 2E1/2 4FE3/2

. MﬁEa A paL 21 pa M 72 M,BL 71
s (4E3/2>n Hl(QE)t H1< 25 ) 5 )¢t

— H, <> 24+ D, J[X]g+O(H*"1/?). (3.13)

We now calculate D, J[X]g. The justification of the following computation is
given in the proof of Theorem 6.4. (In particular, what is justified is the passing of a
derivative under the integrals and the integration by parts.)

D,J[X]g = PV//g’ X DoJ dad’

= va//g’ X Do J dd’+Pv//g’ X (Do + Dor)J dé' = Ay + Ay, (3.14)

The term A; can be integrated by parts:

A, :PV//Da/g’ x J dd'.

For As, we introduce the operator [J;[X], which is the operator with kernel (D, +
Dy)J. Thus, Ay = J1[X]g. We show in Theorem 6.4 that Ay = O(H?®). For A;, we
add and subtract some additional terms. Recall that

3 Xaa(a—a')2 4+ 3 Xp(8 — 8)% + Xapla—a') (8- 5)
_ 2 aa 24688 af
drJ = 47K + PG —ap

3 (Ea(a —a) + Es(f = ) (Xala = a) + Xp(8 — ')
-3 T . (3.15)

We make the following computations with a rest term in H?, since we are going to
use them for the normal component (see the next Proposition):

« >< X(,Y(X 3 « >< X(X E(X
Ay = K[X](Dag) + G11 (g _ 3 ) )

2E3/2 4F5/2
G Ja X Xaﬁ 3(904 X Xa)Eﬂ + 3(ga X Xﬁ)Ea
+ G2 B3z AE5/2
ga X Xpgg  3(ga X Xg)Ep
+ Gao ( Yo 17572 . (3.16)

We show in Theorem 6.2 that K[X](D,g) = O(H?®). We have
Ja = /f"aﬁXa - ,uocaxﬁ + M,Bxaa - ,uochﬁ- (317)

The terms in (3.17) which have one derivative on p and two derivatives on X will



14 3D Vortex Sheets with Surface Tension

make only O(H?®) contributions to W, since G;; is smoothing. So, we have

A =G Maﬁ(Xa X Xaa) i lffaoz(X,@ X Xaa) N BM(XQEOL ~
1=V 2E3/2 2E3/2 4E3/2
+G Naﬁ(Xa X Xaﬁ) . Naa(Xﬁ X Xaﬁ) . 3(:“OcaEﬁ + ﬂaﬁEa)ﬁ
12 E3/2 E3/2 Q4E3/2
tap(Xa X Xgg)  pao(Xs X Xgg)  3papFs . o
+ G ( S - o ~ i B O(HY). (3.18)

Hence, A; = O(H*"'/?) and (3.8) is proved. Similarly, we can prove the three other
equations. This ends the proof of the proposition. l

Now, we look at the case of the normal component. We have
PRrROPOSITION 3.2.

(Wa - i)q + (Wg - 21)s = %A {\/E(‘;)ﬁ\/ﬁ(’g)ﬁ} +OEY). (3.19)

Proof:
We start by the following simple relations

(X % X5)(Xs - Xea) = — 5 BB,
(Xa x Xp)(Xp - Xap) = %EaEﬁ,
(X % Xa)(Xs X) = 3o
(X % Xa)(Xa - Xaa) = gEEn
(X % Xo) (X Xag) = — s,
(X5 % Xo)(Xo - X ) = 3 Ea B

So, we get using theorem 6.6

W= Hy (o) + i (5o )H1<““E°‘)

2F1/2 2E1/2 4E3/2
g (B g ((btanFat dapFa (oo + brianEs
2\ 4p32 11 E3/2 12 E3/2
1 1
7/1'ao¢Ea+7 o E s
—G22<4 E3/22“ B ﬁ)—i—O(H ). (3.20)

A 1 Koo 1 Hag 1 NaEa 1 ,U/,GEoz
Wo-h =5 <E1/2> o (E1/2) — g < e ) a2\ g )t
1 1
§.uanz + Z.UJﬂEﬂ
— 8aG11 ( 372 > +

1 1 1 1
THaLo + 5p8E3 iHaEs + ppEa
— aaGQQ < E3/2 > - aaGlQ ( E3/2

) +O(H?). (3.21)
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or this can be rewritten as
Woon= b () e b () o dm (BBt
9.6 <5ME2;§H6E£>
— 0,Gas (‘IIMO‘E‘E?/E“"EG — 0aG12 (i“aE‘iE;r/z‘lluﬁEa) +O(H®). (3.22)

Hence,

(Wo -1)q + (Wp-11) = %A {(Eulo/éz)a + (Eulﬁﬂ)ﬁ}

L, B +1u.F L, B +Lu.F
sHalia = zHBLER TMalia T+ spplip
—_ aaaGll < E3/2 > - aaaGQ? < E3/2 >

E3/2

LuaEs + tugE
— 0y C1a (4“@ BT M8 a>+
3HaFa + 1155 ihaFo + 5115 Fp
— 033G11 e — 033G22 +

E3/2

THaEp + 1115Fa
—aﬁﬁau<4’“‘ ﬁEg/;”ﬂ )+O(H51). (3.23)

Then using that 0noGij + 03sGij = %&-Hj, we get

Q
+

v+ 0= () -+ (52) )

1 staEa + 115Es thaEp + 1pEq
— 5 |:8aH1 < E3/2 + aocHQ E3/2

THaBo + 31pE
+aﬁH2<4” EB/;“ﬁ ﬁ>}+O(H31). (3.24)

Using that d,H; 4+ 03H2 = A, we deduce that

E3/2

1 /ffaEa —|—,u,gEg 1 MaEa 1 NlﬁEﬁ

LBy + YusE thaEo + SusE
aaH1<2“a 23/24% ﬁ>+aﬂH2(4ua ot 3h8 6)

Then, using that

ol rsEs s

O Ho < o ) = 0, H, < = > +O(HY) (3.26)
o HaFo s—

O H, ( 53/2 ) = 93 H, ( = ) +O(HY) (3.27)
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we infer that

(Wo -fi)o + (Wg-11)g
-0 [ (m), + ()~ 3t oy
A |VE(%2) +VE(%2) | ot eas)

This ends the proof of the proposition. l

4. The leading-order system
In this section, we write the system of evolution equations in our preferred form
for performing energy estimates. The equations are a quasilinear hyperbolic system,

so we will symmetrize before performing estimates. We will finally arrive at the system
(4.29) below.

4.1. The k equation
From (2.43), we get

1 %1 o1
Ky = AU f \/>I€5 +O(H*™). (4.1)

Then, using that U = W - i we get

o+
N

AU = (W), + (W)= (w8 ) = (Jwee)

and we deduce that

1 R R Vi — W.tt Vo — W.12
ke = ——=[(Wq - 0)q + (Wg - 1) 4] + 1@ Ko + 2\@ kg

2F
+O(HY. (4.3)

Then, using (3.28), we infer that

g [ECE), VB (), e B
+O(HY. (4.4)

We would like to rewrite this in a way which is more suitable for a symmetrization.
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L [@ (b +vE (ﬂ;)ﬁ} (4.5)

[ () 0 ()] - e [ ]

_ 1 [ Ho %]
ol (i) o ()]
L | o ) ta Es A _#5 1 [haEo + psEp
* 2WE |2 [ E3/2AE1/2 ES/QAEI/Q a2z (4.7)
LT
- ot + 0, —9
2WE | \F \F s ﬂ\f \ﬁ BM]

Above, that (4.5), (4.6), and (4.7) are equal is simply a matter of rearranging the
derivatives; there are no approximations. To get (4.8), the second and third terms
of (4.7) are combined, and there is an approximate cancellation. In particular, those
terms which have two derivatives of p combine to form a smooth commutator. The
remaining terms have at most two derivatives of F and one derivative of u, and are
thus in H~1. That the commutator is smooth is a consequence of (6.16). In fact, the
estimate required is simpler that (6.16), as only one-half of a derivative of smoothing
is required. Hence, we get

+O(H*) (4.8)

1 1 1 1 1 Vi—W-.§! Vo — W - §2

——— | Oa—=A—=0 i + O3 —=A——=0pp | + ot
WE |\ VE VB T RSB JE JE | ®
+O(H*™1). (4.9)

Ry =

4.2. The p equation
We have the following evolution equation for p

= —\/‘%f . El)ﬂa + & }Vg ' Ez)uﬂ

The corresponding equation for two-dimensional vortex sheets was derived in [4],
and a version of the derivation is given in [1, 3]. The above equation can be found by
the same derivation.

The regularity of (Vi — W - t!, Vo — W - 1) now becomes important. We can see
from (2.21) and (3.8)-(3.11) that each of the V; — W -§? is in H* when X € H**! and
€ H*H1/2 We thus cannot propagate the regularity of y using (4.10). Instead of
the equation for y, we will write an equation for A(u;). (This has the benefit of very
clearly identifying which terms in the evolution equations contribute to the Kelvin-
Helmholtz instability. This will be explained more below.) We have the following
Proposition:

PROPOSITION 4.1. A(u;) satisfies the following equation

e = TK + (4.10)

(Vi — W -th)
VE

(V2 =W - )
VE

= [l + 1 )P()] + OUT*=11%). a11)

AQpe) = TA(K) + Alpa) + Alpgp)
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Let us prove the Proposition. Applying A and using our commutator estimate
(6.16), we get

(i - W) (Vo = W - 1?)
VE VE
AVI =W -tYu, N A(Va — W -£2)ug
VE VE

Thus, the most important part of the calculation will be finding useful formulas
for A(Vi — W -t!) and A(Va — W - £2).

We begin the calculation of A(V; — W - §!). To this end, we recall that A =
H,D, + HyDg. We have

Apy = TAK +

Appo +

+O(H>"Y?). (4.12)

H\D,(Vi =W -t = —H; (W, - t!)
+ Hi(Via — (W - 8)(), - t2) — (W - 0)(E}, - 1))
E; UL

=-H (W, -tH+H ~-(W-t)-2 - —=) (41
Using (2.21), the second term on the right-hand side can be rewritten as
W E, 29 Ez UN
H, | V& W .t°—Vo) &= — — . 4.14

Now, we turn to HaDg. We have

HyDg(Vy — W - t1) = —Hy(Wpg - t1)
+ Hy(Vig — (W - 82)(5 - 8%) — (W - a)(E5 - i)

= —Hy,(Wg - t') + Hy(Vip — (W -1*) = — —) (4.15)
Combining (4.13), (4.14), (4.15) and the fact that HyD, = H1Dg, we have

AV =W -t = —H{ (W, - t!) — Hy(Wg-th)+

UN UM
+ Ha(Vig + Vao) — Hy (> — Hy <)

VE VE
+ H; (V;g“ + (W -t% - V2)2E§> — H, (—(W . E%fg) . (4.16)
From equations (3.8) and (3.9), we have
—H{(W, - ) = H? (“C’L> + HyH, (LWL) + O(H*~1/2) (4.17)
2F 2F

and

_ 71y pa M o (M s—1/2
Hy(Wg-t') = H Hs (2E ) + H; <2E > +O(H ). (4.18)
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Next, we use that

H, H, (/J'QM> _ H22 <MQL> —I—O(Hs_l/Q),

2F 2F

L M
Hy Hy (’”;% ) = H} ("gE ) +O(H/?)

and —H0, = A" 1044, hence,

. . WL pusM o
—Hl(Wa~t1)—H2(W5~t1):—u2E “gE FO(H™Y?)  (4.19)

which simplifies to

_ i gy Hel M s—1/2
Hi(Wy-t7) —Hy(Wg-t7) = oF Yo +O(H ) (4.20)
Moreover, Hy(N) = Hy(M) + O(H*~1/2) (or even O(H®) but this has no impor-
tance here). Hence

IR

2UM
= Hy | Vig+ Voo — + O(H*1/?
2(15 2 \/E) ( )

_ViEg  VaE,

s—1/2y _ s—1/2
L0 2 oY) = () (421)

Hence, we get

fraL :uﬁM

AV =W =58~ 5F

+O(H*/?)
which can also be written

AL = W - ) = po H (k) + pgHi Ha (k) + O(H*~ /).
In a similar way, we get that

AVy — W -t2) = kN paM gk +O(H*V/?)

Finally, we have the equation

(Vi =W -th) A(Vo — W -2)
M) = TA(K) + —————L Aty + ———— " Apig+
1 .
VvE (W2 H (k) + p3H3 (k) + 2papp Hi Ha (k)] + O(H*7V2) - (4.22)
where we have used that

= H k) + O ), (4.23)
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N 2 s—1/2
= = —HE(6) + O(H* V%),
M
o5 = —HiH2(k) + O(H*1/2).

[We will briefly prove (4.23). We write

HQ(L) HQ(N) HQ(L) H2(X ) -
g2 _ 1 gs-y2y = 11 188 gs—1/2
10 == * g TO ) =—=p t— g T )
Hi(L)  H3(Xao) D 1 (H? + H3)(L) _
— HS /2 — 1 2 HS 1/2
2F + 2F +0( ) 2F +0( )

__i s—1/2
=~ +O(H*1?). (4.24)

Here, we have used the definition k = %, the definition N = Xgg - i, the identity
H,Dg = HyD,, and we have repeatedly used the commutator estimates of Theorem
6.5 and Theorem 6.6.]

The equation can be rewritten as

(Vo — W - t2)
VE
1

75 [(taHr + pgH2)? (k)] + O(H*™Y/2).  (4.25)

(V; — W -th)
VE

Ape) = TA(K) + Apo + Apg+

and the proposition is proved.

This equation will be used in the following form

(Vi — W - £h)
VE

(Vo — W - £2)

75 Apg
. i (ke s—1/2
\/Egg (k) +O(H ) (4.26)

Alps) = 7A(k) + Apta +

where G = uoHy + pgHs

Remark: It is important to note that the term involving G on the right-hand side
of (4.26) can be viewed as contributing to the Kelvin-Helmholtz instability. We have
seen already that the evolution of x is like —A3u. In the case 7 = 0, (4.26) tells us
that the evolution of Ay is like —x. Putting these together, we would see (in the case
without surface tension) ks ~ A%k = —Ak. This can be made precise: in the case
without surface tension, the evolution is ill-posed, as the evolution equations form a
quasilinear elliptic system. In the case with surface tension (7 > 0), the presence of
the higher-order term 7Ak on the right-hand side of (4.26) allows us to control the
destabilizing term. This will be made clear in the following sections.

4.3. The system Let us recall the system we want to solve

X, = Ut + Vit! + V4t
_ (Vi—W-t!) (Va—W-£?)
(§)¢ Ht= TR+ TUE et T s (4.27)
X(t =0) =X,

pu(t =0) = po
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where f, ! and 2 are given by (2.1), U = W.i and W is given by the Birkhoff-Rott
integral (3.1), V1 and V4 solve the elliptic system (2.21) and L, M and N are given
by (2.3), B =X, - Xo = Xg - X3 and & is given by (2.37).

Now, we are ready to transform (4.27) into a system on which we are going

to perform the energy estimates. To make the system symmetric we will further
transform the equation for Ay by writting (A!, A%) = (Al/2 Lo AL/2 \’;ﬁ) We define

the operator £ by LA = 3aﬁA1/2A1 + 8[;%/\1/2/12. L* is glven by

1\1/246(1,i
Lk = — ( A1/2faﬁm (4.28)
E

Hence, we get

p— .Al — .A2
Ky = ﬁﬁAJf WA W) o + 2= ) s+ F(X, 1, E)

VE VE
A= —7L% + R+ 1 \/Vg + A, + 02 \/VX ¢ Ag +9X,u, E) (4.29)
AX = ki
where
Rk = ( ﬁi;zéﬁgﬁf )Qg*m. (4.30)
VE *VE

For the above, recall that the operator G is defined as G = po Hi + pgH2, and also we
have f(X,u, E) = Ox,u,5(H"~ D and g(X, u, E) = Ox,, p(H*™1). We also denote
leﬁ(Vl W-t!) and Z, = \F(VQ—W t2)

We have stated before that we will seek energy estimates with k € H*~! and

pu € H5t1/2 Now that we have performed the symmetrization, these estimates will
be for each of x and A in H*~!.

5. Statement and proof of the main theorem

In this section we state and prove the main theorem. We will detail the proof of
the energy estimate and only sketch the approximation procedure.

We take s big enough. We consider an initial surface Xo(«, 3) which is globally
parametrized by harmonic coordinates (namely (2.4) holds) and such that Xy € H**!.
Moreover, we assume that (2.45) and (2.46) hold. We also consider an initial potential
velocity field which is completely determined by po(«, ), the jump in the potential
across the interface. We assume that po € H*~'/2. From X and o, we can compute
ko and Ag, the initial data for the system (4.29). We have the following existence
result.

THEOREM 5.1. There exists a time T which only depends on ¢, ¢ and || Xol||gs+1 +
| t10]| gres1/2 and a unique solution (X, u) € C([0,T); H*+1 x HSTY/2) to (4.27) on the
time interval (0,T) satisfying

XN co,ry;me+1y + 1lleqo,ry;marirzy < C(Cr, 2, [ Xollgs—1 + llpollge—rr2).  (5.1)
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Moreover, for all i such that 3i < s — 1, we have (X,pu) € Ci([0,T); Hs+1=31 x
Heta—31),

In the next two subsections, we give the proof of this theorem. We only detail
the a priori energy estimate. Instead of (5.1), we will estimate x and A in H*~1.

5.1. Energy Estimate
We denote a = ﬁ To do the estimates, we need some commutator estimates
for £ and R. These are estimates which can be easily deduced from estimates for H;

or A (see Theorem 6.5). To deal with the operator R, we use the following lemma.
LEMMA 5.2. Ifa € H*"' and k, A € H*™!, then

LRk = GahaAaG*k + O(H*~5/?) (5.2)
L*R*A = GahaAaG* A+ O(H*~5/?) (5.3)

and
RLA = GahahaG* A + O(H*~°/%) (5.4)

We also need
LEMMA 5.3. Ifa € H*TY, then forr < s

WL, B f | grr1r2 < CllBl| e | £l v (5.5)
WL, H) fll ggr-1r2 < C|If |12 (5.6)
1L, A2 fll e < C|lf|lare (5.7)

The proof of these two lemmas is left to the reader (see also the proof of Theorem
6.5).
PROPOSITION 5.4. Take s — 1 = %n where n 1s an interger.

If n is odd, n = 2k + 1, we define the energy at the level s by

5:/%\c(ﬁ*ac)w?+7/|L*(acﬁ*)%|2
+%/|aAag*(£*a£)kA|2. (5.8)
If n is even, n =2k, k > 1, we define the energy at the level s by
£ = /i|(£*aﬁ)kz4|2+T/é|(a££*)klﬂ2
+%/a|Aag*a£(£*a£)k_1A|2. (5.9)

Define the energy &, by

Eu = [IXlls—1y2 + lulls—1 + [1Ells—1/2 + €. (5.10)
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Then, if (k, A, X) solves (4.29), then we have the following a priori estimate

< (&) (5.11)

where C(E,) is a continuous function of &..
Proof: We present the computation when n is odd.

The low norms of X and pu, are included for merely technical reasons. We first
remark that the time derivative of || X||;_; /2 and of ||u||s—1 /2, can trivially be bounded
in terms of the energy, since these norms do not involve the highest regularity. Indeed,
X, is in H*"Y2 if y € H*t'/2 and k € H*'. As we prove in Lemma 6.7 below,
having X € H*~'/2 and k € H*~! yields the desired higher regularity of X, so that
X € H**!, is bounded in terms of £,. The same holds for uand E.

Let us now compute

as _

g * k * kr_ *
- (4£(c al)* A L(L*al) [-TL /<c+72/<c])+

+ % / (ahag" (£ aL)* A ,ahag* (L*aL)" [~7L "k + RA]) + T+ R (5.12)

where T comes from the transport terms and R stands for the rest coming from
O(H*®*71) and from the time derivative hitting a.

In (5.12), there are two cancellations. The first one is

/(Zﬁ(c*aﬁ)’% ,c(ﬁ*ac)’“[—fc*m])Jr

+T/ (E*(aﬁ/i*)km ,,c*(az:,c*)k[%m}) )
(5.13)

by integration by parts. The second one, is

/ (%ﬁ(ﬁ*aﬁ)’% ,c(c*aﬁ)k[m])+

+% / (ahag*(£*aL)* A ,ahag* (L*aL) [~7L"K]) = C(€)  (5.14)

where C'(&) is some polynomial function in £. Indeed,
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% / (08ag"(£7aL)" 4 ,akag" (£°aL)" (LK) (5.15)
= i / ((ﬁ*aﬁ)’“A ,gaAaQAag*(ﬁ*ac)k[fc*ﬁ]) (5.16)
= i / (£ aL)* 4 aLR(L" aL)"[~L7K]) + C(€) (5.17)
- i/ ((cra)*a , (£*aL)"[~L aLRA]) + C(E) (5.18)
= —/ (Zﬁ(ﬂ*ac)’% ,E(ﬂ*aﬁ)k[Rm]) +O(E) (5.19)

Finally, the control of T' and R is obvious and this ends the proof of the proposi-
tion.

5.2. Existence

In this subsection and the next one, we explain how we prove existence and
uniqueness for (4.27). It is classical to have local existence of solutions if we have a
priori estimates as those of the previous subsection. It only remains to find a good
approximation of the original system and prove the same type of a priori estimates on
the approximate system and then pass to the limit. Notice that this may be a difficult
question [8]. In our case, we do not have the difficulties of [8] and we will only sketch
the approximation procedure. In the sequel, we assume that s is big enough and that
2(s — 1) an integer. The case where 2(s — 1) is not an integer can be deduced by
interpolation.

In our iteration process, the conditions X, - X, = X3 - Xz and X, - Xg = 0 will
not be satisfied and «™ will not be exactly the curvature of X™. Also, A”*! will not be
given by —L™* "1, This is the reasson we make an iteration on (X", 5™, E™, u™, A™).

5.2.1. Iteration procedure

We construct (X", 5™, E™, u™, A™) by iteration. We take (X°, %, E9 % A%)(t) =
(Xo, k0, Eo, 10, Ao). Then, we construct W° and U° from (3.1) and we construct V;°
and V3 by solving (2.23).

We assume that (X", k"™, E™, u™, A™) are constructed and that for ¢ = 0 and 1,
we have

1™ o rysrre—1-55) T 1A Moy, 130y S C(ET) (5.20)
1" (|0, 1y 172y < C(E™) (5.21)
X s o yszri- 2oy F 1B s o o131y < CLET) (5.22)

on some fixed time interval [0,7") where £" is defined by (5.8) or (5.9). Actually, we
need to add the following term

1
Ely = / |As 3/2 1/2A1 s, nA_l/QAQ)‘Q (523)
a a
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to (5.8) or (5.9). Besides, C(£) is an increasing function of & which also depends
on ¢, ¢z and & = E.(t = 0) (see (5.10) for the definition). In the sequel C;(E),
1 =1,2,... will denote any function having the same properties as those of C(£) listed
above. Moreover, we assume that

I1E™]

+ X7 < 26,0. (5.24)

c([0,T);H*" %) c(o,T);H*" %) =

Our last assumption is that (2.45) and (2.46) hold for E™ and X™ with ¢, ¢z replaced
by ¢1/2, ¢é2/2. We point out that the extra term £, in the definition of £" is due
to the fact that we relax the condition between A™ and u". Hence, to control the
H*~! norm of A™, we also need a control on a sort of curl of A. Also, notice that
Eqqa(t =0) = 0.

Then, we construct Vi* and V3" by solving (2.23). We denote Z}" = \/%(Vln -

W (tH") and Z§ = \/%(VQ” — W7 - (£2)). Tt is clear from elliptic estimates that

we also have ||V Z"|| poo(o,1;m:-1) < C1(E™).
We construct ("1, A"T1) by solving the following linear system

Ii;hLl — 4\/1@” EnAn+1 + VAL VKWL—H + f(Xn,M",En)
(SLn) A?—H = Lt L Rrgntl o gn Ly Antl +g(X",u",E") (525)

(k"L A (= 0) = (Ko, £ o).

where £™* and R" are defined in (4.28) and (4.30) with E replaced by E™. From
subsection 5.2.2, we know that (5.25) has a unique solution which satisfies in addition
(5.35), namely

dent

s Co(E™M)(1 4 T (5.26)

Hence, we can choose T small enough such that all the £ are uniformly bounded on
some fixed time interval (0,7) by some constant £.

Now, we want to construct (X™, E™ u™) and check that the hypotheses made at
the order n are satisfied at the order n+1. Using the bound of E™ in C([0, T); H*~/?),
we deduce that [|(k" 1, A" )| (0. 1);m:-1) < C3(EXT), we also get from the system

(5.25) that (57, A7) gy gy < CalERFD).

Now, we would like to recover X"+! and p"*! from x"*! and A"+!. To avoid
problems coming from low frequency, we relax the relation between these quantitites.
First, we construct ji"*! by solving the linear problem

At = prntt oy zn vt (5.27)

with a"*1(t = 0) = po. Hence, taking T even smaller (but depending only on &),
we can assume that [|2" | oo,y m:-1) < 2E40. Notice that we lose 3/2 derivative
by using (5.27). To gain these derivatives, we recover "1 from A"*! and f"*! by
solving

Encn*’un-&-l + /an+1 _ EnAn+1 + ﬂn-‘rl' (528)

This is an elliptic equation with the operator £”L£™* + 1 which has a gain of 3 deriva-
tives. To prove the existence for (5.28), we use a standard variational method. Hence,
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we deduce that ||| (o, 7),re+1/2) < C5(E™T). Notice that we only need regularity
estimates for E™ in C([0,T); H*~2) which is controlled by the fixed constant 2&,q.
We notice also that "1 (¢t = 0) = po.

We reconstruct the surface X" (a, 8) in a similar way. First, we solve
Xt =0 @)+ v ED" V)"

with X”‘tl (t = 0) = Xg. Hence, taking T even smaller (but depending only on &),
we get [| X" oo 1y ae-1/2) < 2Ew0. X" is then given by the following elliptic
equation

(Ko x Xt

Axn+1 4 XnJrl — HnJrl ' _
X3 x X3l

4+ X"t (5.29)

This yields that [|X" ™| c(o,ryme+1) < Ce(E™T). Moreover, taking a time deriva-
tive of (5.29), we deduce that [[X™*!||c1 (o7, ge-1/2) < C7(E™F!). Notice that here
X" *1(q, ) is not parametrized by conformal coordinates and hence to gain one deriva-
tive on E, we have to use (2.44). We define E"*! by solving

AE™T —2E™ T = 4(XE - X -
— (XX XX (14 ()" (@3)" + (B5)" - (82)™). (5.30)

Hence, we deduce that [|[E" "¢ o, 7);m:+1) < Cs(E™F!). Moreover, applying a time
derivative to (5.30), we deduce that [|[E™"|ci(oryare-1/2y < Co(E"T!). We can
assume that 7" was chosen small enough such that

IX" Mo,y me-12) + 1E" o) me-1r2) < 2640

and that (2.45) and (2.46) hold for E"*! and X"*! with ¢, ¢ replaced by /2,
/2. If the function C'(£) it taken to be C = C5+ ...+ Cy, then all the assumptions
are satisfied at the level n + 1.

To conclude, we have to prove that we have a Cauchy sequence which would
imply the convergence of the iterative procedure. We denote (k, A, X, E, ) = (k"1 —
K, AL - An Xt X o prtl - progntl Y and = gttt — @ We have

Ki =S LMA+ 27 Ve 4 (L0 — L) A
H(Z" = 27 VR f(X e, BT = f(X0L et )

Ay = (=7L™ + Rk + (=7(L™ — L771%) 4 (R® — R=1))xn
+Zn. VA + (Zn _ Zn—l) VA" _i_g(Xn"un’En) _ g(Xn_l,,U,n_l,En_l)

(k, A)(t =0) =(0,0).
(5.31)
We denote

a” 1 > N
D, :/Z|£”A|2 +r/|£"*n|2 + 1" A" G AR + [ X|2 + (|l a2 (5:32)
Using that

I1Ell7/2 < ClIXllr/2 < ClAll3/2 + I1X]12)
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and that
luells < Cllallss2 + L7 All e + |E™ = B Hj7/2)

we deduce that || f(X", u™, E™)— f(X"= 1, un=1 E" )| gss2 < C(Dyp+Dy,—1). Hence,

8t/%|£"A|2 +T/ | k)% + %|a”Aa"Q"*A|2
< C(Dp+ Dnoa + 127 = Z" sz + [|IE™ = E"Hlgp2). (5.33)
Moreover
12" = 2" Hsjo < CUIX™ = X" Higjo + [ln" = 1" Hls) < CDyps.
Besides,
A it = i"ls2 < Cllkllayz + 127" = 27 Hlzjo + A" = 3" (5/2)
and
eI XH = X"y < C(IUT = U™z + [V = VP2 4 [ X" = X7 H|2)
Then, we can use elliptic estimate to deduce that
U™ = Uiz + V" = V"2 < CDys

Putting all these estimates together, we infer that 0;D,, < C(D,, + D,_1). Moreover,

D,(0) = 0. Hence, we deduce for n > 2 that D, (t) < (gfz;!l.

that the iteration procedure converges which proves the existence part of the main
theorem 5.1. It only remains to prove the existence for the linear problem and that
(5.26) holds.

This implies

5.2.2. The linear problem

In this subsection, we prove that the linear system (5.25) has a solution and that
(5.26) holds. For the purposes of this section, we take E and Z to be given, and
assume that F is in C(0,T; H¥*1) N C(0,T; H*~/?) and is bounded from below by
c and that Z € L*>(0,T; H?). The operators £ and R are defined as in (4.28) and
(4.30). The functions f and g are given elements of L>(0,7; H*~!) and the initial
data ko and Ay are in H5~ 1.
ProposITION 5.5. The system

Ry = ﬁﬁA‘FZV:‘i"‘f
(SL)y Ay=—-7L'x+Rk+Z-VA+g (5.34)
(K7 A)(t = 0) = (‘%Oﬂ AU)

has a unique solution (k, A) € C([0,T); H*~1). Moreover, if £ is defined as in (5.8)
or (5.9) to which we add the additional term (5.23), then

© <ow e .9l (5.35)
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where C(E, Z) only depends on ||E||c(o,r;ms+1)yncto,1me-1/2) and || Z]| Lo 0,1 05)-
Proof: The uniqueness can be deduced from the energy estimate (5.35). To prove
existence, we use a duality method. First, we solve (5.34) when f and g are in
LY((0,7T); L?(R?)); we will deal with the higher regularity later. We define an operator
A with domain the Banach space X’ = L*((0,T); L?(R?))3, such that A acts on
regular enough vectors of the form (') by

K\ _ K LA+ Z - Vk
A(A) =% (A) - (—TE*H—F'RI{—F Z.VA (5.36)

and the adjoint operator is given by

()=o) (T ) e ea) e

Hence, (k,A) solves (5.34) if and only if for all (y,B) € C>=([0,T) x R?)? and
(v,B)(t=T) =0, we have

-GG Gezo) - [ (()+G) e

Let us denote by X; the subspace of X consisting of all A* (79) where (v,B) €
C>([0,T) x R?)? and (y,B)(t = T) = 0. For (7) € X, there exists (}) such
that

N . * div(zy)y
o (3) + (T2 B)_(divgBD_(};) (5.39)
(7, B)(t=T) = (0,0)

We can prove energy estimates for this system which are similar to those proved in
subsection 5.1 for system (4.29) or for (5.34). Indeed, for n = 2k, k > 1, we define
the energy by

5:/%\(ﬁﬁ*a)’wﬁ+7/|(c*ac)k3|2+/\aAag*a£(c*a£)kle\2+
+/|A3k_1/2(651A_1/2Bl L 0.EA2By)2de (5.40)
a a

Arguing as in the proof of proposition 5.4, we deduce that
—0E < CE+ C||(h, )] grsr-

Hence, ||(7v, B)llc(o,r;m3%) < Cll(h,D)[|L1(0,7;m3+)- We also notice that in (5.40), the
third term can also be replaced by

1
E/amag*aﬁ*(aﬁﬁ*)k*lﬂz. (5.41)

For our duality argument, we need this estimate at the L? level, however, the operator
(L*aL)*~1 yields some difficulties. To overcome them, we use the energy

a
£ - / U + 7B + a%G7 A2 (5.42)
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when dealing with the right hand side (g) and the modified energy namely
£ = / Sl +7IBP? + a?lg A2 B (5.43)

when dealing with a right hand side (). Hence, we deduce that
10y, B)lleqo,r;z2) < Cli(h, Dl L1o,7522)- (5.44)

In particular for all (?) € X, (the closure of X; in X = L'((0,T); L?(R?))?), there
exists a unique solution (v, B) to (5.39) which satisfies in addition (5.44). We define

the bounded operator J on X by the following. For (’;) € Xy,

A= (OG- () Gin)  em

where (v, B) is the unique solution to (5.39). Then, we extend J to X by using the
Hahn-Banach theorem. Notice that the norm of J on X is the same as the norm of J
on X and is controlled by ||(f,g)llz1(z2) + [[(Ko, Ao)||2. Using that J is an element

of the dual of X, we get the existence of (f‘) € X'’ such that ._7(};) = fOT ((Z), (}[))

Moreover,

||(/‘5,A)||Loo(o,T;L2) < C||(f, g)”Ll(O,T;L?)' (546)

It is then easy to see that (k, A) is a solution of (5.34). Moreover, the initial data
makes sense since 0;(k, A) € L>°(H~3/%) + LY(L?).

We also notice that (k, A) is the unique solution to (5.34) in L>°(0,T; L?). To see
this, we can change the role of A and A* and notice that (5.39) has a solution for any
(h,1) € X = L*((0,T); L?>(R?))3, namely that X; = X. This implies the uniqueness
for (5.34).

Now, we assume that f and g are more regular, namely f,g € L'(0,T; H™) for
some m = 3k > 0. To prove that u is more regular, we apply the operator aLL* 41 to
the k equation and L£L*aL 4+ 1 and U to the A equation. We denote & = (aLL* + 1)k,
A= (LralL+1)Aand F=UA=A/2(951A"1/2A; — 9,1 A71/2A5). Hence

Fe=9LA+Z Vi+f

Ay = —TLR+RE+Z-VA+§

(5.47)
F,=Z-VF+§
(7, A)(t = 0) = ((aLL* + 1)ro, (aLL* + 1)Ap)
where
fo=(alLr +1)f +[(aLL* +1),Z - V]k + [(aLL* 4 1), 8]k,
g =(LaL+Dg+[(L*aL+1),Z -V]IA+[(L*aL +1),R]k (5.48)

+[(L*aL 4+ 1),04]A,
g1 =Ug+[U,Z -V]|A+ U, A.

We can then prove that Fo,gl and F are in L°°((),T;~L2) by writting (R,A,F) =
Yoo (RY, A% FY) where (R, A', F') solves (5.47) with f replaced by (aLL* +1)f, §
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replaced by (L£*aLl + 1)g and §; replaced by Ug. Then, for i > 2, (if, A", F*) solves
(5.47) with zero intial data and f replaced by [(aLL* +1),Z - V]&'~! + [(aLL* +
1), 0)k""1, g replaced by [(L*al + 1), Z - V]AT™! + [(L*aL + 1), R]k*™L + [(L*aL +
1), 0] A1, gy replaced by [U, Z-V]A!+[U, 8;] A" and (k?, A?) solves the elliptic system
(aLL* +1)k" = &P, (L*al + 1)A" = A’ and UA" = F*. Hence,

(k" Ao sy < ClRY, AL FY [z 2y < CI 9 ars) (5.49)

and for i > 2, we have

(K", Al oo a3y < CIIR" A% F7)l| oo 22
< OT||(w 1 AT Y[ poe 22y < (CT)HI(f, 9l carsy - (5.50)

Hence, if T is chosen small enough then, the series (k, A) = Y o, (k%, A®) converges

and we get [|(k, A)|| g3y < C|(f,9)llz1(m3). Arguing by induction, we prove the
result for m = 3k. Hence, Proposition 5.5 follows in the case s — 1 =3k. If s — 1 =
3k + %, then, we can apply the above argument to L*x and LA.

5.3. Uniqueness

Assume that we have two solutions (X!, u!) and (X2, z?) to the system (4.27) in
C([0,T); H5*t x Hs+1/2). To get uniqueness, we argue as in the proof that X", u" is
Cauchy. We denote (k, A, X, E,pu) = (k2 — rt, A2 — AL, X2 - XY E%2 — Bt 1?2 — pb).
Hence,

ke = SLPAN 22 Vk 4 (SL2 — 2 LA+
+(2° = Z") - V&' + f(X2, 12, E?) = f(XT !, EY)

Ap = (=7L2 + Rk + (—7(L2* — L) + (R2 = RY))xl+ (5.51)
+Z2 : VA + (Z2 - Zl) : VAl +g(X27ﬂ27E2) - g(le,u’lvEl)

(r, A)(t = 0) = (0,0).

Then, we denote
2 1
D:/%|£2A\2+T/|£2*/<;|2+E|a2Aa2g2*A|2+ IXl2 + g (5.52)

and we can prove easily that ;D < C'D which yields he uniqueness for (4.27). This
ends the proof of the main theorem 5.1.

5.4. Remark about the general case

The main theorem 5.1 gives the existence and uniqueness of a solution in the case
the initial surface is flat at infinity and can be globally parametrized by conformal
coordinates. We can easily extend our analysis to the case the surface is parametrized
by a finite number of conformal coordinates. This is the case for any surface which
is flat at infinity. This is also the case for a bounded closed surface. We would
like to sketsh the idea here. Assume that we need N local chart to parametrize the
initial surface Sy = UN | S§ where each S} is open and is parametrized by conformal
coordinates X} : Q' — S§, X{(a,3). Then, we can define uj) on each open set Q.
To evolve the system it is enough to wrtie an evolution equation for X* and u’. Of
course there are compatibility conditions at the intersections. Then, we replace the
system (4.27) by N systems of the form
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Xi = Uty + Vit + Vit?

bW i (W)
[e%

Hi =T VBT VB HB (5.53)
Xi(t=0)=Xj
it = 0) = py

For each i, V' is the solution of (2.21) with zero boundary condition of Q. Notice
that the boundary condition does not matter here since V' does not change the evolu-
tion of the surface but only the way it is parametrized. These N systems are of course
coupled. This comes from the definition of W and U. At ¢ = 0, we make a partition
of unity, 15, = vazl ¥ where ¥ > 0 is supported in Si. We then get a function ¢
which is supported in Q! by ¢*(«, 3) = 1" (X} (c, 3)). We define W7 by

N
“”@#ﬂ4;§:PV/L;&@¢%53@%d#ﬂXﬂ¢#ﬂuMdJﬂX%MCEDI
=1
% Xj(aaﬁ)iXi(a/aﬂ,)
X0, ) = Xi(a,

where ¢i(t,o/,3) is a partition of unity which can be deduced from ¢* and X(t) by
taking ¥ (t,X) = ¢'((X%(t))~!) and

do’dB.  (5.54)

7 ¢Z (OZ, ﬂ)
¢Z t,a, ﬂ = - :
0l = S i X, )
We notice here that W does not depend on the parametrization and is the physical

velocity of the sheet given by the Birkhoff-Rott integral. Finally, we can argue exactly
as above to prove the existence and uniqueness. Details are left to the reader.

6. Remainder operators and commutators
In 2D [2], the operator

O G R (N
KN = [ s - e

is a bounded operator from H® to H°~2 if z is in H*. It is also bounded from H' to
H*~!. Notice that this uses very little regularity of the function f.

In 3D, the corresponding operator is not as smooth, but it is still smoothing,
and it is smooth enough for our purposes. In particular, the operator will gain 3/2
derivative over the function being acted upon.

We are interested in the operator IC given by

K[F) (e, 8) = PV//]—'(a’,ﬂ’) x K(a, B,a,3') do'df’,
where (cf. (3.6)) K is given by
_ X(@p)=X(,f)  Xala—0a)+Xp(B8-0)
X () — X (o, 52 E32|a — |3
5 Xaa(a —a")’ + 5 Xps(8 = B)° + Xagla — ) (B - F)
E3/2|0_2 _ O_Z’|3
3 (Ba(a— o)+ Eg(B— ') (Xala—a') + Xp(8 - 5'))

T BR2|d — @]

ArK (e, 8,0/, )

. (6.1)
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We first need our basic lemma:
LEMMA 6.1. Let F be in H°. Then K[X]F(«,B) is in H3/2. with

IKX)Fl3/2 < O+ 1Xllg/2)2 (1 F lo-

Proof: We begin by taking one derivative of K[X]F. We denote the derivative
operator simply by D. We get a singular integral with the kernel DK. Since K is
bounded, we see that DK has a kernel of order (& — @) . We conclude that DK
is in the Lorentz space L?*°. Second derivatives of K are in L'**. Interpolating, we
have that derivatives of order 3/2 are in L', uniformly in either variable. By the
Generalized Young’s Inequality [13], we get the indicated estimate.

We need 9/2 derivatives on X since K is like a third derivative of X (it comes
from a second-order Taylor expansion, so the error is like the third derivative), and
we are taking 3/2 of a derivative. The constant C, of course, depends on the non-self-
intersection constant ¢ of (2.46) and on the constant ¢; of (2.45). |
Remark: K[X] is also bounded between H~1/2 and H'. Similarly, J; [X] is a bounded
operator between H /2 and H°. In each of these results, we have not taken full
advantage of the smoothing properties of these operators (as there is no need to). We
have viewed K[X] as an operator which gains 3/2 derivatives, when it could actually
be shown that it gains two derivatives. Similarly, [J; could be shown to gain one
derivative rather than the 1/2 derivative we noted above. We do not need the full
smoothing effect of these operators, however.

We are now able to conclude that KC[X] is in fact bounded between H*~%/2 and
H?. This involves integrating by parts s — 1 times and applying the previous lemma
(and the proof of the lemma).

THEOREM 6.2. If X € H*t' and F € H*3/2, then K[X|F is in H®, with the estimate

IKX]F[ls < OO+ X411 F | s-5/2

Proof: First, we treat the case we assume that X is C'°° and prove estimates
which only depend on || X||fs+1. Then, we use a regularization to conclude in the
general case.

LEMMA 6.3. Assume that X is C*°, then there exists a function LI X](&',p) such that
for all integers ki and ks, k = (k1, k), we have

Ci

|05 Ll < Cr,  and 0% 05L| 1~ < .

(6.2)

and
K[X](a@,d") = LIX)(&,ad —a). (6.3)

The proof of this lemma is a straightforward application of the Taylor expansion of
X and is left to the reader.

Now, we go back to the proof of theorem 6.2. Without loss of generality, when we
apply derivatives, we will apply only a derivatives. To begin, we apply one derivative
to K[X]F.

D.K[X]F(a,B) =PV / / F(,B) x DoK dd/df’.
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Notice that, here, the principle value in not necessary since K is bounded. In order
to integrate by parts, we need the derivative to be with respect to o’ rather than
with respect to a. There are two ways to acheive this change: by multiplication or
by addition. In the lower-dimensional case (as in [2]), this was done multiplicatively.
Instead, we will now add and subtract. Keeping in mind the symmetry K(&,&') =
—K(&',a), we write

KIX]F(a, B) = PV//]—‘ (=D K) dedf¥
+PV//]—" (DuK + Do K) dadg'.

The first term on the right-hand side can be integrated by parts. Notice indeed
that |Dy K| < C/|& — &'|. The second term is smoother than the first; we write
K1 = Do K + Dy K. (We will also refer to the integral operator with kernel K as
KC1.) We have

KIX]F(a, B) = PV//DO/]-" " x Kdo'df'
+PV//]~" ) x Kida/df'. (6.4)

We can write this as
DoK[X]F(a, B) = K[X](DoF) + K1 [X]F.
Applying another derivative, we have
D2K[X]F(a, B) = K[X|(D2F) + 2K, [X](DoF) + Ko[X].F,

where Ko is defined analagously to Ki. That is, Ko[X] is the operator with kernel
K5 = (Do + Do/)?K. The operators K; and kernels K; for j > 2 are defined similarly.
Using Lemma 6.3, we can estimate the kernels K;. Indeed, 0,K = OuL(&', & —
a') — Ow[L(d,d —a&")] = — 0w K. Hence K1(&,d") = 0 L(d',& — @). Then,
by induction, we have K (" "y = (8,L)(@,d — &@). Hence, we deduce that K is
bounded and that |0, K | < C/|a" — &|. This justifies passing all of the derivatives
under the integrals and justiﬁes all the integrations by parts made to get (6.5) below.

Since we are proving that C[X]F is in H*®, we must eventually apply s derivatives.
To that end, we write the formula for s — 1 derivatives:

DiT'KIX)F = KIXJDF'F) + (s = DX|(DT2F) + .+ K [XIF. - (6.5)

We now must show that each of the terms on the right-hand side of (6.5) is in H!.
Notice that we need smoothing only for the first and second terms; Lemma 6.1 proves
that K[X] is smoothing, and the same argument shows that K;[X] is also smoothing.
We concern ourselves mainly with the first term and the last term; the ones inbetween
are simpler. That the first term is in H* follows immediately from (the remark after)
Lemma 6.1.

That the last term on the right-hand side of (6.5) is in H'! is simply the statement
that KCs_1[X] is a bounded operator between H*~3/2 and H'. That this is the case is
easy to see; much of the regularity of F is not needed; also, no smoothing property
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of the kernel is needed. One only needs to check that X has sufficient regularity.
Recalling (6.1), we see that in the kernel K,_1, there are terms with s + 1 derivatives
of X. In particular, K;_; includes terms like

Ds+1X(O/ ﬂ/) (Ol B a/)2

@ — a3’
That Ks_1[X] is in H! then follows from the fact that kernels singular of degree —1

like (IZ“:Z%:I)E are smoothing. That is, the kernel (I;:E:I)j can absorb the last of the s
derivatives, so that the highest number of derivatives of X we need is s + 1.

The theorem is proved in the case we assume that X is regular. We remark
that the constant in the estimate depends on ¢ and ¢z of (2.45) and (2.46) and on
1X lgos1.

In the case we only assume that X € H*t!, we regularize X with a sequence X,
which is regular, then we see that (6.5) holds with X replaced by X,,. Then, we pass
to the limit in (6.5). We notice that all the terms make sense. ]
THEOREM 6.4. If X € H**' and F € H*'/2, then Ji[X|F is in H*, with the
estimate

1A X]FIls < CO+ X |s1)? | F ls-1/2

Proof: As was the case with the K operators, we will assume (without loss of gen-
erality) that the derivatives we apply are all o derivatives. Then, as before, we can
write

Do J[(X|(F) = TX]|(DaF) + T[X|(F). (6.6)
Then applying s derivatives to the second term, we get
DN X|(F) = hIX|(DLF) + ...+ 8T X|(DoF) + Tsa [ X|(F),  (6.7)

where the operator J; has kernel (D, + D,/)%J. Let us justify (6.6) and (6.7). As in
the previous lemma, we can first assume that X is C'°°. Then, it is enough to justify
(6.6) and then conclude by induction. To prove (6.6), we use (3.3) and (3.6) to write
that

2F3/2 4F5/2
g x Xap B 3(g x Xa)Eg + 3(g x Xg)Ea
E3/2 Q4E5/2

Do J[X|(F) = DoK[X|(F) + DaGia (g X Xaa  3(g X XQ)EQ>

+ DG <

X Xg)E
+ DGy <g X App 3(9 X 5) 5) (6.8)

2F3/2 o 4E5/2
We compute the « derivative on K[X](F)
Do KIX|(F) = KIX|(DaF) + K1 [X](F).

Hence, we get (6.6) since all the terms involving G;; cancel.
Now, let us prove that the different terms appearing in (6.7) are in L2. Of all the
operators Jy, the only ones which must be discussed are J; and Js41; it is elementary
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to bound the others in H°. For [J;, we see that it is being applied to a function in
H~'2. As we remarked after Lemma 6.1, J; is smoothing of order 1/2; thus, this
term can be bounded in H°.

We now look closely at Js41[X](F). We have

Ts+1[X PV//.’F'

(Dot Dyt (R Tl X0 )

—/
X - X'[? - EB2|a — a3 ) da’. (6.9)

We write this as J1[X] = J14 [X] + T3 [X] + T2, [X], where

. X - X/ )
A =PV [ [ 00+ Dy (g o ) a

X -X' X -X'
4 s+1 —/
T2 [X PV//]—' (D + Do) <|xx'|3 _E,3/2|&_&,|3) da,

T&(F :—PV//}"’ (Do + Do) (X;(a_a/)+x/ﬁ(ﬁ_ﬂ’)) da .

E'3/2‘O_2—O7|3

We will now show that there is a cancellation between \751411 [X] and J2,[X], so
that their sum is O(H). We will then show that ng_;_zl [X] is O(HY).
To begin, we see that

DsHIX — DsFiX/
T [X] PV//]:/ ( < « > da’ + O(HY).

E’3/2|&—&/‘3

Next, we observe that
1 a—a 6—0
— =Dy | ———= Dg | ——— ). 6.10
e = (=am) + 0 (=) (610

Integrating by parts, we see that

DZjlx/a(a—a’) _
js+1[ PV//f’ < E/3/2|62—O_Z/|3 ) dO/
Ds+1X/ (ﬁ_ﬁl)
/ o 8 ., o
+PV//th ) < g —ap | @ +O(H). (6.11)

Observe here that there is no boundary term coming from the pricipal value. Along
the same lines, we have

s+1 / / s+1l~77 _nl
@) =V [ [#x (D Xalo— o) + Do X508 m) 4 + O(H").

E’3/2|Oé */|3

Thus, we see that the sum of these is O(H?). All that remains is to show that Jslfl [X]
is O(HY).
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We can write \7514’_21 [X]F as

1 1
1,2 _ ! s+1 s+1~717 =/
jerl[X]f* PV//f X (Da XﬁDo/ X) <X_X/3 - El3/2|d‘_07/3) da

1
—|—PV//]—"’ X (X = X')(Dg + Dy )* <w> dd' +O(H"). (6.12)
In (6.12), the terms in O(H?) include terms in which fewer than s+ 1 derivatives fell
on X and terms in which derivatives fell on F. Furthermore, we see directly that the
first term on the right-hand side of (6.12) is actually also of the form O(H?). So, we
only need to look closely at the second term on the right-hand side of (6.12). Recall
that we sometimes write X = (z,vy, z). For the second term on the right-hand side,

we apply the derivatives; the most singular term which results includes

(x — 2"\ (D3 e — folx’) N (y—y ) (DsTly — foly’)
X X X X

(XX’)[

(== #)(Dy' = — D)
XX

(6.13)

We partially expand this; that is, we do a denominator expansion, and we also
expand part of the numerator. The error is O(H?). We have
wla—a) + (8 - 8] (D5Ha — D)
E52|G — o |5
(Vi = )+ y5(8 - 8] (Dy - D3 y)
E5/2|a — 07’|5
[#le = a') + 248 - 8)] (D512 = DF2)

EB2|a — o5

Do — 1 _ _ 38& —ﬂa’) 7
|&d — a3 |ad — a5

and the corresponding formula with 8. We integrate by parts, and we get two kinds of
terms. Again, here there is no boundary term coming from the principle value. One
of these terms is

(X—Xﬂh

+

] . (6.14)

We use the formula

wo Dy Pe + 2y DI Dy yu D3y + ys Dy Doy

E’3/2|52—07‘3 E/3/2|07‘_&/|3

(XX’)[

/1 ys+2 /1 ys+1
2o Do "z + 23Dy " Dz

E/3/2‘0_2—52’|3

(6.15)

The other kind of term occurs when the derivative falls elsewhere, such as on (X—X’).
In this case, we can use (6.10), and we integrate by parts again. In any case, we get
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terms which are like s 4+ 1 derivatives of E. This can now be bounded by ||E||s+1,
and thus by || X||s+1. That is, in (6.15), we get terms such as o/, D*?x + ¢/, D52y +

2!, D512 2; this equals D5+1E+O(H0) = O(H"). Thus, we see that jH [X]F is indeed
O(HO) [ |
THEOREM 6.5. If f € H*t! and g € H®, then [f, H;|g is in H**, with the estimate

IS5 Hilgll e+ < (1 f e+ llgll = (6.16)

Moreover if f € H*™' and g € H*™Y, then [Gyj, flg is in H*TL, with the estimate

11Gigs Flgllmser < N fllmesr lgllare—r-

‘#4)/

Proof: In this proof, we use = and y instead of & For the first estimate, we

have

[f7 ]g_[va ]g+[faHi]Dg

The first term is clearly in H?®, so we have only to treat the second one. We can apply
s — 1 more derivatives and the only term which should be treated is [f, H;|D®g. We
write

[ D = / LY @) — f(0)) D g(y)dy

|z —y3

Using the Taylor formula f(y) )+ fo ) Df(z + s(y — x))ds, we deduce
that

1
fg = s | LY x+s s
g [ a /J;_y| —y)- D+ s(y — 2) D*9(u)dy

Since D*g € L? and Df € L™, s > 2, and the kernel w gains one derivative,
we deduce easily that [f, H;|D%g € H".

For the second estimate, the proof is similar. We apply D*~! to [G,}, f]g, the only
term which requires a proof is when all the derivatives hit on g, namely [G,;, f]D*"1g.
Arguing as above, we get

[£,GylD%g = / as [ 12 |x_y|3 U (; — ) - Df(e + s(y — ©))D*gly)dy

and we can conlude by using the fact that the kernel (wﬁyi)l(jj_';lyaj)(mfy)

derivatives. |
Actually, the above theorem is not enough to estimate some of the commutators

in the case f = i where we need to gain at least 3/2 derivatives for the the normal

component. We have the following theorem

THEOREM 6.6. If f = & € H® and g € H*"2, then [, H;]g - fi is in H®, with the

estimate

gains us two

I8, Hilg - 0| ge < [[0]|

Il .

Proof: We argue as above. We only need to estimate
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(B, H]D* g = / b () — 8() - 8()Dg(u)dy

To understand this better, we use the Taylor formula f(y) = f(x) —|—f01 (y—z)-Df(x+
s(y — x))ds. (Notice that when we apply this with 1 as f, we will have a matrix for
Di1.) We use this Taylor formula once for fi(z) — 0i(y), and we use it again when we
write A(z) = (A(zr) — Az + s(y — z))) + f(x + s(y — z)). We will also use the fact
that Di - i = 0; in particular, we will use this when each of Dii and 1 are evaluated
at « + s(y — x). We deduce that

[f, H)D*2g - = / ds/dy/ du Y o
Ix—yl

((z —y) D)z + s(y —x)) - s((x —y) - D)(z + us(y —x)) D> *g(y).
Since D*72g € L? and Dh € L™, s > 3, and the kernel % gains two
derivatives, we deduce easily that [, H;]D*"2g-fi € H?. This ends the proof of the
theorem ]

LEMMA 6.7. If X € H*~Y/2, with X parameterized according to (2.4), and k € H*~1,
then X € H5HL,

Proof: Recall that we have E € H*~1/2. We begin with some calculations of deriva-
tives of the normal vector. We have

E ) )+O(HS_5/2)

%) ) + O(H*/2)
= —(2VER)o + O(H*5/2). (6.17)

Il
—
Sl
Q
Sl=
~—

_|_

A
Sl=
Q\_/
/—\ 2

Similar calculations for the other components of Af indicate that Af is in H*~5/2.
Thus, fi € H5~'/2. This is a gain of one derivative. This in turn implies a gain of one
derivative in each of L, M, and N (so that they are in H*~3/2). Taking derivatives of
t! and t2, in view of (2.7) — (2.12) and using X, = VEt! and X5 = VEt?, we also
see a gain of one derivative for X, and Xg. Integrating, we find that X is in Hst1/2,
Repeating these arguments, we get a further gain of a half derivative, proving the
lemma. |
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