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1 Introduction

In this paper, we study the diffusion limit of the semiconductor Boltzmann-Poisson
system (see [24, 27]) in the presence of a spatially oscillating electrostatic potential.
This generalizes the study done in [21] where the same problem is treated without the
oscillating electrostatic potential. The study of the diffusion and homogenization
of the linear Boltzmann system was also done in [7]. In the present paper, the
major difficulty is the combination of the nonlinearity with the two scale limit which
requires some compactness to pass to the limit. We refer to the previous mentioned
papers for the physical background.

We consider the following scaled Boltzmann equation

atf5+§(v.vxf€—vxq>;.vvf€):%Js) (1)

The position variable z belongs to a bounded and regular domain w, the velocity
is v € R? and the time ¢ is nonnegative. The initial value of the distribution function
is

fa((),a:,v) :fg(xav) (2)
where f§ is a given function which might depend on ¢.
The electrostatic potential ®%. (¢, x) is given by

Bo(t, ) = Dy <x g) + 35 (L) (3)

where @ (z,y) is a given regular and cell-periodic function with respect to y. For
simplicity we assume that the cell period is the unit cube [0,1]? and @ is time-
independent. The additional potential ®% is self-consistent, it is obtained by solving
the Poisson equation

—A,D%(t,x) = p°(t,x) = g fe(t,x,v)dv n

¢€P|8w - (Pb

where ®; is given on the boundary. We denote ®;, the harmonic extension of ®;, in
w.
The incoming boundary conditions are assumed to be well-prepared:

fe(t,z,v) = pp(t,z) M(v) exp (@e(x) — oy (x, g)) x € 0w, v.n(x) <0 (5)

where n(z) is the outward normal vector at the point x, py(¢, z) is a boundary data,
. (z) is the effective potential defined in (10) and M is the normalized Maxwellian
with zero mean velocity
e—1v1?/2
V) =—— (6)
(var)
The collision operator is the low density approximation electron-phonon inter-
action, given by

Q) = [ oo ) (M) £) = M) f0) 1)



The cross section ¢ is assumed to be symmetric (micro-reversibility principle)
and bounded from above and below

o(v,v) =o(v,v), (v,0')¢€ R
(8)

Jdoy,00>0 / 0<o0,<0<0y

We recall that this operator is the linearization of the Fermi-Dirac model, we
refer to [20, 24, 30] for the study of such operator. The properties of this operator
can be summarized in the following proposition due to Poupaud [27].

Proposition 1.1 [27] The collision operator Q is continuous on L'(dv). It satisfies
1. —Q is nonnegative and self-adjoint operator on L*(M~'(v) dv).
2. Ker(Q) is spanned by the Mazwellian: Ker(Q) = R M(v).

3. @ 1s invertible on its range:
R(Q) = Ker(Q)* = {g L), [ glo)do= 0}
]Rd

4. @ satisfies an H-theorem which we state here in the following form

i) = [ auos () ao< 200 [ (VP-voR) a )
where p = [ga [ dv.

1.1 Assumptions and Convergence result

Before giving the assumptions we are considering, let us define by € = w x RY, the
phase (position-velocity) space. The incoming (-) and the outgoing (+) parts of the
boundary are given by

% = {(z,v) €09, /] £ v.n(z) >0}

We will denote by ®. the homogenized effective potential

®.(z) = —log ( /Y e(I’H(x’y)dy) . (10)

The Maxwellians Mg, and Me: will denote

{qu(x,y,v) = M(v)exp (Pe(w) — Pu(z,y))

(11)
Mgz (t,2,v) = M(v)exp (Pc(z) — O%(t, 7))



We define the total mass, the kinetic energy and two distances to the local equilib-
rium by

(

M’E(t):/ﬂfs(t,x,v) dv dzx, ICs(t):/Q gfs(t,x,v)dvda:

Rﬁ(t):/ot/g<\/F—\/p5—M>2 dvdx ds (12)

o= [ F_f I et !
\Rl(t>—/()v/(vl/Rd(M/ M) (logM/ logM> MM' dv' dvdz ds

The charge and current densities will be denoted by

1
p(t,x) = [ fo(t,z,v)dv, Jj(t,x) = — fe(t, z,v)vdo (13)
R4 € JRrd

We will also use the notations
fe(t, z,v) = fo(t, x,v) e®u@a/),
pe(t, ) = p°(t, x) ePr (/o) (14)
F(t,x) = jo(t, x) ePnl@ale)

Assumptions. The assumptions of this study are the following

(A1) The initial data f§ is uniformly bounded in L'(€) with bounded mass, kinetic
energy and entropy: i. e. there exists a constant C' > 0 such that
Bk

/ 15 <|10g fol+1+ UT) dedv < C (15)
"

(A2) The boundary data p, is bounded from below and above: 3¢, > 0 and Cj, > 0
such that
< pp < Gy (16)

(A3) The potential @5 belongs to L2 (RT; W?2>(w x Y)). The boundary data

_ — loc
D, > 0 and (Py, 0,Py) € Lo (RT; Wh x L>®(@)).
(A4) The cross-section o is uniformly bounded and satisfies the detailed balance
principle:

0<o<owv)=cl,v)<a (17)
Main result. The main result of the paper is the following

Theorem 1.2 Assume that assumptions (A1), (A2), (A3) and (A4) are satis-
fied. Let (f¢,®%) be a renormalized solution in the sense of definition 3.1 of the

Boltzmann-Poisson system (1)-(4) and which satisfies in addition the properties of
theorem 3.2. Then,

fo = feen@rle) o p M(v) ee) in L0, T; LY())

DS, — Pp in L2(0,T; W'P(w)), V1<p<2
(18)



In particular p° converges weakly in L*(0,T; L'(w)) towards p and (p,®p) is the
solution of the Drift-Diffusion-Poisson system

(( Op+ V. J(p,®p+ D) =0
J(p,Pp+ P.) = —D() [Vup + pVau(Pp + D.)]

(p7 (I)P)|5w - (pbv (I)b)

p(t=0)=po= [ fodv
\ Rd

The function ®. and the matriz D are given respectively by (10) and (31) and fy is
the weak limit of f§. O

The outline of the paper is as follows. In Section 2, we recall some useful proper-
ties concerning the notion of two-scale limit. Then, we derive formally the homog-
enized fluid system. Section 3 is devoted to the existence of renormalized solutions
to the initial system. Then, in section 4, we recall some uniform estimates for well-
prepared incoming data. In Section 5, we prove the compactness of f¢ and pF by
using an averaging lemma and a Lions-Aubin lemma. This result will be essential
to pass to the limit in the equation which will be done in section 6. In the last
subsection we will pass to the limit in the boundary conditions and recover the limit
system which will end the proof of Theorem 1.2.

2  Formal analysis

Due to the presence of an oscillating potential @5, the formal analysis should be
treated using a double scale limit on the spatial variable. As usual, when dealing
with two-scale limits, the following notations will be used. We denote by C4(Y)
and CZ(Y') respectively, continuous and infinitely differentiable functions defined
on Y and extended to R? by Y-periodicity. For p > 1 and an open subset w C R,
LP(w; Cx(Y)) is the space of functions of LP(w) with value in Cx(Y"). The following
spaces D'(w; CE(Y)), D(w; CE(Y)), ... are defined in the same manner. We also
use the notation Dy = D((0,T) x ; CF¥(Y)) to denote the space of test functions
which are periodic in Y. For Y-periodic functions of y, the notation (f)., (Vy,f)e, ...
will be used instead of f(t,z,%,v), V, f(t,2,%,v), ... We will also use the notation

2.1 Two-scale limit

Let us review some useful properties related to the notion of two-scale convergence.
Formally speaking, it consists in introducing an antzas like a two scale Hilbert
development

fe(t,x,v) = fo (t,x, g,v> +efi (t,x, g,v) +e%f, (t,x, g,v> +... (20)
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A similar idea consists in replacing the sequence f¢(t,z,v) by ]?E(t,x,y,v). This
function ]/”\8 is periodic in y. The existence of such function is justified by using the
Riesz theorem. Let us explain this idea and give some properties of the two scale
convergence which we will use throughout this paper.

Let u.(t, z,v) be a bounded sequence in L?(]0, T[x ). Then, using the Riesz repre-
sentation theorem, there exists a unique function ;. such that for all ¢ := (¢, x, y, v)
in D([0,T]; x s, CF(Y)), we have

//ustxv ///uetxy, Ot y)  (21)

Moreover,

e || L2qorix0) = ||l L2go,rxxy)

The above isometry identifies u. and . and then gives a rigorous sense to the notion
of two sale convergence. Indeed, from each bounded sequence . of L7 there exists
a subsequence which converges weakly to a function u of Lloc The subsequence is
still denoted .. The limit @ is called the two-scale limit of @.. We remark that there
is more information in @ then in the weak limit « of the sequence u.. We can notice
that u is the average of u with respect to the fast variable y. We should remark
in this context that even if the two scale limit of u. does not depend on y, this
does not imply that it converges strongly in L2. However, we say that u. converges
two-scale strongly if the sequence . converges in the L? norm. we claim that
if u. converges two-scale strongly towards a y—independent function u(zx), then it
converges strongly in L2. Let us summarize some of these properties in the following
proposition

Proposition 2.1 Let w be an open subset of R? and u. a sequence of L*(w) that
two-scale converges to a limit u € L*(w x Y). If

i {|ue]| 12 = [Jul] 22 (xy)

then for all sequence v. that two-scale converges to v € L*(w x Y'), we have 1, 0,
converges in D' (w x Y') towards uv and

Ug Vs 4/ﬁ@\aly eD
%

Moreover, if u is continuous with respect to the variable y, we infer that

us(r) —u (:c, E) ’

£

=0
L2 (w)

lim
e—0

Let us conclude this review with some further remarks:

1. For any smooth function 1 (z,y) which is Y —periodic with respect to y, the
sequence V. (r) = 1p(x, ) two-scale converges strongly towards the function .



2. Let u. be a bounded sequence in W2 which converges weakly to u € W2
Then, u. converges to u in L?. Moreover, there exists a function u;(z,y) €
L? (w, W#Q(Y)/R) such that V, u. two-scale converges to V,u + V,u.

3. If u. and € V,u, are bounded in L?. Then the two-scale limit @ of u. belongs
to L*(w, W;z(Y)) and e V,u, two-scale converges, up to a subsequence, to
V.

4. Similar remarks are available in L” or L} for all p € (1, +00).

2.2 Formal expansion

Let us now perform the formal analysis of the scaled Boltzmann equation in order
to get the limit system. We start with the linear equation and consider the equation
associated with a given potential ®3; := ®y(x, Z). As we remarked above, one can

rewrite the Boltzmann equation, with unknown J/C\E It reads as follows

O fe + é (v.vxfs - vxch.vvfe) f Eealf) (22)

e2

where

Lo, =v.Vy, =V, oV, —Q (23)
We assume that J?E satisfies the following Hilbert expansion, as € goes to zero,
Fr=foteh+eifat. .. (24)

where the coefficients f; € L*((0,T) x Q x Y). Inserting this development into the
equation (22) and identifying the coefficients with the same power of €, we get

e Loyfo = 0 (25)
8_1 : —/C«I)H]/C\l = va% - qu)[{(x,y)vv]?o (26)
80 : —£q>Hf2 = atﬁ) -+ Uvz]/t\l - VI@H(I, y)-vvfl (27>

It is obvious that the limit system relies on the properties of the null space of the
cell operator Lg,,, so we should study the first equation. For this, we define the
weighted Hilbert space L?\/LLH as

dyd
L?\@H = {f(y,v) / fly,v) € L3, (%) and fis Y-periodic with respect to y}
N5

equipped with the inner product

o= [ [ raSE”




Notice that the inner product depends on z. For each z, the operator Lg, acting
on this space is unbounded, with domain

D(Lo,)={f€ L3, /vV,f—V,Pp.V,f € Lﬁ%}
and it satisfies the following

Proposition 2.2 [7] The operator Le,, is mazimal monotone on L?V[@H and satisfies

1. IC@T(E@H) = RM@H,

2 R(La,) = {g e13, | //YXRdg(y,v)dydv _ 0}.

3. For all g € R(Le,), there exists f € D(Leo,) such that Lo, f = g. This

solution is unique under the solvability condition fly,v)dydv = 0. We
Y xRd

denote it f = E;}{g a

According to (25) and the above proposition, there exists a density p(¢, x) such that
the weak limit fy of the sequence f¢ has the form:

fo(t, x,y,v) = p(t, ) May, (2, y,v). (28)

We stress, here that ﬁ) solves both the transport and the collision parts separately,
namely v.V, fo — V,®5.V, fo = 0 and @ fy = 0. Ignoring the part of f; which is in
the kernel of Lg,,, a simple computation of the right hand side of (26) leads to

filt,2,y,0) = =(Vap + pVa®0)(t 2).Lg L (0 Ma,,) (2,9, 0). (29)
Denoting by y the unique solution in [R(Ls, ) N D(Ls, )]¢ of
ﬁ@HX:UM¢H, (30)

the diffusion matrix D is defined by

Djj(x) = //Y y v; ® X;(z,y,v)dydv. (31)

By applying the solvability condition, stated in the above proposition, to (27) we
obtain the homogenized Drift-Diffusion model. We recall here that we use the
convention div(DF') = 0;(D;; Fj).

We remark that, this limit equation is associated with an effective potential ®,,
collecting some microscopic information induced by the rapidly oscillating potential
® 4. The Drift-Diffusion model we get is the following

{ op+ V. J(p,®)=0

(32)
J(p, ®)(t,z) = —D(2)[Vap + pV.®.|(t, 7).

We refer to [7] for the proof of proposition 2.2 and for the convergence (¢ — 0) in
the case of linear Boltzmann equation. In this paper, we are dealing with a more
general situation since we have a coupling with Poisson and the major difficulty is
to get enough compactness to pass to the limit in the nonlinear terms.

8



3 Existence of solutions

In all the sequel we will the notation Let us now give the definition of solution we
are going to deal with.

Definition 3.1 We say that that (f¢, %) is a renormalized solution of the Boltzmann-
Poisson system if the function f¢ = e®H®:/) f& satisfies

1.V B eCYRY), [B1)] < C(VE+1), and |3(t)| < C, B(f¢) is a weak solution

of
C00UF) +0-VB(F) — Vo (Va5 070 = D (7o)
0 (Vo). O (F)+ 2o (9y0m). F0(F)
_ N (33)
B = B(F;)

L B(Fo)( = 0) = B(f5)
2.V A>0, 0., =/fc+ A Me2ulwa/e) satisfies

SO0+ 0 Vabor ~ VoV 0] = 2T A el

£,A &,
(34)

Theorem 3.2 The semiconductor Boltzmann-Poisson system (1-4) has a renor-
malized solution in the sense of definition 3.1 which satisfies in addition

1. the continuity equation
op°+V,.7°=0 (35)

2. the entropy inequality

vl|? - 1 = ¢ t =
[ / 7 (logf“r o +<I>;I+<I>b) F V(@ - %)\@2] - / / 0,y o
Q 0 0 w

<5 [ Jawos (L) -2 [ r (ows o+ v o)

(36)

Proof. We refer to [21] for the proof of a similar theorem and for further details

on the concept of renormalized solution. We also refer to [11, 22| and the references
therein.

Remark 3.3 We point out here that we are renormalizing the equation satisfied
by f¢ instead of renormalizing the equation satisfied by f°. This is actually, not
equivalent. Indeed, to get the compactness of p¢, we need the renormalization of f¢
and to pass to the limit in j. we need the equation satisfied by 0. . We point out that

9



we can also change the definition 3.1 to include the renormalization of any function
of the form ¢1f° + ¢o where ¢p1 and ¢o are smooth functions of x and v, namely
we can require that for all ¥V 3 € C*(RY), |B(t)| < C(Vt+ 1), and |5'(t)] < C,
B(p1fe + ¢o) satisfies a similar equation to (33). We do not do this here since it is
not necessary in the proof. a

4 Uniform estimates

Let us now show the kind of estimates one can establish for these renormalized
solutions. We point out that here we try to generalize energy estimates obtained in
[21] to the case we add an oscillating potential. So, we will not give all the details and
refer to [21] for the proofs. We remark that due to the incoming velocities, estimates
(35) and (36) are not uniform at this stage and we should approximate the entropy
production terms coming from the boundary in order to get some uniform bounds
from (36). Our uniform estimate is the following

Lemma 4.1 Assume that (A1)-(A}) are satisfied. Let (f¢,®%) be a renormalized
solution of (1-4) given by theorem 3.2. Then,

ME(t) + K5 (t) + |V P%(t)

i [l as<er o

Proof. Let us come back to the inequality (36) and denote the total relative entropy
E£5(t) by
0= [ 10 (o5 + 40 4.8) (0 + 519,005 - B0

One can rewrite the boundary fluxes in the following manner

/m f <log o+ % + qf) (v-n(z)) = /F+ lv.n(2)| £ (v) log <ff(<_”1>}>>

i / Jon(@)|(f(w) = F(=v)) (log (fjém)) + ‘Pb)

> /F+ [on(@)[(f*(v) = f*(=v)) (1 + Er(t, )

(38)
where £ is a macroscopic quasi-Fermi level given by
Er(t,z) = log (p ult, “’>) + Dyt 7). (39)
’ (vV2m)?

We point out that £° belongs to C*([0,77]) and (36) can be replaced by
e+ 3RO < (ot =1 [ [ a0 - £+ )
T+

10



The remainder of the proof follows exactly the one in [21]. We replace p, by its
harmonic extension, py,, The extended quasi-Fermi level is denoted by

Ep(t,z) = log (ff/(%x)l) + @y (t, 1)

Recall that for all fixed € > 0, the continuity equation is defined in the weak sense.
We multiply (35) by (1+ €r) and integrate with respect to ¢ and z and then bound
V.Er and 0;Er and deduce

/Ot/wat‘i’bf’a - é/ot /F+ [o.n(2)|[f*(v) = fF(=0)](1 + EF)

a1+ [ M+ lr@lllas) + [ ron+ e

IN

and also,

56(t>+RZ()<0T <1+/ ME( ds+/ 17(s Hles) /wpe(t)(l—l—é’p)(t)

We deduce easily from the entropy dissipation (9)

[l eis < s+ F [ s @

Notice that £° can be negative, however, we can bound it from below in function of
Me and K¢ (see [21]). Hence, we get

MEE) + K5() + R;() <Cr (1+/ Me(s ds+/l€€ )

Finally, a Gronwall argument implies Estimate (37). O
The proof of the next corollary and propositions can be found in [21]

Corollary 4.2 The renormalized solution satisfies

t
[ sl o+ [ [ o + o fDlvna)| < Cr.
Moreover, f¢ and its trace f|5F+ are weakly relatively compact in L*((0,T) x Q) and
LY(0,T) x T'", |v.n(z)|dtdo,dv)) respectively. O
Proposition 4.3 The renormalized solution (f¢, ®%) satisfies
1. p° is weakly relatively compact in L'((0,T) x w).
9, QU

is weakly relatively compact in L'((0,T) x Q).
3. Vs, is relatively compact in L*(0,T; LP(w)) for all 1 < p < 2. O

We also define .
\/M (\/F -V p° M) :

Using the entropy dissipation bound R(t) < Ce? and Young inequality, we deduce
as in [21] that (see also [2] and [19])

Proposition 4.4 r_ is such that e|r.|*|v|* M is bounded in L*((0, T)x ), \/2|r-|*|v|M
is bounded in L'((0,T) x Q) and |r-]*M is bounded in L'((0,T) x ).

11



5 Compactness of modified density

Proposition 5.1 The modified density p*(t, z) := p*(t, 2)e®#®*/) js relatively com-
pact in L'((0,T) X w) and there exists p € L*((0,T) X w) such that, up to extraction
of a subsequence if necessary,

pF—pin LN(0,T) x w) and a. e,
fe— pM in L'((0,T) x Q) and a. e. O

The proof of this proposition is done in two steps. We first prove the compactness
of p* with respect to the x variable and then show the compactness in time.
In the sequel, we will use the following

s 1
B(s) = Y ﬁg(s)—gﬁ((is), Vs > 0.
We recall that for all fixed parameter § > 0, we have
1. 0 < B5(s) < min(s,1/9),
2 |Bs(s) = Bs(0)] < min (Is =], |v/5 = VEI/V3) .
3. |B5(s) — 1] <24,

4. |5 85(s) — t B5(t)| < min((1 + )|t — s[, Cs |V/s — V1]).

First, we remark that we only need to show for all 6 > 0, the compactness of
the charge density associated to (5s(f¢)).. This is a consequence of the following
averaging lemma (see [21] for the proof). We also refer to [14].

Lemma 5.2 [21] Let hf be a bounded sequences of L*(0,T; L*(2)), h§ and h5 are
bounded in L'(0,T; L'(Q)). Assume that h® satisfies

e N + 0. Vb =h5+ V. b (41)

Then, for all v € D(R?)

/Rd he(t, 2 + 2, 0)0(v)dv _/ B (4,0 ) (o) o

Rd

lim | sup =0 (42)
0\ et LY(0,T; L' ()

where h® is extended by zero for x & . O

Let & be a (fixed) nonnegative parameter and let us check that he = B5(f¢)
satisfies the assumptions of the previous lemma. Indeed, we have according to
definition (3.1)

e, B5(f) +v.Vy Bs(f) = hi + V. K (43)
where
i = | N (e | gy + e [ gy — e gy )|

12



and

i = [(V.85 + (V2n))5s(9)] + (9, 20)e (W - >> .
Using the energy estimate (37), we see that h®, h§ and hj satisfy the assumptions
of the above lemma. B

Applying this lemma we deduce the compactness in x of [, 85(f¢)1(v)dv for all
¥ € D(R?), namely (42) holds with h® replaced by Bs(f°) .

Next, using that (8s(f¢)). is bounded in L>(0,7T; L*((1 + |[v|?)dzdv)), we see
that we can take 1(v) to be constant equal to 1 in (42) and hence we deduce, after
also sending 0 to 0 and using the equi-integrability of f¢, that

5 (t,x + 2) — pF(t, @) || 1 (07)%w) — OWhenz — Ouniformly ine. (44)

To complete the proof of the compactness for the modified density we need some
regularity in the time variable. Indeed, the mass conservation property

Bp + V.55 =0
and the uniform estimate (37) imply that
p° is bounded in L*(0,T; W4 (w)). (45)

Notice that this does not yield a similar bound for p* (see Remark 5.3) and we need
some argument to combine (44) and (45) to get the compactness of p*. We denote

af(t,x) = pF(t, ) = pe(t,2)e® ™) and  a5(t, x) = inf(a(t,z), R).
Using (44), we deduce that for all R > 0 and for all 1 < p < oo, we have
|az(t, x4+ 2) — aR(t, )| Lr(0,1)x0) — Owhenz — Ouniformly ine. (46)

The sequence a5, is bounded in LP for p > 1, let us denote ag(t,x,y,v), the two
scale limit of a3, when € goes to zero. We also denote a(t,z,y) the two scale limit
of a°. From (44) and (46), we deduce easily that ag and a do not depend on y.

Moreover, since p° = afe"®#@2) and e~ ®#(®%) two-scale converges strongly to
e~ ®u(@Y) we deduce that p° two scale converges to ae~®#®¥) and converges weakly
to ae~ (™),

Then, on one hand, using that a3 satisfies (46) and that 0;p° is bounded in
L0, T; W~ (w)) and that p° is equi-integrable, namely p. converges weakly in L?
we deduce from Lions-Aubin type lemma (see Lemma 5.1 of Lions [18]), that

as p° — agae ®* in D'((0,T) x w). (47)
On the other hand, we have

@% ps — (a%)Z ef'I)H(m,x/s) + (as . a%> CL%{ €7<I>H(z,:1:/5)

GE)Q 6—<I>H(x,a:/a) + 5;

—
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where 65, = (a° — a%) a5 e ?H@2/9) = (¢ — a5) Re~®#(®2/%) weakly converges to
dr = (a — ar) Re~® when ¢ goes to 0.

We denote by cg the two scale limit of (a%)?. It is easy to see from (46) that cg
does not depend on y and that cg > a%.

To prove that a% converges strongly to ap in L? it is enough to prove that
cr = a%. To prove this, we use the two scale limit of a%, p° which was computed by
two different methods :

2

cre”™ +(a—ap)Re™™ = agae ™ = (ap)?e™™ +ag(a—ap)e™  (48)

Since ar < R and a — ap > 0 we deduce that cge % < (ag)?e ®c. Using that
e~® > 0, we infer that cg < (ag)?. Hence cg = (ag)? and a% converges strongly
to ap for all R > 0. This yields the strong convergence of a° = p¢ since it is
equi-integrable. This yields the first convergence.

The strong convergence of f¢ follows then from the fact that R. goes to zero

when ¢ goes to zero. This ends the proof of the proposition (5.1). O

Remark 5.3 Let us explain the reason behind the previous argument. On one hand,
due to the fact that the two scale limit of p* depends on the fast variable y, we have
no hope to obtain compactness for p° in L' and then one can not proceed like in [21].
On the other hand, using the continuity equation and multiplying by e®#®*/%) e
see that the modified densities (ﬁf,ff) is a weak solution of

~ ~ 1 ~ :
op* 4V, 9% = (VIQ)H + gqu)H) JE in D'((0,T) X w)
and due to the presence of the singular term tV,®y(xz, 2 /¢) it is not clear how to
obtain directly compactness in time for pf. Also, we note that we can not use the
div — curl lemma as in [17].

6 Passage to the limit

We would like to pass to the limit in the continuity equation
815,06 + VIJE = 0.

The question is to identify the limit of the current density. To do so, we begin by
summarizing some consequences of Proposition 5.1. First for A > 0, we define & )

1
€ 4 )\MeféH(a:,x/e) _ €+ )\effbH(z,:L‘/a) M) ) 49
= (V7 Vo Jar). ()

Using that |&. 5| < |re|, we see that & is bounded in L?(Mdvdxzdt). We denote by
é » the two scale limit of &, when € goes to zero. We notice that &, is bounded in
L?((0,T) x Q x Y, dtdrdyMdv). Extracting a subsequence, we denote f the weak
limit of é » when X\ goes to zero. One can easily prove that the whole sequence f A
converges strongly to & in L2((0,T) x Q x Y, dtdzdyMdv); But this is not necessary
in the sequel. B

According to the previous section, the sequences f¢, p¢ converge strongly in L'
and a. e. In particular,

ga,A(ta z, U) =
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Proposition 6.1 There exist a density p € L'((0,T) x w) and a potential ®p €
L>(0,T; WY2) such that, up to extraction of a subsequence, we have

1. ||p* = pe®e@=2u@/o)| 1 1wy — O and pf converges weakly to p in Li,

2. \/fe and \/pF M two scale converge strongly in L?((0,T)x Q) towards \/p Mg

"
3. —=A®p=p, OPp =D, on dw and
V.5 — V,®p in L*(0,T; LP(w)) forl <p< 2anda. e.
4. For all ¢ € Dy, we have
€ M)
Q(f)z/)dddt //Qf Y dydvdxdt
2698>\
as € goes to zero and then \ goes to zero. a

Proof of Proposition 6.1 The first point is a consequence of the L!—strong con-
vergence of p?. Let p(t,x) be the limit of p* and p the weak limit of p°. we have

e~ Cu(@r/e) _\ o=Pel2) . / e @y, in L® w — *.
Y
This implies that p® 1= pf e~ ®u(®2/e) ~ .= 5e~% Moreover, we have

€ .-y (x,x/e) —®p(z,x/e)

P —pe = (p* —pe e

and hence

P — pePer Pl in L; , anda. e.

The second point is a simple consequence of the strong convergence (in L?) of fe

and \/p? towards \/pe®e and the 2-scale convergence of the sequence e~ ®#(®:/¢)
towards e

The third property is a consequence of Proposition 4.3. To deduce the last point,
we remark that (37) implies that & ) is bounded in L*(0,7; L*(M dzdv)) and

QUfe)  \ (F N

26957)\_ /J’C"E_'_)\M

We also have, for A > 0,

VE+AM and /(5 +A) M  converge to (p+NM  in L} (dvdxdt).

So, if we take an oscillating test function v € D((0,T) x ©; CZ(Y)), we infer, as ¢
goes to zero and A goes to zero that

lim lim/Q d dxdt = //Q fM dydvdxdt.
A—0e—0 E e\

This ends the proof of the above proposition. a
Let us denote j the weak limit of j. when ¢ goes to zero, then we have the
following proposition

Q (& M) + O(€) 1L (dvdrar)

15



Proposition 6.2

Jy - 2\/5/ Ev M e @20y dy (50)
Y JRd

Proof of Proposition 6.2 Using that

fs = Pe M + 25§s,A \//06 + Xe~®ul@z/e) M+ 52 552)\ M

we deduce that

je =2/ p. + Ne—Pul@a/e) dfgy,\dev + €/d 6527>\UMdU (51)
R R

Using that |£.\| < |r.|, Proposition 4.4 and that &\ two scale converges to £\, we
can pass to the limit in (51) and get

i=2 [ VeEne | [ aomaa (52)

Sending A to zero, we deduce that (50) holds.
Now, we have to compute £ to get the expression of j.

Proposition 6.3

J° x j(t,x) == —=2y/p D(z). <V:p\/ﬁ+ % V(P + ®p) \/ﬁ> (53)

where D is the diffusion matriz defined by (31).

Proof of Proposition 6.3 Using that 6., is a weak solution of (34), taking a test
function ¢ € D((0,7) x Q) and using the relation

O = VM &+ 1/ (7 +\) M e

we get

T
/ / (s EAVM + \/ (7% +\) M e—<I>H<w,w/e>) £ 01+ v. Vot — Vo (95) Vgl da do dt
0 Q

(54)

T < Ao D, b M e—2u(z2/e)

+//{¢Q(f>+ 0. Vo®p & Me ]dmdvdt:()
o Jal 2¢e0., 20

Taking ¢ of the form ¢ = (¢, 2, £,v) = ¢ where 1) € Dy, we see that in (54), we
have two singular terms. We can rewrite them in the following way

é/OT/Q,/(ﬁa_i_)\)m[v,vyzﬁ—Vy(PH.Vv@D]dvdxdt
:é/OT/Q,/(;e+A)\/m[u.vy¢+vy@H - 5Y]
ZE/OT/W\/(E%A)VE,. UR%\/Me—% mpdv] da dt
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Hence, we get

T
/ /(s{E,A\/M—i— \/(ﬁe+A)Me—<I>H) [e 00 + 0. Vaih — V(P + D5) .V, dv da di
0 Q

+/T /Q - i [U.Vyl/) —V, Py va] dv dx dt+

0

[ [T [ o] e
0 w R4

o) )\UV(ID M e ®H _
//{ 259“ 20 ]dwdvdt—O

To pass to the limit, we have to cancel the singular term. We define the following

subset of D
Gy = {QﬁED#/Vy.(/ v¢dv> :0}
Rd

Its orthogonal is given by the following lemma

Lemma 6.4 [17]. Let T € D/,. Then, T belongs to Gy if and only if there exists
S € Dy such that V,8 =0 and T = v.V,S O

Now, we take 1 such that VM e=®# 1) € G,. Sending ¢ to zero and then A to zero
in (55), we get

v,
M e M e=%u

/ FM e[V, -V, 5. V,](

+/ VoMo, [v.Vuip =V ( Py + Pp) .Vl dvdax dydt =0

where we have used that [v.V, —V,®y5.V,|V M e~®# = 0. Integrating by parts, we
get

Loy (€M) | [0.Vo = Va(®n + Bp) Vo] (/0 Vs, )
Me=®n M e=%n

/wm

This is equivalent to the existence of S € DY, such that V,S = 0 and

Lo, (EMe=%u/2) . [v.V, — Vo(Py + Dp) .V, (\/p Ms,, )
M e—®n VM —%n

where Lg,, is the homogenized cell operator given in (23). After simple computa-
tions, we get

= v.V,S

Lo (EMe®1/2) = (Me®8) — v [Voy/p+ 5 Vo(®e + Bp) /5] Me e/
(56)
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Let us go back to the expression of the current density computed in Proposition
6.2. We denote by x the unique solution in [R(Ls,) N D(Ls, )] of

L, X =0 Mg,, (57)

Using (56), we get

5= ovper [ [ @areeurn Sl

My,

= 2\/p€¢’5/ Me™®H {S —v (Vm\/ﬁ—i— % V(P + Pp) \/ﬁ) 6(1)6/2:| X
Y JRd

g

- 1
— s U /dx®v} . (Vx\/ﬁ+§vx(<be+<bp)\/ﬁ)
y Jr
and we conclude by using that [, [L. Xiv;jdydv = [, [pa xjvidydv.

6.1 Recovering the limit system

In this last subsection, we would like to explain how we can pass to the limit in
the boundary condition and how we can rewrite the current j. The arguments are
exactly the same as in [21] and we will not detail them.

Using (43) and arguing as in section 6 of [21], we can deduce that p = ppe® on
Ow and hence p = p, on Jw.

Finally, we would like to deduce that p € L*(0,T; L*(w)), +/p € L*(0,T; H'(w))
and V¢,/p € L*(0,T; L*(w)). This can be done by applying lemma 7.1 of [21].
We have only to check the hypothesis, namely the fact that V,,/p + %Vgggb\/ﬁ =
G e L*0,T; L2(w)). This is a consequence of (56) and the fact that & is in
L*((0,T) x Q xY).

This ends the proof of theorem 1.2. a
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