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HIGH-ORDER AND EFFICIENT METHODS FOR THE VORTICITY
FORMULATION OF THE EULER EQUATIONS*

J. S. LOWENGRUB', M. J. SHELLEY?, Axp B. MERRIMANS

Abstract. In this work, the authors develop new methods for the accurate and efficient solution of the
two-dimensional, incompressible Euler equations in the vorticity form. Here, the velocity is recovered di-
rectly from the Biot-Savart relation with vorticity, and the vorticity is evolved through its transport equation.
Using a generalized Poisson summation formula, the full asymptotic error expansion is constructed for the
second-order point vortex approximation to the Biot-Savart integral over a rectangular grid. The expansion
is in powers of h2, and its coefficients depend linearly upon only local derivatives of the vorticity. In particu-
lar, the second-order term depends only upon the vorticity gradient. Except at second-order, the coefficients
also involve rapidly convergent, two-dimensional lattice sums. At second-order, the sum is conditionally con-
vergent, but can be calculated easily and rapidly. Therefore, we can remove the second-order term explicitly
from the point vortex approximation to obtain a fourth-order discretization. In the special case of a square
grid, the second-order error term is orthogonal to the vorticity gradient. The convective derivative of vorticity
is thus calculated to fourth order using the unmodified point vortex approximation and automatically yields
a fourth-order evolution. These methods have been implemented. For the vorticity transport equation, the
point vortex sums are evaluated very rapidly using the fast Fourier transform (FFT) algorithm, and vorticity
gradients are approximated using high-order difference methods. With high resolution, the authors solve nu-
merically the roll-up of a thin layer of vorticity through the Kelvin—-Helmholtz instability, and the interaction
of two oppositely signed vortices driven together under an external strain flow. In the latter case, a simple time
dependence of the grid is introduced to maintain resolution of the flow.

Key words. vorticity formulation, Biot—Savart integral, point vortex discretization

AMS subject classifications. primary 65M25; secondary 76C05

1. Introduction. In thiswork, we develop and test new methods for the accurate and
efficient solution of the two-dimensional, incompressible Euler equations in the vorticity
form. Here, the velocity is recovered directly from the Biot—Savart relation with the
vorticity, and the vorticity itself is evolved through its transport equation. This is in itself
not a new idea (see [22], for example). However, we perform a new analysis of the point
vortex approximation to the Biot-Savart integral, and construct explicitly its asymptotic
error expansion for rectangular grids. This analysis is used to develop new methods that
are efficient and fourth-order accurate.

Traditional numerical methods for fluid mechanics have concentrated on either the
primitive variable formulation of velocity-pressure or the vorticity-stream formulation
(see [23], for example). A Poisson equation for either the pressure or the stream func-
tion is discretized and inverted at each time step with appropriate boundary conditions
suitably accounted for. Advantages of these methods include their rapid evaluation and
their overall accuracy. They are not so naturally adaptive as an adaptive grid would re-
quire inverting an elliptic equation with nonconstant coefficients.

Lagrangian vortex methods (see [10], as well as other references listed at the end
of this paper, for example) also exploit the relationship between velocity and vorticity to
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pose the Euler equations as a closed system of differential equations for the motion of the
curvilinear coordinate system moving with the fluid velocity (flow map). Advantages of
the Lagrangian methods include their natural adaptivity, ease of implementation, and
the existence of fast inversion algorithms [17]. However, their accuracy is difficult to
maintain due to grid distortion and the singular nature of the Biot-Savart kernel.

Ideally, one would like to retain the adaptivity of the Lagrangian methods while
controlling the grid motion so as to reduce distortion effects and to retain high-order
accuracy. An advantage of the vorticity formulation is that adaptive meshes can be in-
corporated very easily. An adaptive mesh is included by making a specific choice of
an underlying coordinate system. This choice of coordinate system merely introduces
metric functions in the evolution equation for the vorticity and a Jacobian term in the
Biot—Savart integral. In this way, we avoid numerically inverting an elliptic equation with
nonconstant coefficients, as we use a discretization of the exact inversion formula. An
important side benefit is that there is no ambiguity about the far-field boundary condi-
tions, for open or periodic problems, since they are built into the formula exactly. We
view this work as a partial step in the development of such adaptive methods. However,
the special case of rectangular grids is very useful and interesting in its own right.

Using an appropriately generalized Poisson summation formula, we construct the
full asymptotic error expansion for the point vortex approximation to the Biot-Savart
integral evaluated on a rectangular grid. The existence of the error expansion was proved
by Goodman, Hou, and Lowengrub [16] more generally on smooth, curvilinear grids,
but the method of proof was not constructive. Thus in the case of a rectangular grid,
we have provided an explicit example of the expansion. Beginning at the second order,
the expansion is in powers of h?, the spatial discretization size. The error is local in that
the expansion coefficients depend linearly upon derivatives of the vorticity evaluated
only at the mesh point at which the velocity is calculated. In particular, the second-
order error term depends only upon the gradient of the vorticity. The error also has a
global part in that the coefficients involve two-dimensional lattice sums. However, these
sums do not depend on the point of evaluation. These sums are also rapidly convergent
except, apparently, at the second order where the sum is only conditionally convergent.
We show how this lattice sum can be calculated both easily and rapidly. Thus we can
remove the second-order term explicitly from the point vortex approximation to obtain
a fourth-order discretization. In the special case of a square grid, even this is unnecessary
as the second-order error term is orthogonal to the vorticity gradient. The convective
derivative of vorticity is thus calculated to fourth order using the unmodified point vortex
approximation, and yields automatically a fourth-order evolution. We also find that in
the square grid case, the error expansion contains only powers of h* after the second-
order term. A single Richardson extrapolation to remove the fourth-order term of the
point vortex quadrature leaves the second-order and the eighth-order terms remaining.
Thus, in the evolution equation, the second-order term falls out to yield eighth-order
evolution.

We note that in the case of more general curvilinear grids, extrapolation can be used
to generate high-order accurate methods. A difficulty with extrapolation is that although
its order of accuracy is higher than the original method, in general, its error coefficients
are also larger.

We have also implemented these methods to demonstrate their utility and present
numerical results on two difficult test problems. As the point vortex sums over rectangu-
lar meshes are discrete convolutions, they are evaluated using the FFT algorithm and the
discrete convolution theorem in O(N? In N) operations where N2 is the number of mesh
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points. Vorticity gradients are approximated by high-order difference methods. The first
test problem is the nonlinear roll-up of a thin shear layer through the Kelvin—Helmholtz
instability. This is a difficult problem as the vorticity develops spatial complexity and
steep gradients. The second test problem is the interaction of two oppositely signed vor-
ticies being driven together by an external straining flow. This problem also features
strong vorticity gradient production and is relevant to the study of three-dimensional
vortex interaction and reconnection [27]. However, the steepest gradients tend to align
in a single direction. Consequently, we employ a simple time dependency of the grid to
retain resolution of the flow. We compare it to the case where the grid is held fixed. It
is a simple, but nontrivial, problem that nicely illustrates how the appropriate choice of
time dependency in the grid can greatly improve the calculation.

Our future work includes further consideration of the vorticity transport equation.
For example, our time integration method does not make use of the fact that the vorticity
equation is a conservation law. The use of methods constructed for such transport equa-
tions as essentially nonoscillatory (ENO) methods [19] or other high-order Godunov-
type schemes would likely improve the robustness of these methods [7]. It would also be
useful to fund the second-order coefficient for the point vortex approximate on a gen-
erally smooth, curvilinear coordinate system so that more general fourth-order meth-
ods could be constructed without resorting to extrapolation. For the three-dimensional
Euler equations, we note that there is a technical difficulty in applying the method de-
veloped here to the point vortex approximation. The difficulty involves the sufficiency
conditions for applying the special Poisson summation formula for the Biot—Savart ker-
nel (A.29). See Remark 3 at the end of Appendix A. However, we note that the general
Poisson summation formula for singular functions (A.9) is still valid. This is currently
under study. While the existence of asymptotic error expansions has been proved for
the three-dimensional Biot-Savart integral [13], the method is not constructive. An-
other very important extension is the inclusion of boundaries with and without viscosity.
Finally, we note that there is a proof of convergence for a lower-order accurate version
of our current method. It will be presented elsewhere.

The outline of the paper is as follows. In §2, we present the method, its implementa-
tion, and the special form of its error expansion (the appendices contain the mathemati-
cal details of its derivation). In §3, we present some numerical results, and in §4, we give
concluding remarks. In Appendix A, the singular Poisson summation formula is derived.
In Appendix B, the singular Poisson summation formula is applied to the point vortex
discretization of the Biot—Savart integral, and the expansion is proved. In Appendix C,
the explicit second-order coefficient is obtained.

2. The vorticity formulation and smooth grid methods. The Euler equations for
two-dimensional, incompressible fluid flow, in the vorticity formulation, are given by

(2.1a) w+u-Vw=0

and

(2.1b) u(x,t) = / , K(x — x")w(x', t)dz’ dz},
R

where u(x,t) = (u1(x,t),u2(x,t)) is the fluid velocity, w(x,t) is the scalar vorticity,
x = (z1,x2), and

2.1¢) K(x) = gll}?(—zz,wl)
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is the Biot-Savart kernel. Equation (2.1a) expresses that the vorticity in two dimensions
is conserved along particle paths, while (2.1b) and (2.1c), the Biot—Savart integral, give
the relation between the velocity and the vorticity due to the incompressibility constraint
and definition of the vorticity. It is assumed that w is smooth and rapidly decaying at
infinity.

Although we will soon restrict ourselves to considering the case of rectangular grids,
it is instructive to recast the Euler equations in terms of a more general curvilinear coor-
dinate system. Consider the transformation X (b, t) = (x1 (b1, b2,t), z2(b1, b2, t)), which,
for example, might arise as the solution to the evolution equation

(2.2a) %X(b, £) = F(X(b, t), 1)

for some F. This yields the formulation

@) LuX(b,1),0) = (B0, ~ u(X(b,0), )] [T6X]" - Vo]
with

23)  u(X(b,t),t) = /R K(X(b,2) ~ X(b, (X6, 0), )T (B )b b

where J is the Jacobian of the coordinate transformation given by
J = detVpX.

A Lagrangian vortex method [10] uses the specific choice F = u. In this frame,
X(b,t) is the trajectory of a fluid particle along which the vorticity is conserved. Fur-
thermore, the transformation is area preserving due to incompressibility. An Eulerian
vortex method, on the other hand, uses the choice F = 0. Here, X(b,t) = b and de-
scribes a fixed coordinate system. The vorticity is not conserved in this frame and must
be advected. The transformation is trivially area preserving.

There are many possible choices of a quadrature method for this integral. For ex-
ample, there is the point-vortex approximation [22], [26] or quadrature methods based
upon mollification of the singular kernel (see [1], [2], [4], [5], [10], [15], [18], [24], for
example). We have chosen a fourth-order quadrature method on a rectangular grid that
is related to the point vortex method. It has the advantages of ease of implementation,
can be summed by a fast method, and is easily generalized to higher orders.

Let the transformation X (b, t) be discretized uniformly in b. Define X; = X(by, t),
with by = (j1h, j2h). Similar definitions hold for J and w. Let I|w]; denote the value
of the Biot-Savart integral evaluated at X;. The point vortex approximation I[w]{(h)
is simply the trapezoidal rule approximation to (2.3), where the singular self-induction
term is omitted:

(2.4) Twlf(h) = h? > K(X; — Xu) Jicwic-
k#j

The error is then

(29) B[} () = Twlf — Twl(4)
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Even though the integrand of the Biot-Savart integral is singular, it was proved by Good-
man, Hou, and Lowengrub [16] that there exists a regular asymptotic expansion in pow-
ers of h? for the error. That is, for sufficiently small h, there exists constants C[w]; 2,
independent of h, such that

(2.6) Ew]{(h) = Clw]j2h? + Clwljsh* +---.

In general, it appears difficult to find explicit formulae for the coefficients Cw];, 2p. For
example, in the analysis of Goodman, Hou, and Lowengrub, the second-order coefficient
C|w];,2 arises only as an undetermined constant of integration. This particular coefficient
is arguably the most useful to know explicitly, as it might then be removed explicitly to
yield a higher-order method.

In the special (but very useful) case of a rectangular grid, we give an alternative
derivation of the error expansion in which the coefficients C[w]; 2, are given explicitly.
We only outline the method here, and refer the interested reader to the appendices for
the full details. The main tool is the Poisson summation formula generalized to singu-
lar functions. The Poisson summation formula (see, for example, [14]) expresses the
trapezoidal sum (say, over the plane) as a sum of Fourier coefficients of the summand.
The asymptotic behavior of these Fourier coefficients then allows an analysis of the error
in the trapezoidal approximation. However, the integrand of (2.1b) lacks the smooth-
ness necessary for direct application of the Poisson summation formula, which, if used
naively, leads to sums of Fourier coefficients that are not absolutely, but only condi-
tionally, convergent. The value of such a sum depends upon how the sum is evaluated.
Instead, the integrand of (2.1b) is first smoothed by convolution with an approximate
6-function 6. of width e. The Poisson summation formula is then applied to the trape-
zoidal approximation of the smoothed integral and the limit ¢ — 0 is taken. This leads to
the Poisson summation formula generalized to singular functions. The particular choice
of é. leads to a particular interpretation of the conditionally convergent sum, and pro-
duces a compensating residue from the singular self-induction term omitted in (2.4).
‘We have chosen 6. so as to actually yield rapidly and absolutely convergent sums, and an
explicitly calculable residue term.

There is at least an apparent difficulty in applying these methods to the general
curvilinear case to find explicit expressions for the error coefficients. We would require
the Fourier transform of the kernel K(X(b)) in the b variable. This is not generally
known.

Let X; = (j1h1, jah2) = (jioah, j2a2h) be the rectangular grid. Let w,, ; denote
the value of w,, evaluated at X, and similarly for w,, ;. The point vortex approximation
is now simply

2.7 W) (k) = hihe Y K((G1 — k1)ha, (j2 — k2)ho)wi.
k#j

We then have the following theorem.

ERROR EXPANSION THEOREM. Let w(x) be smooth and rapidly decaying and o =
a1 / Q2.

Part A. The second-order error coefficient is given by

(282) Cloljal® = (42301(0), “240,0/e)) hah
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where
(2.8b) Ca(a) = = arctan(l/a) -= Z f(m, ),

and

(2.8c) fim;a) = %il ( (/m)? — o2 N 1 - a?(l/m)? ) '
=0

(A/m)? +a2)2 * (1+02(l/m)?)

By Y' is meant the trapezoidal sumj; that is, the terms at | = 0 and m are weighted by a
factor of 3.

Remark 1. In the special case of a square grid (a = 1), C2(a) = C2(1/a) =1, and
it follows that

1
(29) Clwl;,2 = Z;VLWI.V»,

where V4w = (—08,,,0;, )w is the perpendicular gradient of w. Thus, the second-order
error term in (2.4) is orthogonal to Vw (i.e., h2V+w - Vw = 0), and the method of lines
discretization of (2.1a), is

(2.10) Ll = XM (R) - (Vah)y

where V}, is an approximation to V to at least fourth order. Equation (2.10) then has a
fourth-order consistency error in space, even though the velocity approximation is only
second order. That this error is realized in numerical simulations of fluid motions will
be demonstrated in the next section.

Remark 2. For the case of the rectangular grid, the calculation of the coefficient
C>(a) appears formidable. And indeed, a straightforward implementation of the sum
(2.8b), for o = 2, produces summands of the size 10~14 only by m = 12600. Fortunately,
the convergence of this sum can be considerably improved by using the Euler-MacLaurin
summation formula (see, for example, [29]) to successively remove the dominant be-
havior of the summand. From the summation formula applied to (2.8c), we have for
m>>1,

a?-1 1 1 (@®-1)(a*-10a%+1) 1 1
f(m;e) = 6(1+a2)2m2 ~ 30 L+ a2yt ﬁ*o(ﬁe‘)

~ @)z + fa) s +0 ()
Thus, we can rewrite the sum in (2.8b) as
3 fme = 3 [ ms) — o)y — ()]
+f2(2)¢(3) + fa(2)((5),

(2.11)

where

[ o]

(=Y s>,

m=1
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is the Riemann zeta function. In particular, {(3) = 1.202056903159594 and {(5) =
1.036927755143370. The sum in (2.8b) now converges as O((1/m)7), and is trivial to
compute; for @ = 2, the above formula produces summands of magnitude 10~ by
m = 45. Figure 1 shows C>(a) calculated by the above formulae.

FI1G. 1. The second-order error coefficient C2(c).

Remark 3. We can use the calculation of C3(c) to obtain a fourth-order quadrature
rule for the Biot—Savart integral by subtracting the second-order term

b wh
(2.12) ij<h)=1[w1;’(h>—( ~22d 0y a), :;r’jc'z(l/a)> haha.

We have assumed that w., ; and w;, ; are approximated to at least fourth order by w?, ;

wa’;1 g Use of this formula requires little effort, since for the calculation of w;, these
spatial derivatives must be approximated anyway.

Remark 4. That the error coefficients only depend on derivatives of w at Xj; is true
also for the higher-order coefficients. This type of expression for C|w]; 2 is also very
similar to that derived by Sidi and Israeli [29] for quadrature rules of one-dimensional
integrals with Cauchy singularities, and which was subsequently used by Shelley [28] in
a study of singularity formation in vortex sheet motion.

Remark 5. The second-order error coefficient (2.8a) can also be found without re-
course to the Poisson summation formula. This is done by dividing the quadrature error
(2.5) into local and nonlocal contributions. The nonlocal contributions can be estimated
by using the Euler-MacLaurin summation formula, and the local contributions lead to
sums similar to those in (2.8). It may be that the more general curvilinear case could be
handled by such an approach. Furthermore, in the case of the square grid, the expres-
sion of C|wl; 2, (2.9), can be found by manipulating both integral and sum so as to have
a smoother integrand and summand, to which standard quadrature estimates can then
be applied.

Part B (Error Expansion Theorem). The higher-order error coefficients (p > 1) are
given by

1

(2.13) Clelize = Gy > (=D (a)w], D™(1/a)[w])|x;,

s
r4q=2p—1
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where D™9(a) is a linear differential operator of order r in x, and order q in x,, and whose
coefficients depend upon o, r, and q.

Remark 6. The operator D" (a) involves lattice sums analogous to those in (2.8).
These sums are absolutely convergent, and their values are independent of the choice
of smoothing function é.. It is only the second-order coefficient for which there is a
question of interpretation of the sum.

Remark 7. 1In the special case of a square grid (& = 1), it can be shown that
Clw]|j,2p = O for p > 1 and odd. That is, after the h? term, the expansion has only
powers of h%. Thus, an eighth-order method could be easily obtained by performing one
Richardson extrapolation of the point vortex approximation to remove the fourth-order
term. The second-order and eighth-order terms remain, but the second-order term dis-
appears in the evolution equation as before.

The proof of the error expansion theorem is given in the appendices. In Appendix
A the derivation of the Poisson summation formula for singular functions is given. In
Appendix B, the extended Poisson summation formula is used to rigorously derive the
coefficients C[w]; 2,, of the error expansion (2.6). In Appendix C, the second-order error
term is expressed in terms of rapidly convergent series as given in (2.8).

It has now been shown how, for rectangular grids, fourth-order methods can be
found by a trivial and explicit removal of the second-order error (and even this was not
necessary in the square grid case). We also note that the point vortex approximation can
be evaluated very efficiently in this case. Equation (2.7) can be written as

(2.14) I[w|{h = Z Kj_kwk,
Kk

where
K; = h1haK(j1ha, j2he).

That is, (2.14) is a discrete convolution. In such cases, through the discrete Fourier trans-
form and its associated discrete convolution theorem, the FFT algorithm can be used to
evaluate such sums very rapidly. To employ these techniques, the kernel K;j and vor-
ticity wj must be extended appropriately as periodic functions, and then represented as
discrete Fourier transforms. The details of this are straightforward and will not be given
here. For a rectangular mesh the computational complexity of forming the velocity on
the mesh is thus O(N21n N), where N is the number of grid points in each direction.
There are now very well developed multidimensional FFT packages that are highly vec-
torized, and that realize the asymptotic complexity of the algorithm for relatively small
values of N.

In the more general case of a curvilinear coordinate system, the existence of the
error expansion also allows the derivation of higher-order methods through Richardson
extrapolation. Here we give explicitly a fourth-order formula. Using

E[w]](2h) = I[w]; — IW]{" = 4C[w]; 2h* + 16C[w]; ah* + - --
together with (2.5), we find that defining the new quadrature rule I[w]_i1 (h) by
1 4
(215 Toli(h) = 5 AIWE(H) - TER)] = 3K 3 KX — Xi koo

j1+k1 odd
or
jo+ko odd
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and gives the error
(2.16) E[w]} (h) = Ilw]; — Ijw]} (h) = —12C[w]; ah* + ---.

A method of lines treatment of (2.2b) would then have the form

(2.17) %wj (t) = [(F(X(t), ) = Tw®)]j ()] - [Va X" - (Tapw);.

Obviously, further extrapolations to gain higher order could be done computation-
ally, or by calculation of the specific formula. However, we note that further extrapola-
tions would involve computing further doublings of the mesh size, which generally leads
to larger error coefficients in the error expansions.

The fourth-order quadrature method given by (2.15), I[w]} (h), can be efficiently im-
plemented in a number of ways. If the grid is nonrectangular, then fast summation tech-
niques such as those using hierarchical elements [1], or multipole expansions [17] can be
employed. Equation (2.15) can be interpreted as dividing the grid into four interlaced
subgrids, as shown in the schematic in Fig. 2. Each grid point is labeled as belonging to
subgrid M;, M, M3, or M. Then the quadrature rule I[w]} (h) for b; € M; becomes

4
(2.18) I[w]}(h)=§h2 > K(X; — Xu) Jiewie-
by &M;

Thus, this fourth-order quadrature rule for the Biot—Savart integral is seen as an ab-
stracted point vortex approximation, where instead of a singular self-interaction term
being omitted, a subgrid of quadrature points is omitted. Also, the set of field points M;
all use the same set of vortex points M», M3, and M, to find the velocity on M;, and
the quadrature weights are independent of the field point position. These are the types
of quadrature rules to which fast summation methods are applicable. In principle, fast
summation methods based on multipole expansions or hierarchical elements have com-
putational complexities of O(N?) or O(N?1n N). However, we have not found these
methods to be competitive in evaluating the sum when summation using the FFT can be
employed.

3. Some numerical results. We have implemented these methods to numerically
solve two incompressible open-flow problems of enduring interest. The first is the non-
linear roll-up of a thin shear layer through the Kelvin—-Helmholtz instability. The second
is the interaction of two oppositely signed vortices being driven together by an external
straining flow.

For a flow periodic in one direction (say, 27-periodic in z; ), the Biot—Savart integral
can be summed exactly over each period to yield an integral, with modified kernel, over
a single periodic strip. In particular, K in (2.1c) is replaced by

1 (= sinh(z2),sin(z1))
4 cosh(zz) — cos(zy) ’

err(zl) $2) =

and the domain of integration is [0, 27] x (—o0,+00). We assume that the vorticity is
rapidly decaying as |z| — oo.
We consider the initial data

w(z1,x2) = — exp(—a(x;)%x),
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4 3 4 3
1 2 1 2
4 3 4 3
1 2 1 2

F1G. 2. A schematic of the four-grid decomposition, M1, Ma, M3, and Ms.

where a(z1)? = B[1+¢€(cos £; —1)]. That is, w describes a flat shear layer of characteristic
width 1/4/3, whose width is sinusoidally perturbed with nondimensional amplitude e. If
the vorticity amplitude were likewise scaled as 1/f (fixing the circulation independently
of 3) and 8 — oo, this would yield vortex sheet initial data with an initially flat sheet and
a sinusoidal perturbation to a constant vortex sheet strength.

We have chosen 3 = 10 and € = .1. This is a fairly thin shear layer with aspect ratio of
about 20:1. As this flow develops very steep gradients in the vorticity, it is a severe test of
any method. Figures 3(a)-3(d) show contours of the evolving vorticity at the times ¢ = 0,
20, 25, and 30, respectively. The computational domain is [0, 27] x [—57/8, 57 /8] and
vorticity is initially of the size 2- 107 on the upper and lower boundaries. Figures 3(a)-
3(c) are with N; = 512 and N, = 320, and Fig. 3(d) is with N; = 1024 and N, = 640.
The tick marks on the box boundaries correspond to the grid. These choices for N; and
N, give a square mesh covering the computational domain. The contour lines are from
—0.95 up to —0.05 at intervals of 0.05.

Here, the velocity on the grid is computed by the point vortex approximation (2.7)
using the periodic kernel Kp.,, and the sums are evaluated rapidly using the FFT. By
scaling both N; and N, as N, the amount of work per time step is then O(N%1n N).
On a Cray Y-MP, with N; = 1024 and N2 = 640, evaluation of the velocity took about
one second. The vorticity gradient is computed by cubic splines in each direction, as-
suming periodic boundary conditions in the z;-direction, and zero data on the upper
and lower boundaries. Cubic splines with such boundary conditions yield fourth-order
derivative approximations on the mesh points. Then, since h; = hg, and by Remark 1 of
§2, the method of lines discretization (2.10) of the vorticity transport equation (2.1a) has
a fourth-order spatial consistency error. The method of time integration used is a fourth-
order, Adams-Moulton predictor-corrector method. The time step was At = .00625,
which, for the N; = 1024 calculation, was halved at ¢ = 20 to satisfy the CFL condition.
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The time steps used are small enough to effectively remove time discretization errors
from the calculation.

Figures 3(a)-3(d) trace the usual course of vortex layer roll-up (see, for example, [3]
for such calculations with layers of constant vorticity). The Kelvin-Helmbholtz instability
initially causes vorticity to advect towards the center, leading to a relative concentration
there (see Fig. 3(b)). The layer rolls up subsequently and forms a central rotating vortex
with trailing arms. As the vorticity is strained into the center, the outer arms thin and
large gradients in the vorticity are created there. As the contour lines are also mate-
rial curves for the flow, their considerable stretching and folding likewise lead to large
gradients.

The error in the calculations can be estimated through use of its asymptotic expan-
sion. For example, by assuming that for the vorticity

3.1 E! =w-—wh=A4h4+A6h6+...’
w,§ J J
we then have the estimate
2h h
R YW T W 6
(3.2) E; ;= TR + O(h®).
Then
2h h
_ max |Wj — Wy
(3.3) L oolw] = ; Tl

is an approximation to maximum error in the vorticity.

The left-hand box in Fig. 4 shows Ly o[w] (solid) and L oo[u] (dashed) for h =
27 /N; with N, = 128, 256, 512, and 1024 for 0 < t < 30, while the right-hand box shows
the order of the calculations approximated by the expression log,(Lak,c0/La,co). Here
u is the velocity in the z;-direction and is calculated on the grid using (2.12). All the
evidence suggests a stable and convergent scheme. For a single calculation, the error
shows a monotonic increase as the layer rolls up. This is hardly surprising (referring
to Figs. 3(a)-3(d)); gradients of vorticity evolving under the Euler equations grow very
rapidly, and in fact obey an evolution equation similar to that for the vorticity vector
in three dimensions. As the resolution is improved, the accuracy is improved upon the
entire range of integration. The approximation of the order shows a clear fourth-order
error for a range of time that increases as the resolution is improved. The velocity error
shows generally a slower decrease than does the vorticity error. This is true as well for
the decrease away from fourth-order error. This is likely a consequence of the velocity
being one degree smoother than the vorticity.

A difficulty of the Ly, , measure of the error in w” is that it assumes that w?" is still
well represented by (3.1). Other measures of the error, which do not depend as strongly
on expansion (3.1), are the approximated circulation and maximum vorticity. For this
flow the circulation C in a periodic strip is a conserved quantity. The graph at the left
in Fig. 5 shows — log,, |C — C4/, as a function of time, for the four successive doublings
of the mesh size beyond N; = 64. C}, is calculated using the trapezoidal rule over the
computational box, which would be of infinite order in the absence of discretization er-
rors in w (this explains the very high accuracy at ¢ = 0). The calculated order of the
convergence is shown in the graph at right, and the fourth-order convergence is seen
clearly over nearly the entire range of integration. We note however that the circulation
is an integral measure of the error, and as such is a weak measure of accuracy.
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® B

F1G. 3. Contours of the vorticity for an evolving thin shear layer at times t = 0, 20, 25, and 30. The contour
levels run from —0.95 to —.05, at intervals of .05.
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(d)

FiG. 3. Continued.

—log,o(Lh..) Order

FI1G. 4. The approximated error in vorticity (solid) and velocity (dashed) for h = 27 /N with Ny =
128,256, 512, and 1024 for 0 < t < 30. The accuracy improves as N is increased. The right-hand box shows the
order of the calculations.

Another invariant of the two-dimensional Euler equations is ||w||o0, the maximum
modulus of the vorticity. This quantity must be estimated point-wise. As such, it is a
stronger measure of error than the circulation. Figure 6 shows ||w||5,c0, OF the maximum
vorticity on the mesh, for the five different resolutions. For the initial condition used,
lwlloo =1, and |w(z1, z2,t = 0)| = 1 along the entire curve z2 = 0. While convergence
is plainly seen, the spatial location of the maximum value jumps around the mesh as the
flow evolves, and it is difficult to estimate an order of convergence from this quantity. We
note specifically, that for the calculation with N; = 1024 and N = 640, ||w||s,00 ~ 1.001
att = 30.

We have also performed these calculations using the more general fourth-order
point vortex approximation (2.15), obtained by extrapolation of the second-order quadra-
ture. The extrapolated method also shows fourth-order convergence, and appears stable
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—~log;olC—Cyl Order
15 T T

F1G. 5. The error in circulation, with its approximation calculated by using the trapezoidal rule over the
computational box for N, = 64,128,256, 512, and 1024. The accuracy improves as N is increased. The right-
hand box shows the orders of the computations.

1.02 I I T

1 '01 I J\//

0.99 | 1 | | 1
0 5 10 15 20 25 30

leollpe
L

FIG. 6. The maximum vorticity on the grid ||w||p, 00 for N2 = 64,128,256, 512, and 1024. The difference
from 1 decreases as N is increased.

and convergent. Its associated errors are typically larger by about a factor of twelve than
those associated with using (2.10), which is consistent with the change in the fourth-order
error coefficient introduced by the extrapolation.

'We now consider a much different problem. We calculate the motion of two oppo-
sitely signed vortices that interact under the imposition of an external straining flow. This
problem features a strong vorticity gradient production that quickly taxes any method.
However, the steepest gradients tend to be aligned in a single direction, and the intro-
duction of a simple time-dependency of the grid helps retain resolution of the flow. The
behavior of such flows is relevant to the study of three-dimensional vortex interaction and
reconnection (see, for example, [27]). It is a simple, but nontrivial, problem that nicely
illustrates how appropriate choice of time dependency in the grid motion can greatly
improve the accuracy of a calculation.
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Consider special solutions to the three-dimensional Euler equations that are of the
form

U = (v,v,w)

(3.4)
= (ﬁ(wl,wz»t) - 7331”6(3:11 $2»t) + ﬂ$2a&)(xla $2,t) + (’7 - ﬂ)x:i)'

Here, while there are components of velocity and vorticity in all three directions, the
only true z3-dependency is through the irrotational and incompressible straining field

(=71, Bz2, (v — B)x3).

For solutions of this form, the full Euler equations reduce to two-dimensional evolution
equations for u and v, in which the only effect of the velocity component w is through
the rate-of-strain in that direction, namely, v — 5. Here, w is simply advected as a scalar
field in the two-dimensional velocity field V = (@ — yz1, 9 + fz2). In terms of the scalar
vorticity w = vy, — Uy, = U, — iz,, the evolution equations can be given in a form very
similar to equation set (2.1). Namely,

(3.5a) w+ V- -Vw=w(y-p0),

and

(3.5b) (% 9)(x,£) = / K(x — x)w(x, t)dz} de),
R2

where K is defined as before by (2.1c). As initial data we take
(3.6)  w(x,0) = a(exp((xy — 1/2)% + 22)/d? — exp((x1 + 1/2)? + x2)/d?).

The initial vorticity is then two Gaussian cores of opposite sign and with width d, centered
at +1/2. The rates-of-strain are set asy = 2 and 3 = 1. That s, there is a compressive ex-
ternal flow in the z; -direction that pushes the two vortices together and extensional flows
in the 5 and z3-directions. The extensional rate-of-strain in the z,-direction elongates
the vortices in that direction, while that in z3 leads to vortex stretching. Furthermore,
we choose a = 10 and d = 1/4.

Such a flow could be considered as a model for the interaction of two adjacent vor-
tices being driven together by strains induced by other vorticity distributions in the flow,
or as a model of the effect of three-dimensional vortex tube curvature, where the two
vortices are cross sections of two adjacent vortex tubes. Such a flow illustrates the effect
of external strains producing core deformation and thus altering the interaction of the
vortices with each other.

The primary difficulty in computing such a flow is that as the two vortices are driven
together by the external straining flow, large gradients are rapidly produced in the vor-
ticity. To maintain good resolution of the flow, we found it necessary to introduce a
simple time dependence of the grid. Namely, we allowed the grid to collapse with the
compressive strain in the x;-direction, so as to maintain resolution of the sharp vertical
gradients that have formed. In addition, as two vortices translate vertically through their
mutually induced velocities, the z2-position of the grid must be chosen accordingly so
that the vorticities are kept within the computational domain. That is,

%mw@=—wmm)mmm@¢=m=m

%mm@=@@ with z(b, t = 0) = by,
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where 75(t) is chosen to keep the z-centroid of the vortices fixed at z; = 0. This re-
quires the computation of the circulation, the z,-centroid and its time derivative all on a
half-plane of the domain (since the circulation over the whole domain is zero). We cal-
culated these integrals on the right half-plane by Simpson’s rule. This choice maintains
a rectangular grid.

For this time-dependent coordinate system we can find VX in closed form, and
thus also the Jacobian J for (2.3). Thus, we can evolve the vorticity transport equation
(2.2b) (with the forcing term from the strain included). More importantly, the grid is no
longer square, and the point vortex approximation (2.7) does not yield a fourth-order
evolution without modification. Accordingly, we now use the quadrature rule (2.12),
where Ca(a(t)),a = hq/h2, must be calculated at each time step. As noted in Remark
2 of §2, this can be done easily and rapidly through the use of formula (2.11), and only
requires Vw, whose computation is already necessary. Again, it is assumed that w is
zero on the boundaries. For variety we use fourth-order differences rather than splines
to calculate Vw. This appears to have little effect on the computation.

Figures 7(a)-7(c) show the contours of the computed vorticity field at t = 0,.5 and
1.0 with Ny = N, = 256 and At = .00078125. The perimeter in Figs. 7(a)-7(c) is
the boundary of the time-dependent computational domain. The computational box is
initially of length 4.2 on a side. The time step was chosen small enough to effectively
remove time discretization errors from this calculation (as well as the calculation where
the initial z; -positions of the grid were held fixed).

Figure 8 shows the errors in w (solid) and u (dashed), as well as their orders,
as approximated by (3.3). The errors in w are normalized by the maximum vorticity,
lwlloo (!) = aexp(y — B)t. Here, N; = N, = 128 and 256. This is to be contrasted
with Fig. 9, which shows the same quantities, but for the same calculations with the ini-
tial z,-grid locations held fixed. The errors for the calculation with the moving grid is
much smoother in time, and increase more slowly. Indeed, by ¢ = 0.4, the moving grid
calculation with N; = 128 is as accurate as that for the fixed grid with N; = 256, and
becomes more accurate (by virtue of its slower increase) by the end of the calculation.

The total conserved circulation of the two vortices is zero. However, it is also true
that circulation computed from vorticity of a single sign is conserved, and in particular
the circulation in the left or right half-plane is conserved (note that x; = 0 is a free-slip
surface for this flow). Figure 10 shows the error in the circulation for the right-hand
vortex (calculated on the right half-plane using Simpson’s rule), and its computed order,
for the moving (solid) grid calculation at the three resolutions N; = N, = 64,128, and
256 and the fixed (dashed) grid at the N; = N, = 256 resolution. This figure only
serves to further illustrate the advantage in accuracy the moving grid affords over the
fixed calculation. There is a slight degradation in accuracy near ¢t = 1 for the N; =
N = 256 calculation. This is due to the vertical boundary (upon which the vorticity and
its derivatives are assumed to be zero) coming too close to the support of the vorticity.
The lower resolution runs are less sensitive to such a boundary effect. Figure 11 shows
the normalized maximum vorticity on the mesh

lwllhoo/lwlloo = ae™2*|lw]lh,c0

for the moving grid calculations (solid). The fixed grid quantity with N; = N, = 256
is included as the dashed curve. Again, convergence is observed as N is increased. The
normalized maximum vorticity for the N; = N, = 256 calculation with moving grid is
0.9985att =1.
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(b)

(a)

FiG.7. Contours of the vorticity for the two-vortex straining flow at t = 0, .5, and 1. The contour levels in Fig.
7(a) from —9.4 to 9.6, in Fig. 7(b) from —16.3 to 16.4, and in Fig. 7(c) from —28.4 to 28.5, all with increments

=.00078125.

256, and At

of 1. Here, the initial box size is 4.2 on a side, No = Ny

Order
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FI1G. 8. The approximated error in vorticity (solid) and velocity (dashed) with their orders in the right-hand

box for Ny = Ny = 128,256. The errors in vorticity are normalized by the maximum vorticity ||w||oo(t)

a exp(y—B)t. The accuracy improves as N is increased. The right-hand box shows the orders of the computations.
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—log;o(L.) Order
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t t
FI1G. 9. The same quantities as in Fig. 7, but with the initial grid held fixed.
~10g1|C—Cal
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F1G. 10. The circulation error in the right half-plane, with its approximation computed by using Simpson’s
rule in the right half-plane. The solid curves are for the moving grid and the dashed curves are for the fixed grid.
The errors are for Ny = Ny = 64,128, 256. The accuracy improves as N is increased. The order of these errors
is presented in the right-hand box.

Finally, we note that in recent work, Fishelov [15] also considered a fixed-grid
method for the vorticity formulation of the two-dimensional, incompressible Euler equa-
tions. She used a vortex blob discretization evaluated by direct summation. This ap-
proach may be more useful for long times and for cases where the grid is allowed to
move since the blob discretization provides improved stability for Lagrangian methods
(see [5], for example). However, the blob approach is not likely to be useful for fixed
grids and for short times, as we found that a vortex blob discretization with a Beale and
Majda fourth-order kernel (using § = h-9%) gave velocity errors that were two orders of
magnitude larger than those for our fourth-order modified point vortex discretization
(2.12) at t = 0 and for the initial data (3.6) and N; = N, = 256.



FAST HIGH-ORDER METHODS FOR THE VORTICITY EQUATIONS 1125

2
I

[y
o
N
i

llollse/lleoll
o
©
© -
|
|

o

©

=2
I
|

0 0.25 0.5 0.75 1

FIG. 11. The normalized maximum vorticity on the grid, ||w||n,c0/||w]| = ae="~P)||w||4 00 The solid
curves are for the moving grid with Ny = Ny = 64,128,256, and the dashed curve is for the fixed grid with
Ny = Ny = 256. The difference from 1 decreases as N is increased.

4. Conclusion. In this work we have developed new numerical methods, based on
the vorticity formulation, for solving the two-dimensional, incompressible Euler equa-
tions. In the vorticity formulation of the Euler equations, the velocity is obtained directly
from the vorticity through the Biot-Savart integral, and the vorticity is updated on the
computational grid. An advantage of this formulation for open and periodic problems
is that asymptotic boundary conditions on the velocity are explicitly incorporated into
the Biot-Savart kernel, and the focus is then simply on finding accurate and efficient
methods for evaluating the Biot—Savart integral over a regular mesh. Here we have con-
sidered the point vortex approximation on rectangular meshes.

Using the Poisson summation formula generalized to include singular integrands,
we constructed the explicit error expansion for the point vortex approximation to the
Biot-Savart integral. The existence of the error expansion was proved by Goodman et
al. more generally on smooth, curvilinear grids, but the method of proof was not con-
structive. Thus in the case of a rectangular grid, we have proved an explicit example
of the expansion. We found that the leading second-order error term depends on the
vorticity only through the local value of its gradient. The coefficient is expressible as a
two-dimensional lattice sum, and we demonstrate how its calculation can be done easily
and rapidly. This leads to a simple modification of the point vortex approximation that
yields fourth-order accuracy. In the special case of a square grid, the method of lines for-
mulation of the vorticity transport equation, using the unmodified, second-order point
vortex approximation and a fourth-order gradient approximation, automatically yields a
fourth-order evolution of the vorticity. We note also that in the square grid case, the er-
ror expansion contains terms with only fourth powers of h after the leading second-order
term.
Furthermore, we have demonstrated the utility of these methods through their em-
ployment to solve both the nonlinear roll-up of a thin, spatially periodic shear layer, and
the interaction of two oppositely signed vortices being pushed together under an exter-
nal, three-dimensional straining flow. As the summations were done on a rectangular
grid, the FFT algorithm was used (through use of the discrete convolution theorem) to
rapidly evaluate the velocity on the grid. Thus, the calculations are performed at high
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resolution. We were able to accurately follow the evolution of the shear layer well into
the nonlinear regime, where the bulk of the vorticity has concentrated itself into a cen-
tral vortex. This concentration is linked, in the thin layer limit, to the formulation of
singularities observed in vortex sheets [3]. By employing a grid that collapsed naturally
with the external compressive flow, we were able to compute the motion of two vortices
driven together under the strain. Physically, the interest lies in their severe deformation
and elongation, which yields enhanced dissipation in the presence of viscosity (see, for
example, [9] for viscous calculations).

These methods have already found application in the study of buoyancy-driven flows,
including both two-dimensional Boussinesq and fully stratified fluids [25]. In both these
cases, the incompressibility constraint gives the Biot—Savart relation between velocity
and vorticity, and the methods are directly applicable. There are several other direc-
tions that further work should take. Our time integration method does not make use of
the fact that the vorticity transport equation is a conservation law. The use of methods
constructed for such transport equations, such as ENO methods [19], or other high-order
Godunov type schemes, would improve the robustness of these methods (see also [7]).
It would also be useful to find the second-order error coefficient for the point vortex ap-
proximation on a generally smooth, curvilinear coordinate system. This would allow the
construction of fourth-order methods together with more general adaptivity, without re-
sorting to explicit extrapolation to gain additional accuracy. For the three-dimensional
Euler equations, we have seen that there is an apparent difficulty in directly applying
the methods developed here to the so-called grid-free point vortex approximation. We
are currently studying this. We note that the existence of asymptotic error expansions
has been proved not only for the three-dimensional Biot-Savart integral, but also for its
gradient whose computation is necessary to compute the stretching term in the vorticity
transport equation (see [13]). Another very important extension is to devise methods to
treat the presence of walls, both with and without the presence of viscosity.

Appendix A. Poisson summation formula for singular functions. In this appendix,
we present a version of the usual Poisson summation formula (see [14], for example)
extended to the case of a function with an isolated and integrable singularity at the origin
and in two space dimensions. It will be clear from this analysis how to obtain more
general results. We begin by introducing some notation.

Define the Fourier transform in two dimensions by

A +w +w .

e fo= [ [ expdnidan

—00 —00
where k = (k1, k2) and x = (z1, z2). Its inverse transform is given by

1 +oo0  ptoo e £
—__ —ik-x

(A2) 169 = f_ ) /_ e x)dkydba
Define the convolution of the functions f, g by

+o00  ptoo
(Aa3) fro0)= [ £ — x')g(x')da} dh,

—00 —00

By the convolution theorem,

(A4) F*g(k) = f(k)g(k)
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and

(AS) Falk) = ﬁf * §(K).

Denote a smoothing function by §.(x), and let it satisfy the usual properties of an ap-
proximate identity [31]. Then for any f, a smoothed version of it is given by

(A.6) fe(x) = f % 6¢(x).

Define the physical space grid by
(A7)
Aoy, a2) = {x |5 = (j1h1, j2he) With hy = arh,hy = aeh and  j = (j1,J2) € Z°},

and the dual phase space grid by
1. 1. e e s

(A.8) A (o, a0) = {kj | k; = (—_71, ——jz) and j= (j1,52) € Z2} .
ap a2

Then we obtain the following formula.
POISSON SUMMATION FORMULA FOR SINGULAR FUNCTIONS. Let f(x) be rapidly
decaying in x, and smooth except for an isolated and integrable singularity at x = 0. Then,

+o00 p+oo
Y fehbe- [ f(x)dardas =
x€A(a1,a2)\0 —o0 T

(A9)
lim Z fe (%kj) — fe(0)hihao |,

e—0
k; €A*(a1,a2)\0

where f. is the smoothed version of f.

Remark 1. As the function f has a singularity at the origin, its Fourier coefficients
may decay too slowly to be absolutely summable. Consequently, the smoothing function
b¢(x) provides the mechanism to interpret their sum. In addition, the smoothing also
gives rise to a residue, or self-induction term. However, since the left-hand side of (A.9)
is independent of the choice of smoothing function, so is the right-hand side. Thus all
smoothing effects in it must cancel.

Remark 2. Under certain circumstances, depending on the function f and the
smoothing function é, the limit of the right-hand side of (A.9) exists for each term sep-
arately. We discuss this in detail after the proof.

Remark 3. Equation (A.9) can be generalized to functions with nonintegrable sin-
gularities provided they can be interpreted in the principle value sense. In this case,
the choice of smoothing functions is restricted to the ones that give the correct principle
value in the continuous case, i.e., in the integral on the left-hand side of (A.9) is replaced
by

+00 +o0
PV. / f(x)dz1dz2,
—o0 J—o0

while the rest of the formula (A.9) remains unchanged.
Remark 4. The formula (A.9) can also be generalized to functions with several iso-
lated singularities. For example, suppose that the singular points are z;, . .., z,. Let the
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smoothed version of f be f. as before. If the singular points lie on the grid A(ay, a2),
then (A.9) becomes

Z f(xj)h1h2 - //f(X)d:BId(Bz =

XJ €A(ay,al)

(A.l()) xj;ézl ..... zZn

gg},[ > L (%kj)—gn(m)hlhz}.

kjeA*(a1,a2)\0

Proof of summation formula. The proof of (A.9) is almost trivial. We rely on the
Poisson summation formula for smooth functions [12] as stated in the following.

POISSON SUMMATION FOR SMOOTH FUNCTIONS. Let g(x) be smooth and rapidly de-
caying. Then,

Foo ptoo 27
(A1) " g(x)hiha — / / g(x)dzdzy = > (Tkj).
XjEA(al,az) —o0 —o0 ijA"(al,ag)\O

Now we apply this formula to f,, which is the smoothed version of f. Thus, we have
(A12)

400 ptoo .
> flmbe- | f@dndn= Y (%”kj).

xjEA(a1,02) o0 T kjE€A* (a1,a2)\0
Now write
(A13) S felxhaha= Y fe(x)hiha + fe(0)hyhs.

ijA(a1 ,a2) xj €A(a1,a2)\0

Therefore, we get

+o0 p+oo

Z fe(xj)h1h2 —/ fe(x)dxldwz =

ijA(al,ag)\O —oo J=—oo

(A.14) )
f (306 - £

kj €A*(a1,a2)\0

The limit as € — 0 of the left-hand side of (A.14) clearly exists. Consequently, the limit
as e — 0 of the right-hand side exists and yields the result (A.9).

It is natural here to address the question of whether the limit of the right-hand side
of (A.9) can be taken for each term separately. It is sufficient to determine whether the
limit as e — 0 of f(0) exists. If it does, the existence of the limit of the left-hand side
of (A.9) implies that the limit of the sum of Fourier coefficients must then also exist and
hence the limit can be separated.

Suppose that f(x) can be written as

(A15) f(x) = H(x)g(x),

where H (x) contains the local singularity and g(x) is smooth and rapidly decaying. Then
we have

+o0 +o0
(A.16) fe(0) /_ i H(x)g(x)8(x)dz1dzs.
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Define a characteristic function x g by

(A.17)

1if |z;| < Rand |z2| < R,
XR(x) = .
0 otherwise .

Furthermore, define g(x) by

(A.18) §(x) = g(x) — [9(0) + Vg(0) - x]xr(x).
Then f.(0) becomes

+o0o p+o00
fo=90) [ [ HO08.00xR(x)dordz

(A.19) +V9(0)- /_ :o /_ :o xH (x)6e(x)x r(x)dz1dz2

+o0o  p+o00
+ / H(%)§(x)8.(x)dz1dzs

—00 —00

=Il.p+1l.g+ 111 R.

Since H(x),xH(x), and H(x)g(x) have successively smoother behavior as |x| — 0,
there is no hope for cancellation of divergent terms by summing the different integrals.
Therefore, the limit as e — 0 of f(0) exists if and only if the limit as e — 0 of I, g, I g,
and I11, g exists separately.

Consider I g first.

+R p+R
(A.20) lim ., = lim H(%)6¢(x)dzdzs.
€—>!

e—0 —R

Since H(x) has a local singularity at the origin, the only way such a limit can exist is by
some cancellation. Therefore, suppose that

(A21) H(x) = —H(-x), 6.(x) = 6.(~x).

Then, I, r = 0 for any € and R and hence the limit (A.20) exists and is equal to 0.
Consider I11. g next. By construction, H(x)g(x) = O(|x|) as |x| — 0 and is inte-
grable. Therefore,

+o0 p+o00
(A22) lin(l) I g = lin(l) / H(x)g§(x)bc(x)dz1dz2 =0
€= 0Jeo J-0

by standard arguments such as the Riemann-Lebesgue lemma if §. is the Dirichlet kernel
(see below).

Finally, it remains to consider I, r. The existence of this limit is a classical question
in harmonic analysis. In general, this limit will exist if and only if x = 0 is a Lebesgue
or a Dirichlet point (see [30]) of the function xH(x). We do not give the most generally
known conditions for the existence of such points here, but it is easy to show that if
H(x) = K;(x) then these limits exist. K; with ¢ = 1,2 denotes the components of the
Biot-Savart kernel.
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For simplicity, we consider two standard types of smoothing functions: scaled and
dilated L functions

_ 1 Tr1 To
(A23) 0e(x) = 6—277 (_e—’ ?)
with 7 even, positive, and of mean 1, and the Dirichlet kernel
. M I . M )
sin o sin =
(A24) 6(o0) = 83, (x) = —— el

where a1, a2 serve to weight the coordinate directions (see Appendix C).
Now correspondingly, write I1,r as I1¢ p for the scaled smoothing function

e e
(A25) I g = / H(ex)n(x)dz1dzo,
B J_R
where H(x) = xH(x), and as IT. f”R for the Dirichlet kernel
1 HE L m oaw sin(z;) sin(z2)
p _ 1 1T1 Q2%2 1 2
(A26) II}IZ’R_Wz/_M - H( s ) o o dadas.
ag

The question reduces to whether the limit as ¢ — 0 exists for II? ; or II ;. Now take

H(x) = K;(x). Then notice that with this choice, H(x) is homogeneous of degree 0 so
that

+3 +E
(A.27) II;R=/E /a H(x)n(x)dz1dz,
and
+ &M +%M - . .
(A28) m2 = / : ' H(ayer, agey) 2@ @) 4o
M ™ —'% — BM T T2

It is clear that the limit as e — 0 of I , exists since H(x) is bounded on the plane and
n € L*(R?). The limit as M — oo of IT g g is directly calculable by contour integra-
tion (see Appendix C). Consequently, the limit of the right-hand side of (A.9) can be
separated as follows.

SPECIAL POISSON SUMMATION FORMULA FOR THE BIOT-SAVART KERNEL. If f(x) =
K;(x)g(x), g is smooth and rapidly decaying, and b. is either the scaled smoothing function
or the Dirichlet kernel, then

+o0 +o00
> fxp)hahy - / f(x)dzides =
xjeA(al,ag)\O - -

~f2 .
RV. )] f(%kj)—ggr;,fe(omlhz,
kjEA"(a;,az)\O

(A.29)

where the P.V. denotes the principal value sum defined by

@3 PV Y f(gh?:kj)=lim ) f(%"kj).

e—0
k; GA(al,ag)\O kjEA(al,ag)\O
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Remark 1. We use this formula (A.29) with g(x) = w(x) in Appendices B and C to
construct the explicit error expansion.

Remark 2. Although the result (A.29) is independent of the smoothing function,
the rate of convergence as ¢ — 0 is highly dependent on the choice. In Appendix C,
we exploit this property by using the Dirichlet kernel as the smoothing function. This
yields rapidly and absolutely convergent sums and thus enables us to obtain very accurate
approximations of error expansion coefficients.

Remark 3. Of course, the formula (A.29) holds for more general functions f = Hg.
Generally, if the limit as ¢ — 0 of I g, I, R, and III, g exists, then (A.29) holds, al-
though even this is not the most general case. Notice, though, that the three-dimensional
version of I1. g does not have a limit since there the Biot-Savart kernel is O(1/|z|?) as
|z] — 0 so that the corresponding x H(x) is unbounded at the origin. This is currently
under study.

Appendix B. Error Expansion. In this appendix we obtain an error expansion for
the point vortex approximation to the Biot-Savart integral on a rectangular mesh. The
expansion is obtained through an asymptotic analysis of the Fourier coefficients appear-
ing in the special Poisson formula for the Biot-Savart kernel (A.29).

In previous work, Goodman, Hou, and Lowengrub [16] proved the existence of such
an error expansion. However, it is difficult to determine the coefficients of the expansion
from their method of proof. For example, their second-order coefficient contains an
undetermined constant of integration. Our proof is similar to theirs in spirit, but our
method provides a prescription for the explicit determination of the coefficients.

In this appendix, we do not derive explicit expressions for the coefficients, although
we indicate how it is done. We save their explicit evaluation for Appendix C where we
obtain an expression for the second-order coefficient. This term is the most delicate to
obtain. The Biot-Savart kernel in two dimensions is

1 (—:172 1121)
B.1 K(x)= ———"—=
where x = (z;1,z2). We want to describe the discretization error between the Biot—
Savart integral and the point vortex approximation

(B.2) / Y K(x1 — x)w(x)dz1dzs — z K(x1 — x;)w(x;)h1he,

—00 J—o0 xj€A(a1,22)\x)

where A(a;, o) is the rectangular grid defined in (A.7), hy = a3 h and hy = ash.

It would be routine to describe this error if the integrand were smooth. However,
K(x) has an isolated integrable singularity at x = 0. Thus, to handle this, we use the
special Poisson summation formula (A.29).

Without loss of generality, and for the sake of clarity, we study the error I(0) —I,(0),
where

+o0 +o0
(B3) 1(0) = /_ [ K dadz,
and
(B4) LO)= >  Kx)wx)hihs

xj eIx(al ,az)\o
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This corresponds to taking x; = 0 in (B.2) and dropping the minus sign inside the kernel.
Now, following the prescription of Appendix A, w define the smoothed version of the
integrand in (B.3) by

+o00 +o0
(B5) (Kw)e(x) = (Kw) * 8.(x) = / K(x)w(x')8c(x — x')dzydzs,
where 8.(x) is given by (A.23) or (A.24).

The purpose of this section is now to prove the following result.

THEOREM 1 POINT VORTEX ERROR EXPANSION. For w(x) smooth and rapidly de-
caying, there exist coefficients C(c)|w]o,2n such that

N-1

2n
B6)  10)-1y(0) = liy(Ku) O)ma + Y- (5=)  Cla)isloan +0()

n=1

for any N, o is the grid aspect ratio o /ap. Furthermore, the coefficients C are given by

®7)  C@lom= ¥ (-0r@il.0v (3)Kl0),

1‘+q;,gn—l
and D™9(¢) is a linear differential operator of order r in 1 and qin x2 and whose coefficients
depend on a,T,q.

Remark 1. For n > 1, these coefficients are the coefficients shown in (2.6) and (2.13)
of §2. The second-order term C(a)[w]o,2 in (2.8a) differs from C(c)[w]o,2 exactly by the
self-induction term in (B.6).

Remark 2. Our method of proof relies on the application of the special Poisson sum-
mation formula for the Biot-Savart kernel (A.29), asymptotics of the resulting Fourier
lattice sums, and controlling the error from the asymptotics. The method is very general
and can be applied in many other contexts where singular integrals arise.

Proof. We begin with the following lemma.

DISCRETIZATION LEMMA. Suppose that w(x) is smooth and rapidly decaying. Then
the discretization error 1(0) — 1 (0) is given by

(B.8) I(0) - Ix(0) = lim(Kw)(0)hsh —BV. Kw <27"1j) :
€ leA“‘ (o1,02)\0

where

— (27 . — (27 ~ (27
(B9 RV. Y Ku (ﬁ):é% > Kw<—h—11> be (le).

lj €A*(a1,a2)\0 lj:GA"(al ,a2)\0

The proof of this lemma is a straightforward application of (A.29) with f, = (Kw)..
Thus, to determine the error expansion, we must now examine the lattice sum that
appears on the right-hand side of (B.8).
Define the function

(=la + mar,l; —my7)

1 F = =
(B.10) (l1, b2, m1,ma, 7) = (F1, F2) T —mar)? + (3 —mar)?

with 7 = 2 as a small parameter. We now use F to evaluate I/{B(%"l) as follows.
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LEMMA. The Fourier transform of Kw is
— (2w -4 +oo ptoo
(B.11) Kw(|=—1)= ————-7'/ / F(l1,1l2,m1, mg, 7)&(m)dm,, dms,
h (27!')2 —o0o0 J—o0

where T = .
Proof. Direct calculation gives

> _ _.(_l2’ll)
(B.12) K =~

with 1 = (I, 1;). Now, by the convolution theorem, we get
— 1 too  ptoo
(B.13) Ko) = G / K(1 - m)o(m)dmydm,.

—o00 J—o00

Then, combining (B.12), (B.13), and (B.10) gives the result (B.11).
Now, using the result (B.11) in (A.9), we get

PV. Z Ko (%rlj) =—T liII(l) Z be (l—j> (2z)2
(B.14) jeA" (ar,02)\0 Tyenriaaano NN

+oo p+o0
: / / F(lj1,15,2, m1, mg, T)&(m)dmydms,
oo Jeoo

where 1j = (l;,1,1;,2). Thus, we need to consider the integral

i +00 +o00
(B'ls) W / / F(llal2aml7m2a7)‘2}(m)dml’ dmZa
—00 J—00

where 1 € A*(a1,a2)\0. As 7 is a small parameter, we want to expand (B.15) in 7 (recall
that 7 = h/2m). It is this expansion that, combined with the self-induction term, yields
the error expansion. Of course, the function F has a singularity, and so we must be
careful how we do this.

FOURIER LATTICE SUM EXPANSION LEMMA. Suppose that w(x) is smooth and rapidly
decaying, and define o to be the aspect ratio of the grid & = a1 /as. Then we obtain the
following expansion for the Fourier lattice sum (B.14):

®B16) PV Y Kw (27131,-) = Ni (5,%)% C(e)[wlo.2n + O(h*")

leA*(al,ag)\O n=1

forany N, where

®1)  C@llom= X (D@, 00 (1) o),

rrqmin—1
and D™1(c) is a linear differential operator of order r in x, and q in x2 whose coefficients
depend on a, T, q.
Remark 1. As we will see, the differential operators D™? arise because an expan-
sion of F in (B.15) leads to the calculation of moments of @. These moments are then
identified with the derivatives of w.
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Remark 2. Although the coefficients C(a)[w]o,2» depend on principle value lattice
sums, only the value of the second-order term (n = 1) will change according to the
smoothing function. This term involves a lattice sum that is not absolutely summable
and thus its value will depend on how it is summed. For n > 1, there is no ambiguity in
how the sum is taken as the relevant lattice sums are absolutely convergent.

Remark 3. As a result of the special sensitivity of the second-order term, we will
discuss it in more detail in Appendix C. In particular, we will see how its value depends
on the type of smoothing. Of course, as the resulting expansion is independent of the
smoothing function, the self-induction term compensates for the dependence on the
smoothing function here. This is analogous to the undetermined constant of integration
in the analysis of Goodman, Hou, and Lowengrub [16].

Remark 4. The symmetry of the coefficients C in « and r, g is a result of the rela-
tionship between F; and F3, i.e., Fz(ll, la, mq, Mg, ’T) = —Fl(lz, 1y, mgz, M1, T).

Remark 5. In the square grid case a = 1, it can be shown that C(a)[w]e,2n = O for
n odd. Thus, but for the second-order term, expansion is in powers of h*. We do not
present this here.

Proof. We begin by examining F. Notice that F has a singular point at

B.18) (ma,ma) = (2,2)).

Thus, since 7 is a small parameter, we can expand F away from the singular point (B.18)
in a series about 7 = 0:

o o] Tn
(B19) F(ll, lo,mq, mg, 7‘) = 7;) a:F(lly la,my, mg, O)W
We define a box in m-space about the singular point (B.18) by
(B20) B— [11—7,l1+‘r] N l:lz—T,lz+Tj|'
T T T T

Then, consider the integral (B.15):

3 +oo  ptoo
(27)2 / / F(l1,l2,m1, ma, 7)&(m)dm;dms
—00 —00

1 .
B21) = (2—”)3//112\3 F(l3,l2,m1, mg, 7)&(m)dmy dmy

+(227)2//BF(ll,lz,ml,mz,T)GJ(m)dmldmz
=I+11.

Now, the expansion (B.19) of F can be used in I. We will show later that I is of arbi-
trarily high order in 7 = (h/2). Using the expansion, we write I as

T n "
(B.22) I_,;EW//M\B OF (I, 12, m1, m2,0)0(m)dm;dms.

Furthermore, we notice that 97F(l1,l2, m1,my, 0) is separable. That is, in each compo-
nent of F, we can separate the 1 and m dependence as follows:

(B.23) WafFl(ll,l2,m1,m2,0)= e Z (1, l)mims

r+gq=n
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and
(2 )23 F2(llal2’mlam210) (2 )2 Z A (llal2)m1m2
r+q—n
(B.24) = (2 )2 Z Cl (lz,ll)m2m1
r+q-n
“@m 3 A" wimins
r+q_n

since Fy(ly,lz,m1,ma,7) = —F1(l1,l2,m1, M2, 7).
Equations (B.23) and (B.24) give the form of the differential operator in (B.17). For
example, the first two terms are given by

ls
(B'25) (l) 12 +12’
-1 1,00y _ 2412
(B.26) 1) = (12 pp o )=~

Now, we use the formulae (B.23), (B.24) in the expansion (B.22) for I to get

(B27) I _Z Z AlUee / / mimis(m)dmydma,

n—O r+q_n

where j = 1,2 identifies the component. We want to identify the moments of & (in
(B.27)) with derivatives of w. To do this however, we need to extend the region of inte-
gration to all R2. We must also analyze the error in doing this. Write,

(B. 28)
@) 2‘”)2 / /R , mimi®(m)dm;dm,
(2“)2 // mimio(m)dmidm, — (2 @ // mimid(m)dm;dm;
= il—r_q[azagw](ﬂ) (2 )2 // mlmzw(m)dmldmz
The error term (the second term of (B.28)) can be seen to be of arbitrary order since

1 € A*(a1,a2)\0. This is shown as follows: Since |&(m)| < mpr for any M with |m)|
sufficiently large (because w is smooth), we get

(B 29)

= f / mImde(m)dmydms| < ¢ / / " ez dmsdims
Sc// |m|"~Mdm;dm,
B

o Mn /+ /+ dinding
- = o [(ru + 1)+ (g + 1)) T
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by changing variables. Now, let us suppose that 1 = (I;,l3) € A*(a;1,a2)\0. Then, we
can choose 7(= 2 ) small enough

(B.30) 7 < 2 min(1/ay,1/as),
so that there is no singularity in the integrand of (B.29), and obtain the bound

2r)M-n

B.31 SC————w—-
®3D @ +1B)

As this is true for any M, this term is of arbitrary order. Therefore, combining (B.27),
(B.28), (B.31), we get

(B.32) Z E UMyt q[araqw](o)+o(|”~>

n-*O r+q_n

for any N and 1 € A*(a1, a2)\0. This takes care of the first term in (B.21).
It now remains to consider the second term.

(B33) II = (21()2// F(ll,lg,ml,mz,‘r)w(m)dmldmz

This term is also seen to be of arbitrary order.
Without loss of generality, we consider the case with F;. We have

(B34) 11, = (2 )2 // Fl(ll, l2, my, ma, T)w(m)dmldmg

By changing variables and using again that |&(m)| < rmp» for any M, we obtain

(B35)  |II| <cr? / / [ diny diny .
T

M+ e 1, P (mn)]t
T T
Now, if1 € A*(a, a2)\0 and 7 satisfies (B.30), then the only singularity of the integrand
is due to the term 1/(? + m3), which is integrable. Consequently, we have

(2r)M-1

B. IL|<cyl
(B36) Ll < cp gy

and thus this term is also of arbitrary order.
Now, combining the results, (B.14), (B.21), (B.32), and (B.36), we get the result

(B37)

— (1 =t . (1
PV. Y (Kw)m <;1j)=—z —— lim > b (;1j)

leA* (a1,02)\0 n=0 leA* (a1,a2)\0
Y ()it (885w (0) + O(r V)
re=n

for any N sufficiently large, and where m = 1, 2 denotes the component.
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Finally, the n = 0 term, all the terms even in n, and parts of the odd terms vanish
due to oddness of the summands in the lattice sum. (See (B.25), (B.26) for example.)
Therefore, identifying 7 = h/27 and the surviving terms with C(o)[w] yields the result
(B.16), and thus completes the proof of the Fourier lattice sum expansion lemma. This
lemma, combined with the self-induction term, proves the result (A.6) and completes
the proof of the point vortex error expansion.

Appendix C. Calculating the Second-Order Coefficient. In this appendix, we derive
the expression in (2.8) for the second-order error coefficient C[w]; 2. Although the value
of the second-order term is independent of the choice of smoothing function used, the
ease with which it can be actually computed depends very much on this choice. The
higher-order coefficients present no such difficulty as their associated lattice sums con-
verge absolutely and can thus be calculated (if necessary) in a straightforward manner.

We begin with some notation. Define the lattice sum by

1) S(@) =4y ~{f(mia)),
m=1
where
LN (Y/m)? —a? 1—a?%(l/m)?
(C2) foma) =23 [[(l/m)2 o T a2(l/m)2]2] !

=0

and )"’ denotes the trapezoidal sum(i.e., the endpoints are weighted by 1). The purpose
of this appendix is to prove the following result given in §2.

THEOREM. SECOND-ORDER ERROR COEFFICENT. For w(x) smooth and rapidly de-
caying, the second-order error coefficient can be given as

1
(C3) Clwly2h? = - (—wy(x;)Ca(a), wa(%3)Ca(1/@)) ha s,
where hy = aih, ho = azh, o is the grid aspect ratio o, (o, and

(C4) Ca(a) = % arctan(1/a) — 25/(a).

Remark 1. In the special case of a square grid o = 1, we have S(1) = 0 and the
second-order term then has the form

1
Clwlj2h® = EVlw(Xj)fuhz,

where V4w = (~wq,,ws, ).

Remark 2. In the analysis of Goodman, Hou, and Lowengrub [16], it is essentially the
smoothing function that gives rise to the undetermined constant of integration appearing
in their second-order coefficient. We determine it explicitly.

Proof. Without loss of generality, we consider the case x; = 0. From (B.6), (B.9),
(B.14), (B.26), and (B.27) C[w]o,2 can be given as
(CS)

Clwloz2h® =
h\? B-1, (2n
. _ ol Yy 1~y fam
lim(Kw).(O)haha — V(o) (0) > S (F),
1€A*(ay,02)\0
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where 1 = (ll,lz) and hl = alh, h2 = azh.
The two terms to be considered are the self-induction term

(c6) lim(Kw).(0)

and the lattice sum
2-12 . (2%
(C7) im Y A —Ed (——1) :
e—0 1eA* (ar,02)\0 (ll + l2) h

Setting ¢ = 0 in (C.7) gives a sum that is only conditionally convergent, and whose value
depends upon how it is summed. The specific summation rule is dictated by é.. Here,
we choose a sharp square cutoff. Let € = & and

. fom 1if ) < 2 and 1) < &,
(C.8a) LEY ( ) ay g
0 otherwise.
This in turn gives the Dirichlet kernel
. Mz, . M T2
) sin - sin p”
(CSb) 67% (11)1, xg) = F o T2 .

Now, using (C.8a) in (C.7) gives the lattice sum

2l2

(C.9) aojop lim Z Z (12 +a212)2’
ll—-—M lg= #

and using (C.8b) in (C.6) yields
(C.10)
Jim (K040

2 lim // K(x)w(x )31n(Mx1/a1)81n(Mm2/a2)d day.

7('2 M—o00

Thus, we need to determine (C.9) and (C.10). We begin with the self-induction term
(C.10).

SELF-INDUCTION LEMMA. For w(x) smooth and rapidly decaying, the self-induction
term is given by

C11)  lim (Kw)(0)= % <-wa (0) arctan <é),wﬁ(0) arctan(a)) .

Proof. Apply (A.19) with f = K,;w, where i = 1,2 denotes the component of K. In
light of (A.18), (A.20)—(A.22), and (A.28), it is clear that the proof reduces to evaluating

. . 1
i Ku) 3y 0)= i 23 V(0)

(C12) +RM  +RM (22) sin(z2)
/m: N i(a1$1,02$2)$—n£sm ) dzoday 1
—RM X
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where H;(x) = xK;(x). Without loss of generality, take i = 2. Then, (C.12) reduces to
(C.13)

Jim (sz) (0) = wm;.(O) i, / /

where a = o /a3 is the grid aspect ratio. The term involving w,, vanishes due to oddness
of the integrand in each coordinate direction. With some care, the inner integral can be
evaluated by contour integration. In particular, the regions of integration of both the
inner and outer integrals must be divided appropriately so that the contour integration
is justified. We do not present the details here. The K integral is evaluated similarly. It
now remains to consider the lattice sum (C.9). We obtain the following result.

LATTICE SUM LEMMA. The sum in (C.9), omitting the aa; a2 prefactor, is given by (i)

= sin(wg) sin(z1)

T2 T1

dzadz,,

R al2 = 1
(C.14) S(@) = lim_ Z Z (z? oA z_:ﬁf(m;a),

=M z,——
where

(k/m)>—a®  1-aP(k/m)?
(C.15) f(m;a) = Z [[(k mE a2 T +a2(k/m)2]2] ’

where Y denotes the trapezoidal sum (i.e., the endpoints are weighted by 1). Form > 1,
we have (ii)

a’-1 1 1 (@®-1)(a*-10a2+1) 1 1
f(m; o) = 6(1+a2)2m2 " 30 (1+a?)* EE*O(_)

mb
(C.16)
1 1 1
= fz(a)m + f4(a)ﬁ +0 (W) .
Proof of Lemma. (i) Using the four-fold symmetry of the summand over quadrants,
we rewrite the sum (C.9) as
2 l2

+M
o212 " n 2
(C17) S(a)= Jim Z Z @ _}_012l22)2 = Alll—I»noo‘lZ E (l21+ et

11 -M 12—-M 1;=0 12_0

where 3" denotes that terms with l; = 0 or I, = 0 are weighted by 1. Then, by summing
first out along the diagonal of the lattice, we get

k2 — a2m? m? — a2k?
(k% + a®m?)? + (m? + o2k?)?

(C.18) S(e) = lim 422

m=1 k=0

(C19) ~ jm 4] [ Z(Uc/m)z-az +(1—a2(k/m)2)2],

Moo (k/m)2 + 022 ' (1+ 02(k/m)2)?
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21

(C.20) =4 ) —f(m;a),
Zm

which gives the result (i).

The self-induction lemma and result (i) of the lattice sum lemma together give the
second-order error coefficient in (C.3) and (C.4), and completes the proof of the the-
orem. We now consider result (ii) of the lattice sum lemma, which gives the large m
asymptotics of f and leads to our rapid summation corollary.

The function f(m; @), (C.15), is the trapezoidal rule approximation of the integrals

1 2 2 1 2
T -« 1-oz
21 —_—— —_—
(@20 |, wrrapte || Grampte
Thus, f(m;a) can be written as

(C22) f(m;a)= 1ﬂdx+/l—l———a—w—-d + By (m; ) + Ey(m; o)
O IIEET Jo @radp T o [arerp T AT IS

where the errors E; and E; are given by

o= LY _(k/mP - ' 2o
(C.23) Ei(m;a) = EEO ((k/m)? + o2)? _/0 (x2 + a?)? do
and
11— a?(k/m)? ! 1- o022
(C24) Es(m;a) = Z (TIQT((]#,;@))T)'Z / (1+ a?z2)? da

Now, by direct calculation,

1 22 a2 11— a2z

(C25) A md{z + /0 mdx =0.
And, for m > 1, the error terms can be found through the Euler-MacLaurin expansion.
This gives the result (ii).

We can now rapidly and accurately sum S(c) using the asymptotic form of f. In
particular, we obtain the following corollary.

RAPID SUMMATION COROLLARY. The sum S(c.) can be rewritten so as to converge
like O(1/m") by using the expansion (ii) in the following way:

€26) 5@)= Y & [ 1lmie) =~ ale) iz = fule) 5] + Fa@)6(8) + Fa@)C(5),
m=1
where
— 1
C(S)=m=1—ln;;, s>1,

is the Riemann-Zeta function. In particular, ((3) = 1.202056903159594 and ((5) =
1.036927755143370.
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