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Abstract

A framework is proposed that addresses both conditional density estimation and latent vari-
able discovery. The objective function maximizes explanation of variability in the data, achieved
through the optimal transport barycenter generalized to a collection of conditional distributions
indexed by a covariate —either given or latent— in any suitable space. Theoretical results establish
the existence of barycenters, a minimax formulation of optimal transport maps, and a general
characterization of variability via the optimal transport cost. This framework leads to a family
of non-parametric neural network-based algorithms, the BaryNet, with a supervised version that
estimates conditional distributions and an unsupervised version that assigns latent variables. The
efficacy of BaryNets is demonstrated by tests on both artificial and real-world data sets. A parallel
drawn between autoencoders and the barycenter framework leads to the Barycentric autoencoder
algorithm (BAE).

Keywords: Unsupervised learning, optimal transport, neural network, autoencoders, factor dis-
covery.
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1 Introduction

In machine learning, one often considers joint distributions of the form p(z, z), where x is an observable
and z some latent variable, or alternatively z is the source and x the target variable. For instance, in
images of human faces, the data space x € X may have a dimension up to 10° ~ 10° if counted in
pixels, while a covariate z € Z consisting of the face orientation is only two-dimensional.

A task of broad applicability is to extract, given data drawn from p(z, z), the conditional distri-
butions p(z|z). An example in medical studies has p(z|z) representing the distribution of blood sugar
level conditioned on a patient’s age and diet. In generative modeling, p(x|z) can represent the distri-
bution of images conditioned on a text description such as z="“cat”, and one seeks to generate samples
from p(z]z). A knowledge of p(x|z) allows one to estimate the conditional expectation E,.)[f(z)]
for any function f of interest.

Alternatively, if one is only given the raw data p(z), then one can try to infer a reasonable latent
variable z that underlies x. For instance, for the facial images, discovering z as the face orientation
explains away a great portion of the data’s variability, thereby facilitating data compression and
generative modeling.

These two problems are known, respectively, as conditional density estimation and latent variable
discovery. The former can be seen as a probabilistic generalization of classification and regression,
while the later contains as special cases clustering and dimensionality reduction. They form a pair
of supervised /unsupervised problems, such that one learns the dependency of  on z, while the other
discovers z. This paper formulates and solves both problems in a single framework based on optimal
transport.



1.1 Related work

Existing methods for conditional density estimation generally follow one of two approaches: to directly
model p(z, z) using kernel smoothing techniques [I8], [I6], or to model the mapping
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For instance, the Mixture Density Network [6] models p(z|z) as a Gaussian mixture with z-dependent
parameters, the Conditional GAN [26] models p(x|z) by generative adversarial networks (GAN), Deep
Conditional Generative Models [35] use variational autoencoders (VAE), and [I] and [39] use normal-
izing flows. Essentially, these methods apply density estimation techniques for a single distribution to
the modeling of all conditional distributions simultaneously. We will introduce an alternative approach
such that all p(z|z) are represented by a single distribution y, from which we can easily recover each
p(x|z), so that we only need to estimate p.

Existing methods for latent variable discovery are vast and rich. For discrete latent variables z,
the problem reduces to clustering, where popular methods include k-means and the EM algorithm
[3, [7]. For continuous z, we have dimensionality reduction algorithms such as principal component
analysis (PCA), principal curves and surfaces [14], and undercomplete autoencoders (also known as
autoassociative neural networks) [3]. Depending on different regularizations on z, there are also the
VAE [21], AAE [24], WAE [38], and denoising and sparse autoencoders [3]. We will identify below a
parallelism between autoencoders and the algorithms that we propose.

Our theoretical model is based on optimal transport, in particular on the barycenter of probability
measures. The idea of applying barycenters to conditional density estimation originates from [37],
while the application to latent variable discovery is based on the previous work in [36 43]. This
paper lays the theoretical foundation for the technique of barycenters, and introduces several neural
network-based algorithms.

1.2 Sketch of our approach

Intuitively, one of the principles of learning is to reduce uncertainty. Given arbitrary data, an effective
way to learn it is to find a representation of it so that some measure of uncertainty is reduced.
One prototypical example is the Kolmogorov complexity: when the data consists of a string such as
ababababab, it is natural to represent it by ab x 5, so the variability of a long string is reduced to that
of a shorter representative. Another instance is PCA, which seeks a low-dimensional representation of
high-dimensional data. It maximizes the amount of variance explained by the principal components,
thus minimizing the uncertainty remaining.

Clustering provides a similar setting: suppose that we are given the data displayed on the left image
of Figure [} divided into three labeled clusters. We would naturally learn the data by memorizing the
clusters’ common shape and their relative positions. Equivalently, as in the right image, the data can
be represented by a common distribution plus the translations that bring the three clusters to it. As
we apply these translations to transform the original data, the variance is greatly reduced.
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Figure 1: Clusters and their representative



This intuition can be summarized as follows: given a sample space X such as R? and a latent
variable space Z such as {1, 2,3}, an effective way to learn a distribution p(z, z) € P(X x Z) is to find
a representative distribution p with smaller variability, as well as the transformations between each
conditional distribution p(z|z) and p.

In a data-based scenario, we are given a labeled sample {z;, z;})¥.,. Once we obtain the transfor-
mations T, that send p(z|z) to p and their inverse transformations S,, the representative p can be
estimated by aggregating all sample points: {7, (z;)}. Then, given any z, the conditional distribution
p(x|z) can be sampled via {S, o T, (x;)}.

We can already see one advantage of this procedure: once the transformations are known, /N sample
points for p(x, z) automatically provide N samples for each conditional p(x|z). This is particularly
helpful when there are many latent variables z or when these are continuous, so that for most values of
2, the conditional p(x|z) has very few or zero samples in {z;, 2;})¥ ;. Furthermore, this procedure can
be used in conjunction with other density estimation algorithms or generative models: the difficult task
of modeling many p(z|z) (or a high-dimensional p(x, z)) is simplified into modeling a single y, and one
can, for instance, first train the GAN or VAE on p and then concatenate it with S, to model each p(z|z).

The theory of optimal transportation is ideal for the formalization of the procedure above. Intu-
itively, the representative distribution p should closely resemble each conditional p(z|z), that is, p is
the minimizer of some average “distance” between p and p(z, z) = p(x|2z)v(z):

W= argminﬂ/ distance (g, p(z|z))dv(2)
z

Thus, we refer to p as the “barycenter” of p(x,z). The optimal transport cost (or “Earth mover’s
distance”) is a good candidate for distance, such that informally the distance between two distributions
w1 and o is the minimum “work” required to transport u; (thought of as a pile of sand) to ps. When
a cost function c¢(x,y) is given (such as the Euclidean distance ||z — y||), the optimal transport cost is

IC(M17M2) ~ HTlf/C(nyT(Z))d,Ul;

where the infimum is taken over all maps T that transport p; to ps. If we consider c¢(z,T(z)) as a
measure of pointwise distortion, then I.(p(z|z), 1) is the distortion or information loss incurred on the
original data.

Optimal transportation has several advantages. The optimal transport cost I.(u1, p2) depends on
a user-specified cost ¢ and thus can directly incorporate task-specific information. In particular, if
the cost is based on the metric of the space, then I.(u1,ps2) reliably captures our intuitive sense of
distance between distributions [4], whereas other measures, such as the Kullback-Leibler divergence and
total variation, fail when the distributions have disjoint supports. Also, given that optimal transport
minimizes data distortion, it is natural to expect that p; can be easily recovered from its transported
image 2, that is, the transport maps 7T, are invertible. This is a useful property, since our procedure
needs to transform back and forth between the conditionals p(x|z) and the representative p.

The greatest advantage, however, is duality. The theory of optimal transport abounds with duality
techniques, through which we convert optimization problems over probability measures to problems
over functions, and vice versa. A general rule is that, being less restricted, functions are easier to
model and optimize than probability distributions, and we perform this conversion whenever possible.
The primal problem of conditional density estimation is often intractable, because it is difficult to
model directly each of the possibly infinitely many conditionals p(x|z). Yet, optimal transport duality
converts the primal into an optimization over one transport map T'(x, z) and one discriminator ¢ (y, z),
which can be more easily solved by methods such as neural networks.

The next step is to apply our principle of minimum uncertainty to latent factor discovery, the
unsupervised counterpart to conditional density estimation. Recall that in the supervised setting with
p(x, z), our procedure reduces the uncertainty or “variability” of p(x) to the smaller variability of the
representative (or barycenter) p. If one has the freedom to determine the labels z, one can reduce the



variability of u further. Thus, given an unlabeled data p(z), factor discovery should seek a labeling
p(z, z) that minimizes the variability of its barycenter u, or equivalently,

I%lax) Variability(p(x)) — Variability (u).
p(x,z

If, for the dataset in Figure|l} one did not know the labels {1, 2,3}, one could assign them. Clearly
some labelings are better than others: in the worst scenario, the labels {1,2,3} would be distributed
uniformly within each cluster, and our procedure would yield a barycenter p with the same shape and
size as the original data, with no variability reduction at all.

We should define “variability” in a way that generalizes variance, so that factor discovery can
yield the obvious labeling of Figure Also, variability should depend on the cost ¢(z,y) in order
to incorporate task-specific information. Intuitively, how much we learn is proportional to how much
effort we spend learning, or equivalently,

Reduced uncertainty = Work.

So we characterize “variability” as a measurement that satisfies
Variability(p(x)) — Variability () = Total transport cost /IC (p(z]2), p)dv(2). (1)

In fact, Corollarybelow shows that definition yields exactly the variance when we use the squared
Euclidean distance cost ¢ = ||z — y||*. Hence, factor discovery becomes

max Total transport cost,
p(@,2)

which differs from conditional density estimation only by the additional maximization.

This paper is structured as follows. Section [2| develops the ideas presented in the introduction,
formulating conditional density estimation and latent factor discovery in the framework of optimal
transport barycenters. Section [3] addresses the algorithmic aspects, proposing the supervised and
unsupervised BaryNet algorithms, which use neural networks. It also discusses BaryNet’s relation to
existing methods, in particular the autoencoders, and introduces the Barycentric autoencoder (BAE)
based on BaryNet. Section [4] tests the performance of the BaryNet algorithms on real-world and
artificial data sets, and verifies that they can reliably solve conditional density estimation and latent
factor discovery. Finally, Section [f] summarizes the results and discusses possible future work. The
proofs of most theorems are provided in an appendix.

2 Theoretical foundation

The ideas presented in the introduction are formalized and proved in this section. We first define
optimal transport barycenter and prove its existence. Then, we obtain the conditional transport map
T(z,z) from a minimax problem. Finally, we prove the variance decomposition theorem and justify
our definitions of variability and latent factor discovery.

2.1 Preliminaries

We denote by X and Z the sample and latent variable spaces, and by Y the space that the barycenter
w1 belongs to. In practice one often has X =Y, but this is not required here.

Most of our results will be presented with (X,Y,Z) Polish spaces, which are complete separable
metric spaces. These have enough structure to handle problems of optimal transport, while they are
general enough to include most spaces in real-world applications, such as Euclidean spaces R?, closed
subsets of R?, complete Riemannian manifolds M?, discrete sets such as {1, ... K}, and function spaces
such as C([0,1]), P(R9).



Given a Polish space X, we denote the space of continuous functions by C'(X), the space of bounded
continuous functions by Cy(X) and the space of Borel probability measures by P(X).

For clarity, we sometimes write a measure p € P(X) informally as p(z) to indicate the space it
belongs to, not implying by this that p has a density function, unless explicitly declared. For joint
probability measures, e.g. 7 € P(X X Y x Z), we denote its marginals by 7x, 7y z, etc. The tensor
product of probability measures p and v is denoted by p ® v.

Given p(z,z) € P(X x Z), we define the conditional distributions p(x|z)v(z) = p(z, z) using the
disintegration theorems [9]. The conditional p(z|z) always exists as a Borel measurable map from Z
to P(X) in the topology of weak convergence, and it is unique v(z)-almost surely. Conversely, given
v(z) and a measurable p(z|z), we define the joint distribution p(z, z) := p(z|2z)v(z) by

Vi € Cp(X x Z), /z/Jdp(x,z) = /wdp(x\z)du(z)

2.2 Optimal transport and barycenter
A map T : X — Y pushes-forward p € P(X) to pp € P(Y) (denoted T#p = p) if

u(A) = p(T~(4))

for all measurable subsets A C X. Monge’s original formulation of optimal transport [27]:

inf c(z, T(x))dp(x
it [ el @) dn(o)
minimizes over all transport maps 7' the expected value of a cost function ¢ on X x Y. Kantorovich
[19] generalized the transport maps to probabilistic couplings,

H(/Onu) = {7'(' € P(X X Y)7 TX = P, Ty :M}v

relaxing the optimal transport problem to

I.(p,u) = inf / c(z,y)dmr(z,y). (2)
mel(p,p) Jx <y

If the minimum of is achieved by some coupling 7, we call it an optimal transport plan, or a

Kantorovich solution. If 7 is concentrated on the graph of some function 7' : X — Y, then T is called
an optimal transport map, or a Monge solution.

Inspired by definitions from [37] and [20], we define optimal transport barycenter as follows:

Definition 1 (Barycenter problem). Given a cost function ¢(z,y), a labeled distribution p(z,z) =
p(z|2z)v(z) € P(X x Z), and any p € P(Y), the total transport cost between p(z,z) and p is defined
by

L(p(z, 2). 1) = /Z L(p(z|2), ) (2) 3)

If the minimum total transport cost

i f IC ) b
anf (p(z,2), 1)

is achieved by some p, then we call it the barycenter of p(x, z).

The notion of a barycenter of finitely many conditionals p(z|z) (that is, the label space is finite:
Z = {1,...K}) was introduced in [8 10, B2], and its existence, uniqueness, and regularity were
examined in [2 B0, 20]. Barycenters of infinitely many conditional distributions are studied in [31], 20],
which deal with the case when X is either Euclidean space or compact Riemannian manifold and c is
the squared distance cost.

We show that the barycenter problem as defined above is well-posed, and the barycenter exists
under general conditions:



Theorem 1 (Well-posedness and Existence of Barycenter). Let X, Y, Z be Polish spaces, let ¢ € C(X x
Y') be a continuous cost that is bounded below (inf ¢ > —o00), and let p(z, z) = p(x|z)v(z) € P(X x Z)
be a probability measure. Then,

1. Given any p € P(Y), the total transport cost is well-defined, and

I.(p(-|2), p)dv(z) = min / c(x,y)dm(z,y, 2), 4
JRZCIBROZE RS I L L ()
TXZ=P
Ty z=pQv

so there exists a Kantorovich solution in the form 7 € P(X x Y x Z).

2. If Assumption [If from Appendix [A| holds, then there exists a barycenter u € P(Y'). Specifically,

min I.(p(:|2), p)dv(z) = min / c(z,y)dn(x,y, 2), )
,Hmé<mmm<>ﬂﬂ$¥mmwz<w<y> )

TY z=Ty Tz
and the marginal 7wy of every solution 7 is a barycenter.

Proof. See Appendix [B] Note that my; = 7y ® mz implies that the barycenter is independent of the
latent variable. O

Remark 1. There are pathological examples where the barycenter does not exist: if X =Y = R% and
c(z,y) = exp[—||z —y||?], then any barycenter will tend to be pushed arbitrarily far away. Assumption
is modeled after the squared distance cost ¢ = ||z — y||? and prevents such degeneracy.

2.3 Conditional transport maps

Having shown that the barycenter u exists, the next step is to find the transport maps 7, and inverse
transport maps S, between each conditional distribution p(x|z) and p(y).

From Theorem [I} the barycenter problem admits a Kantorovich solution 7 € P(X x Y x Z). If
7 should also be a Monge solution, that is, 7 were concentrated on the graph of some transport map
T:X x Z —Y, it would follow that for v-almost all z,

T 2)#p(x]z) = p(y)
or equivalently, ~ R
TH#p(z,z) = p(y) @ v(z), where T(x, z) := (T(x, 2), 2) (6)
We show that this holds in general:

Theorem 2. Given Polish spaces X,Y, Z, probability p(z,z) € P(X x Z) and cost ¢ € C(X xY)
that is bounded below (inf ¢ > —o0), under Assumptions 1| and [2| from Appendix the barycenter
problem has a Monge solution: the minimum total transport cost becomes

min sup [ e T(w. ) — by (T, 2)) ()] ol 2 (7)
Borel measurable 4y (y)eCy (V)
' $z(2)€CH(Z)
[z (2)dv(z)=0

and every minimizer T is a transport map from p(z, z) to a barycenter u(y).
Proof. See Appendix [C] O

Remark 2. The test function ¥y (y)1z(z) in (7)) serves as the “discriminator” that checks that all the
conditional distributions p(z|z) have been pushed-forward to the same barycenter p. The technique of
discriminator has appeared in [4] to train the generative adversarial networks, and it has been applied
to the barycenter problem by [37], which derived test functions of the form

¥(y, z) such that/w(y,z)dz/(z) =0



Theorem improves this technique, because ¥y (y)®z(z) has much less complexity than ¥(y, z). From
a data-based perspective, with the distributions given through sample points {z;,y;, 2;}X ;, the test
function ¥ (y, z) becomes a full N x N matrix, whereas ¢y (y), %z (z) are two 1 x N vectors, which can
be seen as providing a rank-one factorization of 1 (y, z). Later sections show that all computations are
thereby reduced from quadratic to linear time O(N).

An explanation for this improvement is that the barycenter problem has more freedom than the
ordinary optimal transport problem. Optimal transport would require the pushforward T#p(x, z) to
match a fixed target distribution, so that the dual problem needs to mobilize the entire C(Y x Z)
to pin it down. For the barycenter problem, however, Theorem (1| shows that 7y z = T #p(x,z) only
needs to satisfy the independence condition

Tyz =Ty @Tz.

Correspondingly, the dual problem only requires a small subspace of Cy,(Y x Z).

Regarding the inverse transport maps S, one approach is to set S, = T, "!. This is viable in many
scenarios: for instance, by Brennier’s Theorem [41], the inverse function T, ! exists almost surely,

T, oT.(z) = z for p(z|z)-almost all z,

and it is the optimal transport map for the inverse transport,
T, #u = p(z]2).

Then, computing S, becomes a simple regression problem. Given the labeled data {z;, 2}, we first
compute the barycenter {y; = T'(2;, z;)} and then find a map S : Y x Z — X that approximates {z;}
by {y;,z;i}. This is the approach used by our algorithms.

It might be helpful to note that there is a more general approach, which directly solves the optimal
transport from u(y) ® v(z) back to p(x,z). Assertion 1 of Theorem |1 shows that there is always
a Kantorovich solution, while the arguments of Theorem [2| can be applied to show that the inverse
transport map S(y, z) can be solved from

Borgh g “n /[C(S(y’z)’y)_w(s(y’z)’z)}dﬂ(y)dl/(z)+/¢(ar,z)dp(x,z).
orel measurable y, (5 2)eCy, (X x Z)

Remark 3. As discussed in the introduction, given a labeled sample {z;, z; })¥ ;, we can estimate each
conditional distribution p(z|z) by the computed sample {S, o T%,(x;)}~,. Yet, when X = Y is an
Euclidean space and S,(x) is differentiable (e.g. when S, is modeled by a neural net), we can also
derive the probability density function of p(x|z): First, estimate the barycenter’s density u(y) from
the computed sample {y;}; (e.g. by kernel smoothing). Then, since S.#u = p(z|z), the density of
p(x|z) can be computed through

ple|z) = |J(S:(x))] - p(S:(2)),

where |J| is the Jacobian determinant. Then, we can estimate the density function p(z,z) through
p(x|2)v(z), where v(2) is estimated from the {z;}.

2.4 Latent factor discovery

Finally, we justify the definition of variability, from which it follows that the minimization of the
barycenter’s variability, which is the objective of factor discovery, is equivalent to the maximization of
total transport cost. We illustrate this intuition in the case where X = Y = R? and c(z,y) = ||z —y||*.
Then, the optimal transport cost I. becomes W, where Wy is the 2-Wasserstein distance. (See [41} 42]
for a reference of Wasserstein distance, and [2] for Wasserstein barycenters.)



Theorem 3. Given any measurable space Z and probability measure p(x, 2) = p(z|2)v(z) € P(R¢x Z),
there exists a Wasserstein barycenter yu € P(R?) that satisfies

Var(p()) — Var( /W2 (2]2). ) (2). (8)

Proof. See Appendix@ for the proof. The intuition is that the geometric properties of R? can be lifted
o (P(R%),Ws). Specifically, consider the trivial case with Dirac masses:

K
k=1

where Py are positive weights. Then, p(z) becomes . Pid,,, and the unique Wa-barycenter p is
the Dirac mass on the mean of p(z). Both sides of reduces to Var(p). Applying approximation
arguments repeatedly, we can solve for general distributions over P(R?). Meanwhile, if we consider
p(z|z) as a random variable from Z to P(R?), then v(z) gives a distribution over P(R?). O

Corollary 4. Let V : P(R?) — RU {00} be any function such that V(8,) = 0 for any Dirac mass §,.
Then, V is the variance Var if and only if for any measurable space Z and any p(z, z) € P(R¢ x Z),
there exists a barycenter p that satisfies

V(P(ﬂf))*V(u):/ W3 (p(a]2), p)dv(2) (9)

Proof. The “only if” part follows from Theorem |3 I For the “if” part, set Z = R%. Given any p(x) €
P(RY), set p(x, z) = 0,(x)p(z). Then, the X-marginal of p(z, 2) is p(x), and the unique barycenter p
is the Dirac measure at the mean of p(x) Then, (9) reduces to V(p(z)) = Var(p(z)). O

Since a Dirac measure d, represents a deterministic event without any uncertainty, V'(d,) should
be zero for any reasonable variability function V. Then, it follows from Corollary [] that the variability
defined by is exactly the variance Var, when the cost is the Euclidean squared distance.

Remark 4. As a further justification, notice that if the cost c(z,y) = ||z — y||? is generalized to
(x —y)TQ(x — y) for some positive-definite symmetric matrix @, then the corresponding variability
becomes a “weighted” variance, with a different scaling factor in each eigen-direction:

Vip) = /(m —0)7Q(x — T)dp(x) = Var(y/Q#p)

where T is the mean and /Q#p is the pushforward by the linear map /Q.
Proof. Given any p(z, z), formula (5)) becomes

win, [0 Q@ - ydr@y) = win, [ o= ylPdV/QV/Q Id#r(,1.2)
T€P(RXR* %X Z) TE€P(R*XR*X Z)

wx z=p(x,2) wx z=p(x,2)

Ty z=Ty QT z Ty z=Ty Q77

= Var(v/Q#p(z)) — Var(\/Q#p),

where /Q# is a barycenter of (v/Q,Id)#p(z,z) (under cost ||z — y||?) that satisfies (8). Then, u is
a barycenter of p(x, z) (under cost (x —y)TQ(x — y)) and satisfies @ with V(p) = Var(vQ#p). O

It follows from definition that the variability of the barycenter is complementary to the total
transport cost @ to the barycenter. As argued in the introduction, given any unlabeled data p(z),
latent factor discovery looks for a labeling p(z,z) that minimizes the variability of its barycenter.
Then, factor discovery has the following equivalent formulation based on :

o min s [ [ 7w,2) = v (T(a, 2w ]dol. 2). (10)
p x7z measura (S] w y GC Y
pX:p(w)T.XXZ*)Y 1&2(2)60[;(2)

f Yz (z)dv(z)=0



To solve (10), factor p(z, z) into p(z|z)p(z), where p(z|z) is the conditional label distribution for
the sample point 2. In particular, when Z is finite, p(z|z) can be seen as a classifier on X. Thus, an
effective way to optimize p(z, z) and regularize the solution is to parameterize p(z|z): e.g. we can set

po(z|z) = Go(z, 2)#N(0,1)

where Gy is a neural net and A/(0, ) is a unit normal distribution.
Nevertheless, trivial solutions could arise from sup,, .). For instance, whenever X = Z, we can

set
P, 2) = 8,(2)p(x) = 6.(2)p(2)

then all of the data p(z) will be compressed to a barycenter that is a Dirac mass. This situation is
analogous to an autoencoder whose hidden layers have the same size as the input/output layers, so
that the network can become the identity function and learn the trivial latent variable z = z. We will
discuss ways to regularize p(z,z) and its connection to autoencoders in Sections and

3 Algorithmic design

In the previous section, we converted conditional density estimation, a problem involving probability
distributions, to the dual of the barycenter problem @, which involves only functions. Then, latent
factor discovery becomes with an additional maximization over all labelings p(x, z) whose marginal
px is the given unlabeled distribution p(x).

In practice, we are given a labeled finite sample set {z;, 2;}~; for conditional density estimation,
and the objective @ becomes

N
1nf 51;1)[, T, § % Z clxz;, T, 37“ Zz)) ’(ﬂg ( (.131, zl))lﬂg (Zz)] (11)

where T, ’(/Jg/, 1/152 are maps parameterized by 7, & and

VE (2) = (2 NZ¢ (12)

which is a sample-based version of the constraint [ ¢Zdv = 0 from .

For factor discovery, we follow the analysis in Section to model the labelings p(z,z) via
po(z|z)p(x), where py(z|x) is a parameterized conditional label distribution. Then the objective
becomes

N
suplnfsupL 0,1,6) = Z \C,,L) IEz,TT(Iu )) 1/’5( (@i ));/;g(z)]

v (13)

P(2) = 0%() = 5 D By et (2):

i=1

It could be difficult to compute the expectation E,,.|,,) directly, unless it has an analytical solution
or Z is finite. For simplicity, we often restrict to the case pg(z|z) = J.,(s), that is, the labeling is given
by a deterministic map, z; = zg(x;).

In the following sections, we demonstrate the efficacy of and by implementing them
through neural networks. We focus on the special case when X,Y are Euclidean spaces, Z is either
Euclidean or finite, and the cost c is differentiable.

3.1 BaryNet

Since and the deterministic version of are optimization problems that involve only functions,
it is natural to solve them by neural networks. By Theorems 1 and 2 of [I7], feedforward neural



nets are universal approximators for continuous functions C'(R?) and measurable functions L!(dp),
so they can model the continuous test function %Y (y) (and ¥?(2) when Z is Euclidean) and the
measurable transport map T'(z,z). We can also model the conditional latent distribution py(z|z) or
the deterministic zg(z) by neural nets, if we require that they depend continuously on their parameters.
Hence, and become a collection of interacting networks, an architecture that we refer to as
“BaryNet”, for barycenter network. As and can be seen as a supervised /unsupervised pair,
we call the corresponding networks the supervised/unsupervised BaryNet.

One advantage of neural nets is the ease to control their expressivity. A neural net can approximate
any continuous function if either its width [I7] or depth [23] goes to infinity, so we can adjust the
network’s size to solve problems with varying complexity. In factor discovery, for instance, if we know
a priori that the ideal labeling zgp should approximate the data’s principal components, or if we desire
simple labelings that are more easily interpretable, then we can reduce the size of zy.

Another advantage is that the structure of the solution can be easily encoded in the network
architecture. For instance, if the ideal solution should be a perturbation to the identity: f(z) =
x + o(]z|), then we can model only the perturbation part: fg(x) = x + gg(x). This approach, known
as “residual network” [I5], makes the network easier to optimize and increases the likelihood to reach
optimal solutions. It turns out that this residual design resembles the structure of the transport map
T(z,z).

3.1.1 Transport and inverse transport nets

As in residual networks, our transport map can be modeled as
TT(x’Z):x+RT(x7Z)7 (14)

if the transportation takes place within a single space, X =Y = R%. A motivation is that solutions to
the barycenter problem @ generally have the following properties:

1. Each transport map T,#p(z|z) = u starts from an identity component x. This holds in general
for optimal transport maps in Euclidean spaces, as these are special cases of the transport maps
on complete Riemannian manifolds:

T(x) = exp, (R(x))

where R(z) is a tangent vector that “points” to the transportation’s destination (e.g. see Mc-
Cann’s theorem, Theorem 2.47 of [41])), which in the Euclidean setting reduces to T'(z) = 2+ R(z).

As a concrete example, Theorem 2.44 of [41] shows that if the cost ¢ = ¢(z — y) is strictly
convex and superlinear, and if the source and target measures are absolutely continuous, then
the optimal transport map has the residual form

T(x) =x — V' (Vo(x)),

where ¢* is the Legendre transform of ¢ and ¢ is c-concave. Another example is provided in
Section 3.3 of [36]: if p(x|z) and p have similar shapes, then the transport map have the form

T(z)~x+B(2), Bz) =7 —=(2), (15)

where Z(z), 7 are the means of p(z|z) and p. This T'(z) approximates the optimal transport map
up to the first moment.

2. Each T, is invertible: it was argued in Section that under general conditions, such as under
the hypothesis of Brennier’s theorem [41], the transport map T, is invertible p(x|z)-almost surely
and its inverse T, ! transports u back to p(z|z). The residual design is an effective way to
ensure that T, is invertible: if the residual term is small, in the sense that V, R =~ O, then the
inverse exists locally by the inverse function theorem, and it has the form

S:(x) = = = R(z,2) + O([|Vo R(z, 2)|| - | R(z, 2) )- (16)
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An additional benefit of the residual design is that the Jacobian matrix VT is close to the identity
when the residual term is small, thus alleviating both the exploding and vanishing gradient problem
during training [15].

Regarding the inverse transport map S(y, z), formula suggests that we should also model
S(y,z) as a residual network with the same architecture as 7. As argued in Section after the
transport map T is obtained from the barycenter problem or , the inverse S(y,z) can be
found through a regression problem:

N
i%f EP(az,z) [C(l‘, So (T (, :| ~N ; i, So(Yis Zﬁ)) (17)

3.1.2 Label net

For the factor discovery problem , we focus on two cases, when Z is either finite: Z = {1,... K}, or
Euclidean: Z = R*. For the finite case, the conditional label distribution p(z|z) becomes a probability
vector, which can be modeled by the SoftMax function

SoftM 610};(96-) ePb (@)

= SoitMa; s e -

po(l) = SoftMax (po () = [Ek S e

where py(z) : R? — R¥ is some neural net. The test function % (z) reduces to a vector [q1, ... qx],

and the transport map T'(x, z) splits into K maps T%(z). The objective (13) becomes

Z\H

suplnfsupL 0,7,8) =

N K
2 > polkles) el T ) — v (T7 ()],
i=1 k=1

K

s :qkuthpe (rlze)
1=

If we consider the conditional distributions py := p(z|k) as clusters, then p(k|z;) is the membership
probability that sample z; belongs to cluster pi, and p1,... px become a clustering plan for p(z) with

weights Zf\;l p(k|x;). Hence, problem reduces to clustering (with soft assignments).

(18)

Remark 5. In prior work, optimal transport barycenter has been applied to the clustering problem
n [36], [43], which study the case with squared Euclidean distance cost and solve directly the primal
problem

min Var(barycenter) (19)

p(k|z:)

instead of the dual problem . If we simplify the transport maps T} by their first-moment approxi-
mations 7 then [36] shows that produces the k-means algorithm. If we approximate T} so that
it aligns the second moments of p(z|z) and p, then [43] shows that leads to more robust algo-
rithms that recognize non-isotropic clusters. While [36], [43] only compute the membership probabilities
p(k|x;), the dual problem solves for both p(k|x;) and T}, without any simplifying assumption on
Ty

For the Euclidean case Z = R*, we focus on deterministic labelings p(z|z;) = 6., and model z; by
zg(x;). Then the objective simplifies into

N
Sl;.p iI;fSlgp L4,7,¢) = %Z [C(l’i,TT((Ei,ZQ(.'L'i))) 1/)5 ( (xl,ze(xz)))zﬁgz (ze(mi))]7

i=1

~Z N
Y7 (2) = Z (z0(zi))

(20)
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An interesting property of the labeling p(x, z) is that it is invariant under bijections of the latent
variable space Z. This is trivial for the clustering problem, since any permutation of the labels
Z ={1,... K} produces a different but equivalent labeling. In general, given any p(z, z), T(z, z),9?(2)
for the factor discovery problem and given any measurable f : Z — Z, the triple

((Id7 f)#p(x,z), T, "/)Z)

produces the same value as
(p(l‘,z), To (Idaf)a ¢Z © f)a
so they can be considered equivalent solutions.

This invariance suggests that we can reduce the freedom in the architecture of zy without affecting
the expressivity of the BaryNet. Let NN(X,Z) denote the set of all neural nets mapping X to Z.
Originally, z¢ should range in NN (R RF), which is dense in C(K,RF) for any compact K C R
but now we can restrict to some smaller family Z C NN (R, R¥) such that NN (R*, R¥) o Z is dense
in C(K,RF). For instance, it is straightforward to show that Z can be the set of bounded Lipschitz
neural nets whose last layer is bias-free. Such restriction is helpful for training, as it reduces the size
of the search space.

Remark 6. The finite case and the Euclidean case can be combined into a cluster detection
task: first, we solve with Z = R* and k < 3 small, so that Z can be visualized. Then, we inspect
the latent variables {z;} to see if there are recognizable clusters, and how many. If so, we perform
clustering on either the original data {z;} or the processed data {z;}.

Without any regularization, problem might yield degenerate solutions: If dimZ =k > d =
dimX, then the optimal solution is the trivial labeling z = z, that is, p(z,2z) = J.(z)p(z). One
simple regularization is to impose a bottleneck architecture, setting k& < d. It is analogous to the
undercomplete autoencoder [12], whose intermediate layers are smaller than the input/output layers so
that the autoencoder cannot pass by learning the identity function. As it turns out, the connection to
autoencoders runs deeper than this.

3.2 Relation to autoencoders and generative modeling

The unsupervised BaryNet can be conceptualized in terms of encoders and decoders. The label
net z¢ (or more generally py(z|z)) encodes each x; into a latent code z;, and to recover x;, the inverse
transport map S(+, z) decodes z; probabilistically as the conditional distribution p(z|z;) = S, #p. Then
the “reconstruction loss” of the encoding/decoding process should be proportional to the variability
of plal2),

Reconstruction loss o /V(p(x\z))dv(z). (21)

Meanwhile, it is natural to expect that the variability of the barycenter V(i) is positively correlated to
each V(p(x|z)), that is, greater variability in the conditional distributions results in greater variability
in their representative p. By combining the two correlations, it appears that V() behaves like a
reconstruction loss, making the factor discovery problem analogous to an autoencoder.

We formalize this intuition in the case when X =Y = R with squared distance cost c(z,y) =
|z — y||?, and when all conditionals p(x|z) are Gaussians. By Corollary |4} the variability V' becomes
the variance Var. Denote each p(z|z) by N(Z(z),S(z)), where T is the mean and S is the covariance
matrix. Denote the principal square root matrix by v/S.

Theorem 5. Given any measurable space Z and any p(z,z) = p(z|2)v(z) € P(R? x Z) such that
each p(x|z) is a Gaussian distribution N (Z(z), S(z)), if the marginal p(z) has finite second moment:
E, () [llz[[?] < oo, then there exists a barycenter x, which is a Gaussian N (Z, S) and satisfies

T= /E(z)dv(z) = E,@) (]

S:/\/\/§~S(z) VS du(z).
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Furthermore, if the set of z such that p(z|z) is non-degenerate (its covariance S(z) is positive-definite)
has positive v-measure, then this is the unique barycenter.

Proof. See Appendix [E] O

Theorem [5| implies that the variability of the barycenter V(u) = Var(n) = Tr[S] is positively
correlated to the variability of the conditional distributions V(p(z|z)) = Tr[S(z)]. A rigorous argument
could apply the implicit function theorem on Banach spaces to show that S depends differentiably on
S(z) € L*((R¥,dv) — R¥*9) and that any perturbation to S(z) that increases its eigenvalues would
also increase the eigenvalues of S. Nevertheless, the following corollary seems sufficient to justify the
positive correlation.

Corollary 6. If we further assume that each p(z|z) is an isotropic Gaussian: S(z) = std?(z) - Id, then
the unique barycenter is an isotropic Gaussian with a standard deviation of

std = /std(z)dv(z).

Proof. Insert S(z) = std?(z) - Id into Theorem a

It follows that V' (u) = std? is proportional to [ std?(z)dv = [V (p(z|z))dv(z).
Meanwhile, the intuition can be justified by the calculation:

[ vartotaionao) = 5 [[ [ e~ uiPdotaldotulz)aoie)

=5 [l = vPdptulapein)anta)
1

= 5@ Epeln iyl (12 = y17]
%Ep(x)EencoderEdecoder [pointwise reconstruction error ¢(z,y)],

where we interpret the conditional label distribution py(z|x;) as the encoder and the conditional density
p(x|z;) = S.#u as the probabilistic decoding of ;. The last term above is exactly the reconstruction
loss of a stochastic autoencoder, and has been used as objective function by models such as the
Wasserstein autoencoder (WAE) [38].

We conclude that the barycenter’s variability is positively correlated to the reconstruction loss of
the encoder py(z|z) and decoder S,#pu, thus verifying the analogy between unsupervised BaryNet and
autoencoders. Nevertheless, a positive correlation does not imply equivalence. For instance, for the
clustering problem with Z = {1,... K}, the classical autoencoder’s reconstruction loss reduces to the
sum of within-cluster variances and the algorithm becomes k-means. Yet, [43] shows empirically that
minimizing the barycenter’s variance leads to more robust algorithms than k-means.

Remark 7. This correlation was foreshadowed by [36], which studied the primal problem of
factor discovery. Suppose that all p(z|z) have the same shape (i.e. equal up to translations), then
the transport maps T, are simplified into , and factor discovery reduces to finding a principal
surface (hypersurface). Similarly, the undercomplete autoencoder essentially constructs a principal
surface. This equivalence is more pronounced in the linear regime: assuming further that zy is linear,
then factor discovery reduces to principal component analysis [36], while the autoencoder without
nonlinearity also becomes PCA [12].

Naturally, the next step is to apply the regularization techniques of autoencoders to BaryNet, as
we have already explored the undercomplete autoencoder in Section [3.1.2} One popular regularization
requires that the latent distribution v(z) of any labeling p(z, z) must match some prescribed distri-
bution Pz (e.g. a unit Gaussian in Z = R¥). Then, the task of the autoencoder reduces to finding a
coupling p(x, z) between p(z) and Pz, such that the encoder p(z|z) and decoder p(x|z) minimize the
reconstruction loss. The motivation of this regularization is that v = Pz becomes easier to sample,
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and together with the decoder m(z|z), it makes possible the random sampling of p(x). Often, the
requirement that v(z) = Py is relaxed, replacing it by a penalty on some distance between v(z) and
Pz B9

This regularization technique was introduced by the Adversarial autoencoder (AAE) [24], which
refers to Py as the prior and the latent distribution v(z) as the aggregated posterior. AAE is based on
the Variational autoencoder (VAE) [21], which penalizes the KL-divergence between the conditional
latent distribution p(z|z) and Pz,

Ep(x) [Drr(p(2]2), P7)]
and AAE replaces this penalty by
Dgan(v(z), Pz)

which is given by a discriminator network between v(z) and Py.

By applying this regularization to the factor discovery problem, we obtain

min V (barycenter of p(z, z)).
p(z,2)EP(XXZ) ( Y p( ))
px=p(®),pz=Pz

Then, we derive a problem analogous to unsupervised BaryNet ,

sup1nfsupL(9 T,8) = ;E)Epe(z|aj)|: ($7T7($7Z)) 1/’5 ( 7 (2, Z))¢£ ( )]

- [ <z>Epe<z|x br(2) = EPZm(z)] (22)
which we call Barycentric autoencoder (BAE). The additional term in is equivalent to

iré}f sup E(yy—py)(2) [¢T(Z)]

and serves as a discriminator that enforces v = P5. Alternatively, we can use the f-divergences or the
maximum mean discrepancy [13] 38] to penalize the difference between v and Py.
Once the barycenter  ~ {y;}, and inverse transport map S(y, z) are computed, p(z, z) can be
estimated through _
plw,2) = S#(u ® Pz) = {S(ys, ) Y=

where {z; }]Ail is any sample drawn from Pz. An advantage of BAE is that since the distribution Pz
is known, there is an unlimited supply of {z;}, and thus unlimited samples for p(z, z) and p(x).

3.3 Semi-supervised factor discovery

Let us mention briefly that BaryNet can be adapted to the semi-supervised setting. Since the super-
vised and unsupervised differ only in the freedom to choose py(z|z), it is straightforward
to modify p(z|x) to be semi-supervised in the following two scenarios, which we demonstrate in the
deterministic case with zg.

In the first scenario, only a subset of the sample has labels. In this case, we have a labeled sample
{z}, 2}, and an unlabeled sample {x } 1- Then, problem assigns labels or latent variables z;
to the unlabeled sample through

sup1nfs1£1pL 0,71, ;\\fz_: )) 7/15 ( (%721))1/)5 (Zz)}
12\ &
F S [l T w3 20(a2) — 0 (T (e, 20 @2) O (20a2)] (23)
j=1
z z e z 1- 2 & z 2
) =07 () — 3 Yo ) - S e a(a?)



where A € (0,1) is a constant that weights the two samples.

In the second scenario, only some of the labels z! are provided, while others z? are hidden. This
scenario was introduced in [36] as factor discovery with confounding variables: we are given a labeled
sample {z;, 2z} } and need to discover a hidden label {22}. For instance, z; can be climate data, 2} can
be time of the year, and the uncovered 2? could correspond to a priori unknown climate patterns such
as El Nino. Then, assigns the label 22 through

supinf sup L(9,€, 7 ;g[ 11, T, (21, 23 (00)))) — Y (T (s, (21, 2B ()0 (=1 230 |

— 1 &
Yo (z) = - NZ EACH)E

3.4 Optimization

We train BaryNet by gradient descent. Since and are min-max problems, we need optimiza-
tion algorithms that are guaranteed to converge to the saddle points, such as the optimistic mirror
descent (OMD) [25] and the quasi implicit twisted descent (QITD) [I1I]. Note that naive methods such
as alternating SGD fails to converge [I1] even for elementary problems such as

infsupz - y.
Ty
For reference, the algorithms OMD and QITD are listed in Appendix [F]

It is common for saddle point algorithms to assume some convexity condition, e.g. the objective
function is (locally) quasiconvex-quasiconcave [I1]. Then, minimax theorems such as Sion’s [34] imply
that (locally) the minimization and maximization can be interchanged. In fact, one can check that
neither OMD nor QITD discriminate between

inf sup F(x,y)
Ty

and
supinf F(x,y) = —inf sup (—F(z,v)),
y Yy =z
since their update steps for the two problems are the same. Hence, whenever we apply these saddle
point algorithms, we are allowed to exchange the inf and sup, so the factor discovery problem can
be modified into
sup inf sup L(0, 7,&) = inf sup L(0, 7, ) (24)
o6 7T ¢ T 0
Remark 8. It is possible to avoid the min-max in problem by using the maximum mean dis-
crepancy (MMD) [13]. The max in arises from the discriminators 1Y (y)?(2), which enforce the
independence myz = my ® mz. We can instead penalize the MMD between 7y 7z and my @ 7z: let
k(y1,y2), h(z1, z2) be characteristic kernels on Y, Z,

MMD(ﬂ'yz,ﬂ'y X 7Tz)
:Eﬂ'yz(yyz)]EﬂYz(y’,z’) [k(y7 y/)h(za Zl)] - 2E‘n’yz( 7z)IE7ry(y/)IE‘n-Z(z’) [k(y, yl)h(z7 ZI)}
+ ]Eny(y)sz(z)EMy/)sz(z/)[k( y)h(z,2)]

(2,
9 N
R ) R o ) = g 2

N

N
By ym) - Y bz, 7))
1 n=1

i=1 n=1 m=
1 N N
"I 2 Fe) 2 M)

where {y;, z;}I¥ | is a sample of my z. Then, (1)) simplifies to a minimization problem A disadvantage,
however, is increased computational time. Computmg the objective function in ) takes only O(N)
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time, whereas the above estimator for MMD takes O(N?) time. It is possible to use subsampling to
reduce both the sample size of my ® mz and the cost of MMD down to O(N), giving O(N) time in
total, but at the expense of increasing the variance of the estimator.

4 Test results

In the following sections, we test BaryNet on real and artificial datasets. Section uses supervised
BaryNet (|11]) on synthetic conditional density estimation problems, while Section uses unsupervised
BaryNet on latent factor discovery problems, discovering meaningful hidden variables in climate
and earthquake data. Section 3] offers a closer look into the functioning of BaryNet, showing how it
learns the dependency of data x; on label z; and uncovers patterns in climate data. Finally, Section
[£:4) applies the transport maps 7%, S, to color transfer.

4.1 Artificial data

In order to evaluate supervised BaryNet’s performance on conditional density estimation, we devise
a sample with known conditional distributions. Set X =Y = R% Z = R, and ¢ = ||z — y||*>. The
data {z;, z;} consists of 500 points drawn from the distribution p(z|z)v(z) where v(z) is uniform over
[—1,1] and each p(x|z) consists of a mixture of two Gaussians,

1 (z+1)/2 0.1 1 —(z+1)/2| (0.1
plelz) = 2N({—(z+1)/2 ’ 01| )TN | ez | 01|)
Below are the results of applying supervised BaryNet with the QITD algorithm. See Appendix
for the network architecture and training parameters.

labeled data

unlabeled data Barycenter, round=10000

10 [ ‘"
. o
05 e s
.
00 ¢ ‘.o ® ..P.ﬂl °
.

C. {
A

Figure 2: Left: the labeled sample p(z, z) ~ {z;,2;}. Middle: the X marginal, p(z) ~ {z;}. Right:
the barycenter u ~ {y; = T'(z;, 2;)} produced by BaryNet.

Then, the inverse transport map S(y, z) is computed from using SGD. Below, the conditional
distributions p(z|z) &~ {S(y;, z)} recovered by BaryNet (in orange) are compared with samples of the
same size drawn from the true distribution p(x|z) (in blue).
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Figure 3: Left: p(z|z = —1). Middle: p(x|z = 0). Right: p(z|z =1). All of them show a close match.

We see that BaryNet can reliably recover the conditional distributions p(z|z). In particular, its per-
formance does not deteriorate in the extreme cases with z = +1, at the two endpoints of the support

of v(z).

4.2 Continental climate and seismic belt

To evaluate unsupervised BaryNet’s performance on latent factor discovery, we apply it to real-world
data that has a meaningful latent variable and test whether BaryNet can discover it. The first dataset is
the average daily temperature recorded from 56 stations across U.S. in the ten-year period [2009, 2019),
provided by NOAA [28]. The sample space is X = Y = R0 and each z; represents the temperature
distribution in U.S. at a particular date. The cost is set to be ¢ = ||z —y||?>. An intuitive latent variable
would be the seasonal effect, represented by the time of the year

2

cos [365

(date — n)] , (25)
where n is the coldest day in the year (around January 15 in U.S.). Thus, the latent space is Z = R. We
apply unsupervised BaryNet in its min-max formulation and train it by the OMD algorithm.
As argued in Section we restrict the label net zo(x) to be Lipschitz, using the clamp function
introduced by [4], and set its last layer to be bias-free. See Appendix for implementation details.

Below are the results of BaryNet on the temperature data {x;}. The discovered latent variable {z;}
exhibits periodicity in time and a strong correlation with , with a Pearson correlation of 0.9686,
indicating that BaryNet has discovered the seasonal effect, from an input that does not contain any
information on time. The non-periodic component of the discovered z, a multiyear modulation with a
scale in the order of four years, is consistent with El Nifio Southern Oscilation.
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Correlation between time of year and latent variable
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Figure 4: Up left: The chosen weather stations. Down left: The latent variables z; discovered by
BaryNet, plotted against time. Right: Scatter plot between the time of the year and z;.

The second dataset consists of earthquakes’ coordinates. The data is taken from USGS [40], which
records historical earthquakes from 1900 to 2008. We focus on earthquakes that occurred on the Peru-
Chile Trench (see Figurebelow). The earthquakes’ locations are represented in spherical coordinates,
so the sample space has X =Y = S2, and we set the cost function ¢ to be the squared great circle
distance

2

c=d? d((z',2?), (z},22)) = arccos (sinz”® sinz? + cos2” cos z7 cos(z' — z})),

where z!, 22 are longitude and latitude. Judging from the earthquake plot in Figure [5| since the

earthquakes are distributed roughly vertically along the Peru-Chile Trench, it is intuitive that the
(one-dimensional) latent variable should be proportional to the earthquake’s latitude.

We apply unsupervised BaryNet and train it by OMD (See Appendix for implementation
details.) The discovered latent variable {z;} shows a strong correlation with the latitude, with a
correlation of 0.9954, indicating that BaryNet has discovered the seismic belt.

Correlation between latitude and latent variable
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Figure 5: Left: Earthquakes on Peru-Chile Trench. Right: Scatter plot between the earthquake’s
latitude and the latent variables z; discovered by BaryNet.

The label nets zg(x) for both the temperature and the earthquake tests are intentionally set to be
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feedforward. Unlike the residual nets, these are highly non-linear maps without any linear component,
and it is difficult for them to learn linear mappings such as (x!,2?) — 22, making it highly unlikely
that BaryNet arrived at the desired solutions by chance.

4.3 Hourly and seasonal temperature variation

As discussed in the introduction, supervised BaryNet “learns” the data p(z,z) by decomposing it
into a representative p of the conditional densities p(z|z) plus the transformations between them.
Equivalently, it represents p(z,z) as S#(u ® v). Thus, BaryNet can be seen as a “probabilistic”
generalization of regression, which learns the probabilistic mapping z — p(z|z), approximating it via

Z = (Sé)('7 Z) o TT)#p = (SZ)Q#:“T' (26)

Its expressivity derives from the nonlinearity of T’ and Sy, which enables BaryNet to learn the complex
dependency of the data x on the latent variable z.

We demonstrate this intuition using meteorological data where x; is the average hourly temperature
at Ithaca, NY in the ten-year period [2007,2017), provided by NOAA [29]. The latent variables z;
chosen are the time of day and time of year, represented by

sin(2rhour/24), cos(2rhour/24), sin(2wdate/365), cos(2wdate/365).

Hence X =Y =R, Z =R*, and we set ¢ = (z — y)*.
BaryNet is trained on {z;, z;} by the QITD algorithm, see Appendix for implementation

details. To facilitate visualization, the probabilistic regression is displayed through its conditional
mean:
1
2 E(s, pp) () 2] = N Z So(yi, 2)
i=1

We compare BaryNet with the linear regression on {x;, z; }:

19



Average hourly temperature at Ithaca, NY Average hourly temperature at Ithaca, NY

304 — actual 24 — actual
—— regression —— regression

! I
E

temperature/Celsius
|
-3

temperature/Celsius
|

- I}

5 &

|
-
§]

A

0 1000 2000 3000 4000 5000 6000 7000 8000 520 540 560 580 600 620 640 660
hour hour

Average hourly temperature at Ithaca, NY Average hourly temperature at Ithaca, NY

| — actual —— actual

—— regression —— regression

! !
IS N~ o N

temperature/Celsius
i
o

temperature/Celsius

I
@

0 1000 2000 3000 4000 5000 6000 7000 8000 520 540 560 580 600 620 640 660
hour hour

Figure 6: Hourly temperature at Ithaca, NY. Left column: data for the year 2007. Right column:
data for the week of Jan 21-28, 2007. Top row: Linear regression on {z;, z;}. Bottom row: Supervised
BaryNet. The blue curve represents the temperature data, and the orange curve the regression (for
linear regression) and the conditional mean (for BaryNet). (Due to the daily oscillation, the regression
curve appears as a thick band in the yearly plot). The regression curves cannot perfectly fit the data,
since date and hour alone cannot fully account for the irregularity of weather systems.

BaryNet exhibits higher expressivity than linear regression in both the yearly and weekly plots. In
the yearly plot, BaryNet’s curve oscillates with greater amplitude during summer than in winter, indi-
cating that the daily temperature during summer has greater variance. In the weekly plot, BaryNet’s
curve is highly non-sinusoidal, and has greater upward slope during the day than downward slope at
night, in agreement with the real daily cycle during winter time.

4.4 Color transfer

We describe briefly here a useful application of the transport maps. As a by-product of BaryNet,
the transport map 7. (z) and inverse transport map S, (y) can be concatenated into a transportation
between any pair of conditional distributions:

(52, o T2y )#tp(x]21) = p(z]22)

Even though we can directly compute a transport map from p(z|z1) to p(x|zz), BaryNet is more
efficient if one seeks all pairwise transport maps (just as we may seek all pairwise translations among
several languages). If there are K labels (Z={1,...K}), then there will be O(K?) pairwise transport
maps, whereas BaryNet only needs to compute 2K maps, T}, and S,. If Z is continuous (e.g. R¥), then
BaryNet only needs two maps, T(x, z) and S(y, z), while doing individual pairwise maps i unfeasible,
not only because there are infinitely many of them, but also because each conditional distribution has
one sample point or less.

Instead of languages, we apply this procedure to images. An image can be seen as a 3-dimensional
matrix of size 3 x H x W, which represent the RGB color channels, height and width (in terms of
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pixels). Alternatively, an image can be treated as a sample of H x W points in R®. Thus, we view
the following images as color distributions, p1,p2, p3 € P(R?), and apply BaryNet to compute the
transport maps Tk, Sk.

Color di- '+ Starmy_Night
« Water_Lilies_and_japanese_Bridge

sunflowers

Figure 7: “Starry Night”, “Water Lilies and Japanese Bridge”, “Sunflowers” by Monet and van Gogh,
and their color distributions in R3.

Then, the coloring style of image j can be transferred to image k by applying pixel-wise the
transport map S; o T, to image k. The results are displayed in Figure [§| below. We used supervised
BaryNet with Z = {1,2,3} and trained it by OMD. See Appendix|[G.5|for implementation details.

Remark 9. A task very similar to color transfer is color normalization [22], that seeks to eliminate
the differences in several images’ color distributions with minimum distortion. For instance, in medical
imaging, we may want to remove irrelevant variations, such as different lighting conditions or staining
techniques. BaryNet can easily solve this task by mapping the color distributions pj to their common
barycenter, which by definition minimizes total distortion.

5 Conclusions

Conditional density estimation and latent variable discovery are two intimately related problems in
machine learning: one learns the dependence of data x on a given variable z, while the other infers
a latent variable z from data x. This paper proposes to solve both problems in the framework of
optimal transport barycenters. Our method is based on an intuitive principle of minimum uncertainty,
that is, the goal of learning is to reduce some measure of uncertainty or variability. Specifically, for
latent variable discovery, we begin with some data p(z) and our learning ends with a joint distribution
p(x, z), which assigns the latent variables z to each data point « through p(z|z). Our principle leads
to maximizing the reduction in variability from p(z) to p(z, z).

How should we characterize the variability of a joint distribution p(x,z)? A simple approach is to
take the maen variability of the conditional distributions p(x|z). Yet this approach does not always
lead to sensible results: the k-means algorithm, for example, minimizes the sum of squared errors,
or equivalently the weighted average of each cluster’s variance, and it is known that it often fails to
recognize clusters with different sizes and shapes [43].

Instead, we seek a distribution p that can act as a representative of all p(z|z), and measure the
variability of p(x, z) by that of . This idea naturally leads to the optimal transport barycenter, which
minimizes a user-specified distance between p and each p(z|z). A characterization of variability arises
from the barycenter’s optimal transport cost, indicating that variability and transport cost are two
sides of the same coin. Under simplifying assumptions [36, [43], this definition of p(z, z)’s variability
includes the aforementioned simple approach as special case.

It follows that latent variable discovery should seek assignments p(z|x) that minimize the variability
of the barycenter of the p(z|z). At the same time, conditional density estimation also benefits from the
barycenter representation. The difficult task of learning the possibly infinitely many p(z|z) is reduced
to learning just the barycenter p, from which we can recover each p(z|z).

The contributions of this paper are
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Figure 8: Color transferred images. The k-th column and j-th row is obtained by S; o T #py, so it is
image k with the color of image j.

1. The introduction of the BaryNet algorithms, which use neural nets. The unsupervised BaryNet

performs latent variable assignment p(z|z), while the supervised BaryNet computes the barycen-
ter p and estimates each conditional distribution p(z|z). Their effectiveness is confirmed by tests
on artificial and real-world data, with Euclidean and non-Euclidean costs.

. Enrichment of the theory of optimal transport barycenters. In particular, the existence of Kan-
torovich and Monge solutions for barycenters with infinitely many p(x|z) are studied (Theorems
and , and geometric properties of the Wasserstein space are discovered that resemble those
of Euclidean space (Theorems [3| and [f)).

. An intimate connection between autoencoders and BaryNet is identified. In particular, with
squared Euclidean distance cost and the simplifying assumption that p(z|z) are equivalent up to
translation, BaryNet includes the following algorithms as special cases: k-means, PCA, principle
curves and surfaces, and undercomplete autoencoders.

The theoretical framework developed in this article opens up several new directions of research:

1. Parallelism to autoencoders. We proposed the Barycentric autoencoder (BAE) algorithm in

Section [3:2] based on the parallelism between autoencoders and unsupervised BaryNet. It would
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be interesting to compare the performance of BAE with that of VAE, WAE or AAE. One can also
apply the regularizations of denoising autoencoders and sparse autoencoders [12] to BaryNet.

Cooperation for density estimation. Given labeled data p(x,z) and any density estimation al-
gorithm or generative modeling algorithm, such as WGAN [4], one can check whether the algo-
rithm’s performance can be improved by first estimating the density of the barycenter p, and then
transporting to each p(x|z) through BaryNet, instead of learning the joint distribution p(z, z)
directly.

Transfer learning and domain adaptation. The semisupervised BaryNet introduced in Section (3.3
can be applied to solve transfer learning problems. For instance, given some unlabeled data {x;}
and a few labeled data {x;, z;} (such that z; and z/; may be drawn from different distributions), we
can perform classification on {2’} based on the information of {x;, 2;}. Then, the semisupervised
BaryNet produces a labeling in accordance with the principle of minimum uncertainty.

Metric learning: When a clustering plan or label assignment p(x,z) is provided, we can try
to infer what metric or cost function is responsible for that particular assignment of z. As an
example, let X be the space of images, and p(z, z) be some image dataset whose labels are text
descriptions. Since human vision is better tuned to discerning faces than inanimate objects such
as buildings, there would be more labels related to faces than to buildings. Specifically, X’s
subspace of facial images would have a greater density of labels z than the subspace of buildings’
images, or equivalently, if label z; concerns facial feature (e.g. “smiling face”) and 2o concerns
building’s feature (e.g. “old building”), then the Euclidean variance of p(x|z1) is most likely
smaller than that of p(x|z2). Assume that g is a Riemannian metric on X, such that p(x, z)
becomes an optimal solution to the factor discovery problem with squared geodesic distance
cost ¢ = d?(z,y) induced by g, then (X, g) should not be Euclidean, and instead g should assign
greater distances to the subspace of faces, so that factor discovery adapts to g by making p(z|z1)
“smaller” than p(z|z2). Note that, evaluates any assignment p(x,z) when given a cost
c(x,y); alternatively, it might be modified so as to evaluate any candidate cost or metric when
given an assignment.
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Appendices

Assumptions

Assumption 1. The cost function ¢ on X x Y is locally uniformly coercive, that is, for some (and
thus every) yo € Y and for every compact K C X,

I nf _
d(y,ylglﬂoo ek el@,y) = o0

where the limit is taken over all sequences in Y. Also, the space Y satisfies the Heine-Borel property
that every closed bounded subset is compact.
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Most cost functions ¢ used in practice are locally uniformly coercive: for instance, given any
metric space (X,d), the [P distance cost d(z1,z2)? with p € (0,00) trivially satisfies the condition.
Also, a broad class of spaces Y satisfy the Heine-Borel property, including Euclidean spaces, complete
Riemannian manifolds, and all their closed subsets.

Assumption 2. Assume that for all 4 € P(Y) and v-almost all z, the optimal coupling between
p(x|z) and p(y) is unique and is a Monge solution, i.e. w(xz,y|z) = (Id,T,)#p(z|z) for some transport
map T,.

This assumption holds in most real-world applications. For instance, by Theorem 2.44 of [41], if
X =Y = R% and the cost c is strictly convex and superlinear, then it holds whenever almost all p(z|z)
are absolutely continuous. In practice, we are only given samples drawn from unknown probabilities,
so we can typically assume that they come from absolutely continuous p(z|z).

B Proof of Theorem (1]

Since we constructed the conditional distributions p(x|z) using disintegration, the map Z — P(X) x
P(Y), z = (p(z|z), 1) is automatically measurable (in the topology of weak convergence) for any given
. Then, Corollary 5.22 of [42] implies that there is a measurable assignment: z — m(x,y|z) such that
each 7(x,y|z) is an optimal transport plan between p(x|z) and u(y).

Given that ¢ is bounded below, let ¢, := min(c,n) be a sequence of bounded continuous functions
that increases pointwise to c¢. Then, by the monotone convergence theorem, the total transport cost
from p(z, z) to u(y) becomes

/Z L(p(-]2), v () = / / o(@, 2)dr(z, y|2)dv(z) = lim / / e (z, y|2)dv(2)

n—oo

The last term is well-defined since z — [ ¢,dn(-|2) is measurable, so the barycenter problem is well-
defined.

Factor the measure 7(z,y, z) into m(x, y|z)v(z). Then, integrating = yields 1, showing that 7 is a
probability measure, and integrating 7 times test functions ¥ € Cp(X x Z) and ¢ € Cy(Y X Z) shows
that 7 has the marginals: mxz = p(z,z) and Ty z = p(y) ® v(z). This proves the > side of (). Since
the < side of is evident, the first assertion of Theorem [I|is proved.

To prove the second assertion, we need the following lemmas:
Lemma 7. Given any u € P(Y), the total transport cost satisfies the following duality formula
3) = min c(x,y)dr(x,y, z
@, _wn [ e
TXZ=pP

Ty z=pQU

I / (@, 2)dp(e.2) + | Dy, 2)duly)dv(z),
PECH(XXZ)JXXZ Y XZ

YECL(Y X Z)

¢+v<c

so that is lower semi-continuous in g in the topology of weak convergence of P(Y').

Proof. Define a cost function from X x Z to Y x Z,

- c(x,y) if z1 = 29
C(I,Zhy,ZQ):C(I’7y)+00'521¢22 = ( ’ ) .
oo otherwise,

which is lower semi-continuous on X x Z XY x Z. Then, we can apply Kantorovich duality (Theorem
5.10 of [42]) to p(x,y) and p ® v to obtain the duality formula

min /5 dm =  sup / ¢(z, z)dp(x, 2) + Yy, z)dp(y)dv(z).
Y/ XxZ

%EP(7$(><ZL<Y><Z) PECH(XXZ Yxz
Xz, =p YEC,(Y X Z)
TY Zo =pH&V o+y<c
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This is part of the theorem that the minimum on the left side is achieved.
It remains to show that

min ¢dr = min cdm. (28)
FEP(XXZXY XZ) TeP(XXYXZ) Jxxy %z
TXZ1=P TXZ=p
Ty 7o =H@V Ty z=pQv

Define the map P(z,y,2) = (z,2,y, 2). For the < part of : given any coupling 7(z, y, z) that solves
the right side, the pushforward 7 := P+# is applicable to the left side. For the > part: if the left side
is infinite, then we are done. Else, given an optimal coupling 7 (x, 21, y, 22),

/é dr = /c(m,y) + 00 - 05,22, dT(2,y|21, 22)dT 7, 2, (21, 22) < 00.

It follows that 7z, z, ({21 # 22}) = 0, so the measure 7 must be concentrated on the diagonal {z1 = 22}
Then, we can define the pullback 7 = P~'##, which has the correct marginals mxz,Tyz and is
applicable to the right side of :

/c dr = /c(a:,y) (2,2, 2) = /e .

Hence, we have proved formula .
Theorem 2.8 of [5] implies that for any ¢ € Cy(Y x Z), the map

u»—)p@ve//z/)dvdu
is a continuous linear functional in the topology of weak convergence of u € P(Y). So the right side

of (27)), as a supremum over continuous functions, is lower semi-continuous in . O

Lemma 8. Given any u(y) € P(Y), the total transport cost has the lower bound:

I(p(z,2), 1) > Le(p(z), 1)

where we “forget” the labeling z on the right side.
Proof. This is a direct corollary of Theorem 4.8 of [42]. O

Denote the total transport cost by F(u). Let {u™} C P(Y) be a minimizing sequence such
that F(u™) converges to the optimal transport cost inf F'. If inf F' = oo, then any p € P(Y) can serve
as a barycenter. Else, assume that inf F' < oo and choose a constant C' > 0 large enough so that
sup F'(u™) < C.

We show that Assumption [1| implies that {u"} is tight. Since Y is assumed to satisfy the Heine-
Borel property, it suffices to show that, for any € > 0, there is some radius R such that

sup " (B (o)) < e, (29)

where yo € Y is some arbitrary point and B (yo) = {y € Y,d(y,y0) > R}.
Let K C X be a compact set whose complement has small measure p(K¢) < €/2. Since c is
assumed to be locally uniformly coercive and bounded below, we can choose a radius R such that

inf inf c(z,y) > 2(C — inf ¢)/e.
d(y,l;(l))>Rxngc(x y) > 2 infc)/e

Assume for contradiction that there is some p™ such that p™ (Bg (yo)) > €. Then, for any coupling
7 between p(z) and p",

T (K x BS(y0)) = u" (B (1)) — p(KC) > ¢/2
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that is, any transport plan must move more than €/2 of mass inside K C X to Bg(yo) C Y, which
gives a lower bound on the transport cost:

/c dr >2(C —infc)/e- (K x Bg(yo)) +infe- [1—m(K x Bg(yo))] >C

Therefore, the optimal transport cost is bounded by I.(p(x), u™) > C.
Meanwhile, Lemma [§] implies that F(p™) > I.(p(z), ™). Hence,

C>F@")>C

a contradiction. It follows that condition holds, so that {u"™} is uniformly tight.
By Prokhorov’s theorem, {u™} is precompact, so some subsequence {u"*} converges weakly to
some p € P(Y). By Lemma |7} F is lower semi-continuous, so

inf F' = liminf F(u™*) > F(u) > inf F.

It follows that p minimizes the total transport cost and is a barycenter of p(x, z).
Finally, notice that the two minimization problems are equivalent:
min min = min .
HEP(Y)meP(X XY XZ) TEP(XXY XZ)

TXZ=pP TXZ=pP
Ty z=p&v Ty z=Ty QTz

Then formula is proved.

C Proof of Theorem [2

We need the following results:

Lemma 9. Let Y, Z be metric spaces and 7w a Borel probability measure on Y x Z. The two marginals
Ty, mz are independent (7 = 1y ® mz) if and only if for all f € Cp(Y), g € Ch(Z),

/Y (e, = /Y F(y)dmy (v) / o(2)dnz(2). (30)

Proof. The “only if” follows from straightforward integration. For the “if” part,let U CY,W C Z be
arbitrary closed subsets, and define the following C functions

fn(y) = max (1 -n- dy(y,U),O), gn(2z) = max (1 —n-dgz(z, U),O)

that descend to the indicator functions of U and W. Apply to fn - gn and take the limit n — oo;
the Dominated Convergence Theorem implies that

(U x W) =my(U)rz(W). (31)

Let Py, P; be the collections of all closed subsets of Y,Z. Let Sy be the collection of all Borel
measurable subsets U of Y such that for any closed W € Py, the independence formula holds.
We seek to apply Dynkin’s 7-A theorem. Py C Sy is closed under intersection and thus is a m-system.
Meanwhile, it is straightforward to show that Sy is closed under set difference and countable union
of increasing sequence, so Sy is a A-system. It follows from Dynkin’s theorem that Sy contains the
o-algebra of Y.

Similarly, we define Sz to be the collection of all Borel measurable subsets W of Z such that for
any measurable U € Sy (not just Py), the independence formula holds. Repeating the above
argument for Sz, Sy shows that Sz contains the o-algebra of Z. Hence, holds for all measurable
rectangles in Y X Z and 7 = ny ® mz. O
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Corollary 10. Given the same condition as in Lemma [9] the independence m = 7y ® 7z holds if and
only if for all f € Cp(Y),g € Cp(Z),

/ o(2)imr() =0~ [ jwa:)dr(n.2) =0. (32)

Proof. The condition (30) can be rearranged into

[ 1wls) - [ g nanty.z) <o
YxZ
O

As argued in the beginning of Section we can define the transport maps 7'(z,z) by formula
@, which is a Monge formulation of the constraints on the Kantorovich solution from : given any
candidate transport map T : X X Z — Y, the corresponding transport plan is

7= T#p(x,2) € P(X x Y x Z), (33)

with T(x,z) := (T(z, 2),2). The marginal constraint mxy = p(x,z) is satisfied automatically, while
the independence constraint 7y z = my ® 7z can be checked via Corollary
Specifically, define the indicator function:

1(T) = {0 if there exists u € P(Y) such that T#p(z,2) = p®v

oo otherwise.

Then, Corollary [10] implies that

I(T)= sup sup Yy (y)z(2) dT#p
Yy €CL(Y)pz€C,(Z2) JY X Z
[ W zdv=0

= sup sup /wy(T(a:,z))d)Z(z) dp(z, 2).
Py €Cy(Y) Yz€CH(Z)
f’g[}zd’[):o

It follows that we have a Monge formulation of the barycenter problem :

Borel measurable

inf /c(z, T(z,2)) dp(z, z) + I(T)

T:XXZ—=Y
. (34)
= Borel inf ble 4 Slé'p(y) C(xv T(fﬂ, Z)) - Q/JY(T(% Z))IZJZ(Z) dp(m, Z)
OI‘EV measurable c
X XZ—=Y w}Z,GC:(Z)
[ zdv=0

Essentially, is a minimization over couplings of the form ([33]), which are Kantorovich solutions
concentrated on graphs. Therefore, is bounded below b, which minimizes over general
Kantorovich solutions. To finish the proof, it suffices to show that can be achieved by some
transport map 7.

Let m be a Kantorovich solution of (5[), which exists by Theorem and let y = mwy be the
corresponding barycenter. By Assumption there exists some subset Zy C Z such that v(Z — Zy) =0
and for all z € Zj, the unique optimal coupling between p(x|z) and u is concentrated on the graph
of some transport map 7,. By uniqueness, the conditional w(z,y|z) of the solution 7 is exactly
(Id,T,)#p(x|z) for all z € Zy. Define the map T'(z, z) := T,(x) for z € Z; (for those negligible z ¢ Zj,
we can set T, to be some constant yg). It follows that T': X x Z — Y is Borel measurable: For any
open subset U C Y,

T Y(U) = Projxxz(supp m N X x U x Zp)

is a Borel measurable subset of X x Z. Hence,

: [edn= [ etw 1w 2)dpta.2) = a)
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D Proof of Theorem [3l

If the marginal p(z) does not have finite second moment, then both sides of are infinite: ei-
ther Var(u) or Wi(p(z), 1) must be infinite and Lemma [8 bounds [ WZ(p(z|z), u)dv(z) below by
W3 (p(x), 1). Hence, in the following proof we can assume that

20> Byl = [ folldpta,2) = [ By [X3av). (39)

X

We first prove the special case where v(z) is finitely-supported and that the conditionals p(z|z) are
absolutely continuous.

Denote the subset of P(R?) that consists of probabilities measures with finite second moments by
P»(R%). Denote the support of v by {21}/ | C Z. Denote the positive numbers v({z;}) by Py and the

conditionals p(x|zx) by pr(x). Then, the marginal p(x) is the weighted sum Zle Py pr. Condition
implies that each py € Pa(R?).

Lemma 11. Given absolutely continuous measures py € Pg(Rd) and weights P, > 0 for 1 <k < K,
there exists a unique barycenter p and it satisfies the discrete version of :

K

Var(p@)) = Var(u) + Y PiWE (op, 0 (36)
k=1

Proof. By Theorems 3.1 and 5.1 of [20], since p; are absolutely continuous, there exists a unique
barycenter p(x) and it is also absolutely continuous. Then, Brenier's theorem (Theorem 2.12 [41])
implies that there is a unique optimal transport map T}y from each pj to p. The transport maps have
the form T}, = V1);, for some convex functions iy, and they are invertible almost everywhere: let 1}
be the Legendre transform of 1, then

Vi o Vipi(z) = 2, Vi o VYi(y) =y

for pi-almost all z and p-almost all y. Furthermore, V); serves as the optimal transport map from p
back to py.

Denote the mean of p(z) by Z. Note that T is also the mean of the barycenter u: let 7 be the
(unique) Kantorovich solution given by Theorem [} let X}, be the random variables of pj, = mx 7 (|2),
and let Y be the random variable of = my. Define the mean X = Zszl P, X). Then the barycenter
problem’s objective becomes

K K
EY RllY = Xill? =E|lY = X|* + ) PE|IX — Xal*. (37)
k=1 k=1

Since Y minimizes the objective, we must have Y = X, so that E[Y] = Z. Then

K
Var(p) = [ lle=alPdpta) = 3° P [ e = @) + (Tula) = D)ldpula)
k=1
K

= Pk/IIw—Tk(w)II2+IITk(x)—TII2+2<x—Tk(w)7Tk(fﬂ)—@dﬂk(ﬂﬁ).
k=1

The first term is exactly the total transport cost, while the second term is the barycenter’s variance:

K K
S p / IT(2) - 72dpr(z) = 3 Py / ly — 7 Pdu(y) = Var(y).
k=1 k=1
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Regarding the third term, we use the fact that Vi #u = pi to obtain
ZPk/x—Tk (), Ti(z) — T)dpp(z ZPk/Vwk — Y,y — T)du(y)
K
= / (Y PV () — vy — T)dp(y).
k=1
Remark 3.9 from [2] shows that ) P,V is exactly the identity, so the third term vanishes. It follows

that formula holds. O

Now we tackle the general case when p(r,z) is an arbitrary probability measure over R? x Z.
Condition implies that p(z|z) € Po(R?) for v-almost every z, so without loss of generality, p(z|z)
can be seen as a random variable from Z to P,(R?). We denote its distribution by Q(n), which belongs
to P(P»(R%)), the space of probability measures over P,(R?).

Abusing notation, we denote by Pa(Py(R?)) the space of probabilities (1) on (Py(R?), W) with
finite second moment, that is, for some (and thus any) py € P»(R%),

/ WZ(po,n)d (n) < occ.
P> (R4)

Then P(P(R?)) can be equipped with the 2-Wasserstein metric. Condition implies that our
distribution  belongs to Py(P2(R%)): for any py € Pa(R9),

[ Wi dam = [ wt [ e o |Pante, ) dog)
Py (R%) 7€ P(RYxR?)

T1=P0,T2=1

< / llz —2'||? dpo ® n(x,2") d(n) by the trivial coupling
gﬁdWWmememwmm
SmeMXﬂ+2/ E, () [X2]d2(p)

Pg(Rd)

< QEPU(I) [XQ] + 2/ZE,O(1|Z) [XQ]dV(Z)
< o0 by .

By Theorem 6.18 of [42], both (Py(R?), Ws) and (Py(P»(R%)), W5) are Polish spaces, each of whose
elements can be approximated by finitely-supported probability measures. Let {Q"}5 | C Py(Py(R%))
be a sequence of finitely-supported measures that converge to £2 in Ws. Then, each 2™ can be expressed

as
Kn
oY,
k=1
where K™ is the size of the support of (2", the positive numbers F;' are the weights, and d,» is the
Dirac measure at pf € Py(R?). Define the marginal p" of Q" by

K"

=Y Pt (38)
k=1

It follows that p” € Py(R?).
In order to apply Lemma we show that these p} can be assumed to be absolutely continuous.
A nice property of (Py(R?), W5) is that absolutely continuous measures are dense in it: any measure in
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(P2(R%),W3) can be approximated by finitely-supported measures, which can then be approximated
by absolutely continuous measures using kernel smoothing. Thus, for each Q™, we can construct

K"

Q= ZPgéﬁZ, such that W3 (py, pr) <
k=1

1 2/0n On
m, so that W2(Q ,Q )<E,

so that Q" also converge to Q in (Py(Py(R%)), Wy). Tt follows that p” are also absolutely continuous.
Now given that each " consists of absolutely continuous p}}, Lemma [11] implies that each 2™ has
a unique barycenter u” and it satisfies

Var(p) = Var)+ [ Wi i) (39)

The following two lemmas show that p™ and p™ enjoy good convergence properties.
Lemma 12. The marginal p” converges to p(z) in (Py(R?), Wy).

Proof. We apply condition (iv) of Theorem 7.12 from [4I], which shows that for any Polish space X
with metric d, a sequence n™ converges to 1 in (Pe(X), Ws) if and only if

n—0o0

lim wdn /X dn (40)

for any continuous function ¢ that grows at most quadratically: |(z)| < C(1 + d(z0,x)?) for some
29 € X and C' > 0. Therefore, it suffices to show that

lim Pdp" = /1/1dp

n— oo Rd
for any v with a quadratic bound: |1 (z)| < C(1 + ||z||?) for some C > 0.
By , it is equivalent to

lim n)dQ"(n / Fy(n)dQ(n (41)
nree P2<Rd>

where Fy(n) := [dn. The function Fy is continuous on (P»(R?), W2) by condition . The
quadratic bound on v translates to a quadratic bound on Fy:

Fy(n) < C(W3(n,60) + 1),

where dj is the Dirac measure at 0.
Then we can apply Theorem 7.12 [41] on (Pa(P(R%)), W3), and follows from the Wy conver-
gence of Q™ to Q. O

Lemma 13. A subsequence of {1"} converges in (P2(R?), W5) to a barycenter u of (2.

Proof. First, the total transport cost from Q™ to its barycenter u™ can be computed through
im [ WR A ) = WE G ),
Py (R%)

where the second W belongs to Py(P2(R9)) and 0,n is the Dirac measure on ™. Then, for any n,m,

" < W3(8,m, Q") since p" minimizes total transport cost
< ™4+ WE(Q", Q™) by the triangle-inequality
—|c — ™| < WEQ™, Q™).
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Since WZ(Q", Q) — 0, the difference WZ(Q", Q™) — 0 as n,m — o0, so |[¢" — ¢™| — 0. It follows that
{c"} is a Cauchy sequence and thus converges.

Next, we establish some uniform bound on the decay of {u™} at infinity. We begin with a weak
bound: by Lemma [§ and triangle inequality,

W2 (p(x), u™) < W2(Q,8,n)
<& LR, Q).

Denote by &y € P(R?) the Dirac measure at 0 and by Br C R the open ball centered at 0 with radius
R. By the triangle inequality, for any R,

Wa(p(x), u") = [Wa(u", do) — do)

>\/ [ waw \/ JRERE
RY—Bpr

> R\/M"(Rd — Bg) — \/Ep(m [X2].

Combining the two inequalities, we obtain for any n and R,
Br) < (pr(x) X7+ e+ W&(an,mf
< I .

Since the second moment E,,(,,)[X?] is finite by and c", WZ(Q", Q) are convergent sequences, there
exists some constant C' large enough so that

p (R —

C
ﬁ-
An immediate consequence is that ™ is uniformly tight. Then, Prokhorov’s theorem implies that
{p"} has a subsequence {u™} that converges weakly to some limit 4 € P(R?). By Kantorovich duality
[42], the optimal transport cost W2(-,-) on P(R?) can be expressed as a supremum over bounded

continuous functions, and thus is lower semi-continuous in the topology of weak convergence of P(R9).
Thus,

sup 1" (R — Br) < (42)

¥ € P(RT), W3 (u,n) < lim inf W3 (1™, ).

In particular, by setting 77 = dy, we have shown that p has finite second moment: ;€ Py(R9).

Now we prove that ™ converge to p in the stronger topology of (Py(R9), Ws), and we need a
better tail bound than (42). Condition (ii) of Theorem 7.12 of [41] indicates that it is necessary and
sufficient to prove that

lim hmsup/ |z||2dp™ (z) = 0. (43)
Re—Bp

R—o00 pn; 00

We show that in fact condition holds for the entire sequence {u"}.

Recall the arguments of Lemma since p}, u" are absolutely continuous forallnand 1 < k < K™,
Brennier’s theorem implies that the optimal transport maps V7, V(¢7)* between them are invertible
almost everywhere and [2] implies that ) P,V (¢})* = Id. Then, p"-almost all 2 can be expressed as
the convex combination =) PV (¢¥})*(x). It follows from Cauchy-Schwarz inequality that

K" K"
lz1* < > PEPIVED) @) - IV @) <D PRIV (@)
k,h=1 k=1

Then, V(Y7 )*#p™ = pi implies that,

Ll ZPk/ IV () P 2

RI—Bp
- ZPk Lo, o0 m

) (R —
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In the last line above, we are integrating the measure p? restricted to the domain V(47)*(R? — Bg).
Equivalently, we are integrating over some measure pj (not necessarily a probability measure) such
that 0 < gy < pt (setwise) and

FR(RY) = o (V)" (R - Br)) = u"(R" — Bp).
For convenience, for any R,n and 1 < k < K", define the following collections of measures:
MP(R) = {5} € M*(RY), 7 < p and 5 (R%) < C/R?}
M™(R) := {5" € M*(RY), 7" < p" and ;" (RY) < C/R?}
M(R) :={p e MT(R?), j < p and §(R") < C/R*},

where M T (R?) is the set of nonnegative Borel measures, and the uniform upper bound C/R? comes

from .

It follows that the restriction of p} to V(¥7)*(R? — Bg) belongs to M*(R) and

/ lel2dpi(@) < sup /men (45)
V(y3)*(R?—Br) ppeEM?P(R) JRY

Given any choice of { ﬁZ}sznl, it is straightforward to show that the weighted sum
K
=D P
k=1
belongs to M"™(R) and
K
S sw  [lefipe s sw [ (46)
k=1

preMn(R FneM™(R)

For any n, since p™ is absolutely continuous, Brennier theorem implies that there is an optimal
transport map 7™ such that T"#p" = p. Given any p" € M™(R), it is straightforward to show that
p:=T,#p € M(R) and that the optimal transport cost

WQ(ﬁnvﬁ) < WQ(pna p)

Denote by b0 the Dirac measure at zero with the same mass as p". By the triangle inequality,

[ Telldr = Wa@ o) < Wa(p.do) + Wa(p. )
(47)
</ [lleldz+ Wap. o)

Combining the inequalities (44), (45), (46), (47)), we obtain

2
[ lelPawr@ <[ swp o[ eld+ Walp, ) (48)
RI—Bp PEM(R) R¢
for all R and n.

Since ||z||? is increasing in the radial direction, a minimizer pr over M(R) in can be easily
constructed, and it can be made monotonously decreasing in R (If Ry < Ry, then pr, < pg, setwise).
Since p(R) is absolutely continuous with respect to p, we can represent it by its Radon-Nikodym
derivative dpr/dp(x). By (42)), the mass of pr goes to zero as R — 0o, so dpr/dp decreases pointwise
to zero p(z)-almost everywhere. By the Dominated Convergence Theorem,

- < dpr
lim sup / z||?dp = lim / z||? == (x)dp(x) = 0.
dm s [ eiPa = gim [ el B @)oo
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By Lemma [12} W2(p, p") — 0 as n — oo. Then, condition follows from ([48):

2
lim hmsup/ |lz||?dp™(x) < | lim sup / lz]|2dp + lim sup Wa(p, p”)] =0,
R—o© nosco Jri—Bj R—00 5e M (R) Rd n— 00

since the marginal p™ converges to p in W5 by Lemma Then, it follows from condition that
the subsequence ©™ converges to p in Wa.
Finally, we show that u is a barycenter of Q. For any ji € P,(R?) and any n;,

¢ = W™ Gums) < WHQ™,57). (49)

Since Wa(2,9Q") — 0 and Wa(8,,8,m) = Wa(u,u™) — 0, the cost Wi(Q", §,n;) converges to
W2(£2,6,) by the triangle inequality. Then, implies that

n;—00
Since the inequality holds for all ji € Py(R?), the limit j is a barycenter of . O

Now, we can take the limit in the subsequence n; in equation . Lemma, and Lemma
imply that {p™} and {u"} converge in Wy, while the functions Var and W3 are continuous over Wa,
so that

Var(p) = Var(u) + WE(S,6,),

which finishes the proof of formula .

E Proof of Theorem 5

We apply the arguments of Appendix @ Since p(z) is assumed to have finite second moment, p(z, z)
can be converted to a distribution Q € Py(Py(R?)). We seek to construct a sequence of finitely-
supported measures 2" that converge to 2 in W5, such that each Q" = 25:1 Py;0,n and each py is
a non-degenerate Gaussian (i.e. the covariance S(z) is positive-definite). Fix some py € supp 2. For
each n, let C™ C P»(R%) be a compact subset such that

/ W3 (po, n)dQ(n) < =
Py (R4)—C

Let {B(p},1/2n) ,If:l be a finite cover of C™ by open balls, where p} € supp €2 and thus are Gaussians.
If p} is degenerate, then replace it with some non-degenerate Gaussian pj € B(p},1/2n) and use the
ball B(p,1/n). Define the disjoint cover {UP}", by

U/?: pk71/n U phal/n

Define a map F™ on P»(R?) that sends each U* to p} and everything else to pg. Define

K"

— P40 = ZQ U6 +<1—ZQ UE)) by

It follows that

W@, < [ Wi Fm)dnm) <

So Q" — Q in W,
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Denote pi by N (z}, S¢), and denote the X-marginal of Q™ by p" = 3" Pypjt. Now, Theorem 6.1
of [2] implies that Q™ has a unique barycenter p™, which is a Gaussian whose covariance S™ satisfies

K"

5" = 3" P VESEVET = [ \VETS()VETa o)
k=1

where S(p) is the covariance of p. Also, the argument implies that the mean T" of u™ satisfies

" = Z Py = Epn(z) [x]

Taking a subsequence if necessary, Lemma implies that p™ converges to the marginal p(z) in W,
and Lemma [[3] implies that ™ converges to a barycenter p of Q in Wa. It follows that 4 is a Gaussian
N(z,S). By Theorem 7.12 of [41], the covariance function S(n) is continuous over 7 € (Py(R%), Wa),
so we can take the limit in n:

S= lim S" = lim / JVESm)IVZA (n) + o(1) - / /Sy (n)

n—oo n—o0

~ [VVssmvEaanm.

Similarly,

T = lim [ zdp"(z) = /xdp(x).

Finally, suppose that the set of z € Z such that p(z|z) is a non-degenerate Gaussian (and thus,
absolutely continuous) has positive measure. Lemma 3.2.1 of [3T] implies that for each such p(z|z),
the optimal transport cost p — W3 (u, p(x|z)) is strictly convex. Then, the total transport cost
p [ W3 (u, p(z|z))dv is strictly convex and the barycenter is unique.

F Saddle point algorithms

Let inf; sup, L(7,€) be a min-max problem. For convenience, denote

_ Idim'r 7T
= < —Idims> T L‘]

Then, the OMD algorithm [25] (using Euclidean squared distance) becomes,

Parameters: Learning rates n™.

forn+ 1,2,... do
Compute the waiting state w + w"™ — n" JVL(w™)
Acutual update w1« w™ — n" JVL(w)

end

return w*>
Algorithm 1: Optimistic mirror descent

We present the QITD algorithm [I1] in its data-based setting, such that L is estimated from samples,

just as in ,
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Parameters: Iteration number T'. Batch size M. Initial learning rate n°. Decay rate v € (0, 1).
Stopping threshold € <« 1. Increase factor 8 > 0. Maximum learning rate 7 ax.

Data: Sample X = {z;}¥,.

Initialize quasi Newton matrix B! < J.

forn <+ 1to T do

Randomly sample a minibatch X" of size M.

Compute gradient g™ <— VL(w" | X™).

Initialize learning rate n™ « n"~1L.

Compute update w™*t! < w"™ — n"B"g".

while 7" > en™ ! and the anticipatory constraint

L(r" €™ [X™) < L(r" g [X™) < L(rm, €7 X7 (50)

is not satisfied do
Line search n™ < yn™.
Update w™*! < w™ — n"B"g".
end
if constraint has been satisfied then
| Increase learning rate n" < max((1 + 8)1"™, Nmax)
end
Compute new gradient g"™! < VL(w" ! |X™).
Rank-one update of B":

s+ Jg"tl — Bngn

|Is]1?
(9™, s)
o « sign(a)min (Jaf, 1)
B"tl « B" 4+ ol % il
[s]I?
end
return w7t

Algorithm 2: Stochastic quasi implicit twisted descent

The algorithm has running time O(T'D?), where D = dimr + dim . The quasi Newton matrix B"

can be replaced by a list of its rank-one updates: {s",a”}Z_,, changing the running time to O(T2D).

G Implementation details

Unless specified, all activation functions are ReLL.U.

G.1 Artificial data test of Section [4.1]

Following Section we model the transport map T'(x,z) and inverse transport map S(y,z) as
residual networks ((14). Both residuals are feedforward nets (FNN) with the same layer sizes:

3=27T—=7—=2
The test function ¥ is FNN with layer size:
2—-6—-6—1

The test function ¥?:
1—-5—=1

Since any constant term is eliminated in , the affine map of the last layer of 1% is bias-free in order
to reduce the number of parameters.
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Parameters for QITD (Algorithm : iteration number 7' = 10000, batch size M = sample size N,
" =4x1073, v =0.75, e = 1073, B = 0.1, Nmax = 2 x 1072
Parameters for SGD (for regression problem ): T = 20000, n™ =5 x 1072

G.2 Continental temperature test of Section [4.2

The daily temperature data is taken from NOAA [28]. We chose the 56 stations with the fewest missing
values, and any z; with missing entry is discarded.

Training in high dimensions becomes more unstable, so we follow the technique introduced by the
DCGAN paper [33], applying batch normalization to all networks and leaky ReLU to the discrimina-
tors. Denote by BN the vanilla batch normalization and LR the leaky ReLU with negative slope 0.1.
The residual part of the transport map is given by

57 ReLU 2 ReLU 56
BN BN

The reason the hidden layer has limited width is that the temperature distribution conditioned on any
date is approximately a Gaussian with similar variance, so the transport map 7. should be close to its
first-moment approximation and thus can be specified using little information.

The test function Y :

56 L8, 14 £
BN BN

The test function ¢Z:

LR LR

1 W ) W 1
and its last layer is bias-free.
The labeling function z(z):
56 LR, 5 LB, g LR

BN BN BN

and its last layer is bias-free. To enforce Lipschitz continuity, we clamp the parameters of z to be
within [—0.1,0.1] after each update step.
Parameters for OMD (Algorithm [I): 7' = 50000, M = 1000, " = 10~°.

G.3 Seismic test of Section [4.2]

The earthquake data is taken from [40] and scaled by /180 to yield spherical coordinates.
The residual of the transport map:

ReLU 7 ReLU 7 ReLU 7 ReLU
BN BN BN BN

3 2

The test function ¥ :

The test function ¢Z:

and its last layer is bias-free.
Parameters for OMD (Algorithm : T = 20000, M = N, n" = 1073.
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G.4 Climate test of Section [4.3]

The hourly temperature data is taken from [29]. We chose Ithaca, NY and the time range Jan 1 2007
to Dec 31 2016 because there are few missing values, which are filled by linear interpolation.
The transport map T'(z,2) and inverse S(y, z) are residual nets , and the residual part has
sizes:
59—=9—=9—1

The test function ¥ :
1-5—=5—-1

The test function ?:
4-58—1

and its last layer is bias-free.

Parameters for QITD: T = 10000, M = 2400, n° = 2 x 1073, v = 0.75, ¢ = 1073, 8 = 0.1,
max = 1 x 1072,

Parameters for SGD (for regression ): T = 10000, M = 24 x 365, " =5 x 1073,

G.5 Color transfer of Section [4.4]

Weset X =Y =R3 c= |z —y|? Z={1,2,3}.
All conditional transport maps Ty (z) and inverse Sk (y) (k = 1,2, 3) are residual nets. The residuals
share the same layers sizes:
3=T7T—=T7—3

The test function Y :
3—=T7T—=7T—1

Since Z is finite, Y% reduces to a vector € R3.

Each of the RGB color channels has range [0,1]. Theoretically, the transported distributions
S; o Ty #py, are always supported in [0, 1]3. Nevertheless, the computed result is only an approximation
to the true distribution, and sometimes a few points are mapped outside of [0, 1], so we project them
back.

Parameters for OMD (Algorithm : T = 125000, M = 5000, n™* = 10~ 2.

Parameters for SGD (for regression ): T = 10000, M = 3000, n™ =5 x 1073.
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