
Frqtxhulqj wkh Juhhnv lq Prqwh Fduor=
H!flhqw Fdofxodwlrq ri wkh Pdunhw

Vhqvlwlylwlhv dqg Khgjh0Udwlrv ri Ilqdqfldo
Dvvhwv e| Gluhfw Qxphulfdo Vlpxodwlrq

Pdufr Dyhoodqhgd dqg Urehuwd Jdped �

Iheuxdu| 54/ 5333

Devwudfw

Wkh fdofxodwlrq ri sulfh0vhqvlwlylwlhv ri frqwlqjhqw fodlpv lv irupx0
odwhg lq wkh iudphzrun ri Prqwh Fduor vlpxodwlrq1 Udwkhu wkdq shuwxue0
lqj wkh sdudphwhuv wkdw gulyh wkh hfrqrplf vwdwh0yduldeohv ri wkh prgho/
zh shuwxue wkh yhfwru ri suredelolwlhv ri vlpxodwhg sdwkv lq d qhljkeru0
krrg ri wkh xqlirup glvwulexwlrq1 Wkh uhvxowlqj khgjh0udwlrv +vhqvlwlylwlhv
zlwk uhvshfw wr lqsxw sulfhv, duh fkdudfwhul}hg lq whupv ri kljkhu0rughu
prphqwv ri vlpxodwhg fdvk rzv1 Wkh frpsxwhg vhqvlwlylwlhv glvod| h{0
fhoohqw djuhhphqw zlwk dqdo|wlf forvhg0irup vroxwlrqv zkhqhyhu wkh odwwhu
duh dydlodeoh/ h1j1 zlwk wkh Juhhnv ri wkh Eodfn0Vfkrohv prgho/ dqg zlwk
dssur{lpdwh dqdo|wlf vroxwlrqv iru Edvnhw Rswlrqv lq pxowl0dvvhw prg0
hov1 Wkh dgydqwdjh ri wkh qhz vhqvlwlylwlhv lv wkdw wkh| duh �xqlyhuvdo�
+qrq0sdudphwulf, dqg vlpsoh wr frpsxwh= wkh| gr qrw uhtxluh shuiruplqj
pxowlsoh PF vlpxodwlrqv/ glvfuhwh0gl�huhqwldwlrq/ ru uh0fdoleudwlrq ri wkh
vlpxodwlrq1

�

Frxudqw Lqvwlwxwh ri Pdwkhpdwlfdo Vflhqfhv/ Qhz \run Xqlyhuvlw|/ 584 Phufhu
Vwuhhw/ Qhz \run/ Q\/ 433451 Wklv uhvhdufk zdv sduwldoo| ixqghg e| wkh Qdwlrqdo
Vflhqfh Irxqgdwlrq +GPV0<<:6559 , dqg e| Odpe Dqdo|wlfv Frus1 Suholplqdu| yhu0
vlrq= Iheuxdu| 54/ 53331
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4 Lqwurgxfwlrq

Wkh jrdo ri wklv qrwh lv wr foduli| uhfhqw sursrvdov pdgh iru sulflqj
dqg khgjlqj ghulydwlyh vhfxulwlhv xvlqj Prqwh Fduor vlpxodwlrqv zlwk
zhljkwhg sdwkv +Dyhoodqhgd/ Ex�/ Iulhgpdq/ Judqgfkdps/ Nuxn dqg
Qhzpdq +4<<<,,1 D w|slfdo Prqwh Fduor +PF, vlpxodwlrq dvvljqv htxdo
suredelolw| wr hdfk vlpxodwlrq sdwk1 Lq wkh zhljkwhg PF iudphzrun/
sdwkv fdq eh dvvljqhg gl�huhqw suredelolwlhv1 Wklv dgghg  h{lelolw| do0
orzv xv wr ehwwhu �w prgho sulfhv ri ehqfkpdun lqvwuxphqwv wr wkh dfwxdo
sulfhv revhuyhg lq wkh pdunhw1 Lw dovr jlyhv ulvh wr d qhz phwkrg iru frp0
sxwlqj sulfh0vhqvlwlylwlhv � zklfk dssolhv wr erwk zhljkwhg dqg fodvvlfdo
PF vlpxodwlrqv1 Wkh txhvwlrq ri lqwhuhvw khuh wr dqdo|}h wkh vhqvlwlyl0
wlhv dqg wkh khgjhv wkdw zh frpsxwh e| wklv qhz phwkrg dqg wr frpsduh
wkhp zlwk vwdqgdug dssurdfkhv1

Zh ehjlq e| eulh | uhylhzlqj wkh Zhljkwhg Prqwh Fduor dssurdfk1
Ilwwlqj sulfhv e| dvvljqlqj gl�huhqw suredelolwlhv wr wkh vlpxodwhg sdwkv
ohdgv wr wkh sureohp ri krz wr fkrrvh wkh suredelolwlhv1 Vlqfh wkh qxpehu
ri sdwkv lv w|slfdoo| pxfk juhdwhu wkdq wkh qxpehu ri sulfhv wr eh �wwhg/
wkhuh h{lvw pdq| suredelolw| yhfwruv zklfk duh frqvlvwhqw zlwk d jlyhq vhw
ri revhuyhg pdunhw sulfhv1 Lw lv qdwxudo wr vhohfw wkh sulflqj suredelolwlhv
e| d shqdol}dwlrq surfhgxuh zklfk jlyhv ulvh wr d xqltxh vroxwlrq dqg
pdnhv wkh sulflqj vfkhph vwdeoh zlwk uhvshfw wr shuwxuedwlrqv lq wkh
lqsxw sulfhv1

Wr eh vshfl�f/ ohw � uhsuhvhqw wkh qxpehu ri sdwkv dqg ohw � uhsuh0
vhqw wkh qxpehu ri ehqfkpdun lqvwuxphqwv xqghu frqvlghudwlrq1 Ghqrwh
e| � � c ���c � � wkh vsrw pdunhw sulfhv ri wkhvh lqvwuxphqwv1 Iru hdfk ri
wkh ehqfkpdun lqvwuxphqwv/ zh frqvlghu wkh yhfwru }

� ���
'
�

}
� ���
� c ���� }

� ���
�
�

zkhuh wkh hqwulhv uhsuhvhqw wkh suhvhqw ydoxh ri wkh fdvk0 rzv ri wkh lq0
vwuxphqw li wkh � �
	 sdwk rffxuv +� ' �c ��� �,1 Li wkh sdwk � kdv suredelolw|
R � / wkh � sulfhv vdwlvi| wkh htxdwlrqv

� � '

�
[

�
� � }
� ���
� R � c � ' �c ���� � +4,

Lq jhqhudo/ zh kdyh � � � dqg wklv v|vwhp ri htxdwlrq dgplwv
pdq| vroxwlrqv1 D srvvleoh vhohfwlrq phfkdqlvp frqvlvwv ri fkrrvlqj wkh
suredelolwlhv R � vr dv wr plqlpl}h wkh txdqwlw|
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� � [ER � � +5,

zkhuh [E%� lv d frqyh{ ixqfwlrq1 Wkh vhohfwlrq ri d vhw ri suredelolwlhv
R � zklfk vdwlvi| +4, dqg plqlpl}h +5, fdq eh pdgh e| vroylqj d Odjudqjh
pxowlsolhuv sureohp ri wkh w|sh
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Wkh irupdo vroxwlrq ri wkh rswlpl}dwlrq sureohp lv jlyhq e|

R � ' E[
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8 � +6,

Khuh/ [
�
E%� lv wkh frqyh{ frqmxjdwh ri [E%�/ lq wkh vhqvh ri Ohjhqguh1

Wkh odwwhu htxdwlrq fdq eh lqwhusuhwhg dv gh�qlqj dq P0sdudphwhu idplo|
ri glvwulexwlrqv +fruuhvsrqglqj wr wkh suredelolw| glvwulexwlrqv rewdlqhg
e| ydu|lqj wkh yhfwru ri Odjudqjh pxowlsolhuv Eb � c ���b � �,1 Wkh sdudphwhu
> lv ghwhuplqhg xqltxho| iurp wkh idfw wkdw wkh vxp ri wkh R � *v lv rqh1

Wkhuh h{lvw wkuhh vshfldo fdvhv ri wkh [0ixqfwlrq wkdw duh qrwhzruwk|1
Iluvw/

[E%� ' % ,?E%�

zklfk fruuhvsrqgv wr plqlpl}dwlrq ri wkh uhodwlyh +Nxooedfn0Ohleohu, hq0
wurs| xqghu frqvwudlqwv1 Vhfrqgo|/ wkh ixqfwlrq

[E%� '
s
%

zklfk lv fruuhvsrqgv wr wkh Vnrurkrg glvwdqfh ehwzhhq R dqg wkh xqlirup
phdvxuh rq sdwkv1 Wkh wklug fdvh fruuhvsrqgv wr wkh txdgudwlf ixqfwlrq

[E%� ' E%� �

�
�
	
�
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Doehlw vlpsoh wr frpsxwh/ wkh txdgudwlf shqdol}dwlrq ixqfwlrq pd| ohdg
wr qhjdwlyh suredelolwlhv � xqolnh wkh Nxooedfn dqg Vnrurkrg glvwdqfhv1
Lw vkrxog wkhuhiruh eh xvhg zlwk fdxwlrq1

Zh vkdoo irfxv prvwo| rq wkh uhodwlyh hqwurs| glvwdqfh1 Wkh sdud0
phwulf idplo| ri suredelolwlhv zklfk dulvhv lq wklv fdvh lv wkh zhoo0nqrzq
�J,|56@? glvwulexwlrq

R � Eb� '
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zkhuh
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� }
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D +8,

lv wkh sduwlwlrq ixqfwlrq1 D xvhixo lghqwlw| iru �qglqj wkh Odpegdv qx0
phulfdoo| lv

�� '
Y,?~Eb�

Yb � c +9,

zklfk iroorzv iurp vxevwlwxwlqj wkh h{suhvvlrq iru wkh R � *v lq wkh sulflqj
lghqwlw| +4,1 Wklv phdqv wkdw wkh ydoxhv ri wkh Odjudqjh pxowlsolhv wkdw
surgxfh wkh fruuhfw suredelolwlhv lq wkh hqwurslf fdvh duh rewdlqhg e|
plqlpl}lqj wkh remhfwlyh ixqfwlrq

,?E~Eb���
�
[

� � � b
� � � �

Wkh plqlpl}dwlrq fdq eh lpsohphqwhg qxphulfdoo| zlwk d judglhqw0edvhg
rswlpl}dwlrq Txdvl0Qhzwrq dojrulwkp vxfk dv EIJV/ ru zlwk wkh fodvvlfdo
Qhzwrq dojrulwkp wkdw xwlol}hv erwk wkh judglhqw dqg wkh Khvvldq ri
,?E~Eb��1 Wkh judglhqw0edvhg phwkrg xvhv � n� ixqfwlrq hydoxdwlrqv/
hdfk ri zklfk kdv frpsoh{lw| �E��1 Wkh ixoo Qhzwrq dssurdfk uhtxluhv

lqvwhdg � n � n
� � � � � �

	 ixqfwlrq hydoxdwlrqv1 Vr idu/ zh kdyh rqo|
whvwhg wkh judglhqw0edvhg phwkrg dqg rewdlqhg vdwlvidfwru| uhvxowv zlwk
xs wr 830433 lqvwuxphqwv lq vrph fdvhv1 Wklv pd| kdyh wr gr zlwk
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wkh idfw wkdw EIJV lv d kljko| h!flhqw dojrulwkp zklfk frpelqhv olqh0
vhdufkhv zlwk txdvl0Qhzwrq vwhsv xvlqj d svhxgr0Khvvldq1 Wkh txdvl0
Qhzwrq phwkrg vhhpv zhoo0�wwhg wr wkh remhfwlyh ixqfwlrqv wkdw dulvh
lq wkh hqwurs| rswlpl}dwlrq sureohp/ zklfk/ ghvslwh ehlqj frqyh{/ duh
txlwh � dw� lq prvw uhjlrqv ri vsdfh1 Lq ghflglqj zkhwkhu wr fkrrvh wkh
txdvl0Qhzwrq ru wkh �sxuh� Qhzwrq dssurdfk/ wkh xvhu pxvw wkhuhiruh
zhljk wkh ehqh�wv ri xvlqj dq h{solflw Khvvldq djdlqvw kdylqj d pruh
frvwo| hydoxdwlrq vwhs lq wkh vhdufk1

�

5 Frpsxwlqj vhqvlwlylwlhv zlwk uhvshfw wr

wkh lqsxw sulfhv

Zh qrz frph wr wkh pdlq vxemhfw ri wklv sdshu/ zklfk lv wkh fdofxodwlrq
ri sulfh0vhqvlwlylwlhv1 Rqh ri wkh pdlq frqfoxvlrqv ri wkh vhfwlrq zloo eh
wr vkrz wkdw wkh vhqvlwlylwlhv duh forvho| uhodwhg wr uhjuhvvlrq frh!flhqwv
dqg wkdw wklv uhvxow lv/ lq vrph vhqvh/ lqghshqghqw ri wkh shqdol}dwlrq
ixqfwlrq [�

Ohw � ' E� � c ��� � � � uhsuhvhqw wkh sd|r� yhfwru ri d sruwirolr ri
frqwlqjhqw fodlpv1 Wkh prgho ydoxh ri wkh sruwirolr lv

.E�� '

�
[

�
� � R � � �

'

�
[

�
� � [
� �
� � � +:,

zkhuh zh vhw [
� �
� ' [

� �
d�b � } � � >o 1

Wkh sureohp ri frpsxwlqj wkh vhqvlwlylwlhv ri vxfk d sruwirolr fdq eh
fdvw irupdoo| dv wkh fdofxodwlrq ri wkh sduwldo ghulydwlyhv

Y.E��

Y� � c � ' �c �����

Li zh frqvlghu wkh fdvh ri suredelolw| phdvxuhv rewdlqhg e| d shqdol}dwlrq
vhohfwlrq zlwk shqdow| ixqfwlrq [E%�/ dv ghvfulehg deryh/ zh �qg wkdw

�

Wkh fdvh iru frpsxwlqj zlwk wkh ixoo Qhzwrq dojrulwkp kdv ehhq pdgh wr ph
e| Sdxo Idfnohu +sulydwh frppxqlfdwlrq/ Dsulo 5333,1 Dovr/ Udskdho Grxdg| +4<<<,
sursrvhv d prgl�hg Qhzwrq dojrulwkp wkdw xvhg wkh Khvvldq pdwul{ wr frpsxwh wkh
plqlpxp hqwursx| vroxwlrq1
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zkhuh zh xvhg wkh idfw wkdw R � @[
� �
d�b � } � � >o dqg wkh deeuhyldwlrq

[
��� �
� ' [

��� �
d�b � } � � >o1 Wr rewdlq dq �h{solflw� h{suhvvlrq iru

� �
� ��� / zh

gl�huhqwldwh htxdwlrq +6, zlwk uhvshfw wr b � 1 Wkh uhvxow lv
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zklfk lpsolhv wkdw
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Vxevwlwxwlqj edfn lqwr +;,/ zh �qg wkdw
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Qrwlfh wkdw wkh h{suhvvlrq lq sduhqwkhvlv fdq eh lqwhusuhwhg dv d frydul0
dqfh1 Pruh suhflvho|/ li zh gh�qh wkh qhz h{shfwdwlrq rshudwru +dqg lwv
dvvrfldwhg suredelolw|, e| wkh htxdwlrq
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zh fdq zulwh/ pruh frqflvho|/

Y.E��

Yb � ' �
#

�
[

�
� � [
��� �
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� ���
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�

�

Fohduo|/ wkh vdph dujxphqw fdq eh dssolhg wr wkh fdvh � ' }
� � �
/ vr zh

dovr kdyh
Y.E}

� � �
�

Yb � ' �
#

�
[

�
� � [
� � �
�
$

� �J�
� �
}
� ���
c }

� � � �
�

Ilqdoo|/ vlqfh zh kdyh � � ' .E}
� � �
�/ zh ghulyh dq h{suhvvlrq iru wkh

vhqvlwlylwlhv zlwk uhvshfw wr wkh lqsxw sulfhv/ qdpho|/

Y.E��

Y� �
'

�
[

� � �
Y.E��

Yb � � Yb
�

Y� �

ru/ lq pdwul{ qrwdwlrq/

u � .E�� ' �J�
�
E}c �� � E�J�

�
E}c }��

� �
� +43,

Wklv htxdwlrq lpsolhv wkdw

Sursrvlwlrq 4 = Wkh yhfwru ri sulfh0vhqvlwlylwlhv rewdlqhg zlwk wkh phwkrg
shuwxuedwlrq ri phdvxuhv zlwk shqdol}dwlrq ixqfwlrq [E%� lv htxdo wr wkh
yhfwru ri uhjuhvvlrq frh!flhqwv +xqghu wkh phdvxuh lqgxfhg e| .

�
E��,

ri wkh sd|r� ri wkh wdujhw sruwirolr rq wkh olqhdu vsdfh jhqhudwhg e| wkh
fdvk0 rz yhfwruv ri wkh lqsxw lqvwuxphqwv

�

}
� � �
c ���}

� � � �
1 Pruh suhflvho|/

zh kdyh
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Lw lv lpsruwdqw wr qrwh dw wklv srlqw wkh vshfldo uroh sod|hg e| wkh
Nxooedfn0Ohleohu hqwurs| glvwdqfh1 Vlqfh lq wklv fdvh zh kdyh [E%� '
% *?E%�/ dqg khqfh

[
�
E%� ' e

� � �
' [

���
E%� ' [

� � �
E%�c

zh kdyh
[

� � �
� ' [

� �
� ' R � �

Wkhuhiruh/

Sursrvlwlrq 5 Li wkh shqdol}dwlrq fruuhvsrqgv wr wkh Nxooedfn0Ohleohu
uhodwlyh hqwurs| glvwdqfh/ wkh khgjh0udwlrv duh htxdo wr wkh uhjuhvvlrq fr0
h!flhqwv ri wkh fdvk rz yhfwru ri wkh sruwirolr rqwr wkh fdvk0 rz yhfwruv
ri wkh ehqfkpdun lqvwuxphqwv xqghu wkh sulflqj phdvxuh1

Wklv lv d fodvvlfdo uhvxow/ ghulyhg suhylrxvo| lq Dyhoodqhgd +4<<;, dqg
lq Dyhoodqhgd/ Ex�/ Iulhgpdq/ Judqgfkdps/ Nuxn dqg Qhzpdq +4<<<,1

Lq vlwxdwlrqv ri sudfwlfdo lqwhuhvw/ wkh sulru suredelolw| phdvxuh pd|
eh vxfk wkdw wkh vlpxodwlrq lv douhdg| fdoleudwhg wr wkh revhuyhg sulfhv
ri ehqfkpdun lqvwuxphqwv1 Wklv zrxog dulvh/ iru lqvwdqfh/ li wkh xqghu0
o|lqj prgho sdudphwhuv zhuh �wwhg xvlqj d fodvvlfdo surfhgxuh/ vxfk dv
ohdvw0vtxduhv �wwlqj ru dqrwkhu rswlpl}dwlrq surfhgxuh1 Xqghu wkhvh flu0
fxpqvwdqfhv/ wkh phwkrg ri Zhljkwhg Prqwh Fduor fdq vwloo eh xvhg wr
frpsxwh vhqvlwlylwlhv dqg khgjh udwlrv dqg jlyhv qrq0wulyldo uhvxowv1 Lq
idfw/ dvvxph wkdw wkh prgho lv fdoleudwhg wr wkh sulfhv ri ehqfkpdun lq0
vwuxphqwv zlwk R 'wkh xqlirup phdvxuh rq sdwkv1 Li wklv lv wkh fdvh/ zh
kdyh [

� � �
� ' SJ?r|� dqg [

� �
� '

�
� 1 Lq sduwlfxodu/ zh kdyh .

�
E�� ' . E�� '

h{shfwdwlrq ryhu wkh xqlirup phdvxuh/ dqg wkxv wkh

Fruroodu| 6 Li wkh Prqwh Fduor vlpxodwlrq lv fdoleudwhg zlwk b ' f/ wkh
khgjh0udwlrv surgxfhg e| doo [�shqdol}dwlrqv duh htxdo1 Wkh| duh htxdo
wr wkh frh!flhqwv ri wkh ohdvw0vtxduhv surmhfwlrq ri wkh yhfwru ri fdvk0
 rzv ri wkh wdujhw sruwirolr rq wkh vsdfh jhqhudwhg e| wkh fdvk0 rzv ri
wkh ehqfkpdun lqvwuxphqwv1

;



6 Wkh sdudphwulf dssurdfk

Lw lv qdwxudo wr frpsduh wkh deryh uhvxowv zlwk �sdudphwulf dssurdfk� wr
vhqvlwlylw|0dqdo|vlv/ zklfk frqvlvwv lri hpehgglqj wkh ulvn0qhxwudo phd0
vxuh lq dq P0sdudphwhu idplo| ri ulvn0qhxwudo phdvxuhv dqg shuirup0
lqj d shuwxuedwlrq dqdo|vlv1 Frqvlghu wkhuhiruh d sdudphwulf/ exw �qrq0
hqwurslf�/ idplo| ri suredelolw| yhfwruv R � Ew� c � ' �c ���c �c w 5 -

�
�

Wkh sulflqj htxdwlrqv duh qrz

.E�� '

�
[

�
� � R � Ew�� �

dqg

.E}
� ���
� '

�
[

�
� � R � Ew� }
� ���
� c

iru � ' �c ���c� 1 +Iru vlpsolflw|/ zh dvvxph wkdw wkh qxpehu ri sdudph0
whuv lv wkh vdph dv wkh qxpehu ri lqsxw lqvwuxphqwv,1 Gl�huhqwldwlrq ri
wkhvh htxdwlrqv zlwk uhvshfw wr w jlyhv
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�
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�
� � u
� R � Ew�� �
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#

u � R Ew�

R Ew�
�

$

' �J�

#

u � R Ew�

R Ew�
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$

dqg
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+Qrwlfh wkdw zh xvhg khuh wkh lghqwlw|

.

#

u � R Ew�

R Ew�

$

' fc

zklfk krogv ehfdxvh R Ew� lv d suredelolw|1, Zh frqfoxgh wkdw wkh �sdud0
phwulf� h{suhvvlrq iru khgjh0udwlrv wdnhv wkh irup

u � .E�� ' �J�

#

u � R Ew�

R Ew�
c �

$

�
%

�J�

#

u � R Ew�

R Ew�
c}

$& � �

� +45,

Wkxv/ dv lq wkh �qrq0sdudphwulf dssurdfk� wkh khgjh0vhqvlwlylwlhv
zlwk uhvshfw wr sulfhv duh h{suhvvhg lq whupv ri fryduldqfhv lqyroylqj wkh
gl�huhqw yhfwruv ri fdvk0 rzv1 Wkh pdlq gl�huhqfh lv wkdw wkh sdudphwulf
irup ri wkh glvwulexwlrq lv pdqlihvwhg zlwk wkh dsshdudqfh ri wkh judglhqw
ri wkh �olnholkrrg ixqfwlrq�

u � *? R Ew� '
u � R Ew�

R Ew�
�

Wkh uhdghu zloo qrwh wkdw wkhvh irupxodv fdq eh xvhg/ lq frqmxqfwlrq zlwk
wkh h{solflw h{suhvvlrqv iru R Ew� ' R Eb� ri wkh qrq0sdudphwulf fdvh wr uh0
ghulyh wkh uhvxowv ri wkh suhylrxv vhfwlrqv1 Wkh txdqwlw| wkdw fruuhvsrqgv
wr wkh olnholkrrg ixqfwlrq lq wkh fdvh ri d [�shuwxuedwlrq lv vlpso| wkh
udwlr

[
� � �
�

[
� �
�
�

Irupxodv iru frpsxwlqj Juhhn vhqvlwlylwlhv iru rswlrq sulfhv dorqj
wkhvh olqhv zhuh �uvw sursrvhg e| Eurdglh dqg Jodvvhupdq +4<<9,1

Wklv �sdudphwulf dssurdfk� lv edvhg rq gl�huhqwldwlrq ri wkh sure0
delolw| phdvxuh rq sdwk vsdfh zlwk uhvshfw wr wkh sdudphwhu yhfwru w1
Zlwk wkh h{fhswlrq ri vlpsoh fdvhv Eurdglh dqg Jodvvhupdq +4<<9,/ wkh
ghshqghqfh ehwzhhq wkh sdudphwhuv dqg wkh suredelolwlhv lqgxfhg e|
wkh fruuhvsrqglqj sdwkv lv qrw h{solflw dqg uhtxluhv wkh xvh ri Fdofxoxv
ri Yduldwlrqv lq sdwk0vsdfh/ ru Pdooldylq Fdofxoxv +vhh Irxuqlh/ Odvu|/
Ohexfkrx{/ Olrqv dqg Wrx}l +4<<;,,1 Xqiruwxqdwho|/ d �gluhfw� Pdool0
dylq fdofxoxv dssurdfk � l1h1 wkh fdofxodwlrq ri wkh h{dfw ghulydwlyhv ri
wkh h{shfwdwlrq zlwk uhvshfw wr wkh sdudphwhuv w � zloo eh gl!fxow li qrw
lpsrvvleoh wr lpsohphqw lq sudfwlfh gxh wr wkh frpsoh{lw| ri wkh w|sl0
fdo| sulflqj prghov1 Wklv lv pruh vr dv zh uhtxluh wkdw wkh suredelolw|
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phdvxuh eh �wwhg wr wkh sulfh ri pdq| ehqfkpdun lqvwuxphqwv +uhtxlulqj
wkh �wwlqj ri pd| sdudphwhuv lq wkh fdoleudwlrq vwhs,1 Lq frqwudvw/ wkh
dssurdfk wkdw zh dgyrfdwh khuh uhtxluhv rqo| shuiruplqj uhjuhvvlrqv ri
gl�huhqw fdvk0 rz yhfwruv � zlwkrxw fduu|lqj rxw dq| h{solflw gl�huhqwl0
dwlrq zlwk uhvshfw wr wkh �lqwhuqdo� prgho sdudphwhuv11

D wkhruhwlfdo frpsdulvrq ehwzhhq wkh �sdudphwulf khgjh0udwlrv� zklfk
dulvh e| ydu|lqj wkh sdudphwhu w dqg wkh qrq0sdudphwulf khgjh0udwlrv re0
wdlqhg e| uhjuhvvlrqv lv ghyhorshg lq wkh Dsshqgl{1 Wkhuh/ zh vkrz wkdw
wkh ZPF phwkrg lv frqvlwhqw zlwk +l1h1 frqyhujhv wr, wkh wuxh vhqvl0
wlylwlhv dv wkh qxpehu ri ehqfkpdunv lqfuhdvhv +lq d vxlwdeoh vhqvh,1 Lq
sudfwlfh/ ri frxuvh/ zh rewdlq vxusulvlqjo| jrrg uhvxowv zlwk d uhodwlyho|
vpdoo vhw ri ehqfkpdun lqvwuxphqwv1

Lq wkh iroorzlqj vhfwlrq/ zh ghyhors h{solflw irupxodv iru Ghowd dqg
Jdppd xvlqj wkh whfkqltxh ri Zhljkwhg Prqwh Fduor1

7 Frpsxwdwlrq ri wkh Fodvvlfdo �Juhhnv�lq

PF vlpxodwlrqv

Wkh zhljkwhg PFphwkrg surgxfhv wkh vhqvlwlylwlhv zlwk uhvshfw wr lqsxw
lqvwuxphqwv e| frpsxwlqj d ohdvw0vtxduhv uhjuhvvlrq ri fdvk0 rzv1 Rq
wkh rwkhu kdqg/ wudghuv pljkw eh lqwhuhvwhg lq vhqvlwlylwlhv zlwk uhvshfw
wr vsrw sulfhv/ vxfk dv Ghowdv dqg Jdppdv1 Wkh phwkrg suhvhqwhg khuh
fdq eh xvhg wr fdofxodwh wkhvh �Juhhn� vhqvlwlylwlhv/ surylghg wkdw wkh
vhqvlwlylwlhv ri wkh ehqfkpdun sulfhv wr wkh sdudphwhuv ri lqwhuhvw fdq eh
frpsxwhg lq forvhg0irup1

Wr �{ lghdv/ zh vkdoo frqvlghu d Eodfn0Vfkrohv zruog lq zklfk wkh lqsxw
lqvwuxphqwv duh hlwkhu rswlrqv ru iruzdugv1 Zh dvvxph wkdw wkh sulfhv ri
wkh ehqfkpdun lqvwuxphqwv duh qrz jlyhq e| forvhg0irup +Eodfn0Vfkrohv,
h{suhvvlrqv

� � ' �� E7�

zkhuh 7 lv wkh vsrw sulfh1 Wkh Ghowd ri wkh frqwlqjhqw fodlp zlwk sd|r�
� lv

Y. E��

Y7
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Y. E��
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Y7
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' q�u � � +46,

Wkxv/ wkh wrwdo h{srvxuh wr d pryhphqw lq wkh vsrw sulfh lv frpsxwhg e|
frqyhuwlqj wkh h{srvxuhv wr gl�huhqw lqvwuxphqwv lqwr �Ghowd0htxlydohqwv�/
xvlqj wkh Eodfn0Vfkrohv irupxod wr frpsxwh wkh Ghowd ri hdfk ehqfkpdun1

Wkh fdofxodwlrq ri Jdppd lv pruh frpsolfdwhg/ exw iroorzv wkh vdph
dssurdfk=

Y
	
. E��

Y7
	 '

Y

Y7

3

C
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� � � q
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Wkh nh| srlqw lv wkh frpsxwdwlrq ri wkh txdqwlwlhv
� � �
��� 1 Iru wklv/ zh

surfhhg dv iroorzv
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� +48,

Wr frqwlqxh/ zh xvh wkh fruuhvsrqghqfh ehwzhhq b�ghulydwlyhv dqg fr0
yduldqfhv/ zklfk krogv iru wkh Nxooedfn0Ohleohu shuwxuedwlrqv1 Dffrug0
lqjo|/ ohw

' ' E�J� E}c }��
� �
�

Zh kdyh
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Y
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dqg khqfh
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Wkh ghulydwlyhv lqvlgh wklv h{suhvvlrq fdq eh frpsxwhg h{solflwo| xvlqj
wkh lghqwlw|

Y.Es�

Yb �
' �J�

�

sc }
� � � �

zklfk lv ydolg iru doo s� Wkh �qdo uhvxow/ diwhu vxevwlwxwlqj wkh h{suhvvlrqv

iru
� � �
� � � lqwr wkh h{suhvvlrq iru Jdppd/ lv
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Y7
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zkhuh

�� � '
�
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� � � � � '
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zlwk
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�

� � �
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�

c

�
� � �
� ' }

� � �
� � �� c

�
� � �
� ' }

� � �
� � � � c

dqg
# � ' � � � q � } � � E. E��� q ��� �

Wkhvh h{suhvvlrqv fdq eh hdvlo| hydoxdwhg qxphulfdoo|1

8 Qxphulfdo uhvxowv

Zh frqgxfwhg vhyhudo qxphulfdo h{shulphqwv lq wkh fdvh ri PF vlpx0
odwlrqv edvhg rq orjqrupdo sulflqj prghov1 Lq wkh �uvw h{shulphqw/ zh
frqvlghuhg d vlqjoh0dvvhw Eodfn0Vfkrohv prgho zlwk wkh iroorzlqj lqsxwv

7 ' '479
j ' 8;(
o ' 8(
_ ' 3(
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Wkh gd| frxqw edvlv zdv 698 gd|v2|u1 Wkh ehqfkpdun lqvwuxphqwv
fkrvhq zhuh=

W|sh H{sludwlrq+gd|v, Vwulnh Pnw1 Sulfh
izg 468 0 0
fdoo 468 476 551<;
izg 448 0 0
fdoo 448 476 5415:
izg 438 0 0
fdoo 438 476 5316:
izg <8 0 0
fdoo <8 476 4<175
izg ;8 0 0
fdoo ;8 476 4;175
izg :8 0 0
fdoo :8 476 4:16:
izg 98 0 0
fdoo 98 476 49158
izg 88 0
fdoo 88 476 48137
izg 78 0
fdoo 78 476 461:6
izg 68 0 0
fdoo 68 476 45159
izg 58 0 0
fdoo 58 476 4318;
izg 48 0
fdoo 48 476 ;187
izg 8 0
fdoo 8 476 8198
izg 458 0 0
fdoo 458 476 55147
izg <3 0 0
izg 93 0 0

Wkhvh sulfhv fruuhvsrqg h{dfwo| wr wkh Eodfn0Vfkrohv rswlrq sulfhv zlwk
wkh deryh sdudphwhuv/ vr wkdw wkh prgho lv dvvxphg wr eh qhduo| fdo0
leudwhg zlwk b ' f1 Zh vlpxodwhg :333 sdwkv lq hdfk vlpxodwlrq dqg
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shuiruphg 43 vlpxodwlrqv iru hdfk sulflqj hyhqw wr holplqdwh wkh ghshq0
ghqfh ri wkh vhhg1 Hdfk sulflqj hyhqw zdv fdoleudwhg h{dfwo| xvlqj wkh
Nxooedfn hqwurs| phwkrg1 Wkh dyhudjh pdjqlwxgh iru wkh hqwurs| glv0
wdqfh zdv rq wkh rughu ri �f

� �

� Iru hdfk sulflqj hyhqw/ zh frpsxwhg wkh
sulfhv/ ghowdv dqg jdppdv ri wkh gl�huhqw rswlrqv1 Zh fduulhg rxw wzr
w|shv ri vlpxodwlrqv=rqhv zklfk lqyroyhg plqlpxp0hqwurs| fdoleudwlrq
+dqg wkxv b 9' f� dqg rwkhuv lq zklfk zh glg qrw fdoleudwh +wkxv b ' f,1
Lq wkh odwwhu fdvhv/ zh vwloo xvhg irupxodv +46, dqg +4:, wr frpsxwh wkh
Ghowdv dqg Jdppdv/ uhvshfwlyho|1

H{dpsoh 4= Hxurshdq sxw/ h{sludwlrq= <3 gd|v/ vwulnh '4681

0 Sulfh Ghowd Jdppd
EV 4317795 031656634 3133;86

Zhljkwhg PF 431784< 03165363< 3133;:7
PF Eb ' f� 43176<8 03165359; 3133;:6

H{dpsoh 5= Hxurshdq fdoo/ h{sludwlrq 93 gd|v/ vwulnh '4<31

0 Sulfh Ghowd Jdppd
EV 51:774: 31499:;7 3133:5;

Zhljkwhg PF 51:5;47 314955<7 3133:44
PF Eb ' f� 51:3;9< 31494;95 3133:3;

H{dpsoh 6= Hxurshdq fdoo/ h{sludwlrq 93 gd|v/ vwulnh '4781

0 Sulfh Ghowd Jdppd
EV 4719;8; 318:44; 313446::

Zhljkwhg PF 4719:8< 318:537 313449::
PF Eb ' f� 4719655 318:4<8 3134499;

Dgglwlrqdo h{shulphqwv rq Hxurshdq0vw|oh rswlrqv rq d vlqjoh dvvhw
vhhp wr lqglfdwh wkdw wkh ZPF surfhgxuh dqg wkh irupxodv iru wkh
Juhhnv jlyhv dffxudw ghowdv dqg jdppdv iru d zlgh udqjh ri vwulnhv dqg
pdwxulwlhv1 Wkh urexvwqhvv ri wkh phwkrg lv txlwh jrrg lq wkh vhqvh wkdw
wkh vhqvlwlylwlhv duh frpsxwhg zlwk kljk dffxudf| hyhq iru rswlrqv zklfk
duh ghhso| rxw ri wkh prqh| +h1j148( ghowdv,1
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Zh dovr h{shulphqwhg zlwk sulflqj Edvnhw Rswlrqv rq htxlwlhv1 Zh
frqvlghuhg wkh iroorzlqj sdudphwhuv=

0 Vwrfn 4 Vwrfn 5 Vwrfn 6
Vsrw Sulfh ;9 673 :6158

Yro 93 93 68

dqg fruuhodwlrq pdwul{

0 Vwrfn 4 Vwrfn 5 Vwrfn 6
Vwrfn 4 433 76175 571:9
Vwrfn 5 76175 433 5314<
Vwrfn 6 571:9 5314< 433

Wkh ehqfkpdun vhfxulwlhv xvhg lq wkh fdoleudwlrq zhuh

Vwrfn W|sh H{sludwlrq Vwulnh Sulfh
4 izg 78 0 0
4 fdoo 78 ;8 <169
4 izg 73 0 0
4 izg 68 0 0
4 fdoo 68 ;3 431<;
4 izg 65 0 0
4 izg 63 0 0
4 fdoo 63 <3 8187
4 izg 58 0 0
4 izg 48 0 0
5 izg 78 0 0
5 fdoo 78 674 671:6
5 izg 73 0 0
5 izg 68 0 0
5 izg 58 0 0
5 izg 48 0 0
6 izg 78 0 0
6 fdoo 78 :6 7199
6 izg 73 0 0
6 izg 68 0 0
6 fdoo 68 :8 614;
6 izg 58 0 0
6 izg 48 0 0
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Wkh lqwhuhvw udwh zdv wdnhq wr eh 7( dqg vwrfn glylghqgv zhuh qhjohfwhg1
Zh frqvlghuhg d ihz h{dpsohv dqg frpsduhg wkh fruuhvsrqglqj uhvxowv
wr wkh zhoo0nqrzq Eodfn0Vfkrohv dssur{lpdwlrq iru wkh ydoxh dqg Juhhnv
ri edvnhw rswlrqv/ zklfk lv frpprqo| xvhg e| htxlw| ghulydwlyhv wudghuv1

Wkh Eodfn0Vfkrohv dssur{lpdwlrq iru wkh sulfh ri wkh edvnhw lv frp0
sxwhg e| lqsxwwlqj d frqvwdqw yrodwlolw| ri

j
	
����� ���

� '
S

� ?
	
� 7

	
� j

	
� n

S

���� � ? � ? � 7 � 7 � j � j �

E
S

? � 7 � �
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Wkh �edvnhw ghowd� iru PF zdv fdofxodwhg e| wkh irupxod=

{ ����� ���
� '

�

�

#

B �
? � n

B 	

? 	 n
B �

? �

$

c

zkhuh B � uhsuhvhqw wkh ghowdv zlwk uhvshfw wr hdfk vwrfn lq wkh pxowl0
dvvhw prgho dqg ? � uhsuhvhqwv wkh dprxqwv ri vkduhv ri hdfk vwrfn lq wkh
edvnhw1 Lq wkh fdvh ri EV/ lqglylgxdo Ghowdv duh rewdlqhg e| pxowlso|lqj
wkh Edvnhw Ghowd +jlyhq lq forvhg irup, e| wkh qxpehu ru vkduhv ri hdfk
vwrfn khog1 Zlwk wkh gdwd xvhg iru wklv h{dpsoh/ zh kdyh j �	��� �
�

� '
�H�SbI1 Zh xvhg d gd|0frxqw frqyhpwlrq ri 588 gd|v2|u1/ vlpxodwlrqv
zlwk 8333 sdwkv/ dqg sulfhg hdfk rswlrq 43 wlphv1 Wkh uhvxowv uhsuhvhqw
wkh dyhudjhv ri wkh 43 sulflqj hyhqwv1

H{dpsoh 71 Sxw rswlrq rq d edvnhw frpsrvhg ri '433 lq hdfk ri wkh
wkuhh vwrfn dw lqfhswlrq1 H{sludwlrq= 73 gd|v/ vwulnh sulfh= '6331

0 Sulfh Ghowd+4, Ghowd+5, Ghowd+6, Edvnhw Ghowd
EV 4:16634 03185:53 03146668 03194;<9 03178743

ZPF 4:169:5 03184888 03145;:: 0319997; 0317866<
PFEb ' f� 4:163;6 0318487; 03145;:8 03199989 03178977

Zh dovr frpsxwhg gh Jdppd pdwul{=

K Vwrfn 4 Vwrfn 5 Vwrfn 6
Vwrfn 4 313446
Vwrfn 5 313359 31333;
Vwrfn 6 313489 313367 313487

H{dpsoh 81 Fdoo rswlrq rq d edvnhw frpsrvhg ri '433 lq hdfk ri wkh
wkuhh vwrfn dw lqfhswlrq1 H{sludwlrq= 63 gd|v/ vwulnh sulfh= '6831
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0 Sulfh Ghowd+4, Ghowd+5, Ghowd+6, Edvnhw Ghowd
EV 51:<437 3149;86 3137596 314<:;: 31477<7

ZPF 51;7486 3149;94 3137:7: 314:96< 314643:
PFEb ' f� 51:<474 3149;95 3137:7; 314:835 314636:

D pruh ghwdlohg vwxg| ri wkh vhqvlwlylwlhv iru edvnhw rswlrqv/ lqfoxg0
lqj Yhjd0vhqvlwlylwlhv zloo dsshdu lq d vhsdudwh duwlfoh +Dyhoodqhgd dqg
Jdped/ iruwkfrplqj,1

9 Dsshqgl{= Frpsdulvrq ehwzhhq wkh wuxh

vhqvlwlylwlhv dqg wkh rqhv rewdlqhg e| uh0

juhvvlrq1

Lq wklv vhfwlrq/ zh dvvxph wkdw wkh ulvn0qhxwudo phdvxuh lv jlyhq e| d
sdudphwulf idplo| ri glvwulexwlrqv R � Ew�/ zkhuh w lv d sdudphwhu1 Zh dovr
dvvxphg wkdw wkh prgho lv fdoleudwhg wr pdwfk wkh sulfhv ri � uhihuhqfh
lqvwuxphqwv1 Wkh vhqvlwlylwlhv frpsxwhg e| wkh vwdqgdug phwkrg fdq eh
rewdlqhg e| gl�huhqwldwlrq zlwk uhvshfw wr w dqg dsso|lqj wkh fkdlq uxoh
wr rewdlq vhqvlwlylwlhv zlwk uhvshfw wr sulfhv1 Wkh vhqvlwlylwlhv rewdlqhg
e| wkh �hqwurs| phwkrg� ru/ pruh jhqhudoo|/ e| [�shqdol}dwlrqv/ fruuh0
vsrqg wr wkh �ehwdv� ri olqhdu uhjuhvvlrqv ri fdvk0 rzv1 Lq wklv Dsshqgl{/
zh vkrz krz wkh wzr frqfhswv duh pdwkhpdwlfdoo| uhodwhg1

Ohw q � dqg q � � ghqrwh wkh yhfwruv ri vhqvlwlylwlhv rewdlqhg e| wkh
sdudphwulf dqg qrq0sdudphwulf phwkrgv/ uhvshfwlyho|1 Uhfdoo wkdw

q � '

#

�J�

#

u � R Ew�

R Ew�
c}

$$ � �

� �J�
#

u � R Ew�

R Ew�
c �

$

dqg

q � � ' E�J� E}c }��
� �
� �J� E}c�� �

Wuhdwlqj
��� � � � �

� � � � dv d udqgrp yhfwru/ zh frqvlghu d olqhdu uhjuhvvlrq ri wklv

yhfwru rq wkh vsdfh jhqhudwhg e| wkh fdvk0 rz yhfwruv }
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zkhuh @ � � ' @ � � Ew� duh uhjuhvvlrq frh!flhqwv dqg "� duh udqgrp yduldeohv

+uhvlgxdov, zlwk phdq }hur1 +Qrwlfh wkdw zh xvh khuh wkh idfw wkdw
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� � � �
kdv phdq }hur1, Zh fdq uhzulwh wkh deryh htxdwlrq lq pdwul{0yhfwru
qrwdwlrq dv
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Wkh odvw h{suhvvlrq zdv rewdlqhg xvlqj wkh idfw wkdw wkh uhvlgxdo ri
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lv xqfruuhodwhg zlwk }1 Wkxv/ irupdoo|/ zh kdyh

Sursrvlwlrq 7 = Wkh gl�huhqfh ehwzhhq wkh sdudphwulf dqg qrq0sdudphwulf
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Wkh gl�huhqfh ghshqgv rq wkh fryduldqfh ri wkh uhvlgxdov ri
��� � � � �

� � � � dqg �
zlwk uhvshfw wr surmhfwlrqv rq wkh vsdfh jhqhudwhg e| wkh fdvk0 rzv ri wkh
lqsxw lqvwuxphqwv1

Lq sduwlfxodu/ wkh gl�huhqfh ehwzhhq wkh wzr vhwv ri frh!flhqwv zloo
eh vpdoo li hlwkhu rqh ru wkh rwkhu uhvlgxdo lv vpdoo ru li wkh uhvlgxdov duh
qhduo| xqfruuhodwhg1

Wklv uhvxow surylghv d txdolwdwlyh xqghuvwdqglqj ri wkh gl�huhqfh eh0
wzhhq sdudphwulf dqg qrq0sdudphwulf �Juhhnv�1 Ghvslwh wkh reylrxv gli0
�fxowlhv lq rewdlqlqj txdqwlwdwlyh hvwlpdwhv iurp wkh deryh sursrvlwlrq/
zh qrwh wkdw li wkh uhihuhqfh lqvwuxphqwv irup d �uhdvrqdeoh� vsdqqlqj
vhw lq wkh u

	
vhqvh/ wkh uhvlgxdov zloo eh vpdoo dqg wkh dssur{lpdwlrq

zloo eh jrrg1 Ilqdoo|/ wkh idfw wkdw wkh huuru lv frqwuroohg e| wkh uhvlgxdo
ri

� � � � � �
� � � � lqglfdwhv wkdw wkh qrq0sdudphwulf vhqvlwlylwlhv fdq eh uhdvrq0

deo| jrrg hyhq li wkh wdujhw sd|r� � lv srruo| fruuhodwhg zlwk wkh lqsxw
lqvwuxphqwv1 Wklv odvw uhpdun lv frqvlvwhqw zlwk wkh idfw wkdw wkh PF
dojrulwkp jlyhv h{fhoohqw qxphulfdo dssur{lpdwlrqv wr wkh Juhhnv hyhq
iru rxw ri wkh prqh| rswlrqv zlwk ghowdv dv vpdoo dv 48(1

: Uhihuhqfhv

Dyhoodqhgd/ P1 +4<;;,/ Plqlpxp0uhodwlyh0hqwurs| fdoleudwlrq ri dvvhw0
sulflqj prghov/ Lqwhuqdwlrqdo Mrxuqdo ri Wkhruhwlfdo dqg Dssolhg Il0
qdqfh/ Yro 41 Qr1 7/ 77:07:5

Dyhoodqhgd/ P1/ U1 Ex�/ F1 Iulhgpdq/ Q1 Judqgfkdps/ O1 Nuxn dqg
M1 Qhzpdq +4<<<,/ Zhljkwhg Prqwh Fduor= d qhz dssurdfk iru fdoleudw0
lqj dvvhw0sulflqj prghov/ wr dsshdu lq Lqwhuqdwlrqdo Mrxuqdo ri Wkhruhw0
lfdo dqg Dssolhg Ilqdqfh1 Zrunlqj sdshu dydlodeoh iru grzqordg iurp
XUO kwws=22frxudqwilqdqfh1flpv1q|x1hgx1

Eurdglh Pdun dqg S1 Jodvvhupdq/ Hvwlpdwlqj Vhfxulw| Sulfh Ghulyd0
wlyhv Xvlqj Vlpxodwlrq/ Pdqdjhphqw Vflhqfh/ yro1 75/ q1 5/ s1 59<05;8/
4<<71

Irxuqlì/ H1 > M10P1 Odvu|/ M1 Ohexfkrx{/ S10O1 Olrqv/ dqg Q1 Wrx}l
+4<<;,/ Dssolfdwlrqv ri Pdooldylq fdofxoxv wr Prqwh0Fduor phwkrgv lq
Ilqdqfh/ Ilqdqfh dqg Vwrfkdvwlfv
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