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Outline

* Stylized facts about index options and volatility

« Steepest descent approximation: matching index skew with
single-stock option skews

 Implied correlation: skew and term structure
* Modelling correlation skew

« Statistics of implied correlation for different markets/sectors




U.S. Equities: Main Sectors &
Their Indices

* Major Indices: SPX, DJX, NDX
SPY, DIA, QQQ (Exchange-Traded Funds)

» Sector Indices & Index Trackers:
Semiconductors: SMH, SOX
Biotech: BBH, BTK
Pharmaceuticals: PPH, DRG
Financials: BKX, XBD, XLF, RKH
Oil & Gas: XNG, XOlI, OSX
High Tech, WWW, Boxes: MSH, HHH, XBD, XCI
Retail: RTH

All these indices have options




Components of NASDAQ 100
Trust (AMEX:QQQ)

= Capitalization-weighted average
of 100 largest stocks in NASDAQ

=QQQ trades as a stock

=*QQQ options are the most
heavily traded contracts in the
world
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BBH : Basket of 20 Biotechnology
Stocks

Ticker Shares ATM ImVol | Ticker Shares ATM ImVol

ABI 18 55| GILD 8 46
AFFX 4 64 | HGSI 8 84
ALKS 4 106 | ICOS 4 64
AMGN 46 40 | IDPH 12 12
BGEN 13 41 | MEDI 15 82
CHIR 16 37 | MLNM 12 92
CRA 4 55 | QLTI 5 64
DNA 44 53.5 | SEPR 6 84
ENZN 3 81 | SHPGY 6.8271 47
GENZ 14 56 | BBH 32




BBH March 2003 Implied Vols

Pricing Date: Jan 22 03 10:42 AM
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Implied Volatility Curve for Options on

Dow Jones Average

DJX Mar 03 Pricing Date: 10/25/02
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Stylized facts about equity volatility
curves

= Implied volatility curves are typically downward sloping

= Counterexamples: precious metal stocks are upward sloping

» There is little curvature (or smile). Skew Is important.



AOL Jan 2001 Options:

Implied volatility curve on Dec 20,2000
Market close
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What is the relation between
iIndex options and options on the
components?

Standard (log-normal) Volatility Formula for Index Options

N
Glzzzpjzajz_l_zpi Pi0i 00 (*)
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1#]

Does not apply when volatilities are strike-dependent

How can we incorporate volatility skew information into (*)?




Volatility Modeling

1.:]oint stc.)ck’-volatility d_S - o, dW
dynamics
A. o, =o(S,t) Dupire's Local Volatility O'(S,t):a(t)(sijy
do, : .
B. = xdZ, Stochastic Volatility
Gt

2. Implied vol. curve

G inptied (Ko T) = Cioiiea (S, T)- (L +alIn(K /)

implied

Joint stock-volatility dynamics gives rise to an implied volatility curve



Relation between Stochastic
Volatility and Local Volatility

s, _ o, dZ,
S

t

Glic(s’t): E{ Gtz | S = S}

Derman, Kani & Kamal1997, Britten -Jones and Neuberger, 2000, Gatheral 2000,
Lim 2003



Application to Index Options

| = Z:WiSi Index = weighted sum of stock prices (constant weights)
=1

o dS.
Diffusion eq. —L =0, (Si ,'[)dWi + . dt, wo=r—d.,
for each stock $ S,
reflects vol skew E dW.dW.): o dt
(local vol) - N !

dl

—=0 (S,t)dZ + g, (S,t)dt

ZGi(Si,'[)Gj(Sj,t)\NiSinSjpij D WS,

7 (5.0)= - (5=




Characterization of the equivalent
local volatility for the index

™
=
Lop
o

S’ ' » sigma_| can be seen as
j a ‘stochastic vol’ driving the index

* sigma_|_loc is then the “equivalent
local vol”




Varadhan's Formula and Large

Deviations
( noo Dupire local
4 dX; = Zgij (X, t)dw, E{dede }: Pt volatility model
X (0) = for each stock
i\V)=X
d*(xy) (¥
log Prob {X (t)= X (0) = x}~ - == %2, (ft<<1
d (X y o |nf IZ gIJ ."(s)ds Riemannian metric
7 =X 7/ y 0 ij=1

g(X) _ a‘l(x) a, (X) =0, (X,O)Gj (X,O),Oij In practice: dimensionless

time ~ 0.02




Steepest-descent approximation

Change to log-scale: Iog( (O)e j (%j i=12,...,n.
SRS

Applying Varadhan’s Formula,
N(RIE G,Z(S*,t) S’ =5, (0)* e

where

X =arg min{dz(o, x){z_:wisi (0)e*ite*i = I}




Steepest Descent=Most Likely

Stock Price Configuration

Level sets
multivariate
PDF for

n stocks

N
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D Fet =

Most likely
path for stock
price returns

Replace conditional distribution by “Dirac function™ at most likely

configuration



Characterization of MLC

Euler-Lagrange equations: find (X*,g) such that




Linearization gives CAPM-like
characterization

Cov(xi ,i)

=520 & P 0P 0k, 0=

Y o 25,20 1]

Most likely config. : described by the risk-neutral regression coefficients
of stock returns with the index return (" micro” CAPM)



From local volatilities back to
Black-Scholes implied volatilties

= Seek direct relation between implied volatilities of single-stock options and
implied volatility of index options

» Tool: Berestycki-Busca-Florent large-deviations result for single-stock
(“1/2 slope rule”)

-1
imol. - 1X dU 44
o' (X)N[x'([o-(u)] @25

o

—e— |ocal vol
log(K/S(0))

—=— implied vol




Alternatively: integrate LV along
most likely path

T Jo
z_l_i OTa,iC(xs,s)ds

-- For small dimensionless time, the price diffusion is
localized in a neighborhood of the most likely path

-- this implies the Y2 slope rule as trapezoidal approximation
to the integral




Computing The Index Volatility
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Reconstruction Rule for Index
Volatility

-- SD approximation is consistent with Qij (;,T)z 1

e T =Y o™X IO (8, KT )Py,

ij=

An X percent OTM strike for index corresponds to a ﬁli percent OTM strike for
stock 1, etc.



DJX: Dow Jones Industrial Average

T=1 month
DJX Nov 02 Pricing Date: 10/25/02
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T= 2 months

Vol
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T=3 months

Vol

DJX Jan 03 Pricing Date: 10/25/02
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T=5 months

DJX Mar 03 Pricing Date: 10/25/02
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T=7 months

DJX June 03 Pricing Date: 10/25/02
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OJX Delta 25 3 month
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S&P 100 Index Options
(Quote date: Aug 20, 2002)

Expiration: Sep 02
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S&P 100 Index Options

(Quote date: Aug 20, 2002)

Expiration: Oct 02
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S&P 100 Index Options

(Quote date: Aug 20, 2002)
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S&P 100 Index Options

(Quote date: Aug 20, 2002)
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Implied Correlation: a single correlation
coefficient consistent with index vol

( |mp|)2 Zp'( |mpl)2+pz 0ip;0, &l |mpI

Iij

T Bnlm T T S

. p= _

Z pipjoi o™ EZ J ai""p'] —Z p? (o' f
=1 i=1

N

impl Implied correlation can
be defined for different
Z p; o™ strikes, using SDA

|
zz

Approximate formula:




Dow Jones Index

Index Price

3 month Implied Correlation

— Historical Correlation
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Dow Jones Index: Correlation

Skew

Quote Date 9/1/1998 Spot price=78.26
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implied correlation
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Quote Date 7/25/2002 Spot=81.86

seomoncoce 871 72002 ——9/21/2002 - - -10/19/2002 12/21/2002 ——3/22/2003 6/21/2003

0.6

0.55

0.5

0.45

implied correlation

0.35

0.3 I I I I I I I I I I l I I I I I I I I I I
68 70 72 V4 Y5 Y6 77 T& 79 B0 81 82 83 B4 8BS 86 &7 & 90 92 94 96

sttike



A model for "Correlation skew’:
Stochastic Volatility Systems

@:Gidwi %:Kidzi

S, o

E(dw,dw, )= p, dt E(dw,dz, )= rdt
- dl ds, do,

== X =" Vi=—+

oF

Look for most likely configuration of stocks and vols
(Xpeees Xy Yareees Vi) corresponding to a given index

displacement x




Most likely configuration for

Stochastic Volatility Systems

* — O: D:
Xj = phiX ,Bi:ﬂ
O
t _ kil
Yi =7iX Vi =
O

Most likely configuration
for stocks moves and
volatility moves, given
the index move

SDA

Glz,loc(;,t) = Z PiP;o; (O,t)aj (0,1)e’

ij=1

XAV jX

€ 0




Method |: Dupire & Most Likely
Configuration for Stock Moves

: Gl(xl’t)

N-dimensional

Equity market . O; (Xi ,t) > O, ,Ioc(;’t)

» Step 1: Local volatility
for each stock consistent
. with options market

O-n (Xn ] t) *Step 2: Find most likely
configuration for stocks




Method II: Stochastic Volatility System and
joint MLC for Stocks and Volatilities

N-dimensional a
t)

Equity market / off |OC(X

*Only one step: compute the
most likely configuration of
stocks and volatilities at the
same time




Methods | and Il are not

A\ u b )
equivalent
gﬁg:;er:g(r:na;:m. o Gitoc(Xist) = 1 (0,1 )e™ “i :%
|
Index vol., X
I\r/l]etehxo\cllol Ol Ioc( ) Zp'pl Ot)a Ot)p” “irgTih

:\;]gfhxo\éosf‘—’ o Ioc( ) Z pl pj O t)O- O t)pljey X 7/]




Stochastic Volatility Systems give rise
to Index-dependent correlations

JIZ,Ioc(;,t)z Z PiP;jo; (O,t)o-j (O,t),oije”;eyj; Method I
1]

> pipjo (0,057 (0,117 pyer e Xe g
j

N Zj: P pjcmoc(ﬂi ;’t)gi,loccgi ;1t)/0ij (i)

Pij (;)E /Oije(yi +75- BB




Equivalence holds only under additional
assumptions on stock-volatility correlations

Kili 000 _ KiliPy

wiﬂi = = Method |
O; O, O,
_ Kl Method I
Vi =
O,
L, =L O Conditions under

which both methods
give equivalent
valuations




Numerical Example
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Lee, Wang and Karim

RISK, Dec 2003

* Propose a stochastic average correlation

e Linear econometric fit:

Rho_bar is the
‘average’ correlation

p=a+pBInl+¢

OEX : B =-0.66
BKX : B =-0.34

This model gives rise to an index-dependent implied correlation via SDA



OEX 60 days correlations

— implied
realized shifted




J. Lim: Statistical distribution of
Implied correlations

NYU Thesis, 2003

f(,z_)): p.d.f for implied correlation

parametric model : p ~ = Arctan (X)
7T

X~ N(ﬂoﬂg)




DJX delta 50 implied comelation | 1 month
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BBH Biotech Index

Index Price

— Historical Correlation — 3 month Implied Correlation

- CO0T/E/9

- T00T/E Y

-T00T/E/T

-L00T/ETT

-T00T/€/0T

- TOQZ/€/8

- TO0T/ €9

- 100%/€/F

- 100T/€/T

F0008e T

-000T/€/0T

- 000T/€/3

- 000Z/€/9

000T/E/v
=]



BEH delta 50 implied correlation ;| 1 month
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PPH Pharmaceutical Index

--------- - Historical Correlation —— 3 month Implied Correlation — Index Price
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PFH delta 50 implied correlation | 1 month
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PPH Index
correlation
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SOX Semiconductor Index

— Historical Correlation — 3 month Implied Correlation — Index Frice
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80X delta 50 implied correlation | 1 month
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DJX, PPH, SOX, BBH

- DJX
— SOX
— - BBH
— PPH

The shapes of implied correlation distribution for different sectors



DJX 60 days correlation

—— implied
—— realized




QQQ 60 days correlation

—— implied
—— realized




Conclusions

» Steepest-descent approximation: a simple tool for analyzing
the volatility skew of index options

* Implied correlation (for an index ) : the constant correlation
number that makes the index option correctly valued

* In general there is a correlation skew and term-structure

« Statistics of implied correlations: evidence of heavy tails
for broad market indices; “stability’ for narrow sectors

« Study of market correlations presents several open problems
that are interesting in theory and practice




