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Abstract
We obtain sufficient conditions for existence and a closed form
probabilistic representation for solutions of nonlinear parabolic equa-
tions with gauge function term. In particular, our result applies to
the generalised Leland equation

n
BSn+1/2) Aid Z pik DV D5V =0,
i=1
where BS,, is the n-dimensional Black-Scholes operator, A; are posi-
tive transaction cost numbers, p;i are the correlations between returns
of asset S; and asset Sy and DrkV is an abbreviation of 0,015, 5 33 Qggk
along w1th the volatilities o, of the rth asset S,. We show that the
associated Cauchy problem has a solution for uniformily bounded con-

tinuous data, if for all ¢ j, i 7éj 0< A4; <1 and

loij| < - +\/1— (1— 4;).

We also comment on existence as A; — 1 for some ¢ for small and
large correlations between returns of assets.
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1 Introduction

Consider operators of the form

Lyu =3¢ + 7o aij(e, )Bwaw + 2 1b($t)——c($t) (1)

with smooth bounded coefficient functions a;;, b; and ¢ > 0 and where
A = (a;;) >0, ie. Ais a positive matrix. It is well known that for
bounded continuous data the solution u of the final value problem

Lyu=0 R™ x (0,T)
{ u;{x,T) = f(z) inR" )

(R the real numbers) has a probabilistic representation

u(a, t) = B(e~Je o pxhy), 3)

if Xb* is a stochastic Itd process starting at = at time ¢ which solves

P .
dX} = bi(Xs, t)dt + > 045(Xe, t)dWY, (4)
J
and

¥4
aij(z,t) = ou(w, t)ou(z, ).
7

This expectation value formula and derivatives are used in finance to
compute option values and sensitivities, especially in higher dimen-
sion. However, the Leland approach of pricing options in the presence
of transaction costs leads to the final value problem

+1/222] lpZ]D V+’I“( Szg;’/ V)

+1/2 S AZJZj,kzl p]kDijVDiV =0inR% x (0,7)  (5)
V(S1, ey Sy T) = f(S1, -, Sp) in RY,

(where R are the positive real numbers and oy, p;;, r, A; are constants
and we used the abbreviation
o’V
OkSrSy o
rUgIrok 8 ST 8 Sk’
Here, the question of existence (well-posedness) and probabilistic rep-

resentations of solutions of nonlinear parabolic equations with gauge
function term arises.

D3V =g 1<k, r<n.



Equation (5) is a multi-dimensional form of the so-called Leland
problem with convex payoffs (final value data) to model transaction
costs for options written on one asset. Generalizations to payoffs with
mixed convexity were proposed by Whalley and Wilmott (1993) and
by Avellaneda and Paras (1994). Avellaneda and Paras introduced
the Leland number A and noticed that the equation becomes ill-posed
if A > 1. Pacelli, Recchioni and Zirilli (1999) modelled the multidi-
mensional case and treated numerical aspects. In this paper we deal
with the problem of existence and probabilistic solution representa-
tion. There are two contributions. The first one concerns existence
and probabilistic representation of solutions for a class of nonlinear
parabolic equations with gauge function term motivated by the multi-
dimensional Leland equation. This type of equation can be connected
to Hamilton-Jacobi-Bellmann equations for which probabilistic repre-
sentations of solutions are studied by many authors, especially J.P.
Lions (1983,1988). He studied probabilistic representations for equa-
tions of type

2

% + zlelg(azof 82(;;j + bgg—; + cou + fo) =0,
where A is a compact subset of a complete metric space and some
regularity assumptions are imposed for the coefficients (we used Ein-
stein summation). For example it is assumed that the entries of the
square root of the matrix a¥ are differentiable with respect to spacial
variables such that the derivatives are bounded and Lipshitz. In the
case of the multi-dimensional Leland equation (5) the essential part
of the differential operator

1/250 1 piyDEV + (1/2) Y0, Ai\/z;{k pik DS VDSV,

can be written pointwise in the form of an Hamilton-Jacobi-Bellman
equation

n
> L PikYi
j=177 J S
= A
k=1 PikYijYik

(1/2) subyes(n) Xik=1(pik + Ai \/

where we used convex analysis. Y are the entries of the Hessian
(yij) = (D%U) of some scalar twice differentiable function U and
we look at the supremum pointwise, i.e. for any point DZSjV(S, t) we
search for supremum Y in the space of symmetric matrices S(n). From
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this representation we see that standard results for Hamilton-Jacobi-
Bellman equation cannot be applied to obtain existence and proba-
bilistic representation of solutions for two reasons: first, the search
space for the sup is a function space and not compact. Second, the
second order coefficients of the Hamilton-Jacobi-Bellmann equation
of the generalised Leland equation are not even continuous. We solve
the problem of the probabilistic solution of parabolic equations with
gauge function term in general. Moreover, our proof emphasizes the
PDE-side and is new in this respect.

The second contibution concerns the problem of well-posedness of
the multidimensional Leland equation. We prove existence of solutions
for bounded continuous data if the relations

A+ A;
Wit &)y Ja-aya-ay ©

for all ¢ # j and A; < 1 for all ¢ hold. Note that |p;;| > 0 implies that

lpij| < —

(1 - A1~ A7) > 7(Ai + 45

which means that for all 7, j A;, A; are inside some ellipse or hyperbola
of the quadrant A;, A; > 0.

It turns out that these relations are also necessary for ellipticity in
the sense that they cannot be generalised without further restrictions
on correlations, Leland numbers or payoffs. We will comment on that
at the end of the paper where we outline directions for future research.
In the following we assume that f is bounded continuous. Standard
techniques can be used then to extend our results to allow for solutions
with linear growth condition (cf. [2]).

Concerning our first contribution we ask the following more general
question. Let (a,p, X) € R x R™ x §(n) where S(n) is the space of
symietric n X n-matrices and let

N(z,t;a,p, X)

be a gauge function with respect to the Hessian, i.e. a positive con-
tinuous function such that for each point (z,%;a,p) H(gta,p)(X) =
N(z,t;a,p, X) is convex and homogenous of degree one with respect
to the Hessian X. Furthermore, let D%y denote that Hessian of u and
Du denote the gradient of w (with respect to spacial variables). Is
there a probabilistic representation of the solution of the problem

Lyu+ N(z,t;u, Du,D?u) =0 in R™ x (0,T) (7)
w(z, T) = f(x) in R"™?



If some assumptions on N are satisfied then we answer this question
affirmatively showing that

w(, t) = limes g Supyegia B(e™Je Xos pxaveyy  (8)

where (XJ€),c[0,7] is @ process starting at x at time ¢ (defined on a
probability space (€2, F, P)) and which solves

dXEVE = by( Xy, 1) dt+Za (Xy, t)dW (9)
j=1

where
E”xt Za Uea:t) (10)

is from a smoothed linearisation of (7) about the Hessian. (For the def-
inition of the matrix valued function Eff and (037(z,t)) and (o3 (z, t))
cf. p.10.) In section 2 of this paper we provide sufficient conditions
for (7) to have a solution and derive a closed form probabilistic rep-
resentation of the solution. In section 3 we show that the generalised
Leland equation has a solution if for all ¢ # j A; < 1 and

oyl < AEA) Ay - ay) &

and provide a probabilistic representation if this condition holds. Note
that the latter relation is always violated if A; — 1 for some 7. We
comment on that at the end of the paper.

2 Probabilistic solutions for nonlinear
parabolic equations with gauge function

We ask for sufficent conditions for existence of solutions in the viscosity
sense of the initial value problem (IVP)

U 2 : n
G(z,t;u, at,Du D*u) =0 in R™ x (0,T) (12)
u(z,0) = f(=) in R"
where
du 2 - 2
Gz, t;u, — 5 , Vu, D*u) := Lyu — N(z,t;u, Vu, Du),



and
_ 2
Lpu = % - ZZj:l ai,j(xat)#auwj - ?:1 bz(xat)g_gz +C($at)ua

and N is a gauge function. Applications to final value problems oc-
curring in finance are immediate by time change ¢ — 7 — ¢ in the
IVP.

Recall that u is a viscosity solution of (12) if u is a viscosity subso-
lution and viscosity supersolution. For the operator G of the Cauchy
problem associated to (12) this means (U = R"™ x (0,T) )

V(z,t) € R x (0,T) Y(a,p, Z) € Py u(z, t)

G(Z‘, t7 u,a,p, Z) < Oa and
V(z,t) € R™ x (0,T) Y(a,p, Z) € P u(z,t)
G(z,t;u,a,p,Z) >0
where
(a,p,Z) € P5’+u(x,t) iff
U(y, 3) < ’U,(Z‘,t) + a(s - t) + <pay - $‘>
+ 3{Zy—2),(y—2) +olly —a* +]s —t))

as (y,8) = (,t) and Py u(z,t) = =Pyt (—u(z,t)). Here, (p,y — )
means the standard scalar product. Proving existence via viscosity

solution theory is possible if the operator is proper, i.e. for all (x,t) €
D and (a,p, Z) € P5’+u(x,t)

u<v = Gz, tu,a,p Z) <G(z,tv,a,p,Z),
Y<Z = Gz,tu,a,p,Y) > G(z,tu,a,p, Z).

Hence, the first question to answer is properness of the essential
part of G

n n

=3 aij(z,t)zi; — Y bz, )pi + c(z, tyu(z,t) — N(z,t,u,a,p, Z).
ig=1 i=1

Clearly, we have to assume monotonicity of N with respect to
u. For the second property of properness consider the Euler relation

(Z = ()

ON
N(xat;aapa Z) = Z 82”($’t;aapa Z)ZZ] (13)
i kY
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which holds everywhere where N, being a function homogenous of
degree 1, is differentiable. We assume that for all Z € S(n), 1 <

i,j < n and z;; # 0 the partial derivative azzrj exists at each point in

H(g,t;a,p) is
Zif
homogenous of degree zero and therefore bounded for 2;; # 0; de%ining
Gor7ij = 0 if zi; = 0 (13) holds for all (z).

"Since Hz t,0.p) 18 a convex and homogenous of degree 1 for each

(z,t;u(z,t),a,p) € R" x (0,T) x R x R™ we can write

state space and is continuous. Note that for each ij z;; —

G(z,t;u(z,t),a,p,Z) =
a — sup(y, Zm aij(z,1) + (a: t;a,p,Y))zij (14)
— i1 bi(z, t)pi + c(z, thu(z t)

For monotonicity in the Hessian we observe that for Z = (z;;) € S(n)
and positive definite W = (w;;) € S(n)

SUP(y, ) 2 ,] 100 (@, 8) + (., Y)) (35 + wij)
- SUP y”) ]: 1(aij(z,t) + azljz(-a Y))zij
> 1(az, (z,t) + aazz (- )(ZZ] + wij)
- zm aig(a,t) + 2 (. 2))z;
= Sli(aige,t) + S (. 2w

Hence monotonicity in the Hessian holds if

ON
(ai,j(x,t) + 3 .

We have
Theorem 1 Assume that there exists v > 0 such that

7(q - ’I“) < G(Z',t,q,p, Z) - G(Z',t;’l“,p, Z)
for (z,t) € R™" x (0,T), ¢ > r and (a,p,Z) € R x R"™ x §(n),
(15)
and there is a function & : [0,00] — [0, 00] with kK(07) = 0 such that

G(z,t 0,0z —y), X) - Gy, t;0,0(z — y),Y)
< w(alz —yI* +|(z,t) - (y,1)]) (16)
for (z,t), (y,t) e R" x (0,T) anda € R and X <Y.

Furthermore, assume that N is a positive continuous function which
s a gauge function with respect to the Hessian (as explained above)

7



and such that

(aij(z,t) + £ (2, 0,0, 2)) 2 0 )
for all (z,t) € R™ x (0, T) and (a,p,Z) € R X R™ x S(n),

where for all 1 < 4,5 < n, z;; # 0 and for all (z,t;a,p, X) the par-
tial derivatives %H(z,t;a,p)(X) = %(a:,t;a,p,X) exist and are con-
tinuous. Then problem (12) has a viscosity solution for continuous

bounded data f.

Proof. We have seen that the operator GG is proper if

(5@ 1) + O (2, t;7,0,p, 2)) 2 0
0%;j
for all (z,t) € Rx(0,T), (a,p,Z) € RxR"™ xS(n). In order to obtain
the existence of viscosity solutions we prove a comparison theorem and
apply Perrons method.

By comparison for G = 0 we mean : if u is a subsolution of G =0
and v is a supersolution of F = 0 and u(z,0) < v(z,0) for z € R"™
then u < v. We assume that u,v are bounded on (0,7) x R™.

First note that if u is a subsolution of G = 0 then u, = u — 75,
(e > 0) is a subsolution of

Oou
s, —, Vu, D?u) = —
G(z,t;u, 5 VU u)

€

T (18)

Furthermore, u < v follows from u¢ < v in the limit € \, 0. Hence we

may assume that

lim u(t, z) = —oco (19)

t—T

for all z € R™. Let Pp-" u(z,t) (rsp. Pp-" v(y,t)) be the closure of
the superjet P%’J’u(a:,t) (rsp. the closure of the subjet Pf)’_v(y,t)).
Starting with an upper semicontinuous (rsp. lower semicontinuous)

subsolution u (rsp. supersolution v) we assume that for some (x,t) €
(0,T) x R™

u(z,t) —v(z,t) >85>0 (20)
and then contradict this assumption. We consider the function

Bty 1) = u(e,t) —o(y,t) = Slo =y —elleP +1y») @)

8



with a maximum at (2, %), (9,%). (Note that (%, %), (§,%) depend on € in
general; we drop this dependence in notation for sake of simplicity).
If € > 0 is small enough then
$(&,,9,9) = u(@,1) —v(g,1) - §l& - 91* — (2] +[9[*) > § > 0.
(22)
From the consideration above we may assume that ¢ # T. Similarly

we may assume that o > 0 is large enough such that ¢ # 0. Moreover,
since u, v are bounded from above

o R R R a A~ A
2% = 9I° + el + [9°) <u(@,9) - () < C. (23)

for some C > 0 and all ¢ € (0,7) (Recall that u,v are assumed to
be bounded). By the main theorem of viscosity solution theory there
exist X,Y € S(n) such that

(a, (& — ) + 262, X + 2€I) € Py (s, ), (24)
(b, (@ — ) — 26§, Y — 2€I) € Py w(§, 1) (25)

and X <Y and a — b = 0. Since u is a subsolution and v is a
supersolution of G = 0 we have

G(z, 1u(a?,t:),a, o(Z —9) + 2e2, X + 2eI) < 0, (26)
G(9,t,v(9,t),a, (T — §) — 2¢,Y — 2el) > 0.
Hence,
0< A(uld, b — vfi, )
< G(&,t,u(Z,t),a,a( — §) + 2e2, X + 2¢l)
- G(&,t,v(§,1),a, (s — §) + 2ez, X + 2¢l)
= G(&,t,u(®,t),a,a(@ —§) + 2z, X + 2€l)
- G(ga fa U(ga f)a a, a(j - g) 26ya - 261) (27)
+ G(ga fa U(ga f)a a, a(j - g) 26ya - 261)
— G(&,t,v(4,1),a,a(F — §) + 2ed, X + 2¢)
< G(ga fa U(ga f)a a, a(j - g) - 26ya - 261)
- G(&,t,v(§,1),a, (& — §) + 2€z, X + 2¢I)

By (24) we know that the term §|# — §|? + €(|2|> + |§|?) is bounded
independently 0 < € < 1 for fixed o. Hence €, ej — 0 and oz — 9)
remains bounded as ¢ — 0. Hence, for € — 0 the latter term in (28)
converges to (for some Z,5 € R")

, X) (28)



By a standard argument of viscosity solution theory x(c|§ — 2|? +
(#,%) — ) = 0 as @ — oo and we have a contradiction.

To apply Perrons method we have to ensure that there exist super-
solutions and subsolutions @ and u such that w(z,0) = f(z) = u(z, 0).
Clearly, the solution of
{ Lyu=0 in R" x (0,7) (29)
u(z,0) = f(z) in R"™

is subsolution of (18). For construction of supersolutions consider first
the case where f € C??, i.e. f has second order bounded derivatives.
Then for C large enough f + Ct is a supersolution of (7). There are
several ways to extend the result to bounded continuous data f. One
is to derive a probabilistic representation of the solution for f € C??
as is done below and then use standard methods.

Next we derive the formula for a probabilistic solution. For given
v € CY? consider the problem

2
+ Zz ,j=1 E;]_;E(xa t) azaz_f,vj
(€v) + Zz:l bi(z, t)aa—;‘i —c(z,t)u=0 inR" x(0,T) (30)
u(z,T) = f(z), in R"

where

€

0
i (1) = (aij(z,t) +

—(1‘, t; ’U(Z‘, t)a D’U(l‘, t)a D2U($a t)))l]
0%;j

and azN has been smoothed to Z— using a mollifier. We can assume
2]

that is such that (X} it “(2,t)) > 0 for all (z,t). If uy is a solution
of (e )U then Uy,e has the representation

t
wne(@,) = Ble™ Jo X (X 209)) where (31)

(X3 )se[e,1) 18 @ process starting at  at time ¢ and solves

X = by( Xyt dt+Za (Xy,t)dW} and
j=1

E”xt Za ”a:t).

10



Let u, solve

aat SUPyecis2 ZZ] 1 53 6( )awaaz;c]
(€w) § =%, by(z, t) -+ ¢(z,t)u = 0 in R™ x (0,T) (32)

u(z, T) = f(x), mR"

We consider a subsequence u 1 (z, t) of the family u¢) of solutions of

problems (e,) at each (z,¢) and define upper and lower semicontinuous
functions U and U by

U(z,t) = limy,_00 sup* u1 (2,t) =
lim; ;0 sup{u 1 (z, 8)|m > j,2 € R" x (0,T), & |(2,t) — (z,s)] < ]l},
i )

and

U(z,t) = limy, oo infyui (2,t) =
limy o0 inf{u 1 (€)|m > j,& € R® x (0,T), & |(z,1) — (z,5)] < 1.

K (34)
By standard arguments U(z,t) is a subsolution and U(z, 1) is a super-
solution of G = 0. We get comparison for (¢) in an analogous way as
in theorem 1 and have U < U by definition and U < U by compar-
ison. By uniqueness of the viscosity solution we have lime\ g ue = u.

By comparison for the problems (€,) we also have
Uy,e < Ue (35)

for all € > 0 and v € C%2. Hence,

i
SUD g = sup E(e”do Ko (X)) <o (36)
veC!:2 veC!:2
and \
lim sup E(e ~Jo C(Xs’s)dsf(Xf’v’e)) < limu, = u. (37)
e\0 veC0:2 e\0

In order to show that

lim sup B(e™ o KXo £(X20Y) > ufa,b) (38)
N0 yeet2

we construct a sequence (v,,) where v,, € C%% converging to the
solution u of (18). Starting with the continuous solution u let vy,

11



equal u on a grid G = {(&, ..., 5 1)|k; € Z} for all ¢ € (0,T). Let
Uy, SOlve

du _yn.  smem 02w

ot t,5=1 “ij awiawj

— Y bi(z, ) FE +c(z,tlu =0 inR" x (0,T) (39)
u(z,0) = f(z) in R™

We denote the limit problem (e \, 0) with coefficient matrix E;’;”’O by
(m). Let uy, be the solution of the limit problem (m). Then (since
C12 is dense in C%?) we have

¢
lime g Supyecn2 Ele” fo C(Xs,s)dsf(th,U,E)) >

i
lime o Sup,, B(e™ Jo “Xor p(xome)) (40)
lime\ o SUp,, Um,e > limeN\ g U e = Up, for all m.

For all m we have u,, = v on G7* for all t € (0,T). Hence,

t
limen 0 Supyecrz B Jo X9 f(XF0)) > u, (41)

and we have

Theorem 2 The probabilistic solution of (12) is

i
u(z" t) = li{‘% S]é'}i)2 E(e_ fo C(Xsys)de(XgﬂlyE)). (42)
vel™

3 Application to the Generalised Le-
land Equation

Now we can apply the results above to the generalised Leland equa-
tion describing the pricing problem for European options written on
multiple assets in the presence of transaction costs. It seems that the
equation was stated publicly in [8] for the first time (it also appeared
later in text books). The pricing problem for an European options
with payoff f and transaction cost numbers A; reads

aa_‘; +1/2370 1 pijDszV +r(Xie Si% -V)

+1/250, Ai\ /Sy pkDEVDEV =0in Y x (0,T)  (43)
V(S1, vy Sy T) = £(S1, oy Su) in BT,

12



where V price of an option on n assets S; driven by geometric Brownian
motions with volatilities o; and correlations p;;. As usual r denotes
the constant interest rate. Recall that A; are so called Leland numbers
introduced by Avellaneda and Paras in [1]. They are proportional to
round trip fees per standard deviation.

Transformation z; = log(S;) and time reversal leads to a pure
Cauchy problem on R™. We have

Theorem 3 The Cauchy problem associated to (5) has a viscosity
solution if f is uniformily bounded continuous and

n
(PR
inf (pjx + A; Zi_l Pik?i
Zes(n) \ 2og=1 PikZijZik

Especially, this holds if for all i,7, i # j A; <1 and

) > 0. (44)

lpii| < — (A+A+\/1— )1 — A4;) (45)

holds. A probabilistic representation of the solution is

u(z,t) = lim sup E(e " f(XP)), (46)
eNO yeol2

where (X;7"%)y ¢ is a family of processes starting at = which solves
dX[¢ = (r — Sif)dt + Z op dW}
and E;}: =Y F 03 o  is from linearization as in (31).

i=1"Yj1i

Proof. The statements follow from theorem 1 and theorem 2 above
if we can show that the Leland operator is proper under the assump-
tion given. To see this introduce the notation

xz pp— .. —_ ..
Disu = Diju diju

along with the Kronecker delta d;;. Then we may write the generalised
Leland in coordinates z; = log(S;) to be

S —1/25° %1 0igjpij Dfu — 1 L7 H-
-1/2%70, Ai\/pjkaiajaiakDijuDzku =0

(47)

13



In order to prove that the generalised Leland operator is proper if
forall4,7 A; <1 and

ol < -EEA) iy ay). (48)

we want to show that the latter condition is sufficient if for all Z €
S(n)

L LyPiRE (49)
\/ 224k PikZijZik

First we observe that for all X € S(n)

My, == (pix + Ai

n
Zj:l Pjk%ij
n
\/ > G k=1 PikZijZik

This is an immediate consequence of

)| < 1. (50)

Lemma 1 Let Q = (p;;) be a correlation matriz (i.e. p;; is symmet-
ric, positive and p; = 1). Then

Vze RWEke{l,.,n}: (Q2)r <V<2zQz>, (61)
where (Qz)y, denotes the kth component of the vector Rz.

Proof. Since Q is positive we have Q = B? for some matrix B.
If ||.||]2 denotes the euclidean norm and y = Bz then we have for all
z€eRY

(Q2)r = (B®2)x = (By)x < , Zb lyllz = llyllz = v < 2,Qz >, (52)

since Y71 b; = 27— brjbjk = prk = 1.
In order to check positiveness we consider the symmetrised matrix

N N
Z]_l PjikZig ¥ A, Z]_l Pji%kj

M, = (pir, + (1/2)(4;
\/ > ik=1 PikZijZik \/ > ik=1PjkZij Zik

)- (53)

If n = 2 then we have positiveness for all X € S(n) if 41 < 1 and
(using lemma, 1)

det(M3) > det(pi, — (1/2)(A; + Ag) + dir(Ai + Ag)) >0 (54)

14



where d;; denotes again the Kronecker delta. The latter inequality
holds if for all ¢, 5

ol < AR a0 ay), (55)

and we have finished in the two dimensional case. In the case of
dimension n > 2 observe that

det(M?) = Xn:u — Ay)det(MM ), (56)
=1

where M;L4 !, is the adjoint of M} obtained from M, by omitting the
I[th row and the [th column. However, M;L4 !, is of the form

n n
Zj:l Pik%ij A Zj:l PjiZkj

k
\/Z?.k:l PikZijZik \/Z;Lkzl PjkZij Zik

pir + (1/2)(4A; ), (57)

where i,k # [, which is again ”correlation matrix” (omitting the
Ith row and column of the original correlation matrix (p;;)) plus
(1/2)(A;Ci + AgCy;) along with numbers —1 < Cj, Cy; < 1. Hence
we can proceed by induction and have done.

Finally we want to discuss the problem of ill-posedness. We have
proved that that for all 4,5, i # § A; < 1 and

oyl < AT 4 fo g - 4y)

is sufficient for the existence of solutions. Is it also necessary? First, we
have remark that “ellipticity” and “solvability” are not interchangable
terms since equations of mixed types can have solutions. However, a
theory of mixed-type equations which covers the multi-dimensional
Leland equation is not available nowadays. Second, even if a theory
of mixed-type parabolic equations were available, the motivation of
mathematical finance can lead to other types of equation motivated
by transaction cost minimizing hedging strategy. Careful modelling
is needed for studying pricing of options written on many assets with
higher transaction costs. However, some people argue that low trans-
action costs are normal nowadays and for this case our analysis hints
that solvability and ellipticity are close. And our sufficient condition
for ellipticity becomes also a necessary condition in this case if corre-
lations are strong.
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This can be seen most easily in the case n = 2. The essential part
of the function G

2
(2i5) = 1/2(z11 + 2pz12 + 222) + 1/2)  Ag\[ 22 + 2pzinzi2 + 2
=1

can be written as

211+pz12 pz11+212
(i) [ LHACER et AT (0
%] o+ A2pzlzlzz—|||—2z12 14+ A2zzz”—:|;r2z12 212 299

abbreviating ||z||; = \/ 2% + 2pzi12i2 + 2%. For p — 1 the coefficients
of the A; tend to 1,—1. Choosing signs z;; appropriately for p close
to one (but not equal) the symmetrized coefficient matrix is close to

1- A p+1/2(A1 + Ag)
p+ 1/2(A1+A2) 1-A4,

and positivity of this is the proposed relation in the special case of
dimension 2

(At 4s) + \/(1 — A1)(1 - Az).

< —
ol < 5
Our relations cannot be generalised without using further restrictive
conditions. This also shows that for p — 1 even for A9 — 0 (choosing
signs z;; appropriately) the determinant of the symmetrised coefficient
matrix is close to

and ellipticity fails even for small transaction costs (small A;) with
respect to the asset S;. However, if p — 0 and Ay — 0 the coefficent
matrix of the two dimensional generalised Leland operator is close to

L+ A At
0 1

which stays positive for 0 < A; < 1 as would be expected from the
analysis of the original Leland equation.
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