1 Stochastic Taylor Expansion

In this lecture, we discuss the stochastic version of the Taylor expansion to understand how
stochastic integration methods are designed. In addition, we illustrate why the Euler method

is strongly convergent with order 1/2 and is weakly convergent with order 1.

1.1 TIto-Taylor Expansion

First, let us recall how we can obtain a Taylor expansion from an integral representation for

the deterministic case. Consider the autonomous ODE,

via the chain rule.

Integral Equation: By defining a linear operator,

0

£EG<X>8—X,

we can rewrite Eq. (1) in terms of the integral equation:
¢
FIX @)= FIX (@) + [ £F1X (ro)]dr
to
where t; is the initial time.

Iterations: Iterating Eq. (2) leads to
rixe) = x| efrpcens [T e <n>]dm} i
X ()] 4 LFIX (t0) / dri + / | e raldradr,
— FIX ()] + LS (X (t0)] (t — 1) // L2F X (72) dradry



If we iterate once more using Eq. (2) for f (X (72)) in the integrand of the double integral,
CEfIX ()] = £ l £ X (to)] / CF[X (r5) d@,}
= (X (1) + L2 / CFIX (vs)] drs
to

J

oL?)

then the contribution of the first term above, which is a constant, to the double integral is

/ / £2 dngTl = to / / dTQdTl

= —£2f[ (to)] (t — to)”
Putting all these together, we have
FIX (0] = FIX (t0)] + L X ()] (¢ — o) + 5L [X (t0)] (£ — t0)” + O (£7)

which is precisely the Taylor expansion we are familiar with.

1.1.1 Ito-Taylor Expansion

Now we discuss a similar expansion for the stochastic differential equation:
dX (t) =a[X (t)]dt+b[X (t)] dW (t). (3)

Again, for simplicity, we consider the autonomous case, i.e., a = a[X ()], b = b[X (t)] and
they do not depend on time explicitly.

The Ito lemma leads to

X 0) = {agp IX 01+ 58 X (0] 7 1X (0] e+ [X (0] 7o/ 1X ()W (1)
(4)
Defining
0 _ 0 1, 0?
L= b[X]ﬁiX
then Eq. (4) becomes
A IX (8] = £ [X (8)] de + £1F [X (6)] dW (1)
FIXOI =PI )]+ [ L7 @)ds+ [ £F1X ) aw (5 (5)

In equation (5), if we choose the following f (x):
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1. Choose f (x) = x, then Eq. (5) becomes
X=X+ [ alxelas+ [ X Eaw ) )
2. Choose f (x) = a(x), then Eq. (5) becomes
X O =alX @]+ [ LaX@last [ Lalx@lave)
3. Similarly, choose f (z) = b (z), then Eq. (5) becomes

b[X (1)] =b[X ()] + /t L [X (s)]ds + /t Lb[X (s)]dW (s) (8)

Substituting Eqgs. (7) and (8) into Eq. (6) leads to

Xt = X(t0)+/tot{a[X (to)]+/t:1 L0 [X (s9)] dsﬁ/: Lla[X (sg)] dW (32)}d81
(9)

i /t t{b[X (to)] + /t " L0 [X (s2)] dsy + /t "L X (s)] AW (52)}dW<sl)

%) 0?
0 _ _ 2
Lla = “aXa+ b[ ]8X2

L% = ab’+—b2b”

Note that

= / _b2//
a aa+2 a

0
1 f— —_— p—
La = b@Xa ba'

Ly = v

Separating the constant terms out in the integrand in Eq. (9) from the remaining terms,
which are the double integral terms:

/ / L2a[X (s2)]dsadsy + [ t :lﬁla[X (52)] AW (s2) ds,
/to /t L[X (s2)] dsdWV (s1) / / LY[X (s2)]dW (52) AW (1),
leads to X (1) = X (to) + a[X (to)] /t:dlerb[X (to)] /t aw (s1) + R (10)
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Note that the essence of the method is to use the substitution repeatedly to obtain
constant integrands in higher and higher order terms. For example, the last term in the
remainder, R, (which is of the lowest order in At in R if At =t — {( is small) is

/t: /: L' [X (59)] AW (s9) dW (s1)
) / L S [, eerx s+ oo ear () W s2) OV (5

by selecting f = £!b in Eq. (5). The first term in the last line of the above equation is

bIX (to)] V' [X (to)] /t t /t AW (53) AW (1)

by noting £'b = bb'. Therefore, Eq. (10) becomes

t

X () = X (to)+alX (k) / dsy + b[X (to)] / AWV (51)

to

X (1) H [X ()] /t /t T AW (s2)dW (s1) + R (11)

where R is a new remainder. Eq. (11) is the Ito-Taylor expansion for the process (3).

Note that the double integral in Eq. (11) is evaluated to be

/t~ /t.sl dw (82) dWw (81) = % [W (t) —W (t0>]2 B % (t B to) |

which can be shown as follows

/t:/t:ldw<32)dw(51) = /t[W(sl)—W(tg)]dW(sl)

to

= /t:W<Sl)dW (1) — /t:W(to)dW (s1)

— l/t [dW? (s1) — dt] — tW(t0>dW(51)

2 to to

(- dW? =2WdW +dt (Ito Lemma))

_ % (W2 () — W2 (t) — (t —to)] — W (to) [W (£) — W (t0)]
_ % W (£) = W (t)]% — % (t —to) (12)



1.1.2 Numerical Integration Schemes
Once we have the Ito-Taylor expansion, we can construct numerical integration schemes for
the process (3). For the interval [t;, t;11], by choosing

o = ti, t=ti,
At = tig1—t
AW; = W (tiy) =W (t:),

combining Eq. (11) and Eq. (12) yields

X (tir) = X (6 +a [X ()] At 4+ D[X (1)) AW, + 50X (1] [X (8] [(AT)? — Af] + B
(13)

1. Keeping the first three terms in Eq. (13) gives us the explicit Euler method:

A

2. Keeping all terms of O (At) gives us the Milstein method:

N ~ N N 1 N N
Ko = Ko+ a[X] acrv[&] amis oo [&]v [&] [aw’ - ag a9
Note that the Milstein needs to compute the derivative o’ for the last term.

Runge-Kutta Methods Note that the Milstein method requires to compute the deriva-
tive of b. Some times it is computationally costly to compute derivatives. We can construct
Runge-Kutta schemes to avoid this, as for the deterministic case.

For AX = aAt 4+ bAW, we have
b(X +AX) = b(X)=V(X)AX + O ((AX)?),

therefore,
DX +AX)=b(X) = V(X)[a(X)At+b(X)AW]+ O (At) (- (AX)? ~ AY)
B (X)b(X) AW 4 O (At)
XDB(X) ~ (X4 a (X, AW — b(X, e
b (X)) b(X;) \/A_t[b(Xﬂr (X)) At +b(X,) AW;) — b(X,)] + O (At)
1 1/2
~ [0 (X +a (X0) At +b(X) VAT) = b(X)] + 0 (a0
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Thus, we have the following RK method
X, = Xi 4 a(X;) At + b (X;) VAL

Xio1 = X; +a (X)) At +b(X;) AW, + 2%/5 [b (X) —b (Xi)} [(AW)? — A

which has order-one strong convergence. (Question: how would you demonstrate this con-
vergence of order one numerically?)

Higher order RK schemes can be constructed similarly.
Clearly, if b =constant, the RK method above reduces to the Euler scheme.

1.2 Weak and Strong Convergence for Euler Scheme

Now we turn to getting some intuitive feeling why the FEuler scheme has strong order 1/2
and weak order 1. For simplicity, we analyze the convergence for the geometric Brownian
motion

dS (t) = uS (t)dt+ oS (t) dW (t)
where 11 and o are constant. Recall that the exact solution for this process is
S (t) = S (0) elr=3o)roW o), (15)

The Euler scheme for this process is

A

S(tis1) = S(t;)+ pS (t;) At + 08 (t:) AW (t;)

A

ie, S(ti) = St)[1+pAt+oAW (t;)]
where AW (t;) = VAtZ;, Z; ~ N (0,1) . Then, obviously, the numerical solution at ¢ = ¢ is
A k
S(tr) =S0) | | [1+ pnAt+ AW ()]

i

|
—

Il
=)

1.2.1 The Error for Strong Convergence

For to =0,t, = %, ty = %, -+« t, =T, by definition, the error in strong convergence is
B[$(T) - $(T)
n—1
= S(0)E|J][1+nAt + AW (t;)] — eln2e?)THW D) (16)
=0
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where S (T') is numerically evaluated using the Euler method and S (T) is the exact solution

(Eq.(15)).

To O (At)?, Taylor expansion leads to

e(u—%a2)At+0W(ti) = 14 {(M - —02> At+ oW (t }

(-

2) At + oW (t
W (t

= 1+ {(u—%ﬁ) At + oW (¢,

2
]
>j

+ (u — %02) o ALAW (t;) + 502 AW ()] (N.B. (AW)? = At)

+%a3 AW ()] + O (At)?

1
= 14 pAt+ oW (t;) + o ALAW (t;) + 603 AW ()] + O (At)?

where 1/ = (1 — $0?) . Therefore,

1+ pAt+ oW (t;)
— (=30 )Ata W) i APATY (2) — %03 AW (t,)]> — O (At)?

|
—

1 n

1 2 1
1+ pAt+ oW (1)] = [e@aa JAFW) 1o ALAW (1) — <o (AW (1))

n

@
Il
=)
<.
Il
=)

1[1+pAt+aW( t)] = 29 ) THWID) 0 (ALAW) 4+ nO (AW)? +nO (At)? (17)

n

s
Il
=)



Hence, the error (16) is
E‘S(T) - S(T)‘

= E [nO (AtAW) +nO (AW)? +nO (At)?|

T T , T )
—E|—O (AtAW) + —0O (A ~—0(A
'AtO( HAW) + O (AW)* + O (A1)

1 1 3 1 2
EO (AtAW) + Kt@ (AW)” + EO (At)

~ J/ ~ J/ ~ J/
g v~ g

O(AH)Y/? O(AH)Y/? O(At)
— O (A2

=TE

This demonstrates that the Euler scheme has strong convergence of order 1.

1.2.2 The Error for Weak Convergence

For weak convergence, we need to specify the function f in the error estimate:
B/ ($(M)] Bl (S M) <par
For the convergence of expectation, i.e, the first moment, we choose
fla) ==

For the geometric Brownian motion, we thus have the

‘weak” error

‘E [S (T)] ~E[S (T)])

n—1

= 5(0)|E [1+ pAt + oW (t;)]

_E [e(u—%a2)T+UW(T)]

s
I
=)

— S(0)|B [e(+=3)T+W D) 40 (ALAW) + 0O (AW + 00 ( A’ﬂ _ g [e(uféﬂ)Tﬁ;W(T)} ‘

|
—

n

(o VL4 g+ oW ()]

s
Il
S

= e(n=39*)THeW D) 0 (ALAW) + nO (AW)? +nO (A1) )

= 5(0) [ [nO (ATAW) +nO (AW)? +nO (At)%]|
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Note that
E[O (AtAW)] =0, E[O(AW)’] =0

this leads to the order of weak convergence for Euler scheme:
‘E 5(T)] B[S (T)]) = S(0)[E[nO (A1)
= 5(0)nO (At)?
= Ato (At)
= O(A?)

which has order one.

The main difference between the strong and weak convergence lies in whether the odd
powered terms, such as AW, AW?3, can be eliminated:

For strong convergence: E[|O(AW) 4 h.ot.]] = E|O (A)Y? + h.o.t.
For weak convergence : |E[O (AW) + h.o.t.]| = |0+ h.o.t.]
where h.o.t. is “higher order terms”.

Finally, we try to get a little more intuition of why the Euler scheme has order one of
strong convergence for the process

dS = pdt + odW
when o is deterministic. In this case, the Euler scheme is
S (tiva) = S () + p (t:) At + o () AW (t;)

therefore at t,, =T,

S(T) = S (0) +niu(ti)At+nia(ti) AW (8;).

we have
S)-s) = Luw e~ [ uwd
S (1) AW (1) — / "oty aw (1)
\—0 ;4 , N ;% _



the first line of which clearly has the O (At) error. Now we analyze the error for the second
line in the above equation. Define

n—1

B = /Ta(t)dW(t)

Note that

1. Ais a Gaussian (since a linear superposition of Gaussian random variables is a Gaussian
random variable) with the expectation

EA=E (Zlo (t) AW (t,)) =0

i=0
and variance

n—1
VarA =Y o’ (t;) At. (18)
=0

Therefore, the Gaussian random variable A can be expressed as

since the right-hand side of the equation above is a Gaussian random variable with
mean zero and variance the same as Eq. (18).

2. B is also a Gaussian random variable with mean and variance:

EB — E</0Ta(t)dW(t)> —0

T
VarB = / o? (1) dt
0

therefore, B can be expressed as

Hence,

_w(r
A-B=—7

~—




Since
T
Z o (t / o? O (At),
0

T
02 / o (t)dt + O (At).
0

=

By defining ¥ = fOT o (t) dt, we have

W) 1 =
_w (T) 3
= 77 \/f \/§]
W (T) [ IO(At) )

W (T) 10 (At)
VT 25

Therefore,

$(1)-S(T) = o<m>+§7wg>og>

= O(AY)

i.e., the Euler scheme has strong convergence of order one for deterministic o (t) .
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